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Abstract

In this note, we prove that dynamic programming value iteratonverges uniformly for discrete-
time homogeneous systems and continuous-time switcheaddemeous systems. For discrete-time ho-
mogeneous systems, rather than discounting the cost dmn@thich exponentially decreases the weights
of the cost of future actions), we show that such systemsfgatpproximate dynamic programming
conditions recently developed by Rantzer, which providas#orm bound on the convergence rate
of value iteration over a compact set. For continuous-timigched homogeneous system, we present
a transformation that generates an equivalent discneie-tiomogeneous system with an additional
“sampling” input for which discrete-time value iteratios compatible, and we further show that the
inclusion of homogeneous switching costs results in a naotis value function. As an application, we
rederive the results of Tuna for the optimal control of hoergpus systems specialized to switched

homogeneous systems.
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. INTRODUCTION

In this paper, we present new dynamic programming resultsligcrete-time homogeneous
systems and continuous-time switched homogeneous sysbemarticular, we provide condi-

tions under which the value iteration algorithm [1] conegnd the value function is continuous.
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Such convergence and continuity results may be used to denapyproximately-optimal control
laws for these systems. The problem formulation covers, pesial cases, switched linear
systems and nonlinear switched systems for which accu@t®beneous approximations can
be developed.

Under fairly general conditions, value iteration is guaeaa to converge, but not necessarily
to the value function. For infinite horizon formulations, sabunted cost function [1] in the
Bellman equation may be used to guarantee the convergenite ofalue iteration algorithm,
but at the price of changing the desired performance of tis¢ery. Specifically, the discount
decreases the impact of future actions. Moreover, the ckbgediscount is to unity, the more
the number of iterations that are required to reach a piestrievel of approximation.

In [2], a sufficient condition on the value function is preteghthat guarantees the convergence
of value iteration. In particular, it is shown that if the walfunction is uniformly bounded by a
fixed proportion of the incremental cost function, then eaiieration converges uniformly, and,
in this paper, we prove that discrete-time homogeneougsystind continuous-time switched
homogeneous systems satisfy the conditions in [2] for thieum convergence of value iteration.
Furthermore, the CT value function is shown to be continutrushe case of continuous-time
systems, we present a method for transforming the systesmaimtiscrete-time system with an
additional “sampling” input that makes it compatible withlwe iteration.

As an application of these results, we rederive the restilisina [3] for the optimal control
of homogeneous systems specialized to switched homogsisgetems. Methods for computing
optimal controllers for continuous-time homogeneousesystis reported in several works: [3],
[4], [5], [6], [7], and [8] to mention a few, but we follow the @thodology of [3], where a
state-dependent sampling time is used to transform a eanisitime homogeneous system into
a discrete-time, degree-1 homogeneous system, and a tedbatrol law is approximated
using a quantization of the unit sphere. However, in speamg the results to continuous-time
switched homogeneous systems, we are able to reduce this mfostability and performance

to simple inductive proofs based in value iteration and icxiitly.

Il. DISCRETETIME AND CONTINUOUS-TIME HOMOGENEOUSSYSTEMS
A. Notation and Assumptions for Discrete-Time and Contiistibime Homogeneous Systems

We first begin with the definition of homogeneous systems usebis paper.
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Definition 1: A functionh : Y x U — H is degree-d homogeneous-in-y if there exists a

matrix functionG(«) = diag(a’™, ..., a"™) for positive real constanta andr; such that

h(G(a)y,u) = a® ' G(a)h(y, u)

For ease, we will only consider the caSéa) = «, and the results of the paper may easily
be rewritten for generafz (in the switched-system case, the systems share the 6gmaA
consequence of this assumption is that we can restrict callysia of the system to the unit
sphere ink", which we denote as™!.

In this paper, we consider a discrete-time (DT) homogensgatgem of the form

2t +1) = f(x(t), u(t)) (1)

wheret is an integer, the state(t) is a vector inR", the inputu(t) is a vector in some compact
setU, and f is degree-1 homogeneous:in-

Remark 1:As it is not generally desirable to apply unboundefbr boundedz, homogeneity
in the parameter, in Definition 1 is not necessary [6]. If is degreet homogeneous in: and
u, we can apply the transformatiof(z, u) = f(x, ||z||u) and restrictu to some bounded set.

We also consider a continuous-time (CT) switched homogenegstem of the form

Y(7) = gin (y(7)) 2)

wherer € R, the statey(r) is a vector inR”, the mode input(7) is a piecewise-constant
function continuous from the right and taking values in atérset() (the set ofmode$, and
the functiong; is a degreet; (d; > 1) homogeneous-in-function for each mode € Q.
We now define several important notations used througheupdper for CT switched systems:
. let 7y = 0 and successively define thé€' switching instance; as the first time(r) changes
value since timer,_y, i.e. 7, = min{r > 7,y | i(77) £ i(7)}
. denote thedwell period of thek switchas Ay, = [1441, 1),
. definey, = y(m;) as thek® switching state
. and definei, = i(7;) as thek' operating modeand denote thenode sequencas the list
(i, i1, . . .).
If the mode becomes a constant after some switching timiee.i(7) = a is constant forr > 7,
then as there are no more switches, we define oo andi; = a for all integers; > k. Finally,

let i_; = ig, which will help simplify notation.
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At times, we equivalently expregsby its mode and dwell period sequen@g, Ax)x, Which
will be useful for expressing the dynamics of (2) betweent&wng instances.

Finally, it will be useful to explicitly express the trajecy of (2) as a function of time, the
initial condition, and the inpui. Denote the value at time of the trajectory originating from
yo under a switching law asy(7, yo,¢) for those values of for which the trajectory is defined
(since the trajectory may possess finite escape time).

Finally, we conclude this section with some assumptionsiabbte CT and DT systems.

Assumption 1:The functionsg; are locally Lipschitz.

Assumption 2:f is bounded oves™! x U.

We note that Assumption 2 automatically holdsfiis continuous.

[Il. THE DT BELLMAN EQUATION AND VALUE ITERATION

For the DT system (1), let’ be theDT cost functiongiven by
V(wo,u) = Y L(x(t), ult)) (3)
t=0

where L is positive-definite and degreg-d > 1, homogeneous in. Define theDT value
functionas
V*(z) = inf V(z,u)

uelU
By the homogeneity of, it is clear thatV* is also degre@-homogeneous.

It is well known that the value function satisfies the Bellnequation

V*(x) = inf {V*(f(x,u)) + L(xz,u)} (4)

uelU
If the value functionV* is known, the optimal policy can be computed through an etan
of the expression
u*(z) € argmin {V*(f(z,u)) + L(x,u)}

ueU
if the minimum exists.

A means for approximating the value function is bglue iteration where successively-
improving approximations to the value function are comgauteratively in the following manner:

pick somel’? on R™ and compute the sequencg!, V2, ...) iteratively by the relation
VE (@) = inf {VE(f (2, 0) + Lz, w)} )

If the limit exists, denotd/> = limy_,., V*.
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A. Convergence of DT Value Iteration and Continuity of th&u®aunction

While it is not generally true that value iteration will carge to the value function, certain
assumptions may be imposed to guarantee convergence.slpaper, we make use of a con-
vergence result given in [2], which we restate here in a foraxaramenable to our framework.

Proposition 1: If V*(f(z,u)) < vL(x,u) holds uniformly for some constant> 0 and if V'*
is bounded over a compact sBt then(V*), ! converges uniformly td’* over E.

Proof: According to [2], foraV* < V° < gV,

— —1
Uniform convergence is a consequence of the fact ¥hais bounded overr. [ |

The results of this paper result in part by showing that hoenegus systems satisfy the
conditions of Proposition 1. We now state an immediate tanplof this result.

Corollary 1: If L(S™ ', U) is lower bounded by a positive constant dnt{.S"!) is bounded,
(V¥), converges uniformly td’* over S"~!

Proof: By homogeneity,l’* is bounded over any compact set R, in particular the
compact set containing(S™~!, U). Therefore, there exists @ > 0 such thatV* o f(z,u) <
vL(z,u) for all (z,u) € S"~' x U. By homogeneity, the inequality extends ot x U, and
so uniform convergence results from Proposition 1 with= S 1. [ |

We now state a corollary concerning the continuity of the Qilue function.

Corollary 2: If L(S" ', U) is lower bounded by a positive constait;(S™~') is bounded,
andV* is continuous for all;, then thenl’> = V/* and V* is continuous.

Proof: By Corollary 1, value iteration is uniformly convergentnge V* is continuous for
all k, V* is continuous oveS™~! and, by homogeneity, continuous oVt as well. [ |

Finally, in practice, it may be of interest to determine thmuibhdedness oi’* from value
iteration, and we state a useful result concerning this test

Proposition 2: If V% = 0, equation (5) is minimized by somg for eachk, and L(S™" !, U)
is lower bounded by a positive constant, therV/i*(S"~1) is bounded,V*(S"~!) is bounded

as well.

"We use the notatiorf-); to indicate a sequence over the indexwhich will be useful in later sections when additional

subscripts may be present in the sequences.
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Proof: First, if V = 0, then it can be shown that the sequeKizé(x)), is monotonically
increasing and bounded By*(x).

Now, if the optimal inputu}(z) € argmin, {V*(f(z,u))+ L(z,u)} exists, then we let
VE(z) = 305 Lla(t), uy_ (2(1))). We term (ul, ul_y, ..., uj) the K-step roll-out policy
[1].

Choosea < 1. Let A > 0 be such thatL(S"',U) > \. By homogeneity and by our
assumptions/(x,u) > ||z||?\ for all z andu (note thatd is the degree-of-homogeneity &f).

By the boundedness df>(S"~1), there exists an integek” such thatl’*>°(S"~!) < K\a?,
which, sinceVX (z) < V>°(x), yields VX (z¢) < K ad||xo||?

Therefore, lettingz(t) result from an application of}, we have

A Z lx()]|” < Z L(x(t), uie (x(t))) = Vi* (z0) < KAa[l2(0)]*

K-1
Thus, »  fla(t)||* < Ka|z(0)]
=0

Therefore, for some timé(z)

2(t(z))||? < ad]|z(0)]|¢. By repeated application of the
K-step roll-out policy, it can be shown that the resultingtcoan be bounded ovéf” — 1 (the
cost can be bounded by a geometric series siheel). Therefore, the optimal cost is bounded

over S™ 1 as well. ]

IV. THE CT VALUE FUNCTION

For the CT system (2), consider ti& cost function/(yo, ) for an input trajectoryi as

J (Yo, 1) :/0 Iy (7, yo, i(7)) || dr + kz; (7%, yo,z’)||2Ki(T;)i(Tk)

_Z [/ 1y (7 ey i) |70 dr 4 [yl |* K, 124

where the switching-cost constamts,,, are nonnegative fom # n and zero otherwise.

(6)

Remark 2:Although any cost function with a continuous, degf@e+ d;) homogeneous
integrand and a degree-2 homogeneous switching cost cauldobsidered, we restrict our
analysis to (6) for its simplicity.

Notable in (6) is the power of the integrand:- d;;). To gain some insight into this choice,

consider the systems= —y?* andy = —g. Although their (phase space) trajectories are identical
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for the same initial condition, = 7, y is faster outside the unit sphere and slower inside the
unit sphere. If we applied a quadratic integrapdr)||?, the costs of the two systems would be
different. However, by raising the integrand to the power d;, the costs are the same because
the cubic system is penalized more heavily outside the yhiee, where it travels quickly, and
penalized less heavily inside the unit sphere, where iksasiowly.

Optimizing over all switching laws with initial mode,, we obtain theCT value function

T () =  inf  J(yo.i 7
zo<y0) {ili(0)=io} (y(] ) ()

A. Degree-1 Transformation of the CT System

To simplify the proofs of this section, we apply a useful smmmation that will generate a

degree-1 system having the same trajectories as the CThsy8)e As in [4], let

47) = Gitn) (2(7)) = (D750 gy (2(7)) (8)

Under suitable choices for each switching I3vboth (2) and (8) generate the same trajectories,
but (8) is degred- homogeneous by this time scaling of (2).

Define a new cost functiod for system (8) as
J(20,1) 2/ l2(7, 20, D)[Pdr + > |zl Ky, )
0 k=0

j;z is defined similarly. It is clear thaf* is degree2 homogeneous. We now state the useful
consequence of this transformation.
Proposition 3: .J; = J>.
Proof: In a fixed modei, let ;, ,, be the time-scaling between theand y trajectories

which satisfies

(09,40 (), Y0, %0) = y(7, %0, %0)
for all 7 > 0. It can be deduced by taking the derivative of both sides wapect tor that
0(7) = [|=(6(r) || "o~

Let < be any switching law given byi,, Ay)r and assume without loss of generality that

yr # 0. Define the switching law given by (ix, Ay )r Wherei, = i, and A, = 6;, ,, (Ag). It

2The switching laws need to be scaled in time in order for thigchings to occur at the same location in the state space

(i.e., so thatzy, = yi).
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is clear that this is a bijective mapping. By induction, indae shown that the switching states

(yx)r and (z;)x are identical.

Starting with the cost function (6), we use the change ofaldeiv, = 6;, ., (7), yielding
Or,o () = 112G, (7), 20, 8) 967" = || 20k, 25, ) || %6
and obtain
R _ | 1
Ji(20,1) :kZ:% [/@kak) |2 (v, 21 g ) ||* %0 ECE T—rdve + (B8] zemmmn
=J;(20,1)
It is straight-forward to show that this implieg = .J. n

Clearly, Proposition 3 implies that* is degree2 homogeneous as well.

B. Continuity of the CT Value Function

In the case of the CT system being asymptotically contrt#laib is of interest to prove that
the value function is continuous. To this end, we impose tileWwing assumption on the system

Assumption 3:The CT system (2) is asymptotically controllable [9], andrthexists such a
stabilizing control law that has a finite number of switchesany finite time interval.

To prove that/; is continuous, we seek to leverage Corollary 2, but thisltesly applies
to DT systems’. We now present a transformation of the CT to a DT system thilatallow
us to apply the DT value iteration results. First, we defineew functionh; representing the

sampled dynamics of the normalized CT system (8) for a “samgperiod” ©
hi(x,7) = z(7, x,1)
We also define a new incremental cost functicas a sampling of the normalized cost (9)
Wx,7,4,j) = /0 l2(y, 2, 9) *dy + ||2(7, 2,9) | Ky
If we treati andr as control inputs, we have a DT system

2t +1) = hi (x(t), 7(t)) (10)

3Clearly, the results apply to DT switched systems by extapdie input set/ to U x Q in order to include the mode input.
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where the time is a nonegative integer. By substitution and by optimalitg, can expresg
by 4
Ji(@) = inf  {Jf(hi(e, 7)) + (2,70, )} (11)

{4,0<r<To}

for any Ty > 0. In essence, all we have done is split-up the expressioneofadlue function by
the switching times, which is possible by optimality. Alsxy, allowing “switches” to the current
mode, we are able to restrictto a compact set.

We can now use value iteration to prove thitis continuous. Define the sequenc#),, by

jf“(x) = inf {j]k(hl(x, 7))+ l(x,7,4,7)} (12)

{5,0<7<Tp}
We first prove that value iteration converges for the CT syste
Proposition 4: If K;; > 0 for i # j, then(J¥); converges uniformly ove™ ' to .J.
Proof: Define a new incremental cos@s
. 00, i=jandt < T
Uz, 7,i,)) =
l(xz,71,i,7), otherwise
The Bellman equation (11) may be equivalently written udirigstead of!.

Let I = [0,7y]. By Proposition A.1 (see Appendix);* is bounded over any compact set, and
therefore.J* o h;(S"') is bounded for all.

For j # 1, Z(S"—l,f,i,j) = (8", 7,4,7) > K;;. Therefore, there exists a positive constant
%i; such thaty* o h; < v;l(-, -4, j) over S"~' x I.

Forj =i, l(z,7,i,i) = 0o if 7 < T}, so any constant will suffice. Far = Tp, I(z,7,i,i) =
I(z, Ty, i,1), which is strictly positive and continuous ovgt~!. Therefore, there exists a positive
constanty; such that/* o h; < ~;l(-,-,4,4) over S" ! x I.

The boundedness condition of Proposition 1 (and hence mmifonvergence ovef™ 1)
follows. [ ]

We now prove that the value function is continuous.

Theorem 1:If K;; > 0 for i # j, thenJ” is continuous.

Proof: We will construct a value iteration sequence to prove tharcl# we use Corollary

2, we need only to show that eadf of such a sequence is continuous. We proceed by induction.

“We note thati is actually a state of the DT system, but, for clarity, we ®iihe value function using the index as in

Ji (wo) instead of writingJ ™ (xo, io).
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Let I = [0, Tp). First, define setq, satisfying 1)7,, is finite, 2) T, C T,,.1,and 3) for all
T € 1, there exists & € T, such thatjt — 7| < % Basically, we are quantizing the values for
T.

Assumejj’? is continuous for allj. By continuity over the compact controller sgtx I, the

minimizers7* and j* of (11) exist. Define/" " by

JEM@) = min {JF(hi(x, 7)) + Uz, 7,4, )}

! {,r€Tm} 7
Clearly, JF*"™(z) > JF*'(z). Since J'™"™ is the minimum over a finite set of continuous
functions, it is continuous.
Choose any > 0. By the uniform continuities offj’? o h; andl over S"~! x I, there exists a
0 such that
|(Jf (i, 7)) + U, 7,4, 5)) = (T (R, 7)) + U, 7,0, 5))| < e

J J

for |r — 7| < § and for allz € S™',i, .

Therefore, for allz € S™~1, there exists arl/ such that for alim > M,

[JE (@) = TN @) = min {TF (e, 7)) + U, i)} = (T (haz, 7)) + Uz, 74, 57))

{j7T€T77L} J J

<TE(hia, 5)) + U, 1, §7) — (TE (i, 7)) + U, 75,4, 57))

> imo Y Vi

<e

wheret, = argmin, ., |7 — 7*|. Consequently(J/*""™),, converges uniformly to/**! over
S7=! and, henceJF"! is continuous oves™ .
If we let ]ZQ = 0 (which is continuous), then by inductioﬁf is continuous for all:. Hence,

J# is continuous. u

V. APPLICATION TO THECONTROL OF SWITCHED HOMOGENEOUSSYSTEMS

In this section, we briefly apply the previous results to thetwol of CT switched homogeneous
systems. In [3], it is shown that a state-dependent samjpiing can be used to transform a
CT homogeneous system into a degree-1 DT homogeneous syateima feedback control
law can be approximated using a quantization of the unit rgpHa specializing the results to
continuous-time switched homogeneous systems, we aret@bbxluce the proofs of stability

and performance to simple inductive proofs based on theeviddmation and continuity.
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After we establish the existence of a sampling time that alibw us to stabilize the CT
system with a DT controller, we present a method for consitriga stabilizing DT controller
by approximating the DT approximation of the CT value fuagtiover a quantization of the
unit sphere. The algorithm itself is a specialization of étgorithm presented in [3] to switched
systems, but we use the value iteration results developdigretd provide simple recursive

proofs of stability and optimality. The controller is ultately computed using a linear program.

A. Discrete-Time (DT) Switched Systems: Definitions anctiots

Because a controller for (2) will require switching logic tcompute the control signal(r),
it is practical to consider implementing it in discrete tindes in [3], we apply a special state-
dependent sampling period that will yield a degteeomogeneous DT system from (2). The
new system is defined as follows: letbe an integer and let(¢) be a DT input (i.e.i =
(1(0),4(1),i(2),...)). The DT system is

ot +1) = y(T(2(t), (1)), x(t),i(t))

It can be seen that the sampling period of the DT system at#iimgiven by (x(t),(t)). For
ease, from here on we denote these dynamicf@aée(t)).

Now, we define théDT cost functioms

V(xo,i ZL Ji(t+1))

where L(z, i, j) = Tollz||* + ||z||*Ki; and T, is the base sampling period. It can be seen that
this DT cost function resembles a time-discretization @& @i cost function.

The actual form forT" is adopted from [3], and we formally present it along with &Gpl
consequence of its application below.

Proposition 5: For a positive constanfy, the state-dependent sampling period given by
T(z,i) = Ty|lz||~4*" yields a continuous, degree-1 homogeneous funcfiofor all z and
1.

We call T, the base sampling periad

In the remaindery is the CT time variablet is the DT time variabley is the CT statey is

the DT state, and is the mode input in both settings.
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B. Objectives

The remainder of this section will be focused on determirdagditions under which (2) can
be sampled quickly enough to yield a DT system that is asytigalty controllable. Ultimately,
we apply concepts from dynamic programming to construct aopfimal feedback policy.

Formally, we want to find a base sampling perigdand a DT feedback control law so that
w(t +1) = fiw(x(t))

i(t+1) = u(z(t), i(t))

(13)
is stable.

C. Approximating the CT Value Function in DT

First, we begin with a simple convergence result.
Proposition 6: If V*(S"~1) is bounded, theiV;* = V> and V;* is continuous.
Proof: By Corollary 1,V* = V.>*. We construct a new value iteration sequence to prove
the continuity claim. Le{(V}*),, be a value iteration sequenceVif is continuous for all, then
it is easy to see thaig’““ (as given by (5)) is continuous for all If we let f/io be any continuous
function, then induction holds. Therefore, by Corollaryl2, is continuous. [ |
We present some background results for the main approxamaéisult, the proofs of which
may be found in the appendix.
Proposition 7: For anye > 0, there exists a positivé, such thatl(z, 7,4, j) — L(z,1, )| < €
for all z € S™1, for all 0 < 7 < T, and for alli, ;.
Proposition 8: For anye > 0, there exists a positivE, such thaU;(hi(x, Tl))—j;(hi(.r, )| <
e forall z € S"1, for all 0 < 7, 7 < T, and for alli, j.
We now state the main result of this section.
Theorem 2 (Approximation of the CT value functiofpr anye > 0, there exists a positive
time T, such that for all base sampling periofis< T, |.J; — V;*| < ¢ over "1,
Proof: Let A > 0 be such that|f;(z)||> < AL(z,4,5) for all i,j andz € S"!, and if
€ > 5;, make it smaller, and choosg < T, for T, given by Propositions 7 and 8 for the
choice ofe. We now construct a value iteration sequence to prove theclaet V° = 0 and
assume that for alt € S"~! andj,

Ji (@) + 2¢|2|)?
1—2MXe

VF(z) <

(2
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An upper bound for/**! over S"~! is

fi(z)
| fi()]]

rlljjn{j;(fi(x)) + 2XeL(x,i,7) + (1 — 2Xe)L(z,4,5)}

V) =min PV () + L)

<
—1—2Xe

1 T ;g
:1 “one III]IH{J] (fz(l')) + L(ZL’,Z,])}

Since

T (fi(@) = Ji(hi(2, To)) < J; (hi(z, 7)) + €

for all 0 < 7 < Ty, we have

k 1 3 N* . .
Viti(@) st poin {5 (hix, 7)) + 2¢ + U@, 7.4 7) + €}
CJr(x) + 2
o 1—2)e

A lower bound is similarly determined. Sindé° = 0, induction holds, and by Proposition 2
and Corollary 1, value iteration converges. Becaulisés upper and lower bounded over—1,
then, for sufficiently smalk, the approximation claim holds. [ ]
We now formally propose the existence of a stabilizing DTtoallaw for the CT system.
Corollary 3 (Stability of the CT system via DT controlfhere exists a positive base sam-
pling period Ty such that the CT system (2) is asymptotically stable usireg Dff control
law
u*(2,1) € argmin {V; (fi(x)) + L(z,i,5)}

Proof: The proof that the bouridedness gf over S*~! implies that the DT system
(13) is asymptotically stable follows from a standard Lyamu argument that leverages the
homogeneities of* and (13), and so we omit that proof.

We now prove that the asymptotic stability of (13) implieg thsymptotic stability of (2).
Assume thafl}, is chosen sufficiently small so that (13) is asymptoticathbte.

For all zp, € S™ ! andi, € Q, there exists ank such that||z(7,zg,40)|] < K for all
0 <7 < Tp. For a givenx, let z(¢) be the optimal state trajectoryt) be the optimal mode
sequence.

First, by homogeneity||z(7,z(t),i(t))|| < ||z(t)|| K for all tT; < 7 < (t + 1)T5. Since

|z(t)|| — 0 ast — oo, then||z(T, xg, )

| — 0 asT — oo. Therefore, (2) is convergent.
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Finally, choose any and choose:, so that||z(t)|| < e for all ¢ > 0. Then||z(7, zo,1)|| < Ke
for all 7 > 0. Therefore, (2) is Lyapunov stable. [ |

Remark 3:It is important to note that, in practice, the DT controllanconly be semiglobally
stabilizing since it is not possible to sample a CT systemguarbitrarily short sampling periods
as the state grows unbounded.

From here on, we assume that the sampling period is smallgbntmuyield a finitel*.

D. Approximating the DT Value Function over a Finite Set

While knowledge ofl.* automatically yields an optimal control law for the systeomputing
the value function is generally intractable, and so we dtédeapproximate the function instead.
To this end, we approximaté* by reducing our state space to a finite set over the unit sphere
and compute the approximation over the finite set.

For a scalaw > 0, let S7~! be a finite subset 0f”~! such that for each: € S"~!, there is
an approximating state in Sg—l that is within a distancé to x. Let thequantization function
O; be given by

. R xXr
Os(x) € |l argmin {]jé — [}
v T ]

From here on, we drop th& subscript notation.

Value iteration over the sef"! is given by
V(@) = min{ VF(O(fi(x))) + L(z, 4, )} (14)
J

Let V;* be the corresponding value function for the quantized syste
Proposition 9: If V°(5"1) is finite, (V*), converges td/* over 5"~ for V2 = 0.

Proof: Because© o f; is degreet homogeneous and bounded ow&r!, V(5" 1) is
finite, IA/iO = 0, and since the minimizey; of (14) exists for eaclk, by Proposition ZVZ* is
bounded. Therefore, by Corollary 1, convergence holds imegs. [ |

Of interest in the use of a finite state space is that the valoetion can be computed using

a simple linear program. The program for computing this apipnate value function is given
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below.
max Yy V;(x) subject to
i€Q,zesSn—1

Vi < WP (0 () ) + Lo )

foralli,j € Q andz € 5"}

The continuity results of come into play once we begin to aersthe application of approxi-

mation states. IV* is d-e uniformly continuous ove5™~!, then for allz € 5™ 1,

ey =i () S e (o () =

This relationship allows us to approximate the value fuorctiFrom here on, however, we will

use value iteration to prove results concerning the appration VZ* and we begin with the
following proposition concerning the approximation qtalbf VZ* to V*.
Proposition 10: For ¢ > 0, there exists @ such that|V* — V*| < e over ",
Proof: Let A > 0 be such that|fi(z)||*> < AL(z,4,j) for all i,j andz € S"" 1. If € > 1,
make it smaller. Let be such that/;* is ¢-e uniformly continuous oves™!. Now, for all =

andi, assume a value iteration sequence satisfying

- Vi (z)
k‘ < (2
Vi) < 1— Xe

An upper bound fol/**!(z) is

) <min (@I vy (0 (100)) 12| + v

=i V(@) + L, 9))

1— e
Vi ()

1
N
A lower bound is similarly determined. Lettingl® = 0, induction holds. Becaus®&* is up-

per bounded oves™!, V> is equally bounded, and so by Proposition1g® — V*. The

approximation claim follows. [ |

E. Stability and Performance

Given V*(z), define the DT control law: as

u(z,i) € al"g;nin {Vr(©(fi(@) + Lw,i,j)}
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Now, to prove stability of the closed-loop system, we show $lgstem yields a finite cost
Vilz) = L ((1),i(t), u(x(t),i(t)))
t=0

=V (fi(@)) + L=, i, u(x, 1))
To derive conditions under whick is bounded, we use value iteration. To this end, we define

the sequence of functior®’*(z)), by
VI (@) = Vi (file)) + L(x, 4, u(z, i)

with V = 0. Clearly, lim,_., V}*(z) exists and is equal t;(z) if the sequence is bounded.

We now state the main stability result of this section. Fisffine the finite family of functions
L ={V} U{Vi o f;(-)}:,. Clearly, by finitenessl is equicontinuous ove$"*.

Theorem 3:For ¢ > 0, there exists & such that|V;* — V;| < ¢ over S"! (and, hence, the
closed-loop system has near-optimal performance).

Proof: Let A\ be such that|f;(z)||> < AL(z,4,5) for all z € S"~! and alli,j. Let § be

such thatl’ is J-¢ equicontinuous ovef™* and such thatV;* — V*| < ¢ on $" 1.

Assume

VE(@) < V7 () + 3AeVE () + ez

Then, using Proposition A.2 in the appendix,
VE () < [Vi (@) + 3AVE(fu() + el f@)12] + La, i, w)
< [@If@)IP + l21)e = Lz, i,u) + Vi (2)] + 3AV\(filx)) + el filw) I
+ L(z,i,u)
<V () + llzllPe + [BAVE(fi(@) + BAL(w i, u)]
—V; (@) + BAVA (@) + |

Therefore, for allk
~ V() + el|z]?
k’ < K
Vilz) < 1—3MXe

Sincef/io(x) — 0, induction follows. Setting: — co gives an upper approximation bound figr

By optimality, howeverV; > V*. Therefore, by the boundednessigf over S*~1, there exists

a ¢ such that)V; — V| < e. Asymptotic stability further follows from homogeneity. [ |
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F. Lipschitz Special Case

Of course, in general, we do not know the relationship forV*, and so the results above
only assert the existence of a level of approximation thavtide these benefits. If we strengthen
our assumptions about and f;, though, we compute an upper bound éao offer a prescribed
€.

Proposition 11:If {L(-,-,4,7)};; and{f;}; are Lipschitz functions oves™~* with respective
Lipschitz constantg andn < 1, thenV;* is Lipschitz overS™~! with a Lipschitz constan{f—n.

Proof: Assume|V;*(z+§) — V*(x)| < 3;||d]| for somep, and allz, (z+ &) € S"~*. Then,
for the caselV(x + §) > V*(z), we get

[V a0) = VI )| = min (V] (Sl +8,0)) + Ll +0.0,)} = V(@)
< min{|VA (e +8,w)) = VA )]+ V(@)
I+ 8.4.5) = L, i)+ L. )} - V(o)
<min{Gh| (e +0,0) = F@] + V() + <ol + L, 3)}
-V @)
< min (B3] + V(@) + Cl81 + Lz, i)} = V@)
—VFH(@) + (B + Q8] - Vi (o)
(3 + Q)15

The other case provides the same result. Therefére, < Giyn + (. Starting withg, = 0 since
V9(x) =0, we get for generak

which converges fof) < 1 ask — oc. [ |

It is noteworthy that the constraint ontranslates into the requirement egths a contraction.
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VI. SIMULATIONS

The example comes from a slight modification of the examplacted system from [10].

The dual-mode switched system is given by

0.1y} — y3 0.1y; — 10y2
gi(y) = 3 5 | 92(y) =

10yy +0.1y; y1+0.1ys
where y; and y, are the components of the vectgr Both ¢g; and g, are unstable systems
that “spiral” away from the origin. Note that is degree3 homogeneous whilg, is degreet
homogeneous.

To construct a DT stabilizing control, we use a base sampimg of 0.1s and a quantization

spacing of0.1 radians along a semi-spheregielding 32 approximation states. Finally, we use

the incremental cost functioh(z, i, j) = ||x||* + ||z||*K;; where K;; =1 for i # j.

Mode: 1 Mode: 2

-10

A

-20 -10 0 10 20 -10 0 10

Fig. 1. Plot of the linear interpolations &f* and V" over S”~'. Forz € "', the value oﬂA/Z-*(m) is plotted as its distance

from the origin with the same angle as

Figure 1 shows the plots of the the linear interpolationVgf and V; over S»~! for each
optimization criterion. The magnitude &*(z) is represented as its distance from the origin.

The optimal control laws: are plotted in Figure 2 as a function of angle because they are
independent of the magnitude ¢f

Finally, Figure 3 shows a plot of CT closed-loop trajectsriesulting from an initial state

yo = (1,0) andi, = 1. Notice that although the system is executed for 30 time sssnphe

By homogeneity, we need not consider the entire sphere.
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Mode: 1 Mode: 2

Fig. 2. Plot ofu for each initial mode. As: is a degred} homogeneous function, it is just a function of the angle m phase

space ofz. Striped regions represent wheketakes a value of, and solid regions represent wherdakes a value of.

Phase plot of y Time plot of i Time plot of Y, and Y,

2 1
1.8 =

N 0.5
16 >
: E

= 14 g O
e

12 >“—‘—0.5

0 10 20 0 10 20
Y, Time (s) Time (s)

Fig. 3. Simulation of the closed-loop systems from the ahipair yo = (1,0) andi, = 1.

simulations take nearly 30 seconds to complete, despitel do@se sampling period. This is
because as the trajectory approaches the originmgacts far more slowly, a consequence of

usingT'(x,1) = ||z||~*Ty, which approachesc as||z| — 0.

VII. CONCLUSIONS ANDFUTURE WORK

In this paper, we presented conditions under which valugtiten converges for discrete-
time homogeneous and continuous-time switched homogsnggtiems as well as conditions
under which the value functions are continuous. Homogeneits leveraged to show that the
uniform convergence of value iteration results from thet fd@t such systems have value
functions satisfying a boundedness condition presentef?]inFor continuous-time systems,
a transformation of the system to a discrete-time homogensygstem was presented, and it
was shown that the application of homogeneous switchints@psarantees the continuity of the

value function. We applied these results and techniqueetiwidg simple proofs regarding the
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control of CT switched homogeneous systems.
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BOUNDEDNESS OF THECT VALUE FUNCTION

Proposition A.1: J* (5" 1) is bounded.

Proof: Choose any < 1. For eachz, € S"!, there exists a control la(z,) and time
T'(zp) such that||z(7, z0,i(20))|| < € for all 7 > T'(z,). By continuity, there exists a distance
d(20) such that|z(7'(zo), 20,(20))|| < € for all initial states||zo — zo|| < d(20). ChooseM points
7 ={z2% ..., 2M} on S"~! such that thé(z*)-neighborhoods about these points coger!.
Let the functionl'(z5) map z, to its closest point in|z||Z (basically, scale the quantization set
7).

Letting K (i,t) = argmax, {7, < t}, define the truncated cost at timeas

(20, 1) /|| (7, 20,) |dr+Z||zk|| Ky i

which is continuous ovet, so long as the trajectory does not suffer finite-escape tidedine
the quantized control law(z) = i(I'(z,)) and quantized tim& (z) = T(I'(z)). We will bound
the cost of control using

Jmax = max JT(ZO (ZO Z(ZO))
ZOES" 1

By homogeneity,|z(7'(z), 20, i(20))|| < ||z0/|e. Now since

JEEED (20,4(20)) < [120]1 T

we construct a stabilizing quasi-feedback control law dewies: executei(zy) until ||z]| < e,
then executé(z) until ||z|| < €2, and so on. The cost of this non-optimal control law is bouhde

(by a geometric series). [ |
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APPROXIMATION RESULTS

Proof: [Proposition 7] LetL(x,Ty,i,7) be the DT incremental cost with the addi-
tional explicit notation of the base sampling period parené&;,. We have L(x,0,4,j) =
|z]|?K;; = U(x, 0,1, j). Take a decreasing sequence of sampling peiidgs that converges to.
(L(-, Tk, 1, 7)) is @ monotonically decreasing sequence of continuous ifumthat is pointwise
convergent to the continuous functiéfr, 0,4, j) over S"~!. Hence, by uniform convergence,
there is a positive sampling peridd, such that|L(x, Ty, j) — ((x,0,4,7)| < € for z € S"~L.

Now, let

Zmaz(T) = argmax ||z(T, xo, 2'0)||2
{io€Q,x0eS"~1,7€[0,T]}

It is clear that(z,,..(7%))r monotonically decreases to By uniform convergence, there exists
a positive sampling perio@’, such that for allly < T, |zmae(T0) — 1| < €.
Now, let

(z,7,0,) = Uz, 7,0, j) — ||2(7, 2,9) | K

Basically, we are removing the switching cost. It is cleaattti(z, T}, ,)), monotonically
decreases t(ﬁ(m, 0,4,7). By uniform convergence, there exists a positive sampliagog 7
such that for allT, < T, |i(z, Ty, 4,5) — I(z,0,4,5)| < € for z € S"!. Therefore, for all

Ty < min{T,,T;}, |I(x,0,i, ) — (2, T, i, j)| < €(1 4+ Kpae) for x € S*~! and wherek,,,, =

max; j [<;;.
The claim of the proposition follows. [ ]
Proof: [Proposition 8] Let/ be any compact s€b, 7] for some positiveT. J; oh; is
uniformly continuous oves™!x I, and therefore there existdg such that for anyr, —7| < T

andr, m € I,

Jrohi(x, 1) — JF o hi(w,72)| < e for z € S"71., m

Proposition A.2:For a givene > 0, there exists & such that

Vi (fil@) < =Lz, i,u) + QI fi(@)|* + [|2[*)e + V7" (2)
Proof: Chooses such that|V;* — V;*| < € on S"~!. By the equicontinuity of the sdt, for
re Sl

Ve (file)) =l @) PV (Hj}%n)

<Us@IPv; (o (o)) + i

September 15, 2008 DRAFT



DRAFT 22

= [1s@iPv: (o (1)) + L)

= Lw,i,u) + 2| fi(@)]Pe = Vi (2) + Vi ()
<V (2) = Liw,iw) + 2 fil@)|e = |V (@) = ] + V(@)

=QIIfi(@)|I* + e — L(z,i,u) + Vi*(2)
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