18.305 Fall 2004/05
Solutions to Assignment 2: Asymptotic Series and WKB
Provided by Mustafa Sabri Kilic

1. (Chapter 6, Problem 8)Find the entire asymptotic series for the solutions
of the following ODE:
(a) zy" + (¢ —2)y’ —ay = 0 (confluent hypergeometric equation)
(b) z(1—2)y" +[c— (a+b+1)z]y —aby = 0. (hypergeometric equation)
(c) ' —(a' =z %)y =0
(d) " +("+3527%)y =0.
11
2 — a1t

(e) ¥+ (v+2%—1iz%)y=0, v aconstant. (parabolic cylinder equation)

Solution:
Prelimenaries: pages 172-177 in the book.

(a) Since z = oo is an irregular singular point of rank 1, we first make the change of variables
y = ey
which leads to D — D + A, and the ODE becomes

[(D+A)2+(§—1)(D+A)—%]Y:0
: {D? + 24+~ — D +[A(= — 1)+ A* = =]}y =0 (1)

With ¢ = 1, we need to find A such that the term 7;d(7) (here d refers to the coefficient
of y in the original ODE, to see where this comes from, refer to page 177 in the book)
does not have a pole of order higher that (k4 2) = 3. So we need to have the function
d(1) = Act — A+ A% — at to have a factor of ¢, which is possible if —A+ A? = 0. Then
either A =0 or A = 1. Each case will be treated separately. First, let us take A = 0.

We plug
Y = Z anx "° (2)
(in this case y = Y') into the ODE to obtain
Z [(n+s8)(n+s+1)—c(n+s)|a,z " 51 + Z [(n+s)—ala,z"* =0

which leads to, after making n — n — 1 in the first summation,
(n+s—a)ap,+(n+s—1)(n+s—cla,_1 =0
Letting n = 0, we find that s = a. Rewriting,
n+s—1)(n+s—c)

n — T n—1

(n+s—a)

1



Thus
F'n+a)l(n+1+a—c)

n!l(a)T'(a —c+1)

a, = (—=1)"

one solution is

Y1 (il?): x @ ZZOZO (_ 1)n I'(n+a)l'(n+14+a—c) "

n!

To find the other solution, we let A =1 in (1), and obtain

cC—a

[D* + (1 + = )D+ Y =0

Again, we plug in (2) into this last equation, to obtain

[e.9]

Z [(m+s)(n+s+1)—c(n+s)]a,z™ 2+ Z (n+s)+c—ala,z " =0

n=—oo n=—oo

which gives us, with n — n — 1 in the first summation, that
m—14+s)(n+s—clap1—(n+s—c+a)a, =0

Letting n = 0, we find that s = ¢ — a. Putting this into the last formula, we have

n—14c—a)in—a
L o),

which gives
Tln+c—a)l'(n+1-a)

In = n!l'(c — a)l'(1 — a) fIn-1

Thus, the second solution is

?JZ( ): a—c xzoo I'(ntc— azll;‘(n—i—l a) "

The general solution is

( ) ClX—a Zn 0( 1)n1"(n+a)1"(:+1+a c) —n+c xo—¢ :czoo P(ntc— a)F(n+lfa)X_n

n!

where C; and C5 are arbitrary constants. Note that series for both of the solutions are
asymptotic series, they converge nowhere.

(b) Since x = o is a regular singular point, we directly plug in the series (2) into the ODE
in question to obtain

[e.9]

> (nts)(nts+l—c)apz "+ Z (n+s)(n+s+1)+(a+b+1)(n+s)—ablanz ™" = 0

n—=—oo n=—oo

After making n — n — 1 in the first summation, we obtain

(n+s—a)n+s—>bla,=Mn—1+s)(n+s—c)a,_1



Letting n = 0, we find that either s = a, or s = b. Rewriting the above formula

(n—l—l—s)(n—l—s—c)a 1
(n+s—a)(n+s—>b)

Ay =

which gives

Fn+s)l(n+1+4+s—c) I'l4+s—a)l(1+s—0b)
'n+l4+s—a)lln+1+s—-b) [(s)I'(1+s—c)

a, = Qo

Thus the general solution is

_ —a oo TI'(nt+a)l(n+1+a—c) " —b N0 Fn+b)l"(n+1+bfc) —n
y=Ciz ano nIT(n+1+a—b) +Ca z nIT'(n+1+b—a)

where C and Cj are arbitrary constants. Note that those series are convergent for
|z| > 1.

(c) Since x = oo is an irregular singular point of rank 3, we seck a coordinate transformation
of the form
y = 6A1$3+A2$2+A31Y
which will transform the ODE into a form in which the coeefficent of Y does not have a
pole of order higher than (k+2) = 5. In other words, after transformation the quantity
4d(3) should not have a pole of order higher than 5, which means d(1) should not
have any poles of order higher than 1 at ¢t = 0. The ODE for Y is

[(D + 32%A; + 22A; + A3)* — 2* + 1—36x 2lY =0

=

0 = {D?+[62°A; +4vAy + 2A3]D +

[(9AF — 1)a* + 124, Agz® + (3A1 A3 + 4A45)2% + (44245 + 6A))x + (A3 + 242) + —272|}Y
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We see that we need to do is to eliminate the z*, 23, 22 terms in the coeefficient of Y.
This can easily be done by letting 942 — 1 = 0, Ay = A3z = 0. Hence there are two
cases, namely A; = :I:—

Let’s first analyze A; = g. Then indeed the ODE becomes

[D? 4 22°D + 22 + %m 2lY =0

which has d(%) = 2% + l%tQ. This last quantity has no poles of order higher than 1,
verifying our earlier remark.

Now we proceed as in the earlier cases, thus we plug (2) into the ODE. This gives us

o0 3 o0
(n+s+%)(n+s+%)



Making n — n — 3 in the first summation, we obtain

1 3
2(n—i—s—1)an+(n—3+s+z)(n—3+s+z)
Letting n = 0 gives that s = 1. Using this, we rewrite the above formula with n = 3m,
we obtain

Ap_3 — 0

3(m — 5)(m — 53)
a3m = gm 12 a3(m—1)

Thus the one of the solutions which is valid for |z| >> 1 is

r
yi(x)=xlede” 570 (LI ) —on

For the case when we take A; = —%, our ODE is
[D? —22°D — 2z + %mﬂY =0
Plugging in (2) into the ODE. This gives us

o0

3 n—s—2 n—s+1 __
Z (n+s)(n+s+1)+ 16]anx + Z (n+s) — 2la,z~ =0

— A —
n=-—oo ~~ n=-—00

(nts+3)(nts+3)

Making n — n — 3 in the first summation, we obtain

1 3
2(n—|—s—1)an+(n—3—|—s—l—z)(n—3—|—s+— an-3=0

7
Letting n = 0 gives that s = 1. Using this and rewriting the above formula with
n = 3m, we obtain

agm = — ag(m—1)

Thus the second solution which is valid for |z] >> 1 is

Tt L
ya(x)=x"te 57" $°0 (-8 )n Ll (nt ) o —sn

The general solution is a linear combination of those two solutions. Note that both
series are convergent nowhere.

(d) Since x = oo is an irregular singular point of rank 2, we seek a coordinate trans-

formation of the form

y = 6A1w2+A2:cY
which will transform the ODE into a form in which the coeefficent of Y does not
have a pole of order higher than (k +2) = 4. In other words, after transformation
the quantity 7d(7) should not have a pole of order higher than 4, which means

d(1) should not have any poles at ¢ = 0. The ODE for Y is

(D +2zA; + Ag)? + 2? —|—%x 2lY =0
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or

3
[D? + 42 A1 D + 2A; + 422 A3 + dx Ay Ay + A5+ 2* + 1—6;5*2]5/ =0

We need to do is to eliminate the 2 and x terms in the coefficient of Y. This can
easily be done by letting 442 +1 = 0, Ay = 0. Let’s choose A; = i%i,Ag = 0.
Then indeed the ODE becomes

[D? £ 22iD 44 + 1%3:2]}/ =0

which has d(%) = +i+ %t2. This last quantity has no poles, as we wished.

Now we proceed as in the earlier cases, thus we plug (2) into the ODE. This gives us

[e.9]

D lnts)nts+1)+ 1%]%33_”_8_2 i Y [2(n+s)+1anz " =0

n=—oo n=—oo

Making n — n — 2 in the first summation, we obtain

1 3
j:mn(—2(n+s)—|—1)+(n—2+s+1)(n—2+s+1)an_2:0

Letting n = 0 gives that s = % (in both cases). Rewriting the above formula, we have

agp = 0 a2(m—1)

Thus the general solution which is valid for || >> 1 is

1 1,2 = 7nr(n+§>r(n+§> —2n -1 _Llix2 - A\
y=Ciz ze2 Z(z) 8n! 8 o™ 1 Cyr %e? Z(z)

n=0 n=0

C(n+ %)F(n + %)x’%
n!

where C; and (5 are arbitrary constants. The second solution can also be obtained
by taking the complex conjugate of the first solution. Note that both series converge
nowhere.

(e) Since xz = oo is an irregular singular point of rank 2, we seek a coordinate transformation
of the form

2
y = eAlz —|—A2;17Y

which will transform the ODE into a form in which the coeefficent of Y does not have a
pole of order higher than (k+2) = 4. In other words, after transformation the quantity
4d(3) should not have a pole of order higher than 4, which means d(1) should not
have any poles at ¢ = 0. The ODE for Y is

1 1
D+2zA; + A +v+-—=-22]Y =0
2 4



or

1
[D? +42A;1D + 2A; + 422 A3 + 4z A Ay + A3 — Z;ﬁ]y =0

We see that the only thing we need to do is to eliminate the z? and z terms in the
coefficient of Y. This can easily be done by letting 442 — i =0, A, = 0.
Let’s proceed with A; = :I:i. Then indeed the ODE becomes

1 1
[D2:|::UD—|—1/+§:|:§]Y:O

which has d(7) = v + 1 & 3. This last quantity has no poles, as we wished.
Now we proceed as in the earlier cases, thus we plug (2) into the ODE. This gives us

e}

> (et )nt s+ a4 Y [+ s) v+ 5 glaa =0

n=—oo n=—oo

Making n — n — 2 in the first summation, we obtain

1 1
(:F(n+s)—|—1/—|—§:|:§)an—|—(n—2+s)(n—1+s)an_2:0

Letting n = 0, we find that s = +v + % + % . Rewriting the above formula

m—24+s)(n—1+s)
Fn+s)+v+3+3

Qp = — Ap—2

With n = 2m, the above formula is

(2m—2+3s)(2m —1+3s)
a
FCem+s) tv+iel

Qom = — (m—1) — _2[

Hence for upper (+) case: s = v + 1, and

+ =) (m+ L T'(m + XD (m + w2
a2y — 2(m 2 )<m 2)a2(m—1) = 2’m <m ' 21/71 (m > 2 )ao
and for the lower (—) case: s = —v, and
_ vf2 _vtl r AT _ r=\p(l
IR en. O UL
m+y [(m +5)T(=5)T(=57)

12 e, Dn4+ 40 (n + 222) 1 > L(n—4)(n—%L)
y = Cle4w2 v—1 Z2n 2 w 2 x 2n+026 4w2xy Z(_Q)n 2 - 2 x 2n
n=0 n=0

where C) and Uy are arbitrary constants. Note that both series are asymptotic series,
they converge nowhere.



2. (Chapter 7,Problem 1) Show that the Wronskian of ), and yy; x5 given by
(7.5) is a constant.

Solution:
The Wronskian is defined to be
W =195 — y192

where, in our case,

Y1 = yv*vm =

Y2 = Ywgp =
We differentiate those to find
(ywis) = [Fip(z) — 2(7)
Thus
1 1

W = ylksYwrsl—ip(z) — 2p(gj>] ~ lip(@) - 2p(x)

]yIJ/[r/KBy;VKB

= _Qip(‘r)y;/[r/KByI;/KB

P [ p(z)d=z

p(z) p(z)

3. The WKB solutions (3) can also be derived by putting

= —2ip(x) e~/ P@de — _9j — constant

y=e¢e
(a) Substitute WKB solutions into 3" + p*y = 0 and show that
iS" — (S +p*=0
which is a nonlinear ODE.

(b) If p(z) is of the form
p(x) = AP(z)

give a reason which suggests that we may drop the term iS” in the equation
above and obtain

( S/)2 _ p2 =0
This equation is known as Hamilton-Jacobi equation.

(c) Show that the Hamilton-Jacobi equation yields the solutions e**/ 7z,

(d) Obtain the additional factor \/% in the WKB solutions by going to the

p(z
next-order approximation.

Solution:



(a)

y = eiS
y/ — ZS,QZS
y// _ Z-S//eiS _ (S/)QeiS

Plugging those in, we obtain
Z-S//ez'S _ (S/)2ez5 +p2615 [ S _ (S/)Q +p2]6i5 =0

Hence, if y # 0,
iS" — (82 +p*=0 (4)

(b) How can one show that the term S” can be dropped, that is, it is negligible.We don’t
know what S is, in the first place. The strategy is that we neglect the term iS”,
and solve for S. After then, we turn back, and check if we did something wrong with
neglecting .5”.

Solving

(S/)2 o >\2P2 — O
we obtain

S—+) / P(z)dz = O(\) (5)

Hence

S" = AP(x)

S" = AP'(z)
Thus

1.1 1

_(Zv_S)// . (_S/)2 + 2

A A A

S—— N o(1)
o) 0o(1)

1

X
Hence, the solution S given by (5) almost satisfies the given equation. The actual
solution will be in the form

S— ) / P)dz + Q(x) + %QQ(Q;) +

So the term iS” is negligible-compared with (S”)?. The mathematical premise which
justifies the neglect of iS” is

1S" = AP'(x) ‘_’
(520 "N*P2(x) de( )

| <<1

which is the same as in the derivation of WKB, thus showing the consistency of deriving
WKB in the way described in this problem.

(c) Putting (5) into y = €, we obtian y = e**/P(*)dz,



(d) Let
S =4\ / P(2)dz + Q(z)
where () is the next-order correction to S.Then

S = £AP(z) + Q' ()
S" = £AP'(z)+ Q" ()

Plugging those into (4), we obtain

+i\P'(x) +iQ"(x) — NP2 £ 2iAPQ + (Q')* + N*P* =0

or
1
P'+2iPQ" = F1((Q)" +iQ" ()]
Neglecting the right-hand side of the last equation, which makes sense since A >> 1,
we obtain | p
/! -
©=57P
This integrates to give us
1
Thus
y = eiS _ ei[:l:)\fP(w)dx-i—Q(:c)}
_ 6:i:i [ p(z)dz—%np
_ 1 e:i:ifp(:c)dw
Vp(z)
Q.E.D.



