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Abstract -- We consider power and server allocation in a
multi-beam satellite downlink which transmits data to vV
different ground locations over N time-varying channels.
Packets destined for each ground location are stored in sep-
arate queues, and the server rate for each queue i depends
on the power p;(?) allocated to that server and the channel
state c;(?) according to a concave rate-power curve |(p; c;).
We establish the capacity region of all arrival rate vectors
(Agse--sAy) Which admit a stabilizable system. For the case
when channel states and arrivals are iid from timeslot to
timeslot, we develop a particular power allocation policy
which stabilizes the system whenever the rate vector lies
within the capacity region. Such stability is guaranteed even
if the channel model and the specific arrival rates are
unknown. As a special case, this analysis verifies stability of
the “Choose-the-K-Largest-Connected-Queues” policy
when channels can be in one of two states (ON or OFF) and
K servers are allocated at every timestep (K<N). These
results are extended to treat a joint problem of routing and
power allocation, and a throughput maximizing algorithm
for this joint problem is constructed. Finally, we address the
issue of inter-channel interference, and develop a modified
policy when power vectors are constrained to feasible acti-
vation sets. Our analysis and problem formulation is also
applicable to power control for wireless applications.

I. INTRODUCTION

In this paper we consider power allocation in a satel-
lite which transmits data to N ground locations over N
different downlink channels. Each channel is assumed to
be time varying (e.g., due to changing weather condi-
tions) and the overall channel state is described by the
ergodic vector process C(t) = (cy(t), ..., cy(t)) . Packets
destined for ground location i arrive from an input stream
X; and are placed in an output queue to await processing
(Fig. 1). The servers of each of the N output queues may
be activated simultaneously at any timet by assigning to
each a power level p;(t), subject to the total power con-

straint Zpi(t)sptot' The transmission rate of each

server i depends on the allocated power pj(t) and on the
current channel state c;(t) according to a general concave
rate-power curve W;(p;, Gj). A controller allocates power to

each of the N queues at every instant of timein reaction to
channel state and queue backlog information. The goal of
the controller is to stabilize the system and thereby
achieve maximum throughput and maintain acceptably

low levels of unfinished work in all of the queues.

We establish the capacity region of the system: the
multi-dimensional region of all arrival rate vectors
(Aq,---»An) Which admit a stabilizable system under some

power allocation policy. Stability in this region holds for
general ergodic channel and packet arrival processes. It is
shown that if the channel model and arrival rates are
known, any power alocation policy which stabilizes the
system--possibly by making use of special knowledge of
future events--can be transformed into a stabilizing policy
which considers only the current channel state. We next
consider the case of a dotted time system when arrivals
and channel state vectorsvary iid from one timeslot to the
next, but the channel model and the exact values of arrival
rates (Aq,...,Ap) are unknown. A particular power alloca-

tion policy is developed which stabilizes the system
whenever the rates (Aq,...,Ay) are within the capacity

region. This result is extended to treat a joint routing and
power alocation problem, and a simple policy is devel-
oped which maximizes throughput and ensures stability
whenever the system is stabilizable. Finally, we address
the issue of interchannel interference due to bandwidth
limitations, and develop a modified policy when power
vectors are constrained to activation sets. This analysis
makes use of a Lyapunov function defined over the state
of the queues.

Previous work on queue control problems for satellite
and wireless applicationsis found in [1-6]. In [1] a paral-
lel queue system with a single server is examined, where
every timeslot the transmit channels of the queues vary
between ON and OFF states and the server selects a
gueue to service from those that are ON. The capacity
region of the system is developed when packet arrivals
and channel states are iid Bernoulli processes, and sto-
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Figure 1: A multi-beam satellite with N time-varying
downlink channels and N onboard output queues.



chastic coupling is used to show optimality of the “ Serve-
the-Longest-Connected-Queue”’ policy in the symmetric
situation that arrival and channel processes are identical
for al queues (i.e, Ay = ... = Ay, Py = ... = py )
Such a server allocation problem can be viewed as a spe-
cial case of our power allocation formulation, and in Sec-
tion IV we verify stability of the “Serve-the-K-Longest-
Queues’ policy for symmetric and asymmetric systems
with multiple servers.

In[2] awireless network of queuesis analyzed when
input packets arrive according to memoryless processes
and have exponentialy distributed length. A Lyapunov
function is used to establish a stabilizing routing and
scheduling policy under network connectivity con-
straints. Such a technigque for proving stability has also
been used in the switching literature [7-10]. In [7] an
N x N packet switch with blocking is treated and input/
output matching strategies are developed to ensure 100%
throughput whenever arrival rates are within the capacity
region. In[9],[11] the method of Lyapunov stability anal-
ysis is improved upon and used to prove queues are not
only stable but have finite backlog moments.

The main contribution in this paper is the formula-
tion of a general power control problem for multi-beam
satellites and the development of throughput maximizing
power and server allocation algorithms for the system.
The method extends to other wireless networking prob-
lems where power allocation and energy efficiency is a
major issue. Recent work in [12] treats a problem of min-
imizing the total energy expended to transmit blocks of
data arriving to asingle queue, and it is shown that power
control can be effectively used to extend longevity of net-
work elements. In [13] power alocation for wireless net-
works is addressed. The authors consider ON/OFF type
power alocation policies and observe that for random
networks, capacity regions are not extended much by
including more power quantization levels. Our capacity
results in Section Il illustrate that the capacity region is
often considerably extended if multiple power levels are
utilized for the satellite downlink problem.

In the next section, we introduce the power and
server alocation problems. In Section 111 we develop
several stability results for single queue systems with
ergodic and non-ergodic processing rates [i(t), and estab-
lish the capacity region of the satellite downlink with
power control. In Section IV a stabilizing power alloca-
tion policy is developed for systems with iid inputs and
channel states. In Section V a joint routing and power
alocation policy is treated using similar analysis, and in
Section VI we extend the problem to treat channel inter-
ference issues.

II. POWER AND SERVER ALLOCATION

Consider the N queue system of Fig. 1. Each time
varying channel i can be in one of afinite set of states S.

We represent the channel process by the channel vector
C(t) = (cy(t), ..., cy(t)), where CT(t)OS;x...xSy.
Channels hold their state for timeslots of length T, with

transitions occurring on slot boundaries t=kT. The chan-
nel process is assumed to be ergodic and yields time

average probabilities . for each state C. At every

timeslot, the server transmission rates can be controlled
by adjusting the power alocation  vector

P(t) = (py(t), ..., py(t)) subject to the total power con-

straint Z P (t) < Pyoy -

For any given state ¢; of downlink channel i, thereis
a corresponding rate-power curve pi(p;, Cj) which is
increasing, concave, and continuous in the power param-
eter (Fig. 2). This power curve could represent the loga-
rithmic Shannon capacity curve of a Gaussian channel, or
could represent a rate curve for a specific set of coding
schemes designed to achieve a sufficiently low probabil-
ity of error in the given channel state. In general, any
practical set of power curves will have the concavity
property, reflecting diminishing returns in transmission
rate with each incremental increasein signal power.

The continuity property is less practical. A rea sys
tem will rely on afinite databank of coding schemes, and
hence actual rate/power curves restrict operation to a
finite set of points. For such a system, we create a new,
virtual power curve [i;(p;, ¢;) by apiecewise linear inter-
polation of the operating points (see Fig. 3a). Such vir-
tual curves have the desired continuity and concavity
properties, and are used as the true curves in our power
allocation algorithms. Clearly a virtual system which
alocates power according to the virtual curves has a
capacity region which contains that of a system restricted
to alocate power on the vertex points. However, the
capacity regions are in fact the same, as any point on a
virtual curve can effectively be achieved by time-averag-
ing two or more feasible rate-power points over many
timeslots. Indeed, in Section 1V we design a stabilizing
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Figure 2: A set of concave power curves pi(p;, ¢;) for
channel states ¢,, ¢, C3.
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Figure 3: Virtual power curves for systems with a finite

set of operating points.
policy for any set of concave power curves which natu-
rally selects vertex points at every timeslot if power
curves are piecewise linear.

This power alocation formulation generalizes a sim-
pler problem of server allocation. Assume that there are
K servers, and every timeslot the servers are scheduled to
serve K of the N queues (K<N). A given queuei transmits
data at a fixed rate p; whenever a server is alocated to it,

and transmits nothing when no server is alocated. This
problem can be transformed into a power allocation prob-

lem by defining the virtual power constraint z pi(t) <K
and the virtual power curves:
G(o) = J WP, POIO]
Hi(p) {“i ps1. (1)
Such a virtual curve contains the feasible points
(P=0,1 =1), (p=1 1 =) (seeFig. 3b).

Example Server Allocation Algorithm: One might
suspect the policy of serving the K fastest, non-empty
gueues would maximize data output and achieve stability.
However, we provide the following counterexample
which illustrates this is not the case. Consider a 3-queue,
2-server system with constant processing rates (lq, Mo,
Mg3) = (1, 1, 1/2). All arriving packets have length L=1 and
arrive according iid Bernoulli processes with the packet
arrival probabilities (py, Py, P3) = (P, p, (1- p9)/2 + ),
where p<1/2 and €>0.

Note that the policy of serving the two fastest queues
removes a server from queue 3 whenever there are simul-
taneous arrivals at queues 1 and 2. This happens with

probability p? and hence the time average processing

rate at queue 3 isno more than (1- p2)/2 (where the factor
1/2 is due to the rate of server 3). This effective service
rate cannot support the input rate, and hence queue 3 is
unstable under this server allocation policy. However, the
system is clearly stabilizable: The policy of aways allo-
cating a server to queue 3 and using the remaining server
to process packetsin queues 1 and 2 stabilizes all queues.

ITII. STABILITY AND THE DOWNLINK CAPACITY REGION

To understand the capacity region of the downlink
system, we first develop a simple criterion for stability of
asingle queue with an input stream X(t) and atime vary-
ing processing rate p(t) (Fig. 4). We assume the input
stream is ergodic with rate A. However, because an arbi-
trary power control scheme could potentially yield a non-
ergodic processing rate, we must consider general pro-
cesses [(t) which may or may not have well defined time
averages. We make the following definitions:

X(t) = Total amount of bits that arrived during [O, t].
U(t) = Unprocessed bits in the queue at timet.
M(t) = Instantaneous bit processing rate in the server.
t
A = lim X(U

t - o

W= Iiminf% u(tdr. (2

! t > o

The above limitst exist with probability 1. We
assume the processing rate is aways bounded above by
some maximum value (p(t) < pn., for al t) and hence

O0< U< M- As a measure of the fraction of time the
unfinished work in aqueue is above acertain value M, we
define the following “overflow” function g(M):

t

. 1
g(M) = t'mewP EJ-]'[U(T)>M] dt ©)

0
where the indicator function 1g used above takes the
value 1 whenever event E is satisfied, and O otherwise.

Definition: A single server queueing systemis stable

Notice that if steady state behavior exists and if sam-
ple paths of unfinished work in the queue are ergodic, the
overflow function g(M) is ssmply the steady state proba
bility that the unfinished work in the queue exceeds the
value M. Stability in this case is identica to the usual
notion of stability defined in terms of a vanishing com-
plementary occupancy distribution (see[2,7,11]).

Lemma 1: For the single queue system (Fig. 4) with
general input and server rate processes X(t) and u(t), a
necessary condition for stability is A <. If the arrival
process X(t) and the rate process i(t) evolve according to
an ergodic, finite state Markov chain, then a sufficient

X(t) (rate \) ()
—» U{)—>

Figure 4: A single queue system with input stream X(?)
and time varying processing rate |L(z).

1 Where the lim inf of a function f{?) is defined:
lim inf f{z) = lim [inf f(0)] .
t 5 o0 t oo T2t



condition for stability isA <p.

Proof: The sufficient condition for Markovian arriv-
als and linespeeds is well known (see large deviations
results in [12]). The necessary condition is proven in
Appendix Al by showing that if A >p, there exist arbi-
trarily large times t; such that the average fraction of time
the unfinished work is above M during [0, t] is greater
than a fixed constant for any value of M.

We use this single queue result to establish the capac-
ity region of the power constrained, multi-channel system
of Fig. 1. We define the capacity region as the compact

set of points Q O [0, »)" such that all queues of the sys-
tem can be stabilized (with some power allocation policy)

whenever the vector of input bit rates X = (A, ..., Ay) iS
gtrictly inthe interior of Q, and, conversely, no stabilizing

policy exists whenever A 0 Q . (The system may or may

not be stable if A lies on the boundary of the capacity

region).
Assume arrivals and channel states are modulated by
an ergodic, finite state Markov chain, and transitions

occur on timeslots of duration T. Let T, represent the
steady state probability that the channel vector isin state
C=(cp...,Cp) -

Theorem 1: The capacity region of the downlink
channel of Fig. 1 with power constraint Py and rate-

power curves pi(p, ¢;) isthe set of all input rate vectors A

such that there exist power levels piC satisfying

N
z p <P, for all channel states €, and such that:
i=1

(4)

Proof: Using the stationary policy of alocating a

A< Z“@Ui(PF- G).

power vector pC = (pf, pﬁ) whenever the system is

in channel state C creates a Markov modulated process-
ing rate ;(t) for all queues i, with an average rate given
by the right hand side of inequality (4). Lemma 1 thus
ensures stability whenever the vector A satisfies (4) with
strict inequality in all entries.

In Appendix A2 we show that restricting power con-
trol to such stationary policies (which use only the cur-
rent channel state C(t) when making power alocation
decisions) does not restrict the capacity region, and hence

p- H1

Figure 5: A capacity region for 2 static channels.
the region in (4) captures al input rates which yield sta-
ble systems. [

In the case when the channel does not vary but stays
fixed, we have one power curve y;(p) for each queue i,
and the expression for the capacity region above can be
greatly simplified:

Corollary 1: For static channels, the capacity region

isthe set of all A vectors such that:

N
z ui_l()‘i) < Pyt
i=1
where
W) = fThe smallest p such that p;(p)=A
\oo if no such p exists. 0

In Fig. 5 we illustrate a general capacity region for
N=2 channels with fixed channel states and concave
power curves pq(p) and po(p). In this case of fixed chan-
nel states, one might suspect the optimal solution to be
the one which maximizes the instantaneous output rate at
every instant of time: allocate full power to one queue
whenever the other is empty, and allocate power to maxi-
mize the sum output rate pq(p1)+Ho(Py) subject to

p, + p, < P, whenever both queues are full. Doing this
restricts the capacity region to linear combinations of the
three operating points, asillustrated in Fig. 5. The shaded
regionsin the figure represent the capacity gains obtained
by power allocation. Note that the region is restricted fur-
ther if only ON/OFF allocations are considered.
Corollary 2: For the K-server alocation problem
where the channel rate of queuei isp; when it isallocated
aserver (and 0 otherwise), the capacity region isthe poly-

tope set of al A vectors such that:
N

Aok (5)
i:lp-i
A O[O, p] forali. (6)

Proof: Using the virtual power curves and constraints
given in Section |1, we find that the region described by
(5) and (6) contains the true capacity region. However,
the K-server problem is constrained to allocate rates only
on the vertex points of the capacity region (see Fig. 6).
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Figure 6: An exampleillustration of the capacity region for
the K-server allocation problem with N=3, K=2.

Timesharing amongst vertex points, however, yields any
desired point within the polytope. O

IV. A STABILIZING POWER ALLOCATION ALGORITHM

Here we assume that channel state vectors C vary iid
from timedlot to timeslot with probability distribution
T . Likewise, assume that packets bring a new batch of

unfinished work iid from timeslot to timeslot in the form
of an arrival vector A = (a,, ...,ay), with distribution

f(ay,...,an) and expectation E[A] = AT . Note that entries
of the channel state vector and the arrival vector may be
correlated within the same timeslot. We assume that new

arrivals have bounded second moments: E[aiz] <o,

Let U(t) = (Uy(t), ..., Uy(t)) represent the vector of
unfinished work in each queue at timet (where t=KT). We

assume channel and queue state vectors C(t) and U(t)

are known at the beginning of each timeslot, and seek a
control policy which alocates power based on thisinfor-
mation. Assuming this power allocation P(t) isheld con-
stant during the full timeslot [t, t+T], the unfinished work
dynamics proceed according to the one-step equation:

Ui(t+T) = max(U(t) +a(t) —(p(t), ()T, 0), (7)

Notice that for a given stationary power allocation
policy, the unfinished work vector at timestep t+T is
independent of the past given the current value of unfin-
ished work. Hence, the system can be viewed as evolving
according to a Markov chain on an N-dimensional,

uncountably infinite state space U . For stability analysis,

we define the Lyapunov function L(0) = ZGiuf (for

arbitrary positive weights {6;}) and make use of a well
developed theory of stability in Markov chains using neg-
ative Lyapunov drift (see [13], [2], [6], [9]). Below we
state a sufficient condition for the system to be stable and
have awell defined steady state distribution of unfinished

work U . The statement below is new in that it involves a
Markov chain on an uncountably infinite state space,
although the proof differs only cosmetically to that given
in [15] and is omitted for brevity.

Theorem 2: For the given Lyapunov function L(U),

if there exists a compact region Q of 0" and a number
0>0 such that:

1. E[L(O(t+T))|0(t)] <o foral 0O0O"
2. E[L(U(t+T))-L(U(t)|U(t)] <
whenever U 0 Q
then a steady state distribution on the vector U exists
(clearly with the property that Pr[U;>u] - 0 as u -
for al i) and hence the system is stable.2 O

Now consider the following power alocation policy:
At the beginning of each timeslot, observe U(t) and C(t)
and allocate a power vector P(t) = (py(t), ..., py(t))
such that:

- arg max
P(t) zgpispwt ©)
where {6} is any set of positive weights. This policy

Zeiui(t)p‘i(piici)

chooses P to maximize ZBiUipi subject to
Notice that the policy acts only through the current value
of U(t) and C(t) without specific knowledge of the

Z P < Piot -

arrival rate vector A or the channel state probabilities.
Intuitively, we desire a policy that gives more power to
gueues with currently high data rates (to achieve maxi-
mum throughput) as well as gives more power to queues
with large backlog (to ensure these queues are stabi-
lized). The above policy does both by considering as a
metric the product of backlog and data rate for each
queue.

Theorem 3: The power alocation policy of choosing
the power vector P(t) = &g max Z 8,V (1)1 (P, ©)

> Pi<Pio
stabilizes the system whenever the arrival rate vector X is
interior to the capacity region givenin (4).
Proof: Consider the one-step drift in the Lyapunov func-
tion from Theorem 2. For ease of notation, let U; = U;(t),

g = a(t), and let p; = pi(p;(t), ¢(t)) . From (7), we have:
UM+ T)< (U +a-pT)’

a.
<Uf-2TUHy —?H+ wri+a>, 9

2 n [10,11] it is shown that if stronger conditions on the
Lyapunov function are satisfied (such that the negative drift getslarger

in magnitude as |O| increases) the moments of unfinished work are
finite and can be bounded.



From (9) it is clear that property 1 of Theorem 2
holds. Now define the following constants:

p=max [Ty eu(p.c) (10
c, zpu Ptot
B = B+ZeiE[ai] . (11)

Taking conditional expectations of (9), scaling by
weights 6; and summing over al i, we have:

E[L(O(t+T))—L(U(t))[0(t)] <

N
B-2T S 6,U,(E[W|U(0] -A) (12)
i=1

where the iid nature of the packet arrivals has been used

in the identity EE

] = A, . Now notice that the term

EeiUiE[Ui\O(t)l maximizes the value of Zeiuiyi
over all vectors y = (y;, ...,yy) in the capacity region
(4). To seethis, note that for any y in the capacity region,
thereisaset of { piC} values such that:

N
Ze e ZG.U.Znéu(p. ,C)
=1

N

Z"@Z eiUiHi(pi , Ci)

i=1

N
SV T max Uiilo o 15
Z © ZPiSPtot &ZleIUIHI(p“ CI)} (19)

(16)

(13)

(14

N
3 6UELw (U]
i=1

Now, because the arrival rate vector A is assumed to
be strictly in the interior of the capacity region, we can
add a positive vector & = (g, ...,€) to produce another

vector (A +¢&) which is in the capacity region. Hence,
EGiUiE[pi‘O(t)] > ZUi()\i +¢), and we have:

Zeiui(E[Ui\O] -Aj) = zeiui(E[Ui\U] —(Aj+e)+e)

2e% 6U;. (17)
Using (17) in (12), we find that
N
E[L(O(t+T))-L(O(t))|0(t)] <B-2Te z 6,U.. (18)
i=1

Choose any number a >0 and define the compact

region: Q = EDDDN\ZG

|:|2T

We find from (18) that the Lyapunov drift is less than -a
whenever U0Q. [

Using the results of [10], it can be shown from the
strong negative drift condition in (18) that the steady state
unfinished work in al queues has a finite first moment

and satisfies ZGiUi <B/(2Tg).

Note that the positive weights {6;} can be chosen
arbitrarily. Choosing weights 6;=1 for all i yields a policy
z Uiy at
every timestep. The following corollary makes use of a
different set of weights.

Consider again the K-server allocation problem
where each queue has only 2 channd states, ON or OFF,
and these states vary iid over each timeslot as an N-
dimensional vector. When a server is alocated to queue i
whileitisin the ON state, the server transmits data from
the queue at arate ; (the transmission rate is zero when
in the OFF state or when no server is allocated). Defining
the virtual rate-power curves asin Section I, we have the
following corollary:

which chooses a power vector that maximizes

Corallary: For the K-server alocation problem with
ON/OFF channel states, the policy of alocating the K
servers to the K longest ON queues stabilizes the system
whenever the system is stabilizable.

Proof: Assume the system operates according to virtual
power curves as in Section |l (eg. (1)), and define the

Lyapunov function L(O) = Z(Uiz)/“i' With this
Lyapunov function, we know that alocating power to
maximize z((ui(t))/ui)ui(pi’ Ci) (Where
c; O {ON, OFF} ) stabilizes the system. Clearly the opti-
mization needs not place any power on queues in the

OFF state, so the summation can be restricted to queues
that are ON:

Maximize Ui(t)u(p' c)
il =ON Hi
However, notice that the above maximization effec-

tively chooses arate vector p within the polytope capac-
ity region specified in (5) and (6). The optimal solution
for maximizing a linear function over a polytope will
always be a vertex point. Fortunately, such a vertex point
corresponds to the feasible allocation of K servers (with
full power p;=1) to K queues. Considering (19), the opti-
mal way to do this is to choose the K queues with the
largest value of U;(t). O

subject to Z p <K. (19)

Using the same reasoning as in the proof above, it fol-



lows that the power allocation policy (8) naturaly
chooses a vertex point for any set of piecewise linear
power curves, such asthe virtual curves described in Sec-
tion Il. It follows that optimization can be restricted to
searches over the vertex points without |oss of optimality.

The above theorem uses the iid assumptions on packet
arrivals and channel states to establish the negative drift
condition for the Lyapunov function. We conjecture that
the same policy stabilizes the system for general Mark-
ovian arrival and channel processes whenever the arrival

rate vector A isin the capacity region.

V. JOINT ROUTING AND POWER ALLOCATION

Consider now the following joint routing and power
allocation problem: A stream of packets enters the satel-
lite and the goa is to simply transmit al data to the
ground as soon as possible, without regard to the specific
ground location. Such a problem arises when the ground
units are connected together via a reliable ground net-
work, and the wireless paths from satellite to ground
form the rate bottleneck (see Fig. 7).

As expected, treating all input streams X4(t), X5(t),...,
Xn(t) as an aggregate stream X(t) and exploiting the rout-
ing options considerably expands the capacity region of
the system. This capacity gain is achieved by utilizing the
extra bandwidth offered by the ground network.

Specifically, let the input stream X(t) (with rate A) be
composed of iid packet arrivals every timeslot T. Channel

states vary according to aniid state vector C(t) as before.

Every timeslot, we choose a power alocation P(t).
Additionally, for every packet that enters the system, we
make a routing decision and route the packet to one of the
N queues. We assume that all queues have segregated
buffers and routing decisions must be made immediately
upon packet arrival.

In general, both the queue and channel state vectors

O(t) and C(t) are important in both the routing and
power alocation decisions. For example, clearly any
power allocated to an empty queue is wasted and should
be re-alocated to improve processing rates amongst the
non-empty queues. Likewise, arouter isinclined to place
packets in faster queues, especialy if the rates of those
gueues are guaranteed to operate at high levels for one or
more timeslots. However, below we show that the routing
and power alocation problem can be decoupled into two

policies: arouting policy which considersonly U(t), and

apower alocation policy which considersonly C(t). The
resulting strategy maximizestotal system throughput.

Theorem 4: The satellite downlink with joint routing
and power alocation can stably support any arrival rate A

Satellite

H1(Pa (1), ca(t)
1 ——»—

HoPal), Co(0)™
—

X(0) >l 2

Connected
Ground Network

Figure 7: A joint routing/power allocation problem where the
goal is to transmit the data to any node of the reliable ground net-
work.

suchthat A <fi , where we define the constant i :

— é N
H ZT[C Zr;:aéxpwt {ZUi(piaCi)]

i=1
Furthermore, any arrival rate A >[1 creates an unsta-
ble system under any routing/power allocation policy.

We prove the theorem by developing a throughput
maximizing strategy. The strategy is decoupled into a
routing policy and a power allocation policy:

Power Allocation: For each timeslot, alocate a power

vector P(t) = (py(t), ..., py(t)) that maximizes the sum

output rate zui(pi(t), c,(t)) subject to Z p;(t) £ Py -
Routing: Route every packet that arrives in a given
timeslot to the queue i with the least unfinished work
Ui(t) at the beginning of the timeslot.

Proof of Instability when A >[i: Notice that the power
dlocation maximizes the sum rate  pu(t)=
Hq(t) + ... + (1) at every instant of time. We make the

simple sample path observation that the unfinished work
in a single-server queue with input stream X(t) and time
varying processing rate u(t) is aways less than or equal
to the total unfinished work in a system of N parallel
queues with transmission rates p(t),..., n(t) such that

Zui(t) <u(t) for al t (see [16]). From Lemma 1, we
know that a single queue system with A >p is unstable.

Hence, the multi-queue system will aso be unstable
under any power alocation and routing policy whenever
A>p.



Proof of stability when A <1 : Again define the Lyapunov
function L(O) = Zu?. Let A(t) represent the total
amount of bits from packets arriving in timeslot [t, t+T],
and let (a4(t),..., ay(t)) represent the bit length of packets
N} (where A(t) = Zai(t),
and E[A] = AT). Let p; represent the transmission rate
Hi(p;(t), cj(t)) of queuei during timeslot [t, t+T] under the

specified power allocation policy. Asin the proof of The-
orem 4, we have:

routed to queues i 0{1, ...,

for al i.
(20)

For afixed power allocation policy, the g; values are

the only variables dependent upon our routing decisions.
Define the constant:

C = T* E[u] +E[AT,
Summing (20) over al i O{1, ...,

U (t+T) < U; —2TUHJ ST+ a

(21)

N} , taking conditional

expectations, and noting that A”> Z a’ yields:
E[L(U(t+T))-LO@)[0(t)] <

N
C—ZTZ uiaii—EE
i=1

where [, = E[y;] is the expected processing rate of
server i under the given power alocation policy and
channel state probabilities. Now notice that the strategy

of routing all bits Za- to the queue i with the smallest

E (22)

value of U; leads to aterm ZU E{

} in the above

inequality which minimizes the function ®(y) = zUiVi
for all positive vectors y subject to Zyiz)\. If A<q,

then there exists an €>0 such that Z(ﬂi—s)z)\.

Hence, adding and subtracting the € valuesin the summa-
tion of (22), we find:

N
E[L(U(t+T))-L(U()|0()] < C—szZ U,

i=1
Defining any a>0 and choosing the compact set Q to

be:
- ooz

ensures the negative drift condition of Theorem 3 when-
ever U0Q. O

This separate buffer scenario is useful in cases when
it is economical to segregate buffers among queues, or

when the parallel queues are physically aboard different
satellites within a space constellation. In cases where a
shared buffer can be used and packets can be routed
immediately when the next server becomes empty, a
stronger stability result can be obtained: Allocating
power as before and using the shared buffer to employ
this work conserving routing strategy ensures that the
unfinished work in the system is no more than (N-1)L s«

bits in excess of any other routing and power allocation
strategy, where L,y IS the bit length of the maximum
size packet (see[16]).

A variation of thisjoint routing and power allocation
scenario restricts the routing options for each data
stream. Traffic intended for a certain ground location can
be routed to a subset of neighboring locations, but cannot
be routed to ground nodes outside of this subset (Fig. 8).
Inputs are divided into M traffic classes Xy,...,Xy, corre-

sponding to M disjoint queue clusters Qy,...,Qy. Packets
from stream X; can be routed to any queuein cluster Q;.

Such a problem can be treated using the analysis and
of this section as well as Section 1V. Indeed, maximum
throughput can be achieved using the algorithms from
these sections in a hierarchical manner. First, each queue
cluster Q; is treated as a single virtual queue with arate-

power curve defined as:

Hi(p, Cj) = max

p.<P Iéu(p.,f:)

where C; represents the vector of channel states for all
queues in cluster Q;. It can be shown that the functions
H;(p, Cj) are concave in the power variable p. The first

level of control decisions uses the power allocation pol-
icy of Section IV to allocate power (py,...,pp) (Subject to

ijstt) to the M queue clusters to maximize
zﬁ(pj,éj)oj(t), where Uj(t) represents the total

J
unfinished work in queues from cluster Q;. For the sec-

ond level of the hierarchy, each queue cluster carries out
the joint power and routing algorithm specified in this
section, using the Join-the-Shortest-Queue strategy for

_Ul(plcl)
X1 /(DjQ .

N

Qv __--~
-~ Un(PNs CN)

Figure 8: A joint routing/power allocation scenario with M
different routing clusters {Q;}.
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each traffic stream X; and queue cluster Q;. Such ahierar-

chical strategy stabilizes the system whenever it is stabi-
lizable.

VI. CONNECTIVITY CONSTRAINTS

It has been assumed throughout that all transmit chan-
nels can be activated simultaneously, subject only to the
total power constraint pi(t) <Py, for all time ¢
Hence, it is implicitly assumed that there is no interchan-
nel interference. Such an assumption is valid when there
is sufficient bandwidth to ensure potentially interfering
channels can transmit using different frequency bands.
However, in bandwidth limited scenarios, power alloca-
tion vectors P(t) may be additionally restricted to chan-
nel activation sets: finite sets P,...,Pp, where each set P;
is a convex set of points (p,,...,py) representing power
vectors which, when allocated, ensure interchannel inter-
ference is at an acceptable level. This use of activation
sets is similar to the treatment in [2], where activation
link sets for scheduling ON/OFF links in a wireless net-
work are considered. Here, the definition has been
extended from sets of links to sets of power vectors to
treat power control.

As an example of an activation set, consider the system
of Fig. 1 and suppose that downlink channels 1, 2, and 3
can be activated simultaneously if all other transmitters
are silent. Such an activation set can be represented'

Pj:%plipZ'pS' 0,...,0)00"p 20, Zpl<PtotD
O i=1
Another type of system constraint is when power allo-
cation is further restricted so that no more than K trans-
mitters are active at any given time. Such a constraint
corresponds to EK% convex activation sets.

In the following, we assume that each activation set
incorporates the power constraint Yy p; <P, . Consider
the downlink system of Fig. 1. Packets arrive according
to a random arrival vector (iid on each timeslot) with
rates (A, ..., Ay), and channel states C(t) vary iid every
timeslot with steady state probabilities Tt, . Each timeslot
a power allocation vector P(t) is chosen such that it lies
within one of the activation sets P={Py,....Pg}.

Theorem 5: (@) The capacity region of the system is

the set of all arrival rate vectors A such that:
Aol ZT[C ConvexHull% AP, C)[(POP,)} ‘T: %

where addition and scalar multiplication of sets has been
used above.

3 For sets 4, B and scalars , B, the set 04+PB is
defined as {y|y= aa+pb for some a0 A, bOB}.

(b) The policy of dlocating a power vector
P=(py,...,.py) @ each timestep to maximize the quantity
N
ZUi(t)pi(pi,ci(t)) (subject to POP = {P,, ...,
i=1
stabilizes the system whenever the X vector isin theinte-
rior of the capacity region.

Pa)

We note that the allocation policy specified in part (b)

of the theorem involves the non-convex constraint P O P .
Optimizing the given metric over individual activation
sets P; isaconvex optimization problem, although a com-
plete implementation of the given policy is non-trivia if
the number of activation setsislarge.

However, the proof of parts (a) and (b) are simple
extensions of the analysis presented in Sections Ill and
IV.

Proof of (a): To establish that A 0 Q is a necessary con-
dition for stahility, suppose the system is stable using

some power alocation function P(t) which satisfies
P(t) OP for al time. We thus know that A; <y, for all i

(Lemma 1), and the proof proceeds as the proof of Theo-
rem 1 (Appendix A2), where for any fixed € >0 we can

find alargetime t such that the following entrywise vec-
tor inequality is satisfied:
t

<< %J'pl(P(T), S(1))dr +¢

0
The main difference from Theorem 1 is that the
above integral is broken into a double summation over

intervals when the channel is in state T and when the
power vector isin set P;. Let Tc(f) represent theintervals

of time during [0, T] when the channel isin state C, and
let T, o, (t) represent the subintervals of T.(t) when the

power function P(t) isin activation set P;. We have:
i

N C, Pj( )H 1
A<p A(P(1),C)dr +¢
T2 e
) ;T N
T
< Zn{
T

where PC P

i

C, Pj

0
0
HT (E)H P(t)dk, O0+2

0
ﬂD
g CP(t)HTDT Pj() B

Ter e, . é)} +0(e)

P(t)dr.

(B
HTC Pj ! HTDTC, Pj(f)



Note that any point y in the convex hull of a collec-
tion of convex sets can be written as alinear combination
of points y;,..,yy in the sets: y = oy, + ... + oy Vn

ZGJ—S].. Letting g

, We see the inequality above indicates

where and

e ®
that A isarhitrarily close to apoint in the capacity region
Q,andhence A0 Q.

The sufficiency condition isimplied by part (b). [
Proof of (b): Define the Lyapunov function
L(O) = ZU,Z The proof of Theorem 3 can literally be
repeated up to eg. (12):

E[L(O(t+T)-LO®)[0)]<
N

B-2T % 6,U;(E[k|UM] -2)
i=1
From this point, negative drift of the Lyapunov func-
tion can be established by again noting that the value of

E[w|0(t)] maximizes ZUiyi over all vectors y within

orjzo

/HTC(T)

the capacity region. To see this, note that any y in the
capacity region can be written:

v = ZT%ZGC'PJQ(?C'PJ’C)
]
for some vectors Pc,p; OP;, and some scalar values

Gg p; 20 such that ZGC’PJ <1 for al channel states C.
i
The result follows by an argument similar to (13)-(16). O

VII. CONCLUSIONS
We have treated data transmission over multiple
time-varying channels in a satellite downlink using
power control. Processing rates for each channel i were
assumed to be determined by concave rate-power curves
Mi(p;,Ci), and the capacity region of al stabilizable arrival

rate vectors A was established. This capacity region is
valid for general Markovian input streams, and inputs
with arrival rates A in the interior of the capacity region
can be stabilized with a power allocation policy which
only considers the current channel state C(t) . In the case
when arrival rates and channel probabilities A and T, are

unknown but packet arrivals and channel state transitions
are iid every timeslot, a stabilizing policy which consid-
ers both current state and current queue backlog was
developed. Intuitively, the policy favors queues with large
backlogs and better channels by allocating power to max-

imize Zuiui at every timeslot.
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The power control formulation was shown to contain
the specia case of a server allocation problem, and anal-
ysis verified stability of the " Serve-the-K-Largest-Con-
nected-Queue” policy. In the case of interchannel
interference, modified power alocation policies were
developed when power vectors are constrained to a finite
collection of activation sets. A stabilizing policy was
developed, although the policy is difficult to implement if
the number of activation setsislarge.

A joint routing and power allocation scenario was
also considered, and a throughput maximizing algorithm
was devel oped. Stability properties of these systemswere
established by demonstrating negative drift of a
Lyapunov function defined over the current state of
unfinished work in the queues. The iid assumptions for
packet arrivals and channel transitions were needed to
establish the negative drift condition. We conjecture that
the same policies also stabilize the system for genera

Markovian arrival and channel processes whenever X is
in the capacity region.

Our focus was power control for a satellite downlink,
although the results extend to other wireless communica-
tion scenarios where power allocation and energy effi-
ciency is a major issue. The use of power control can
considerably extend the throughput and performance
properties of such systems.

APPENDIX A:
Al. Lemma 1b: If an input stream X(t) to a single queue
system is rate-ergodic of input rate A, a necessary condition for

queue stability isA <.
Proof: Suppose A>p and choose €>0 such that
A —p —2e>0. The limitsin (2) ensure that, with probability 1,

we can find a set of times {j} (i0{1,2,...} ) wheret; - o

with increasing i, and such that for all t;:
t.

X(®) > t—l_J'p(t)dT sp+e (23
"0

t.

A—¢€

However, it is clear that
t

U(t) 2 X(t) - fu(dr (24)
0

From (23) and (24), it follows that U (t;) > (A —p —2¢)t;
for al t;. Define a = A —u —2¢, and let T; represent the extra

time it takes the unfinished work in the queue to empty below a
threshold value M, starting at value U(t;) at time t;. Clearly
T, 2 (at;—M)/ Pax» @d hence at any time t;+T;, the empiri-
cal fraction of time the unfinished work in the queue exceeded
the value M is greater than or equa to T/(4+T;), which is
greater than or equal to (atj - M)/(Hyati + atj - M). Taking lim-



itsast; - o reveasthat g(M) = a/(a +,,,) foral M, and

hence the system is unstable. [
A2. Theorem 1b: A necessary condition for stability of the

downlink channel of Fig. 1is A; < chui(pic, c;) foralli.

Proof: Suppose all queues of the downlink channel can be sta-

bilized with some power control function P(t) which meets
the power constraints--perhaps a function derived from a pol-
icy which knows future events. From the necessary condition
of Lemma 1 we know that the lim inf of the resulting rate pro-

cesssatisfies A; <y, foral queuesi U{1,...,N} .
We upper bound 1, as follows. Let T.(t) represent the

subintervals of [0, t] during which the channd is in state C,
and let HTC(t)H denote the total length of these subintervals.

Fix €0, and let |C| represent the total number of channel
states of the system. Because the channel process is ergodic,
and because there are a finite number of queues and channel
states, there exists atime t such that the time average fraction
of time in each channel state and the time average processing
rate of all queues are simultaneously within € of their limiting
values:

[Te®)
—r—<T+e forall channel states C (25)

t
w(p (1), c(r))dt+e foral iO{1,...,N} (26)
0

My s

~| =

Thus, under power decisions P(t) , we havefor al i:

Ta®
NSy s e z ﬁmf d)uiwimc-)dﬁs @)
¢

— O

o le® B [ wwoiee @9
g t @‘Té(t)rm ®  °
O c U

< (“c+€)HiD e I P'(T)dT'CB*E (29)
2; ‘Téﬂ) ! 0
TDTC(I) O

where (28) follows from concavity of the p;(p, ¢;) functions
with respect to the power variable p, and (29) follows from

(25). We define for al states C and queuesi:
E)IC = T;(f) pi(r)dr (30)
c T0T®
Hence, from (29) and (30):
A < chui(b?, ) +e(1+[Clpg) (3D

where Py IS defined as the maximum processing rate of a

gueue (maximized over all queues and channel states) when it
is allocated the full power Py
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Because the original power function satisfies the power
constraint Z p;(t) <P, for al timest, from (30) it is clear

that the E)ic values satisfy the constraint Z E)ic <Py, for all
]

channel states C . Thus, (31) indicates that the arrival vector A
is arbitrarily close to a point in the region specified by (4).

Because the region (4) is closed, it must contain X, and hence
(4) represents the capacity region of the system. [
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