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Problem 1

part a

When we perform radix-
√

N Cooley-Tukey, we decompose a DFT of lengthN = 22m

into
√

N DFTs of length√
N , followed by multiplication byN twiddle factors, followed by another

√
N DFTs of length

√
N (just the regular

C-T steps applied to the case ofN1 = N2 =
√

N ). Thus, the time (#operations)T (N) must satisfy a recurrence
T (N) = 2

√
NT (

√
N) + O(N). We’ll informally write the O(N) term as# · N , where “#” is the asymptotic

constant factor hidden inO(N), just as in class. If we expand this recurrence recursively (noting
√

N = 22m−1
), we

get something like:

T (N) = 2N1/2T (N1/2) + O(N) ≈ 2N1/2T (N1/2) + # ·N
= 2N1/2

(
2N1/4T (N1/4) + # ·N1/2

)
+ # ·N = 4N3/4T (N1/4) + 2N1/2 ·# ·N1/2 + # ·N

= 4N7/8T (N1/8) + 4N3/4 ·# ·N1/4 + 2N1/2 ·# ·N1/2 + # ·N
= · · · = 2mN ·# · 1 + · · · ( m terms)· · ·+ 4N3/4 ·# ·N1/4 + 2N1/2 ·# ·N1/2 + # ·N
= # · (1 + 2 + 4 + · · ·+ 2m)N ≈ # · 2m · 2N = O(N log N).

where in the last term we simply summed the geometric series and noted that2m = log2 N . The key here is that
the recursion went on form steps (the number of times we can take

√
N before getting1), and that each term was

(roughly)# ·N times a power of 2 (e.g.N3/4 ·# ·N1/4 is # ·N ).

part b

Here, we expand out the recurrence in exactly the way we expanded the recurrence in class for the number of operations
in the radix-2 case, except that here westoprecurring whenN = C instead of whenN = 1. That is, for largeN > C:

M(N) = 2M(N/2) + # ·N
= 4M(N/4) + 2 ·# ·N/2 + # ·N
= 8M(N/8) + 4 ·# ·N/4 + 2 ·# ·N/2 + # ·N
= · · · = N

C
·# · C +

N

2C
·# · 2C + · · · ( log2

N

C
terms)· · ·+ 4 ·# ·N/4 + 2 ·# ·N/2 + # ·N

= O(N log
N

C
),

where we have used the fact that the number of times you can divideN by 2 until you getC is ` = log2
N
C , because

this solvesN/2` = C. Thus, there areO(log N
C ) stages of the recursion until we fit in the cache, each of which

requiresO(N) cache misses, leading to the desired result.
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part c

The recurrenceM ′(N) for cache misses in the radix-
√

N case is much like the recurrence for the number of operations,
except that ifN ≤ C only O(N) cache misses are required as for the radix-2 case.

M ′(
√

N) =
{

2
√

NM ′(
√

N) + O(N) if N > C
O(N) if N ≤ C

.

The solution of this recurrence follows exactly the same process as in part (a), except that we stop taking
√

N
whenN ≤ C instead of whenN = 1. Thus, the last term of the recurrence is2` N

C ·# · C instead of2mN ·# · 1,

where` is the number of times we take
√

N until we getC. That is,` satisfiesC = N
1
2` and thus (taking the log of

both sides), we find2` = log N
log C . It follows thatM ′(N) = O(N log N

log C ) for largeN .

To take theN
C →∞ limit, simply letN = αC and letα →∞. In this limit, the ratioM(N)/M ′(N) → O(log C),

showing that the radix-2 algorithm (and any bounded radix) has asymptotically more cache misses for largeN/C and
largeC.
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