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Outline
1. A general framework for designing approximation s
hemes2. Applying the general framework to the following problems

◮ S
heduling on unrelated parallel ma
hines
◮ Santa Claus problem
◮ A resour
e allo
ation problem



The General Framework
Designing FPTAS for the following general problem:minimize g(x) = h(f1(x), . . . , fm(x)), x ∈ X.

◮ Ea
h fi non-negative fun
tion 
omputable in polynomial time.
◮ h is a general norm for 
ombining the fun
tions together.
◮ m is �xed.



S
heduling on Unrelated Parallel Ma
hines (R||Cmax)
◮ m ma
hines, n jobs.
◮ Ea
h job is to be pro
essed on one of the ma
hines.
◮ Pro
essing time of job k on ma
hine i is pik.
◮ Obje
tive: Minimize the maximum pro
essing time over allthe ma
hines.



The Santa Claus/Max-Min Fair Allo
ation Problem
◮ m agents, n resour
es.
◮ Ea
h resour
e 
an be given to only one of the agents.
◮ The utility of agent i for resour
e k is pik.
◮ Obje
tive: Maximize the minimum utility over all the agents.



Another Resour
e Allo
ation Problem
◮ m agents, n resour
es.
◮ More than one agent may need to use a resour
e, but aresour
e 
an be allo
ated to only one of the agents.
◮ The 
ost of a

essing resour
e k for agent i, if it is allo
atedto agent j, is ck

ij (ck
ii = 0).

◮ Obje
tive: Allo
ate the resour
es to agents so that themaximum 
ost over all the agents is minimized.



Our Results
◮ FPTAS for any norm used for 
ombining the di�erent obje
tivefun
tions.
◮ FPTAS for the Santa Claus problem and the resour
eallo
ation problem with �xed number of agents.

◮ First FPTAS for these two problems.
◮ FPTAS for the R||Cmax problem with �xed number ofma
hines having spa
e 
omplexity polynomial in m.

◮ All previous FPTAS had spa
e 
omplexity exponential in m.
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Spe
ial Case: l∞ norm
minimize g(x) = max(f1(x), . . . , fm(x)), x ∈ X.

◮ Ea
h fi non-negative fun
tion 
omputable in polynomial time.
◮ X is a dis
rete set.
◮ m is �xed.

π : spe
i�
 instan
e of a problem.
|π|: the input problem size.
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Pareto-optimal FrontPareto-optimal front (P (π)) is the set of all non-dominatedsolution points.

f1(x)

f2(x)



Approximate Pareto-optimal FrontSet of solutions Pǫ(π) su
h that:for all x ∈ X, there is x′ ∈ Pǫ(π) su
h that fi(x
′) ≤ (1 + ǫ)fi(x).

f1(x)

f2(x)

(f1(x), f2(x))

((1 + ǫ)f1(x),

(1 + ǫ)f2(x))

f(x′)



Why Approximate Pareto Front?
For many multi-obje
tive 
ombinatorial problems,

◮ It may not be tra
table to 
ompute P (π).
◮ P (π) may 
ontain exponentially many points.Example: two-obje
tive shortest path problem (Hansen 1979).However:For a �xed number m of obje
tives, there is a Pǫ(π) whose
ardinality is bounded by a polynomial in |π| and 1/ǫ.(Papadimitriou and Yannakakis 2000).



A LemmaAn optimal solution of the problem min g(x) = maxi=1,...,m fi(x)lies on P (π).

f1(x)

f2(x)



Another LemmaLet x̂ be the solution in Pǫ(π) that minimizes g(x) over all thepoints in Pǫ(π). Then x̂ is a (1 + ǫ)-approximate solution of theoptimization problem.
f1(x)

f2(x)

((1 + ǫ)f1(x
∗),

(1 + ǫ)f2(x∗))

(f1(x
∗), f2(x

∗))



The Gap Theorem [PY'00℄For a �xed m, it is possible to �nd a Pǫ(π) in time polynomial in
|π| and 1/ǫ if and only if the following �gap problem� 
an be solvedin polynomial time.Gap problem: Given an m ve
tor of values (v1, . . . , vm), either(i) return a solution x ∈ X su
h that fi(x) ≤ vi for all
i = 1, . . . ,m, or .....

f1(x)

f2(x)

(v1, v2)

(f1(x), f2(x))



The Gap Theorem (
ontd.)(ii) assert that there is no x′ ∈ X su
h that fi(x
′) ≤ (1 − ǫ)vi forall i = 1, . . . ,m.

No solution point

in this region

f1(x)

f2(x)

(v1, v2)

((1 − ǫ)v1, (1 − ǫ)v2)



Proof for the `If' PartDivide the solution spa
e into small hyperre
tangles, su
h that inea
h dimension, the ratio of su

essive divisions is equal to 1 + ǫ′(ǫ′ depends on ǫ).
f1(x)

f2(x)



Proof for the `If' Part (
ontd.)For ea
h 
orner point, solve the gap problem, and keep only theundominated set of solutions.

f1(x)

f2(x)



A Su�
ient Condition for Solving Gap ProblemThe setting:
◮ the fun
tions fi(x) are linear fun
tions
◮ X is a dis
rete set ({0, 1}d)then the gap problem 
an be solved in polynomial time, if thefollowing exa
t problem 
an be solved in pseudo-polynomial time:Given a non-negative integer C and a ve
tor (c1, . . . , cd) ∈ Z+,does there exist a solution x ∈ X su
h that

d∑

i=1

cixi = C?
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Proof Outline for Su�
ien
y of Given Condition
◮ S
ale the 
oe�
ients in fi to get f ′

i , in whi
h the maximummagnitude of 
oe�
ients is r = ⌈d/ǫ⌉.
◮ Find x su
h that f ′

i ≤ r for all i, or assert no su
h x exists.
◮ (r + 1)m ways of having f ′

i(x) = bi, bi ≤ r

◮ Che
k for ea
h 
ase by �nding an x su
h that
∑m

i=1 M i−1f ′

i(x) =
∑m

i=1 M i−1bi, M is maximum value f ′
an take.
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Exa
t Problem for the 3 Problems
For the Resour
e Allo
ation, the Santa Claus and the R||Cmaxproblem, the exa
t problem is:Given an integer C, does there exist a 0/1-ve
tor su
h that

n∑

k=1

m∑

j=1

cjkxjk = C,subje
t to m∑

j=1

xjk = 1, for k = 1, . . . , n.



Solving the Exa
t Problem
◮ This exa
t problem 
an be formulated as a rea
habilityproblem in a dire
ted graph.
◮ By using depth �rst sear
h, and generating the graph �on the�y�, we 
an solve the exa
t problem in pseudo-polynomialtime, and in polynomial spa
e.



Overview of the FPTASTo summarize, the proposed FPTAS is:
◮ Divide the solution spa
e into (polynomially many) smallerhyperre
tangles.
◮ For ea
h 
orner point, solve the gap problem and keep only theundominated set of solutions.
◮ Ea
h gap problem 
an be solved by making (polynomiallymany) 
alls to the (pseudo-polynomial time) algorithm forexa
t problem. Ea
h input to this algorithm has numberswhose magnitude is polynomial in input size.



Thank You!Questions??


