
IEEE TRANSACTIONS ON ROBOTICS, VOL. 24, NO. 4, AUGUST 2008 821

A Dynamic-Model-Based Wheel Slip Detector
for Mobile Robots on Outdoor Terrain

Chris C. Ward and Karl Iagnemma

Abstract�This paper introduces a model-based approach to es-
timating longitudinal wheel slip and detecting immobilized condi-
tions of autonomous mobile robots operating on outdoor terrain. A
novel tire traction/braking model is presented and used to calculate
vehicle dynamic forces in an extended Kalman �lter framework.
Estimates of external forces and robot velocity are derived using
measurements from wheel encoders, inertial measurement unit,
and GPS. Weak constraints are used to constrain the evolution of
the resistive force estimate based upon physical reasoning. Exper-
imental results show the technique accurately and rapidly detects
robot immobilization conditions while providing estimates of the
robot�s velocity during normal driving. Immobilization detection
is shown to be robust to uncertainty in tire model parameters.
Accurate immobilization detection is demonstrated in the absence
of GPS, indicating the algorithm is applicable for both terrestrial
applications and space robotics.

Index Terms�Extended Kalman �lter (EKF), mobile robots,
robot�terrain interaction, wheel slip.

I. INTRODUCTION

MOBILE ROBOT position estimation systems typically
rely (in part) on wheel odometry as a direct estimate

of displacement and velocity [1], [6]. On high-traction terrain
and in combination with periodic GPS absolute position up-
dates, such systems can provide an accurate estimate of the
robot�s position. However, when driving over low-traction ter-
rain, deformable terrain, steep hills, or during collisions with
obstacles, an odometry-based position estimate can quickly ac-
cumulate large errors due to wheel slip. With ineffective odom-
etry, periodic absolute position updates can cause large �jumps�
in a robot�s position estimate. In addition, between updates,
an odometry-based system is unable to differentiate between a
robot that is immobilized with its wheels spinning and one that is
driving normally. Autonomous robots should quickly detect that
they are immobilized in order to take appropriate action, such as
planning an alternate route away from the low-traction terrain
region or implementing traction control. Additionally, robust
position estimation is required for accurate map registration.
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Wheel slip can be accurately estimated through the use of
encoders by comparing the speed of driven wheels to that
of undriven wheels [2]; however, this does not apply for all-
wheel drive vehicles or those without redundant encoders. Ojeda
et al. [3] have proposed comparing redundant wheel encoders
against each other and against yaw gyros as an indicator of wheel
slip, even when all wheels are driven; however, this technique
does not estimate the degree of wheel slip (i.e., whether the
robot is fully immobilized). Ojeda et al. have also proposed a
motor-current-based slip estimator [4]; however, this technique
requires accurate current measurement and terrain-speci�c pa-
rameter tuning, with proposed tuning techniques requiring either
an accurate absolute positioning device or a robot with at least
four driven wheels. Visual odometry (VO) is used in [29] to
estimate robot velocity and slip for a slip prediction algorithm.
Although VO can be accurate on average over time, the authors
report VO errors of �12% on short time scales. In addition, the
performance of VO can be degraded in near-featureless envi-
ronments, such as sand. It should be noted that a body of work
exists in the automotive community related to traction control
and antilock braking systems (ABSs); however, such work gen-
erally applies at signi�cantly higher speeds than is typical for
autonomous robots.

A large amount of work has utilized Kalman �lters with in-
ertial and absolute measurements to enhance dead reckoning
and estimate lateral slip. A navigation system is proposed in [7]
that uses inertial measurements combined with a sensor error
model in a Kalman �lter to increase measurement accuracy.
Traditional dead reckoning accuracy is improved in [6] and [8]
by including inertial measurements. Absolute position updates
from GPS are fused in [5] and [9] with a model-based Kalman
�lter to estimate vehicle sideslip and improve position estima-
tion accuracy, and in [10], this work is extended to consider the
effects of vehicle roll and pitch. The notion of an effective tire
radius, which can indirectly compensate for some longitudinal
slip, is presented in [11]. None of these works, however, explic-
itly considers the effects of longitudinal wheel slip or vehicle
immobilization.

A potentially simple approach to detecting robot slip and
immobilization is to analyze GPS measurements. In open ter-
rain, GPS can provide accurate position and velocity measure-
ments; however, nearby trees and buildings can cause signal loss
and multipath errors and changing satellites can cause position
and velocity jumps [12], [14]. Additionally, GPS provides low-
frequency updates (e.g., typically near 1 Hz [13]) making GPS
alone too slow for immobilization detection, where as close to
instantaneous detection as possible is desired to avoid excessive
position errors.
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Another potentially simple approach could rely on compari-
son of wheel velocities to a robot body velocity estimate derived
from integration of a linear acceleration measurement in the di-
rection of travel. As shown in [28], however, such an approach
is not robust at low speeds during travel on rough, outdoor ter-
rain. Dissanayake et al. [30] proposed a method of aiding the
inertial estimate using vehicle constraints; however, the method
is not appropriate on uneven, low-traction terrain. Ward and
Iagnemma [28] also demonstrated a signal-recognition-based
approach to the immobilization detection problem.

Here, a method is presented for detecting robot wheel slip and
immobilization that does not require redundant wheel encoders
or motor current measurements. The proposed approach uses a
dynamic vehicle model fused with wheel encoder, inertial mea-
surement unit (IMU), and (optional) GPS measurements in an
extended Kalman �lter (EKF) to create an estimate of the robot�s
longitudinal velocity. An insight of this approach is the realiza-
tion that a robot becomes immobilized due to an external force
resisting motion, be it a gravitational force resisting movement
on an incline or an impact force exerted during a collision. The
proposed algorithm utilizes a novel tire traction/braking model
in combination with sensor data to estimate external resistive
forces acting upon the robot and calculate the robot�s acceler-
ation and velocity. Weak constraints are used to constrain the
evolution of the resistive force estimate based upon physical
reasoning. The algorithm has been shown to accurately detect
immobilized conditions on a variety of terrain types and provide
an estimate of the robot�s velocity during �normal� driving. The
algorithm has been run in real time onboard a mobile robot and
is shown to be robust to periods of GPS dropout. The proposed
approach captures all relevant dynamics using one well-de�ned,
continuous model as opposed to approaches that seek to capture
the complete dynamics by combining multiple limited models
such as in [31] and [32], or that learn a generalized motion
model [34].

This paper is organized as follows. In Section II, the vehicle
dynamic model and tire model are presented. In Section III,
the slip detection algorithm, including the process and mea-
surement models used in the EKF, is described. In Section IV,
experimental results showing the algorithm accurately detecting
immobilized conditions as a robot traverses a variety of natural
terrains at a range of speeds are presented. An analysis of the al-
gorithm�s sensitivity to tire model parameters is also presented.
Additionally, accurate immobilization detection is demonstrated
in the absence of GPS updates. In Section V, conclusions are
drawn from this paper and future work is suggested.

II. DYNAMIC MODELS

A. Robot Configuration

The robot con�guration considered in this paper is shown
in Fig. 1. The robot has four rubber pneumatic tires and is a
front-wheel differential-drive con�guration with undriven rear
wheels that are freely rotating castors mounted to a rear pivot
joint suspension. The robot body-�xed coordinate system and
kinematic parameters are shown in Fig. 2, and the robot body
and tire forces are shown in Fig. 3. The dynamic models pre-

Fig 1. Rendering of the mobile robot considered in this paper.

Fig. 2. Robot kinematic parameters.

Fig. 3. Diagram showing vehicle and tire forces.

sented later are speci�c to this robot con�guration; however, the
modeling process is adaptable to other wheeled vehicle con�g-
urations. This robot was designed for the Defense Applied Re-
search Projects Agency (DARPA) Learning Applied to Ground
Robots (LAGR) research program [15].

B. Vehicle Dynamics

Modeled forces acting on the robot include gravity, a lumped
external disturbance force, and tire forces acting at the four tire�
terrain contact patches (see Fig. 3). The disturbance force can
represent a variety of external forces such as wind resistance or
the force caused by collision with an obstacle. In this paper, we
limit the disturbance force to forces resisting vehicle motion.

Tire forces are composed of a normal component, trac-
tion/braking component, rolling resistance component, and lat-
eral force component. The traction/braking forces are negligible
for any undriven, freely rolling wheels, as is the case for the rear
wheels of the robot considered here. The rear lateral forces can
also be neglected because the rear castors spin freely and thus
usually align with their velocity vectors.
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The vehicle acceleration along the body x-axis is

�vbx=
1
m

�
2�

i=1

Fi,tract+
4�

i=1

Fi, roll res+Fdisturb � mg sin(�)

�

= ftire + adist,bx � g sin(�) (1)

where m is the total vehicle mass, g is the acceleration due to
gravity, and ftire and adist,bx are the equivalent x-axis body
accelerations due to tire forces and the disturbance force. As-
suming the vehicle�s axis of yaw rotation is approximately the
point midway between the front tires and neglecting any yaw
moment due to gravity (which is small for moderate vehicle
roll), the vehicle�s yaw angular acceleration is

¤� =
c

2J
(F1,tract + F1,roll res � F2,tract � F2,roll res)

= gtire (2)
where J is the vehicle�s moment of inertia about the body z-axis
and c is the distance between front wheel centers. In general, if
a robot has nonnegligible lateral forces that do not act through
the yaw axis, they must be estimated [21] and included in (2).

C. Normal Forces

Calculation of the robot�s normal forces with arbitrary body
roll (�) and pitch (�) is in general an underconstrained problem.
Methods proposed in the literature [16], [17] typically consider
a simpli�ed two-wheeled �bicycle� model, which can be applied
for two- or four-wheeled vehicles when roll effects are ignored.
In [18], it is suggested that normal forces be estimated by consid-
ering the elasticity of the terrain using tire�soil contact models
presented in [19]. A rigid body solution can also be found (uti-
lizing the Moore�Penrose generalized inverse), assuming point
tire�soil contact [20].

For the robot con�guration considered in this paper, assum-
ing zero moment about the passive rear suspension pivot joint
allows the rear left and right normal forces to be assumed equal.
With this assumption, the normal force calculation is no longer
underconstrained and an explicit solution exists. For normal
force calculations, it is also assumed that the vehicle longitudi-
nal acceleration is negligibly small, which is generally valid for
slow-moving robots. The normal forces are

N1 =
W
2

cos(�)

�

��

1
a + b

(b cos(�) � h tan(�))

�
2h
c

sin(�)

�

�	 (3)

N2 =
W
2

cos(�)

�

��

1
a + b

(b cos(�) � h tan(�))

+
2h
c

sin(�)

�

�	 (4)

N3 = N4 =
W

2 (a + b)
(h sin(�) + a cos(�) cos(�)) . (5)

As a notational convenience, we de�ne the �normal acceler-
ations� as

nf,l =
N1

m
, nf,r =

N2

m
, nr =

N3

m
=

N4

m
. (6�8)

D. Traction/Braking Model

A large body of research has been performed on modeling tire
forces on rigid and deformable terrain. Most models are semiem-
pirical and express tire traction/braking forces as a function of
wheel slip i and wheel skid is , where [21]

i = 1 �
v
r�

(9)

and

is = 1 �
r�
v

(10)

where r is the tire radius and � is the wheel angular velocity.
For example, in [21], the traction force of a pneumatic tire on
rigid terrain is formulated as

Ftraction =



�

�

Kt� � Cii, i � icritical

µpN �
� (µpN � K �i)2

2ltK �i
, i > icritical

(11)

where Kt = kt�lt (1 + (lt/2�)), K � = kt�lt , and icritical =
µpN/ (ltkt (lt + �)), and �, µp , kt , lt , and Ci are constants,
� is the longitudinal strain (which is proportional to the slip),
and N is the normal force acting on the wheel. A similar for-
mulation is proposed for braking forces.

Implementation of a slip-based tire traction model such as
(11) has many practical dif�culties, including the need to dis-
tinguish the cases of traction and braking and driving forward
and reverse to correctly calculate slip or skid. Another dif�culty
is introduced by the fact that the formulations are unde�ned at
zero slip [i.e., when � = 0 in (9) or v = 0 in (10)]]. Additionally,
(11) requires separate formulations for the low- and high-slip
regimes (distinguished by icritical).

Here, a uni�ed, explicitly differentiable traction/braking
model is proposed that captures the critical elements of the
models proposed in the literature. The traction/braking force is
expressed as a function of the wheel�s relative velocity, rather
than slip. Slip is a normalized version of relative velocity. A
relative-velocity-based formulation does not introduce the sin-
gularities found in slip-based formulations and is consequen-
tially easier to apply within an EKF framework. The simpli�ed
model is

Ftraction = N(sign(vrel)C1(1 � e�At |v r e l |) + C2vrel) (12)

where vrel is the velocity of the tire relative to the ground

vrel = r� � vfwd (13)

and vfwd is the tire�s forward velocity, computed as

vfwd,left = vbx + 0.5 c ��, vfwd,right = vbx � 0.5c �� (14)

where �� is the robot yaw rate and C1 , At , and C2 are constants.
The simpli�ed model is continuously differentiable and can

predict both traction and braking forces, without a need to dis-
tinguish the two cases. Additionally, this model requires three
terrain-/tire-dependant parameters (C1 , At , and C2). By com-
parison, the popular �Magic Formula� empirical tire model re-
quires six [21] and (11) requires four. C1 is a positive constant
that can be viewed as the maximum tire�terrain traction coef-
�cient. At is also a positive constant and is the slope of the
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Fig. 4. Representative traction coef�cient versus relative velocity curve in-
dicating effect of the three traction parameters. The traction coef�cient is
Ftraction /N .

traction curve in the low relative velocity region. C2 is the slope
in the high relative velocity range and can be positive or negative
depending on the terrain (see Fig. 4).

Fig. 5 shows a plot of traction versus wheel slip for lines
of constant wheel velocity using the proposed traction/braking
model, as well as a representative traction force curve generated
using (11). Whereas the traction�slip curve does not vary with
wheel velocity using the slip-based model, the proposed model
does. Assuming the robot typically operates near a nominal
velocity, the proposed model can be interpreted as a pseudolin-
earization around the nominal operating velocity. Fig. 6 com-
pares displacement estimates calculated using the two traction
models of Fig. 5. With wheel velocities ranging from 0 to 2 m/s,
the difference in displacement between the two estimates is on
the order of centimeters. When the range of operating velocities
is within an order of magnitude of the nominal velocity, a single
tire model should be suf�cient for most applications; however,
multiple models using different constants at multiple operating
points can be employed if needed.

E. Rolling Resistance Model

Rolling resistance is generally modeled as a combination of
static- and velocity-dependant forces [17], [21]. Here, a function
with form similar to (12) is proposed as a continuously differen-
tiable formulation of the rolling resistance with the static force
smoothed at zero velocity to avoid a singularity. The rolling
resistance is

Froll res = �sign(vfwd)N(R1(1 � e�A r o l l |v fw d |)+R2 |vfwd |)
(15)

where R1 , Aroll , and R2 are positive constants. Fig. 7 shows a
representative rolling resistance versus wheel translational ve-
locity curve.

Fig. 5. Comparison of traction force versus wheel slip curves for the slip-based
model and the proposed simpli�ed model at various wheel speeds.

Fig. 6. Comparison of robot displacement calculated using proposed relative-
velocity-based tire model, slip-based model, and kinematic zero slip. Input
wheel velocity is 0.5 Hz sinusoid with amplitude linearly increasing from 0
to 2 m/s at the tire radius. In the top plot, the two nearly indistinguishable
dynamic estimates show smaller amplitude due to wheel slip than the kinematic
estimate as expected. The bottom plot shows the difference in modeled robot
displacement between the proposed model and the slip-based model.

F. Combined Tire Dynamics

Combining (1), (6)�(8), (12), and (15), the vehicle accelera-
tion due to tire traction/braking forces can be calculated as

ftire = nf,l

�

��

sign(�1)C1


1 � e�At |�1 |� + C2�1

�sign(�3)R1,front


1 � e�A r o l l |�3 |�

�R2,front�3

�

�	

+ nf,r

�

��

sign(�2)C1


1 � e�At |�2 |� + C2�2

�sign(�4)R1,front


1 � e�A r o l l |�4 |�

�R2,front�4

�

�	

� 2nr (sign(�5)R1,rear(1 � e�A r o l l |�5 |) � R2,rear�5)

(16)

where

�1 = vrel,front,left , �2 = vrel,front,right , �3 = vfwd,front,left

�4 = vfwd,front,right , �5 = vbx .
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Fig. 7. Representative rolling resistance coef�cient versus velocity curve indi-
cating the effect of varying the three resistance parameters. The rolling resistance
coef�cient is Fro ll resist/N .

Combining (2), (12), and (15), the yaw acceleration due to
tire forces is

gtire =
c

2J
Nf,l

�

��

sign(�1)C1


1 � e�At |�1 |� + C2�1

�sign(�3)R1,front


1 � e�A r o l l , f r o n t |�3 |�

�R2,front�3

�

�	

�
c

2J
Nf,r

�

��

sign(�2)C1


1 � e�A |�2 |� + C2�2

+sign(�4)R1,front


1�e�A r o l l , f r o n t |�4 |�

�R2,front�4

�

�	 .

(17)

The models in (16) and (17) will be utilized in the slip estimation
algorithm presented in the following section.

III. SLIP DETECTOR ALGORITHM

A. Extended Kalman Filter

The slip detector algorithm utilizes an EKF to integrate sen-
sor measurements with the nonlinear vehicle model. The EKF
structure requires that the discrete, nonlinear process model be
written in the form

�x�
k = f (�xk�1 , uk , wk�1) (18)

where �x�
k is the a priori estimate of the state vector x at time

step k and f is a nonlinear function of the previous state estimate
�xk�1 , the current input vector uk , and process noise wk�1 .

The measurement vector z is a nonlinear function h of the
true, current state vector and sensor noise � such that

zk = h (xk , �k ) . (19)

The standard EKF time update equations using the notation
of [23] are

�x�
k = f(�xk�1 , uk , 0) (20)

P �
k = AkPk�1AT

k + WkQk�1WT
k (21)

and the EKF measurement update equations using Joseph�s form
of the covariance update equation [24] are

Kk = P �
k HT

k


HkP �

k HT
k + VkRkV T

k
��1 (22)

�xk = �x�
k + Kk



zk � h



�x�

k , 0
��

(23)

Pk = (I � KkHk ) P �
k (I � KkHk )T + KkRkKT

k . (24)

The relations f(�xk�1 , uk , 0) and h


�x�

k , 0
�

express the esti-
mated state and measurement vectors �x�

k and �z, by evaluating
the nonlinear process and measurement equations, assuming
zero noise. Q and R are process and measurement noise co-
variance matrices, P is the state error covariance matrix, and
Ak ,Wk ,Hk , and Vk are process and measurement Jacobian
matrices, where

A[i,j ] =
�fi

�xj
(�xk�1 , uk , 0) (25)

W[i,j ] =
�fi

�wj
(�xk�1 , uk , 0) (26)

H[i,j ] =
�hi

�xj



�x�

k , 0
�

(27)

and

V[i,j ] =
�hi

��j



�x�

k , 0
�
. (28)

To apply the EKF to real-world sensors with unique, inconsis-
tent sampling rates, a modi�ed form of the EKF update process is
required. The time update equations (20), (21) are calculated at a
constant time step �t, such that in the absence of measurements,
the state estimate is updated based upon the dynamic model.
When a new measurement from sensor 	 becomes available,
the measurement update equations (22)�(24) are computed for
that measurement only, using Hk,	 , Vk,	 , Rk,	 , and h	 , which
are the portions of the measurement Jacobians, measurement
error covariance, and measurement function corresponding to
sensor 	 [8], [25]. These equations are repeated for each ad-
ditional measurement available at a given time step k. If no
measurement is available at time step k, then (22)�(24) are not
used; instead, �xk = �x�

k and Pk = P �
k .

B. State–Space Model Formulation

The vehicle and sensor dynamics are formulated as a state�
space model using the following state vector:

x = [vbx , bax , adist,bx , �l , �r , ��, bg� ]T

where �l and �r are the angular velocities of the left and right
front wheels and bax and bg� are the accelerometer x-axis and
yaw gyro walking biases, respectively, which are part of the
IMU error model suggested in [22].

Typical errors found in accelerometers and rate gyros of low-
cost IMU�s are due to constant offsets c, walking biases b, and
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sensor noise �, such that [22]

zmeas = zactual + c + b + � (29)

with

�b = �
1


b +

�
2fs	2



w (30)

where zmeas is the measured acceleration or angular rate, zactual
is the true value of the measured variable, � is assumed to be
zero mean white noise, 
 is a time constant, fs is the sampling
frequency, 	2 = E[b2 ], and w is zero-mean white noise with
E[w2 ] = 1.

Using the previous state vector, the vehicle dynamics can be
written as

�x =

�

���������������

ftire(x, �, �) + adist,bx � g sin(�)

�
1


ax
bax

0
fcontroller,l(u)
fcontroller,r (u)
gtire(x, �, �)

�
1


gz
bg�

�

���������������

+

�

������������������

w1�
2fs	2

abx

ax

w2

w3

w4

w5

w6�
2fs	2

gbz


gz
w7

�

������������������

(31)

where wi are zero-mean white noise and fcontroller(u) is the
wheel acceleration that is a function of the robot�s onboard ve-
locity controller and the desired velocity. Note that with constant
desired velocity, an ideal wheel speed controller would achieve
fcontroller,l(u) = �w5 and fcontroller,r (u) = �w6 .

In practice, the high frequency and accuracy of wheel veloc-
ity measurements commonly allow an accurate estimate of �l
and �r without modeling fcontroller . When estimating the ve-
hicle dynamics, we therefore neglect fcontroller , assuming that
the desired velocity is approximately constant between sensor
updates. This assumption has the effect of smoothing the wheel
speed measurements (helpful for removing pulses that can oc-
cur in velocity measurements derived from encoder pulses).
Discretizing the state equations and neglecting the zero-mean
process noise wi , the a priori estimate of the robot state at time

step k is

�x�
k

=

�

�����������������

�vbx,k�1+ftire(�x, �, �)�t+�adist,bx,k�1�t�g sin(�)�t

�bax,k�1

�
1 �

�t

ax

�

�adist,bx,k�1

��l,k�1

��r,k�1

���k�1 + gtire(�x, �, �)�t

�bg� ,k�1

�
1 �

�t

 gz

�

�

�����������������

.

(32)

C. Measurement Model

The slip detector algorithm utilizes measurements from the
IMU, GPS, and front wheel encoders. The measurement vector
is

z = [¤xIMU , ��IMU , �xGPS , �l,enc , �r,enc ]T

where ¤xIMU and ��IMU are IMU measurements of x-axis accel-
eration and yaw rate, �xGPS is the component of the GPS velocity
measurement along the body x-axis, and �l,enc and �r,enc are
the left and right front wheel encoder angular velocity measure-
ments. For the IMU measurements, the sensor model given by
(29) is used. Note that for ¤xIMU , zactual = �vbx + g sin(�), as
the accelerometer measures gravity even if the robot is stopped.
Simplifying, the measurement vector can be modeled as

z = h (x, �) =

�

�����

ftire(x, �, �) + cax + bax + adist,bx
�� + cgz + bg�

vbx
�l
�r

�

�����

+

�

����

�1
�2
�3
�4
�5

�

����
(33)

where cax and cgz are constant offsets of the x-axis accelerom-
eter and yaw gyro, respectively, and �i are zero-mean white
noise. To approximate the constant offsets, they are initialized
to the average of the �rst n IMU measurements, subtracting out
the acceleration due to gravity from the acceleration measure-
ment. When the robot is at rest, the constant offsets are updated
with new measurements using the exponential moving average
(EMA) [26]:

EMAcurrent = (measurementcurrent � EMAprev)
�

2
1 + p

�

+ EMAprev (34)
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which is an approximation of the time average of the measure-
ment over the last p samples, with a higher weight given to
the most recent measurements. The EMA is not guaranteed to
converge to the true value of the constant offsets, but instead
converges to a locally constant offset over a window determined
by the forgetting factor p, which is suf�cient in practice. The
EMA is easily and recursively calculated making it suitable for
online implementation.

The estimated measurement vector is

�z = h


�x�

k , 0
�

=

�

������

ftire(�x�
k , �, �) + cax + �b�

ax,k + �a�
dist,bx,k

����
k + cgz + �b�

g� ,k
�v�
bx,k
���

l,k
���

r,k

�

������
. (35)

D. Weak Constraints

The disturbance adist,bx and accelerometer walking bias bax
have both been modeled as random walks. Practically, the only
differences between these variables in the model are that adist,bx
appears in the calculation of �vbx while bax does not, and that
adist,bx is assigned a larger covariance in the matrix Q so that it
can evolve more quickly than bax .

Although a direct measure of the disturbance force is gener-
ally not available, rules governing its evolution can be developed
based upon insight into the physical nature of the disturbance.
These rules are implemented using weak constraints described
in [27] and implemented in a vehicle model in [11]. Unlike
ad hoc solutions, weak constraints are a principled method for
integrating rules and constraints into the Kalman �lter frame-
work. Weak constraints can be viewed as virtual measurements
or observations.

The linear weak constraints considered here are treated the
same as physical measurements in the EKF framework. If some
user-de�ned conditions are met (i.e., the physics-based rules),
(22)�(24) are used to update the state vector and system covari-
ance matrix with an associated noise covariance matrix Rk,	 ,
for each weak constraint. This is in contrast to ad hoc tech-
niques that may not propagate state changes though the system
covariance matrix. Each weak constraint also has an associ-
ated noise covariance matrix Rk,	 . If the constraint is precisely
known, then the covariance is zero and the constraint is consid-
ered a strong constraint. All of the constraints applied here have
nonzero covariance.

The following pseudo code outlines the EKF update process
including the weak constraints:

while (vehicle operational){
increment EKFtime by constant dt
EKF time update (20), (21)
if (IMU measurement available){

Do EKF measurement update (22)�(24) using: HIM U ,
VIM U , RIM U , zIM U , hIM U

}
if (GPS measurement available){

Do EKF measurement update (22)�(24) using: HGPS ,
VGPS , RGPS , zGPS , hGPS

}
if (encoder measurement available){

Do EKF measurement update (22)�(24) using: Hencoder ,
Vencoder , Rencoder , zencoder , hencoder

}
for i = 1 : (number of weak constraints) {

if (Weak Constraint i condition satis�ed){
Do EKF measurement update (22)�(24) using: HWCi ,
VWCi , RWCi , zWCi , hWCi

}
}end for
(else no measurements or weak constraints)
}end while

Table I summarizes the weak constraints employed in this
paper. The middle column presents the condition that must
be met for the constraint to be applied and the third column
gives the measurement innovation to be used in (23), which be-
comes �xk = �x�

k + Kk


zk,W C i � hW C i(�x�

k , 0)
�

for each weak
constraint i. Constraints 1�3 constrain the nature of the dis-
turbance based on physical reasoning, to maintain observabil-
ity of the state, similar to the implementation in [11]. Con-
straint 4 allows for calibration of the IMU biases when the
robot is stopped. The forth column lists the R values used
for each weak constraint, normalized by the average of the
R values for the real measurements (a smaller value indi-
cates higher weighting). In practice, as a precaution to pre-
vent the �lter from diverging during fault conditions such as
malfunctioning sensors, additional constraints could be ap-
plied using this framework to limit the magnitude and rate of
change of some of the states based on known physical char-
acteristics of the robot (i.e., the robot may have a known top
speed). For some of the conditions, the variable VelDir is used,
de�ned as

VelDir = sign (�l + �r ) (36)

such that VelDir equals 1 if the wheels are driving forward, 0
if the wheels are stopped, and �1 if the wheels are driving in
reverse. iEMA is the EMA (34) of the average of the left and
right front wheel slip.

E. Slip and Immobilization Detection

The EKF provides an estimate of the robot�s forward velocity
and the front wheels� angular velocities. Using these estimates, a
criterion for detecting when the robot is immobilized is desired.
A natural choice for an �immobilized� metric is the wheel slip
(9). In practice, the calculated wheel slip can be noisy. For ex-
ample, when the robot is stopped, an incremental wheel motion
will yield a calculated slip of 100%, even though the robot is
not immobilized. To improve robustness, the EMA (34) of the
average of the left and right wheel slips is calculated and immo-
bilization is detected if the EMA is larger than a threshold value.
The threshold value is chosen empirically. A low value allows
the detector to react quickly, however can be prone to falsely de-
tecting immobilized conditions. In practice, since measurement
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TABLE I
SUMMARY OF WEAK CONSTRAINTS USED

noise can cause large variations in calculated slip at low speeds,
the threshold can be chosen to vary with speed. Immobilized
is not detected if the robot is braking (i.e., vbx > r�). The pre-
vious technique represents one possible criterion for detecting
immobilization that has worked well in practice; however, other
criteria are possible, such as learning of failure models [33].

IV. EXPERIMENTAL RESULTS

A. Robot Description

An autonomous mobile robot developed for the DARPA
LAGR program has been used to experimentally validate the
algorithm (see Fig. 8). The robot is 1.2 m long × 0.7 m
wide × 0.5 m and has the kinematic con�guration discussed in
Section II-A. The robot is equipped with 4096 count per rev-
olution front wheel encoders, an Xsens MT9 IMU, a Garmin
GPS 16 differential GPS, and two stereo pairs of video cameras
(not used in this paper). The IMU provides the acceleration and
angular rate measurements for the measurement update and a
�ltered estimate of � and � used directly in the normal force
calculation. The robot has been used to collect data to process
of�ine using a Matlab implementation of the slip detector, as
well as to run an online C++ implementation on one of the
robot�s 2.0 GHz Pentium M computers.

B. Determination of Model Parameters

The algorithm requires knowledge or estimates of a number
of constant parameters. The robot mass and center of gravity
location were directly measured. The measurement noise and
walking bias process noise covariances were drawn from sen-
sor data sheets and sensor measurements. The process noise
and weak constraint covariances were initially set to values es-

Fig. 8. LAGR robot.

timated using physical reasoning, before manually tuning the
values to achieve improved �lter performance.

A series of simple experiments were performed on multiple
terrain types to estimate the tire parameter values. C1 was esti-
mated by measuring the force produced by spinning the robot�s
wheels while it was restrained with a spring scale. C2 was zero,
as no nominal terrain-independent value was indicated by the
test data. R1 was estimated by measuring the force required to
pull the robot forward with the wheels freely spinning. At and
R2 were chosen based upon tire force curves in the literature [10]
and upon experimentation with the algorithm. Aroll was chosen
to be large to approximate a static rolling resistance force. From
these experiments, a set of nominal parameters was extracted
that yielded good slip detection performance over many ter-
rain types. Table II summarizes the tire constants used for this
paper.
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