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An extended Mie scattering theory is used in this paper to analyze the surface-plasmon enhanced
light absorption in silicon for photovoltaic applications. The calculation results show that the opti-
cal absorption in silicon can be enhanced up to 50 times at resonance frequency by embedded
spherical silver nanoparticles due to the local field enhancement by surface plasmons. The analysis
reveals that the surface-plasmon field is concentrated in a spherical shell that encloses the particle.
The enhancement reaches maximum when the thickness of the shell is 0.26 times the radius of
the particle. The maximum absorption enhancement is found to be induced by silver particles with
intermediate radii. The enhancement with larger particles is limited by the retardation effect, while
the smaller-particle assisted absorption is hampered by electron scattering on the particle surface.
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1. INTRODUCTION

One key challenge for silicon-based solar cells is the
weak absorption of long-wavelength photons near the
bandgap (1.1 eV) due to the indirect bandgap of silicon.1�2

A large fraction of the AM 1.5 solar spectrum falls into
a regime (0.7 �m–1.1 �m) where silicon does not absorb
light well.3 The capture of these long-wavelength photons
imposes a particular problem to the thin-film silicon solar
cells. For this reason, thin-film silicon solar cells often
incorporate some forms of light trapping mechanisms.

As the optical absorption rate in a lossy medium
depends on the optical path length and the local electric
field intensity, two different light trapping strategies have
been developed. The most widely used strategy for light
trapping is applying complex textures on the back or the
front surfaces of the cells.4 The surface textures diffuse
the incoming light and enhance the absorption by increas-
ing the optical path length of the photons. It was not until
recently that another light trapping strategy—increasing
the local field intensity via surface-plasmons using metal
nanoparticles—started to receive attentions.5–8 Plasmons
are collective oscillations of the conduction band elec-
trons excited by incident electromagnetic waves.9 Surface
plasmons are bounded to the interface when the dielec-
tric constants of the two sides satisfy certain conditions,
depending on the geometry.10 These localized surface
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modes are supported in noble metals such as gold and
silver. It has long been observed that surface plasmons
can lead to significant electric field enhancement near the
surface and thus increase the rate of any processes that
depend on the field intensity. One well-known example
is the surface-plasmon enhanced Raman scattering, where
the Raman signals, proportional to the fourth-power of
the electric field, can be increased many orders of magni-
tude using metallic nanoparticles such as silver.11 Similar
mechanisms can be applied to photovoltaic cells for light
trapping. Instead of using surface textures, noble metal
particles are either placed on the surface as in the case
of siliocn5�6 or embedded in the active regions as in the
case of polymer-based solar cells7 and dye-sensitized solar
cells8 as localized photon absorption centers. Experimen-
tal results show considerable increase of photo currents,
especially in the long wavelength regime.5–7

Despite the reported enhancement, to our best knowl-
edge, detailed analyses of the surface-plasmon enhanced
optical absorption are lacking for photovoltaic applica-
tions. Past research efforts rely on either simple dipole
models, or numerical simulations. Catchpole et al. used
a dipole scattering model which does not apply to large
particles.12 Derkacs et al. performed finite-element elec-
tromagnetic simulations for a single gold particle at a
fixed wavelength.5 Rand et al. analyzed the field enhance-
ment using two-dimensional finite-element simulations.7 In
this paper, we take an analytical approach and study the
absorption enhancement by silver nanoparticles embedded
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in silicon, using an extended Mie scattering theory for a
sphere embedded in absorbing media.13�14 The extended
Mie scattering theory takes into account the near field com-
ponents without making any far field approximations,15

which ensures the localized surface modes can be repre-
sented in the model. A single particle analysis is performed
as it reveals fundamental mechanisms of the absorption
enhancement, although in real applications, multiple metal
nanoparticles are deployed instead of a single particle. In
photovoltaic applications the metal articles are usually ran-
domly distributed and the primary enhancement mecha-
nism is the localized surface modes which are less affected
by the incoherent scattered light from the randomly spaced
neighbors. Therefore, the results obtained from the para-
metric study of a single particle can serve as the first-order
input parameters for the design of more complex struc-
tures involving multiple particles. In our calculations, we
choose silver nanoparticles as the photon absorption cen-
ters because the plasma frequency of silver is the lowest
among noble metals,16 which is ideal for solar photovoltaic
applications. Our calculation shows that with the presence
of a silver nanoparticle, the net absorption enhancement in
silicon can be up to 50 times in the long wavelength regime.
The dependence of absorption enhancement on the particle
sizes shows a non-monotonic trend. Maximum enhance-
ment is found for particles with intermediate sizes. Larger
particles lead to lower enhancement, due to the retardation
effect of the electromagnetic waves. Particles with radii
smaller than the optimized radius give smaller enhance-
ment, which is due to the size effects caused by boundary
scattering of electrons. In addition to the extended Mie the-
ory, we present simplified models for absorption analysis
based on dipole models, which is found to be good approx-
imations for particles with small radii. Our analysis also
suggests that the absorption by the silver nanoparticle itself
is significant, which should be addressed in the future.

2. EXTENDED MIE SCATTERING THEORY

Figure 1 shows a schematic illustration of the present
analysis. The gray sphere represents a silver particle with
a radius of a. Region 1 is inside the silver sphere and
region 2 is in the host absorbing medium, i.e., silicon. The
angle � is the zenith angle and � is the azimuth angle.
An imaginary sphere with a radius of R is also drawn as
we will analyze the absorption in silicon within this radius.
A plane wave is propagating in the positive z direction.
Without the loss of generality, we choose the electric field
of the plane wave to be polarized in the x direction. The
electric and magnetic fields of the incident plane wave are
given by

⇀
Ei = E0e

jk2r cos�êx (1)

⇀
Hi =

k2

��2

E0e
jk2r cos�êy (2)
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Fig. 1. Schematic drawing of a silver particle (region 1) embedded in
silicon (region 2). The gray sphere is the silver particle, which is enclosed
by an imaginary spherical shell.

where E0 is the amplitude of the electric field at z= 0,
k2 the wave vector of the incident plane wave, r the
radial coordinate, � the angular frequency, �2 the per-
meability, j the imaginary unit, êx the unit vector in the
x direction, and êy the unit vector in the y direction.
The wave vector is given by k2 = 2N2�/�, where N2 is
the optical constant of silicon and � is the wavelength in
vacuum. Since neither silver nor silicon is magnetic mate-
rial, we have �1 = �2 = �0, where subscripts 1, 2 and 0
denote regions 1, 2 and vacuum. Following procedures in
Ref. [13], the scattered field can be expanded into vector
spherical harmonics

⇀
Es =

�∑
n=1

En
(
jan

⇀
N
�3�
e1n−bn
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M
�3�
o1n

)
(3)

⇀
Hs =

k2

��0

�∑
n=1

En
(
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M
�3�
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)
(4)

where
⇀
M and

⇀
N are vector spherical harmonics, En =

jnE0�2n+1�/n�n+1�, an and bn are the expansion coef-
ficients, and the subscripts e and o denote even and odd.
The definitions of the vector spherical harmonics and the
derivations of the expansion coefficients are not given here
since Ref. [13] contains detailed information. Note that
the scattered field and the expansion coefficients derived
in Ref. [13] can be directly applied to the absorbing
host media by treating the optical constant of the host
media as complex number. We can now define the field
enhancement by

��
⇀
r�= �E2�

⇀
r��

�Ei�
⇀
r��

= �Ei�
⇀
r�+Es�

⇀
r��

�Ei�
⇀
r��

(5)

where r > a.
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The rate of energy absorption in a sphere with radius
R is obtained by integrating the Poynting vector over the
surface of the sphere14

Wabs�R�=
��E0�2
�0��k2�2

Re
{
k∗2

�∑
n=1

�2n+1�

× !j"∗
n"

′
n− j"n" ′∗

n + jbn" ′∗
n #n+ jb∗n"n# ′∗

n

+ j�an�2# ′
n#n− j�bn�2#n# ′∗

n

− jan"∗
n#

′
n− ja∗n" ′

n#
∗
n$

}
(6)

where "n and #n are the Riccati-Bessel functions, and "′
n

and # ′n are their derivatives. The symbol Re means the
real component. The superscript ∗ denotes the complex
conjugate. Note that the absorption rate given in Eq. (6)
differs from the standard Mie scattering theory13 in terms
of additional cross terms, due to the fact that the host
medium is absorbing. For non-absorbing host media, the
cross terms vanish and Eq. (6) goes back to the standard
form. By energy balance, the absorption rate in the silicon
spherical shell (a < r < R) is then given by

&Wabs =Wabs�R�−Wabs�a� (7)

Note that the absorption by the silver sphere is excluded
because the photon energy absorbed in the sphere converts
to heat and does not generate electricity.

To obtain the absorption enhancement, the absorption
inside homogeneous silicon host medium (without the
presence of a silver particle) needs to be calculated. In
homogeneous medium, the scattering field is zero and the
total field is identical to the incident field. The absorption
inside of a spherical region with radius r is obtained by
integrating the Poyting vector over the sphere surface

Wabs�Si =
∫ 2�

0

∫ �
0

1
2

Re�
⇀
Ei×

⇀
H∗
i �·�−r̂ �r2 sin�cos�d�d�

= �Re�k2��E0�2r2

�0�

[
cosh�2k′′2r�
k′′2r

− sinh�2k′′2r�
2�k′′2r�2

]
(8)

where k′′2 is the imaginary part of the incident wave vector.
The absorption enhancement factor is defined as the ratio
of Eqs. (7) and (8)

(�R�a�= &Wabs�R�a�

Wabs�Si�R�
(9)

The optical constants are important input parameters
for computing the electromagnetic fields. For the calcu-
lation of the enhancement factor, we take the experimen-
tally measured optical constants of silicon from Ref. [17].
At room temperature, the mean free path of electrons
in bulk silver is around 40 nm.9 Since in this work the
diameter of the silver particles of interest is on the same
order or smaller than the mean free path of the elec-
trons, the collision of the electrons with the particle surface

becomes important as an additional relaxation process.18

The dielectric function of small silver particles should thus
be modified to take account for the free electron boundary
scattering, which is expressed as19

)���= )bulk���+
�2
p

�2 + j+bulk�
− �2

p

�2 + j+� (10)

where +bulk is the damping constant of bulk silver, + is the
modified damping constant, )bulk is bulk dielectric function
of silver from Ref. [17], and �p is the plasma frequency.
For silver, �p = 14,0×1015 rad/s.16 The last two terms in
Eq. (10) represent the modification to the free electron part
in the dielectric function. The second term cancels the free
electron contribution in the bulk medium, while the last
term includes electron collisions in bulk materials as well
as with the surface, by modifying the damping constant,

+ = +bulk +A.F/a (11)

where A = 1 and 1/+bulk = 31 × 10−15 s,16�19 and .F =
1,39×106 m/s is the Fermi velocity of electrons in silver.9

Equation (10) ensures that experimental data on the dielec-
tric constant, which includes other optical transitions, can
be used directly.

3. CALCULATION RESULTS AND
DISCUSSION

The electric field of surface plasmons is known to con-
centrate only near the surface and decays rapidly when
moving away from the surface, which naturally raises the
question regarding the net absorption enhancement. To
quantify the effects of field concentration on the absorp-
tion, the enhancement factors as defined in Eq. (9) are
plotted in Figure 2 in log scale for silver particles with dif-
ferent radii. The wavelength of the incident plane wave is
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Fig. 2. The absorption enhancement factors of silver particles with dif-
ferent sizes. The wavelength of the incident wave is 0.8 �m. The radius
of the particle is a and the outer shell has a radius of R as shown in the
insert. Note R is normalized to a.
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set at 0.8 �m, which is the plasmon resonance wavelength
of small silver particles embedded in silicon, as we will
show later. Note the radius R of the outer shell is normal-
ized to the radius of the sphere. At R= a, the enhancement
factors for all particles are zero (not shown in the figure
due to the log scale) because the imaginary silicon spher-
ical shell has zero thickness. When R increases to a large
value, the near field effect diminishes and the enhance-
ment factors for all cases approach 1. In the intermediate
range of R, the enhancement factors reach maximum for
all particles except the 200 nm one, which increases mono-
tonically with R and never exceeds 1. As shown in the
figure, smaller particles lead to larger enhancement. How-
ever, the dependence of the enhancement factor on the par-
ticle radius does not follow a monotonic trend. The 10 nm
particle gives the maximum enhancement while the larger
20 nm and smaller 5 nm particles yield less enhancement.
The peaks for the 5 nm and 10 nm particles are both at
R = 1,26a, which suggests that the field enhancement is
concentrated in a spherical shell with a thickness of 0.26a.

At the wavelength of 0.8 �m, the distribution of the
normalized field, or field enhancement (given by Eq. (5)),
outside the 100 nm, 10 nm and 5 nm (radius) particles at
the y= 0 plane is shown in Figures 3(a–c). Note 0.8 �m is
the wavelength in vacuum and it is around 0.22 �m in sil-
icon. The field pattern around the 100 nm particle clearly
shows the retardation effects of the electric field, which
is anticipated because the wavelength is smaller than the
particle diameter such that the interference of the scattered
light is strong. As shown in the figure, the field enhance-
ment for the 100 nm particle is rather limited and scatters
around the particle surface, which is mainly due to the
interference effects. Compared to the 100 nm particle, the
fields around the 10 nm and 5 nm particles show a typical
pattern of a dipole field and have much higher enhance-
ment factor. The electric field is concentrated around the
top and bottom of the particles where the vector of the
electric field of the incident wave has the maximum com-
ponent along the surface normal.

An interesting observation from Figures 3(b and c) is
that the fields around the small particles (with radii of
5 nm and 10 nm) share similar distribution patterns that
differ only in magnitude. Since for the 5 nm and 10 nm
particles, the wavelength is more than 10 times larger than
the particle diameters, the dipole model is considered to
be a reasonable approximation. The field of an oscillating
dipole is given by20

⇀
E = ejk2r

4�)2)0

{
k2

2�êr ×⇀
p�× êr
r

+ !3êr �êr ·⇀p�−⇀
p$

×
(

1
r3

− jk2

r2

)}
(12)

where )0 is the permittivity of vacuum, )2 is the rel-
ative permittivity of silicon, and êr is unit vector in

the r direction. The dipole moment of the particle is
expressed as

⇀
p = pêx = 4�)0)2E0a

3 )1 −)2

)1 +2)2

êx (13)

where )1 is the relative permittivity of the silver parti-
cle. Since � � a, the field near the particle surface is
dominated by the near field terms and Eq. (12) can be
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Fig. 3. The field distributions outside the silver particles at the y = 0
plane. The field distributions are normalized to the incident plane wave as
defined in Eq. (5). (a) 100 nm particle (b) 10 nm particle (c) 5 nm particle.
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simplified as

⇀
E = 1

4�)2)0r
3
!3êr �êr ·⇀p�−⇀

p$ (14)

Substituting Eq. (13) into Eq. (14) leads to

�E� =
∣∣∣∣E0

)1 −)2

�)1 +2)2�

∣∣∣∣
√

3 sin2 � cos2�+1
(
a

r

)3

(15)

It is obvious that the distribution pro-
file of the electric field only depends on√
�4 sin2 �+ cos2 �� cos2�+ sin2��a/r�3, which explains

the similarity between Figures 3(b) and (c). The magnitude
of the electric field is given by �E0�)1 − )2�/�)1 + 2)2��,
which depends on the radius of the particle, since )2 is a
function of a due to the electron scattering at the particle
surface. Figure 4 shows ��)1−)2�/�)1+2)2�� for selective
particles with small radii where the dipole approximation
is expected to hold with acceptable accuracy. All the
curves show peaks around 0.8 �m, which is the resonance
plasmon wavelength when the denominator ()1 + 2)2)
approaches zero.

Furthermore, using the dipole approximation, the
absorption in the silicon shell (Eq. (7)) has a closed ana-
lytical form

&Wabs�R�a� =
∫ 2�

0

∫ �
0

∫ R
a

1
2
)′′2 �E2�r2 sin � dr d� d�

= �)′′2
∣∣∣∣E0

)1 −)2

�)1 +2)2�

∣∣∣∣
2

a6

(
1
a3

− 1
R3

)
(16)

where )′′2 is the imaginary part of the dielectric function
of silicon. Taylor expansion of Eq. (8) yields

Wabs�Si�R�=
4�Re�k2�k

′′
2 �E0�2R3

3�0�
+O��k′′2R�3� (17)
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Fig. 4. The magnitude of ��)1 −)2�/�)1 +2)2��. The peaks for all three
particles are centered at around 0.8 �m.
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Fig. 5. The wavelength dependent enhancement factors for particles
with different radii. For all cases, R is chosen to be 1.26a. The
enhancement factor induced by a 10 nm particle is 50 at the resonance
wavelength.

The absorption enhancement ratio is then given by

(�R�a� = 3�0�)
′′
2 ��)1 −)2�/�)1 +2)2��2

4Re�k2�k
′′
2R

3

×
[(
a

R

)3

−
(
a

R

)6]
(18)

which reaches maximum when R/a= 3
√

2, i.e., R= 1,26a,
as confirmed in Figure 2 for the 5 nm and 10 nm cases.
As for the larger particles, retardation effects push the
maximums to smaller R values.

We have studied the field enhancement at a fixed wave-
length heretofore. Figure 5 shows the wavelength depen-
dent absorption enhancement with R = 1,26a. As seen
from the figure, the absorption is enhanced up to 50 times
with the presence of the 10 nm silver particle. Decrease
of the radius from 10 nm to 5 nm and 2 nm leads to
dramatic reduction in absorption. A similar trend is seen
when increasing the radius of the particles, where the larger
20 nm, 40 nm and 100 nm particles give less absorp-
tion. Nevertheless, the enhancement for all particles is
most significant in the wavelength regime between 0.7 �m
and 1.1 �m, where the silicon does not absorb light ade-
quately. As shown in the figure, the smaller 2 nm, 5 nm and
10 nm particles have the maximum absorption at around
0.8 �m with slight shifting of the peaks, while the larger
20 nm, 40 nm and 100 nm particles have multiple absorp-
tion peaks shifted to longer wavelengths. For the small
particles, the slight shifting of the absorption peaks from
the plasmon wavelength comes from the combined effects
of weak retardation and additional wavelength dependent
)′′2/Re�k2�k

′′
2 term in Eq. (18); for the larger particles, the

shifting of the absorption peak is due to the retardation
effect, which causes a more pronounced variation from the
resonance wavelength of 0.8 �m. The results suggest that a
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Fig. 6. The absorption in a 10 nm silver particle. The absorption loss
is significant in the long-wavelength regime.

wide spectrum range can be covered by carefully selecting
and mixing particles with different radii.

As revealed in our analysis, the absorption enhance-
ment is caused by the field magnification due to the sur-
face plasmons. However, the surface waves extend to both
sides of the interface. Therefore, the unwanted absorption
inside the silver particles is inevitably increased along with
the absorption enhancement in silicon. Figure 6 shows the
wasted absorption in a 10 nm particle and the absorption in
the outside shell (R= 1,26a). The absorption is normalized
to Wabs�Si (1.26a). For wavelengths larger than 0.5 �m, the
silver particle absorbs significantly more light than silicon,
especially in the long wavelength range, which presents
a problem for the overall optical absorption efficiency.
One possible solution is to use the core–shell structure21

which has a very thin layer of metal that the corresponding
absorption loss may be alleviated.

4. SUMMARY

In summary, we have studied the surface-plasmon
enhanced absorption in silicon medium. Both extended
Mie theory and dipole approximation have been used for
the calculations. The field concentration effects of the sur-
face plasmon are examined. The enhancement is found to
be mostly confined in a spherical shell surrounding the
particle and the optimal thickness of the shell is 0.26a.
The spectral analysis shows that the long-wavelength opti-
cal absorption in silicon can be enhanced significantly
by embedded silver nanoparticles. Enhancement up to
50 times is obtained with a 10 nm silver particle while

smaller and larger particles yield less enhancement. The
calculation reveals that the energy loss inside the silver
particles may present a problem for efficient energy uti-
lization, which could be potentially addressed by using
novel nanostructures. We want to point out that our cal-
culation is based on local field enhancement induced by a
single particle. Particle–particle interaction can potentially
lead to even higher enhancement. Anisotropic scattering
from particles may also give additional enhancement by
randomizing the incident solar light.
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