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Abstract— The growing stringency of fuel economy, emissions, on the control of switched systems possessing controllable
and drivability requirements has led to proliferation of pow- subsystems. Existing approaches for the control of switche
ertrain systems which have multiple discrete operating mods. systems applicable to this class of systems include the use o

Systematic approaches to the development of optimal and raist . .
control systems for such powertrains is needed to contain Control Lyapunov Functions [1], control derived through an

their increased development times and costs. In this papee approximation of the optimal value function [2], the startia
propose a new approach for controlling switched systems thids  optimal control framework applied to a reparameterizatibn
applicable to powertrain systems thh multiple operating nodes. the system [3], and receding horizon control (RHC).

Our approach reduces the complexity of computing a control aw In [1], performance is not a factor in determining when

to a linear programming problem defined over a finite number . L .
of states in each operating mode. The methodology is desighe to switch between modes, and, rather, it is determined only

to be suitable for practical applications while, under appropriate  When switching will lead to stability, which is not suitable
conditions, providing near-optimal performance. An application for our performance-based setting. Though [2] and [3] prese

to the direct injection stratified charge engine with two diginct  performance-centric frameworks for switched-system rmnt
operating modes is given to illustrate our approach. the former does not guarantee the stability of the closeg-lo

This unabridged version contains an additional proof for a . . .
claim contained in the proof of Theorem 2. system, and the latter is not readily applicable to low-vese

embedded hardware.

An application of RHC to the DISC engine is presented in
[4], [5]. Because the multiparametric optimization tecjue
used in these works requires an affine system model, the
engine model is linearized with the engine speed treated as

HE use of advanced powertrain systems with multiple op- constant parameter. A detailed comparison of the approach

erating modes is growing increasingly widespread as theesented in this paper with the one in [4], [5] is reserved fo
demands on fuel economy, emissions, drivability, and gafefuture publications.
of passenger vehicles become more stringent. Examples oRather than strive for global optimal control of this clags o
advanced systems of this kind include Variable Displacgmesystems, we follow the approach taken in [6] where it is shown
engines, Direct Injection Stratified Charge (DISC) enginethat high-performance, practical controllers can be congtd
Variable Compression Ratio engines, Homogeneous Chafge a specific class of hybrid systems by parameterizing the
Compression Ignition engines, and Hybrid Electric Velsclecontroller actions by a finite set of actions. In this papes, w
In each of these systems, a finite set of operating modg&end this approach to the control of controllable switthe
are employed to provide flexibility in meeting these diverseystems by constraining the switching portion of the cdntro
requirements. input and fixing the feedback controllers for each mode. We

The control systems for such powertrains must determine giiow that, under reasonable assumptions, the resultingnsys
optimal operating mode and transition to that mode withoig guaranteed to converge to a reference signal while pirayid
disturbing the driver, all while accurately delivering tegted meaningful performance. These theoretical developmansts a
torque and air-to-fuel ratio. Field experience suggesisfirel described next, while an application to the DISC engine in
economy and drivability can fall short of expectations iéthpresented in Section VI.
mode selections or transitions are not optimally performed
but the general lack of systematic design techniques far thi Il. BACKGROUND AND ASSUMPTIONS
task often leads to the use of ad-hoc approaches that can
result in degraded performance. In this paper we develo;ﬁa
methodology that attempts to address the above difficulty. ~ Consider a switched system

Abstracting from specific considerations related to inahvi .
ual powertrain systems, the broader focus of this paper is #(t) = fiw) (2(8), u(?)) (3)
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We assume the system stateis constrained to a fixed, subject toz(0) = z¢ and i(t) = a. L(x,u) is a positive-
closed setX, when the system is in mode that is, ifi(¢) = definite, monotonically-increasing (in the norm of eachuarg
a, thenz(t) must lie in X,. X, may be given as a physicalment) function. We only integrate up i, because we allow
constraint of the system, or it may be imposed artificially bthe system to stop accumulating cost ongeor 0 are reached
the designer to reflect the desired state behavior. We slynila(if either is reached).
assume that the contral is constrained to a sd¥, when
i(t) = a, a constraint that also may be given or artificial.

We define a special subset of modgg as the set of modes
a where the origin is an admissible state; that@, is the =~ Thoughu, need not be an optimal controller, assumptions
set of modes: such that0 € X,. We assume thaf), is not on the optimality and continuity of the cost function will be
empty. useful in obtaining some theoretical results.

Finally, we assume that (1) in a fixed operating mo@de = Assumption 2:J, and L are continuous functions of their
a is a controllable system with respect to any pair of states &mguments and are finite.

X,. Assumption 3:u, minimizeg2) over all inputsu satisfying
We now define several important notations used throughddgsumption 1.
the paper: Assumptions 2 and 3 lead us to the following results
« let tp = 0 and successively define thig" switching concerning the tracking timé,.
instancet;, as the first time(¢) changes value since time Proposition 1: Let Assumptions 1-3 hold. I ¢ Qo, then

C. “Optional” Assumptions

t—1, 1€ .ty = mingsy, _, {t | i(t7) # i(¢)} T(xq,xq) is finite.
o definex;, = x(t;) as thek*” switching state Proof: If X, ¢ Qo, then, by the positive-definiteness
« and definea;, = i(t;) as thek?” operating modeand and monotonity ofL and the fact thaf{, is closed and does
denote themode sequencas the list(ao, a1, . . .). not include0, L(z,0) takes a minimum valué/ > 0 in X,

If the mode becomes a constant after some switching time S0 thatL(x,u) > M for all v and allz € X,. Therefore, if
i.e.i(t) = a is constant fort > t;, then as there are no morel, = oo, then.J, = oo, which contradicts Assumption 2.1
switches, we defing; = oo, a; = a, z; = 0 for all integers ~ Corollary 1: Let Assumptions 1-3 hold. T, (zo, 74) = o0
j > k. for somez, andzg4, thena € Qy andz(oo) = 0.

We treat bothu andi as design parameters in our system, Proof: By Proposition 1,7, = oo implies0 € X,.
and we view (1) as a collection ofV subsystems. The Assumez, # 0. If z(c0) # 0, then z(c0) = x4 and so
subsystem controk guides the system in a fixed operatinghere exists ar such thatz({t > 7}) does not intersect a
mode, and thenode control determines the operating modeneighborhood of the origin. It can be shown by a proof similar
to apply. to that of Proposition 1 that this implies, = co. Therefore,

z(o0) = 0. [ |
B. Assumptions

For certain classes of systems that follow the form of (1) |n|41| SUBOPTIMAL CONTROL OFSWITCHED SYSTEMS WITH
fixed modei(t) = a, there already exist tools for constructing BOUNDED SWITCHING REGIONS
stabilizing controllers. The controller architecture listpaper

attempts to leverage these techniques in order to simplifﬁlt?. tht":f stictmn, v;/e _c??hsuzer thget pr)]rgbltem oftcontrolgni 1)
the overall controller design. Let, be such a controller for subjectio the constraint that a switch between two modes mus

(1) under a fixedi() = a. For u, to be applicable to our occur in a bounded region of the state space. Specifically, if
framework, it must satisfy the following assumption. the system is switching from moae to madeb at time ¢,

Assumption 1: For any initial state; and target state thedn)a(:'(t).must lie '3 thebsett)Xab (\j/vhdergX_athan R ith
xq in X,, there exists some timg, = T, (zo,z4) such that and X, IS assumed to be bounded. Switched systems wit

system(1) with i(¢) = a, (0) = 20, andu(t) = 1, (x(t constrained state spaces, which occur frequently in pecti
s)a(tisfir;(s) it) = a, 2(0) =20 u(t) = ua(2(t), va) are an example of this class of systems.
1) admissibility of the state trajectory: C X,, L_Jsing precon_structed subsystem c_ontroll@nzg} that each :
2) asymptotic stability: the closed-loop system is Iocall?s/atISfy Assumptlon L we.se_ek to pr_()\_/l_deasuboptlmal st
asymptotically stable about, or the following problem: given an initial statg0) = =, and
3) and controllability: z(t) — 24 f’or alt>T if T < oo initial operating modé(0) = ag, determine a control function
or 3(00) € {24 O}. it 7. — oo e " pair (u,i) that minimizes
where we define (o) = limy . 2(t). B W [T
Allowing z(c) to be0 is a technical assumption that will J (a0, 20) = J (a0, 20), (u, 7)) = /0 Liw,wydt— (3)
be made clearer in the case of optimal subsystem controllers
We termu,, the subsystem controller for modeand termT, A. Switching States and the SRHSG

the tracking time T ] )
Finally, let.J, (zo, z4) be the cost of applying, according  The basic idea behind the controller architecture we dgvelo
to in this section is to limit the system to switching at a finie s

T . .
Y of states, using the subsystem controll¢ts} to optimally
Ja(@o, %) = /0 L (@, va(w, za)) dt (@) travel among such states before tracking the origin.
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. . ) . . L ) Fig. 2. lllustration of the SRHSG corresponding to the targmtes and
Fig. 1. IIIustrat_lon‘of various trajectories qnglnatmg state A € X; i modes of Figure 1. Al target states of the same mode havesegig®ng
model and terminating) € X3 in mode3. Solid lines represent the physical them and an edge exists between the same state in two diffeedes. The
transition of the state, and dotted lines represent a suitdhe next mode, rajectory of Figure 1 is highlighted in this figure, and theight associated
with the state fixed at the time of the switch. The trajectonystrpass through \yith each edge in this trajectory is labeled. Note that thgesdare only drawn

one of the target states (ifii3 or Si12 — S3) in order to switch modes. p_girectionally for clarity, and in fact two edges, one ich direction, should
The thick trajectory depicts a sample trajectory in eachesgntation. be substituted for each bi-directional edge since eachesfttedges will have
a different weight.

First, choose a positive constam; > 0, termed the
switching radius Let S,;, C X, be a chosen set dhrget IS no edge from the origin in mode 1 (vert¢x,0)) to the
statesbetween modes andb with the property that every two Origin in mode 2 (vertex2, 0)).
unique target states;, z» € S, are separated by a distance Of course, from a given node, the choice of the edge to
or,, i.e. ||z1 — x2|| > 2r,. The target states i$,, are the traverse should not be arbitrary, and so we now impart costs
only states inX,, at which we allow the system to switchon the edges to resolve this difficulty.
modes; that is, ifi(t~) = a andi(t) = b, then we must have ~We define a revised cost, (z,,,, z») as the cost of applying
z(t) € Syt By the assumption thaX,; is boundedS,, is  Ua to tracka, from z,, according to
finite. T (T, Tn) =

We are also interested in knowing all of the target states in
modea. To this end, we definé, = |J, S., Which is also o‘; z(00) # xp (4)
finite. Jo * L (z,ue(z,20)) (1= 1p(2)) dt, x(c0) =y,

We !ir_nit how_ the system travels among the target stgt ﬁbject to (1)2(0) = v, andi(t) = a. Here, B is the ball
by defining a directed graph that defines all of the poss'befradiuwS aboutz,,, and1p is the indicator function of the

trajectories the system may take. setB (1g(x) = 1 & z € B). Basically, the cost ceases to

Definition 1: For a given initial mode:, and statero, the  5ccymulate once(t) is “close” to z, in the sense that it is
static robust hybrid switching graplBRHSG) is defined as the,ithin a distance, of .

graphG = (V. E) where the vertice$” and edges? satisfy  \ye now define a weighting functiom : E — % for the
1) every vertexv € V is a pair(a, z) where either 1y is edges onG by
any mode andr € S, in a target state of mode, 2)
a € Qo andz = 0 is the origin, or 3) it is the initial (a4, z,), (an, 20)) = { A 7 an (5)
pair (a,x) = (ag, xo), Jo, (Tms Tn), A = an
2) and every edge € E'is a pair(vi, v2) = ((a,2), (0,9))  yneree, > 0 is termed theswitching penalty

where either 1) the mode is fixed and we travel betweenESsentially an edge for which, cannot be tracked from
different ?rget gtgteszoftt#at T?@iﬁ' 2 € Sa, ar(‘jdth ., (because the origin is tracked instead) is given weight
@ # y € 5, U {0}; or 2) the state is the same an Svhich is necessary to prevent the system from attempting to

mode chgnges:: A Sab_anda # b transition to vertex(a, x,,) if it actually tracks vertex(a, 0)
An ordered pair(v,v2) € FE indicates a directed edge frominstead

v1 tO vy.

The SRHSG serves to limit the possibilities of control to a _ L
finite set of actions. Nodes represent states at which thersys 5- Computing the Switching Path
may decide to switch modes or track another state while in theFor a given initial statero, initial modeay, and SRHSG,
same mode. Edges represent 1) tracking if the state change@gsider the class of control paifs, i) that yield trajectories
and the mode remains the same, or 2) mode transitioningzirand switching sequences, a1, ...) having the following
the form of switching if the state remains the same and tiggoperties:

mode changes. 1) each switching state is “close” to a target state;it~ 0
We note that we added the initial state,,z,) and the is a switching state, there is a vert@x,, z}.) in G such
destination statéb,0) (over all modesh € ()) as nodes in that ||z, — 2] < s,

the SRHSG, but not as target states that the controller can us2) two consecutive non-zero target states are always
to change modes. For example, for a two mode system, there unique:zj,_, # z}, for t; < oo, and
3) u, always tracks target states of the current mode: for
LActually, we will only require thatz(t) is “close” to a target state. ty <t <tpy1, we haveu(t) = uq, (z(t), v) ).
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Because infinite-time tracking is allowed, the first coratiti compute the edge weights using, and find the optimal
yields switching in finite time by allowing the system to sshit switching path((ao, zo), (a1, 1), ..., (an,zN), (b,0)) using
when the state is within the switching radius of a targeesitat a shortest-path algorithm.
G 2. The second condition prevents the system from switchingAfter the switching path is known, the contrél:,q) is
at the same state consecutively. Finally, the last requiremcomputed as follows. Apply the subsystem controllgr to
states that the controller may only track target states,iaven track the first target state; in the switching path. Once,
though the resulting switching state can vary slightly fritmis  is tracked, switch to the next specified modg and track
state. the subsequent target statg. Repeat this process until the
Before detailing the computation of an optim@l, i), we origin is asymptotically tracked in the final operating madde
ascertain some useful properties of the established framkew An example for computing the SRHSG offline and efficiently
Proposition 2: Fix the set of target stateS,, between all storing the switching path in memory for online referenct wi
modesa, b. For all initial pairs (ao,z¢) and corresponding be presented later in the DISC engine application.
SRHSGSsG, there is a positive timeAT between switches
after the first switch;.that iSher1 — tx > AT for all £ > 1. D. Stability and Robustness
Proof: By the finiteness of the number of modes and

target states, there exists a minimum positive trackingtim 1hough a closed-loop system controlled using the SRHSG

scheme results in the state converging to the origin, it ny n
AT = wc0. Imé% et To(Zm, Tn) be Lyapunov stable. For example, consider a switched system
e with two modes controlled using a single target state. For a
Clearly,0 < AT < (tx+1—tx) for k > 1, and it is independent mode switch to occur, the system must track that target, state
of the initial pair. B egardless of how close the initial state is to the origin.

The existence of a minimum dwell time (after the first an applicable notion of stability in the context of SRHSG
switch) is interesting because it precludes the possibift can be given as follows.

generating an infinite number of switches in finite time, even pefinition 2: System (1) with stater and pair (u,4) is

if the switching penalty is set to zero. stable along a switching pattwg, 1, zo,...) if z(t) — 0,
Proposition 3: Any control pair (u,7) resulting in a finite  and, for eachk, the system given by (1) with stats fixed
costJ must result in a finite number of switches. modei(t) = ax, and feedback contral(t) = uq(2(t), Tjr1)
Proof: If there are an infinite number of switches, thefs |ocally asymptotically stable with respect g ;.
J > 3242, €s = 00, which is a contradiction. u In general, one can prune edges from the SRHSG so as to

Lemma 3 is important because it asserts the existengQy allow transitions that satisfy Definition 2.
of a final operating mode. If we constrain the system 10 gecause SRHSG effectively fixes the switching path, the
terminate in a final operating mode then computing an ahove definition essentially asserts that the robustnesiseof
optimal sequence of vertices to track frofam, o) to (b,0) SRHSG methodology is tantamount to the robustness of the
is simply a matter of applying a shortest-path algorithmypsystem controllers and the size of the switching regions
which conventionally reduces to a linear programming prolsmajler switching regions allow for more accurate tracking
lem [7]. This optimal list of vertices, termed tr@witching which yields higher performance when model uncertainty and
path is the acyclic, finite path of least cost between thesgsturhances are negligible. As long as the switching resio
vertices [7]. We write the switching path as a tuple of pairghout the target states are tracked, convergence is geadant
((ao, xo), (al,xl), ey (aN, .I'N), (b, 0)) for someN.

We note that by appending the SRHSG with a terminati
node that connects without cost to all nodes of the fesn),
the system will always terminate in an optimal final mode. In In this section, we show how uniformly increasing the
this paper, we do not append the SRHSG with a terminatidignsity of the target states impacts the overall control law
node because, in some applications, it may be desirablewtgen the subsystem controllers are optimal. Though thétsesu
terminate in a pre-specified operating mode. To this end, Wéthis section do notimpact a practical application of SRS
assume that the final operating mddis specified. If the final they do justify its use in an optimal control setting.

mode is not a constraint, then we assume thist optimal. Let Assumptions 1-3 hold and set the switching radiys-
0 3. For an initial pair(ao, o), let Q* be the set of all control

pairs (u*,i*) satisfying

1) switching states are admissible; € X,
2) no Zeno effectst; — oo,

3) optimal tracking of switching states: fof <t <t;_ ,

n
Ig. Convergence with Optimal Subsystem Controllers

C. Computing and Applying the Control Law

Application of the SRHSG methodology in practice is fairly
straight-forward, and we give a brief review of the algarith
here. First, construct a partial SRHS@ that contains only : . .
target states,;, and edges that appropriately connect them. u(t) = taj (f (8), 2% 11),
Then, given an initial mode and staig = (ao, zo) and a final ) finite cost.J* < oo,

mode and state; = (b, 0), append the with these vertices ) and the system tracks the origin if that is optimal: if
T ' Jaz (@5, Th 1) > Jar (z3,0), thenz;_ , =0

*

ay

1 1

GRS

2This motivates a choice fars that is small enough to allow for accurate
tracking but not so small that tracking is made unnecegsdifficult by the SWe can setrs = 0 because optimality guarantees finite-time tracking
effects of noise. between non-zero target states connected by a finite-weig.
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wherex* is the trajectory resulting from applying the controlTherefore, we let this assumption hold for the remainder of
pair, (¢}) are the switching instance@;;) are the modes, andthe section.
J* is the cost. The last condition prevents the system fromUsing such preconstructed controllers, we seek to provide a
tracking a non-zero state if tracking the origin resultshe t suboptimal solution for the following problem: given antiai
same or a better cost. The condition is hardly restrictivé asstatex, and initial operating mode,, find a control paiu, 7)
merely removes some non-optimal controls. Consequeffitlythat minimizes (3).
xy = 0, thenzy = 0 for all k£ > N. Also, it is important
tc%r?t(r);T l;r\];; no predefined target states are involved in th%.eSWitching States and the DRHSG
Although we do not make any statements about the exis-1hough the controller architecture in this section apptes
tence of an optimal control law iR*, we do prove that there Same idea of allowing switching at only a finite set of states,
exists a SRHSG that yields a performance that can arbjtranf¥e limit our choice of target states to within a bounded set of
approximate or even surpass the quality of any control pair i€ origin. We then leverage homogeneity to scale the states
O to provide an infinite set of target states while using a finite
First, we construct a sequence target state sets that bec@fm@unt of memory. _ .
increasingly dense. Lets’,); denote a sequence of target LetC be the unit sphere ifk™ and choose a set of distinct

states between modesandb with the following properties: StatesSc = {so,s1,s2,..., 5.} that satisfy
1) increasing density: for eache X,;, there exists a, € 1) so =0ands; € C for k > 0,
gib such that|z — z,| < 1/j. 2) and states are separated by a distdhge— sy || > 2r
a . .
2) target states are not removed upon refinem&ﬂf.l D forall j # &
S7y The s;'s are called thebase statesor the system, and they
Denote the corresponding SRHSG sequenc@(43;. will be used to generate an infinite set of target states.
Theorem 1:Given a control paifu*,i*) € Q* that results  Als0, choose a set of positive scafafs= {a1, az, ..., an}

ina costJ*, there exists a sequence of control pé(r@% 27)), bounded by a ConStaM,.and define the set (Diyna.mic target
corresponding to the sequen@@ ), yielding costg.J7) such States(DTSs) for the switched system as

that J/ — J*. B . .
The proof of Theorem 1 as well as the proof of corollary S = {aws; Vi, k} U{_aksjwj’ K
below are provided in Appendix. Essentially, the DTSs are positively and negatively scaled

Corollary 2: Given a control paifu*,i*) € Q* that results copies of the base states that are contained in the open ball
in a cost/*, there exists a sequence of control p4its’, 7)), {x | ||| < M}. The DTSs are the states that will scale to act
corresponding tqG”7);, yielding costs(J7) such that/? —  as target states.

J < J* with strict inequality if (u*,i*) is non-optimal. Definition 3: For a given initial mode:, and stater,, the

Noteworthy in the proof of Corollary 2 is that by simplyDynamic Robust Hybrid Switching GraptbRHSG) is the
increasing the density of the target states, the resulimrol graphG = (V, E) where the vertice¥” and edges satisfy

law will eventually satisfy these conditions. 1) every vertex» € V is a pair(a, ) where either 1) is
any mode and: is a DTS, 2)a is any mode and: = 0,

IV. SUBOPTIMAL CONTROL OFHOMOGENEOUS or 3) it is the initial pair(a,z) = (ao, zo),
SWITCHED SYSTEMS WITH UNBOUNDED SWITCHING 2) and every edge € E connects the initial state to a
REGIONS DTS: e = (v1,v2) = ((ag, o), (b,y)) for each mode

In this section, we relax the constraint that a switch must  and DTSy.
occur in a bounded region of the state space while maifihe DRHSG is far simpler than the SRHSG because, as it will
taining the objective to control mode switching for optimabe shown, homogeneity reduces the problem of computing a
performance. Such a scenario is typical if the individuatle® switching path to that of simply mapping a point to the unit
correspond to multiple fixed structure controllers. sphere to a DTS i¥. The DRHSG will scale with each switch.
Of course, the application of a finite number of target statesFinally, define the weighting functiom on G according to
in an unbounded set is not sufficient to cover the set. W8) with the following modification: to enforce homogeneity
mitigate this issue by imposing the following propertiesfan the switching penalty i$; = ||z, || s, Wheree; > 0. Because

and L. L andé, are homogeneous; is homogeneous.
1) falow, ou) = afa(z, u)
2) L(aw,au) = [laf|*L(z,u) for somez > 1. B. Computing the Switching Path

Switched linear systems with quadratic performance cadits f
into this class of systems with= 2. We must also apply the
following assumption about the subsystem controllers.
Assumption 4: For alk, u,(azg, azg) = aue(zo,x4) and
T.(axg, axq) = Ty(xo, x4q)-
Ifthe subsystems are homogeneous then it s fairly nataral t 4, general, we could associate a different set of scdlgraith each base
expect the subsystem controllers to be homogeneous as weidles;, but for ease, we use the single set of scalars

As with SRHSG, we seek to use a fixed, finite set of
target states to reduce the difficulty of computing a sulbogii
control pair(u, i) to a linear program. To this end, for a given
initial pair (ag, 20), we consider the class of control pais 7)
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From any base state, the optimal DTS to track is given by

X(s) = arg min {Jo- (sj, 25) + J ()}

whereJ(zs), the cost-to-go from the DTS,, is known since
it is simply a scaled cost of a base state. We note that it is
implicit in the above formulation that we know the optimal
mode to apply.

Now, given any initial state;; with ||zo|| = 1 and an initial
modeay, the optimal DTS to track is simply given as

Fig. 3. lllustration of how the dynamic target states scélera switch.

) ) ) Xao (To) € arg min {J! (xq,xs) + J(xs
that yields trajectories: and mode sequenc€sq,as, .. .) o(#0) IsGS{ ol ) (z:))

having the following properties: By homogeneity, we can extend both functionsR8 by a
1) each switching state is “close” to a DTS scaled bsimple scaling:
the previous switching state:; (k > 1) is such that
there exists a DTS, € [|xx—1]|S with |jzx — 2} || <
[y
2) two consecutive non-zero switching states are alwags Computing and Applying the Control Law
unique:xy_1 # xy for ¢ < oo,

Rz) = qux(ﬁx Ralx) = Hme(ﬁ)

] Application of DRHSG in practice is similar to the appli-
3) ;’:md 1;‘1 always t;aci@ DTS‘: of/the current mode: fo[:ation of SRHSG. From an initial statg in modea,, track
k<<t u(t) = ua, (2(1), 2 40). the DTSz, = Xa,(20). Oncex; is tracked, track the scaled

Assumingr, :_O f(_)r a moment, the first requirement MeaN$TS z, = y(x1) in the optimal operating mode. Repeat this
that, from a switching state(t;) = xi, the system may either process.

track the origin or switch at one of the DTSs scaled by the \we apply the notion of stability given in Definition 2 to
previous DTS||z}, || (sincex) = x; whenr, = 0). Figure 3 pRrHSG.
illustrates the requirement, which preserves homogeratity
each stage of the system’s evolution. Because infinite-tirBe
tracking is allowed, switching in finite time is achieved by " ) ) i ) .
allowing the system to switch when the state is within a stale N this section, we show how uniformly increasing the
factor of the switching radius from a DTS (again, to preseniensity of the DTSs impacts the overall control law when the
homogeneity). The final requirement states that the cdatrolSubsystem controllers are optimal. Though the results isf th
tracks only the DTSs ofs, even though the actual switchingS€ction do not impact a practical application of DRHSG, they
state may vary slightly from this state. do justify its use in an optimal setting.

To compute the optimal switching path, we notice that if we L&t Assumptions 1-3 hold, set. = 0, and choose some
start at a base state, then once we switch modes at a DTSV > 0 (corresponding to the bound on thg’s). For a given
ays; (Or —ays;) and rescale the DTSs hy, (same as scaling Pair (a0, zo), let U* be the set of control pairgu*,i*) that

Convergence with Optimal Subsystem Controllers

by —ax), we are simply at a scaled base staig; (or —oys;)

satisfy

with the new set of DTSs given by, S. By homogeneity, in 1)
order to compute an optimal switching path, we need to only
know the optimal DTS to track from each base state.

Let z; be a base state. From, we can track any DTS in

any mode. For now, assume that we always apply an optimaR)

mode o* for tracking; that is,a* satisfiesJ.(xm,z,) < 3)

Ji(zm,z,) for all b, z,,,z,, and we use the controller,-

for tracking. We can express optimal coAfr;) from z; as 4)
5)

J(z1) < A{JL(z1,25) + J(25) | VXs € S}

where J(z,) denotes the cost-to-go from the DES.

switching states are bounded in scale from one an-
other: [|zx+1|| = Rkllzo| for some (Ry) such that,
Yoo (Ri)* < o0 and0 < Ryq1 < (M — )Ry, for
somel < § < M,

no Zeno effectst; — oo,

optimal tracking of switching states: for < t < tx1,
u*(t) = uaz (2" (1), @4 41),

finite cost:.J* < oo,

and the system tracks the origin if that is optimal: if
Jaz (5, 254 1) > Jaz (75, 0), thenzy ;=0

*
k

wherex* is the trajectory resulting from applying the control

If the optimal cost of each DTS were known, then theair, (¢;) are the switching instanceg;;) are the modes, and

optimal cost from each base state would be known as well by is the cost. The first condition bounds the scale between
homogeneityJ (axs;) = |ax|?J(s;). Writing this relationship switching states, which is necessary for approximating the
for all DTSs, we arrive at the following linear program thatrajectory. The purpose of the final condition is the same as
yields the optimal cost from each base stafesubject to a that given in the SRHSG case. Also, it is important to note

free initial mode

maxZJ(sj) subject to
7=0
I(s5) < {Ja-(sj, ask) + |al* J(s), Vk, a € {T', —T'}}

that a control pair in* is not limited to tracking predefined
DTSs.

First, we construct a sequence of DRHSGs corresponding to
DTS sets that grow increasingly dense. Construct the seguen
(57) ;e z+ so that it has the following properties
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Intake Manifold

1) increasing density: for each € B(0, M), there exists Throttle
anxs € S so that|jz — z,|| < 1/j

2) target states are not removed upon refinemgft! > MAF
S

Denote the corresponding DRHSG sequencécds.

Theorem 2:Given a control paifu*,i*) € ¥* that results
in a costJ*, there exists a sequence of control p4irs’,i’)),
corresponding to the sequen&’);, yielding costs.J7) such
that J7 — J*.

The proof of Theorem 2 as well as the corollary below are
provided in Appendix. Fig. 4. The DISC Engine.

Corollary 3: Given a control paifu*,i*) € U* that results
in a costJ*, there exists a sequence of control p4its’,i/)),
corresponding to the sequeng®’);, yielding costs(J7) such By simply increasing the number of switching and quantiza-
that J7 — J < J* with strict inequality if (u*,i*) is non- tion regions, higher performance is achieved at the expehse
optimal. memory consumption. Clearly, the reverse holds as well. In

Once again, by simply increasing the density of the targkict, the only design parameters for SRHSG and DRHSG are
states in a uniform manner, the performance of the contvol lahe locations of the target states and quantization regions
converges to the optimal law ir* (if one exists).

To Tailpipe

TWC LNT

V1. APPLICATION OFSRHSGTO THE DISC ENGINE
V. INDUSTRIAL APPLICATION OFS/IDRHSG

Computing the optimal control pair for a SIDRHSG requires 1N€ direct injection stratified charge (DISC) engine is an
the computation of the edge weights 6f as well as the €xample of a modern, complex engine where the complexity
switching path, which requires a large amount of computing control lies in the |_n_clu5|on of two operating modes_(ho—
effort for most systems. To overcome this hurdle, we leveraffi09€neous and stratified) that accomodate trade-offs in fue
the granularity of the SIDRHSG construction by using th&CONomy, power output, and emissions. _ _
fact that small shifts in the initial state should not imp#w !N homogeneous operation, fuel is injected during the imtak
switching path. For SRHSG, we quantize the state space adifoke, providing an approximately uniform air-fuel miru
store in each quantization region the target state to triaek. distribution throughout the cylinder. The characterstf the
DRHSG, only a quantization of the unit sphere is necessa@jldine are similar to that of the typical port-fuel injectio
In either case, once a switch occurs, the controller reteren (PFI) engine in terms of performance and emissions, and
the memory to determine the next target state and mode ¢ air-to-fuel ratio (AFR) is normally maintained aroure t
concrete example of storing the switching path in memory §oichiometric value of 14.6:1.
given in the application of SRHSG to the DISC engine. In the stratified operation, fuel is injected late into the

An advantage of the S/IDRHSG methodology is the Sepgompression stroke, forcing the fuel, under the influence of
ration of design between the subsystem controllers and #hépecialized piston head, to be concentrated about thé spar
switching law. Although the optimal convergence propertiePlug at the time instant coincident with the spark. The tgbic
discussed in the previous sections require certain optimalAFR for this mode of operation is about 35:1, significantly
and continuity conditions, a practical application regaipnly higher than that of the PFI engine. However, in this opegatin
that the subsystem controllers satisfy Assumption 1. THigdime, oxides of nitrogen, NO are not efficiently converted
allows for the use of a number of design techniques in i conventional Three Way Catalyst (TNC) and must be stored
construction of the subsystem controller. This is in costtta Py an additional specialized catalyst, called the Lean,NO
the approaches described in [8], [2], and [3] that compuge tATap (LNT), which, over time, becomes saturated and must
subsystem controllers as part of the design process. be regenerated by temporarily switching the engine into the

Another interesting feature of S'DRHSG design is that tHtmogeneous regime and then operating at a rich AFR.
system’s model is not required by the design process so longrhe combustion mode to use depends on the amount of
as the states can be measured because the switching fRiiue demanded by the driver, the engine’s speed, and the
computation only requires the tracking costs between systéatalyst's state. When torque demands or engine speeds are
states. These costs may be found analytically, by simulatidigh, the engine should be operated in homogeneous mode.
or even by direct experimentation on the system. This ptgpelVhen the demanded torque or engine speed is low to moder-
is especially useful for applications where the subsyste#te, and the LNT is operating efficiently, stratified operati
controllers are highly complex or, perhaps, given by a thighould be used to improve efficiency. Ultimately, a highelev
party and not fully modeled. controller uses the torque demanded by the driver and the

Finally, the performance of SIDRHSG may be scaled agatalyst's state to determine the appropriate AFR to afjiig.

cording to the resource constraints on the controller hardw Purpose of the DISC engine controller is to track the torque
and mode reference so as to guarantee convergence to these

5This can be formally proven if Assumption 2 holds set-points while assuring high transient performance.
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A. Nonlinear, Speed-Dependant DISC Engine Model For a fixed engine speed, these three references in combina-
In this paper, we treat a slightly simplified version of théon yield the unique operating mode referenge; and IMP
nonlinear DISC engine model presented in [9] that ignorégferencep,..; required for tracking the triplet. A&V varies,
external exhaust-gas recirculatio(,. = 0). Since closing Pres Varies accordingly. SinceV is relatively constant over
the EGR valve is the most practical and typically-used measi@ Small time interval and sincg enters affinely in (6) for a
to deal with combustion stability limits during mode transifixed N, solving forp,. is straight-forward.
tions, this assumption is reasonable. The form of the nealin
speed-dependent DISC engine model is C. DISC Engine Subsystem Controllers
As p is the key system state in the model, the target states
for the SRHSG are placed at various IMP pressures. In order
wy (6) tc])c chhange modes, the subsystem clontrc;]lllers must trdack fone
' of these target states,. Consequently, while in a mode o
7= (01 +02(0 = dmae)”) wy + 7 + 75 operationa ;éga,‘ef, tr?zsreferencg to th)é subsystem controllers
where the control inputs to the system are: the mass flow ra#l take the form (p,, ArefsTref) Where the target state,
of air through the throttlew;,, the fueling ratewy, and the may not be equal tp,.;. For simplicity, we use, to denote

P =K (weyr — wen)
P Weyl

spark timingd. the pressure to track, which may be a target stater the
The system outputs are: the intake manifold pressure (IMR¥erencep,..
p, the AFR ), and the brake torque. We now consider the construction of the subsystem con-

And the following are internal parameters for the model: trollers for each operating mode of the DISC engine. First,
1) engine speedV that is treated as a known (potentiallywe observe that there is a nice separation in (6) between the

varying) parameter control inputs that impacp and those that impact and .
2) mass flow rate of air into the cylinder,.,,; that depends Therefore, we consider the design of controllers for tragki
onp and N pa and (Arer, Trer) Separately.
3) coefficientsd; andf, that depend orh and N 1) IMP Controller: Discretizing and linearizing (6) about

4) pumping and frictional torque losses and 7, that a fixed engine speed, we arrive at the following state equatio
depend omp, A\, and N B
5) maximum-brake-torque (MBT) spark timing,,;; that p(t+1) = Ap(t) + Buw,
depends om, A, and N; maximum torque (and, hence,where the dynamics of the throttle do not depend on the
maximum fuel efficiency) is achieved whenis equal combustion mode. Because the rangeugf is bounde§, it
t0 Ot is natural to consi(jer the application of a discrete-timagha
Some of the above parameters also depend on the comti@g control. Letiiy,(pq,p) be the bang-bang control law
tion modei(t) € {1,2}, which is also a control input. In this used to track a given IMP referenpg.
paper,a = 1 indicates stratified mode, and = 2 indicates ~ Of course, asw;, represents the desired air-flow through

homogeneous mode. The details of this model may be fouti throttle,w, is actually a reference for another controller.
in [9]. To provide a reference trajectory that is practical for kiag,

a low-pass filter is applied toV/;),:
B. Parameter Constraints and Control Objectives e, = a(Wn (pa, p) — wen)
In both opergting_rn_odes, there e>§ist actuator saturatio|[1e<,t Win(pa, p) be the filtered version oFf,.
and other practical limits that constrain the rangesvgf to In simulation, we assume that the throttle is able to ac-

[wﬁﬁ*ﬁi?’wth*m“zt]_’ wr It? [gf';l’_”m’wf amaz_],f_andd to d[o’a’”bt]’_ curately track the slowly-varyingu,, and to account for
which 1s conventional Tob. 10 avold MISIIres and excessive odeling errors, we apply a simple anti-windup integrator

erm;ssmn; .caused_ tl)ly (Eltherdt%ot rich or tootrl]e?nd an ag-fug heme. Because the remaining portions of the DISC engine
Mixture, A 1S specially bounded to a range that depends off ey only require the IMP is tracked reasonably well,

the combustion mode: \,in(a) < A < Apaz(a). . . X
The goal of DISC engine control is to optimally track i;zt:rﬂp;?glit: Z;ouc.'j\(llsosr:l;zltlﬁlztf:(; this portion of the o

given output referencres, 7ref, Aref) according to 2) Torque and AFR ControllerOver a short time periogh

- A(t) = Apes(t) 2 and N may be considered constants. Now, due to constraints
/ 7(t) — Tre}(t) dt (7) Onw; ands, the reference pait\,c, 7. ) may not be achiev-
0 (Bt (t) — 8(1)) _ Aves(t) able, forcing us to solve the following nonlinear, consteal

. . ) optimization problem
The last reference parameigy..; gives the desired difference P P

betweend andé,,;; to balance fuel-efficiency and emissions. min Aref — A )
In reality, §,,5: IS not a fed-back quantity, and, rather, a model wp,d TF—T

of it as a function o, A, 7, anda [9] is used. Consequently, g, yiact 1o the constraints on the input and output paraseter

we regulate(d,,,, — ) for a given set of these parameters by, yis section, we present a simple approach to solving this
settingd to the correct timing. In this papefy,.; is fixed to

a small, positive constant. 8¢, min i aways fixed ab, andwyp, maz depends on the IMP.

2
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particular problem by means of a fast quantization searah th

is intended to be performed on-line.

We observe that by fixing and N, w., is known, and

so the rangevy < wy < wy for the allowable fueling rate

can be computedy ; = max {wy,min, Weyt / Amaz } ANAWs =
min {wy,mazs Weyt/ Amin }-

For w; in this ranged.,: is uniquely defined, and so weFig. 5.

can compute the value éfthat minimizes the error i using
the following algorithm, which we denote b, (p, N, wy)

1 __
W[ sz @ W}4 Wim-1 Wy
| | | | .
/ U | | |
2

2 1
f 2 Wf 2 f, Wi ne1 We M AWp 4
| | | | ’
| | | |

n

-1
|
\V
lllustration of the iterative quantized search fbe toptimal pair
(wy,d). The range of the fueling rate is quantizeditf) points at which the

optimal § is computed. The best point becomes the center-point of éé n
stage of the search.

L baigf — ((Tref — 7 — Tp)wy — 01) /62

2 if 6dzjf >0 then B [ Homogeneous

3§« max{d, min{0, dmpt — \/0aifr}}

4: else if6; < 0 then B c _—

5: 5 < max {§7 min {5’ 6mbt}} 0 Intake Manifold Pressure 101

6: else{set to the lowest extrene

; en(; F g Fig. 6. lllustration of placing the switching states alohg@ tommon regions

of the IMP pressure of each mode.

Here,§ andé are the minimum and maximum desired spark
timings, respectively. Essentially\, tries to reverse solve for
the differenc&q; sy = (mse — ) required to optimally match (
the reference torque while meeting the constraintg.dfithe
optimum cannot be obtained due to the conditd@iys < 0,
then, depending on the sign 6§, § should be set to one of
its extremes.

3) Subsystem Control Law: Given a reference

Pd; )\T€f7TT€f)a let

:Ua(papdv )\refa Tref, N)
- (Wth(pdap)a WAa(pa N7 )\refa Tref))

be the subsystem control law that drives the IMP»jowhile
To compute the optimalvy, we apply an iterative searchminimizing the AFR and torque tracking errors.
that essentially uses a quantization on the rangewef Let Jo(po,pa, Ares, Tref) be the cost (4) of tracking the
to find the pair (ws,§) that best minimizes (8). Let reference(pi, Aey, 7rer) in @ modea starting with an IMP of
WAL(p, N, A\res, Tref) be given by the following algorithm: po. If pa = pres, the cost is clearly finite. Otherwise, jif; is
1: Computew, andwy a target state, thg cost is finite.sin_ce we are able to (clpsely
2. forall 1e{1,...,M} do track pg in finite time before switching.
3:  ChooselM; pointSw}’j € [wy,wy], with w?_l = wy,
wlf M, = Wiy andwlﬂj < wlf

(wth7 wg, 6)

D. Applying SRHSG to the DISC Engine

f, . FH1e
4. for la" J & {L---lel} do Assume for now a fixed engine spe@d(t) = N,,. In
5: 05 = Aa(p, N, wy j, Tref) the interval[pow, prign] Of the IMP that is common to both
6. end for _ __operating modes, choose a finite set of press{ipe$ to act
7. Let k correspond to the paifw) ,, ;) that best mini-

as target states for the controller, as illustrated in Fgiir
Because the DISC engine is a constrained (as well as non-
homogeneous) system, SRHSG is used. We apply it as follows:
given an initial mode and state,, pp) as well as a reference
(Trefs Aref), COMpute the corresponding reference mode and
reference IMP(a,t,pref) and search for the target state
that provides the minimum cosk,, (po, ps, Aref, Tref) +
arer (Ps, Prefs Aref, Trep) @t Which to switch.
To simplify the online use of this scheme, we first force

mizes the output error (8)
8wy max{gf,w;’k_l} andwy « min{wy, wlf,k_‘_l}
9: end for

10: (wy,d) — (wfk,éM)

M is the number of iterations and/; (1 < | < M) is

the number of grid points along the fueling rate to app
during iteration/. Essentially, after the first stage of the searc
completes, the algorithm refines the search, using the grid

points alongw; adjacent to the optimal value as the ne lTef tto bte ahs h|g? as pOSS|EIIe |nhstrat|f|ed mode zndT:;l]s
boundarieSwf and wy for the next iteration. This smaller ©03€ 10 SIOICNIOMETY &S PoSs € in homogeneous mods. Thi

region is quantized as before, and the search proceedseFng'mp“flcatlon allows us to further reduce the referencehi t

air (Tref, ref)-
5 illustrates the algorithm. refs Sref -
g Now, for each mode, let {p¢} and {7} be finite sets of

The number of required searches WA, is simply quantization points for the IMP and torque. For a given fixed
Zj‘io M. 1t is recommended that higher resolutions arengine speedV,, and for any two modesa andb, associate
applied first (4/; > M, > ---) so that “good” center points to each pairfp¢,7’) the optimal statey, to track, which may
are applied to the next stage. In practical tests, the acgurde a target statg, or the reference IMB,.;. We denote this
achieved by this iterative approach outperformed that of raapping a<l,, (5%, 7°) and callT' the switching table Its use
single-stage search using significantly more total grichi®i will be explicitly detailed later.
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From a practical standpoint, only one switch is necessary =z .rf
or desirable while tracking a reference in another mode, and < «r
so we know thap,.; is tracked ifa = b. Consequently]’; 3
and Ty, are empty, which lessens the memory requirements
of T'. A simple compression scheme for reducing the memory <
requirements of}, andT%, is presented in [10]. The compres-
sion scheme relies on the fact that many adjacent quarmtizati

points along the IMP are mapped to the same target state. g
Of course, ifN # Nop, pres Will change. However, we will < “F A 1
show in simulations that if the target states stored’ip and 0 1 2 3 p s s 7
T5; (which are computed usiny,,) are applied, the resulting §3°°° ST ‘ TN
system performance is still acceptable. S a0 " e
z S~ -7 S

1000 . ! i
0

E. Putting it Together

Fig. 7. Simulation of the engine output. Dashed lines areréferences,

Algorithm 1 is the full DISC engine controller. solid lines are the responses, and dotted lines represestramts. The thick
portions of the IMP represent the period over which the IMRragking a
Algorithm 1 Full DISC Engine Controller target state.

1: Read the referenceui,cs, 7rcf)

2: if the reference has changed since the last timethtp © ‘ ‘ ‘ ‘
. tracking «— false z 2 1
. Determine),.y from (aref, Tres) 0 ‘ ‘ : :

3
4

. 0 1 2 3 4 5 6 7
5: end if s : : : ‘ ‘ ;
6: CompUtepref from (ArefaTref) andN(t) é 1M
7. if i(t) = a,ey then = 05 .
8 D4 <~ Dref % ‘1 é ‘3 )1 é é 7
9: else{a change of modes is required *

10:if tracking AND (1) has tracked or overshpt) then ZZM MJ‘A\ M /M%
) g o 1y

7

12: tracking «— false )
13: Pd < Pref — 15}
14:  else if NOT trackingthen
1 \
15: Pd T%(t)aref (p(t), Tref) 7
16: tr(_zckzng — true. Fig. 8. Simulation of the control inputs. Solid lines are tesponses, and
17: end if the dotted line iss, ,p;.
18: end if

19: (wth (t)v wg (t)v §(t)) — Vi) (p(t),pd, /\refa Tref, N(t))

1) target states fop are spaced 2 kPa apart
For a constant reference and an initiad, po), the controller ~ 2) quantization regions alongandr,.; are centered 3 kPa
first determines if it can track the reference or if it mustroia and 2 Nm apart, respectively
modes. If a change of modes is necessary, the controlleB) a three stage search is useddA, with 12, 8, and 5
references the table to retrieve a target state. A change of search points applied at each stage

modes results if the target state is tracked. 4) the switching table” was designed using/,, = 2000

In the implementation of the controller, we uséracking rpm, and it uses 29.6 KB of memory
flag and check for overshooting. These measures ensure thdt) the edge weights of the SRHSG were obtained through
the switching table is only applied if the reference changes simulation of the closed-loop system

if the mode changes, at which time the next target state in the5) A,.; =5 deg andr, = 0.1 kPa

switching path is tracked. Overshoot detection is necgssar 7) the controller sampling period is 10ms

because the system may overshoot the target state withii8) torque error is penalized 100 times more heavily than
the sampling period of the discrete-time controller. Siace AFR error by a weighting of the norms in (7) and (8)
overshoot implies the state was tracked within the perilod, t
system should switch. Waiting fgy to settle will result in
poorer performance.

The last condition indicates that the system always opgiate

torque-tracking mod¢9]. Convergence to the air-to-fuel ratio

reference is guaranteed in steady-state. It took less than o

hour to generate the switching table using a 2.4 GHz PC.

F. Simulations Figure 7 shows the simulated response of the DISC engine
The parameters for the simulation and the controller wete a series of reference torques. To illustrate the impact of

as follows: engine speedy (¢) is varied throughout the simulation.



IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY 11

Supposeu,.s and ..y change at some tim&. The con- Let 71 be a time instant such that that remaining given cost
troller first determines\,..s. pr(t) is repeatedly computed at this timeJ* (z*(71)) < ¢, let m» be the time instant such
as a function of the references aidt). If i(tg) = a,cs, then that|z*({t > m})|| < r, and letrs be the time instant for
there is no switching, and the controller simply tragks;(¢). whichi({¢t > 73}) C Qo. Definer = max {7, 72,73}, and let
If i(to) # arer, then a switch must occur, and the switchind( = (argmax;, {t; < 7 | z; # 0}+1). Note that}, satisfies
statep, is computed at timey; ps does not change withV(¢).  the three conditions listed above. Alsg; # 0 for k < K,
Oncep(t) = ps, the system switches modes$t) = a..f), and but, by the construction d?*, if =}, = 0 thenz} = 0 for all
pref(t) is tracked. In the figure, the(t) is made bolder over k > K.

time periods where it is trackings. Let
In a fixed mode of operation, tracking is fairly accurate.A R i 0 r—0
As N(t) varies,p,.f(t) varies accordingly so that the triplet (@, Sap) = arg%eé?fb{o} {llz = @sll [ s = 0 iff = =0}

Arefy Tref, Arer) Can be tracked. The subsystem controllers . . .
Enini{”nizefthe dji‘f)ference oh(t) and(t) from B/I\Tef andr.; yield the target state i5,; that best approximates using0

respectively if and only if x = 0.
In Figure 8, it can be seen that,, does not vary too By the uniform continuity ofJ, over any bounded set, there

quickly, a consequence of applying a low-pass filter on thi(?':tS' Ja’y(ySL;(;h_tf}at(;O;)iH <m?/d[§§’fzr€ aC"2 ani Zﬁ?tjs‘;’ ;ned

bang-bang controller output as a way to account for tme_ | < ~. Choose an integeN; > L

throttle actuation dynamics. Alsd, is always contained in '~ *Il =7 i - geM Z* for all h

its appropriate range, and, in steady-state, it is appratei By optimality, Jo; (xk.’ xkﬂrl) < Jay (2}, 0) for a k suc

5 degrees below,,,;;. There is some chattering in thesignal thatz; ., # 0. By continuity, there are open neighborhoods
'mbt - ’ * * .

which is a consequence of the quantized searciif\,. Uy and Vi, aboutz, andzy,, respectively such that for any

statez, € U, and zp € Vi Jaog (Tas ) < Jaz(7a,0) (SO
that z;, rather tharD is tracked by the subsystem controllers).
Let o be such that3(z}, ) C U and B(zj ,, ) C Vj, for

In this paper, new methods for controlling classes gfj < k < K such thatz},, # 0, and choose an integer
switched systems with controllable subsystems were PrE; > 1.

sented. It was shc_>wn that the S/D_RHSG swit(_:hing ss:hemes,:or asomej > max {Ny, N}, we construct a control pair
allow for the design of computatlongl_ly-practlcal SW|_tdhe (w,i) € Qg that “follows” the given trajectory in the
system controllers that are both stabilizing and approteiga following sense

suboptimal. Several advantages to S/IDRHSG for industrial B . of _ B
applications include a modular design that separates the su 1) =4 xk’Sa;;flaZ) for k < K; zx41=0

system controller design from the switching logic, a robust 2) for k < K, aj = aj, and choose a modex € Qo that
framework that guarantees convergence and stability along Can be switched to from _

the switching path, and the ability to scale performancéwit An upper bound for the difference betweéh and.J’ is

VII. CONCLUSION

resource requirements. K1
A successful application of SRHSG to the DISC engine was| j* — j7| < Z |Jaz (@ Thg1) — Jay Tk, Trp1) |

presented. Although the memory requirements of the cdatrol =0
were not significant, the system is able to track references + | (@) = Jag (25, 0)]|
quickly and accurately. This is due in part to the ability K1 K1 o
:;)O%(-:ésl?onmigmglgx subsystem controllers separately fran th < Z % 42 < % 42 < Z % + 2

gic. k=0 k=0 k=0
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Proof: By Theorem 1, there exists a sequev(c@éﬂ,zﬂ))

APPENDIX whose costg.J7) converge toJ*. Let (u,i/) = © (G7), and
Proof of Theorem 1 and Corollary 2 let (J7) be the resulting cost sequence. Asis a decreasing,
positive sequence, it converges. SinEe< J’, we haveJ’ —
J < J*. It is straight forward to prove the remainder of the

claim. [ |

The proof of Theorem 1 is given below. In the proBf,z, r)

denotes the ball of radius centered at:.
Proof: We examine the casa # 0 only. Choose: > 0.

First, we find a neighborhood of the origin so that the cost of
applying any single-mode infinite-horizon law is less than Proof of Theorem 2 and Corollary 3
For alla € Qo, the continuity ofJ, impliessup, g {Ja(z,0)} The proof of Theorem 2 is given below.
exists and is finite over any bounded neighborhéod X, Proof: We examine the case fafy # 0 only. Choose
of the origin. Letr > 0 be such thatB(0,r) satisfies e > 0. Definer, 7, K, and A(-,-) as they are defined in the
SUP,ep(0,r)nx, 1Ja(7,0)} < € for all modesa € Qo. proof of Theorem 1 but noting that, = ®", Q = Q,, and
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x* follows the restrictions defined by the claQs$. Let (Ry)
be the sequence associated with and set§ > 0 so that
Ri4+1 < (M — §)Ry. Once again, our definition ok ensures
xp #0for0 <k < K, and if 23 = 0 thenz} = 0 for all
k> K.

For a givenj, we attempt to construct a control p&ir’, i/)
satisfying

1) ax = aj, for k < K a1 is arbitrary

2) wpy1 = Az, ||2,]|S7) for k < K; x4 =0
Now we must determine a lower bourdd such that for all
j > N, such a pair(u,i’) exists.

For0 <k < K, letz; , = Lz, for a matrix L satisfying

IL|| < (M —6). If |xf — x| < W then it can be shown

that (see below for a proof of this result)

[l |

— (9
J

This inequality is important because it means thatis close
enough tary so as to allow us to make the differene; , | —
241 arbitrarily small by increasing. Let W = max { M, 1}.
Since ||z | < M¥||zol|, for an integerN; satisfying

W 20|

dming<x<x ||z |

i1 = raall = | Lag — A(Lag;, [lox ] S7)]] <

Ny >

j > Njpgives for0 <k < K
. Lo
1) [l — il < W5 )
* w
2) ka+1 — e < Hfij < ,J‘IOH
By the uniform continuity ofJ, over the compact set

B(0,W), for all modesa there exists ay such that for all

yeCandz € B(0,M —9), |Ja(y,2)) — Ju(7, 2)| < € for all
K

|5 — yll < v and||z — z]| < . Let Ny > ¥zl

* *
Ty 1k+1)
IEARAIEA]

By homogeneity and optimality,J, = (

*
k

*

Jaz(ni—fnvo) for all k such thatz; , # 0. By cor:tinuity,
- and

[EA

there are open neighborhoods and V, about

*
Tpi1

Tot] respectively such that for any state, € U, and
x, € Vi, Ja;(xa,xb) < Jaz (z4,0) (so thatx;, rather than
0 is tracked by the subsystem controllers). hebe such that
B(7%,a) C U, and B(7:2 ) C Vi forall 0 < k < K

ad Zkrl
A [EAIK

such thatr}_, # 0, and choose an integé¥s > 1.
For j > max { Ny, N2, N3}, an upper bound for the differ-
ence betweey* and.J’ is
) K-1
|J* = J[ < Z |Jaz (25 Tpy1) — Jaz (Th, Theg1)|

k=0
+ [ (%) = Jaz, (7K, 0)]
K—1
< P (az @k /il 25 /i)
k=0

= Jap (@i /|2l wrra /2y ])]) + 2¢

< (uxou S (R + 2) .

k=0
We now prove that equation (9) is true.

12

Proof: We use the notation from the proof of Theorem
2. We can express the difference between a given state
and the approximating switching statg,; as
k41 = @raall = | Lok — A(Lag, o] S7)]] (10)
whereL is some matrix satisfyinjL|| < (M —¢).Of course, if
Lz} is contained in the region “covered” By, ||S7 (namely
B(0, ||zx]| M) as the switching states are all scaled |by;||)
then we know we can bound the difference (10)|Byﬂ (%
scaled byl||z||). Therefore, a sufficient condition to ensure

[l |

l2hs1 — Trprll < (11)

Lxy, € B0, [lxk| M)

. (12)
& || Lag|| < M|z

If z3,, = 0, we can track it perfectly, so we are only interested
in bounding the difference for non-zero states. For thestest
since0 < ||L|| < (M — ¢), a sufficient condition for (12) is

(M —9)

e > =

k|

5 (13)
= llzill = 57l

which itself is sufficiently satisfied by the following cotidin

I — el < - (14)
Therefore, (14)= (11).

Now, we want thet factor to appear for the firgt” switches.
First, if ||z} — 2| satisfies (14), we warltz}, | — zx41]| to
satisfy (14) fork — (k + 1) to ensure thafjz} ,, — Tr 12|
satisfies (11).

Assume (11) is true. We want to pick large enough to
guarantee”mj—.’“H < Zllzpi, | to yield (14) fork — (k + 1).
As j is the only unknown, solving foj yields

M|l

- (15)
5||$k+1 [

J>

Of course,z;, is a function ofj, but observing thaflzy| <
MP¥||zo]| for all k, we satisfy (11) for the firsfC switches by
boundingj by the following

W ol

dminp<k<x ||z}l

J> (16)
which is independent ofi. This condition ensures the first
(K — 1) switches satisfy (14). Since; # 0 for k < K, it is
well defined. Therefore, the firgt” switches satisfy

- wE
2ol W ool
J

[y, — x|l < a7
which is exactly what was desired. ]

The proof of the Corollary 3 is similar to that of Corollary
2.
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