Introduction to Simulation - Lecture 25

Model-Order Reduction Il
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* Dynamic Linear Case
— Rational Functions
— Projection Framework
— Krylov Methods
» Hankel Reduction and TBR
— Mention a few issues
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input output
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_ State-Space Description

* Original Dynamical System - Single Input/Output
dx(t
U Axepult) yo=c x0)

dt NxN Nx1 Nx1

scalar scalar
in put output

» Reduced Dynamical System

dx, (t) T
——Z=AXx(t)+b u(t) y.(t)=c, x/(t)
dt oo o e 9d

input output

* ( << N, but input/output behavior preserved
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Consider an ODE: ax(m _ AX(t) + bu(t)

Bilateral Laplace Transform: X (s)= T x(t)e—stdt

Key Transform Property: sX (s)= T dXT(tt)e—Stdt
Rewrite the ODE in transformed variables
sX (s)=AX(s)+bU(s) Y(s)=c"X(s)
=Y (s)=c"(sl - A)'l bU (s)
%/_J

H (S) < Transfer Function
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For Stable Systems, H(jw) is the frequency response

If U(t) = ej“’t &Sinusoid

L4 i \aiot Sinusoid with shifted
theny(t) = H (jw)e o ampituce
M (i)
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Transfer Function
H(s)=c' (sl - A)_1 b

Apply Eigendecomposition
H(s)=c"E(sl -4) E™
- o B}
S—-4 i N & ~
=¢'| 0 0 b =H (S) = Z#
1 i=1 S_/?ﬁ
0 O
| S—Ay |
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Rational Transfer Function
Representation

Original System Transfer Function

o &b N-1
H (S) = (scib;.l) 4o q (Scit;’:l ) — b011b15+'::._+'bN—1SN
N as+---+a,s

. Rational Function
Reduced Model Transfer Function

r r r q-1
(s) by +bys+---+Dby ;s
r r rsd
1+a/s+-+a;s

Lower Order Rational Function
Model Reduction = Find a low order rational

function matching H(s)
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Rational Transfer Function
Representation

Reduced Model Dynamical System

dx, (t
%zﬁx(tﬁgu(t) yr(t)=£:LT X, (t)
e hecalar S

Reduced Model Transfer Function
by +b{s+---+b s
Hr(s)= - blr q;l
1+a/s+---+a;s’

29+0°
coefficients

29
coefficients
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Rational Transfer Function
Representation

Reduced Model Transfer Function
dx(’j—t(t) =Ax(t)+bu(t) vy (t)=c/x(t)
= H(s)=c/ (sl-A) b,
Similarity (x = Sw) Transformed Transfer Function
dwé—t(t)=8‘1ASW(t)+S‘lb,u(t) y, () = ¢ Sw, (t)
b

r

= H(s)=c/S(sl —S‘lA,S)_ls‘lbr =c (sl-A)

Many Dynamical Systems have the same transfer function!
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Rational Transfer Function
Representation

—_ 0

» Can match 2q points
« cross multiplying generates a linear system
Fori=1to2q
(1+afs, ++ajs® ) H (s,) (b5 +bis+-+b} ,5°*) =0
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Rational Transfer Function
Representation

sH(s) sH(s) - -5 [a H(s,)
: : ss || & | | H(s)
SpqH (szq) s3,H (szq) e =sgtl|bya] | H (szq)

» Columns contain progressively higher powers of
the test frequencies
» Must orthogonalize columns during construction
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Rational Transfer Function
Representation

Transter Function

[H (i) Correct Steady
. e State behavior
® requires accurate
match at low
frequencies

SMA-HPC ©2003 MIT

Rational Transfer Function
Representation

Original System Transfer Function Moments

H(s)=c"(sl-A)'b=-c" (I-sAH)™* A

%/_/ A
Taylor Expand with
respect to s

H(s)=—c"(1-sA™") A" = > cT A pst
k=0

H(s) =cTAb+cTA%hs +cTACbs? +---= > m,s"
G/ W — N
mO ml m2 k=0
— \
Moments
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Rational Transfer Function
Representation

Reduced Model Matches Original Systems Moments

by +b/s+---+hb s
H,(s)=— blr My M S+ My S
l1+a/s+---+a;s’

Cross-Multiplying and Matching Terms

mom o om [ a m,
m : Ay | | Mg
My || - :
m._, Mys My, || & Moy
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Rational Transfer Function
Representation

Point matching:
can be very inaccurate
in between points

Moment (derivative
matching:

accurate around
expansion point,

but inaccurate on wide
frequency band
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- Heat Conducting Bar

-0 1| Heat T
Wm end
() _ px(0)+but) yO=c"x(1)
dt NN N S

scalar scalar
input output

2 210 - 0 1 0
12 e :
A= o0 b-|: C=|:
S 2 a1 : 0
0 - 0 -1 1 0 1
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Keeping Eigenmodes
versus matching moments

12+ g=1 _‘_‘__,...—A-‘_'" """"""""" 1k =1 /"’-"-
1k 0..' .l‘/ I

.:-:"':". Exact Exact

« & Keepqth

s slowest wo d Matches g
S modes ./ 9=3  moments
N=100

ot : - . 02
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Rational Transfer Function
Representation

System of equations extremely ill-conditioned

m, m e m_, a, m,
m - e 84| M,
. Myq_3 : :
me_, - m2q—3 m2q—2 a m2q—1

m=c' A'bx Ay M

Columns become linearly dependent for large q!
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Rational Transfer Function
Representation

* Linear Systems for fitting ill-conditioned

— Need specialized algorithms which avoid
explicit fitting matrix construction

« Rational function must be converted to
state-space
— Needed by most simulation tools

— Requires root finding procedure, very sensitive
to parameter variation
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Projection Framework

X T )
: ) )
T ™ %,
~| G, g, ||
J b %,
J J
| Xy | _\L \L_
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_ R

Xx=Ax+bu, y=c'x =% =Ax +bu, y. =c.'x

Eguation Testing Change of variables
V. AX ~ A X x=U X

-
V, space A =V, AU, U, space
Galerkin —V, space = U, space
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Projection Framework

Original System
X=Ax+bu, y=c'x
Substitute x =U X,
UX =AU X +bu, y, =cU X
Test by multiplying by V
TN vy —\T T _ AT
VU X =V, AU x +V bu, y, =cU X
Previous Slide Assumed that V and U biorthogonal
. T
V,U,=1=X%X =Ax +bu, y, =c X
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_ Projection Framework

_ gxq
ﬁ_d
A

S
U

q

NxN

* No explicit A need, Only Matrix-vector products
For each column of U,
Multiply by A, then dot result with columns of V,
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_ Projection Framework
* Original System

%zAX+bu, y=C'X
dt

* Reduced System
%:U;Auq X +Ugbu, y, =c'U x,
A .
* If Alis (+ or-) definite, so is A,
— Preserves stability in the definite case
— Can also preserve passivity
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Projection Framework

» Use Eigenvectors
» Use Time Series Data
— Compute x(t,),x(t,),-, x(t,)
— Use the SVD to pick q < k important vectors
» Use Frequency Domain Data
—Compute X (s,), X (S,),++, X (s¢)
— Use the SVD to pick q < k important vectors
» Use Krylov Subspace Vectors?
» Use Singular Vectors of System Grammians?
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The order k Krylov subspace generated
from matrix A and vector b is defined as

K, (A/b) =span{b, Ab, A’,... A"}

SMA-HPC ©2003 MIT

Projection Framework

-1
'

span{Ul,...,Uq};U“}lek?((A—sjl) (A—sjl)_ b)
And
sp<51n{\71,...,\7q};UJJ.:lzckJ9 ((A—S‘J.I)_T,(A—sjl)_T c)
Then

PH(s) M)

g for1=0,....k} +k{ -1
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Projection Framework

If Uand V are such that
U=V ={0,..0G,} andU'U =1
span{Ul,..., Uq} = span{A’lb, Ab,..., A"‘b}

Then the first @ moments of reduced system match

—c"(1- sA‘l)‘1 A'b= icT A Dpsk
k=0

H,(s)=— (1-5A7) A, = Tc A s
=0

H(s)=

_ A Projection Alternative

First Invert A before applying reduction
A'x=x+A"u, y=c'x = H(s)=—c"(I-sA™") A"

Unchanged
Tranfer function

Form reduced model by projecting inverse of A
VAU, X =% +V] A'bu, Y, =c, X,
%,_/
Al
The Projection Theorem Still Holds!!

' A=, (UTAU,) U k={0,..q-1)
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Projection Alternative

G Matches g moments

oy gt
0.5
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Noninverse Formulation

1.5
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Computing U

{A‘lb, AD,..., A"‘b} can not be computed directly

A AD
A?D

A'b

Vectors will line up with dominant eigenspace!
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Computing U

A'b

orthogonalize

orthogonali

ogonalize \

« Only requires solves with A and vector inner products
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Computing orthogonal U

i, = A"/ | A7

Fori=1toq
R - Generates g+1 vectors!
U = A U
Forj=1toi
Uiy <_Ui+l_( Uiiluj)uj ;
Orthogonalize New Vector
H.
ji
_ 1
ui+1<_ — ui+1
| Uy Normalize
—_—
H

i+1i
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Computing U

K A

0 0 0 ([ Hy Hiy |

0 0 0 | Hy Hy, :
Al 0, Uq = |, Uq 0 H,

J l l ! g

= \ \ V|Lo 0 Hygr He

L Vo ! q

UCl Uq
fnaa'ggxl >+ HygUga€
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Multiplying U by the inverse of A yeilds
A‘1Uq =U,H,+ H_ U el

g+1,9 - gq+1™q

Multiplying by the transpose of U

UJAU, =UJUH, +UJH, 0.6
By orthogonality
oA The Projection
Uq A 1Uq = H Ar <+— Alternative Reduced
Model
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Transfer Function H (S) =c' (SI - A)_1 b
Apply Eigendecomposition

H(s)=c"E(sl -4) E™

(1
0 0 v ek
— 1771
—¢'| 0 0 BDH(S)_IZ;S_&
. 1
S — Ay

Should keep controIIabIe and observable “modes”,
but should they be the eigenmodes?
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« Moment Matching ¢ Truncated

— Accurate over a narrow band. Balanced Realization
« Matching function value and — Wide-band accuracy.
derivatives.

— Cheap:

— Theoretical error bound.
« O(n) if A is very sparse.

— Expensive: O(n3)

« Does not follow all details.

A o Redutiion of 28 Bues Sysrem. THA
I
= R

10"

liﬂ'.

<
) ‘ni.
" !ﬂ'.
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« 1. Calculate controllability gramian, P, and observability
gramian, Q, by solving two Lyapunov equations,

AP+PAT +bb" =0,
ATQ+QA+c'c=0.
* 2. If have Cholesky factors, p=z 7! Q=227
* 3. Projection: 3 y DU =777
b.s, =Z,U, (:.1: k)D_%(l:k,l: k),
S, =Z.U,(:1: k)D'% (1:k,1:k),

¢ Ay =S(AS,, by, =S(b, ¢, =cS,
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+ Globally accurate reduced model.
» Maximum frequency domain error is bounded by,

— it Frog g

ol
L2(0y41 +OY4 +0+ 0y) = &y

L
¢ Guaranteed stable.
» Expensive:
— Lyapunov equation solve: O(n3).

— Singular value decomposition: o(n3).
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» How to find (approximate) P, Q, or just as
good, their factors Z,, Z, efficiently?

* No expensive operations on A: no matrix
decompositions.

 Cheap operations: matrix-vector products and
solves.

 Low rank approximations.
- Z,,, and Z_ have only a few columns.

» Recent Approach Cholesky-Free ADI

method
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Hankel Operator Maps Past Inputs to Future Outputs

« Hn oy

/\/\!-’
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* The Singular Values of the Hankel Operator

O'i(H):\M“u(PQ)

* P, Q are Observability and Controllability
Grammians
— P and Q are NxN matrices
— Hankel Operator has a finite set of singular values
 Reduction by ignoring small singular values
— Just like with any matrix
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* Dynamic Linear Case
— Rational Functions
— Projection Framework
— Krylov Methods
* TBR and Hankel Reduction
— Optimal Reduced Model
— Extremely computationally expensive
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