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General Information 
18th International Conference on Numerical simulation of plasmas 

(ICNSP ’03) 
 
The purpose of the conference is to highlight major advances in computational plasma physics and related 
areas that happened since the last 17th ICNSP conference in this series, which took place in Banff, 
Alberta, Canada, May 2000. This conference has been an important forum for communication of new 
ideas in the broad areas of plasma simulations, new algorithm development, and scientific visualization. 
The main focus of the conference is centered around, but not limited to: 

ICNSP ‘03 will take place September 7-10, 2003 at the Sea Crest Oceanfront Resort and Conference 
Center in Falmouth, Massachusetts: http://www.seacrest-resort.com/ 
18Th ICNSP organizers are: 

 
 

To commemorate the late John Dawson a specialized prize for pioneering advances to plasma physics 
obtained through simulations will be presented for the first time, as well as traditional Oscar Buneman 
Awards for the most insightful visualization in two categories: Best Still Image and Best Animation. 
 
ICNSP ’03 is endorsed by the American Physical Society and sponsored by MIT, US DoE, DSL Inc.   

                                     

For further information please refer to official ICNSP ’03 web page:  http://web.mit.edu/ned/ICNSP/ 

Conference e-mail address:  icnsp@mit.edu 

Plasma simulations                                  

• Space and astrophysical plasmas 
• Magnetic and inertial fusion plasmas 
• Intense laser interaction with plasma  
• Beam and accelerator physics 
• Low temperature, dusty and nano-plasma 
• Various plasma-based devices 

 

Numerical methods for plasma simulations 

• MHD, other fluid methods for plasma 
• Kinetic plasma methods - PIC and Vlasov  
• Hybrid methods, including PIC-DSMC 
• Gyro-kinetic and gyro-fluid methods 
• Grid-free methods and molecular dynamics 
• High-order, adaptive and multi-scale methods 
• Scientific visualization for numerical simulation  
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In Remembrance of John Dawson 
 
 

 
 

John Myrick Dawson 
 

 
John Myrick Dawson, who is considered the father of plasma-based accelerators and of computer 
simulation of plasmas, died in his sleep on 17 November 2001 in Santa Monica, California. He 
had been suffering from a kidney infection. John also was a professor of physics at UCLA. 
 
John was born in Champaign, Illinois, on 30 September 1930. He received both his degrees in 
physics from the University of Maryland, College Park: a BS in 1952 and PhD in 1957. His 
thesis "Distortion of Atoms and Molecules in Dense Media" was prepared under the guidance of 
Zaka Slawsky. 
 
On graduation, John joined the Princeton Plasma Physics Laboratory. Initially a research 
physicist, he rose to head the theoretical group from 1966 to 1973. He also spent two years 
(1969-71) at the Naval Research Laboratory in Washington, DC, where he started a plasma 
simulation group. He then joined UCLA in 1973 as a professor of physics and subsequently 
directed the institute for plasma and fusion research from 1989 to 1991. 
 
John was a leading figure in the plasma physics community for more than four decades, with his 
contributions to science spanning all of plasma physics. He performed seminal work on magnetic 
fusion, inertial confinement fusion, space plasmas, plasma astrophysics, free-electron lasers, and 
basic plasma physics. He also proposed numerous controlled-fusion concepts. A visionary, he 
realized as early as the late 1950s the potential impact of simulations as a way to test both 
theories and large construction projects before they were built. He used simulations in 1959 to 
answer such fundamental questions as how large can a plasma wave become before breaking. 
During the late 1970s and 1980s, John was using simulations to test out new ideas such as 
plasma-based acceleration. By the 1990s, he was realizing his broader vision for simulations in 
such projects as the Numerical Tokamak (see Physics Today, March 1993, page 64). While 



others have made pioneering contributions to particle simulations, it was John who developed 
simulation into a third discipline of research, alongside theory and experiment, by showing how 
powerful a tool it could be. 
In the late 1970s and 1980s, while at UCLA, John pioneered the field of plasma-based 
acceleration. He proposed letting particles surf on the plasma-wave wakes left behind by a laser 
or a particle beam as it moved through plasma. The fields in these wakes can be more than 1000 
times higher than in conventional accelerators. He took great satisfaction in recent experimental 
successes of plasma-based accelerators and their potential for being greatly miniaturized in the 
future. 
 
John mentored several generations of plasma physicists and touched countless others with his 
generously shared insight, bounty of new ideas, and encouragement. Tudor Johnston, a colleague 
and collaborator of John's from the Institut National de la Recherche Scientifique in Canada, 
remarked, "It was as if, among the cards lying face down on the table, he knew exactly which 
cards to choose to play the best hand. Many people with great talent cause discomfort to the less 
brilliant people around them. Not John, who had such a transparent and kindly nature that I've 
never met anyone who had a bad word to say of him." A true humanitarian, John believed that 
science was still the most noble of professions. He believed strongly in the importance of 
controlled nuclear-fusion research and was particularly proud of his invention of an isotope 
separation process that was used to detect cancer and, consequently, help save many lives. John 
received the James Clerk Maxwell Prize for Plasma Physics in 1977 and the Aneesur Rahman 
Prize for Computational Physics in 1994; both are the highest honors bestowed by the American 
Physical Society's plasma physics and computational physics divisions, respectively. He was 
named California Scientist of the Year by the California Science Center in 1978. 
 
John had successfully overcome life-threatening illnesses several times. Shortly before his death, 
he had been in improving health and had enjoyed attending APS's division of plasma physics 
meeting in Long Beach, California. Many attendees may have seen him there, running around in 
an electric chair, which he said "everyone should have." In conversation with him the night 
before his death, one of us (Katsouleas) found him to be upbeat about his recovery and tickled 
that one of his 20-year-old ideas (the surfatron) was in the news as an explanation for cosmic-ray 
acceleration from supernovae. We remember John for his eternal optimism and his characteristic 
smile and chuckle. As two of his former students, we learned many lessons from him, and many 
of his favorite sayings still ring true and tell something about the man as well as his scientific 
philosophy. One is, "It is always easier to solve a problem if you know the answer before you 
start." John used his powerful intuition and the tool he pioneered--computer simulation. He loved 
new ideas and experimental observations. Chan Joshi, a collaborator and fellow UCLA 
professor, recounts John's favorite rejoinder to a perplexing observation: "I think we can simulate 
that!" John was mentally sharp and active to the end, and he took great pleasure in discussing 
physics with colleagues, in the continued success of his former students and postdocs, and in the 
amazing progress being made in particle simulations of plasmas. John was loved by hundreds of 
colleagues, students, and friends, who created the John Dawson Memorial Fund through the 
UCLA Foundation. This fund aims to benefit students and young researchers in plasma physics 
anywhere in the US. 
 
                      Tom Katsouleas and Warren B. Mori, UCLA 
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Beyond Benchmarking - How Experiments and Simulations Can Work 
Together in Plasma Physics 

 
Martin Greenwald 

MIT – Plasma Science & Fusion Center 
 
Introduction  
 
Over the past several decades, computation has joined analytic theory and experimentation as a 
powerful tool in the advancement of plasma science.  The interaction and interrelationship 
between these approaches have had a profound effect on the nature of the research and a 
beneficial impact on the rate of its progress.  This paper discusses the benefits of a close and 
ongoing collaboration between numerical simulation and experiments and outlines principles and 
practicalities that are involved. Because of the wide range in temporal and spatial scales, strong 
isotropy, complex geometry and essential non-linearities, plasma physics presents a particularly 
difficult problem for both computational and standard theoretical approaches.  Researchers must 
choose between two less than ideal alternatives, obtaining “exact solutions to approximate 
equations” or “approximate solutions to exact equations”.  In this circumstance the capability of 
simulations to model physical processes with sufficient accuracy to be useful becomes a critical 
problem. The ability to predict is related intimately to the scientific process.  Predicting the 
results of experiments or observations that have not yet been carried out is viewed as the 
strongest demonstration that some significant level of understanding of a physical phenomena 
has been achieved.  Reliable prediction has practical importance as well, since it allows 
computational science to be applied to useful problems – for example in the design of an aircraft, 
the forecast of severe weather or the construction of a fusion power plant.  
 
Theory and computation on the one hand and experimentation on the other should be seen not as 
competitive activities, but as complementary ones.   Simulations, though dealing with imperfect 
models or solutions, can have near perfect diagnostics and are often cheaper and faster then 
corresponding experiments.  They offer a high degree of flexibility; numeric “experiments” can 
be performed by turning particular terms on or off to isolate particular physical effects, or by 
varying input parameters, boundary or initial conditions.  On the other hand, although 
experiments are performed  in principle on a “perfect” model, measurements of that reality are 
highly incomplete and imperfect.   Parameters can be varied only over a limited range in 
experiments and particular physical effects are difficult to isolate.  The interaction of 
computation and experiments should not be characterized as simply one of benchmarking a 
particular code or calculation, but should permeate the entire scientific process.   The process 
should be continuous and ongoing and include the mutual identification of interesting or 
important phenomena, testing of basic physical models and validation of codes and calculations.  
The process might best be described as “co-development” with each partner contributing its own 
strengths and recognizing its own limitations.  Experimentalists gain by participating more 
comprehensively in the development of the science. The advantage to theory is equally clear; 
experiments represent their only means of contact with the physical world.  
 

18th International Conference on Numerical Simulation of Plasmas

1



Code Testing and Validation  
 
The growing importance of simulations and recognition of their limitations and complexity led 
the computational fluid dynamics (CFD) community into a strenuous dialogue over the role that 
codes play in this vast and varied field [1]. The close relation between the physics of fluids and 
plasmas suggest that our own field has much to learn from their experiences. Simulations are 
used to model flows in aerospace, ship; turbo-machinery and automobile design; for calculating 
wind loads in architecture and bridge design; for weather forecasting; for designing cooling 
systems in buildings. nuclear reactors and electronics; and for analyzing dispersal of pollutants in 
air, water and land.  In these applications, the accuracy and reliability of codes has an important 
economic impact and consequence for human safety. Assessment of predictive models has been 
divided into two distinct activities, verification and validation, with formal definitions and 
recommended practice for their application.  Verification and validation are essentially 
confidence building activities, aimed at improving the quality of predictions from simulations.   
The first definition of these terms came from Schlesinger [2]. 
 
“Model verification:  Substantiation that a computerized model represents a conceptual model 
within specified limits of accuracy.” 
 
“Model validation: Substantiation that a computerized model within its domain of applicability 
possesses a satisfactory range of accuracy consistent with the intended application of the model.” 
 
It is important to note the highly conditional nature of these definitions.  Codes are validated in 
the context of a particular problem or set of nearby problems, for a particular set of parameters, 
in a particular range and to a particular level of accuracy.  There is no unambiguous way to 
define ‘nearby’; transitions or boundaries between regimes may be crucial and confounding. The 
emphasis on accuracy implies quantitative measures and attention to errors and  uncertainties.    
 
Verification assesses the degree to which a code correctly implements the chosen physical model 
and is essentially a mathematical problem.  Sources of error include algorithms, numerics, spatial 
or temporal gridding, coding errors, language or compiler bugs, convergence difficulties and so 
forth.  It will not be the subject of further discussion in this paper; readers are referred to several 
excellent reviews [1,3,4].  Validation assesses the degree to which a code describes the real 
world.  It is a physical problem and one without a clearly defined endpoint.  Verification should 
always precede validation.  Comparison between experiments and incompletely converged or 
otherwise inaccurate solutions are at best useless and at worst misleading.   
 
Code Validation: Practical Issues 
 
The goal of validation is to test for errors in the physical model of verified codes taking into 
account limitations of experimental observations.   Sources of error in measurements can include 
conceptual errors with measurement technique, differences arising from temporal or spatial 
averaging, statistical or counting errors, calibration errors, electronic noise, data acquisition 
errors and data reduction errors. Some errors reduce the absolute accuracy of a measurement 
without affecting its relative precision or repeatability.  Thus it is often more meaningful to 
compare trends than absolute values.  Researchers must be alert however, to cases where this 
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approach fails [1].  Difficulties can arise because of “parameter transition boundaries”  where 
behavior changes rapidly with small changes in parameters.   
 
Ideally, validation is carried out throughout the code development process.  Comparisons should 
proceed in phases from the simplest systems to the most complex [1,3]:  
 

1. Unit problems 
2. Subsystem cases 
3. Complete systems 

 
Each level represents a different degree of physics coupling and geometric complexity. The early 
tests attempt to isolate basic physical phenomena in the simplest geometry.  Dedicated 
experiments, with specialized diagnostics may be required at this stage. As experience and 
confidence is gained, researchers move to more demanding, more “realistic” cases.  Note that as 
this hierarchy is traversed, the number of code runs and experiments tend to decrease.  The 
quality and quantity (especially spatial coverage) of experimental data tend to decrease as well 
while errors and uncertainties increase.  These trends suggest that at least as much attention 
should be paid to the lower levels of the hierarchy as to the top.  While much can be learned 
from mining databases of previous experiments, the most useful comparisons are carried out in 
experiments designed and dedicated to the purpose.  Older data is often not well enough 
documented or characterized and in any event direct interaction with experimentalists is essential 
to the process.  Principles for the design and execution of these experiments have been 
thoroughly discussed [1,3].  These would include: 
 

1. A hierarchy of experiments should be planned.  
 

2. Experiments should be designed jointly by experimentalists and computationalists.   
 

3. Experiments should test crucial features of the model, especially its assumptions or 
important simplifications.   Geometry, boundary and initial conditions must be well 
characterized and documented.  Critical measurements should be defined and limitations, 
uncertainties, and sources of error discussed with openness and candor. 

 
4. Code predictions should be well documented in advance. 

 
5. While jointly designed, experiments and code runs should be carried out independently.   

 
6. The goal is to make as complete and accurate measurements as possible.  Multiple 

diagnostics to measure the same quantities is desirable. It can be valuable to conduct 
experiments at more than one facility if this is practical. 

 
7. Special attention to analysis of errors and uncertainties should be paid. Modern statistical 

techniques to design experiments can help identify random and bias errors. 
 

8. When analyzing results, don’t paper over differences. The goal is not to prove that a code 
is correct, but to assess it’s reliability and point the way towards improvement. 
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9. Document process and results including data reduction techniques and error analysis. 

 
Summary and Discussion 
 
Simulation and experiments should be seen as complementary rather than competitive processes.  
Progress on most problems of interest in plasma physics will require coordinated and 
collaborative work using both approaches. Comparisons should be carried out over a hierarchy of 
experiments, ranging from those testing isolated aspects of physics in simple geometries to full 
scale systems with the full range of physics integration and complex geometry.  It is worth 
noting that while the latter attracts the most attention and often the most funding,  the difficulties 
of integrated simulation and the difficulty of making measurements for the most complex 
systems suggest that important opportunities are being lost by neglect of the former.   
 
In general, experiments do not measure quantities of interest directly.  Typically there is a 
significant amount of physics involved in interpretation and analysis.  In many cases, it is 
preferable to make comparisons through “synthetic” diagnostics – that is by post-processing 
simulation data in a manner that is as analogous as possible to the physical diagnostic.   Such 
comparisons can be much more direct and allow simpler and more quantitative assessment of 
differences.   The underlying dynamics of non-linear systems may be revealed and compared by 
applying advanced techniques for analysis of time series or imaging data to both sets of data.  
These approaches can be facilitated through development of infrastructure and tools which aid in 
data sharing, visualization and analysis.  Common data structures or common interfaces should 
be defined and adopted.  Dedicated workshops, which bring researchers doing simulations and 
experiments together, can be especially useful if they focus on well defined and relatively narrow 
subjects.  These are places to discuss the nuts and bolts of comparisons in addition to recent 
results and plans.  They may provide a forum for discussions of analysis techniques, data sharing 
protocols and statistical methodology.  Such workshops foster collaboration and aid in planning 
of coordinated activities. 
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The various aspects of plasma-edge physics are included in a comprehensive suite of codes
having applications from industrial plasmas to fusion devices. In this paper, the basic
ideas, status, and relationship of the codes will be summarized.

Plasma-wall interaction effects on a microscopic length-scale (e.g. chemical sputtering
effects) are studied with molecular dynamics. They deliver quite precise input data for
kinetic Monte Carlo calculations (jump frequencies, migration energies, reaction rates,
...) used from the mesoscale up to the macroscopic system length. To cover the whole
length scale involved – from microscopic up to macroscopic – several subsequent levels of
kinetic Monte Carlo are used, each providing the necessary input data for the following
level. With this procedure the corresponding time scales will also be included spanning
from picosecond atomic interaction times to wall equilibrium times of at least milliseconds.
Inclusion of realistic structure models are also important, e.g. porous graphite where the
void structure and the orientation of the microcrystallites have to be included (see Fig. 1).

The easiest pathway for diffusion of hydrogen in graphite is from below the center of one
hexagon to above the center of the neighboring hexagon lying on the adjacent graphene
layer (HB jumps). Another possibility is the jump from below the center of one hexagon to
the center of the neighboring hexagon on the graphene layer (denoted by HA). Note that one
HA jump is achieved with to two consecutive HB jumps. Other possibilities for diffusion
pathways which have longer step lengths are HAB and combinations of the HB+HAB
types, where they can also squeeze between two carbon atoms oscillating on opposing
graphene layers. What this means is that the interstitials usually have jumps of the type
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Figure 1: Structure of the prorous graphite (left) and MD trajectories of hyrogen in MD
(right)

HA, or HB, or a combination of the two, because of the low migration energy associated
with these jumps (comparable to or lesser than the temperature of the interstitials). At
higher temperatures they also have a probability to make jumps of the HAB type (typical
for so-called Levy flights) resulting in a non-Arrhenius behaviour.

A fully kinetic description (including ions, electrons, neutrals and their collisions) is possi-
ble for some low-temperature plasmas (ECR methane plasmas) and for qualitative studies
of edge plasma effects in fusion edge plasmas. The same model was used to study capac-
itive RF discharges which are also used to create so-called plasma crystals. Depending
on the neutral gas pressure different plasma conditions appear (determined by the impor-
tance of collisions with neutrals). For low neutral densities rather dynamic plasma profiles
and distribution functions emerge (stochastic Fermi heating), whereas for high densities
quasi-stationary conditions show up. These are then used for the study of plasma crystals,
where the dust particles are introduced as additional species in the model. The creation
mechanism of these quasi-ordered systems are discussed (force balance between gravita-
tional force and electrostatic electric field force in the sheath) with special emphasis of
the ion-dust interaction (ion drag force) establishing also dust molecules through focussing
of ion flows in the sheath regions of such discharges. The non-gravitational case is also
studied, where a void structure develops self-consistently.

Fluid transport codes for the edge of magnetically confined plasmas (2D tokamaks, 2D toka-
maks with ergodic perturbations, 3D stellarators) are necessary for better understanding of
the complex physics in such devices. Here, finite volume, finite difference and Monte Carlo
methods are used and benchmarked against each other. A 3D finite volume SOL trans-
port code (BoRiS, abbrev. authors) is under development solving the strongly anisotropic
transport equations in magnetic coordinates, thus taking account of full 3D geometry. This
ansatz allows standard discretization methods with higher order schemes retaining full geo-
metric flexibility. BoRiS is based on the same plasma fluid approach as used for B2-Eirene,
and experiences from 2D SOL modelling can be directly adapted including the extension
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to multi-fluid formulation and coupling with neutral transport models. With the choice
of magnetic coordinates and with the assumption of negligible stochastic effects the entire
computational domain can be described as a conjunction of unique coordinate systems each
of them corresponding to a different region of the original plasma. The general design of the
code enables local grid refinement by indirect addressing of the computational cells which
are assumed to be convex polyhedrons. The equations to be considered are the same as
in the B2 code and are obtained from the original multi-fluid Braginskii equations. These
equations can be rewritten in magnetic coordinates The equations are integrated applying
Gauss’ theorem and discretized with the finite volume (FV) method leading to a system of
non-linear equations. Upon linearization the Jacobian is determined numerically and the
system is solved via a Newton method, i.e. by approximating the total flux balance for
each cell successively, using a direct sparse matrix solver. Intermediate point properties
are derived from grid point properties applying an interpolation scheme which is capable of
considering up to 3rd order neighbours thus resulting in different computational molecules
to be used. However, any scheme of interpolation needs to be adapted to systems with
mixed convection and diffusion by introducing an upwind scheme being ruled by Peclet
numbers which measure convection versus diffusion strength.

In addition, the effect of ergodisation (either by additional coils like in TEXTOR-DED or
by intrinsic plasma effects like in W7-X) defines the need for transport models being able to
describe this properly. A prerequisite for this is the concept of local magnetic coordinates
allowing a correct discretization with mimimized numerical errors. For these coordinates
the full respective metric tensor has to be known.

To study the transport in complex edge geometries (in particular for W7-X) two possible
methods are used.

Firstly, a finite-difference discretization of the transport equations on a custom-tailored
grid in local magnetic coordinates is used (see Fig. 2). This grid is generated by field-line
tracing to guarantee an exact discretization of the dominant parallel transport (this also
minimizes the numerical diffusion problem). The perpendicular fluxes are then interpolated
in a plane (toroidal cut), where the interpolation problem for a quasi-isotropic problem has
to be solved by a constrained Delaunay triangulation (preserving the structural information
for magnetic surfaces where they exist) and discretization. All terms involving toroidal
terms are discretized by finite differences.

Secondly, a Monte Carlo transport model originally developed for the modelling of the
ergodic dynamic divertor configuration of TEXTOR is used. A generalisation and ex-
tension of this model was necessary to be able to handle W7-X. The model solves the
transport equations with Monte-Carlo techniques making use of mappings of local mag-
netic coordinates. The application of this technique to W7-X in a limiter-like configuration
is presented. The reduction of the relative importance of parallel transport with respect
to radial transport for electron heat, ion heat and particle transport results in less and less
smooth profiles for the respective quantities within the islands.
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Figure 2: Principle of the finite-difference code
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Turbulence, transport and self-consistent profiles via
global Eulerian gyrokinetic simulations

J. Candy and R.E. Waltz

General Atomics, P.O. Box 85608
San Diego, California 92186-5608

Introduction

We discuss the fundamental algorithms devised, and major obstacles faced, throughout the
development of the global Eulerian gyrokinetic code, GYRO. The purpose of GYRO, in
the most general sense, is to explore the dependence and character of turbulent transport in
tokamaks on equilibrium parameters (temperature gradient, magnetic shear, elongation, and
many others). From the point of view of comprehensiveness, GYRO is unsurpassed in the
breadth of physical effects that are included in each calculation: standard ion-temperature-
gradient (ITG) mode turbulence including kinetic impurity ion species, trapped and passing
electrons with pitch angle collisions, finite-β fluctuations, real flux-surface shape, linear and
nonlinear E×B rotation, parallel flow shear, and arbitrary radial variation of all equilibrium
quantities.

Detailed Comparisons with Experiment

We have carried out simulations which match (see Fig. 1) within experimental error bounds,
the turbulent transport levels observed in a pair of DIII-D L-mode discharges [1].
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Figure 1: Global DIII-D simulation using 32 toroidal modes (1/3 torus) with full physics
(including electrons at mi/me = 3600, electron collisions and plasma shaping). Comparison
with the experimental ion energy transport profile (smooth curve) is remarkable.
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Fully Global Capability

GYRO operates at finite ρ
∗

= ρi/a using a WKB-like formulation to treat radial variation
of ω

∗
, ηi, s, etc., not present in the flux-tube approximation. Radial profiles can be taken

directly from experiment, and there is no restriction to constant temperature or large regions
of vanishing temperature gradient (see Fig. 2) as in other global codes [2].
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Figure 2: (left) We compare various temperature gradient profile shapes. GYRO can operate
with any of these – including the experimental DIII-D L-mode profile. This is in contrast to
global PIC codes which require gradient profiles to drop to zero – as in the Lin 2002 curve
[2]. (right) We compare a nonperiodic (dotted line) GYRO simulation with an analogous
flux-tube (solid line) run. All background profiles are taken constant to elucidate the effect
of the finite-width boundaries. The crucial result is that the nonperiodic boundary conditions
used for global simulations are benign and do not alter the transport in the interior.

GYRO also uses a spectral decomposition for toroidal eigenmodes. While in principle
the full torus (n = 0, 1, 2, . . .) can be simulated, we find in practice that this is inefficient and
unnecessary since results of interest converge when only a fraction of the torus is simulated
(1/3 to 1/10). This provides a substantial computational saving over a non-spectral full-torus
treatment. The spectral decomposition is also extremely convenient for linear simulations,
since a single linear eigenmode with toroidal mode number n can be simulated easily on a
single-processor workstation. In previous work, we have reproduced the nonlinear, flux-tube
Cyclone benchmarks [3] over the full range of R/LT . Also, we have shown systematically
how to unambiguously recover gyroBohm-scaled transport in the small-ρ

∗
limit with both

periodic (flux-tube) and nonperiodic boundary conditions [4].

Electromagnetic effects

Currently, GYRO is the only global nonlinear gyrokinetic code with electromagnetic sim-
ulation capability. A special technique [5] is required to remedy the troublesome Ampère
cancellation problem [6] which occurs at finite-β. The results of a global simulation which
illustrates the β effect in a real DIII-D plasma is shown in Fig. 3.
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Figure 3: Comparison of electromagnetic and electrostatic simulations for a DIII-D L-mode
plasma. The simulations are carried out at moderate grid resolutions, giving rise to some in-
accuracy away from the reference radius r/a = 0.6. Note that the effect of β is much stronger
in the core than in the edge. This simulation used toroidal modes n = 0, 5, . . . , 75, and the
signatures of the lowest-order electron resonances at q = 6/5, 7/5, 8/5, 9/5 are evident.

Implicit electrons

The gyrokinetic treatment of electrons is particularly problematic in simulations because of
the emergence of a host of numerical instabilities connected with the discretization of the
electron parallel motion:

∂h

∂t
+

v
‖
(θ)

qR0

∂

∂θ
(h − αφ) + · · · = 0 .

Here, α = ne/Te. Physically, the parallel motion gives rise to high-frequency electrostatic
Alfvén waves [8]. At β = 0, we have

ωH =
k
‖

kr

√

mi

me
Ωci .

The frequency of this mode increases indefinitely as me decreases, as also as kr decreases
– that is, as the radial box size grows. To overcome this severe and intrinsic simulation
difficulty, we treat the electron advection implicitly, and all other physics explicitly, to full
second-order accuracy using a so-called implicit-explicit Runge-Kutta (IMEX-RK) integrator
[9]. The scheme is:

• Asymptotic Preserving: the difference scheme is asymptotically correct in the stiff
limit (mi/me → ∞).

• Asymptotically Accurate: the explicit integrator retains its order for the limiting
differential-algebraic system in the stiff limit.
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• Strong-Stability-Preserving: we obtain an SSP-ERK (see, for example, [10]) scheme
in the stiff limit .

A remarkable feature of the IMEX-RK scheme is that the Poisson and Ampère equations
are coupled at finite timestep. In addition, when the timestep is much larger than the
electron bounce/transit time, the electron equations are exactly bounce-averaged (in the
electrostatic limit), and the ωH mode is eliminated.

Transport-timescale Simulations

To address the general problem of transport and associated profile stiffness, GYRO also has
an operational mode (still experimental) which can predict the self-consistent radial profiles
of density and temperature in a given discharge by balancing the computed turbulent power
flow with the experimentally-measured power flow. This is done using an iterative, transport-
timescale relaxation scheme and requires runs for times (cs/a)t � 1000 much longer than
traditional simulations. Because GYRO uses an Eulerian (fixed grid) discretization scheme
rather than the more common PIC approach, we are able to perform very-long-time sim-
ulations with no noise-related accuracy degradation, and moreover, no instability and/or
artificial secular or explosive growth of n = 0 modes [7].

This work is supported by the U.S. Department of Energy under Grant Nos. DE-FG03-
95ER54309 and the SciDAC Plasma Microturbulence Project.
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Structure formation and dynamical behavior of kinetic plasmas controlled by 
magnetic reconnection 
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1. Introduction 
Self-organization phenomena are often observed in a plasma in spite of its complex natures. 

There are four key factors to make the behavior of plasmas complex, i.e., 1) a hierarchy 
consisting of micro-scale physics through macro-scale physics, 2) non-linearity, 3) non-
equilibrium, and 4) openness. In this paper we investigate the role of these factors in the self-
organization in an open system, where energy inflow and outflow exist through the boundary. 
Especially, we focus on the physics of magnetic reconnection because it is a fundamental 
mechanism to control the structure formation process of magnetized plasmas in the complex 
open system.  

There are two key issues in considering magnetic reconnection. One is a local or 
microscopic issue. The excitation of magnetic reconnection needs a microscopic process, which 
leads to the generation of electric resistivity, such as wave-particle interaction, a binary collision, 
and so on. The other issue is a global or macroscopic issue. Magnetic reconnection results in 
global plasma transport and global change of field topology. It is impossible to solve the 
dynamical evolution of the whole system consisting from the microscopic process through 
macroscopic process by using only the first principle due to the limitation of computer power. 
Thus, the problem is how to solve both microscopic physics and macroscopic physics 
consistently and simultaneously,  

We propose two approaches to attack this problem. The first approach is to use an open 
model, in which the information of physics in the external (surrounding) system is introduced as 
a boundary condition, and only a local reconnection system is solved under a given boundary 
condition. Thus, there is an energy flow through the boundary in this approach. The second 
approach is to construct the model connecting the microscopic physics and macroscopic physics. 
Microscopic physics is solved by kinetic model, while macroscopic physics is solved by MHD 
model. In this approach, both models are coupled by taking in the information from each other 
and their dynamical evolutions are solved simultaneously. In this paper we discuss the numerical 
model and the simulation results in the first approach.  

 
2. Open boundary model 

A local reconnection system is solved by means of an explicit electromagnetic particle 
simulation. In order to study the dynamical evolution of the reconnection system mutually 
interacting with surroundings we have developed a new open boundary model, in which a free 
condition is used at the downstream boundary (x = ±xb) and an input condition is used at the 
upstream boundary (y = ±yb) [1,2,3]. The plasma inflows are symmetrically driven from two 
upstream boundaries by the external electric field imposed in the z direction. The amplitude of 
driving field Ezd(x,t) is set for zero at t=0, and increases with time while keeping  a bell-shaped 
profile near the center and a flat profile in the periphery for an initial short moment. After then a 
constant profile is kept with maximum flux input rate E0. The spatial size of initial bell-shaped 
profile xd, or input window size, controls the inflow pattern. 
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As an initial condition we adopt a one-dimensional equilibrium with the Harris-type anti-
parallel magnetic configuration. Two-dimensional and three-dimensional electromagnetic 
particle simulations are carried out in many cases with different simulation parameters.  The 
main parameters are as follows; mi/me=25~200, driving electric field E0=-0.02~-0.08, and initial 
scale height L= 0.8 yb . 

 
3. Dynamical behavior of collisionless reconnection 

We examine the relationship between the dynamical behavior of kinetic plasmas and openness 
of the system by carrying out several simulation runs with different values of  the input window 
size xd  and the flux input rate E0. As a result, it is found from two-dimensional particle 
simulation that there are two evolving regimes in the temporal behavior of collisionless 
reconnection, which is strongly dependent on the value of xd, but insensitive to the value of E0. 
The steady collisionless reconnection is realized when the input window size is small, while an 
intermittent regime appears as the window size increases. In the followings we discuss the 
simulation results in two typical cases, i.e., the narrow input case (E0=-0.04 B0, xd = 18 ρi, 
mi/me=25) and the wide input case (E0=-0.04 B0, xd = 36 ρi, mi/me=25). 

  

Time  
FIGURE 1. Spatiotemporal structure of off-plane electric field for the narrow input window. 

 
 First, let us consider the case of narrow input window (xd = 18 ρi) [1,2,3]. Figure 1 shows the 

perspective view of spatiotemporal structure of off-plane electric field Ez in the t-y plane where 
the reconnection point is located at the mid y-axis. After experiencing the initial transient phase, 
the system relaxes into a steady state in which the off-plane electric field becomes uniform in 
space and constant in time, and thus must be equal to the external driving field E0 at the upstream 
boundary. In other words, the reconnection rate is balanced with the flux input rate at the 
upstream boundary in the steady state. 

X

Y

 1.8100E+001  3.1000E+001  
 

FIGURE 2.  Contour plots of vector potential Az(x,y) at ωcet=755 for the wide input window. 
 
When the input window size xd increases twofold (xd=36 ρi) [1,2], the system reveals a quite 

different behavior from the narrow window case (xd=18 ρi). An elongated current sheet along the 
x-axis is created as a result of the plasma compression over a relatively long range in the wide 
window case. The length of the current sheet is roughly estimated as Lcs~10 ρi, which means that 
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the current sheet becomes unstable against a collisionless tearing instability. Magnetic islands are 
frequently created in the central region of the current sheet through the tearing instability, as is 
shown in Fig. 2. Consequently, the system never reaches the steady state with a single 
reconnection point and a constant reconnection rate in the wide window case. Furthermore, it is 
also found that the growth of magnetic islands is caused by the increase of electron current 
density through the electron trapping inside magnetic islands.  
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3. Structure formation of kinetic plasmas 

The dissipation region has a two-scale structure underlying the quite different characteristic 
scale lengths of electron and ion dynamics [4]. The ion motion decouples from the magnetic field 
due to the inertia effect within a region of |y| <c/ωpi, while the electrons remain frozen in the 
magnetic field until they enter a region of c/ωpe which is slight larger than an electron thermal 
scale [3]. Figure 3(a) shows the spatial profiles of current density for mi/me=200 (solid) and 
mi/me=25 (dashed) in the steady state, where E0=-0.04B0, xd=18 ρi. In case of mi/me=25, the 
current density profile has the same scale as the ion thermal scale, which is given by the average 
orbit amplitude of meandering ions in the vicinity of neutral sheet [4]. When the mass ratio 
increases to 200, a two-scale structure of the current density profile becomes visible, i.e., a large 
spatial structure in the ion thermal scale and a small spatial structure near the center in the 
electron inertia scale. Figure 3(b) displays the time evolution of the reconnection electric field in 
the case of E0=-0.04B0, xd=18 ρi and mi/me=200. It is interesting to note in this figure that the 
steady state is realized regardless of mass ratio if the window size is small (xd=18 ρi).  

FIGURE 3. (a) Spatial profile of current density in the steady state (left) an
reconnection electric field at the X-point (right) for the narrow input window. 

 
In three-dimensional case the spatial structure of current sheet is d
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splits high density region into two, and thus local island structures appear in the current sheet. 
The current density which is carried by the reconnection plasma flow is accumulated inside the 
islands. When the current density exceeds some critical value, a kink-like instability is triggered 
and island structures are destroyed finally, as shown in Fig. 4 

 
 

   
 

FIGURE 4. Perspective views of mass density profile at ωcet=248 (left) and ωcet=434 (right)  in three 
dimensions.  
 
4. Summary 

Structure formation and dynamical behavior of kinetic plasmas controlled by magnetic 
reconnection is investigated by using newly developed electromagnetic particle simulation codes 
[1,2,3]. Two-dimensional simulation in a long time scale reveals that there are two evolving 
regimes in the temporal behavior of current sheet structure, dependently on the spatial size of 
plasma inflow through the upstream boundary, i.e., a steady regime and an intermittent regime. 
The steady collisionless reconnection is realized in the case of small input window size, in which 
the reconnection rate is balanced with the flux input rate at the upstream boundary. As the 
window size increases, the system evolves toward the intermittent regime, in which magnetic 
islands are frequently generated in the current sheet. 

The current density profile has a two-scale structure underlying the quite different 
characteristic scale lengths of electron and ion dynamics, i.e., a large spatial structure in the ion 
thermal scale and a small spatial structure near the center in the electron inertia scale. The steady 
spatial structure is realized regardless of mass ratio if the window size is small (xd=18 ρi). In 
three-dimensional case the spatial structure of current sheet is dynamically modified by plasma 
instabilities excited through wave-particle interaction [1,7].  
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During magnetic reconnection, field lines in opposite directions cross link and form locally a 
magnetic cusp configuration. Especially in low collisional plasmas the reconnection process 
is observed on time scales much shorter than expected from theoretical considerations based 
upon resistive MHD models. 
The plasma dynamics in such a magnetic cusp configuration and the response to driven 
magnetic reconnection is investigated in the Versatile Toroidal Facility (VTF) experiment at 
the MIT Plasma Science and Fusion Center [1]. Three special features make the VTF 
experiment unique: (i) the plasma production stage is separate from the reconnection drive; 
(ii) the mean free path of the electrons is larger than the dimensions of the device; and (iii) 
the reconnection rate observed in VTF is three orders of magnitude larger than the classical 
value. The experimental observations of this experiment become therefore important to 
understand reconnection phenomena in low collisional plasmas in space and in magnetic 
fusion devices. 
 
The magnetic and electric fields throughout the poloidal cross-section are reconstructed 
experimentally during reconnection in VTF. The accurate characterization of these steady 
state profiles provides an excellent basis for detailed kinetic simulations of the reconnection 
process. With the known electric and magnetic fields Liouville’s equation is readily solved 
numerically providing the detailed phase space distribution function of the electrons. These 
distributions reveal non-Maxwellian features, which are fundamental in accounting for the 
momentum balance of the electrons in the vicinity of the X-line. Beside an introduction to the 
experimental geometry, here we describe these recent kinetic simulations of the reconnection 
process in VTF.  
 
The poloidal cross section of VTF is shown in Figure 1. The dashed lines represent contours 
of constant poloidal flux, which coincide with the poloidal projection of magnetic field lines. 
This magnetic cusp configuration is produced by poloidal field coils installed outside the 
stainless steel vacuum vessel. The solid lines represent contours of constant modulus of the 
poloidal magnetic field. Plasmas are produced by applying 2.45 GHz RF heating delivered 
by a 50 kW klystron amplifier via a ceramic window and a rectangular cross-section horn 
antenna. For the maximal operational cusp field (Full Cusp) the break down of the injected 
gas (normally Hydrogen of Argon at 10-5 Torr) occurs on the ECRH-ring shown in Figure 1. 
At this location the magnetic field strength is 87.5 mT and the electron cyclotron frequency is 
matched by the heating frequency. In addition to the cusp field, a toroidal field (0-200 mT) 
may be added using 18 toroidal field coils surrounding the vacuum vessel. Highly 
reproducible target plasmas are produced in pulsed operation lasting up to 100 ms. 
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Figure 1: Poloidal cross-section of VTF. The solid contour lines represent the poloidal 
magnetic field strength. The dashed contour lines correspond to constant levels of the 
poloidal magnetic flux, Ψ, which coincide with magnetic field lines. 
 
 
For the magnetic reconnection drive VTF is equipped with an ohmic coil system inducing 
toroidal electric field pulses (1ms) of 10 V/m in the center of the vacuum vessel. The E×B-
drift associated with this electric field and the poloidal magnetic fields brings two opposite 
lobes of plasma together at the X-line. During this reconnection process the time evolution of 
the magnetic flux over the plasma cross-section is measured by a radial magnetic probe 
array. This movable probe has 20 pick-up coils for each of the three spatial directions, 
providing a spatial resolution of 1 cm in the radial direction. Due to the reproducibility of the 
VTF plasma, the spatial resolution in the vertical direction can be made arbitrarily high by 
moving the probe in between plasma shots. The plasma currents are calculated through 
µ0j=∇×B, assuming toroidal symmetry. The dynamic response of the plasma current was 
described in Ref 2. After an initial oscillation in the current densities they reach a diamond 
shaped, steady state profile. The current densities are typically three orders of magnitude 
below the classical value (given by E/ηs). 
 
Direct measurements of the electrostatic potential are also conducted on VTF. An example of 
measured contours of the plasma potential is shown in Figure 2 left. The diagram shows the 
plasma potential obtained by subtracting profiles measured during periods with opposite sign 
of the induced electric field. The plasma frozen-in condition, E+v×B=0, is violated in areas 
where E•B is finite. Measuring both, E and B, we can evaluate E•B. We hereby identify the 
area of active reconnection (the so-called diffusion region). A surprising result is that the size 
of the diffusion region does not scale with the electron or the ion inertial skin depths, c/ωe,i. 
The size is also independent of the Larmor radii, ρi, ρe and  ρs.  
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Figure 2. Left: Change in plasma potential as a response to the induced reconnection electric 
field. Right: Example of an electron trajectory during reconnection. 
 
 
The mean free path between collisions for the electrons in VTF is in the order of 50 m. The 
thermal speed of the electrons is typically 106 m/s, so during a particle confinement 
time,τe~0.2 ms, the electrons execute hundreds of complete particle bounce orbits in the 
poloidal cross sections. It is therefore natural to seek the explanation for the observed plasma 
behavior in the properties of the particle orbits; in Ref 2 it was found that the width of the 
diffusion region scales with the drift orbit width of the electrons. An example of a 
characteristic electron orbit is in Figure 2 right. 
 
A more detailed picture of the mechanisms responsible for the low current densities (and 
hereby fast reconnection) is obtained by solving Liouville’s equations, df/dt=0, for the 
electron phase space density. This equation states that the distribution is constant along 
particle orbits through phase-space (x, v). Hence, we can equate the distribution f, for a point 
(x0, v0) in the reconnection region to an isotropic distribution in the ambient, f∞. This is done 
by following particle orbits back in time until they reach points in the ambient (x1, v1). It then 
follows that  

 f(x0,v0)=f∞(v1) ,   v1=|v1| .       (1) 

The electron distributions are therefore closely related to changes in kinetic energy that the 
particles undergo along their trajectories into the X-line region. Although simple, this scheme 
for obtaining the phase space distribution is normally not tractable. This is because the 
magnetic and electric fields must be known in order to solve for the particle trajectories. A 
massively parallel computer code was developed solving the electron guiding center 
trajectories in prescribed magnetic and electric fields profiles, which are consistent with the 
detailed measurements in VTF. As boundary conditions we assume that the vacuum vessel 
walls in the experiment reflect electrons (this is consistent with the relative long confinement 
time observed). Further, assuming that the electrons are Maxwellian outside the diffusion 
equation 1 provides detailed information on the velocity distribution of the electrons 
throughout the active reconnection region. 

18th International Conference on Numerical Simulation of Plasmas

23



 

  
 
Figure 3: Left: Contour of the electron velocity distribution for a location close to the X-line. 
The steps between the lines are 1 kA/m2. Steady state current density calculated from the first 
moment of the electron velocity distribution.   
 
 
Our preliminary results (see Figure 3 left) suggest good agreement between the numerical 
current profiles (provided by the moments of the velocity distribution) and the measured 
current profiles. As mentioned above, the theoretical distributions are non-Maxwellian within 
the diffusion region (Figure 3 right). Further investigations will concentrate on the details of 
the electron pressure tensor and its importance for the momentum balance of the electrons 
during driven reconnection.   
 
The outlined drift kinetic approach also appears to be relevant to the interpretation of resent 
satellite observations: The model predicts that effects due to trapped electron will cause the 
distribution of electrons to be anisotropic close to the X-line. The predicted anisotropy is in 
close agreement with observations by the Wind satellite in the Earth magnetotail [3]. The 
symmetry in the distribution function, imposed by the trapped electron motion, implies a 
high neoclassical resistivity consistent with the high rates of reconnection observed. We 
present calculated electron distribution functions and compare our theoretical results with the 
Wind observations. 
  
[1] Egedal J, et al., (2000) Rev. Sci. Instrum. 71, 3351. 
[2]  Egedal J, Fasoli A and Nazemi J, (2003) Phys. Rev. Lett. 90, 135003. 
[3]  Øieroset M,et al.,  (2002) Phys. Rev. Lett. 89, 195001. 
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Free-boundary Magnetohydrodynamic Simulations 
of  DIII-D Tokamak Plasmas with NIMROD

S.E. Kruger and D.D. Schnack1

1.Science Applications International Corp., San Diego, CA

Linear ideal magnetohydrodynamic codes have long been used to predict the operating
limits of tokamak experiments. As accurate equilibrium reconstructions have become
available, the ability to compare the spatial structure of the linear eigenfunctions with
diagnostic measurements for ideal modes [1] and to compare with analytic predictions of
the time behavior of the mode onset [2] has become possible for a certain number of
discharges. A successful example of this comparison is the analysis of the disruption
event which occurred in DIII-D shot #87009 where a faster-than-exponential mode
growth was observed as the plasma was heated past the marginal stability point.[2]
Although successful in prediciting the onset and mode structure, many features of the
disruption event remain unknown, especially the deposition mechanisms of the internal
energy. In the present work, initial-value, nonlinear simulations of DIII-D shot #87009
are performed with the NIMROD code. The simulations include the region beyond the
separatrix to provide an opportunity to do unprecedented theoretical-experimental
comparisons. Starting with an equilibrium that is submarginal to the ideal mode, a
heating source is applied to heat it above the marginal threshold. As predicted by the
analytic theory, the mode grows faster than exponential on a time scale that is hybrid
between the heating time scale and an ideal MHD time scale. Unlike conventional
wisdom which held that the energy loss occurs as the plasma kinks and strikes the wall,
these simulation suggest that energy loss occurs as the plasma becomes nonlinear, and
forced reconnection causes the magnetic field to become stochastic. Because the field is
especially susceptible to stochasicization near the X-points, rapid heat loss from
anistotropic thermal conduction deposits energy primarily to the divertor region. The
heat fluxes from thermal conduction alone are too high for material walls and divertors.
A simple model for radiative losses due to impurities is introduced to provide a separate
loss mechanism. Accurate modeling of disruption events will require an active
collaboration between the MHD and edge subfields.

[1]  A.D. Turnbull et.al. In the Proceeding of the 18th Fusion Energy Conference, IAEA,
Sorrento, Italy (2000)

[2]  J.D. Callen et.al., Phys. Plas. 6, 2963 (1999)
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MHD Simulations with Resistive Wall and
Magnetic Separatrix

H.R. Strauss
New York University, New York, New York
A. Pletzer, W. Park, S. Jardin, J. Breslau

Princeton University Plasma Physics Laboratory, Princeton, New Jersey
L. Sugiyama

MIT

Preliminary work is presented on resistive wall halo current simulations in ITER.
The first step is the study of VDE (vertical displacement event) instabilities. The
growth rate is consistent with scaling inversely proportional to the resistive wall pene-
tration time. The simulations have self consistent resistivity proportional to the −3/2
power of the temperature. Simulations have been done with temperature contrast be-
tween the plasma core and wall of 100, to model the halo region between the core and
resistive shell. Some 3D simulations are shown of disruptions competing with VDEs.

The M3D (Multi-level 3D) project [1] carries out simulation studies of plasmas
using multiple levels of physics, geometry, and grid models. In the present study is
done with a resistive MHD model. M3D combines a two dimensional unstructured
mesh with finite element discretization in poloidal planes [2], with a pseudo spectral
representation in the toroidal direction. An unstructured mesh similar to that used in
the calculations is shown in Fig.1(a). The part of the mesh adjacent to the outer wall
(the ITER first wall) was made using the ellipt2d package, which incorporates the
Triangle mesh generation code. A capability has been developed to use EQDSK files
to both generate the mesh and initialize the plasma variables. The computational
domain includes the magnetic separatrix.

The code includes a temperature equation, with thermal conduction along the
magnetic field modelled by the artificial sound method. The resistivity is proportional
to T−3/2, where T is the temperature. The halo region between the plasma core and
the wall is modelled as a cold resistive plasma. Simulations have been done with core
temperature 100 times the halo temperature, for a resistivity contrast of 1000.

The M3D code includes resistive wall boundary conditions, which match the so-
lution inside the resistive wall to the exterior vacuum solution. The exterior problem
is solved with a Green’s function method, using A. Pletzer’s GRIN code [3].

The plasma is bounded by a thin resistive wall. Surrounding this is an outer
vacuum region, which can contain external current sources.

Represent the vacuum field as

Bv = ∇ψv ×∇φ +∇λ + I0∇φ (1)

where I0 is a constant which is equal to the constant part of I in the plasma and ψv is
a function only of R,Z but not φ, i.e. only the n = 0 toroidal harmonic is included.
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To satisfy ∇ ·Bv = 0,
∇2λ = 0 (2)

On the resistive wall boundary, integrating ∇ ·B across the thin shell gives

n̂ · [[B]] = 0

where the double bracket indicates a jump across the thin wall, and n̂ is the outward
normal from the plasma. These boundary conditions determine the vacuum field.

The vacuum field is solved by the GRIN code. For an axially symmetric wall, the
vacuum field is first Fourier expanded:

λ =
N∑

n=1

λn exp inφ

From Green’s identity one has an integral equation relating ∂ψv/∂n to given ψv,
and λn to given ∂λn/∂n on the boundary contour. When discretized, these integral
equations become matrix equations relating the values of ψv and ∂ψv/∂n, and λn and
∂λn/∂n at the discrete mesh points of the boundary. For ψv, this is

(
∂ψv

∂n
)i =

∑

j

K0
ijψvj + Si, (3)

where K0
ij is a matrix that can be precomputed given the set of boundary points. The

source term S in (3) can be obtained from the applied external currents, or else using
the “virtual casing” method. In this method we first perform an ideal equilibrium
calculation, with ψ = 0 on the boundary. Equating ∂ψv/∂n = ∂ψp/∂n, the source
term required for equilibrium is found from

S =
∂ψp

∂n

where the right side is obtained from the ideal equilibrium. An equilibrium, with
“virtual casing” source terms in the boundary conditions, is shown in Fig.2(a).

The magnetic field components in the plasma have to be matched using resistive
evolution at the inner boundary, which is a thin resistive shell of thickness δ and
resistivity ηw. Ohm’s Law at the resistive wall is

∂A

∂t
= ∇Φ +

ηw

δ
n̂× [[B]].

The VDE instability growth rate is inversely proportional to the wall resistive
penetration time, or ηw. This scaling is consistent with simulations, as will be shown
below. To get the scaling it seems necessary to be in a regime in which the core
resistive decay time τcore is longer than the wall penetration time τw, which in turn
is longer than the halo resistive decay time τhalo,

τcore > τw > τhalo.
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Here τcore = SτA, and τhalo = (Thalo/Tcore)
3/2τcore, where τA = R/vA is the Alfvén

time, R is the major radius, vA is the Alfvén velocity, S = a2vA/(ηR) = 104 in the
simulations, where a is the geometric half width in the midplane, and S is the initial
value at the magnetic axis. In the following, Thalo = 10−2Tcore, where Thalo and Tcore

are halo and core temperatures, and τw = δw/ηwSτA.
For over two orders of magnitude variation in ηw/δw, the growth rate of the VDE

scales as
γ = 4.0ηw/δw.

The growth rate γ as a function of ηw/δw is shown in Fig.1(b).
The nonlinear stage of the VDE is shown in Fig.2 at time t = 103τA. The poloidal

flux ψ is shown in Fig.2(a) at the initial time and later in Fig.2(b), as the flux is
pulled into the divertor by the VDE.

In three dimensional simulations, disruptions can occur. In one scenario, a disrup-
tion causes a thermal quench, which in turn causes a current quench. When a kink
instability is sufficiently nonlinear, toroidal coupling to other modes causes a disrup-
tion. The plasma cools because of transport along stochastic field lines. This raises
the resistivity and dissipates the current. This is acompanied by a VDE. The goal
of the three dimensional simulations is to calculate the halo current or the poloidal
current flowing into the wall. The toroidal asymmetry, or toroidal peaking factor, of
the halo current causes mechanical stress on the containment vessel and toroidal field
coils. The toroidal peaking factor almost reaches 3, but most of the time oscillates
around 2.

1. PARK, W., BELOVA, E.V., FU, G.Y., TANG, X.Z., STRAUSS, H.R., SUGIYAMA,
L.E., “Plasma Simulation Studies using Multilevel Physics Models” Phys. Plas-
mas 6 1796 (1999).

2. STRAUSS, H.R. and LONGCOPE, W., An Adaptive Finite Element Method
for Magnetohydrodynamics, J. Comput. Phys. 147, 318 - 336 (1998).

3. http://w3.pppl.gov/rib/repositories/NTCC/catalog/Asset/grin.html
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Figure 1: (a) Mesh in poloidal plane (b)Growth rate of VDEs vs. ηw/δw

(a) (b)

Figure 2: (a) Poloidal Flux at t = 0 (b) Poloidal Flux at t = 103tA
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 GENERALIZED BOLTZMANN PHYSICAL KINETICS AND ITS 
APPLICATIONS IN RAREFIED IONIZED GAS DYNAMICS  

B.V. Alexeev,  
Lomonosov Academy of Fine Chemical Technology, Moscow 119571, Russia 

 
In 1872 L Boltzmann published his famous kinetic equation for the one-

particle distribution function f (r, v, t). He expressed the equation in the form  

),f(J
Dt
Df st=  where stJ  is the collision (‘stoß’) integral, and  is the substantial 

(particle) derivative,  and r  being the velocity and radius vector of the particle, 
respectively. Where is the weak point of the Boltzmann kinetic theory? 

v

 The classical Boltzmann equation [1] is only valid on characteristic scales 
associated with the hydrodynamic time of flow and mean time between particle 
collisions. I have established (see, for example, [2-7]) that the inclusion of the third 
possible scale, colτ , the time of particle collision, leads to the appearance of additional 
terms in the Boltzmann equation, which, generally speaking, are of the same order as 
the other terms in the Boltzmann equation. The generalized Boltzmann equation 
(GBE) for multycomponent mixture of reacting gases can be written in the form 

                   

r,stel,st JJ
Dt

Df
Dt
D

Dt
Df

αα
α

α
α τ +=






− , µα ,...,1= ,     (1) 

where - one particle distribution function (defined by the position of the 
center of mass of the particle in the phase space) for α- species; 

( t,,f αα vr )
ατ  – mean time 

between collisions for α- particles;  – Boltzmann collisions integrals for 
elastic and non-elastic collisions, D/Dt – substance derivative,  

rstetst JJ ,, , αα

                                 
α

αα v
F

r
v

∂
∂

⋅+
∂
∂

⋅+
∂
∂

≡
tDt

D
                                  (2) 

containing, generally speaking, the self-consistent forces. It can be shown, that all 
known methods of the kinetic equation’s derivation lead to GBE [3]. In 1987 Eq. (1) 
was derived by the method of many scales. But to Eq. (1) lead the iterative methods of 
the kinetic equation derivation, the difference schemes in the theory of the Boltzmann 
equation , the theory of correlation functions. In the theory of correlation functions the 

term 







Dt
D

Dt
D

ατ  corresponds to the differential approximation of the time-delay non-

local collision integral. It is shown that in the theory of fully ionized gases ατ  is 
mean time of the short distance collisions and F  is the self-consistent force for α α  - 
component. In the kinetic theory of liquids τ corresponds the mean time of particle 
residence in the Frenkel cell. The through approximation for τ  in rarefied neutral gas, 
plasma and liquid is delivered. 

The derived GBE naturally leads, to some or other extent, to a variation of the 
results in the sphere of traditional applications of the Boltzmann equation and to new 
hydrodynamic theory, which follows from the kinetic theory [2-7]. The theoretical 
results based on GBE are in the significantly more coincidence with the experiments 
than classical ones.  
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I indicate the directions of investigations, which were realized in the recent years 
on the basement of GBE: 
1. The general problems of the kinetic theory (see for example papers [2-7,8,9] and 

books [13,23-25]). 
2. The generalized hydrodynamic equations including the strict theory of turbulence  
      (see, for example, papers, [5,15-17,21], books [13,24,25]). 
3. Acoustics (see for example [13,26]). 
4. Gas dynamics including the theory of shock waves (see for example [5,13,27]). 
5. Transport processes in semiconductors (see for example, [19]) 
6. Plasma physics (see [7,18,20,22,24,25]). 
7. Physics of partly ionized gas, [10-13]. 
8. Kinetic theory of liquids (see for example papers [13-16]). 
 The effectiveness of the generalized Boltzmann kinetic theory can be 
demonstrated in the theory of Landau damping [28,29] in plasma physics. Using the 
Landau formulation of the problem of the damping of electric field’s perturbation in 
plasma the asymptotic solution of GBE is found. It is shown that obtained solution is 
in good coincidence with results of physical experiments [30,31] and data of the direct 
mathematical simulation [32]. The principal differences with Landau solution are 
discovered. The scales of these differences are demonstrated in the following Table1. 
The Table contains the result of mathematical experiments [32], corresponding the 
experiments from 1-1 until 1-4. The following notations are used in the left column: 

D

p

mr
e

EE
2
0

00
τ

=
)

 - dimensionless wave amplitude of electric field; p0τ  - the period of 

plasma oscillations; N/N∆  - number of electrons caught by wave; γ - decrement of 
damping found in the mathematical experiments; 1ωγ ′′−=A  - decrement of damping 
found as asymptotic solution of GBE and calculated with the help of the first 
decrement from the discrete spectrum of the GBE solutions [7,18,22]; ,  - 
wave number, Debye radius and phase velocity, correspondingly. Decrement of 
damping 

dr,k0 φv

LL ωγ ′′−=  is found from the modified Landau formula [33]. There is the 
very significant divergence between decrements A,γγ  and Lγ  in the long wave’s 
limit, where 10 <<Drk . 

Notice that the application of the above principles also leads to the 
modification of the system of Maxwell equations. While the traditional formulation of 
this system does not involve the continuity equation, its derivation explicitly employs 
the equation 

                                                        0=⋅
∂
∂

+
∂
∂ a

a

t
j

r
ρ

, 

where  is the charge per unit volume, and  is a the current density, both 
calculated without accounting for the fluctuations. As a result, the system of Maxwell 
equations written in the standard notation, namely 

aρ aj

        0=⋅
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contains , . Fluctuations ,  calculated using the 
GBE are given, for example, in Ref. [3]. 

fla ρρρ −= fla jjj −= flρ flj
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Table 1. Comparison of mathematical experiments with results of analytical 
calculations of Landau damping. 

 
N I-1 I-2 I-3 I-4 

m
Tk/v B

φ  
2.46 2.95 4.2 6.9 

dr/0λ  11 15 24 42 

drk0  0.57 0.42 0.26 0.15 
2

0 )rk( d  11033 −⋅.  11071 −⋅.  21086 −⋅.  21022 −⋅.  

0Ê  1-60 11-60 26-70 70-170 

m
Tk/

m
e B0ϕ  

0.2-1.6 0.8-1.9 1.6-2.6 3.5-5.4 

φ
ϕ v/
m

e 0  
80108 2 .−⋅ −

 
650280 .. −  620380 .. −  78050 .. −  

Tk/e B0ϕ  72104 2 .−⋅ −

 
6370 .. −  8652 .. −  528911 .. −  

,%N/N∆  0-20 1-13 1-7 1-11 

peL /ωγ  320.  170.  3103 −⋅  810−  

pe/ωγ  0.32-1 0.17-0.96 0.03-0.4 0.03-0.65 

peA /ωγ  0.522 0.4 0.247 0.143 

L/ γγ  4301 .. −  6501 .. −  605 −  86 1010 −~  
 

The generalized Boltzmann equation in particular and the generalized 
Boltzmann kinetic theory on the whole, are really “working” theoretical instrument 
for solving of applied problems. First of all the following problems can be indicated: 
1. Calculations of turbulent (also ionized) flows (with taking into account the 
explicit form of micro turbulent fluctuations) from the first principles of physics. 
2. Calculations of flows for the intermediate Knudsen numbers and as the 
consequence, the “through” calculations of gas dynamics flows including the structure 
of shock waves. 
3. Calculations of flows in plasma devices and gas discharge devices where the 
particle collisions are significant. 
4. Investigation of transport processes in ionosphere. 
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Numerical Simulation of electron-ion collisions in UHI plasmas 
A.A. Balakin, G.M. Fraiman 

Institute of Applied Physics RAS, Nizhny Novgorod, Russia 
 

The problem of pair electron-ion collisions in strong electromagnetic fields is under 
consideration already for 40 years [1] that demonstrates in itself it's importance and 
fundamental character. Lately this problem becomes especially actual in connection with 
development of powerful lasers with densities of energy until 1018-21 W/cm2 corresponding to 
ultra-relativistic oscillatory energies of electrons. Some new physical phenomena arising at 
interaction of such energies with ordinary and cluster plasmas and possible application (from 
ICF till transformation of the optical radiation to X-ray) of these powerful lasers themselves 
turn the problem of pair collisions in plasmas from pure academic to applied one. 

Presently there are sufficient number of theoretical models of electron-ion collisions in 
strong electromagnetic fields. All these models use the approximation of pair collisions, i.e. 
the probability of simultaneous collision of three particles is negligible. As a consequence all 
characteristics of the collision integral for one-particle distribution function may be found 
from the solution of the problem of non-interacting (test) electrons beam scattering on the 
only ion [2]. 

So what effects may be omitted in models [2-7] developed before? To answer this 
question let us consider the traditional description of the collision. Note that in absence of the 
Coulomb field of the ion the particle movement is a superposition of oscillations in the filed 
of EM wave with oscillatory velocity 0/oscv eE m= ω  ( 0ω and E are correspondingly frequency 

and amplitude of EM wave field) and drift with constant drift velocity v. In all models 
mentioned above the drift is supposed to be a straight line and just fulfills the “delivery”  of 
particles to the interaction region and then the collision of the particle with the ion takes place 
by itself. Different models describe the collision with different accuracy: with [6] or without 
[2-4] account of close collisions with scattering on large angles, by means of quantum 
mechanics [7] or in frames of classical dynamics. Since particles are considered like 
homogeneously distributed in space before the collision, the contribution of particles 
scattering on large angles is small. Indeed, it is known from the Rutherford problem that from 
all particles with initial velocity v only those particles is scattering on large angles that passed 
the ion on the distance lesser than Rutherford radius 2 2/vb e Z mv= . Since in strong fields the 

scattering is supposed to happen with oscillatory velocity oscv v�  and corresponding 

Rutherford radius 2 2/osc oscb e Z mv=  is small, the contribution of scattering on large angles is 

negligible also. It is considered that after collision the particle leaves interaction region. 

v

θ

ρ

x

z

E cos ωt

-

 

Figure 1. Typical electron trajectory 
(solid line), drift trajectory (dashed line) 
and parameters of the electron being 
scattered v is velocity, ρ is the impact 
parameter, θ is the angle between the 
velocity and field E). Dotted line 
represents the drift trajectory in 
“ rectilinear”  approximation. 

 

Numerical simulation demonstrates the different dynamics of the particle scattering. 
Figure 1 with drift trajectory of electron shows it. In strong fields due to large radius of 

oscillations 2
0/osc oscr eE m b= ω �  (or 4 / 1osc oscb rΩ = � ) the particle comes repeatedly back 
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to the ion and participates in many distant (some times they may be called “soft”) collisions 
during the scattering. The drift energy of the particle is practically constant at this but the drift 
trajectory1 is bending sufficiently. As a result before the last (“hard”) impact changing 
actually the particle energy electrons happen to be sufficiently more close to the ion than at 
rectilinear drift movement. As a consequence variation of the energy of particles being 
initially far from the ion increases seriously at scattering and many other new effects appear. 

So the correlativity of electron-ion collisions is the basic cause of difference between 
results of models developed previously and numerical simulation results. The term 
“correlativity” means the influence of previous collisions with the same ion on the following 
ones. This phenomena is a consequence of the accurate description of electron movement 
during it's scattering on the ion. The peculiarity here is in smallness of the collision time in 
comparison with the field period and duration of the whole scattering process. Therefore there 
is a temptation to consider every collision like independent one during the field period and 
then to summarize influence of every of them. Nevertheless in reality every following 
collision in attracting potential is stronger than previous one. As a result effects of scattering 
increase themselves sufficiently. Simple estimation shows that correct account of even two 
last consecutive collisions leads to sufficient increase of the energy change, bremsstrahlung 
and so on in comparison with two independent collisions. 

Recently the similar results of increasing the plasma heating in strong laser fields in 
comparison with traditional model was obtained in [8]. 

Regretfully numerical simulation of electron-ion collisions in strong fields has some 
difficulties. The first one shows itself in simulation by “particles in cells” method (PIC codes) 
and connected with limitation of present computers: they can calculate only finite (of the 
order of several tens) number of particles in one cell2. In strong fields or fields with low 
frequency electron oscillations radius becomes larger than the distance between particles. This 
leads to the necessity to take into account either very large number of particle in cell (that is 
unreal for present computers) or to “cut” numerically the movement of electron on “pieces” at 
the crossing of the cell boundary. The problem consists in that for such “cutted” trajectory 
“numerical” electron absolutely loses all information about the change of parameters at the 
movement in previous cell. At the same time the real electron due to continuity of trajectory 
keeps information about the scattering on previous oscillation and can collect variation of the 
impact parameter (at rather small drift velocity) for qualitative change of it's dynamics. So 
there is a question how strong this variation of dynamics? It happens that this variation is 
sufficient and it means inauthenticity of description of collisions in plasmas in strong fields by 
all present PIC codes. Note that method of test particles is free of such shortcoming. We 
calculate here continuous trajectory of the test electron at scattering so there is no casual 
distortions to the particle trajectory due to crossing of artificial cell boundaries. 

The second problem consists in difficulty of the correct description of the particle 
movement in the vicinity of the ion and of their scattering on large angles. Indeed traditional 
movement equations in the form of Newton equations have peculiarity in the ion location. At 

the approaching to the ion the electron velocity increases like 1/ r → ∞  for 0r → that 
makes numerical simulation of this region is rather difficult. More over, characteristic time of 
velocity variation and consequently the maximum step is proportional to 3/2 0r →  that may 
be much smaller than the pumping field period. In case of low frequency of the pumping field 

1Ω�  the ratio of the time of single impact 3Ω�  to the full duration of scattering 
                                                 

1 The drift trajectory is a result of reduction of the particle oscillations from  it's trajectory in laboratory 
coordinates system. 

2 The cell is artificially (by the programmer wish) selected piece of space, the movement of particles inside 
which is calculated correctly, while the contribution of particles outside the cell is accounted by the method of 
medium field. 
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2/ 1/oscr v vΩ�  decreases very rapidly (like 5Ω ) with the frequency Ω  decreasing! The last 

circumstance forces the program to decrease the temporal step by the program (that leads to 
very long calculation) or to make mistakes at the calculation of electron passing near the ion 
that in its turn leads to sufficient casual errors in final results. Note, that the majority of 
present PIC codes ignores this problem absolutely supposing that tha dole of particles being 
scattered on large angles is small and may be neglected. Results presented in this work 
demonstrates contrary: contribution of particles being scattered on large angles becomes 
noticeable in strong fields. 

Analogous results have been demonstrated in [8] there comparison of energy change value 
in dependence of size of the ion “smoothing” has been fulfilled. They showed that even 
negligible numerical “smoothing” of the ion on sizes more than oscb  leads to sufficient 

decrease of the energy change. In this connection it is interesting to consider the work [10] as 
an example of incorrect treatment of results of erroneous numerical scheme. 

For the last problem removal one can use the scheme of regularization at numerical 
integration of equations of movement. It consists in introduction of fictitious time s connected 
with real time t by the differential relation 

/ ( ),        ( ) 0ds dt f r f r= >  
The choice of the function f(R) is arbitrary. Though, for the comfort of numerical 

integration one can demand the execution of the next conditions. At first, the fictitious time 
should coincide with real one in infinity in weakly changed by the Coulomb potential region: 
lim ( ) 1
r

f r
→∞

= . Second, the obvious peculiarity in movement equation should be removed: 

2

0
lim ( ) / 1
r

f r r Const
→

= = . The constant value has been selected equal to unity in order that all 

forces amplitudes in right parts of movement equations to be of the same order. And at last 
the function f(R) should be “simple” for maximally fast numerical calculation. In other words, 
it is desirable to use polynomial or rational function. 

The simplest function satisfying to all these conditions is rational function of the view: 
2 2( ) /(1 )f r r r= + . 

Movement equations at this may be written in the form: 
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2 2
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p r E  

So, the introduction of the fictions time s allows excluding the obvious peculiarity in 
movement equations. The price of this is the increase of the dimension of equations system: a 
new independent variable s and equation for it appeared. 

The sense of the time s introduction consists in that the system of equations fulfills the 
“selection” of the real time t step self-dependently at the movement along the trajectory. Far 
from the ion (r → ∞ ) time runs normally. Closer to ion the time “slowes down”. This 
corresponds to automatic fragmentation of the real time t near the Coulomb peculiarity during 
the numerical integration with constant temporal step s. Such scheme allows to calculate 
variation of the particle impulse at collision with more accurate and for short time. 

But even after introduction of regularization numerical simulation in rather strong field is 
limited by dynamics peculiarities. Really, it is necessary to calculate large number of 
trajectories. In force of stochastic particles dynamics and as a consequence of high jagged3 

                                                 
3 The jagged character of functions is connected with the possibility for particle to get sufficient energy change 

2 21/oscw mv∆ = Ω�  in comparison with its own energy. This means that small part of particles ( 2Ω� ) changing 
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character of dependencies of the energy change, radiation etc. from initial coordinates 0r  one 

have to calculate for every point {p0, Ω} a sufficient number of trajectories: 

( ) ( )2

4 4

50
max 20,

min ,
trajN

v
−Ω

Ω
�  

In some calculations (with Ω=0.1 which correspond to laser intensity 1017 W/cm2) this 
number reaches value 108. 

Another limiting factor is the computational time of the single trajectory. It becomes 
especially actual for small electron velocities or pumping field with large frequency. 
Computational time (number of steps at solution of movement equation) may be estimated by 
the formula: 

2 2

3 4 2
max , ,step pass

v
N t

v v

Ω � �Ω = � �Ω Ω	 

� , 

there the initial distance has to been selected like exceeding all characteristic scales of the 
problem. 

So the difficulty of the numerical problem solution Ntraj×Npass increases catastrophically 
rapidly like a value proportional to 1/Ω in the seventh power with the decrease of parameter 
Ω! It is this circumstance the limitation of calculation region is connected with. In our works 
[9] and [8] calculations at small Ω (Ω < 0.1) are practically absent. 

This work was supported by the RFBR Project Number 02-02-17275 and by the grant of 
President of Russian Federation project number MK-1193.2003.02. 

 
References 

[1] D. Marcuse Bell. Syst. Tech. J., 41, 1557 (1962); P. B. Corkum, M. H. Burnett, 
M. Y. Ivanov Opt. Lett., 19, 1 (1994); S.-Y. Chen, A. Maksimchuk, D. Umstadter Phys. 
Rev. Lett., 84, 5528 (2000); G. L. Yudin, M. Y. Ivanov Phys. Rev. A, 63, 033404 (2001). 

[2] V. P. Silin, Zh. Éksp. Teor. Fiz. 114, 864 (1998) [JETP 87, 468 (1998)]. 
[3] J. Dawson, C. Oberman Phys. Fluids, 5, 517 (1962). 
[4] V. P. Silin, Zh. Éksp. Teor. Fiz. 114, 864 (1998) [JETP 87, 468 (1998)]. 
[5] M. H. Mittleman, Introduction to the Theory of Laser-Atom Interactions (Plenum, New 

York, 1993). 
[6] N. M. Kroll, K. M. Watson Phys. Rev. A, 8, 804 (1973). 
[7] F. V. Bunkin, A. E. Kazakov, and M. V. Fedorov, Usp. Fiz. Nauk 107, 559 (1972) [Sov. 

Phys. Usp. 15, 416 (1972)]; G. J. Pert} Phys. Rev. E, 51, 4778 (1995). 
[8] A. Brantov, W. Rozmus et al. Enhanced inverse bremsstrahlung rates in a strong laser 

field, Plasma Physics, in print (2003); O.V. Batishchev, 30th EPS Conference on Contr. 
Fusion and Plasma Phys., St. Petersburg, 7-11 July 2003, ECA Vol. 27A, P-3.72 

[9] G.M. Fraiman, V.A. Mironov, A.A. Balakin Phys. Rev. Lett., 82, 319 (1999); G. M. 
Fraiman, V. A. Mironov, and A. A. Balakin, Zh. Éksp. Teor. Fiz. 115, 463 (1999) [JETP 
88, 254 (1999)]; G.M. Fraiman, V.A. Mironov, A.A. Balakin Phys. of plasma, 8, 2502 
(2001); A. A. Balakin and G. M. Fraiman, Zh. Éksp. Teor. Fiz. 120, 797 (2001) [JETP 
93, 695 (2001)]. 

[10] S. A. Maiorov Fizika Plazmy, 27, 311, (2001) [Plasma Physics Reports, 27, 293, 
(2001)]. 

                                                                                                                                                         
the energy till 2

oscmv  gives noticeable contribution to the whole particles energy variation. For correct calculation 

of scattering characteristics it is necessary to take into account a small dole of such particles also. 
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Introduction 
Experimental results from the tabletop lasers with ultra short pulse durations and relativistic 
intensities have prompted theoretical investigation of laser-cluster interaction phenomena. 
Studies of electron scattering over ions in an oscillatory electromagnetic field have shown that 
standard assumptions of small angle collisions and phase independent orbits are incorrect for 
electron trajectories with drift velocities smaller than quiver velocity amplitude. Through 
correlated collisions, electrons are brought back to the same ion by the oscillatory field [1] and 
this leads to large angle, head-on scattering processes. As a result, one observes significant gain 
in electron energies and the inverse Bremsstrahlung heating rate in strong laser fields. Beyond 
simple particle studies, molecular-dynamics simulations of the electron-ion scattering in the 
presence of a high frequency electric field have been performed. For the MD calculations a fast 
treecode algorithm for N-body problems [4] was employed. A separate study includes the 
simulation of ultra-strong laser field interaction with Coulomb clusters [3, 6, 7]. We investigate 
the peculiarities in the cluster Coulomb explosion dynamics and anomalous laser energy 
absorption due to correlated collisions [1, 8]. We extend our previous work [9] by simulating two 
closely placed medium size deuterium and high-Z Coulomb clusters interaction in a strong field.   
 
Classical Coulomb clusters  
Time evolution of a system of N electrostatically interacting electrons and ions in oscillating 
electric field is described by the following set of 6N Newtonian equations that govern the motion 
of each individual δ-shaped particle: 
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Dimensionless equations 
Let us consider heating of the electron-ion plasma of initial density 0n  and temperature 0T  by a 
laser beam of frequency Eω  and quiver velocity amplitude EEE meE ϖ= /v . Therefore, one can 
choose the following “natural” units from which the rest of the units can be derived: electron 
mass m=]M[ , proton charge, e=]q[ , distance 0

2 /]x[ kTe=  at which electron Coulomb 

potential energy equals the average thermal energy, electron thermal velocity mkT /V[v] 0
0
T ≡= . 

By introducing two more dimensionless parameters 0/v TE V=α  and ][tEωβ = , one obtains the 
following system of Newtonian equations in dimensionless form (phase is zero): 
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where Z is the charge number. In order give insight into the typical values for the dimensionless 
parameters, we suppose that the initial plasma has density 318

0 10 −= cmn (gas), temperature 
eVT 1000 = (post-ionized), and the laser frequency is sec/102 15radE ×= πω . The corresponding 

length and time scales happen to be cm91044.1]x[ −×≈  and sec1043.3]t[ 18−×≈ , respectively; 
31043.32 −××≈ πβ  and 11.0 −≈α 0. We now introduce a few additional dimensionless scales 

that can affect our simulations: ratios of initial mean electron-electron separation to Debye and 
de Broglie lengths to unity. These scales are 700]x[/1 3/1

0 ≈= nγ , 3105]x/[ ×≈=∆ Dλ  
and 5.8]x[p/h ≈=δ . Number of electrons per Debye sphere is about 3102×≈DN , and 
therefore, plasma remains ideal. The dimensionless electron plasma period is 5.1γπ=peT . 
Another typical example [6, 7] sets the following: deuterium cluster density 322103 −×≈ cmnC , 
radius Α≈ 25Cr , laser wavelength, Α≈ 7800Eλ , eVT 1000 = , 600≈CN atoms per cluster, 

22≈γ , and 022.0≈β . Our units are different from those used in test particle analysis [1]. 
Single Coulomb cluster simulation with tree-code 
The most expensive step in the Lagrangian particle simulation is the computation of force on 
each particle. The direct calculation is extremely time consuming for large systems of practical 
interest. Tree-code algorithm represents an O(NlogN) alternative in which particles are grouped 
into a hierarchy of nested clusters and particle-cluster interactions are evaluated using Cartesian 
multi-pole approximation. The necessary Taylor coefficients are evaluated using a recurrence 
relation [4]. The influence of a tree-cluster on a given particle is computed with particle-cluster 
interaction only when a tolerance condition is satisfied. The outer loops for target particle force 
and potential energy evaluation are parallelized using MPI library [5].  
Our first tree-code runs have confirmed previous findings for test particles [1] and for periodic 
MD system [2]: the statistical importance of close trajectories, and departure from classical 

1−∝ α  heating rate for large laser intensities 1>>α . Main focus was shifted to medium size 
5000300 −≈CN  deuterium (Z=1, A=2), and iron (Z=26, A=56) cluster dynamics in the strong 

field 2010 −≈α  with fixed eVT 1000 =  and 1.0=β . It was also assumed that pre-pulse 
completely ionized atoms, thus instantaneously formed a Coulomb cluster with K506.0 −≈  
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individual particles. The total duration of pulse was 630≈T , comprising exactly 10 wave 
periods, which is marginally sufficient for high magnitude wave to strip most of the electrons 
and for ion core to undergo the Coulomb explosion. The dependence of electron and ion 
temperatures on α  for 365≈CN  and 1021≈CN  is summarized in Fig.1a and 1b, respectively. 
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As one can see there is an optimal laser intensity 7≈OPTα , which optimizes the electron 
temperature. The electron distribution is non-isotropic: eeX TT > . Ion temperate is always smaller 
than electron temperature, which indicates week ion core expansion. This picture changes 
dramatically when the same size iron cluster is illuminated. Both final ion and electron 
temperature dependencies onα  are shown in Fig. 1c. Ion temperature may easily reach 

KeVT 10010 0
3 ≈  at high intensities. Because of much larger Z, the plasma heating is more 

effective, but not ~Z2 as one would expect. Other peculiarities of the heating mechanism can be 
seen from Figs. 2, in which we present evolution of temperatures for 1=α , 10=α , 20=α , 
respectively. Clearly, for larger amplitudes plasma heating is efficient for a limited number of 
laser pulses, as uncompensated ion charge prompts strong Coulomb explosion. This produces an 
extremely hot ion population. 
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Two-cluster system in a strong field  
We expect tree-code to be especially effective when simulating a system of individual clusters. 
Multi-cluster interaction is also interesting from the physics standpoint, as there are indications 
of possible collective interactions [3,8]. In the present work we simulate 2 deuterium clusters: 
Zi=1, Ni=Ne=2042 (1021 electrons and ions in each cluster), mutual distance equals four initial 
diameters. Total simulation time equals 20 laser periods. Initial and final plasma particle 
distributions for two amplitudes are presented in Fig.3 below. 
 

Fig.1. Final electron and ion temperatures for the D cluster with a) 356 ( left) and b) 1021 
atoms. Also is shown c) final Te and Ti for Fe cluster with 365 atoms versus a (right) 

. 

Fig.2. Time evolution of Te and Ti for iron (Z=26) cluster with 365 atoms and α=1, 10, 20 (left-right), 
indicating progressively shorter transition to so-called Coulomb explosion. 
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Fig.3. Initial spatial distribution of plasma particles (center) and final 
clusters shapes at t=1240 for α=1 (left) and α=10 (right) 

Fig.4. Final electron and ion distribution functions at t=1240 for α=1 (left) 
and α=10 (right), for x, y and z (bottom) component of the velocities. 

     
 
 
 
Our simulations suggest that during fast laser-cluster interactions both electron and ion 
distribution functions are non-equilibrated (see Fig. 4). The most energetic electrons leave ion 
core first, thus causing a) peaking of the cold thermal part and b) populating of the energetic tail. 
Also there is an indication of a substantial difference between the temperatures along and across 
the applied laser field for the same species. 
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Introduction 

Since the early days of the fusion studies (magnetic and inertial), it has been clear that one 
of the key issues is electron transport in plasmas. There are different ways to investigate this 
problem, and the most precise is the kinetic approach using the Boltzmann equation with a 
Fokker-Planck collision operator, which gives a detailed description of the electron distribution 
function in phase space. The other way, is the hydrodynamic approach which is a macroscopic 
description that considers the plasma components electrons or ions as charged fluids 
characterized by the different moments of the distribution function, i.e., density, mean velocity 
and temperature, …. In such codes, because of the non validity of the classical formula [1] for the 
heat flux when gradients are steep [2-7], it is necessary to have a new method to compute the heat 
flux which enters into the equation for temperature. 

In the present work, we are interested in investigating the electron transport in the presence 
of strong nonlocal effects and when the electron distribution function is not a Maxwellian. This 
problem is not a particularly rare one: Actually, for plasmas heated by intense laser beams, in 
most cases, the plasma is non-Maxwellian due to both the strong collisional heating by the laser 
field [8] and to nonlocal effects which are important because the particles’ mean free path length 
is comparable to the plasma dimensions [2-7]. In Tokamak plasmas, especially near the borders 
of the divertor region, the parallel temperature gradients can be steep which can lead to both 
nonlocal effects and non-Maxwellian distribution functions  [9]. We use Fokker-Planck codes to 
develop and validate improved non- local electron heat flow models for use in a fluid code [2].  

1-Numerical methods: 

Our goal is to study these phenomena numerically, using for that our suite of codes: the 
hydrodynamic code HYDRO+, and Fokker-Planck codes “FPI”, “FPI+” and “FPTRANS ” . 

The Hydro+ code is a one dimensional two temperatures hydrodynamic code, which can be 
run on Eulerian or Lagrangian mesh, and solves principally two conservation equations (mass 
and momentum) plus the equations for electron and ion temperature. It uses the non- local 
electron heat flux formula developed with FPI [2]. 

The Fokker-Planck codes are 1D in space and 2D in velocity space (x,v,µ=vx/v). In FPI and 
FPI+, the µ dependence is expanded in Legendre polynomials (to order 5 in the present work), 
while a full 3-D grid is used in “FPTRANS”. Previously, in FPI, the electron-electron collision 
operator was expressed according to the “Isotropic Rosenbluth Potentials” approximation, i.e. 
C(fp,f0) which means that the transported electrons are allowed to have all possible harmonics of 
the distribution function while the target electrons have only the f0 component [2,6]:  
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In FPI+, we have improved on this operator to account approximately for the anisotropy of the 
target electrons. We call this the “Semi-Anisotropic Rosenbluth Potentials” approximation [10], 
i.e. C(fp,f0)+ C(f0,fp) :.  
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D||, D-  and C are respectively the parallel and perpendicular diffusion and friction coefficients, 
and the index 0 or l means that these coefficients are obtained as integrals over f0 or fl 
respectively.  

The code “FPTRANS ” (Fokker-Planck Transport) solves numerically the Fokker-Planck 
equation on the  (x,v,µ) grid, where µ=cos(θ )=v/v||, which is a more complete form, but the 
computer time cost is expected to be higher for complex problems. The collision operator is 
defined through the Rosenbluth potentials as follows, to fully account for anisotropy: 
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Here the functions H and G are the Rosenbluth potentials [11]: HGfH =∇−=∇ 22 ,8π . For 
comparison purposes, FPTRANS can also function in a spherical Rosenbluth potentials 
approximation: then, only the µ-averaged distribution function is used to compute the Rosenbluth 
potentials H and G. 

When solving the Fokker-Planck equation, one of the important dilemmas that one has to 
solve is the choice of the phase space configuration and of the collision operator that will give 
both physically correct results and an acceptable economy of computation time. To investigate 
this, we have considered a uniform plasma problem, i.e. the particles’ transport is neglected and 
the temporal changes in the electron distribution function are due only to collisions. We consider 
a Bi-Maxwellian distribution function with a strong initial anisotropy, i.e. the perpendicular 
temperature is 10 times the parallel one, and we let the system evolve to equilibrium, with our 
three Fokker-Planck codes: 
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As can be seen from Fig. 1, for a sufficiently high order Legendre expansion of the electron 
distribution function, the result obtained by FPI+ agrees very well with those of “FPTRANS”; 
which indicates that the semi-anisotropic approximation for the e-e collision operator can be good 
enough to describe a strongly anisotropic situation. 
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Figutre 1: Isotropisation of a Bi-Maxwellian distribution function. (--*--) FPI+ (semi-isotropic 

Rosenbluth potentials), (--•--) FPTRANS (anisotropic Rosenbluth potentials), (__*__) FPI (isotropic 
Rosenbluth potentials), (__•__) FPTRANS (averadged Rosenbluth potentials on µ). 

This fact is very important as it indicates that one can very probably obtain a good enough 
physical description of the electron transport phenomena avoiding the large computation time 
which may results from the use of a Fokker-Planck code in the (x,v,µ) configuration. 
2- Nonlocal electron transport. 

The problem of nonlocal transport has been studied by many authors [2-5] and was 
reviewed in [7]. Here we extend this concept to a new aspect which has not been considered 
before, which is the effect that the anisotropies of the e-e collisions may have on nonlocal 
transport in plasma. This effect is expected to be important for low Z plasma, where the e-e 
collisions are very important, which is actually the case for fusion materials H, D, T, or plastic 
shells of “CH”. For high Z plasma, as the electron-ion collisions becomes dominant, this 
improvement of the electron-electron collision operator will have a smaller effect on the global 
physical picture. 

Our goal then is to describe the nonlocal heat flux when we have a non-Maxwellian 
electron distribution function with strong anisotropies in the electrons of the bulk. Let us recall 
that the nonlocal heat flux in general can be expressed as: 

')'())',(()( dxxqxxwxq SH∫
+∞

∞−

= ξ  

where qSH is the Spitzer-Härm [1] heat flux. To determine the nonlocal kernel w we solve 
numerically the Fokker-Planck equation with the modified collisions operator in a perturbation 
regime as in [2,5] to obtain a new set of nonlocal kernels for different Z, kλe and for different 
Langdon parameter α =Z(vosc/vth)2 [8], Z is the ion charge state, vosc = |eE|/m 0ω  is the velocity of 
oscillation of the electrons in the laser field E, v th = (kBT/me)1/2  is the electron thermal velocity, 
and 0ω  is the laser angular frequency. The parameter α  is a direct indicator of the non-
Maxwellian behavior of the distribution function due to the collisional laser heating: when α  
goes to 0 we have a Maxwellian distribution, and in the opposite case, the angle -averaged 
distribution function (f0(v)) tends to a super-Gaussian shape, and this in turn affects nonlocal heat 
flow [2]. Examples of the nonlocal propagator or corrected thermal conductivity are illustrated in 
Fig. 2 for Z=11 and for different values of kλe and α . Similar evaluations for lower Z will be 
made shortly.  
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Figure 2: The Fourier transform of the nonlocal propagators for Z=11, as a function of k λe at different 

values of the Langdon parameter α . 

The formula for the heat flux with the nonlocal kernel was included in our hydrodynamic code 
Hydro+, and a series of calculations were performed to simulate the heating of a plasma by an 
intense but narrow laser beam to show the time and space dependence of the macroscopic plasma 
characteristics, such as the temperature profiles. We have considered a large domain of plasma 
and laser parameters; for the plasma: initially uniform with under-critical density (~nc/20), initial 
electron temperature 500 eV, laser intensities were considered from 1014 to 1016 W/cm2 with a 
wave length 0.53 µm and a Gaussian pulse in space and time with a FWHM (temporal) = 200ps, 
(spatial) = 19 µm. The results were compared to those obtained by FPI+ and a good agreement 
was obtained (see presentation); such a comparison for the case of isotropic Rosenbluth 
potentials had been presented in [2]. 

3- Conclusion. 
This work can be considered as a combination of (mathematical) approaches in the sense 

that we performed an analysis of the optimal representation of the electron-electron collision 
operator in the Fokker-Planck equation and, more importantly, we used the improvements in the 
Fokker-Planck code, to further investigate nonlocal transport, and to develop a powerful tool 
which is the nonlocal formula for the heat flux taking into account the kinetic character of the 
distribution function and collisions and to use it in a hydrodynamic code, because these are 
largely used since they are simpler and consume much less computation time. 

References 

1. L. Spitzer and R. Härm, R. (1953). Phys. Rev. 89, 977. 
2. F. Alouani Bibi and J.-P. Matte, Phys. Rev. E 66, 066414 (2002)).  
3. V.Bychenkov et al., Phys. Rev. Lett. 75, 4405 (1995). 
4. J.F. Luciani, P. Mora, and J. Virmont, Phys. Rev. Lett. 51, 1664 (1983). 
5. E.M. Epperlein and R.W. Short, Phys. Rev. E 50, 1697 (1994).  
6. J.P. Matte and J. Virmont Phys. Rev. Lett. 49 1936 (1982). 
7. P. Mora and J.F. Luciani, Laser and Particle Beams, 12, 387 (1994). 
8. A.B. Langdon, Phys.Rev. Lett. 44, 575 (1980). 
9. O. Batishchev, S. Krasheninnikov, P. Catto, A. Batishcheva, D. Sigmar, X. Xu, J. Byers, 

T. Rognlien, R. Cohen, M. Shoucri, I.P. Shkarofsky, Phys. Plasmas, 4, 1672 (1997). 
10. I.P.Shkarofsky, M.M. Shoucri and V.Fuchs, Computer Phys. Comm. 71, 269 (1992).  
11. M.N. Rosenbluth, W.M.MacDonald, and D.L.Judd, Phys. Rev., 107, 1 (1957). 

 

18th International Conference on Numerical Simulation of Plasmas

45



Nonlocal heat wave with skin plasma heating by laser 
 

A. V. Brantov1,2,  V. Yu. Bychenkov2, O. V. Batishchev3, W. Rozmus1 
1 Department of Physics, University of Alberta, Edmonton T6G 2J1, Alberta, Canada 

2 P. N. Leered Physics Institute, Russian Academy of Science,  Moscow 119991, Russia 
3 MIT Plasma Fusion Center, Cambridge, Massachusetts 02139, USA 

 
Since 80-th [1] the nonlocal transport effects are of great interest in plasma physics. This 

is because the validity conditions for the conventional transport theory are often not met, 
particularly when the inhomogeneity scale length, L , is, roughly [2], less than hundred electron 

energy delocalization length, eiZλλε =  , where eiλ  is the electron-ion mean free path and Z is 

the ion charge state. This condition is satisfied in almost all experiments on inertial confinement 
fusion (ICF) plasma with lasers and on short laser pulse interaction with gas and solid plasmas. 
Correspondingly, one refers to 100/ <ελL as weakly collisional regime. 

Different nonlocal transport models have been proposed in order to extend validity of a 
hydrodynamical description into this weakly collisional regime that is the top-ranked necessity of 
the ICF experiments. For example, nonlocal transport effects have been essential in obtaining an 
agreement between theoretical and experimental results on time-resolved x-ray emission from 
laser produced plasmas [3] and Thomson scattering measurements of the time-resolved 
temperature profiles from the gas-jet laser heated plasma [4]. The time-resolved temperature 
profiles are the most direct measurement of nonlocal heat wave propagation. Physics of the 
nonlocal transport predicts the temperature profiles should have stronger temperature gradient 
behind the heat wave front and temperature enhancement with smoother gradient ahead of the 
heat wave front due to the plasma preheat by fast electrons. 

A rigorous nonlocal transport model was derived in the past for linear perturbations of 
hydrodynamical variables[5]. This has stimulated the development nonlocal nonlinear model 
which has a big potentiality to be computationally efficient [6]. Here we generalize this theory to 
nonlinear large amplitude temperature variations originated from pre-surface heating of 
overdense plasma due to the skin-depth absorption of laser light. We reexamine the earlier 
proposed practical formula [6] for the nonlocal nonlinear heat flux which was tested in Fokker-
Plank simulation of a hot spot relaxation  

As a test problem we consider time evolution of the localized temperature profile given at 
t=0. Such initial value problem assumes that the laser pulse duration is shorter than the 
characteristic temperature relaxation time. Initially, electrons have a local Maxwellian 

distribution with a Gaussian temperature profile, ( )2 2
0 1( 0) expeT x t T T x L, = = + − . The spatial 

scale length, L , is varied over a wide range from 03 ( )eiL Tλ=  up to 0100 ( )eiL Tλ= ,  where eiλ  is 

the usual electron ion mean free path 2 43 4 2ei e eT Zn eλ π= / Λ  ( Λ  is the Coulomb logarithm). We 

compare the time-dependent heat flux spatial profiles from FP simulations with the following 
standard approximation for the nonlocal heat flux, 
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For such comparison, the temperature profiles for different time moments derived from FP 
simulation were substituted in Eq. (1). The kernel ( )G x x′, describes nonlocal transport effect 
(heat flux delocalization). We used the following approximation for this nonlocal kernel [1]: 
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Fig1. The spatial temperature (left panel) and heat flux (right panel) profiles from the nonlocal 
theory (solid lines) of hot spot relaxation in comparison with results of SH theory (small dots), 
LM approach (dot-dashed lines) and FP simulation (large dots) for ελ5=L and two time 

moments, eitν = 3.6 (top panels) and 7.2 (bottom panels).  

 
Figure 1.  demonstrates reasonable agreement between the nonlocal transport model in terms of 
Eqs. (1.-3.) and the FP simulation for all time moments and different initial spatial scales in the 
range 5 eiL λ≥ . No even rough agreement has been found for the nonlocal model by Luciani and 

Mora (LM) [1]. We avoid to consider higher temperature gradients, 5 eiL λ< , because the effect 

of a temporal nonlocality for heat transport seems to be important in this case[7]. 
To proceed with nonlocal heat transport in a laser heated overdense plasma we first 

describe laser field distribution in a skin layer where laser beam deposit its energy. It has already 
been shown that for the arbitrary plasma collisionality the nonlocal treatment of skin effect 
should be involved [8]. We explore low-frequency approximation for the description of the skin 
effect, assuming that laser field frequency, ω , is quite low, so that +< eiνω  vTe/ skλ . 

This approximation is well suited for 1 µm laser light interaction with solid targets. Choosing 
x=0 at a plasma-vacuum interface, the laser intensity spatial dependence can be written as 
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follows )2exp(0 skxII λ−=   where I0 is the vacuum laser intensity and the plasma skin 

depth ]Im[1 ksk =λ has to be found from the solution to the dispersion equation for the imaginary 

part of the wave number k. The typical value of skin depth in 1 keV solid dense plasma is of the 
order 10-2 µm that is comparable with the electron mean free path. 

By using the nonlocal heat transport model we have studied the propagation of a thermal 
wave from the region of laser energy deposition, skin layer, into the solid dense plasma. The 
basic equation which describes the heat spreading read 
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where we neglect time variation of the laser intensity and assume constant plasma density. We 
solve Eq.[4] numerically.  
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Fig. 2.The temperature profiles in Be plasma (Z=4) from solution to Eq. 4 (solid lines) in 
comparison with SH theory results (dashed lines) at t = 0.12  ps (left panel) and  t = 0.24 ps (right 
panel) for the 1 µm laser wavelength and I0 = 1016 W/cm2. 
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Fig. 3. The temperature profiles in Be plasma (Z=4) from solution to Eq. 4 (solid lines) in 
comparison with SH theory results (dashed lines) at t = 0.08  ps (left panel) and  t = 0.16 ps (right 
panel) for the 1 µm laser wavelength and I0 = 1017 W/cm2. 
 

Figure 2,3 presents a solution to the integral-differential equation [4] which is compared 
with its local version corresponding to the SH transport model. For high laser intensities the heat 
wave propagation is in the regime of nonlinear nonlocal transport. The nonlocal heat conductivity 
leads to a smooth heat wave front and to a limited heat wave penetration. . The heat wave front in 
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the nonlocal case demonstrates almost linear dependence on x while it is close to x2/7 in the SH 
case. The heat flux inhibition is responsible for overheating the plasma near the plasma surface. 
At the same time, the far extended temperature profile is due to the preheat by high-energy 
electrons contributing to the energy transport. We believe that this effect can be identified 
experimentally. For example, according to classical transport theory, at t=0.16 ps plasma is cold 
at x= 1.2 µm, T=T0=20 eV, while the nonlocal transport gives T =150 eV.  

The model proposed qualitatively explains the experimentally measured temperature 
profiles [4] and confirms the necessity of applying of the nonlocal transport theory to the 
description of thermal effects in ICF plasmas. 
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Abstract We made our efforts to parallelize the global 3D HPF Electromagnetic particle 
model (EMPM) for several years and have also reported our meaningful simulation results that 
revealed the essential physics involved in interaction of the solar wind with the Earth's 
magnetosphere using this EMPM in our PC cluster and supercomputer. 

Sash phenomena was observed and reported in some satellite observation. And some MHD 
simulations for it was accomplished. We investigate it with this global 3D parallelized HPF 
EMPM and recently new simulation for it was run in the new VPP5000 supercomputer.  

In the new simulations were performed on the new VPP5000 supercomputer of Tsukuba 
University, we used larger domain size, 305x205x205, smaller grid size Δ, 0.5RE (the radium 
of the Earth), more total particle number, 220,000,000 (about 8 pairs per cell). And other 
parameters used in this simulation are, solar wind speed is 0.5c, the mass ratio of ion to 
electron is 16, the position of the Earth is at x=100, y=100, z=100, electron thermal velocity is 
v_the=0.01, electron plasma frequency is about 0.01, the electron Debye length is 
aboutλ_De=1.0Δ. The position of magnetopause is at about x=20Δ=10RE. At first, we run 
this code upto 1000 time steps without IMF, and get the called quasi-stationary status; After the 
quasi-stationary status was established, we applied a northward IMF (Bz=0.4), then run it for 
800 time steps, at this time, the IMF arrives at about x=-50RE, and then we change the IMF 
from northward to dawnward (IMF By=0.4). The results revealed that the groove structure at 
the day-side magnetopause, that causes particle entry into inner magnetosphere and the cross 
structure or S-structure at near magneto-tail are formed. 

Moreover, in contrast with MHD simulations, kinetic characteristic of this event is also 
analyzed self-consistently with this simulation. The new simulation provides new and more 
detailed insights for the observed sash event. 
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To take the first step towards using the energy produced from the matter-antimatter
annihilation for propulsion applications, the NASA MSFC Propulsion Research Center
(PRC) has initiated a research activity examining the storage of low energy antiprotons.
The High Performance Antiproton Trap (HiPAT) is an electromagnetic system (Penning-
Malmberg design) consisting of a 4 Tesla superconductor, a high voltage confinement
electrode system, and an ultra high vacuum test section; designed with an ultimate goal of
maintaining 1012 charged particles with a half-life of 18 days. Currently, this system is
being experimentally evaluated using normal matter ions which are cheap to produce and
relatively easy to handle and provide a good indication of overall trap behavior, with the
exception of assessing annihilation losses. Computational particle-in-cell plasma
modeling using the XOOPIC code is supplementing the experiments.
Differing electrode voltage configurations are employed to contain charged particles,
typically using flat, modified flat and harmonic potential wells. Ion cloud oscillation
frequencies are obtained experimentally by via amplification of signals induced on the
electrodes by the particle motions. XOOPIC simulations show that for given electrode
voltage configurations, the calculated charged particle oscillation frequencies are close to
experimental measurements. As a two-dimensional axisymmetric code, XOOPIC cannot
model azimuthal plasma variations, such as those induced by radio-frequency (RF)
modulation of the central quadrupole electrode in experiments designed to enhance ion
cloud containment. However, XOOPIC can model analytically varying electric potential
boundary conditions and particle velocity initial conditions. Application of these
conditions produces ion cloud axial and radial oscillation frequency modes of interest in
achieving the goal of optimizing HiPAT for reliable containment of antiprotons.
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Introduction

Hall thrusters and other types of electric propulsion have become a tempting alternative
to traditional chemical propulsion systems for in-space applications due to the high spe-
cific impulses (Isp) they provide at relatively high efficiencies. Unlike conventional chemical
propulsion systems, electric propulsion devices do not rely on the internal energy stored
within their propellant. Instead, an external power source is used to impart energy to the
working fluid. As no inherent limitation due to the propellant exists, a high Isp is attainable
which translates to a highly desirable mass savings. Higher exhaust velocities and thus higher
specific impulses are only constrained by the power processing unit (PPU) which provides
the external energy and is the primary contributor to the electric propulsion system’s mass.
By trading Isp against PPU mass, Hall thrusters are found to fall in an optimum operation
regime well-suited for missions such as station-keeping and orbit transfers.

However, a major stumbling block to their widespread integration is uncertainty about
the thruster plasma plume’s interaction with sensitive spacecraft components. As a result,
many efforts have been made to study these effects through simulation and experiment. A
limitation of most work in Hall thruster plume simulation has been the capability of a single
code to accurately predict plume behavior in dissimilar environments, ranging from imperfect
vacuum tank conditions where most experimental data is taken to the in-space environment
where actual operation of the thruster occurs. Another shortcoming has been the inability
to model realistic geometries. The desire to overcome these obstacles is the motivation for
the following work.

COLISEUM overview

The Air Force Research Laboratory has begun an initiative to standardize the process
of modeling plasma plumes with a framework called COLISEUM [1]. COLISEUM aims
to abstract the processes of geometry and problem definiton from the solution method so
that the same mesh and input files may be used with different techniques, allowing for
easy comparison between results. To make this framework useful to the community, three
important requirements have been placed on COLISEUM. First, the system must be usable
by typical engineers. Another mandate is flexibility – the ability to model a wide range of
environments from the perfect vacuum of space to vacuum tanks with a background pressure
that may induce facility effects on experiments. The accurate simulation of laboratory cases
is very important as most existing experimental data is from ground tests. In order to
correlate these results to actual in-space conditions and make estimates of plume behavior
for spacecraft integration, simulations must be able to correctly predict conditions in both
configurations. Finally, COLISEUM must be expandable, meaning new plasma simulations
may be easily incorporated into the framework.
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AQUILA overview

At MIT, a plasma module called AQUILA is being developed for use within the COL-
ISEUM framework. AQUILA models Hall thruster plumes on unstructured tetrahedral
meshes with a hybrid PIC-DSMC algorithm. Heavy species such as ions and sputtered
material are kinetically modeled as particles while electrons are treated as a fluid. Though
the majority of the plume is quasineutral, certain situations create regions of non-neutrality,
requiring solution of Poisson’s equation. As such, a potential solver has been incorporated
that switches as needed between the quasineutral and Poisson solvers. Collisions are mod-
eled using a No-Time-Counter (NTC) Direct Simulation Monte Carlo (DSMC) method –
currently, elastic and charge exchange interactions are included.

Unstructured grid

A 3D unstructured, tetrahedral mesh is used in modeling the plume as tetrahedra can
closely conform to any geometry, thereby offering the most flexibility when creating the sim-
ulation grid. Grids are created using GridEx [2], a NASA Langley gridding package created
for computational fluid dynamics. Solid models are read into GridEx using a parasolid for-
mat, after which a surface mesh is generated. The 3D volume mesh, which corresponds with
the surface triangulation, is then created.

Source model

The source model represents the state of the plasma exiting the Hall thruster and must
be detailed if accurate results of its expansion as a plume are desired. For this work, the
BHT-200, a Hall thruster developed by Busek Co., is simulated since experimental data
of its operation in a vacuum tank is available for comparison. The thruster’s exit plane
distributions are generated using HPHall, a 2D hybrid-PIC engine code written by M. Fife
[3]. HPHall treats single and double ions individually, thus separate distributions for the
two ion species are implemented. Figure 1 shows the computational grid used in HPHall.
The exit plane chosen for sampling of the particle distributions is downstream of the actual
thruster exit to allow the potential and magnetic field of the thruster to be accounted for.
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Figure 1: BHT-200 computational geometry.
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Potential solver

The plasma of the plume is generally found to be quasineutral, so simple inversion of
Boltzmann’s equation,

ne

neo
= e

e(φ−φo)
kTe , (1)

is sufficient for determining the potential. However, in certain scenarios such as an ob-
struction in the plume, regions of non-neutrality may exist, requiring solution of Poisson’s
equation,

∇2φ =
ρe − ρi

εo

. (2)

At present, the potential solver is able to discern between regions of quasineutrality where
Boltzmann’s equation is applied and regions of non-neutrality where Poisson’s equation is
solved.

Collision model

A No-Time-Counter DSMC method [4] is used in AQUILA to allow the modeling of
different collision mechanisms. At present, important elastic and charge exchange (CEX)
collisions are included in the model. Pairs of particles within cells are selected and rejected for
collisions, maintaining the appropriate statistics. The ability to have different macroparticle
weightings between different particle species is allowed.

Surface interactions

Various surface interaction capabilities are available in AQUILA, and the desired material
interactions can be specified by the user. Options available include reflection, absorption,
accommodation, sputtering, and deposition.

Results

To determine how well the plume expansion is being modeled, simulated results for
current density and potential on an arc in front of the thruster are compared to experimental
data. The grid mimics the experimental setup and is pictured in Figure 2. Once proper plume
expansion has been determined through comparison with these two metrics, the simulation
is used to study interesting phenomena. The formation of CEX wings is investigated and
explanations are offered for their production. In addition, the presence of a plume shield
and its effect on quasineutrality as well as its usefulness in preventing deposition of foreign
matter on objects in its wake are studied. Comparisons of known analytical solutions to
simulation results afford further insight into the validity of AQUILA. Two cases, a Prandtl-
Meyer expansion and expansion of a jet into vacuum, are inspected for this purpose. Though
more improvements are still planned, these results already prove that AQUILA is a useful
tool in predicting and explaining Hall thruster plume behavior.
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Figure 2: Simulated vacuum tank geometry.
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I. Introduction

      The UCLA Parallel PIC Framework (UPIC) is being developed to provide trusted 
components for the rapid construction of new, parallel Particle-in-Cell (PIC) codes.  The 
Framework uses object-based ideas in Fortran95, and is designed to provide support for various 
kinds of PIC codes on various kinds of hardware.  The focus is on student programmers.  The 
Framework will support multiple numerical methods, different physics approximations, different 
numerical optimizations and implementations for different hardware.  It is designed with 
“defensive” programming in mind, meaning that it contains many error checks and debugging 
helps.  Above all, it is designed to hide the complexity of parallel processing.

      The Framework is designed with layers. The lowest layer consists of highly optimized 
Fortran77 routines from UCLA’s 25 year legacy of PIC codes.  The middle layer primarily 
provides a much safer and simpler interface to the complex Fortran77 legacy subroutines by 
encapsulating many details, such as data layouts on parallel machines.  The upper layer consist 
of powerful high level classes that can easily be reused for those parts of the code which the 
students do not intend to modify.  

II.  Framework Design for Parallel Plasma PIC

      The UPIC Framework is implemented in Fortran95.  Fortran95 is a powerful high level 
language designed for mathematical modeling, and physics students learn it quite easily.  It is a 
safe language that gives high performance, with many features attractive to scientists who want 
to spend a minimum amount of time programming, such as leak-proof dynamic memory.  
However, our Framework is designed in layers so that other languages can be used.  The 
methodology for how to implement object-oriented concepts in Fortran95 is based on ideas 
previous developed by Decyk, Norton, and Szymanski [1]. 

18th International Conference on Numerical Simulation of Plasmas

56



      The UPIC Framework is designed for two and three dimensional parallel PIC codes.  It uses 
trusted legacy Fortran77 subroutines as the lowest layer.  These legacy subroutines are well 
debugged and provide most of the basic functionality, but are not intended to be modified greatly.  
The most CPU time-consuming parts of a PIC code are the particle push and charge deposit.  
These subroutines have been carefully written to provide the highest performance possible [2].

      It is important for research codes to support multiple models and numerical schemes.  For 
example, linear interpolation is generally used for PIC codes, but the easiest way to verify that 
linear interpolation was sufficiently accurate is to run a few cases with quadratic interpolation 
and see if the results changed.  Different algorithms are used with different hardware.  For 
example, a different scheme is used to deposit charge on a vector machine than on a RISC 
processor.  The legacy layer has available subroutines to support linear and quadratic 
interpolation, both message-passing (MPI) and shared memory parallel programming (OpenMP 
or pthreads), and can support both RISC and vector architectures.  Using these features at the 
Fortran77 layer is complex and error prone, but the performance and functionality are very good.

III. Implementation of Middle Layer Helper classes for Parallel PIC

      The middle layer is written in Fortran95 and encapsulates this legacy code with simple 
interfaces and provides additional safety checks.  Most of the current development has been for 
the 2D code, because it is an simpler environment for developing new approaches.  There are 
currently six helper classes implemented for the 2D Framework.  They are:

1. A uniformly partitioned field class, which contains layout information and provides transpose 
and guard cell methods for arrays where each processor contains the same size subarray.  
Transpose methods are particularly useful for implementing any algorithm where one calculates 
on all the rows then all the columns separately, such as a 2D FFT. 

2. A non-uniformly partitioned field class, which contains layout information and guard cell 
methods for arrays where each processors’ subarray may be different.
 
3. An FFT class, which contains information about FFT tables and provides parallel FFT 
methods.

4. A Poisson solver class, which contains tables needed by various parallel spectral-based field 
solvers and provides Poisson and Maxwell solvers.  Only two types of boundary conditions are 
currently implemented, periodic and Dirichlet.  Vacuum boundary conditions are planned for the 
future.

5. A particle distribution class, which contains information about particle distribution functions.

6. A particle class, which contains information describing particles and includes methods for 
depositing charge, pushing particles, and managing particles on parallel computers.  Currently 
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both magnetized and unmagnetized particles are supported, with relativity as an option, and with 
many different implementations.

      In addition, there are utility classes that provide: a) parallel processing services such as timers 
and I/O, b) parallel error handling including tracing subroutine calls and dynamic memory, as well 
as testing pre-conditions and post-conditions, and c) a limited set of parallel graphics.

      The middle layer primarily provides a much safer and simpler interface to the complex 
Fortran77 legacy subroutines by encapsulating many details, such as data layouts on parallel 
machines.  It also provides polymorphism, and as a run-time option, verifies that required pre- 
and post-conditions are satisfied when calling the legacy code.  It does not currently perform any 
demanding calculations, so high performance is not required.  There is nothing crucial in the 
Framework which is platform dependent.  This middle layer could be rewritten in another object-
based or object-oriented language that can call Fortran77, such as C++, or a scientific 
programming environment such as IDL, MATLAB, or Mathematica, without impacting the 
lower layers.

      To illustrate this, below is the parallel particle manager that checks and moves particles 
between processors.  In Fortran77 this subroutine looks like:

      call PMOVE2(part,edges,npp,sbufr,sbufl,rbufr,rbufl,ihole,
            jsr,jsl,jss,ny,kstrt,nvp,idimp,npmax,nblok,idps,nbmax,
            ntmax,ierr)

with the middle layer helper classes, it is much simpler:

      call pmove(epart,part,nspace)

Since Fortran95 does not implement traditional object-oriented syntax, by convention, the first 
argument in the subroutine is the object of the method.  With helper classes, the objects do not 
contain the actual data.  The data is an argument.

IV. Implementation of High Level classes for Parallel PIC

      High level classes provide simple interfaces that encapsulate the implementation details of a 
large block of code.  Three high-level classes has been written.  They are:

 1. A scalar fields class, which can be FFTed or be the solution of a Poisson equation.  The data is 
contained within the object.  Because the FFT transposes the data, the object keeps track of its 
current state.  For some types of boundary conditions, the grid must be doubled in size.  This 
feature is internal to the object and hidden from the user.  A charge density or potential are 
examples of such objects.
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2. A vector fields class, which can be FFTed or be the solution of a Poisson equation.  A current 
density or electric fields are examples of such objects.

3. A species class, which contains particle co-ordinates in an array part, as well as a particle 
helper object which describes properties of a particle.  There are three main methods in the class, 
depositing charge and current and pushing particles.  The internal helper object determines what 
algorithms are used in each case.

      In general, high level classes are designed to have various properties to enable it to respond to 
“messages” to perform some action.  For example, in order for an object to be FFTable, it must 
encapsulate within itself pointers to appropriate fft tables.  The user only needs to be concerned 
with constructing the object appropriately.  Once constructed, the use is trivial.  For example, to 
advance electrons in time, one merely calls:

      call push(electrons,efield,bfield,energy)

The particle manager is called internally by the push, so its function is hidden from the user.

V. Use of Framework for new Parallel PIC codes

      The Framework currently supports various electromagnetic models.  It can be electrostatic 
(coulomb interaction only), magnetized electrostatic (coulomb interaction with external magnetic 
fields), Darwin (Maxwell’s equation without radiation),  and fully electromagnetic (Maxwell’s 
equations).   Relativistic corrections are available as an option.  Currently, periodic boundary 
conditions are supported, with Dirichlet boundary conditions available in 2D.  Vacuum boundary 
conditions are planned in the future.  Either linear or quadratic interpolation can be used.  Energy 

conservation is outstanding, with energy conservation of about 1 part in 105 or 106 for 4000 time 
steps achievable.  The 3D code been run on various parallel machines and scales well up to 2048 
processors and 12 billion particles. 

      The Framework has been used to build a number of new PIC codes, including QuickPIC, a 
quasi-static code for studying plasma-based accelerators, QPIC, a 2D quantum PIC code, 
HIPASS2, a space physics code, and recently, a cosmology code.  In addition, a new version of 
BEPS, an interactive code used in teaching plasma physics at UCLA, has been written.
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RPIC is a reduced-description particle-in-cell code designed to investigate laser-plasma
instabilities in physical systems with vastly-different time scales prevalent under Inertial
Confinement Fusion (ICF) conditions [1]. Such time scales include the laser, Langmuir,
and ion acoustic time scales. In past literature, laser-plasma instability phenomena
involving these disparate scales have mostly been studied with the extended Zakharov
model. Recently, comparisons between the extended Zakharov model and the RPIC
model were presented in a series of papers, Ref. [2-4], in which quantitative agreement
between these two models are obtained in the fluid and quasi-linear regime. However, in
the kinetic regime where electron and/or ion trapping is important, significant differences
were found. These findings enunciate the importance for accurate modeling of kinetic
processes such as trapping.

The RPIC model itself has some limitations, such as, the frequency harmonics of
Langmuir waves are neglected. Our goal is two fold in comparing RPIC with full PIC.
First, the various advantages of RPIC over full PIC will be quantitatively assessed, e.g.,
number of particle/cell required for similar noise spectra. Second, it is expected that for
sufficiently strong laser drives, RPIC may not capture laser-plasma instability physics
accurately due to the lack of frequency harmonics in the Langmuir waves. We would like
to establish the regime of validity for RPIC, and to assess quantitatively if the physical
regimes where RPIC fails is of interest to the conventional ICF indirect drive implosion
scheme. Our current study is confined to one spatial dimension.
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Introduction 
The focus of this paper will be on the application of a gridless potential solver to ion thruster 
optics.  An ion thruster is a type of electric propulsion where ions are accelerated using an 
electrostatic field, giving a very high efficiency and low thrust.  NASA’s Deep Space One 
spacecraft made use of the NSTAR ion thruster1, which performed above and beyond the 
mission requirements.  This has led to greater interest in ion thrusters such as NASA’s NEXT 
thruster2.   
 
Ion thruster optics consist of two or three charged plates with many thousands of apertures, 
through which ions are accelerated by an applied electric field.  In a two-grid system, the first 
grid, or the screen grid, has a potential on the order of 1000 V, while the second grid, called the 
accelerator grid, has a slightly negative potential of approximately –200 V.  The optics are one of 
the critical components of an ion thruster, both because their geometry controls the 
characteristics of the thruster’s performance, and because they are the life-limiting part of the 
thruster.  The flow through the ion optics has both ions and neutrals, so charge-exchange (CEX) 
collisions often occur.  The ions created through these collisions are drawn to the accelerator 
grid, impacting with energies equal to the grid’s potential.  These impacts cause erosion of the 
accelerator grid and eventually thruster failure, either because the grid’s structure collapses or 
because the apertures increase in diameter until electrons are able to backstream through the 
optics. 
 
The primary focus in computational modeling of ion thrusters is on the operation of the optics 
and their failure modes.  The geometry of the problem can be complex— there are cusp 
structures on the inner surface of the apertures, the optics are usually dished such that there is a 
slight curvature in the plates, and erosion occurs on the optics, creating very irregular geometry.  
Ion thrusters use a low density plasma, so models of the optics found in the literature make use 
of particle based approaches.  Simulations usually focus on a single aperture with an idealized 
axisymmetric domain and steady-state conditions, giving an electrostatic problem.  Direct 
solution of the electrostatic problem requires O(N2) operations to determine the force on each 
particle, where N is the number of particles.  This cost is prohibitive for most systems, so some 
approximation is taken to reduce the computational work— usually a particle-mesh approach 
such as particle-in-cell (PIC) or particle-particle-particle-mesh (P3M).  These methods map the 
particle charges to a grid, and the force in each grid cell is solved for on the mesh.  This gives a 
O(Nlog(N)) computation cost in total, but the grid increases difficulty in resolving the complex 
geometry in the domain.  A grid necessitates the adding of non-uniform grid cells to resolve the 
desired geometry, which in turn requires different time scales in the domain.  Our goal in this 
work is to explore potential alternatives to traditional grid based approaches, which will allow us 
to easily incorporate geometry such as cusps and dishing.  To that end, we have chosen to 
explore a grid-free field solver based on treecode algorithms.3 
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Treecode Operation 
A treecode works by grouping particles into clusters, where the force due to the clusters at long 
range is calculated using a m-term multi-pole expansion.  Here m is much less than the number 
of particles in the cluster, allowing a reduction in computation cost from O(N2) to O(Nlog(N)).  
Grouping of particles into clusters is performed by first taking the entire domain as the top level 
of the tree.  In a one-dimensional model, this domain is then divided into two clusters, which are 
decreased in size to match the location of the outermost particles in each cluster.  These two 
clusters are then subdivided again to give 4 clusters.  This process is repeated until the lowest 
level cluster has fewer than the maximum number of allowed particles.  The total structure is 
called the tree.  
 
Particle forces are computed by starting at the top level of the tree, then moving down the tree 
into each cluster, deciding whether to accept it, or to move to the next lower level of the tree.  
Accepting a cluster means that the force is computed using the multi-pole expansion.  If the 
lowest level of the tree is reached and is not accepted, then direct summation of the forces is 
performed.  The decision of whether to accept a cluster or to descend lower is governed by the 
following relation: 

RArc ⋅<  
Here, rc is the cluster radius, R is the distance between the particle and the center of the cluster, 
and A is the acceptance parameter.  If the ratio of the radius of the region to the distance from the 
particle to the center of the region is less than the acceptance parameter, then the cluster is 
accepted.  Otherwise, either the next lowest level of the tree is considered or direct summation is 
performed.  The acceptance parameter is always less than one, since this means that a cluster the 
particle belongs to will never be accepted. 
 
When a cluster is accepted, a Taylor expansion is performed about it’s center, accounting for the 
cluster’s particle locations.  This is done using the following equation in one-dimensional space: 
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Here Φi is the potential due to the cluster on point xi, φ(k) is the k-th derivative of the one-
dimensional Green’s function, j is the index for each particle in the cluster with location xj and 
charge qj, xc is the location of the center of the cluster and Nc is the number of particles in the 
cluster.  This equation is very efficient because the second summation is independent of the 
location xi.  This summation is called the k-th moment of the cluster, and only needs to be 
computed once.  Also, a recursion relation exists for finding the derivatives of the Green’s 
function, giving a simple computation.  The Taylor series can be extended to any number of 
terms to reach the desired accuracy in force or potential.  If the number of terms is equal to the 
number of particles in the cluster, then the direct sum is recovered.   
 
One problem posed by use of a treecode is the treatment of the boundaries of the domain.  A PIC 
model is able to easily incorporate boundary conditions on the edges of the grid.  Since the 
treecode is an approximation based on Green’s functions, a method of images could be used for 
the boundary conditions.  However, this is computationally expensive.  Instead, Green’s second 
identity is used to cast the homogenous solutions of Laplace’s equation into boundary integrals, 
which can be described via a panel method.  In a panel method, the boundary is divided into 
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pieces called panels. Each panel is treated as a distribution of charges with the correct density to 
give the desired potentials and electric fields in the domain.  The density of the charge is called 
the source strength of the panel, and the source strengths must be solved for to obtain the correct 
boundary conditions. 
 
Results 
The model is currently operational in two-dimensional space, and two types of domains are 
typically simulated.  One is a simple box where each side is given a boundary condition and 
particles are placed in the center.  This domain is generally used as a test case.  The other domain 
simulates an ion thruster optics aperture.  Figure 1 shows potential curves as calculated by the 
treecode in the ion thruster optics domain, and Figure 2 shows a typical particle distribution in 
this domain.  For this case, the upstream potential was set to 1800 V, the screen grid potential 
was 1776 V, and the accelerator grid potential was –250 V. 
 

  
    Figure 1.  Potential profile, units are in Volts.              Figure 2.  Particle locations in the domain. 

 
As Figure 1 shows, in ion thruster optics, ions are injected at a high potential region (from the 
left side of the plot) and are accelerated through the optics by a voltage drop imposed by a set of 
grids.  The grids are represented in the figures as the four boxes protruding into the domain.  The 
grids are called the ion optics of the thruster because, as seen in Figure 2, ions are focused by the 
grids into a specific pattern.  Figure 2 also shows why this problem is ideal for a treecode− there 
are regions of space where no particles exist.  In a treecode, the potential and electric fields do 
not need to be calculated in these areas.  In a gridded potential solver, however, the potential and 
electric fields are calculated everywhere, regardless of the particle count in a region.  A treecode 
is more efficient in its focus on force calculation in a domain with high gradients in particle 
number such as this. 
 
A timing study is performed to verify the O(Nlog(N)) dependence of the treecode on particle 
numbers.  For this study, the box domain is used, with particle numbers ranging from 1,000 to 
500,000.  The time taken to calculate the force on each particle is measured for both the direct 
sum and the treecode.  The maximum relative error of the forces calculated by the treecode is 
also computed, by finding the relative errors in both x and y forces on each particle then taking 
the maximum of these.  For the treecode, the maximum number of particles per cluster is set to 
100, the acceptance parameter is set to 0.4, and the number of terms in the Taylor expansion is 2, 
4, or 8.  The results of the study are shown in Table 1. 
 
As expected, the direct sum computation rises as N2, and the computation for the treecode rises 
as O(Nlog(N)).  The treecode computational time increases as the number of terms in the Taylor 
expansion increase, also as expected.  The computational time for each method is approximately 
the same for low particle numbers, and the direct sum actually takes less time for the 10,000 
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particle case.  This indicates both the overhead of the treecode and the need for specialized 
tuning of the treecode parameters for a given simulation. 
 
Table 1.  Computational time and maximum relative error as a function of particle count, for both direct 

sum and the treecode.  The treecode is considered for 2, 4, and 8 terms in the Taylor expansion. 
 Computational Time (s) 
  Treecode 

Maximum Relative Error in the 
Treecode 

Particle Count Direct Sum 2 Terms 4 Terms 8 Terms 2 Terms 4 Terms 8 Terms
1000 0.1 0.1 0.1 0.1 2.90E-11 2.90E-11 2.90E-11
5000 0.8 0.9 0.9 1.0 1.29E-02 5.31E-04 1.49E-07

10000 3.8 5.2 5.4 6.1 7.52E-01 4.55E-03 8.25E-07
50000 93 57 60 71 2.38E+00 5.48E-02 1.02E-06

100000 353 120 128 164 1.56E+01 1.27E-01 3.93E-06
500000 8400 716 782 1100 8.74E+00 1.10E-01 1.05E-05

 
The error in the treecode force calculation rises as the number of particles increases in this study.  
This is because more clusters are treated as particles, without an increased number of terms in 
the Taylor expansion.  In practice, the number of terms in the expansion is determined on a 
cluster-by-cluster basis by estimating the error, rather than keeping a constant number of terms.  
The error drops by about an order of magnitude for every term in the Taylor expansion.  
Although the computational time increases with the increased number of terms, the rapid drop in 
error makes increasing the accuracy of the treecode computationally cost-effective.  For 1000 
particles, little error is seen because the number of particles is only an order of magnitude higher 
than the maximum number of particles per cell.  This means that almost all of the computation is 
done using direct summation. 
 
Ongoing Research 
Our objective is to efficiently simulate complex domains.  To this end, we plan to explore the 
performance of the treecode applied to both 2D-planar and axisymmetric ion thruster optics.  A 
new and important contribution to this work is the formulation and investigation of a 2D 
axisymmetric field solver.  This case presents further difficulties because the Green’s function in 
a 2D axisymmetric domain is in the form of an elliptic integral.  The work presented here will 
highlight the potential benefits that treecode field solvers may have for complicated geometries 
as well as highly non-uniform distributions of particles. 
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Global Hybrid Simulations of Energetic Particle-driven
Modes in Toroidal Plasmas∗
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The energetic particle-driven MHD modes are studied using hybrid model of the
M3D code[1]. In the hybrid model, the plasma is divided into the bulk part and
the energetic particle component. The bulk plasma is treated as a single fluid
and the energetic particles are described by gyrokinetic particles. The previous
version of the M3D code was mainly applied to axisymmetric circular tokamak
geometry. Recently we have extended the M3D code to full 3D geometry using un-
structured mesh in poloidal planes and finite difference in toroidal direction. The
code has been parallelized so it can run in parallel using MPI. These new capa-
bilities enable us to simulate energetic particle-driven MHD modes in advanced
tokamaks, spherical tokamaks and stellarators for realistic parameters. First,
the energetic particle-driven MHD modes in the National Spherical Tokamak Ex-
periments (NSTX) are studied. Neutral Beam Fast Ion-driven modes in the TAE
frequency range were observed in the NSTX plasmas. Both steady state and burst-
ing modes were seen depending on experimental conditions. The goal of this study
is to understand the nonlinear dynamics of the fast ion-driven MHD modes in a
spherical tokamak plasma. Our simulation results show unstable TAEs with mode
number n = 2 ∼ 4 and mode frequencies consistent with the experimental observa-
tion. Initial nonlinear simulation results indicate that the mode frequency chirps
down as the modes move out radially. Second, fast ion-driven Alfven modes in
quasi-axisymmetric stellarators are studied. For a two period stellarator, results
show an unstable global TAE mode with n = 1 as the dominant toroidal mode
number. The effects of 3D shape is found to be stabilizing. Third, alpha-driven
TAE/EPM and alpha particle effects on internal kink mode in burning plasmas
are studied. Initial results indicate high-n TAE/EPM are stable in FIRE. Details
of the simulations will be presented.
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A relativistic Vlasov Maxwell code for the
numerical simulation of the excitation of

trapped electron acoustic waves in a
moderately overdense plasma

A. Ghizzo, P. Bertrand, T. Reveille, G. Depret1

Laboratoire de Physique des Milieux Ionisés et Applications,
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The excitation of trapped electron acoustic scattering and its intercon-
nection with the usual self-induced transparency mechanism of a moderately
overdense layer is investigated using a semi-lagrangian relativistic Vlasov-
Maxwell code. Although the propagation of a low intensity electromagnetic
wave in plasma is known to be impossible if its frequency ω0 is below the
plasma frequency ωp, relativistic effects however allow the wave propagation
in homogeneous plasmas with electron density up to γncrit where ncrit de-
notes the critical density and γ the Lorentz factor. As a result a relativistic
Doppler effect takes place and gives rise to a back-reflected wave (ωr, kr)
which beats with the incoming pump wave (ω0, k0) leading to the generation
of a low-frequency plasma wave of frequency ω = (k0 + kr) vF , vF being the
front wave velocity. This low-frequency mode acts as a perturbation source
and excites then a trapped electron acoustic wave which plays a major role
in the plasma heating and can give rise to the formation of a soliton-like
structure.
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Abstract 
We describe a collisional radiative code to simulate the Ne-like and F-like resonance lines 
emitted from laser produced plasma. Ions and excited levels density are calculated by solving 
rate equations using implicit-finite difference method for steady state, quasi steady state and 
time-dependent conditions. The code calculates intensities of Ne-like 1s2 2s22p6 → 1s22s22p5 

nl and F-like 1s2 2s22p5 → 1s22s22p4 nl resonance lines emitted from various species, Z=18 to 
32 i.e. from argon to germanium. Intensities of photons emitted between Ne-like 1s2 

2s22p5n’l’ → 1s22s22p5 nl and F-like 1s2 2s22p4 n’l’ → 1s22s22p4 nl excited levels are also 
calculated. Doppler broadening line shape is included in the code. Absorption of resonance 
lines is determined using an escape factor approximation. The ratios of optically thin various 
F-like to Ne-like resonance lines are calculated to measure electron temperature and electron 
density. The results are compared with experimental spectra obtained from X-ray laser media. 

 
1. Introduction 
  
High power laser-produced plasmas have been investigated experimentally and theoritically. 
To produce X-ray lasing, a plasma medium is created on usually a solid surface by the 
interaction of pulsed, high power laser radiation. The most successful results have been 
obtained with collisional excitation schemes in neon like ions [1-5]. An understanding of the 
kinetic properties of Ne-like and F-like states is of fundamental importance for current x-ray 
laser research. There is also considerable interest in developing spectral diagnostics for 
plasmas using the line emission from such ions. The dynamics of laser-produced plasma 
parameters such as the electron and ion temperatures and the density can be modeled by fluid 
hydrodynamic codes. Some examples of hydrodynamic codes include MEDUSA [6], 
LASNEX[7], and  EHYBRID [8]. Collisonal-radiative models are useful aids in the 
quantitative understanding of emissivities of laboratory and astrophysical plasmas.   
Modelling of the emission from laser-produced plasma is performed either with a co- or post-
processor to the hydrodynamic codes or simply by assuming a single set of plasma parameters 
(i.e. electron density and temperature). Example of the co- or post-processor codes are FLY 
(time-dependent) [9a, 9b], RATION (steady state) [10] and NIMP [11]. The post-processor 
codes model the populating and de-populating processes, both radiative and collisional (hence 
the term collisional-radiative codes) of a large number of quantum states and determine the 
quantum state densities from which the plasma emission can be determined. Average atom 
codes such as NIMP [11] reduce the number of quantum states considered by grouping 
similar levels in different ionization stages.  
 
By developing the simulation of resonance line emission, we believe that useful diagnostics of 
plasma conditions and a further understanding of the X-ray laser medium can be developed.   
In this paper, we describe a collisonal radiative code to simulate the Ne-like 1s2 2s22p6 → 
1s22s22p5 nl and F-like 1s2 2s22p5 → 1s22s22p4 nl resonance lines emitted from various 
species, Z=18 to 32 i.e. from argon to germanium. The code also calculates emission between 
excited levels.  
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2. Method of solution 
 
Densities of atoms a specific ionization stages are first determined by rate equations for 
balance between ionization and recombination for, an initial ground state of density Ni in an 
ionization stage i+ (i = 1,2,3,…, Z-1, Z). Hence, the Z + ion is completely stripped. Such an 
equation takes the form 
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Here I and R represent ionization and recombination rate coefficients. The subscripts rr, cr 
and de stand for radiative, collisional and dielectronic recombination, respectively. These 
equations system is tridiagonal linear equation system. The fractional population of each ionic 
stage from neutral to bare nuclei is solved by Crout reduction [12]. The ionization energies 
and statistical weights for each ion are obtained from Cowan code [13a,b].  
 
After calculating the particular ion density, the population densities of specific energy levels 
are calculated by solving a rate equation which includes all possible populating and 
depopulating mechanisms. A general form of rate equation for a specific excited level m is 
given by 
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where NeCkm and Akm represent respective electron collisional excitation and spontaneous 
radiative decay rates from an arbitrary level k to a lower specific level m. These equations 
system is solved by Gauss-Siedel iterative method [12]. The absorption oscillator strengths 
and excited level energy and statistical weights for all levels are obtained from Cowan code 
[13a,b]. 112 Ne-like 1s22s22p6 and 1s22p5nl (n=3-5, l=s,p,d) levels are considered in the 
calculation of resonance line intensity. 214 F-like 1s22p5 and 1s22p4 nl (n=3-5, l=s,p,d) levels 
are considered in the calculation of resonance line intensity.   
 
Several sources are used to gather varies rates used in equation 1 and 2. The formula of Lotz 
[14] is used for collisional ionization. The thee-body recombination rates are determined from 
the principle of detailed balance. The radiative recombination rate is given by [15];  
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where Z is atomic number for given element, ÷i is ionization energy for i. ion, Te is electron 

temperature. Expression 
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obtained from [15]. For collisional excitation rate [16] from level k to level m the following 
equation was used; 
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where g is a gaunt factor obtained from Van Regermorter [17].  When collision strength 
values are available, the collision rate is calculated from a collision strength expansion given 
by Von Wyngaarden et.al. [18]. Collisional de-excitation rates are obtained using the 
principle of detailed balance. Akm, the transition probability of spontaneous decay from level k 
to level m, is calculated from absorption oscillator strengths. 
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Resonance lines intensity emitted from plasma is calculated integrating resonance lines 
emissivity;  

TdtA
hc

nI knktop ∫=
λ

                      (5) 

 where T is escape factor.  Escape factor is calculated using Holstein approximation [19]. 
 
3. Results 
 
Figure 1(a) shows the time-integrated spectrum of resonance lines emitted from the Ne-like 
and F-like germanium ions. In the calculation electron density and temperature are taken 
5x1020 cm-3 and 600 eV respectively. Figure 1(b) shows the spectrum between the Ne-like and 
F-like excited levels in the interval of 170 and 250 Å wavelength emitted from the Ne-like 
and F-like spectrum at the same electron temperature and density conditions. 
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Figure-1 shows (a) the Ne-like and F-like Ge resonance line spectrum,. (b) Ne-like and F-like 
spectrum emitted between excited levels. 
 
The equation (1) and (2) are solved in steady state conditions by equalizing the left-hand side 
of the equations zero. Figure 2 shows the line ratio of F-like 3s-2p to Ne-like 3s-2p resonance 
line as a function electron temperature. The electron density is kept constant at 5x1020 cm-3. 
The resonance lines from X-ray laser media are emitted around critical density of laser 
frequency. The measured electron temperature is approximately 600 eV for the Ne-like Ge X-
ray laser [3] media created by 75 ps long pulses separated by 2 ns Nd:galss laser.  
 
 
 
 
 
 
 
 
 
 
 
 
Figure-2 shows the intensity ratio of F-like 3s-2p to Ne-like 3s-2p resonance lines.  
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The equation (1) and (2) is solved for iron at steady state case.  Figure 3 shows the Ne-like 
and F-like Fe resonance line spectrum at 600 eV and 5x1020 cm-3.  

Figure-3 shows the Ne-like and F-like iron resonance line spectrum. 
 
4. Conclusion 
 
We have described a collisional radiative code calculates intensities of Ne-like 1s2 2s22p6 → 
1s22s22p5 nl and F-like 1s2 2s22p5 → 1s22s22p4 nl resonance lines emitted from various 
species, Z=18 to 32 i.e. from argon to germanium. The code also calculates intensity of 
transitions between excited levels. The ratio of F-like 3s-2p to Ne-like 3s-2p resonance line 
was calculated to measure electron temperature and electron density.  
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Introduction 
It was developed the 3D numerical MHD model meant for the simulation of the plasma 
cloud expansion into nonuniform partly ionized ionosphere with magnetic field. The plasma 
cloud has high energy density and was formed by the strong spherical explosion. The MHD 
equations were written down in the divergence form of one-speed and one-temperature 
approach by using eulerian coordinates. The diffusion of magnetic field and the angle 
between the vectors of vertical atmospheric density gradient and magnetic field also was 
taken into account. As the initial condition for 3D numerical simulation was used the data 
from the initial stage of the plasma deceleration found by the solution of 1D problem in 
Lagrange statement. 
 
Numerical Model 
Let us consider the following hyperbolic system of conservation laws: [ ( )] 0t xU F U+ =

r r r
 (1). 

In one space dimension, for the ideal MHD system, using eulerian coordinates the vectors 
 and U F

r r
 have the next components: *[ , , , , , , ]T

y zU u v w E B Bρ ρ ρ ρ=
r

, 2 2
*[ , / 4 ,xF u u p Bρ ρ π= + −

r
 

* *( ) / 4 , ( ) / 4 , ( ) ( ) / 4 , , ]Tx y x z x x y z y x z xuv B B uw B B E p u B B u B v B w B u B v B u B wρ π ρ π π− − + − + + − − , 

where wvu ,,  are the three components of the velocity V
r

; const, ,x y zB B B=  are the 

components of the magnetic field B
r

; 2
* /8p p B π= +

r
 is the total pressure; 

2 2
* ( /2) /8E e V Bρ π= + +

r r
 is the total energy of a volume unit; ep , , ρ  are the pressure, 

density and internal energy. Then we propose to split the vector F
r

 on two vectors 1F
r

 and 
2F

r
 so that 1 2F F F= +

r r r
, where 1 2 2[ , , , , ( ( /2) ) ,0,0]TF u u p uv uw e V p uρ ρ ρ ρ ρ= + + +

r r
 and 

2 2 2 2[0,( 2 ) /8 , ( ) / 4 , ( ) / 4 , /8 ( ) / 4 , ,x x y x z x x y z y xF B B B B B B uB B B u B v B w B u B vπ π π π π= − − − − + + −
r r r

]T
z xB u B w− . Now we can transform the original system of equation (1) to the new form: 

1 2[ ( )] [ ( )] 0t x xU F U F U+ + =
r r r r r

 (2), which we can split on two equivalent systems: 
1 21 1

1 2
1 1

( ) [ ( )] [ ( )] 0t x xU F U F U
α α

α α
α α

+ + + =
r r r r r

 or 1 2
1 1 2 2( [ ( )] / ) ( [ ( )] / ) 0t x t xU F U U F Uα α α α+ + + =

r r r r r r
 

(3). The numerical solution nU  at time nt  is assumed to be a piecewise constant function on 
each grid cell 2/12/1 +− ≤< mm xxx . The resolution of (3) with the initial condition nU  on the 

time interval 1+≤≤ nn ttt  defines a sequence of Riemann problems at each interface of the 
grid. In a finite difference discretization, the solution 1+n

mU  is obtained by approximating 
solution of (3) at the discrete time level 1+nt  by the next difference scheme with predictor 

(1,2) (1,2)
(1,2) (1,2) 1 / 2 1 / 2

(1,2)

[( )]n
m m m mU U F F

h
τ

α + −= − +%  and corrector 1 1 1 / 2
(1,2) (1,2) 1 / 2[( )n n

m m mU U B+ − +
+= + Ω Ω ×%  

1 1 / 2 1 1/2 1 1 / 2
1 1 / 2 1 (1,2) 1 / 2 1 1 / 2( ) ( ) ( )] [( ) ( ) ( )n n n n n n n

m m m m m m m m mU U B U U C U U C− + − + − +
+ − − + + −× − − Ω Ω − + Ω Ω − − Ω Ω ×% %  

1 (1,2)( )]m mU U −× −% %  and 1 1 1
1 1 2 2

n n n
m m mU U Uα α+ + += + , where 1 / 2 1 /2m mh x x+ −= −  and n 1t ntτ += −  (4). 
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The coefficients 1α  and 2α  can be found from the next system of equations: 1 2 1α α+ = , 
max max
2 1

2 1

λ λ
α α

= , where ( )max
1 1,

max m mm M
u cλ

=
= + , 

2
max 2
2 1,

1max
2

m
m mm M

m

B
u uλ

πρ=

 
= + +  

 

r
 and 

2
epp

c pρρ
= +  is the sound speed. We can compute the exact values of the vectors (1,2)

1 / 2mF ±  

like in Godunov’s scheme [1] or like in the characteristic-based scheme [2] by finding the 
following linearized vectors (1,2)

1 / 2mF ±  at each cell interface: 
(1,2) (1,2) (1,2) (1,2) 1 (1,2) (1,2)1 1

1 / 2 1 1 / 2 1/2 1 / 2 12 2( ) ( )n n
m m m m m m m mF F F U U−

± ± ± ± ± ±= + ± Ω Λ Ω − , where the matrices (1,2)Ω  are 
the nonsingular matrices whose rows are linearly independent left-hand eigenvectors of the 
matrices Jacobi (1,2) (1,2) /A F U= ∂ ∂  and (1,2) 1−Ω  are the matrices inverse to (1,2)Ω  and 

(1,2) { }idiag λΛ = , 1,...,7i =  are the diagonal matrices of eigenvalues of the matrices Jacobi 
(1,2)A . The matrices B  and C  are the diagonal matrices of the arbitrary coefficients: 

{ }iB diag b= ,  { }iC diag c= , 1,...,7i = . If we choose ib  and ic  so that the condition 
( 1) / 2i i i ib cσ σ= − − , /i i hσ τλ=  is satisfied, then we obtain the one-parameter class of 

second order ),( 22 hO τ  schemes  on the solutions (1) with the arbitrary  parameters ic , 
which can be chosen so way that the scheme (4) will be monotone in each calculated point 

1,...,m M= , like it was suggested in [3]. The numerical scheme for 3D MHD equations 
reduces to cited above 1D numerical scheme by the standard procedure of space splitting. 
 
Numerical Results 
For the numerical example, we choose a coplanar MHD Riemann problem, whose initial 
value consists of two constant states LU  and RU : 
( , , , , , , ) (0.18405, 3.8964,0.5361,2.4866, 0.3541, 2.394, 1.197),  0 x<0.5y z Lu v w p B Bρ = ≤

( , , , , , , ) (0.1, 5.5, 0,  0, 0.1, 2,1)y z Ru v w p B Bρ = − , 0.5 x 1≤ ≤  and 4=xB  and 3/5=γ . 
The initial left and right values have been suggested in [4] and are commonly used to test 
numerical schemes for one-dimensional ideal MHD. The discretization is given by 400M =  
mesh points. The results are presented on Fig.1 (dotted lines) at time 15.0=t  and Currant 
number 0.6σ = . The distinctive feature of this discontinuity is that it has all types of the 
discontinuity waves. The comparison of the results with [4] (bold points) shows a good 
coincidence that tell us about applicability of this method.  
Numerical results of the spherical explosion problem with initial energy 91.4 10e = ×  [MJ] 
and altitude above ground level 150h =  [km] at time 0.375t =  are presented on Fig.2. 
 
References 
[1] S. K. Godunov, A Finite Difference Method for Numerical Computation of 

Discontinuous Solutions of the Equations of Fluid Dynamics, Mat. Sb. 47, 271 
(1959). 

[2] A.S. Kholodov, Construction of Positive Definite Difference Schemes for Hyperbolic 
Equations, J. Comput. Math. and Phys., 18, 1476 (1978). 

[3] Y.A. Kholodov and J.V. Vorobjev, About One Method of Numerical Integration of 
Discontinuous Solutions in Gas Dynamics, J. Math. Mod., 8, 77 (1996). 

[4] W. Dai and P. R. Woodward, Extension of the piecewise parabolic method to 
multidimensional ideal magnetohydrodynamics, J. Comput. Phys. 115, 485 (1994). 

 

18th International Conference on Numerical Simulation of Plasmas

72



 

Figures: 
 

 
 

Fig.1: the MHD Riemann problem, whose initial value consists of two constant states LU  and RU . 
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Fig.2: the spherical explosion problem with initial energy 91.4 10e = ×  [MJ] and altitude above 
ground level 150h =  [km] at time 0.375t = . 
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Abstract

Nonlinear gyrokinetic calculations have been performed with the three-dimensional, global,
toroidal, nonlinear, particle-in-cell, delta-f, massively parallel UCAN code. Their purpose is to
study the effects of the parallel nonlinearity and of strong (externally imposed) sheared flow
corrections on ion temperature gradient (ITG) driven turbulence (ITGDT) in tokamaks. These
calculations show that the strong flow corrections have a qualitative effect on the saturation level
of the fluctuations and on the heat flux. The re-activated parallel nonlinearity, in combination
with zonal flows, leads to a quantitative reduction in saturation level and heat flux. This reduction
does however decrease with increasing system size.

Introduction

Extensions of gyrokinetics to for instance include finite gyroradius or ρ ρ* /= i a  (with ion
gyroradius ρi  and tokamak minor radius a) effects beyond those already retained in commonly

used formulations have been receiving renewed attention1,2. We report here on the inclusion of
two such effects, namely strong sheared flow corrections3 and the reactivation of the parallel
nonlinearity2 in the orbit equations for gyrokinetic ions used in our three-dimensional, global,
toroidal, nonlinear, particle-in-cell, delta-f, UCAN code4,5. Previous nonlinear calculations5 of
ITGDT with UCAN which did not include these effects have already shown that externally
imposed poloidal sheared flows, as well as fluctuation-generated zonal flows, have a profound
influence on the characteristics of the turbulence in tokamaks such as DIII-D and UCLA's own
Electric Tokamak (ET). Both external flows and zonal flows strongly decrease the saturation
level, heat flux, and correlation lengths of ITGDT. In order to facilitate the assessment of their
importance the effects of strong flow corrections have been studied in the presence of externally
imposed sheared flows only and the effects of the parallel nonlinearity have been examined with
zonal flows only.

Model and numerics

The UCAN code4,5 has been used for these studies. UCAN is a  gyrokinetic code written in
Cartesian coordinates and uses the low noise delta-f method to follow the orbits of ions in
toroidal geometry. Both passing and trapped electrons are taken to be adiabatic and the
electrostatic approximation is assumed to hold. This code covers the whole plasma cross section,
which is taken to be circular, and is therefore global and includes plasma profile effects. The
implementation in Cartesian coordinates allows the use of fast Fourier transform techniques to
solve the gyrokinetic Poisson’s equation. The global gyrokinetic code has been implemented on
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massively parallel platforms, such as the IBM-SP mainframes at NERSC and ORNL and
UCLA's AppleSeed cluster of Macintosh computers, using domain decomposition along the
toroidal direction. Message passing with the MPI protocol is used to transmit the necessary
particle and grid information from one processor to another via UCLA’s own PLIB library of
particle and field management routines.
 The conventional set of particle and field equations solved by UCAN is given in Ref. 4. The
extended set which includes strong sheared flow corrections and the parallel nonlinearity is given
by Eqs. 25, 26, 27, 30 and 31 in Ref. 3. These nonlinear gyrokinetic equations were derived by T.
S. Hahm to correctly describe ITGDT in internal transport barriers. Equations 25 and 27 of Ref.
3 are reproduced here to illustrate how the parallel nonlinearity and strong flow corrections are
now included in UCAN. The notation is that of Ref. 3. The particles follow the characteristics of
the nonlinear equations for the perturbed part of the distribution function:
∂δ
∂

δ
∂δ
∂

∂
∂

f
t

dR
dt

f
dv
dt

f
v

dR
dt

F
dv
dt

F
v

+ ⋅ ∇ + = − ⋅∇ −||

||

( )
||
( )

||

1

0

1
0 .                                                                  (1)

The third term on the left hand side of Eq. 1 is the parallel nonlinearity with the parallel
acceleration given by:
dv
dt

B
MB

e B
B

b u
M

uE E
||

*

||
* ( ) ( ) ( )= − ⋅ ∇ + < > + ∇ + ∇ ⋅∇ × + ∇





Φ
Ω

δφ µ
µ
2 2

2 .                                    (2)

The last two terms on the right hand side are the strong flow corrections which materialize in the
characteristic equations as derivatives of the E B×  velocity u b BE = ×∇Φ /  driven by the
externally imposed potential Φ .
An equilibrium ion temperature gradient only is imposed, along with a generic parabolic q-profile
appropriate to a large aspect ratio tokamak such as ET. These profiles and those of the various
externally imposed sheared poloidal flows are displayed in Fig. 1.
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Fig. 1. Radial profiles of temperature, q and externally imposed flows.

Effect of strong sheared flow corrections

The impact of strong flow corrections has been examined with externally imposed flows only
included in the calculations. The profound effect of externally imposed poloidal sheared flow on
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ITGDT is vividly illustrated in Fig. 2 where the volume-averaged field energy is plotted as a
function of time with and without external flow and for the various flow profiles used. Regardless
of the profile, significant reduction of the linear growth rate and of the saturation level occurs
compared to the case without external flow. This is also true of the heat flux (not displayed). The
additional enhancement from the strong flow corrections is slight as is also shown in Fig. 2. This
is so irrespective of the particular flow profile and the effect of strong flow corrections is
therefore qualitative rather than quantitative.
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Fig. 2. Time evolution of electrostatic energy without and with externally imposed flows and without
and with strong flow corrections

Effect of parallel nonlinearity

The role of the parallel nonlinearity has been examined in the absence of externally imposed flows
but without and with fluctuation-generated zonal flows in the calculations. The negligible
influence of the parallel nonlinearity in the absence of zonal flows is evident in Fig. 3 where the
time evolution of the field energy is displayed. The reduction in saturation level in the case where
zonal flows are allowed to evolve is apparent when the system size is such that ρ* /= 1 90 in
agreement with Ref. 2. This effect is however much diminished when the system is doubled at
fixed aspect or major radius to minor radius ratio R a0 /  such that ρ* /= 1 180  and the ITG
scalelength LT is also doubled to keep the toroidal ITG drive R LT0 /  fixed.

Summary

Nonlinear gyrokinetic calculations have been performed with the three-dimensional, global,
toroidal, particle-in-cell, delta-f, UCAN code4,5 to study the effects of parallel nonlinearity and
strong (externally imposed) sheared flow corrections on ITGDT. The calculations show that the
strong flow corrections have a qualitative effect on the saturation level of the fluctuations and on
the steady-state heat flux even at the highest flow magnitudes and gradients used. The
calculations also show that the re-activated parallel nonlinearity leads to a significant quantitative
reduction in the saturation level of the fluctuations and in the saturated flux. The extent of this
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reduction does however decrease with increasing system size at fixed ion gyroradius and
instability drive.
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Fig. 3. Time evolution of the electrostatic energy without and with parallel nonlinearity and upon
doubling of system size
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1. Introduction 
 
In this report we investigate the generation of an electrostatic wake field and electron 
acceleration in this field by intense laser pulse propagating in a plasma in the presence 
of external magnetic field.  It is shown that if we do not take into account the change 
in the laser pulse wave amplitude (approximation of the constant laser pulse wave 
field), it is possible by switching to Lagrangian variables reduce the system of 
equations describing excitation of the wake field and electron acceleration to a 
simplified system of ODE, which can be easily integrated. The stability of laser pulse 
propagating with an arbitrary angle to the external magnetic field towards excitation 
of parametric and decay instabilities with involvement of upper hybrid and lower 
hybrid waves is investigated as well.  
The results of the study can be applied to the problems of laser z-pinch plasma 
interactions. The focus is on plasma and laser parameters that are readily accessible 
experimentally, i.e. 1 < B < 100 MG, 1018 < I < 1021 W/cm2 and pulse duration 0.1 – 
10 ps. This will help guide the development of ultra-intense laser-plasma interaction 
experiments at the Nevada Terawatt Facility at UNR: L=2000 c /ω , 1

0 10E mc eω −= , 
/ 0.p 5ω ω = , and / 0.33Bω ω = .  

 
II. Basic equations of the model in Lagrangian variables 
 
Electron motion in cold plasma in the presence of an electromagnetic field of the  
laser pulse (E,B) with constant amplitude, propagating at an angle to the external  
magnetic field B0, can be described by the system of hydrodynamic equations. The 
longitudinal polarization field , which appears due to the displacement of electrons 
towards ions, can be described by Maxwell’s equations in the electrostatic 
approximation:  

zE

 0/ v / 4 vz z zE t E z en .zπ∂ ∂ + ∂ ∂ = −  (1) 
Using equation (1), we can replace Euler variables t  and  by Lagrangian variables, 

 , where the function Ψ satisfies the equations: 
z

,t t′ = ( ,z t′ = Ψ )z

0z z  (2) ( ) 0/ v / 0, / , v /zt z n n z n n∂ ∂ + ∂ ∂ Ψ = = ∂Ψ ∂ = − ∂Ψ ∂

Here  and vn z are the density and velocity of plasma electrons, and  - density of 
fixed plasma ions. As a result we obtain the following system of ordinary differential 
equations: 

0n

 

( ) ( )
( )

0 0

0

0

,

,

v , v , v , 4 v

x x z y y z z y

y x z z x y y

x y z z

p e E B e B B

0 ,z

z

p e B p e B B eE

x y z E en

β β β

β β

π

= − + −

= − = + +

= = = = −

 (3) 
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where a dot above the variable means the derivative in time  , 
and the function  is the integral of the system (3) and for the homogeneous plasma 
coincides with the initial coordinate of the electron 

/ / v /zd dt t z= ∂ ∂ + ∂ ∂
Ψ

( )0z ; here p and v /p m cγ β= =  

are the impulse and velocity of electrons, 21 / 2 2p m cγ = + . 
 
III. Wake field in isotropic plasma 
 
The propagation of electromagnetic waves in isotropic plasma (in the absence of a 
magnetic field) can be described by the system of equations (3) with . 
Introducing the vector potential A

0 0B =

x one can get:  
 / , / , /x x y x x xE A ct B A z p eA= −∂ ∂ = ∂ ∂ = − c  (4) 
where xA  is an arbitrary function of time and electron coordinate z(t). 
Presenting the vector potential in the form: 
 ( ) ( ) ( )2

g g/ sin, / c , / v , vx g ,A mc e A t z t z cξ ψ ω ξ β= = − = − =

0 ,

  
introducing dimensionless variables: 

 
( )0 0 0, / , / ,

/ , , / ,z z

t z z c z c

p mc a E eE mc

τ ω ζ ω ζ ω ψ τ ζ ζ

γ ω

= = − = = − −

Ω = = −Ω =
  

and taking into account relations:  

 
( ) ( )( ) ( )( ) 11

0

2

1 , 1 1 /

/ 1 , / , , / ,

g z

z z p p p

,z gA A A

d d d d E Q Q

Aξ ψξ ψ β ζ ζ β β β

ψ τ β β ζ τ ζ ω ω

−−  ′ ′= − − + = − − 
= − = = − =

  

( pω  is the Langmuir frequency) it is possible to rewrite system (3) for functions 

(a )ψ  and ( )ζ ψ : 

 ( ) ( )
2

2 2
2

11 cos 2 , 1 1 cos 2
2 2 2p

AAda d AQ a
d a d a

ξ ζα ψ ζ ψ
ψ ψ

′  
= − − + = + − − 

 
 (5) 

where . 1 1gα β −= −
Under the adiabatic approximation it is possible to present solutions of the system (5) 
in the form: , | | , , | |a a a a a ζ ζ ζ α ζ ζ= + = + , where a~  and a

/
 are the 

monotone and oscillating parts. Averaging over the laser wave length 2 cπ ω , we can 
drop oscillating terms in the lowest order in the parameter 1

m
−∼ 1a a A .  

When const equation (5) is equivalent to the equation of the material point with 
coordinate 

A =
a and mass  in the potential wall 2

pQ− ( ) ( ) ( )1 22 1 / 2 /a A a−= + + 2U a , and 

it has the stable stationary point 0a ζ′ ′= = , which corresponds to the minimum of 

potential energy, with: 21 / 2= +0 , 0 0a A  ζ = . For the slowly varying function 

pA Q mAξ′ (impulse length  is large in comparison with L ( ) 1/ 2/ 2L pλ λ π γ= ) the 
solution is also staying in the vicinity of the moving stationary point. The plasma 
electric field , which can be found from the equations (5), is equal to E

 ( )
1 2 2

22
sin 2

8 1 / 22 1 / 2
g pAA Q A

E
AA

ξβ
ψ

− ′
= − +

++
 (6) 
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In this case the non-varying component of the plasma field (6) compensates the action 
of the force (gradient of high frequency pressure) on the plasma electrons, and the 
longitudinal electron impulse (6) does not have a non-varying component.  
In the opposite limit 1 pD λ  the contribution of plasma term 2

pQ ζ  in the first 
equation of (5) decreases and the acceleration of plasma electrons by the action of 
ponderomotive force occurs. As distinct from the long pulse discussed above a 
powerful wake field arises in this case. Supposing 2 2/ 4 1A a 2a− , we get the 
system: 

 
2

2
2,

2 1 4p
AA Aa Q

a a
α ζ ζ

αζ
′

′ = − + =
′−

,′  (7) 

where prime denotes a derivative with respect to ψ . Neglecting the term proportional 
to Q  in the right-hand side of (7), we obtain the relations: 2

p

 ( ) ( ) 2
2 2 21 1 1 , 1 1

2
a A Aα ζ α

−
′= + − = + − ,A  (8) 

which are valid under the condition 2 1Aα ≤ . Note that in comparison with the high-
density plasma, the equations (8) define simultaneously increasing electron energy 

(1a )γ ζ ′= +  and electron momentum z aζ ′Ω = . The above “vacuum” 

approximation for  takes place when the following inequality is fulfilled: 
. 

1/ 2
mA α−≈

1/ 2 1pQ Dα−

 
Fig. 1 Dependence of wake field oscillations excited by a laser pulse on the pulse width. 
Numerical solutions of Eqs.(5) are obtained for  =: 9.4, 23.5, 79, 158. 1/ 4 1/ 22 p mQ A D−

IV. Wake field in the plasma with external magnetic field  
 
In the presence of a magnetic field electrostatic longitudinal oscillations in plasma are 
cold hybrid or plasma resonances. We are interested in excitation of upper and lower 
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hybrid resonances. The growth rate of parametric instability has maximum for the 
perturbations propagating perpendicular to magnetic field and therefore we will 
discuss this case in detail using the set of equations: 

 ( )2
2

2

1 sin sin1 1 ,
2

B B
p B

Q A Q Ad da Q Q
d a d

ζ ψ
a

ζ ψζ ζ
ψ ψ

 + + +
= − = + 

  
 (9) 

which follows from (3) for 0 00, , and / .z y BB B B Q eB mcω= = =  Assuming that the 
pump wave is equal to  
 ( ) 12 2

0 01 cos , sin , 1 ,R R R pa A A A A Q Qψ ζ ψ
−

+ += − = = −Ω Ω = + 2 .B  

linearizing the system (9), and substituting ( )0 exp / 2a a i λ ψ− − +  ∼

( ) ( )

 one can get 

the dispersion equation for the growth rate 2 21/ 2BQ A += − −Ωλ . 
Results of the numerical solution of the system (9) are presented in Fig. 2. The 
excitation of the wake field by an adiabatic laser pulse occurs, if the external magnetic 
field exceeds the threshold value (Fig. 2b) 
 

 
 Fig. 2. a) Propagation of laser pulse with   perpendicular to magnetic field with 

 below the threshold for parametric instability;  b) The same for  and with 

the external magnetic field amplitude Q  above the threshold for wave excitation. 

0.4pQ =

0.25

0.23BQ = 0.4pQ =

B =

 
In a finite density plasma Q  the dispersion curve splits into upper and lower 

hybrid modes corresponding to oscillators with frequencies 
p Q≈ B

( )θ+Ω  and ( )θ−Ω . 
Therefore an electromagnetic wave propagating in plasma under an arbitrary angle θ 
to a magnetic field interacts with each of these modes under the parametric resonance 
conditions . The interaction of the wave with the both oscillators 
simultaneously for Ω +  is accompanied by the decay of the electromagnetic 
wave into two plasma modes with the growth rates, which are presented in this report. 

1/ 2±Ω ≈
1−Ω ≈+
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The National Transport Code Collaboration Module Library 

Arnold H. Kritz for the NTCC Team 

Department of Physics, Lehigh University, Bethlehem, PA 18015, USA 

The Module Library of the National Transport Code Collaboration (NTCC) currently contains a 
collection of more than 40 high quality, fully documented software packages, which are 
available through the Web at http://w3.pppl.gov/NTCC.   The modules provide a variety of 
functions for use within integrated modeling codes for magnetically confined plasmas, such as 
implementing numerical models for a wide variety of physical processes; performing ancillary 
functions such as I/O or graphics; or providing tools for dealing with common issues in scientific 
programming such as portability of Fortran codes.  Researchers in the plasma community submit 
code modules and a review procedure is followed to insure adherence to programming and 
documentation standards.  The review process is designed to provide added confidence with 
regard to the use of the modules and to allow both users and independent reviewers to validate 
the claims of the modules' authors.  All modules include source code, together with clear 
instructions for compilation of binaries on a variety of target architectures, and test cases with 
well-documented input and output. 

The goal of the NTCC Module Library is to develop a resource of value to builders of integrated 
modeling codes and to plasma physics researchers in general.  A consequence of the NTCC 
Module Library is that researchers share their best physics packages as modules and 
improvements needed in the modules can be uncovered when they are used in a variety of codes.  
The validity of a module that is extracted from a legacy code is often tested by reusing the 
module within the larger code from which it was extracted.  As modules are extracted from 
legacy code and documented, significant advances in the physics content often result.  
Previously, because of the nature of fusion legacy codes, and particularly fusion integrated 
analysis and predictive codes, it has been very difficult to transfer the advances that were 
developed in one code to another code in the community.  The modules available in the NTCC 
Module library are helping to overcome the difficulty in sharing advances in code development. 
For example, the Monte Carlo package for computing the neutral beam injection heating of 
tokamak plasmas (the NUBEAM module), which is a major element in the TRANSP integrated 
modeling code, is now being installed in the CORSICA and ONE-TWO integrated modeling 
codes.  Also anomalous transport modules such as Multi-Mode used in the BALDUR code and 
GLF23 developed at General Atomic have now been installed and used in a number of transport 
codes in the US and in Europe.   

Modules in the NTCC Module Library 

There are currently 43 modules in the NTCC Module Library.  In addition to transport modules, 
neutral beam injection and radio frequency heating modules, equilibrium and stability solvers, 
neutral gas and edge physics modules, there are modules for atomic and nuclear reaction rates, 
data analysis and visualization, numerical tools and portability tools.  The modules are grouped 
into the 11 categories that are listed in Table 1. 
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Table 1:  Categories of Modules in the NTCC Module Library 

 

Transport Modules 

The NTCC Module Library includes full-featured theory-based anomalous transport modules, 
such as GLF23 and MMM95, as well as the most widely used neoclassical transport module, 
NCLASS.  These modules are used to compute multiple channels of transport in plasmas with 
multiple species of ions.  The quasi-linear GLF23 and MMM95 anomalous transport models 
include the effects of flow shear and finite plasma beta.  They have been calibrated against 
turbulence simulations and a wide range of experimental data.  Modules for the IFS/PPPL and 
Ottaviani-Horton-Erba anomalous transport models, as well as the KAPISN neoclassical 
transport module, are also available in the Module Library.  In addition, the CYTRAN module is 
used to compute transport by the emission and absorption of electron cyclotron radiation. 

Plasma Heating Modules 

Plasma heating modules have been a major thrust of new physics modules submitted to the 
module library during the last two years.  In this category, three modules for radio frequency 
heating and two modules for neutral beam injection heating are now available in the NTCC 
Module Library.  Among the radio frequency heating modules are the CURRAY module, which 
is a ray tracing code that is used primarily for modeling radio frequency heating and current 
drive in the ion cyclotron and lower hybrid frequency regimes for tokamaks, the TORAY code, 
which computes electron cyclotron resonance heating and current drive, and LSC, which 
computes ray tracing, power deposition, and current drive for lower hybrid waves.  The neutral 

Category 
Number of 

modules 
Comments 

Anomalous Transport Models 5 Transport of heat, particles, and momentum 

Neoclassical Transport Models 2 Particle, momentum, and thermal transport  

Heating 5 Radio Frequency and Neutral Beam heating 

Equilibrium and Stability Solvers 7 Force balance and MHD stability 

MHD Stability Miscellaneous 1 Sawtooth mixing module 

Divertor/Edge/Pedestal 1 To compute boundary conditions 

Neutral Gas Models 2 Source of ions and radiative losses  

Atomic/Nuclear Reaction Rate 
Data 

1 
Ionization, recombination, radiation, and 

fusion reaction rates 

Numerical Tools 7 Interpolation, integration, etc 

Data Analysis and Visualization 8 To facilitate database and plotting 

Portability Tools 4 
To facilitate transfer of codes from one 

computer to another 

18th International Conference on Numerical Simulation of Plasmas

84



beam injection modules NBEAMS and NUBEAM compute power deposition, particle source 
rates, momentum transfer, and current drive. 

The NUBEAM module is the largest and most complex code in the NTCC Module Library.  The 
NUBEAM module uses a Monte Carlo numerical technique to compute the time-dependent 
deposition and slowing down of fast ions produced by neutral beam injection (NBI), taking into 
consideration beam geometry and composition, the interaction between ions and neutral atoms, 
anomalous diffusion of fast ions, as well as the effects of large scale instabilities, magnetic 
ripple, and the finite Larmor radius of the fast ions.  The NUBEAM module can also treat fusion 
product ions that contribute to alpha heating and ash accumulation, whether or not NBI is 
present. 

The NUBEAM module was extracted from the TRANSP integrated modeling code.  The main 
challenge encountered with extracting this module was caused by the fact that the original 
NUBEAM package shared more than one thousand variables that were stored in large common 
blocks in the TRANSP code.  As the NUBEAM code was turned into a module, these variables 
were organized into 23 input and 23 output data structures, with 370 input, 365 output, and 55 
input-output variables.  The rest of the variables are internal to the module.  The interface for 
these structures is written with a Python script code generator.  Default values are assigned to all 
of the input variables in order to minimize the number of variables that have to be set by the user.  
In addition, the NUBEAM module makes use of eight other modules in the NTCC module 
library.  There is on-line documentation available at the NTCC Module Library Web site and a 
full description of the NUBEAM module is being published in Ref. [1] 

MHD Equilibrium and Stability Modules 

The MHD equilibrium modules such as ESC and JSOLVER are used to compute the shapes of 
the magnetic flux surfaces throughout the plasma core, given the shape of the plasma boundary.  
The XPLASMA module converts any given equilibrium from one representation to another and 
computes metric elements and magnetic field components throughout the plasma.  The TRACK 
module computes the intersection between a given trajectory and magnetic flux surfaces, which 
is used in neutral beam and pellet injection modules.  The PEST3 module computes the growth 
rate and spatial structure of resistive MHD instabilities.  Finally, the KDSAW module uses the 
Kadomtsev model to compute the mixing caused by sawtooth oscillations within the central part 
of tokamak plasmas. 

Edge Plasma and Neutral Gas Modules 

The PEDESTAL module provides models to compute the height of the temperature and density 
pedestal that forms at the edge of H-mode plasmas, as well as the conditions needed for the 
transition from L-mode to H-mode.  The neutral gas modules, FRANTIC and NUT, are used to 
compute the transport of neutral atoms through the plasma, from the wall or volume sources, and 
to compute the resulting source of plasma electrons and ions.  The PREACT module provides 
ionization, recombination, radiation, and fusion reaction rates 
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Standards 

There are 20 NTCC Module Standards and 15 goals described on the NTCC Module Standards 
Web page.  Ten of the standards concern programming practices, such as the requirement to 
provide one or more driver programs with test cases, complete with examples of input and 
output, so that installations of the module on different platforms can be validated.  Seven of the 
standards concern documentation, such as the requirement to provide an annotated index of the 
input-output variables and a list of dependencies.  When the standards were formulated, care was 
taken to avoid limiting the programmer to any particular set of programming languages or 
methods of documentation.  The standards were deliberately minimized in order to avoid 
imposing too much of a burden on module authors who are more concerned with physics than 
with programming style.  Finally, there are three standards that apply to the users of the modules, 
in an effort to protect the authors.  The NTCC module committee meets annually and reviews the 
standards, often implementing upgrades.  As a result, goals have been advanced to the level of 
standards. 

Review Process 

Modules can be submitted by any researcher to the NTCC Module Library through the Web page 
http://w3.pppl.gov/NTCC/guidelines/guide.html.  As soon as a module is submitted, it is made 
available on the NTCC Module Web page.  The submitted modules are reviewed to ensure that 
the modules conform to the standards that are published on the NTCC Module Web page.  The 
review process is open, so that the reviewer and the author can communicate as needed to 
improve the module.  In some cases, this communication has led to the reorganization or major 
improvement of the module.  More frequently, the review process produces improvements in the 
documentation or the repair of minor problems in the module.  Once a satisfactory review has 
been completed, the review is submitted to the Module Committee and is accepted after an 
affirmative vote by a majority of the committee members.  Eighteen of the modules have passed 
the review process to date. 

Work in Progress 

An objective of the NTCC Module Library is to provide the wide range of modules that are 
required for whole device integrated modeling of magnetically confined experiments.  For some 
physical processes, modules with different levels of sophistication are developed for slower or 
faster computations.  New modules are being developed this year to compute the free-boundary 
equilibrium plasma shape (TEQ module), a full-wave treatment of ion cyclotron resonance 
heating (TORIC), and a module to compute non-equilibrium impurity radiation.  Each year, the 
community is asked to contribute those modules that are particularly needed to fill the gaps that 
still exist in the Module Library.  In addition, existing modules are being upgraded each year to 
incorporate improvements in the theoretical models and programming practices. 

------------------- 
[1] A. Pankin, G. Bateman, A. Kritz, D. McCune, and R. Andre, "The tokamak Monte Carlo Fast 
Ion Module NUBEAM in the National Transport Code Collaboration Library," submitted to 
Computer Physics Communications, 2003. 
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Building plasma simulation infrastructure with Microsoft .NET 
Steven R. Lantz, Cornell Theory Center, Cornell University 

 
One of the most onerous tasks associated with constructing large-scale plasma simulations has 
nothing to do with physical modeling, but rather with data handling.  The well-known glut of 
numbers becomes particularly acute when the many gigabytes produced by a three-dimensional 
simulation are linked into a visualization system, even though this step is absolutely crucial if 
meaningful interpretations are to be made of the results.  This talk describes an attempt to create 
the necessary scientific data management tools by leveraging commercial software originally 
targeted for e-business applications and databases. 
 
Microsoft .NET is an emerging platform for client-server and server-to-server software that 
possesses several attractive features for assisting simulation science.  First, the .NET Framework 
provides the low-level middleware needed for connecting servers (such as supercomputers) with 
databases and remote clients (on workstations).  By design, the .NET “plumbing” is hidden from 
developers by encapsulating it in components that are accessible through object-oriented 
interfaces.  Under these wrappers, the default middleware is built around Internet standards such 
as XML and IP, but it can also be customized as needed.  Second, .NET offers some degree of 
programming language independence, since the namespaces defining its objects and interfaces 
are available in multiple languages.  Different .NET components are able to talk to each other 
regardless of their origin because the code is first compiled into CIL, the common intermediate 
language that is just-in-time compiled down to machine language only at runtime.  Third, in the 
Windows OS there exists an IDE or integrated development environment, Visual Studio .NET, 
that enables RAD or rapid application development of .NET code—flagging syntax errors on the 
fly, offering drop-down lists of valid method names, etc.  Finally, .NET integrates particularly 
well with SQL Server on the one hand and ordinary Web browsers on the other, making it very 
well suited as an intermediary for desktop access to extremely large databases. 
 
The talk will focus on two applications of .NET technology to the infrastructure surrounding a 
3D MHD research code used for studying solar convection.  The key concept, which has been 
realized in the Fusion Grid and elsewhere, is to store and retrieve simulation data through a 
database like SQL Server rather than a traditional file system.  (Reportedly, in future versions of 
Microsoft Windows, the distinction between the two storage mechanisms will be blurred in any 
case.)  This enables researchers to interact with their data in new and creative ways, especially if 
they can easily incorporate database queries into special-purpose applications.  What .NET does 
is to facilitate the development of such tools: for example, one might custom-design a GUI for 
building valid SQL queries using Win Forms or Web Forms, then have this GUI pass its output 
request to SQL Server through ADO.NET.  In our work in progress, “go-between” code of this 
sort is being implemented in two places.  As the parallel simulation runs, it enlists SQL Server to 
act as a kind of parallel (or at least asynchronous) file system.  Domain decomposition maps 
rather naturally into per-node transactions with the database involving subsets of the full dataset.  
Similarly, a general-purpose visualization tool called OpenDX is instrumented to obtain its input 
via SQL Server queries instead of files.  Specific data of interest are then transferred in real time 
according to parameters (such as mouse position) received from the user via the OpenDX GUI.  
The translation from OpenDX user input to SQL is embedded in reasonably straightforward C# 
code that is invisible to the user.  Other possibilities for this kind of technology will be discussed. 
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Strange Attractors in Drift Wave Turbulence

Jerome L.V. Lewandowski
Princeton University, Princeton Plasma Physics Laboratory, Princeton, NJ 08543

1 Introduction

There are growing experimental, numerical and theoretical evidences that the anomalous trans-
port observed in tokamaks and stellarators is caused by slow, drift-type modes (such as trapped
electron modes and ion-temperature gradient-driven modes). Although typical collision frequen-
cies in hot, magnetized fusion plasmas can be quiet low in absolute values, collisional effects are
nevertheless important since they act as dissipative sinks. As it is well known, dissipative systems
with many (strictly speaking more than two) degrees of freedom are often chaotic and may evolve
towards a so-called attractor.

This paper shows that strange attractors in collisional, electrostatic drift wave turbulence with
kinetic electrons can exist and that their fractal dimension are actually quite small; this result
suggests the presence of deterministic dynamics with few key variables but displaying chaotic be-
havior (because of the fractal dimensionality of the attractor). Another important conclusion is
that our observation of a low-dimensional attractor for this specific model of drift wave turbulence
has been achieved using an accurate scheme for kinetic electrons (splitting scheme; see next sec-
tion). In the presence of kinetic electrons, standard schemes (e.g. δf scheme [2]) fail to resolve the
underlying dynamics of the system, that is the fractal dimension cannot be measured.

2 Splitting Scheme

As mentioned in the Introduction, the measurement of the fractal dimension of the attractor in
electrostatic drift wave turbulence has been made possible by using an accurate electron scheme.
In order to stress the relevance of strange attractors to drift-wave turbulence, we consider a shear-
less slab model for electrostatic drift waves. We start from the collisionless, electrostatic, gyroki-
netic Vlasov equation, in the long-wavelength limit, for particles species j with mass mj and charge
qj

dFj

dt
≡ ∂Fj

∂t
+

(
v||b̂0 + VE

)
·∇Fj − qj

mj
b̂0·∇Φ

∂Fj

∂v||
= C (Fj) (1)

where b̂0 = B0/B0 is a unit vector, VE = cb̂0×∇Φ/B0 is the E×B drift velocity, and C (Fj) is the
collision operator. The confining magnetic field is taken to be of the form B0 = B0 (ẑ + θŷ) where θ
is a small parameter, together with the simplification of ∂/∂z 7→ kz ≡ 0. Collisional effects on the
ion distribution are neglected, C(Fi) = 0; the effects of electron-ion collisions can be represented by
the number-conserving, energy-conserving Lorentz collision operator [1] including only pitch-angle
scattering in the velocity space for the electrons

C (Fe) =
νei

2
1

sin ζ

∂

∂ζ

(
sin ζ

∂Fe

∂ζ

)
, (2)

where νei = 4πn0e
4 ln Λ/m2

eV
3
the is the collision frequency and ζ = cos−1v||/

(
v2
|| + v2

⊥
)1/2

. Although
the standard δf scheme [2] works well for the ion dynamics, an accuracy problem arises when
the scheme is used to treat the electron dynamics. The origin of this accuracy problem is related
to the fact that the bulk of the electrons do not interact with the low-frequency waves but may
(and usually do) transfer noise if their dynamics is not treated accurately. Therefore, it is natural
to separate the electrons into two groups (adiabatic and nonadiabatic) to reflect their different
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responses to the low-frequency waves. To do so, we write the distribution Fj as [4]

Fj = exp
(
−qjΦ

Tj

)
FMj + hj , (3)

where FMj is the Maxwellian distribution for particle species j and hj is the nonadiabatic response.
Substituting representation (3) in Eq.(1) and using the relations of (∂/∂t + v||b̂0·∇)FMj = 0 and
VE ·∇Φ ≡ 0, we obtain an evolution equation for the nonadiabatic response

dhj

dt
= C (Fj) + FMj exp

(
−qjΦ

Tj

) (
κj ·VE +

qj

Tj

∂Φ
∂t

)
, (4)

where κj = κ
[
1 − ηj

2

(
1 − v||2

)]
, v|| = v||/Vthj and κ = −∇n0/n0. As it is evident from Eq.(4)

the contribution due to the free streaming particles will not, unlike the corresponding δf scheme,
appear in the equation for the marker weight. The field equations related to Φ and ∂Φ/∂t have
been solved using a multigrid solver; the details are given in Ref. [4]. The initial loading of the
markers in velocity space is carried out using a low-noise technique described in Ref. [5]. The
linear properties of the splitting scheme [4] and the energy conservation properties have been
presented elsewhere [3] and these results are not reproduced here.

3 Characterization of Strange Attractors

It is already an accepted notion that many nonlinear dissipative dynamical systems do not ap-
proach stationary or periodic states asymptotically. Instead, with appropriate values of their pa-
rameters, they tend towards strange attractors on which the motion is chaotic, i.e. not periodic and
unpredictable over long times, being extremely sensitive on the initial conditions [7, 8, 6]. Typically
a strange attractor arises when the flow in phase space does not contract a volume element in all
directions, but stretches it in some. In order to remain confined to a bounded domain, the volume
element gets folded at the same time, so that it has after some time a multisheeted structure [7, 6].
In our model, dissipation through collisions is what allows for phase space contraction.

Grasseberger and Procaccia [9] have introduced an important measure of an attractor known as
the correlation exponent, which is based on correlations between random points on the attractor.
The basic idea behind the correlation exponent measure is that trajectories belonging to an at-
tractor, although not dynamically correlated, are spatially correlated. Introducing the correlation
integral C(`) these authors have shown that, for small enough `, C(`) ∼ `α, where α is the so-called
correlation exponent. Grassberger and Procaccia have proved that the information dimension, σ,
the Hausdorff dimension, D, and the correlation exponent, α, satisfy the inequality

α ≤ σ ≤ D . (5)

In most cases, the inequality (5) is rather tight. To measure the spatial correlation of the attractor,
Grassberger and Proccacia consider a time series {Xi ≡ X (t + i∆t) ; i = 1, · · · , M} of points on the
attractor, where ∆t is the (fixed) time step; they define the correlation integral [9] as

C (`) ≡ lim
M 7→∞

M̂(`)
M2

, (6)

where

M̂(`) ≡
∑
ij

H (|Xi − Xj| − `) , (7)

is the number of pairs (i, j) whose distance dij = |Xi −Xj | is less than `; in Eq.(7) H(x), denotes
the Heaviside function. One important conclusion of the work by Grassberger and Proccacia is
that, for small `, the correlation integral C(`) grows like a power

C (`) ∼ lα ,
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and that this correlation exponent (α) can be taken as a measure of the local structure of a strange
attractor [9]. The usefulness of this measure for a system with many degrees of freedom is high-
lighted in the next section.

4 Numerical Results

The implementation of the Grassberger-Procaccia algorithm has been tested against known re-
sults for the (one-dimensional non-invertible) logistic map [8] and the (two-dimensional invertible)
map [11]. In both cases the measured correlation exponent provides a close lower bound to the
Hausdorff dimension [10].

Having tested the implementation of the Grassberger-Proccacia algorithm, we consider the case
of fully developed electrostatic drift wave turbulence. Since there is no explicit source of dissipa-
tion (no phase space contraction) for the ion population, we measure the correlation exponent of
the electron dynamics only. We randomly select a set of M electron markers from the electron
distribution function. Each sample Xq =

(
x

(n)
k , v

(n)
||k

)
is recorded for each marker k at time step n.

In order to prevent spurious spatial correlations, the system must be in the fully nonlinear state;
in this paper, the positions in phase space Xq were recorded for ωcit ≥ 3000 (fully turbulent regime)
for Ns time steps. The distance in phase space between Xq and Xq′ is simply given by

dq,q′ = |Xq −Xq′ | =
{[

x
(n)
k − x

(n′)
k′

]2

+
[
v
(n)
||k − v

(n′)
||k′

]2
}1/2

, (8)

and the correlation integral is computed as in Eq.(6). In a typical simulation, both the number
of sampling markers M and the number of time steps Ns is varied to ensure convergence. Figure
1 (left) shows the electron correlation integral, Ce(`), as a function of `/`0, where `0 is arbitrary;
the collision frequency is νei = 10−4. For very small distances, the data for Ce(`) deviate from
a power law, but that was to be expected: the values of Xq and Xq′ are strongly correlated. For
larger ` the correlation integral follows a power law over 7 orders of magnitude. The χ2 fit yields
a correlation exponent of α = 0.0126. This means that the low-dimensional attractor is somewhere
between a point (D = 0) and a line (D = 1). Since the system has many degrees of freedom, such
a low-dimensional may seem surprising; however, for a very different physical system, Nicolis
and Nicolis [12] have found a strange attractor with a small dimension D in a system with many
degrees of freedom (see next section) The key factor here is the rate of phase space contraction.

Figure 1: Correlation integral for νei = 10−4 as a function of `/`0 (left); dependence of C(`) on νei.

To pursue this argument, we have measured the dependence of the correlation exponent α
on the collision frequency (Figure 1; right). The general trend is a decrease in the correlation
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exponent, and therefore a decrease in the Hausdorff dimension, with increasing collision frequency.
This is not surprising as the phase space contraction rate is related to, but not necessarily directly
proportional to, the collision frequency.

5 Conclusions

We have identified the existence of a low-dimensional strange attractor in particle-in-cell, elec-
trostatic drift-wave turbulence. The dimension of the attractor has been estimated based on the
measurement of the correlation exponent [9] (a lower bound to the usual Hausdorff dimension).
It has been shown that the dimension of the attractor is sensitive to the electron-ion collision
frequency since this quantity is related to the contraction rate in phase.

Numerical results have shown the presence of a low-dimensional attractor in a system with
many degrees of freedom. In a different context, Nicolis and Nicolis [12] have studied the attractor
associated with the climatic evolution over the past million years based on isotope records of deep-
sea cores. The surprising result of Nicolis and Nicolis’s work is that, although the climate has
very many degrees of freedom, a well-defined low-dimensional attractor was identified based on
the experimental time series. Their results and our results suggest that some physical systems
with many degrees of freedom can possess low-dimensional attractors, implying the presence of
deterministic dynamics with few key variables but displaying unpredictable behavior (because of
the fractal dimensionality of the attractor).

As a final remark, we note that, since the Grassberger-Procaccia algorithm is based on the
information contained in one (or many) time series, their method can be useful to analyze and
characterize strange attractors from experimental measurements in fusion plasmas.
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A parallel electrostatic solver for the VORPAL code

Peter Messmer†, David Bruhwiler
Tech-X Corporation, 5541 Central Avenue #135, Boulder, CO 80301

1. Introduction

VORPAL [1] is a parallel hybrid PIC/fluid code under development by the University of Colorado
at Boulder and by Tech-X Corp. It is implemented in C

���
, using template metaprogramming

techniques to enable the expression of algorithms in arbitrary dimension. This code has been
extensively used for electromagnetic (EM) modeling of laser-plasma interactions. An electro-
static (ES) field solver has recently been implemented for VORPAL, so the code can be applied to
electron-cooling physics [2] and other wide-ranging problems.

The EM treatment of plasmas is more fundamental than ES, but computationally much more
demanding. In particular, the Courant condition requires that light cannot cross a grid cell in one
timestep – a restriction that does not make sense for nonrelativistic plasmas interacting with low-
frequency fields. In such cases, an ES treatment of the problem is justified and can be orders of
magnitude faster. Also, an ES field solve is often required to establish correct initial conditions for
an EM simulation.

The numerical techniques used in an ES code differ significantly from those used in an EM
code, especially for parallel computing. In an EM code, the field advance requires only local
quantities, making it relatively straightforward to efficiently parallelize the computation with low
communication overhead. In contrast, an ES field solve requires global information – starting from
the global charge distribution, the electric potential is obtained by solving Poisson’s equation. The
decision to use freely available solvers, which are already optimized for massively parallel architec-
tures, yielded excellent performance while greatly simplifying implementation within VORPAL.

2. Implementation

Solving the discretized Poisson equation reduces to the solution of a sparse linear system Ax � r,
where A is a n � n matrix of finite difference kernels with n the number of grid cells in the system,
x the electrostatic potential, and r the charge density on the grid. The matrix is very sparse, with
usually 5 � 7 non-zeros per row, depending on the dimensionality of the problem. The electric field
is finally obtained by finite differencing the potential.

Designing robust and fast linear solvers on parallel architectures is a challenging task. We
therefore used for our implementation the AZTEC library from Sandia National Lab [3]. The
library offers a large collection of solver and preconditioner algorithms. Additionally, AZTEC
allows the user to easily specify the decomposition of the matrix and the vectors among the pro-
cessors. This avoids redistribution of field data before and after the field solver step.

In addition to the conventional Krylov subspace solvers like Conjugate Gradient Squared (CGS)
or Stabilized Bi-Conjugate Gradients (BiCGStab) available in AZTEC, multigrid based solvers can

†Corresponding author email address: messmer@txcorp.com
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be very efficient for Poisson-type (elliptic) problems. The new electrostatic solver for VORPAL
offers therefore an Algebraic Multigrid (AMG) based preconditioner and a full AMG solver. The
implementation of the AMG algorithm is based on the multigrid preconditioning package ML [4],
developed by Sandia Natl. Lab.

3. Results

Here we consider accuracy of the solvers, timing issues, and scaling with number of processors.
Therefore, solutions to ellipsoidal and Gaussian charge distributions in conducting boxes are com-
puted. An analytical treatment for a Gaussian distribution is used to precisely study errors.

3.1. Accuracy

A non-trivial problem of relevance to electron cooling is to determine the potential of a Gaussian
electron distribution ρ � ρ0e � x2 � 2a2

e � y2 � 2b2
in a conducting box. For simplicity, we only show

the 2D case, but the extension to 3D is straightforward. The charge distribution is confined in a
box of length Li � 2 in all dimensions i, centered around the origin. The analytic expression for
the potential can be found by expanding both the potential and the charge distribution in a Fourier
series, e.g.

Φ � x 	 y 
�� ∑
m � n Φm � neikmxeikny 	 km � 2π

Lx
m 	 kn � 2π

Ly
n (1)

Letting the Laplacian operate on the potential leads to the following relation between the Fourier
coefficients of the potential and the charge density:

Φm � n �� 1
k2

m
�

k2
n

ρm � n (2)

The Fourier coefficients for a Gaussian charge distribution can be expressed as a product of error
functions,

ρm � n � 2π ab erf

�
1

2 � 2a
� Lx

�
ikma2 
�� erf

�
1

2 � 2b
� Ly

�
iknb2 
�� e � 1

2 k2
ma2

e � 1
2 k2

nb2 �
(3)

Eq. 3 and Eq. 2 determine Φm � n, the coefficients of the potential. Imposing conducting boundary
conditions, and the symmetry of the charge distribution, the potential is finally determined by

Φ � x 	 y 
�� 4 ∑
m � n Φm̂ � n̂ cos � km̂x 
 cos � kn̂y 
�	 (4)

with m̂ � 2m
�

1, n̂ � 2n
�

1.
Figure 1, left, shows the relative error of the potential of a Gaussian electron distribution on a

400 � 400 cell grid with 50 particles per cell on average. The series in Eq. 4 was approximated by
a sum of the first 50 coefficients. The convergence criterion for the iterative solver (preconditioned
CGS) was a residual of 10 � 10. The largest contribution to the error originates from the center of
the distribution. The random nature of the error indicates its origin in the noise of the particle
distribution. The effect of low sampling of the particle distribution will be discovered again in the
next example.
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Figure 1: Left: Relative error of the potential for a 2D Gaussian charge distribution on a 400 � 400 cell
grid with 50 particles per cell. Right: Transverse electric field of a uniformly charged ion distribution on
on a 65 � 65 cells grid with aspect ratio 1000. Solid: 100 particles/cell, 10 � 10 residual. Coincides with the
theoretical result. Dashed: 100 particles/cell, 10 � 1 residual. Dotted: 1 particle/cell, 10 � 10 residual.

3.2. Aspect Ratio

The electron cooling problem is characterized by an approximately Gaussian ion distribution which
is highly elongated along the dimension parallel to an external magnetic field. In order to avoid an
excessive number of grid points in longitudinal direction, the electrostatic solver has to be capable
of obtaining solutions for grids with large aspect ratios. Therefore the electric field of a uniformly
charged ellipsoidal ion distribution with axes ax � 0

�
5mm and ay � 0

�
5m on a 65 � 65 cells grid is

investigated.
The right panel of Figure 1 shows the electric field along the short dimension, obtained with the

new ES solver, using preconditioned CGS. No artifacts are visible at the interface between plasma
and vacuum and the solution is indistinguishable from the theoretical solution. The error due to a
crude solution of Poisson’s equation is marginal. However, undersampling the charge distribution
leads to a relatively large error.

3.3. Performance

The availability of different iterative solvers and preconditioners in AZTEC allows to easily com-
pare convergence. Figure 2, left panel, shows the convergence of the electrostatic potential for a
Gaussian particle distribution on a 1026 � 65 � 65 cells grid with a cell aspect ratio of 500. Relative
residuals versus time for runs on 32 processors of NERSC’s IBM-SP are shown, using different
solvers. A three step symmetric Gauss-Seidel preconditioner was used for CGS and BiCGStab.

For this particular problem, full AMG has the best performance and convergence behavior.
Each iteration of the AMG preconditioned CGS takes relatively long, but the overall solution
time is comparable to the full AMG solver. They are both almost a factor of two faster than
preconditioned CGS and much faster than CGS or BiCGStab.

The convergence criterion was chosen arbitrarily to be 10 � 6. The previous example showed that
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Figure 2: Left: Convergence behavior for different solvers for a 3D Gaussian charge distribution on a
1026 � 65 � 65 cell grid on 32 processors: Full AMG (solid, thick), AMG preconditioned CGS (solid, thin),
preconditioned CGS (dotted, thick), CGS (dotted, thin), preconditioned BiCGStab (dashed, thick), BiCGStab
(dashed, thin). Right: Execution times for the electrostatic simulation of a 3D Gaussian beam, on a grid of
1026 � 65 � 65 cells (solid) and 4104 � 65 � 65 cells (dotted), using AMG preconditioned CGS (diamond)
or Gauss-Seidel preconditioned CGS (stars).

the overall accuracy of the potential is usually dominated by the accuracy in the charge distribution
and not by the accuracy of the solution. Relaxing the convergence criteria could therefore lead to
much faster solution time.

Another criteria is the scalability of the algorithm on parallel architectures. Even though the
algorithm can handle large aspect ratios, it may be desirable to have a large computational grid,
e.g. in order to resolve the longitudinal Debye length. Figure 2 (right panel) shows the execution
times of the solver on the IBM-SP at NERSC, using the AMG preconditioned CGS field solver
and preconditioned CGS. The scaling is promising up to a large number of processors.
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see http://www.cs.sandia.gov/˜tuminaro/ML Description.html. This work was funded
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Hybrid Vlasov-Fluid Simulations Of Coherent Phase-Space Structures:
Low-Cost Approaches To Studying 2-D Behavior

David L. Newman1, Martin V. Goldman1, Robert E. Ergun2, Laila Andersson2 and Naresh Sen1

1Center for Integrated Plasma Studies, 390 UCB and
2Laboratory for Atmospheric and Space Physics, 392 UCB,

University of Colorado, Boulder, CO 80309

The relative advantages and disadvantages to studying the kinetic evolution of highly nonlinear
plasma phase-space structures using Vlasov (PDE) methods as compared to the more commonly
employed PIC methods are well known. A recent example where the low noise of 1-D Vlasov
simulations has proven particularly valuable is in the study of current-driven double layers and
electron phase-space holes in the return-current region of Earth’s auroral ionosphere (R. E. Ergun,
et al., Phys. Rev. Lett., 87, 045003, 2001 [observation]; D. L. Newman et al., Phys. Rev. Lett.,
87, 255001, 2001 [simulation]). There are of course many aspects of the underlying physics that
can be addressed only in two or more dimensions. Unfortunately, it is the extension to higher
dimensions that has traditionally posed the greatest hurdle to the Vlasov approach because in D
physical dimensions phase-space has dimension 2D.

For simplicity, only electrostatic phenomena are addressed here via a coupled Vlasov-Poisson
system, with the possible presence of a fixed background magnetic field B0,

(

∂t +v ·∇+
qs

ms

[

E+
1
c

v×B0

]

·∇v

)

fs(x,v, t) = 0, (1)

∇ ·E(x, t) = 4π∑
s

qs

Z

d3v fs(x,v, t), (2)

where s indicates the plasma species (here, electrons and one class of ions). In the general 2-D
case, the Vlasov equation must be solved in 5-D phase space because the two velocity dimensions
perpendicular to B0 are coupled via the Lorentz force. While algorithms for evolving the 5-D
phase-space distribution have been developed some time ago (e.g., C. Z. Cheng, J. Comp. Phys.,
24, 348, 1977), their computational demand, even on today’s supercomputers, is tremendous un-
less the numbers of grid points in some phase-space dimensions are kept quite small. We will
present an alternative hierarchy of approaches for the extension of Vlasov simulations to two spatial
dimensions—all of which are less computationally demanding that that of the full 5-D phase-space
approach. What justifies these reduced or hybrid models is the fact that the complex phase-space
dynamics of double layers and holes is associated with the dominant spatial dimension (z) parallel
to B0, which is also the direction of the driving plasma current. Thus, a full kinetic approach is not
always necessary in the dimension(s) perpendicular to B0.

The simplest extension is to consider both electrons and ions to be highly magnetized with Ωe,i �

ωe,i (generally a good approximation for the electrons but not for the ions in the auroral regions
of interest). In this limit, a 2-D plasma can be completely modeled in 3-D (z,x,vz) phase space
because cross-field transport associated with vx is suppressed by the strong B0. Thus Vlasov Eq. (1)
becomes,

(

∂t + vz∂z +
qs

ms
Ez∂vz

)

fs(z,x,vz, t) = 0. (3)
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Despite the fact that particle orbits are essentially one-dimensional, the evolution of the plasma
fields and distributions is fully two-dimensions because of cross-field coupling via Poisson’s equa-
tion (2), which is not affected by the strong magnetic field.

vx

x

x

z,B

vz

Unmagnetized Hybrid Phase Space

X X X X

X X X X

vth

-vth

0

vth-vth

f+(z, vz, x)

f-(z, vz, x) X

X

u(z, vz, x) =

          (f+ - f-)vth/n(z, vz, x)

n(z, vz, x) = (f+ + f-)

vx

f

Figure 1: Schematic representation of hybrid
Vlasov/fluid algorithm for evolution of an effectively
unmagnetized plasma species.

The next level of complexity is to treat the perpen-
dicular ion dynamics as that of an unmagnetized fluid
(with electrons still strongly magnetized) using an al-
gorithm that is depicted schematically in Fig. 1. Un-
like a full Vlasov treatment, which would require a
large number of grid points in the second velocity di-
mension, this fluid-like treatment uses only two per-
pendicular velocity modes, vx = ±vth, where vth is a
nominal perpendicular thermal velocity. The distribu-
tion function at each point in (z,x,vz) space, as de-
picted by the layered grids in Fig. 1, is split into two
pieces: f+(z,x,vz) and f−(z,x,vz). There will be two
new terms on the left side of (3) corresponding to flow
along the x and vx directions, respectively. The term
vx∂x f becomes simply ±vth∂x f± for the two parts of
the distribution. However, the flow in the velocity di-

rection is replaced by an operator that preserves the sum f+ + f− (as demanded by particle conser-
vation) but which redistributes the ions between f+ and f− in such a way that the velocity moment
ux = vth( f+ − f−)/( f+ + f−) evolves according to the acceleration imparted by the electric field
(i.e., ∂ux/∂t = qiEx/mi). Thus, the ion Vlasov equation is replaced by the coupled pair of equations

(

∂t + vz∂z ± vth∂x +
qi

mi
Ez∂vz

)

f±(z,x,vz, t) = ±
qi

mi

f+ + f−
2vth

Ex. (4)

Linearization of (4) about an equilibrium state f+ = f− and integrating over vz while ignoring
electron dynamics yields the dispersion relation

ω2 = ω2
pi + k2v2

th, (5)

which would correspond to undamped lower-hybrid waves when k is perpendicular to B0. For
oblique k, the electron response to Ez would cause the dispersion relation to become that of the
electrostatic whistler mode.

There are several things to note about (4) and (5). First, the coefficient multiplying the term k2v2
th is

1 rather than 3, indicative of an isothermal rather than an adiabatic response. This is understandable
because the algorithm only transfers phase-space density between modes at ±vth, and therefore
cannot alter the perpendicular “temperature” of the distribution. Second, the fluid treatment does
not allow for damping of the ion response. However, k-dependent phenomenological damping can
be added with little difficulty. Finally, it should be noted that the fluid-like term on the right side
of (4) is computed at each point in (z,x,vz) space, thus making the algorithm more general than a
standard fluid approach, which would be localized to (z,x) space by first integrating over vz.

As an illustration of the similarities and differences in plasma dynamics with strongly-magnetized
vs. unmagnetized ions, Fig. 2 shows the distribution of electric fields from 2-D simulations of
current-driven transition layers, which are generalizations of double layers to regimes that can be
turbulent as well as laminar. The following are some key differences between the two runs:
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1. A laminar double layer forms more easily when the ions are unmagnetized.

2. The position of the strong parallel electric field is more variable. In fact, the accelerating
field in Fig. 2 (right-top) is suggestive of an oblique double layer, as indicated by the dashed
slanted lines. (Simulations with a larger perpendicular box size will be required to confirm
this behavior.)

3. Perpendicular electric fields to the left of the transition layer are weaker when the ions are
unmagnetized.

4. Circular field structures to the right of the transition layer are typical for both extremes of ion
magnetization indicating that the tendency for electron holes to form with unit aspect ratio is
a characteristic of strong electron magnetization irrespective of the ion dynamics.
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Figure 2: Typical fixed-time “snapshots” of the electric field structures from two
open-boundary current-driven transition-layer simulations differing only in the
ion magnetization.

Of course, this hybrid Vlasov/fluid
algorithm can be used for unmag-
netized electrons as well. Such an
approximation might be appropri-
ate when modeling laboratory plas-
mas where both species are effec-
tively unmagnetized but in which
an imposed potential drop or in-
jected beam would define a “pre-
ferred” direction that would de-
mand a full Vlasov treatment, while
a fluid treatment would suffice for
the perpendicular dynamics.

The results shown in Fig. 2 would
be expected to “bracket” the behav-
ior in a more realistic regime where ion magnetization is finite but nonvanishing. Thus, these
limiting cases can guide the implementation of a model that approximates this intermediate mag-
netization regime. To that end, we provide an outline of proposed modifications to the hybrid
Vlasov/fluid algorithm presented above for the case of weakly magnetized ions.

The the algorithm for weak ion magnetization is depicted schematically in Fig. 3, which resembles
Fig. 1 except that the two modes ( f+ and f−) at each point in (z,x,vz) phase space are replaced by a
ring of modes at a fixed perpendicular velocity magnitude v⊥ and distributed evenly in azimuth ϕ in
the (vx,vy) plane. In the limit of a continuous distribution on the ring of radius v⊥, the distribution
function fi(z,x,vz,ϕ;v⊥) will be a function in 4-D phase space with v⊥ being a (fixed) parameter
of the model. By analogy to the unmagnetized Vlasov/fluid equations (4), the phase space density
will now be governed by the equation

(

∂t + vz∂z + v⊥ cosϕ∂x +
qi

mi
Ez∂vz +Ωi∂ϕ

)

f(z,x,vz,ϕ, t;v⊥) =

qi

mi

2
v⊥

Ex cosϕ
Z 2π

0
dϕ′ f (z,x,vz,ϕ′, t;v⊥), (6)

where Ωi = qiB0/mic is the ion cyclotron frequency.
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Figure 3: Schematic representation of hybrid
Vlasov/fluid algorithm for evolution of a weakly
magnetized plasma species.

From the perspective of computational efficiency, it is
desirable to minimize the number of azimuthal modes
used to represent the ring distribution while accurately
modeling the plasma. Upon discretization of the az-
imuthal distribution and linearization, one can com-
pute the dispersion relation for a pure ion response
as a function of perpendicular wavenumber k⊥. Such
a dispersion relation would be appropriate in the limit
kz → 0, which is the limit of pure ion Bernstein waves.
Figure 4 shows the dispersion characteristics for the
first four Bernstein modes from the linearization of
the Vlasov/fluid equation (6) with 32 modes equally
spaced in ϕ, compared to the exact kinetic results
(J. P. M. Schmitt, Phys. Rev. Lett., 31, 982, 1973) for
a Maxwellian plasma. The horizontal axis is scaled

so that ρi = vth/Ωi for the kinetic calculation and ρi = v⊥/Ωi for the Vlasov/fluid approxima-
tion. Despite the quantitative differences, the qualitative behavior embodied in the curvature of
the dispersion branches is the same for both sets of curves.

PURE
ION BERNSTEIN WAVES

Figure 4: “Pure” ion Bernstein dispersion re-
lation (i.e., k ⊥ B with strongly magnetized
electrons) from: (solid red) linearization of
Vlasov/fluid algorithm; (dashed black) full ki-
netic theory for a Maxwellian distribution from
Schmitt (1973).

Implementation of the algorithm of Eq. (6) is currently un-
derway, including the necessary parallelization of the code.
The role of weak ion magnetization is of particular inter-
est in the context of auroral transition layers because of the
frequent observation of waves near ion-cyclotron harmonics
in the vicinity of transition layers. The anticipated mech-
anism whereby such waves are generated involves driving
by velocity shear — a mechanism supported both by the-
ory (V. V. Gavrishchaka et. al., Phys. Rev. Lett., 85, 4285,
2000), and laboratory experiments (M. E. Koepke et. al.,
Phys. Plasmas, 10, 1605, 2003).

Although the proposed mechanism for treating weakly mag-
netized ions could, in principle, be applied to electrons as
well, doing so would require a time step satisfying the in-
equality Ωe∆t � 1, where Ωe is the electron cyclotron fre-
quency. This would place a severe constraint on the simu-
lations since they are currently run with Ωe∆t � 1. A more
promising approach is to consider finite electron magnetiza-
tion as a relaxation of the infinite-magnetization limit rather
than of the zero-magnetization limit. As such, a polariza-
tion drift approximation would be appropriate. There are
nevertheless a number of algorithmic subtleties that need to
be worked out before such an approach can be implemented.
For example, because the polarization drift velocity is pro-
portional to the time derivative of the electric field in the frame of the drifting particle, a different
value of Ė(z,x) will need to be calculated for each value of the phase-space variable vz. Despite
these complexities, such a hybrid approach should maintain a significant computational advantage
relative to a full Vlasov simulation.
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Towards Implicit Resistive Magnetohydrodynamics
with Local Mesh Refinement

M. Pernice1, B. Philip1, L. Chacón2

1Computer and Computational Sciences Division, 2Theoretical Division
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1 Introduction

Efficient and accurate solution of the resistive magnetohydrodynamics model presents a signif-
icant challenge due to the presence of multiple length and time scales. Explicit time stepping
methods introduce stringent CFL restrictions on the time step in order to maintain stability.
Semi-implicit approaches relieve this restriction, but accuracy considerations limit time steps
to values that are much smaller than the time scale of interest [1]. Recently, the practicality
of fully implicit approaches that use second-order time differencing schemes and time steps
that are much closer to time scales of interest has been demonstrated [2, 3]. Solutions so
obtained agree with those computed with an explicit scheme, but at a much lower cost. The
key to the success of this approach is the combination of a Jacobian-free Newton-Krylov
(JFNK) method [4] with a physics-based preconditioner that captures the key couplings of
interest, together with efficient multigrid methods to implement the preconditioner.

On the other hand, it is impractical to resolve fine spatial features with a globally fine
mesh. As a result, local mesh refinement is increasingly being used. When local mesh
refinement is combined with explicit or semi-implicit time stepping, local time stepping must
be introduced. The need for smaller time steps on the finest regions may dominate the cost of
the calculation, depending on how much of the domain is covered by the finest mesh. Implicit
methods allow a single global time step that is restricted only by the desired accuracy. The
same physics-based preconditioner can still be used; however its implementation must now
account for the variation in local mesh spacing in order to remain competetive.

We describe our efforts to combine implicit time stepping with local mesh refinement in
a resistive magnetohydrodynamics model. The JFNK method and physics-based precondi-
tioning remain at the heart of the scheme, but the preconditioner is now implemented using
the Fast Adaptive Composite grid (FAC) [5] method. Straightforward modifications to the
discretization scheme that are needed at changes in mesh resolution will also be described.

2 MHD Model and Implicit Solution Algorithm

We consider the reduced resistive MHD equations

∇2Φ = ω
(∂t + ~u · ∇ − µ∇2) Ψ + E0 = 0

(∂t + ~u · ∇ − ν∇2) ω + Sω = ~B · ∇J

(1)

where Ψ is the poloidal flux, Φ is the streamfunction, ω is the vorticity, J = ∇2Ψ is the
electric current, ~u = ~z × ∇Φ is the velocity field, and ~B = ~z × ∇Ψ is the magnetic field.
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Figure 1: An example SAMR hierarchy with three grid levels is on the left. A close-up of cells near
a change in resolution is on the right.

These equations are defined on a rectangular domain Ω = [0, L]×[0, 1] with periodic boundary
conditions in x and homogeneous Dirichlet boundary conditions in y. Equilibrium sources
E0 and Sω are chosen to balance prescribed initial values for Ψ and ω. Following [2], these
equations are discretized using centered differences in space and Crank-Nicolson differencing
in time to obtain an overall second-order accurate discretization. The solution is advanced in
time by solving the resulting large-scale system of nonlinear equations with a JFNK method
and the semi-implicit preconditioner from [2], reformulated as a stationary iteration.

3 Structured Adaptive Mesh Refinement

We use structured adaptive mesh refinement (SAMR) as pioneered in [6]. In this approach,
refinement regions are organized as unions of rectangular patches that are arranged in nested
refinement levels of constant resolution. An example grid appears in Figure 1.

SAMRAI [7] is used to manage complex data structures associated with dynamic, locally
refined meshes. Solvers from PETSc [8] are used to drive the solution process. Structured
multigrid solvers from the hypre [9] package are used to solve subproblems on the coarsest
level. These various packages are coupled through a seamless interface that minimizes data
copying [10]. Another key feature is the use of multiple data representations that allow the
most natural implementation of different phases of the calculation.

While SAMR simplifies some grid management issues and enables re-use of accurate
spatial discretizations away from changes in resolution, special considerations are needed near
changes in resolution. A detail of this situation is also depicted in Figure 1. Discretization
of the differential operators that appear in (1) are handled by first performing a piecewise
quadratic interpolation of coarse data to align it with data on the fine side of the change
in resolution (locations marked “×”), followed by quadratic interpolation across the change
in resolution (locations marked “◦”). The preconditioner in [2] introduces a tensor-valued

diffusivity D = ~B~BT that also must be treated properly near changes in resolution.
Proper spatial discretization of (1) provides the nonlinear function required by a JFNK

method, but the preconditioner must now account for the presence of a SAMR grid. Each
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Figure 2: Performance of FAC Poisson solver. Left: error as a function of the base mesh
size. Right: average rate of convergence as a function of the number of refinement levels.

multigrid solver used in [2] is replaced with a corresponding FAC solver. FAC is a multigrid-
like method for solving problems on locally refined grids when the mesh data is organized
hierarchically. We use a simple red-black Gauß-Seidel smoother on every level except the
coarsest, where a single V-cycle of the smg multigrid solver from hypre is used. The residual
is updated immediately after processing each level, guaranteeing fast convergence rates and
only a modest increment in the amount of work needed beyond the coarsest level.

Figures 2 illustrates the performance of the Poisson solver that is used in our pre-
conditioner. The results are for an exact solution given by a Harris current sheet Ψ =
log(cosh(λ(y − 1

2
)))/λ used to initialize our calculations. We use the value λ = 0.0625 to

present a challenge to our solver. Without refinement, the feature in the source term is not
resolved until a global resolution of ∆x = 1/128 is reached. This is also reflected in the results
for a fixed base resolution, as refinement levels at Ω` = [0, L]× [(2`−1−1)/2`, (2`−1+1)/2`] are
introduced, for ` = 2, 3, 4, 5. For example, with a fixed base resolution of ∆x = 1/16, local
refinement still fails to resolve the feature in the source term until three refinement levels
have been added, corresponding to the above global resolution. A calculation with a base
grid of ∆x = 1/16 and four levels of refinement produces the same error as a calculation with
a global resolution of ∆x = 1/256, at around 6% of the cost. Second-order spatial accuracy
is evident for sufficiently fine base grids and numbers of refinement levels. Convergence rates
approach ρ ≈ 0.1 as the number of levels are increased, independent of the base mesh size.

Results for our convection-tensor diffusion solver appear in Figure 3. Here we have used
the same prescribed solution, together with a circulating velocity field and a simple isotropic
tensor. The recirculating velocity field poses a particular challenge to our multigrid algo-
rithms, as evidenced by the much lower rate of convergence of the overall FAC scheme.

4 Conclusion

We have described our approach to performing implicit resistive MHD calculations on a
locally refined grid. An essential prerequisite is the construction of preconditioner components
that account for the changes in grid resolution. These components have been successfully
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Figure 3: Performance of FAC convection-tensor diffusion solver.

combined in the iterations of the semi-implicit preconditioner, though due to space limitations
these results are not reproduced here. We are currently verifying our implementation of
nonlinear function evaluation, and will soon report on a complete multilevel calculation.
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A Coupled 1-D Transmission Line and Particle-in-Cell Model
to Simulate Electron Flow in the Z and ZR Accelerators

Timothy D. Pointon

Sandia National Laboratories*, Albuquerque, NM 87185

Introduction

The refurbishment of the Z accelerator at Sandia National Laboratories, the “ZR” project [1], is

scheduled for completion in FY06. An important issue for the success of ZR is controlling

electron losses to the anode in the vacuum section. The ZR vacuum section will be topologically

similar to Z; four magnetically insulated transmission lines (MITLs) are coupled in parallel, with

a double-post-hole convolute, into the final MITL delivering the full current to the load.

Figure  1. R-z geometry of the Z vacuum section. The radius of the vacuum stack is ~1.65 m,
and the convolute posts are at r = 7.6 cm. Power flows from right to left.

The Z vacuum section is shown in Fig. 1. The convolute is intrinsically 3-D, but the MITLs and

vacuum stack are azimuthally symmetric for r > 10.5 cm. The pulse-forming section delivers a

100 ns, 20 MA pulse to the stack. The voltage in the MITLs is ~2 - 3 MV while the current ramps

up. The MITL gap is small, 1 - 5 cm, so the electric field is high enough to lead to electron

emission along most of the MITL. These electrons E x B drift radially inward towards the center.

Because the load impedance is very low (except at stagnation), the electron flow current is a small

fraction of the current in the conductors. However, it can indirectly have a very significant effect

on the power flow. If it is deposited locally to small regions of the anode, anode plasmas can be

created at the surface, leading to gap closure and arcing. ZR will operate at up to 40% higher

voltage than Z, and it is not well known how these effects scale with voltage. The ZR design is

thus taking a conservative approach, modifying the geometry so as to limit the primary electron

deposition to the anode to be no higher than on Z today.
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It is simply not feasible to model the entire vacuum section with a full 3-D simulation. However,

we have done numerious 3-D simulations of the Z convolute [2,3] with the EM-PIC code

QUICKSILVER [4], using a geometry in which the MITLs extend out to only a fraction of their full

radius. They show that almost all the electron loss to the anode occurs at, or near, the magnetic

nulls in the convolute. Furthermore, there is no emission in the convolute itself, because of the

excess space-charge of the electrons flowing in from the MITLs. Finally, although the convolute

has significant azimuthal structure, the electron flow in the MITLs even slightly upstream of the

convolute is essentially azimuthally symmetric.

To summarize, the electron loss in the convolute is essentially equal to the electron flow current

in the MITLs just upstream of the convolute, and the latter is essentially 2-D. This suggests an

efficient model for prototyping MITL designs; coupling four 2-D r-z simulations, one for each

MITL The sum of the electron flow current through the inner radial boundary of all four levels is

assumed to approximate the electron loss in the convolute. To couple the levels, the inner radial

boundary of each 2-D region is connected to a 1-D TEM transmission line. The convolute is

modeled with a transmission line network that ties the four 1-D MITL lines in parallel into a final

load transmission line, terminated with either an inductive or Z-pinch load. The key to this model

is having an inner radial boundary condition that allows the electrons to flow through it, without

introducing excessive field perturbations.

The TEM Transmission Line Model

The 1-D TEM transmission line model in QUICKSILVER, hereafter called simply the “TL” model,

has been significantly improved over the last two years, primarily to support a variety of

applications for Z and ZR [3,5]. It supports:

1. Non-uniform spatial grids. This allows efficient gridding of very long lines.

2. Defining the inductance and capacitance of the line as functions of the spatial ordinate.

3. Voltage generators.

4. Resistive, inductive, or Z-pinch load terminations.

5. Series connections, and T-junctions (allowing two lines to be added in parallel to a third).

6. Attaching to the boundary plane of the 3-D system with an arbitrary two conductor geometry.

The most complicated, and critical, part of the model is attaching a line to the 3-D geometry,

which we now discuss in more detail. For notational simplicity, we just describe attaching the

upper end of a 1-D line to the 3-D zmin boundary in Cartesian coordinates. QUICKSILVER uses a

standard staggered mesh, with electric fields along the edges of the unit cell, and magnetic fields

normal to the cell faces. The TL model uses a corresponding staggered mesh, illustrated in Fig. 2.

The 1-D line attaches to a rectangular region of the boundary plane called a “port”. The TEM

electric field is purely transverse in the port plane, given by the solution to the 2-D Laplace

equation,  and , subject to the Dirichlet boundary conditions φ = 0 on the

cathode, and φ= V on the anode. During initialization, we precompute and save the field for

∇ T
2 φ 0= E ∇ T– φ=
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V = V0 = 1 Volt, Ep = Epxex + Epyey. The TEM electric field for a voltage V is simply (V/V0)Ep.

The magnetic field profile for the TEM mode is ,where the sign gives the

direction of the power flow along z, and v = (εµ)-1/2 is the velocity of the light in the medium with

permittivity ε and permeability µ.

Figure  2. Z-grids at the junction of the upper end of a transmission line to the lower boundary
of the 3-D system. The physical boundary is the dotted line. V, Ex and Ey are located
at the “full” grid-points (squares), while I, Bx and By are at the “half” grid-points
(triangles).

The voltage and current are computed from the 3-D fields with surface integrals, which filter out

any contribution from the non-TEM component,

, (1)

, (2)

where C is the capacitance per unit length of the line.

Entering time step n, we have the voltage and electric field at time level n-1, and the current and

magnetic field at time level n-1/2. The code advances the system forward as follows:

E1. Advance V, and then E, to time level n.

E2. Use VK to define a boundary correction to E1 at the end of step E1.

B1. Advance B, and then I, to time level n+1/2.

B2. Use B3/2 to define IK+1/2 at the end of step B1. On the next time step, with IK+1/2 correctly set,

the standard transmission line voltage advance correctly computes VK.

In step E2, we explicitly separate the boundary electric field into it’s TEM and non-TEM parts,

. The TEM part is simply (VK
n/V0)Ep. The non-TEM component consists

solely of waves propagating back towards the boundary from the interior. We handle this with a

first order Mur boundary condition. Using a fixed, user-defined phase velocity vph, we set

,where δ = vph∆t/∆z, , and V2 is

computed using Eq. 1 on the k = 2 plane of the 3-D system.
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The TL model was originally intended for applications in which no particles flowed through the

boundary. It has worked well for a wide variety of such problems [3,5], and has been very

stable—we have not observed any serious numerical instabilities, even though we typically run

for at least 105, and occasionally >106, timesteps. It should be pointed out that a few applications

have shown that it would be useful to have a better model for absorbing the outgoing non-TEM

component, i.e. with lower reflection. This is an area of current research.

Results

We have set up and run the coupled 2-D MITL model described above. These simulations,

together with other ZR-related applications done in the last year, represent a new class of problem

in which the TL model must handle a continuous flow of particles through the boundary. Strictly

speaking, a 1-D transmission line model that explicitly includes electron flow, e.g. Ref. 6, would

be more appropriate than a TEM line. For a MITL, the anode and cathode currents are not equal,

Ic = Ia - Ie, but Eq. 2 computes a weighted average of the two for the 1-D line. Qualitatively, I ~ Ia

if the electrons are close to the cathode, while I ~ Ic if they are close to the anode,. Since most

electrons are lost in the convolute, Ic is the current actually delivered to the load. Furthermore,

electrons drifting through the boundary with v << c highlight the need for a better absorbing

boundary for non-TEM waves.

Despite these limitations, the model is proving to be very useful. For Z and ZR parameters,

Ie << Ia, so Eq. 2 closely approximates Ic. For the current Z MITLs and input power pulse, the

electron flow current through each inner radial boundary compares quite well the full 3-D

convolute simulations [3]. Preliminary simulations for ZR have also been conducted.
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Symbolic Analysis of Turbulent Fluctuations*; A.B. Rechester, Institute of 

Nonlinear Science Applications, 14 West Street, Sharon, MA 02067 
 

The purpose of this presentation is to publicize in the physics community doing 
numerical simulations of turbulence the utility of new symbolic methods[1,2].  Two 
methods will be presented: 1) nonlinear correlation function method and 2) symbolic 
cycles distribution method.  Many examples of application of these two methods for 
turbulence simulation data and actual experimental fluctuation data will be presented in 
this talk. 
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Solving Maxwell’s equations without projection in CELESTE3D,  
an implicit PIC plasma simulation code  
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Particle-in-Cell (PIC) codes can simulate the full complexity of a plasma by solving the 
Vlasov-Maxwell system through the computation of the self-consistent motion of a large 
number of particles in the fields they produce.  
Here, we propose a finite difference algorithm to solve Maxwell’s system based on the 
second-order formulation and boundary conditions as proposed by Jiang et al. [1]. The 
method is applied to CELESTE3D, a three-dimensional implicit PIC code [2-4]. 
Implicit PIC methods are useful for the study of low-frequency phenomena and realistic 
electron-ion mass ratios within a full kinetic plasma model because they eliminate many 
numerical stability constraints on the time and space grid limits, which strongly affect 
explicit PIC methods. While explicit PIC methods are constrained to follow the fastest 
plasma time scales, so that the time step is constrained by ωpe∆t<2, the accuracy of the 
implicit PIC method requires only vth,e∆t/∆x<1. The grid spacing limit for the explicit 
methods, ∆x<ζλDe, where ζ is a parameter depending on the interpolation scheme, is 
replaced by ∆x/∆t<ζ vth,e. 
 
In order to solve implicitly the Vlasov-Maxwell system, CELESTE3D uses the implicit 
moment method, which reduces the number of equations that must be solved self-
consistently to a set of coupled fluid moment and field equations [2-4]. The generic time 
step from t=tn to t=tn+1, performed by CELESTE3D is composed by four steps: 
 
1. An approximation of the charge density and current at tn+1/2 is deduced through the 

implicit moment method. At time step tn, the charge and current can be deduced from 
the actual particle data as 
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where each particle has a unique label p, a coordinate rp, a charge qp, and a velocity 
up. The superscript l indicates the order of the b-spline for each accumulation S(r). 
Using a Taylor series expansion [3], one can derive: 
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2. The current and the charge density are used to solve Maxwell's equations, 

which can be expressed in the second order form [4]: 
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The parameter θ ∈  [1/2,1] is chosen to adjust the numerical dispersion relation for 
electromagnetic waves. The divergence equation is numerically and theoretically 
troublesome. In fact, it contains a dielectric tensor, which entangles the tangential and 
the longitudinal part of the electric field. As a consequence, it is not possible to add 
the gradient of a potential to correct the electric field, which comes from the curl-curl 
equation in order to respect the divergence constraint. We remark that Maxwell 
systems similar to the one solved by CELESTE3D are found also within other 
numerical implicit PIC methods and many different numerical methods have been 
developed for their solution in the years. Once En+θ is computed, the magnetic field is 
evaluated from Faraday’s law as 
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3. The electric and magnetic field from the Maxwell's equations are used to 
update the particle position and velocity, according to 
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4. To enforce exact local charge conservation, the electric field is updated to fit particle 

data by adding to En the gradient of the potential φ, solution of a Poisson’s equation 
with constant coefficients, 

 
nn πρφ 42 −⋅∇=∇ E  

 
with ρn given by particle data. 

 
 
 
In the present work, we consider the solution of the Maxwell system. We show that the 
solution of the divergence equation can be avoided when perfect conductors, magnetic 
mirrors, and periodic boundary are used as boundary conditions.  Thus, the Maxwell 
system is reduced to the solution of  
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in the case of perfect conductor and by 
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for magnetic walls. 
The function πρχ 4−⋅∇= E

0=

 is introduced to study the divergence error committed by 
not solving the divergence equation. The boundary conditions introduced can be 
expressed as χ  on the perfect conductors and by 0=∇⋅ χn  on the magnetic mirrors, 
and thus no error on the divergence constraint is introduced on the boundaries. Moreover, 
if we express the function χ through its Fourier components, χk, it can be shown that [4] 
 

18th International Conference on Numerical Simulation of Plasmas

111



( )
( ) 









∆+
∆−=+

2

2
1

1
11

tkc
tkcnn

θ
χχ kk  

and it follows that nn
kk χχ <+1  for every k and for θ ≥1/2. It can also be shown that the 

system considered has no spurious solution satisfying the homogeneous equation 
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Maxwell’s equations are discretized in space using a uniform grid with different spacing 
in the three directions. The electric field En, the current density Jn, and the permittivity εn 
are evaluated at the vertices of the mesh. The magnetic Bn field and charge density ρn are 
evaluated at the center of the cells. The numerical algorithm for solving Maxwell’s 
equations requires that the discrete anologues of the vector identities ∇×∇ f =0 and 
∇⋅∇× v=0 be satisfied exactly. This requirement is met by the CELESTE3D differencing 
on a rectangular grid. 
 
As test cases, we compare numerical results with analytical solutions for electromagnetic 
waves in vacuo. We test the new solver on the Geospace Environment Modeling (GEM) 
magnetic reconnection challenge [5] by comparing our results with the one obtained by 
standard explicit PIC methods. We also present results of three-dimensional simulations 
of reconnection in the magnetotail.  
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A High-Resolution Constrained Transport Method
with Adaptive Mesh Refinement for Ideal MHD

James A. Rossmanith
Department of Mathematics, University of Michigan, USA

E-mail: rossmani@umich.edu

I. Introduction
The ideal magnetohydrodynamic (MHD) equations are important in modeling phenomena in

a wide range of applications including space weather, solar physics, laboratory plasmas, and as-
trophysical fluid flows. Numerical methods for the MHD equations must confront the challenge
of producing approximate solutions that remain accurate near shock waves and that satisfy a dis-
crete divergence-free constraint on the magnetic field. Failure to accomplish this often lead to
unphysical solutions.

In this work, we consider the MPACT (Magnetic Potential Advection Constrained Transport)
scheme developed in [5, 6]. This scheme is based on the high-resolution finite volume method of
LeVeque [3] and makes use of the constrained transport approach of Evans and Hawley [2] for
keeping the magnetic field divergence-free. The MPACT differs from other constrained transport
methods in that it is based on directly solving the magnetic potential equation in conjunction with a
new limiting strategy to obtain a non-oscillatory magnetic field. As a result of solving the magnetic
potential equation directly, the usual grid staggering that is found in constrained transport methods
can be eliminated without the penalty of an increased discretization stencil. The MPACT scheme
has all of the following properties:

1. Smooth solutions are approximated to second order accuracy in space and time;
2. The method is numerically conservative;
3. The magnetic field satisfies a discrete divergence-free condition;
4. Shock waves and other discontinuities are accurately captured.

One of the goals of this research is to develop an adaptive mesh refinement (AMR) implemen-
tation of the MPACT scheme. In order to accomplish we make use of the AMRCLAW software
package developed by Berger and LeVeque [1]. For simplicity, we consider only two-dimensional
flows.

II. The ideal MHD equations
The single-fluid MHD equations model the dynamics of a plasma comprised of electrons and

ions. The main assumptions used to obtain the MHD equations are the following: the mixture is in
quasi-neutral balance, the plasma is collisionless, the mixture satisfies an ideal gas law, the plasma
is a perfect conductor, and the speed of light is infinite. These assumptions lead to the following
system of equations:

∂

∂t









ρ
ρ~u
E

~B









+ ∇ ·











ρ~u

ρ~u ⊗ ~u +
(

p + 1

2
| ~B|2

)

I − ~B ⊗ ~B

~u
(

E + p + 1

2
| ~B|2

)

− ~B(~u · ~B)

~u ⊗ ~B − ~B ⊗ ~u











= 0

∇ · ~B = 0 ,
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where ρ is the density, ~u = (u1, u2, u3) is the fluid velocity, E is the total energy, ~B = (B1, B2, B3)

is the magnetic field, p is the thermal pressure, and (1/2)| ~B|2 is the magnetic pressure. Specifying
an equation of state closes the system by relating the thermal pressure to the other unknowns.
These equations form a nonlinear hyperbolic system of conservation laws with a constraint. As
with other nonlinear conservation laws, the MHD system can form shocks and other discontinu-
ities even from C∞ initial data [3].

In the above system of equations there are 8 unknowns, U = (ρ, ~u, p, ~B), 8 evolution equa-
tions, and 1 constraint. Although this seems to suggest that there are more equations than un-
knowns, it can easily be shown that if the initial magnetic field is divergence-free then the magnetic
field remains divergence-free for all time [5, 6, 7].

The wave structure of the MHD system can be obtained by first re-writing the system in quasi-
linear form:

Ut + A1(U) Ux + A2(U) Uy = 0.

The flux Jacobians, A1(U) and A2(U), are 8 × 8 diagonalizable matrices with real eigenvalues.
These eigenvalues give the wave speeds of the 8 waves present in the MHD system (see Powell et
al. [4] for a derivation):

λ1,8 = u? ∓ cf : fast magnetosonic waves

λ2,7 = u? ∓ ca : Alfvén waves

λ3,6 = u? ∓ cs : slow magnetosonic waves

λ4 = u? : entropy wave

λ5 = u? : divergence wave,

where u? = u1 for A1(U), u? = u2 for A2(U), and

λ1
≤ λ2

≤ λ3
≤ λ4

≤ λ5
≤ λ6

≤ λ7
≤ λ8 .

The magnetosonic waves are genuinely nonlinear waves, while the remaining waves are linearly
degenerate. In the current work, the approximate Riemann solvers used in the wave propagation
method are based on the eigenvalues and eigenvectors of A1(U) and A2(U). A detailed description
of the ideal MHD eigenstructure can be found in [4].

III. The numerical method
The wave propagation method of LeVeque [3] is a high-resolution finite volume method. This

method is based on solving 1D Riemann problems and using the solutions from these Riemann
problems to obtain an update that is second order accurate for smooth solutions, numerically con-
servative, shock-capturing, and stable up to a Courant number of one. This method has in the past
been successfully applied to several application problems including acoustics, elasticity, shallow
water waves, incompressible fluid dynamics, combustion and detonation waves, relativistic hy-
drodynamics, and numerical relativity (see [3] for references).

The wave propagation method can be applied to the ideal MHD equations without special
treatment given to the divergence-free condition. In general, however, this produces a magnetic
field that is only approximately divergence-free, independent of the definition of the discrete di-
vergence. It has been well documented in the literature that these divergence errors can lead to
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large spurious oscillations that produce negative pressures. Several methods have been proposed
to overcome this problem (for a review see Tóth [7]).

The approach used in the MPACT scheme [5, 6] is to first define a magnetic potential ~A such
that ~B = ~∇× ~A. In 2D, A is a scalar and satisfies the advection equation:

At + ~u · ~∇A = 0.

In the MPACT scheme the density, velocity field, and pressure are updated using the wave propa-
gation method, while the magnetic field is updated by solving the magnetic potential equation and
computing from this the updated magnetic field. A single time step in the MPACT scheme can be
broken down into the following four steps:

Step 1. Update the MHD system:
[

ρ, ~u, p, ~B
]n

−→
[

ρ, ~u, p
]n+1

;

Step 2. Time average the velocity field: ~u n+1/2 = 1

2
(~un + ~un+1) ;

Step 3. Solve the magnetic potential equation using ~u = ~u n+1/2: A
n −→ A

n+1 ;

Step 4. Update the magnetic field:

[B1]
n+1

ij =
A

n+1

i,j+1 − A
n+1

i,j−1

2∆y
and [B2]

n+1

ij =
A

n+1

i−1,j − A
n+1

i+1,j

2∆x
.

This approach guarantees that the following discrete divergence is identically zero:

[

~∇ · ~B
]

ij
≡

[B1]i+1,j − [B1]i−1,j

2∆x
+

[B2]i,j+1 − [B2]i,j−1

2∆y
= 0.

It is shown in [6] that this method produces approximate solutions that are devoid of spurious
oscillations.

IV. Adaptive mesh refinement
In many applications there are at any given time in the numerical computation regions of space

in which the solution remains relatively constant and other regions where the solution is rapidly
varying. Instead of using a uniformly spaced grid that is chosen to resolve the solution in the
most rapidly varying regions, a more efficient approach is to place more grid points around these
rapidly varying regions and less grid points elsewhere. Furthermore, in a time-dependent problem
it is important to have this mesh refinement procedure be adaptive in time.

In this work, we make use of the adaptive mesh refinement framework of AMRCLAW [1].
The implementation of the MPACT scheme in this framework is relatively straightfoward since the
MPACT scheme update is based entirely on solving hyperbolic equations. Furthermore, matching
across coarse/fine grid interfaces is easier to implement in the MPACT scheme than other con-
strained transport methods because all quantities are cell centered.
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Introduction 
Simulations and experiments in the fusion community generate large data sets at remote 

sites.  Visualization and analysis of these data sets is then difficult, as the data comes in different 
formats.  For example, M3D1 and VORPAL2 use HDF5,3 NIMROD4 stores data in a 
homegrown binary format, while a bulk of experimental data is stored as MDSplus5 trees.  Data - 
especially generated by simulations - can be very large (gigabytes per slice) and downloading it 
to local computers can take hours over even the fastest network connections.  In addition, data 
analysis and visualization tools vary from site to site: IDL, AVS/Express, or SciRun6 etc.  
Finally, data needs to be distributed among members of collaboration teams.   

Grid technologies are capable of providing solutions for fusion data transfer and access in 
these highly heterogeneous and distributed settings, but need to be customized for fusion-specific 
needs and merged with technologies currently used by the community. 

Hence, the full scope of our project - which is a work in progress just started - is to 
develop the Fusion Grid Service specialized for fusion data transfer and access for visualization.  
This service will connect heterogeneous data sets coming from simulations and experiments, 
bring data into well-established analysis tools and provide means to switch between data-transfer 
protocols depending on the size and type of the data being transferred.  These protocols will 
include MDSip (the native MDSplus protocol), GridFTP (from Globus) and GridPST (a protocol 
recently developed at MIT for potential use in MDSplus).  The proposed Fusion Grid Service 
will have HDF5 and MDSplus servers specialized to deal with the corresponding type of data.  
The client interface will be uniform and allow transparent and easy access to either kind of data.  
For ease of visualization and simplification of the interface, the underlying C++ client will be 
wrapped into IDL and AVS/Express for accessing remote HDF5 files.  The elements above can 
be configured into various combinations with the help of data adapters, thus accommodating 
users of different types, and provide a powerful unifying platform for comparing different 
approaches. 

In this paper we present the suggested architecture, partial results from our performance 
tests and discuss some new implementation ideas for the future. 
Proposed Architecture 

The fully developed Fusion Grid Service will allow users to access and transfer data from 
HDF5 files and MDSplus trees and use them on the client side in mixed applications.  SOAP will 
be used to send commands from the client to the server, while the data will be transferred by 
alternative mechanisms.  The transfers of HDF5 data will be performed via GridFTP, and the 
transfer of MDSplus data will be done via three alternative protocols: MDSip, GridPST or 
GridFTP, depending on the size of the data and preferences of users.  MDSip is “native” to 
MDSplus, while GridPST and GridFTP will be integrated with this application.   

Since MDSplus is a fully-fledged distributed application as it is, we will not use Grid 
services mechanisms to send pure MDSplus commands and data.  Instead, to leverage the 
project, we will rely on the MDSplus client-server system to provide its own functionality, 
except for the cases when alternative data transfer mechanism is preferred (large files).  For 
example, the MDSplus WSDL interface will have a grid_mdsvalue method, which will be used 
when GridFTP (rather than MDSip) is chosen to transfer MDSplus data.  This command will 
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then be implemented to call the mdsvalue function on the remote host and stream the extracted 
data via GridFTP to the client application.  The choice of a particular network protocol will 
depend on the size of data.  Recommendations for protocols will have to be determined. 

 

HDF5 Ifc
 
 
 
MDSplus 

Ifc 
 
Utility Ifc

FGS Ifc 

HDF5 client 
stub 

MDSplus 
client stub 

HDF5 server 
stub 

MDSplus 
server stub

FGS IDL client 
MDSplus_Impl 

HDF5_Impl

Utility 
server 
stub 

Utility_Impl 

Utility client 
stub 

FGS AVS client 

 
Figure 1.  The Fusion Grid Service (FGS) Architecture.  Dashed arrows mean “generated from”, solid 

arrow mean “derived from.”   “Ifc” means interface and “Impl” means the implementation objects 
(servants).  

A separate WSDL interface will deal with the get/query methods of the HDF5 API.  Yet 
another interface, the Utility interface, will have methods for querying the status of tasks, and 
canceling them and also other methods, common for MDSplus and HDF5 servers, such as 
dealing with pre-fetching of data and getting data that is buffered on the server.  

The development of the Fusion Grid Service (see Figure 1) will start with creating these 
WSDL documents.  The client and server stubs will be generated from the WSDL specification 
using C++ web services compilers such as gSoap7 or the upcoming C++ hosting environment of 
OGSA.8  All client stubs will further be wrapped into a single IDL client module, so that HDF5 
and MDSplus remote data could be conveniently requested from IDL data analysis and 
visualization applications.  Two client stubs (HDF5 and Utility) will also be wrapped into an 
AVS/Express module, so that HDF5 remote data could be called from AVS/Express 
applications.   

Implementation objects will derive from the server stubs.  The Utility_Impl class will be 
implemented to perform common tasks and used as a base class for the two main implementation 
classes, MDSplus_Impl and HDF5_Impl, which in addition will implement extraction of data 
and sending it to the client. 
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In order to provide users a means to import either type of data into either type of 
application, we will also need to implement an importer of MDSplus data into HDF5 files and 
vice-versa. 
Performance Tests 

The first step of this work is to figure out the appropriate data transfer mechanisms for 
various data formats and sizes.  Recently we concluded a set of local area network (LAN) tests 
comparing performance of MDSplus versus HDF5-over-GridFTP solution.  The configuration 
for the testing consisted of two Linux servers connected to a 100-BaseT local area network 
(LAN).  The Server Host was configured to run both the MDSplus server (MDSip) and the 
Globus GridFTP server (gsiftp), and also had all of the HDF5 and MDSplus data files stored in a 
directory on its local disk.  The Client Host is where the client applications developed for this 
project were run, and the received files were stored in a directory on its local disk.  A base set of 
six HDF5 files was used for testing.  These files were converted into MDSplus trees using a 
special application developed by Thomas Fredian (MIT).   

These tests (Figure 2) showed that MDSplus is more efficient up to 4.5MB data sets, 
while GridFTP/HDF5 combination is approximately 2 times faster for larger files (see the full 
report at http://fusion.txcorp.com/~sveta/FusionGrids.html).   Our WAN tests lacked statistics 
and will be repeated shortly. 

Txfr Rate vs Size of Data Transferred
(data source: Tech-X Corp., 2003)
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Figure 2.  LAN transfer rate versus size. 

Further tests will include: transfers of MDSPlus data using Globus I/O over WAN and 
LAN, transfers of MDSplus data using MDSplus with GridPST (an add-on service for MDSplus 
that provides for high-speed socket communication over multiple socket connections between 
hosts) instead of MDSip over WAN and LAN; HDF5 file transfer using GridFTP with multiple 
parallel streams over WAN and LAN; extraction of MDSplus data into a binary file, transferring 
it using GridFTP and writing it into a local tree versus direct writing into a local MDSplus tree 
from a remote tree; partial HDF5 and MDSplus file transfer using the globus_twrite application, 
developed at PPPL (this application allows researchers to have applications running on 
supercomputers stream their output data directly to HDF5 files to supercomputers at a different 
site and uses GridFTP). 
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Future Ideas for Distributed Visualization 
The Common Components Architecture (CCA9) is a promising solution for multi-

component high-performance and distributed applications.  Similarly to Grid Services, 
component architecture addresses such problems as heterogeneous environments and the 
necessity to reuse legacy software.  The main thrust of CCA is to develop scientific data entities 
(“components”) that can be reused by multiple physics applications, and create frameworks for 
component deployment and storage. 

A CCA component is a unit of independent deployment, whose internal logic is well 
encapsulated and whose interfaces (“ports”) allow for easy composition with other components.  
Composition is achieved via connection of ports.  A provides-port is similar to a public interface 
of an object, except that components might have several such interfaces.  It exposes a component 
functionality.  A uses-port is basically a reference to another component provides-port, which 
acts as a proxy to that interface.  Connecting uses-ports with corresponding “provide ports” in 
various combinations allows for multiple applications servers.  CCA community is developing 
graphical tools for such composition and also for components deployment. 

Recently, the synergy between Grid services and CCA was investigated at Indiana 
University.10  The main idea was to use Grid services to implement distributed CCA 
applications, so that the server stubs of a service become provides-ports, while the client stubs of 
becomes uses-ports. 

This approach can be used to create multi-component distributed data analysis and 
visualization applications.  Each communication between the components will be implemented 
as an atomic Grid services with all elements described as CCA components.  The CCA 
composition mechanism will be used to combine elements into particular visualization 
applications, which will include components generating data of a particular type (and thus 
exposing particular provides-ports), data-analysis components using particular data types (and 
thus having corresponding uses-ports) and multiple data adapters connecting those.  The 
composition will be then implemented in a way similar to creating visualization nets of openDX 
or AVS/Express, thus hiding the underlying complexity from user, prohibiting illegal 
connections and offering components with correct connectors. 
References: 
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Abstract 

A one-dimensional (1D) Eulerian Vlasov code in cylindrical geometry is used to study the 
problem of the formation of charge separation, together with the self-consistent electric field, in 
the presence of a density gradient at a plasma edge. The code applies a method of fractional steps 
for the solution of the Vlasov equation. 

 

Introduction 

The problem of the formation of a charge separation at a plasma edge in the presence of a steep 
density gradient is of major importance in tokamak physics. It strongly affects the physics 
associated with the high confinement mode (H mode) and the reversed shear equilibria. We study 
the formation of a charge separation, together with the self-consistent electric field at a plasma 
edge, using Eulerian Vlasov codes. These codes usually apply a method of fractional steps 
associated with cubic spline interpolation, and have the advantage of a very low noise level, 
which makes it possible to measure accurately a very small charge separation. The results we 
present, however, are obtained by solving the Vlasov equation in cylindrical geometry. In this 
case, the presence of centrifugal and Coriolis forces requires a 2D-interpolation in velocity space 
effected by using a tensor product of B-splines. In the limit of very large plasma radius the 
cylindrical geometry method yields results identical to the solution of the Vlasov equation in 
Cartesian geometry [1]. We compare the electric field calculated along the gradient with the 
macroscopic values calculated from the same kinetic code for the gradient of the ion pressure and 
the Lorentz force term, and we find that these quantities balance exactly the electric field. 

The Pertinent Equations and The Numerical Method 

The notation is the same as in Ref. [2]. The inhomogeneous direction in the 1D cylindrical 
plasma is the radial direction r, normal to a vessel surface located at r = R. The constant magnetic 
field is in the z direction which represents the toroidal direction, and θ  is the poloidal direction. 
The ions are described by the (normalized) 1D Vlasov equation for the distribution function 

( )tvvrf ri ,,, θ : 
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This equation is solved by a method of fractional steps [2].  To advance Eq. (1) for one time-step 
t∆ , the splitting of the equation is effected as follows. We solve for 2/t∆  using cubic spline 

interpolation the equation: 
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We then solve for t∆  the equation: 
 ( ) ( )tbvavrfttvvrf riri ,2,2,,,, −−=∆+ ∗∗∗

θθ  (3) 
where the 2D interpolation is effected using a tensor product of B-splines [2], and a and b are 
given, to an order ( )2tO ∆ , by the expressions: 
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  (5) 
We then repeat Eq. (2) for 2/t∆  to calculate 1+nf  from ∗∗f . 

Time is normalized to the inverse plasma frequency 1−
piω , velocity is normalized to the acoustic 

velocity ies mTc /= , and length to the Debye length pisDe c ωλ /= . The potential is normalized 
to eTe / , and the density to the peak initial central density. The system is solved over a length 
L = 175 Debye lengths in front of the vessel surface, with an initial ion distribution function and 
density profile over the domain { }RLR ,−  given by: 
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The magnetized electrons are frozen along the magnetic field lines, with a constant profile given 
by Eq. (6). In this case the electrons cannot move across the magnetic field in the gradient region 
to compensate the charge separation which is built up due to the finite ion orbits. For determining 
this charge separation along the gradient, it is important to calculate the ion orbits accurately by 
using an accurate Eulerian Vlasov code. The larger the ion gyroradius, the bigger the charge 
separation and the self-consistent electric field at the edge. (Hence the important role played by 
even small fractions of impurity ions). The electric field is calculated from the Poisson equation: 
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The following parameters are used for deuterium ions: 
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We assume in the present calculation that the deuterons hitting the wall surface at r= R are 
collected by a floating cylindrical vessel. Since the magnetized electrons do not move in the r 
direction across the magnetic field, there is no electron current collected at the floating vessel. 
Therefore we have at r= R the relation: 

 ∫ ===
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Integrating Eq. (7) over the domain (R-L, R), we get the total charge σ : 

 ( ) ( )∫
−

−== =−=−−
R

LR
eiLRrrRrr drrnnELRER σ  (10) 

We assume that the gyrating plasma ions are allowed to enter at the left boundary. So the electric 
fields at the left boundary r = R - L and at wall r = R in Eq. (9) must be such that Eq. (10) is 
satisfied. We use a very large value of R (R = 20000 Debye lengths in the present calculation), so 
that the system behaves essentially as a Cartesian system. Indeed we recover results similar to 
those which have been found in Cartesian geometry in Ref. [1].  

Results and Conclusions 

Fig. (1) shows at t = 500 the plot of the electric field Er (solid curve, we concentrate on the region 
less than 100 Debye lengths from the boundary to emphasize the edge region, although the 
calculations extend to 175 Debye lengths). To position the profiles in Fig. (1) with respect to the 
gradient we also plot 2/in−  (dash-and-three-dots curve) in the same figure. The electric field is 
pushing the ions back to the interior of the plasma. The dash-dotted curve gives the Lorentz 
force, which in our normalized units is given by piciv ωωθ /><− , and the dotted curve gives the 
pressure force ii nP /∇ , ( )θiirii TTnP += 5.0 , with: 

 ( )∫ ><−= θθθθθ vvrfvvdvdv
n

rT rirrr
i

ir ,,)(
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)( 2
,,,  (11) 
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In steady state the transport >< rv  vanishes. The broken curve in Fig. (1) gives the sum 
><−∇ θvnP ii 1.0/ , which shows a very good agreement along the gradient with the solid curve 

rE . In the region less than 20 Debye lengths from the wall, we have small oscillations in space 
(and time), the accuracy being degraded by the low density in  and large iT∇  appearing close to 
the surface. We plot in Fig. (2) the quantities ><−∇ θvnPEn iiri 1.0,,  and the sum 

><−∇ θvnP ii 1.0 . We see that there is a very nice agreement for the relation 
><−∇= θvnPEn iiri 1.0  (the density 10/in−  is also plotted to locate the profiles with respect to 

the gradient). The charge R/σ  appearing in the system and calculated by the code from Eq. (10) 
amounts to -0.360 at t = 500. The collected charge calculated from Eq. (9) at r = R is 0.364, 
hence 364.0−==RrrE . The difference RE Rrr /σ−=  as calculated from Eq. (10) gives for 

LRrrE −=  the value of -0.004, which is very close to the value obtained by the code at R –
 r = 175 (see Fig. (2)). We see also from Fig. (2) that at the left boundary, inside the plasma in the 
flat part of the density where 0=∇ iP , the electric field is compensated by the Lorentz force due 
to the poloidal drift ><− θv1.0 , while along the gradient the electric field is essentially balanced 
by ii nP /∇ . Fig. (3) shows the charge density ei nn −  at t = 500, which illustrates how the 
combined effect of the steep profile at a plasma edge and the large ion orbits (large ratio Dei λρ / ) 
leads to a charge separation at a plasma edge. The electrons, which are frozen to the magnetic 
field lines, cannot compensate along the gradient the charge separation caused by the finite ion 
gyro-radius. Fig. (4) shows the potential. Figs (5) and (6) shows the temperatures irT and θiT  
respectively (solid curves), as defined in Eq. (11), together with the pressures iri Tn  and θii Tn  
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(broken curves), which follow closely the curve of the density in  (dash-and-three-dots curve). 
These results are similar to what has been obtained in Cartesian geometry for the same 
parameters. In the future, we will proceed to helical equilibria with a small poloidal component of 
the magnetic field. 
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Multiscale Simulations of Space Plasmas at Ataptive Block Grids and
Related Numerical Scheme Issues

Sokolov I.V., Gombosi T.I  and Powell K.G.
Center for Space Environment Modeling, University of Michigan, 2455 Hayward Ave,

Ann Arbor, MI 48109

Simulation of the space plasmas flows is a key point in the problem of the so
called “space weather forecast” . The eruptive processes near the Sun cause the
complicated plasma motions which are responsible for a lot of practically important
processes around the Earth, among them being the magnetic storms, dangerous
radiation at the spacecraft orbits and the scintillations in the upper atmosphere
irradiated by the solar energetic particles.

To simulate these processes the multiscale MHD codes are under
development, which allows to simulate the coronal mass ejections in the Sun
atmosphere (spatial scale of order of  106 km), the shock wave propagation up to the
Earth through the distance 108 km and the Earth magnetosphere restructuring with the
scales of  103-104 km. To cover this wide range, we use the adaptive block grid, which
fills the computational domain with the blocks, each of the block being the chunk of a
uniform cartesian (or spherical) grid [1]. Choosing the different spatial resolution for
a different regions in the computational domain one can achieve the higher resolution
where it is needed and only there. At the same time near the interfaces between the
blocks of different resolutions the numerical schemes  and algorithms should be
properly modified. The present paper descirbes the means we use to mantian the high-
order resolution and shock-capturing properties of the MHD simulation at the
adaptive block grids. The particular issues are following.

The Earth magnetic field at lower altitudes and its pressure is so strong
comparing to the space plasma pressure that even a minor imperfection in this field
approximation can result in a physically absurd numerical solution with wrongly
distributed or even negative plasma pressure. We constructed a positive conservative
numerical scheme which eleminates this effect.

For more complicated MHD models, such as semi-relativistic [2] and
relativistic models we found a general way to derive the source terms which allow to
deal with the numerical solutions, which involve a small but finite portion of
divergent magnetic field resulting from truncation errors and their accumulation. On
the other hand we develop a powerful means to clean up the numerical solution from
this divergent magnetic field which are intentionally suited for block grids with jump-
like changes in a resolution.

We also suggest a way to smooth the numerical solution by smoothing the grid
near the resolution changes. The larger of the two neighboring control volumes shares
its exsessive volume with his finer neighbor, what results in a specific form of the
control volume (not completely closed and may be self-intersecting) looking like a
maltese cross or a latin cross. The improvement in the results quality is demonstrated.

The work is supported by grants of  NASA, DoD and NSF.

[1] Powell K. et al, J.Comput.Phys.,  154, 284, 1999
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                                   HYBRID SIMULATIONS OF Z-PINCHES  
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Abstract  

 
The development of z-pinch instabilities in the presence of the Hall term, finite Larmor radius 
effects (FLR), and axial magnetic field is being investigated.  We present simulations performed 
with  the 3D version of the hybrid code based on the CAM-CL algorithm [1]. These simulations 
serve the dual purpose of  comparing with the linear Hall MHD analysis and of investigating the 
nonlinear stage of instability development with a kinetic model. The overall aim is to 
characterize the combined influence of sheared axial flow, the Hall term, axial magnetic field, 
and finite Larmor radius (FLR) effects on the development of sausage and kink modes. 
 Calculations have been carried out in several regimes with respect to the Hall parameter ε = 
c/ωpir0  (c is the speed of light, ωpi is the ion plasma frequency and r0 is the plasma radius), with 
and without axial magnetic field.  The axial magnetic field used in the calculations has been 
varied from B0z = 0 to B0z = 0.5, where the amplitude of the axial magnetic field is measured 
relative to the azimuthal magnetic field created by the axial current in the z-pinch.   

We have also initiated 3D hybrid simulations  to study the time development of density and 
magnetic field profiles produced in the process of long pulse Z-pinch implosions in Saturn [2]. 
The 3D hybrid code allows for multiple ion species with multiple charges. This code also 
contains a term with finite resistivity in the magnetic field equation. We can thus model realistic 
wire array loads with wires composed of different materials, for example Al (95%) and Mg 
(5%), like in Saturn.  
 
I.      Hybrid  model and  numerics 
 
We use the 3D version of the hybrid simulation model based on the CAM-CL algorithm [1]. In 
this model, the plasma is described by a combination of kinetic ions and fluid electrons. This set 
of equations is sufficient to investigate development of the global MHD instabilities in z-pinch 
plasmas with non-ideal MHD effects such as the Hall term, FLR and axial magnetic field, 
included into the model. In the hybrid simulations, the magnetic field is scaled to B0 and the 
density to n0. The units of space, time, and velocity are collisionless skin depth c/ωpi, inverse of 
the ion cyclotron frequency 1/Ωi, and Alfven speed vA respectively. These quantities are also 
defined through B0 and n0. The fields and particle moments are determined on a 3D grid with 
(Nx= Lx /�x= 50)×( Ny= Ly /�y =50)×( Nz =Lz /�z =100) points or cells. There is a maximum of 
128 particles per cell for a scaled peak density of n0=1 and the total number of particles is 
2,516,400 for the simulation box size used. In the cases of interest here, the initial particle 
distribution is not uniform and follows the density profile set by the type of pinch equilibrium 
used, e.g. Bennett.  The simulation box is taken to be periodic in the axial z direction. The 
simulation resolves only the grid points inside a cylinder aligned with the z-axis and centered in 
the middle of the box with radius r0. The electric field outside that cylinder is set to zero, and 
particles that cross the cylinder boundary are reflected back. The time step for the particle 
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advance is dt = 0.025/Ωi, while the magnetic field B is advanced with a smaller time step, dtB = 
dt/10. Simulation studies were carried out for two cylinder radii. In the first case the radius was 
set to r0= 50 c/ωpi, through r0=Lx(=Nx �x =Ly )/2 with Nx =50 and grid spacing  �x= �y = �z 
=2c/�pi, which corresponds to a Hall parameter value of εH = (c/ωpi) /r0= 0.02. In the second case 
the radius was equal to r0= 10 c/ωpi, through r0= (Nx �x) /2 with Nx=50 and grid spacing �x=�y 
= �z =0.4c/�pi , translating into the Hall parameter value of εH =0.1. With the two different 
cylinder radii routinely used, simulations have been carried out both without  and with axial 
magnetic field.  In the simulations we initially set electron and ion temperatures so that βi = βe 
=0.5 , with βi,e = n0kTi,e/(B0

2/2µ0). Taking into account that c/ωpi = (√2/βi)ρi , where ρi is the ion 
Larmor radius, we therefore have c/ωpi = 2ρi  for �i =0.5.  This implies that we are still in the 
regime when Hall MHD is valid (strictly speaking it should be c/ωpi  >> ρi ). We can also 
introduce the parameter εFLR = ρi / r0, which represents the influence of finite Larmor radius 
effects on the system. With such a choice of parameters,(εFLR = 0.01 and εFLR =0.05 for the two 
cylinder radii considered, namely  r0= 50 c/ωpi and r0 = 10 c/ωpi ) the influence of finite Larmor 
radius effects is therefore expected to be small. Moreover, the ratio εH / εFLR = √2/βi remains 
large for plasmas with βi ≤ 1. This means that FLR effects are not so important in such plasmas. 
The code is initialized with Bennett equilibrium profiles. The initial density and magnetic field 
are set to:   

                                  0
02 2 2 2 2

/ ,                                                   (1)    
(1 / ) (1 / )

n r aB
r a r aθ θ= =

+ +
n B  

where r is the radial distance from the cylinder axis and the pinch radius a = r0/3.  
 
II. 3D Hybrid simulation with initial Bennett equilibrium  profiles 
 
 It is well recognized that axial magnetic field can strongly suppress the development of 
global magnetohydrodynamic (MHD) instabilities [3-5] (see also Figs. 1 and 3). It is also well 
established that nonideal MHD effects such as the Hall term can strongly influence the growth 
rates of MHD instabilities. However linear theory results clearly demonstrate [5] that with an 
increase in the value of the Hall parameter, instead of stabilization, a fast growing m = 0 
instability appears despite the axial magnetic field. We present here only results for simulations 
with a Hall parameter value of εH = 0.1 and axial magnetic field B0z = 0.5. The growth rates of 
the sausage (m=0) and kink (m=1) instabilities from the linear phase of the hybrid simulations 
are plotted in Fig. 1. The growth rates of both the m=0 and m=1 modes are substantially 
increased with larger Hall parameter. Therefore, the axial magnetic field in the presence of a 
finite Hall parameter substantially destabilizes the Z-pinch system.    

   
Figure 1. Growth rates of the sausage (a) and kink (b) modes with axial magnetic field B0z = 0.5 
and with Hall parameter ε H =  0.1. 
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The development in time of the instabilities in the hybrid simulations is illustrated in Fig. 2 

18th International Conference on Numerical Simulation of Plasmas
where 3D plots of the column density are displayed. Figures 1-2 clearly show that both sausage 
and kink modes in the presence of axial magnetic field are substantially enhanced with increase 
of the Hall parameter ε H. 

                                        
Figure 2 3D plots of plasma density in the presence of axial magnetic field  B0z =0.5 with the 
Hall parameter ε H =  0.1 at times a) t=0, b) t=50, and c) t=70. 
 
III. 3D Hybrid simulations  with initial  profiles produced in wire array implosion 
 
 In this section we present results of 3D hybrid simulations with initial profiles for density 
and magnetic field obtained in [2] from experiments with imploding wire arrays, performed in 
the Saturn pulsed-power generator. The aim is to determine what type of plasma motion  and 
wave turbulence can be obtained in the stagnation phase of  array implosion. The initial density 
profile as a function of radius formed after the implosion of the array of 56 wires (see [2], Fig.2a) 
is displayed in Fig. 3a. The corresponding radial profile of the azimuthal magnetic field obtained 
assuming  that the current density is proportional to the radial density profile is shown in Fig. 3b.  
 
 
 
 
 
 
 
 
 
 
   The time dependence of the total, kinetic and magnetic energies is  presented in Fig.4.  During 
the simulation, the total energy (1) in the system is conserved with very good accuracy. Kinetic 
energy (3) starts to grow at the very early stages and the source for this growth is apparently the 
stored magnetic energy (2) in the system. 
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   Figure 4. Time evolution of the  total energy – 1, magnetic energy – 2 and  kinetic energy - 3 in the hybrid  
-          simulations. 
Figure 3. Density (a) and magnetic field (b) profiles in wire array implosion 
a
 b



The growth rates of the m = 0 and m = 1 modes measured in the linear phase of the simulations  
are displayed in Figs. 5a and 5b.  These growth rates are much larger than those produced with 
Bennett equilibrium profiles. 

                               

 

 

 

 

a b 

Figure 5. Growth rates of the sausage (a) and kink (b) modes in the simulations 
 
The column density at the scaled times  t = 0, 33, 50 is shown in Fig. 6. Disruption of the plasma 
column is apparent. 

 

 

 

 

 Figure 6. Plots of the density at scaled times t=0, 33, 50.
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Study of laser plasma interactions using an Eulerian Vlasov code
David J. Strozzi1, Magdi Shoucri2, Abraham Bers1

1Plasma Science and Fusion Center, Massachusetts Inst. of Technology, Cambridge, MA
2Institut de Recherche de l’Hydro Québec, Varennes, Canada

Laser-plasma interactions are an important concern for indirect-drive inertial confinement
fusion. The relevant physical regimes, such as those for the National Ignition Facility, allow
for the excitation of parametric instabilities, for example Stimulated Raman Scattering (SRS)
and Stimulated Brillouin Scattering (SBS) [1]. We present studies of parametric instabilities
using a 1-dimensional Eulerian Vlasov code. The code solves the relativistic Vlasov equation
for both species in the direction of laser propagation, and includes a cold-fluid velocity
parallel to the laser electric field. We investigate numerically conditions similar to the recent
Trident single-hot-spot experiments [2]. We are particularly concerned with the growth and
saturation of SRS, and the Stimulated Electron Acoustic Scattering (SEAS) observed in the
trident experiments. The coupling to Langmuir Decay Instability (LDI) and detuning due
to electron trapping have both been proposed as SRS saturation mechanisms [3]. For the
present Trident-motivated parameters, we do not observe Langmuir Decay Instability (LDI)
of the SRS electron plasma wave when the SRS reaches its maximum. Instead, the electron
distribution shows large vortices and a beam. This suggests SRS has saturated due to kinetic
effects and not LDI.

1 The Model Equations

We wish to study kinetically the interaction of plasmas with a laser. In many interesting
situations, the plasma is homogeneous transverse to the direction of laser propagation. We
shall allow spatial variation of fields along the laser wavenumber ~k0 = kox̂ and assume
uniformity in y and z. The plasma is of finite extent in x; no periodicity conditions are
imposed. Instead, we imagine two “absorbing plates” transparent to the laser existing at the
boundaries x = 0 and x = L. As particles leave the domain 0 < x < L, they are collected on
the plates and no longer evolve (there is no reflection of particles). The accumulated charge
contributes locally to Ex and leads to a sheath on both boundaries.

We restrict electric and magnetic field components to ~E = (Ex, Ey, 0) and ~B = (0, 0, Bz).
Ex is the longitudinal electrostatic field and is calculated from Poisson’s equation ∂xEx = ρ/ε0.
The only charge present is that on the left and right “plates” Ql and Qr, and the charge in
the plasma Qp from x = 0 to x = L. The field due to a uniformly-charged plate gives the
boundary condition on Ex:

Ex(x = 0) =
1

2ε0

(Ql −Qp −Qr) (1)

If Ql + Qp + Qr = 0, Eq. (1) is equivalent to Ex(x = 0) = ε−1
0 Ql.

Ey and Bz arise from the laser and plasma currents. We impose a laser incident from
the left as an electromagnetic wave (kx, Ey, Bz). We represent the transverse fields via
E± = Ey ± cBz. From the Maxwell equations we find an advection equation for these fields

(∂t ± c∂x)E
± = −ε−1

0 Jy (2)
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E+ and E− represent right- and left-moving fields, respectively. In these variables, the
laser in free space is given by E+ = E0 sin(k0x − ω0t), E− = 0. We apply the laser by
setting E+(x = 0) = E0 sin ω0t, and assume there is no reflection at the right boundary
(E−(x = L) = 0). The advection equation then propagates E+ in from the left and for
ne << ncr ≡ ε0meω

2
0/e

2 = gives no noticeable reflection when the laser reaches the right
boundary. This allows for runs much longer than the time it takes the laser to cross the
plasma.

Each species is represented by a distribution function fs(x, px, t) governed by the rela-
tivistic Vlasov equation:

∂fs

∂t
+ vs

∂fs

∂x
+ qs(Ex + vysBz)

∂fs

∂px

= 0 (3)

Each species also has a cold-fluid y velocity vys(x, t) given by conservation of canonical
y momentum Pys = msvys + qsAy. Assuming Pys(t = 0) = 0, this gives a y momentum
equation

ms
∂vys

∂t
= qsEy (4)

2 Numerical Methods

We use a 1-dimensional Eulerian Vlasov code based on the code described in [4]. The
code advances fs from time t to t+ dt using the method of fractional steps with cubic spline
interpolation. The forces are applied at the intermediate time t+dt/2 in a “leapfrog” scheme,
based on the electromagnetic fields at this time. We “split” the time-stepping operator into
free-streaming in x and applying the force in px. We first advect fs for a timestep dt via the
force-free Vlasov equation

∂tfs + vs∂xfs = 0 (5)

We calculate the new charge density ρ and average it with the old ρ to get an approximate
ρ(t + dt/2). We use this in Poisson’s equation to calculate Ex(t + dt/2). We then advance
vys in time and compute an average Jy(t + dt/2). We use this in the advection equation for
E± to advance them to t + dt/2. Finally, we advect fs in momentum-space via

∂tfs + qs(Ex + vysBz)∂pxfs = 0 (6)

We determine the charge on the left plate at x = 0 (which is needed for the boundary
condition in Poisson’s equation) by finding for each species s the number of particles ∆Nsl

that flow to the left plate in the timestep dt. That is, ∆Nsl = −dt
∫ 0

−∞ vxfs(x = 0, px)dpx.
We make the analogous calculation for the right side. Although the number of particles in
each species should be conserved, we do not explicitly enforce this. The variation of this
quantity is one diagnostic of whether the code is well-converged or needs a smaller dt.

Work is underway to make the code to 11
2

and 2D (resolving y and py) and parallelize it.

3 Studies of Parametric Instabilities

Parametric instabilities occur strongly when three natural modes of a plasma with frequencies
ωi and wavenumbers ki (i = 1, 2, 3) satisfy the matching conditions (in one dimension) ω1 =
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Figure 1: (a) SRS Reflectivity at the left boundary. Power spectrum of E−(ω) from (a)
ωpt =200 to 400 and (c) ωpt =800 to 1000. The vertical lines are the EMW frequency from
matching for SRS (ωSRS = 4.49ωp) and SBS (ωSBS = 5.58ωp ≈ ωlas = 5.59ωp).

ω2 + ω3, k1 = k2 + k3. SRS involves a pump (here, the laser) and daughter electromagnetic
wave (EMW) and a daughter electron plasma wave (EPW), while SBS involves a pump and
daughter EMW, and a daughter ion acoustic wave (IAW). A large-amplitude EPW can be
the pump for the Langmuir Decay Instability (LDI), which involves a daughter EPW and a
daughter IAW.

We study physical regimes similar to the Trident single-hot-spot experiments. A laser
with free-space wavelength λ0 = 527 nm and intensity 1016 W/cm2 shines on an electron-
proton plasma of length L = 73 µm (roughly the experimental hot-spot length). The plasma
is initially Maxwellian with Te = 350 eV, Ti = 100 eV, ne = ni = 0.032ncr, and is homo-
geneous in space (except for ramping down to zero density near the boundaries). Once the
laser enters a region of the plasma, it produces small-amplitude oscillations. SRS grows from
these fluctuations; we do not impose a perturbation to “seed” it.

Figure 1 shows the SRS reflectivity and power spectra of E−(ω) at x = 0. The backscat-
tered E− grows until it reaches a maximum near ωpt = 400. Almost all the power at this time
is in the SRS EMW. In the later spectrum, however, the “SRS” peak is upshifted compared
to the value predicted by matching. Some power also appears at the SBS EMW frequency,
although it is not yet clear that this is SBS.

Figure 2 displays the power spectrum of Ex(k) at ωpt = 400 (a) and ωpt = 850 (b). Fig. 2a
shows prominently the SRS EPW peak. The peak at low k is due to the laser modification of
the equilibrium: it is present as soon as the laser passes over a region of space, and remains
basically unchanged in amplitude over time. Although the peak at ck/ωp = 20 has about
the k predicted from matching for the IAW in the first Langmuir decay of the SRS EPW, it
appears to be closer to a harmonic of the SRS EPW and not LDI. The turnover in the SRS
reflectivity is thus not due to LDI saturation of the EPW. The Ex(k) spectrum at ωpt = 850
in Fig. 2b is not concentrated in individual wavenumbers, but instead is broadband.

The contour plot of fe at ωpt = 400 shown in Fig. 3a reveals substantial vortices and
trapping centered at the phase velocity of the SRS EPW. The spatially-averaged fe consists
of a beam for p > 0 and bump due to trapping, superimposed on a drifting Maxwellian. The
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interaction of a laser with such a beam, and with a trapped distribution, may give rise to
new phenomena, including the recently-observed stimulated electron acoustic scattering [5].
We are currently investigating this possibility.
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Figure 2: Power spectrum of Ex(k) from xωp/c = 20 to 100 at ωpt = 400, 850 for (a),(b)
respectively. The vertical lines are at the k’s from matching for the SRS EPW and the IAW
in the first LDI cascade of the SRS EPW.
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Figure 3: (a) Contour plot of fe at ωpt = 400. (b) Spatially-averaged fe over the region
shown in a. The dashed curve is a maxwellian fitted to points to the left of the peak of the
averaged fe. (c) Averaged fe minus the fitted maxwellian.
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PIC-DSMC Hybrid Simulation of the High-Voltage Hall Discharge with Wall 
Effects 
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 Cambridge, MA 02139, USA 
Introduction 

To help understand the internal workings of Hall Thrusters a group at MIT, together with 
NASA Glenn Research Center and Busek Co, is developing fully kinetic particle-in-cell 
simulations of several different engines. Previous papers [1-3] presented successful simulations 
of the mini-TAL, and described a first round modeling of the SPT-type P5. We are currently 
working on refining the P5 model with improvements to the diffusion model and the addition of 
sputtering mechanisms. After the single-stage SPT thruster is implemented a two-stage thruster 
will be modeled. When complete, the simulation will serve as both a research tool and a design 
aid. 

Results for the ceramic-lined single-stage P5 thruster at 300 and 500 volts, without 
sputtering, are presented here. Comparisons to experimental data and 1D simulations are made 
for verification of the current model. The anomalous diffusion model is tested, and various 
transport mechanisms are discussed. Initial sputtering results will also be covered in the full 
paper. Performance of the P5 is well simulated by the code, although discrepancies in the spatial 
distributions suggest some adjustments still need to be made to the kinetic model.  
 
Simulation Details 

This fully kinetic particle-in-cell simulation was originally developed by James Szabo for 
his Ph.D. thesis at MIT [1]. Szabo designed the code for the 50W mini-TAL designed by 
Khayms [4]. Vincent Blateau used this model to investigate high power operation of the mini-
TAL. Blateau later modified the code to simulate the P5 thruster built by Frank Gulczinski at 
Michigan [5]. The current simulation algorithms are, for the most part, the same as the ones 
described in Blateau’s thesis [2]. The major differences being that the anomalous diffusion 
model has been changed and a sputtering model has been added. 
 To summarize the main features: the simulation is 2D for position and 3D for velocity. 
Particles are moved in a leapfrog algorithm. DSMC collision probabilities are based on an 
exponential decay model. The electric field is self consistent, solved with a successive-over-
relaxation algorithm on Poisson’s equation. The magnetic field is a constant loaded from an 
external file.  

To speed up the code, which in a true simulation would suffer from extreme stiffness due 
to the very fast electron time scale, three numerical tricks are used. First, superparticles are 
modeled instead of real particles. Each charged particle in the simulation actually represents N 
real ions or electrons. Simulated neutrals have variable sizes greater than or equal to one 
superparticle to account for the much higher neutral densities in the chamber. The superparticle 
size N is determined by the desired number of particles per cell, which is in turn based on 
computation time and statistics.  

Second, the time and length scale of electromagnetic phenomena are modified by 
introducing an artificial permittivity γ. The artificial permittivity decreases the plasma frequency 
and increases the Debye length. However, the Debye length must remain smaller than about half 
the chamber for electromagnetic effects to occur on relatively the correct scale, and once the 
plasma time drops below the cyclotron time, no added benefit is gained. 
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Third, the heavy particle mass is reduced by a factor f. This increases the velocities of the 

heavy particles by f , allowing ions to exit the simulation region in fewer time steps. In order 
to maintain the ion density and energy fluxes at their nominal values, the neutral mass flow, the 
ionization current, and collision cross-sections with heavy particles are also increased by f . 
 
Changes to Diffusion Model 

In [2], Blateau used a direct random walk method for simulating anomalous diffusion. As 
reported there, the simulation only converged for very low values of diffusion. Performance 
characteristics for that case were within 15% of experimental data, but the electron temperature, 
in particular, was surprisingly high. A 2D test of the diffusion model, however, showed that it 
was not producing mobility, and that it artificially heated the electrons by as much as 50eV. Re-
examination of the original diffusion model from Szabo showed that it was capable of producing 
equal to or greater than the expected mobility. Szabo’s model adds another collision type with a 
collision frequency '

cw
a classical βν ν= − . ′ β is the Hall parameter obtained by setting the classical 

diffusion coefficient equal to the Bohm diffusion coefficient and solving for ′ β . Results 
described here use Szabo’s anomalous diffusion model with a Hall parameter of 400. A more 
detailed exploration of the diffusion issue is presented in the discussion section. 
Sputtering Models 

A basic yield model has been implemented to examine the general effect of sputtering on 
the simulation. Both the chamber walls and the inner pole piece are assumed to be pure Boron 
Nitride. Sputtered particles are emitted with the incident ion’s energy and a random velocity 
direction. The sputtered particles are treated as BN neutral particles, and allowed to undergo all 
collisions except ionization collisions.  

The sputtering yield formula was taken from [6] which concludes that for energies less 
than 100eV all ion-target pairs follow the relation: 

( 4 )i
i i s

s

S
Y E H

H
= −  

Yi is the sputtering yield for a particular ion-target pair, Hs is the sublimation energy of the target, 
Ei is the energy of the incident ion, and Si is the sputtering yield factor which must be obtained 
experimentally. A sputtering yield factor of 0.01iS = was taken from [7]. The sublimation 
energy of boron nitride, 3000K, was used for Hs.  
 
Results 

We tested the simulation of the P5 at 3kW and 5kW. Experimental data from James Haas 
[8] was used to check results. Haas took extensive measurements at 3kW but also gave 
performance data for 5kW operation. All settings except the anode voltage, maximum magnetic 
field, and neutral flow rate were the same between the runs. The magnetic field strength was 
adjusted to keep the electron gyro radius constant between runs. This was found by Blateau to 
give optimum results [2]. A comparison of the simulated and experimental performance data is 
in Table 1. 

Table 1 - Summary of Code and Experimental Thruster Performance 
 3kW PIC 3kW Experimental 5kW PIC 5kw Experimental 
Maximum B 290 G 250 G 360 G 360 G 
Anode Voltage 300 V 300 V 500 V 500 V 
Anode Current 7.5 A 10 A 7.4 A 10 A 
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Mass Flow Rate 11.41 mg/s 10.74 mg/s 10.83 mg/s 10.83 mg/s 
Thrust 180 mN 180 mN 226 mN 240 mN 
ISP 1600 s 1650 s 2210 s 2300 s 
Efficiency 0.63 0.48 0.64 0.57 
Oscillation Freq 6.5 kHz N/A 11.7 kHz 11 kHz 

The code correctly predicts thrust and specific impulse, but under predicts the anode 
current by 25% at both power settings. The main oscillation frequency observed in the plasma, 
after being corrected for the artificial permittivity, matches the anode current oscillation 
frequency observed by Haas.  

A more detailed look into the simulated thruster’s operation shows that most phenomena 
are concentrated closer to the anode and over a larger region than expected from the 
experimental results. The exception is the average electron temperature. The electron 
temperatures in the chamber are lower than those observed experimentally, by about 10eV, but 
they have approximately the correct shape and concentration. Time-averaged plasma potential 
simulation data shows a gradual drop towards the anode, while the probe data shows a high 
potential filling most of the chamber and dropping suddenly near the chamber exit. The time-
averaged ion density peak is of the right magnitude, but is severely shifted towards the anode 
compared to the probe data. The charged particle densities also have a broad fish tail shape 
instead of clumping near the chamber exit. Correspondingly, the simulated peak ionization 
region is right on top of the anode instead of at the peak magnetic field location (chamber exit).  

The results at 500V very closely resemble those at 300V. The ion density peak is smaller 
and closer to the anode. The double ion distribution in the 500V case is of the same magnitude 
but more spread out than the 300V distribution. (In both cases double ion density was negligible.) 
The plasma potential profiles are nearly identical, with different magnitudes of course. The 
electron temperature is found closer to the outer dielectric wall, and as expected, has increased 
with the anode voltage. 
 
Discussion 
 The originally recommended Hall parameter ′ β  used in Bohm diffusion is 16, but other 
researchers [1], [9] have found that best agreement with performance data in Hall thrusters 
requires a larger value, of the order of 64. This value is also supported by direct simulation 
results presented by Batishchev [10]. In our numerical work on the P5 thruster, we have found 
that even these larger values of  ′ β  (which imply a reduced level of anomalous mobility) are 
insufficient, and that best performance and oscillation results require ′ β ≈ 200 − 400 . Lower 
values of ′ β  normally lead to either divergence or extinction of the discharge and to clearly 
inaccurate average current in any case. 
 In simplified tests, retaining the P5 geometry but freezing the heavy particles, we 
determined that electron cross-field mobility was typically several times greater than should be 
calculated from Einstein’s relationship. Upon closer inspection, we found that a significant, 
sometimes dominant, contribution to the axial displacement was secondary electron emission 
from the ceramic walls. Turning off secondary electron emission left the electron cross-field 
mobility at approximately the expected amount. Unfortunately, we have not yet been able to 
verify that the same effect is indeed occurring in the full simulations. 
 It was noted in the Results sections that the computed time-averaged distribution of 
plasma density is much wider axially than indicated by data from the “sting” probe. We have 
noticed a similar discrepancy in other computations of various types. The work of N. Warner et 
al. [10], for the BHT 1000 thruster using the same code also indicates a computational widening 
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in comparison to probe-derived data, although the effect is not as marked. For the same thruster, 
Szabo et al [11] finds that the ionization oscillation frequency varies with voltage as predicted by 
the “predator-prey” model, but is generally lower, which could be due to a computed ionization 
layer that is too wide. The 1D models of Ahedo [9] and Rostler [12] also predict definitely wider 
plasma distributions. Although detailed agreement is lacking, the width feature is common to the 
three results.  
Conclusions 
  We have presented here computational results based on a full PIC model for the 
performance and plasma dynamics of a ceramic-lined P5 thruster. The results are encouraging 
and give reasonable agreement with measurement as to performance and oscillation frequency. 
However, there are differences of detail in the spatial distribution of plasma parameters that may 
indicate systematic modeling deficiencies. These are discussed and some hypothesis are 
formulated that will form the basis for additional research, now that a working tool is at hand. 
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Two Stage Hall Thruster Simulations and Experiments 
 

James Szabo, Bruce Pote, Seth McElhinney, Vlad Hruby 
Busek Co. Inc, Natick, MA  01760 

 
A 2.3 kW two-stage Hall thruster with intermediate cathode was designed, built and tested by 
Busek Co. Inc.  This new thruster was developed as part of a NASA Glenn Research Center 
sponsored SBIR program to develop high specific impulse Hall thrusters.  It features a star- like 
arrangement of solenoids and a unique discharge chamber.  The goal was to achieve two 
disparate acceleration zones, which would enable higher electrical and utilization efficiencies.  
Key elements of the design process included finite element modeling of the magnetic field, and 
fully kinetic Particle-In-Cell (PIC) modeling of the plasma discharge.  Performance of the actual 
thruster was measured under vacuum.  Plasma properties were measured via probes.  Simulation 
techniques will be discussed and predictions will be compared to measurements. 
 
The 2D3V full PIC Hall thruster code models electrons, neutrals, and ions as particles.  An 
artificial electron to heavy particle mass ratio speeds computations.  The electric potential is 
calculated by solving a form of Poisson’s equation.  The permittivity of free space is increased to 
allow longer time-steps (by slowing plasma oscillations) and a coarser grid (by increasing the 
Debye length).  Ion-electron recombination is modeled at dielectric boundaries, and neutrals are 
recycled.  The sheath is calculated by collecting the residual charges and incorporating them into 
the potential calculation.  The simulation includes elastic and inelastic (excitation, ionization) 
electron-neutral collisions, electron- ion ionizing collisions, ion-neutral scattering, and charge 
exchange collisions, all of which are modeled using the Monte-Carlo Collision (MCC) 
methodology.  Secondary electron emission is also included.  Coulomb collisions are accounted 
for.  Anomalous diffusion is included via an equivalent scattering frequency.  Typical runs take 
several days.   
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Stationary plasma thruster plume simulation
Francesco Taccogna*, Savino Longo*+ and Mario Capitelli*+

+IMIP-CNR, sect. Bari and *Department of Chemistry, University of Bari, Italy

We present a PIC model of the plasma phase of the thruster SPT-100 plume. The model is based on
a particle simulation of ions with a fluid, non isothermal model of the electron component. It also
includes ion/neutral collisions by an TPMC model. The neutral flow field is determined by using a
DSMC code. In the case considered the physical domain is 2D axisymmetric {r, z}. The grid (Fig.
1.a) is non uniform in both co-ordinates in order to adapt to the local plasma density. As regards
boundary and injection conditions for the particle simulation, we have outflows on L2, L3 and L4,
axial symmetry on L1, partial accomodation on S2 and a shifted maxwellian source with
parameters depending on r, on S1. Ion flow source data are available for the SPT-100 in the form of
two polinomial interpolation for the ion radial position probability P and the deflection angle vs. r
on S1. To connect the simulated particles to the grid the sampling used is exactly charge-density
conservative and takes into account the cylindrical metrics of the co-ordinates. The electron density
has been calculated by using the Boltzmann distribution, i.e. we assume a local equilibrium for the
electron gas, justified at a phenomenological level by the faster relaxation processes. The electron
temperature distribution is controlled by the adiabatic approximation (the electrons are assumed to
act as an expanding fluid at isentropic conditions). When coupled to the electron component, the
Poisson equation becomes a nonlinear one. Prior to discretizing on the mesh the equation we have
linearized it by the Newton-Raphson technique. In order to solve the linearized Poisson equation
on the grid we have used a relaxation technique (the electric potential is reported in Fig. 1.b). In
order to move the ions for a time step we have used the leapfrog method with the Hockney
condition fulfilled. We take into account the collisional kinetics of positive ions, including both
elastic and charge exchange collisions. Our collision technique is an implementation of the TPMC
method of Kitatani and Nanbu Basically the neutral target distribution function is sampled by
virtual particles and the collision probability is evalued. The post-collision velocities are sampled
fulfilling the conservation laws. The technique includes two distinct treatments, depending on the
sampled value of the impact parameter b. If b is higher than a critical value, than the scattering
process is treated exactly under the assumption of a polarisation potential. If the value of b is too
low, we are in condition of orbital motion and a charge exchange scattering is possible with
probability P=1/2 (the ion is given the velocity of the sampled target neutral).
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Fig. 1 - (a) Scheme of the simulation domain; (b) Equipotential lines at the steady state.
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Particle Modeling of Sprite Halos

Lizhu Tong1, Kenichi Nanbu1, Yasutaka Hiraki2, and Hiroshi Fukunishi2

1 Institute of Fluid Science, Tohoku University, Sendai, Japan 980-8577
2 Department of Geophysics, Tohoku University, Sendai, Japan 980-8578

ABSTRACT

    The paper presents a Monte Carlo collision scheme to study the particle dynamics of sprite

halos. The thundercloud charges of 200C, 250C and 300C are assumed as removed from an

altitude of 5km within 1 ms. The particle simulation is applied at the altitude over 60 km in which

electron conductivity governs the total conductivity. The model demonstrates the electron energy

distribution with a high-energy tail as consistent with the previous theoretical deduction. The

value of the removed thundercloud charge determines the evolution of the distributions of

electron density and optical emissions. The simulating results are in good agreement with the

video observations and the theoretical research.

INTRODUCTION

    Sprite halos are brief and diffuse flashes at an altitude of 70-85 km, preceding the

development of streamer structures of sprites [1]. Observations have been made for sprite halos.

However, due to the quite short duration of sprite halos, only a few cases can be perceived by the

high-speed video and it is likely that only the exceptional bright upper portions of sprites are

observed as sprite halos. For the energetic sprites, a sprite halo is often followed very closely (<

1ms) by the sprite discharge. The photometric techniques become hard to perceive the optical

emissions. Although the previous models have shown the overall structures of sprite halos, it is

impossible to obtain the non-equilibrium characteristics such as electron energy distribution.

In this paper we propose a Monte Carlo collision scheme to study sprite halos. The main
idea is to combine the particle simulation and the quasi-electrostatic field calculation so as to

consider the microscopic particle dynamics. In the previous research, it is often assumed that the

electrons have the equilibrium Mawell-Boltzmann distribution or Druyvesteyn distribution [2].

The electrons with high energies near the ionization potential would not be exactly estimated. In

the present research we have obtained a realistic electron distribution with a high-energy tail. The

optical emissions are estimated from the distributions of the excited molecular and ionic number

densities obtained directly from particle simulation.
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FORMULATION OF MODEL

The two-dimensional cylindrical coordinate system (r, z) is used with the z axis representing

altitude. We assume that the quasi-electrostatic field is axisymmetrical. The boundaries at z=0 km,

z=90 km, and r=60 km are assumed to be perfectly conducting. The effect of the artificial

boundary at r=60 km on the quasi-electrostatic field has been discussed as small [3]. The

continuity equation on the basis of charge conservation law is

    
  

† 

∂r
∂t

+ —s ⋅
v 
E + rs /e0 = 0  , (1)

where r is the charge density, s is the conductivity; 

† 

E  is the electrostatic field obtained from the

Poisson equation; e0 is the permittivity of free space, and t is the time.

    The thundercloud charges are considered as a vertical dipole with a Gaussian distribution.

The positive charge is assigned at the altitude of 5 km [4] and corresponding negative charge is

assumed at the altitude of 2.5 km. We assume that the conductivity s =si + se is a function of

attitude, which si is ion conductivity given by [5] and se is electron conductivity. The

conductivity se is given by 

† 

se = qeNeme , where 

† 

qe  is electron charge, Ne is electron number

density, and 

† 

me  is the electron mobility given as a function of the ratio of the electric field to the

molecular number density of atmospheric gas [3]. We consider two processes of the charge

accumulation in space and its removal by discharge. We apply the particle simulation to the latter

to obtain the electron number density and the excited molecular and ionic number densities.

Because almost all of the sprite halos occurred in associated with positive CGs [6], in the present

research we consider only the sprite halos induced by positive CGs.

    We use the modified Verlet scheme to follow the electron motions during the removal of

thundercloud charge. For a mixture of N2 and O2, 36 types of electron-molecule collisions,

involving 2 elastic, 22 exciting, 8 ionizing, 1 attaching, and 3 photoionizing collisions are

considered by Nanbu’s method [7]. The collision probability of the ith type for the kth electron in
Dt  is
    

† 

Pi = nns i(ek )vkDt , ( i=1,2, …,N ) (2)
where, ek and vk are the energy and speed of the kth electron, 

† 

s i(ek)  is the cross section of ith
type for the kth electron, and nn is the density of neutral gas. We call a random number U (0 < U <
1). Let the integral part of NU+1 be i. If U > i / N - Pi for the same U, the ith type of collision
occurs; otherwise the electron does not collide [7]. We determine a position of photoionization by
a similar method using a set of probabilities assigned to all grid points.
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In order to compare the present results with observations, we consider 5 kinds of optical

emission involving the 1st and 2nd positive bands of N2, the Meinel and 1st negative bands of

N2
+, and the 1st negative band of O2

+. Using the radiation transition rate [8] and the density of

excited particles, the intensity of each band is estimated from the emitted photon number in unit

volume. The quenching rate [8] is used to determine the lifetime of excited states of particles.

RESULTS AND DISCUSSION

    Fig. 1 shows the simulation results of sprite halos for the thundercloud charge of 250 C. The

neutral gases of 80% N2 and 20% O2 and the lightning discharge duration of 1 ms are assumed.

The ambient electron number density Ne is taken from [9] with effective reflection height of 85

km (for VLF signals) and variable rate of 0.5. As seen in Fig.1 (a) and (b), the electron number

density and the optical emission arrive at the maximum at t = 1 ms, located at the altitude of

about 76 km in agreement with 70-85 km of Barrington-Leigh et al. [1] and about 78 km of

Wescott et al. [10]. It is known from the observations [1] that the sprite halo is often followed by

a much brighter filamentary sprite. The typical maximum brightness of the sprite breakdown is

100-300 kR [11]. By the integration of Fig.1(c) over z, we obtain the optical intensity of about

100 kR at t = 1 ms, which is well consistent with the observations.

    We obtain the results for the removal of various thundercloud charges (Fig.2). When the

thundercloud charge of 300 C is removed, the maximums of electron number density and optical

emission appear at the altitude of about 72 km, which is close to lower limit of about 70 km [1],

and corresponding emission intensity increases up to about 380 kR, still lower than the maximum

intensity (about 500kR) of sprites [11]. The obtained electron energy distribution in Fig.2 (c) has

a high-energy tail, which is realistic and is consistent with the reported peak electron energies in

the ranges of 6-23eV and 7-16eV [2]. It is seen from Fig.2(c) that the electron energy distribution

is almost the same when the initial thundercloud charge is over 250C. The result is considerably

beneficial to a further study of the sprite breakdown and its effect on upper atmosphere.

CONCLUSION

    We have presented a new particle model, combined with quasi-electrostatic model, to study

the sprite halos. The model provides a more efficient method to estimate the optical emissions

from the number densities of excited particles followed. The emissions obtained are in agreement

with the observations. The electron energy distribution is found to have a high-energy tail.

Comparison with the observations shows that the present particle modeling is promising for

sprite halos.
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Asymmetric PML for the Absorption of Waves.
Application to Mesh Refinement in Electromagnetic

Particle-In-Cell Plasma Simulations.1
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1 Introduction

We present an extension of the original Bérenger formulation of the Perfectly Matched Layer [1]
with additional terms and tunable coefficients. Under certain constraints on the coefficients, the
newly introduced “medium” does not generate any reflection at any angle or any frequency and is
thus a Perfectly Matched Layer (PML). Unlike the original PML, however, the new formulation
introduces some asymmetry in the absorption rate and is therefore labeled APML for Asymmetric
Perfectly Matched Layer.

Taking advantage of the high rates of absorption of the APML, we have devised a new strategy
for introducing the technique of Mesh Refinement into electromagnetic Particle-In-Cell plasma
simulations. Previous attempts have relied on algorithms of various complexity to connect cal-
culations of EM fields at the border of regular grids at different resolutions (we will refer these
as “sewing” algorithms). Most were unstable at small wavelengths while the stable ones suffered
form inherent limitations on their ability to avoid spurious wave reflection at interfaces and were
complicated to implement [5]. Instead, we propose a technique by substitution. We will present
the details of the algorithm as well as 2-D examples of its application to laser-plasma interaction
in. the context of fast ignition.

2 Definition of the APML

For the transverse electric (TE) case, we define the APML as

ε0

∂Ex

∂t
+ σyEx =

cy

c

∂Hz

∂y
+ σyHz (1)

ε0

∂Ey

∂t
+ σxEy = −

cx

c

∂Hz

∂x
+ σxHz (2)

µ0

∂Hzx

∂t
+ σ∗

xHzx = −
c∗x
c

∂Ey

∂x
+ σ∗

xEy (3)

µ0

∂Hzy

∂t
+ σ∗

yHzy =
c∗y
c

∂Ex

∂y
+ σ∗

yEx (4)

Hz = Hzx + Hzy (5)

For cx = cy = c∗x = c∗y = c and σx = σy = σ∗

x = σ∗

y = 0, this system reduces to the Berenger
PML medium, while adding the additional constraint σx = σy = σ∗

x = σ∗

y = 0 leads to the system
of Maxwell equations in vacuum.

1Work performed for USDOE under Contract DE-AC03-76F00098.
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It can be shown [4] that if cx = c∗x, cy = c∗y, σx = σ∗

x, σy = σ∗

y, σx

ε0
= σ∗

x

µ0
and σy

ε0
=

σ∗

y

µ0

then the impedance of an APML medium is Z = ±

√

µ0/ε0, which is the impedance of vacuum.
Hence, like the PML, given some restrictions on the parameters, the APML does not generate any
reflection at any angle and any frequency. Just as for the PML, this property is not retained after
discretization [4].

We assume that we have an APML layer of thickness � (measured along x) and that σy = σy =
0 and cy = c. The coefficient of reflection given by this layer is

RAPML (θ) = e−2(σx cos ϕ/ε0cx)δ (6)

which happens to be the same as the PML theoretical coefficient of reflection if we assume cx =
c. Hence, it follows that for the purpose of wave absorption, the term σx seems to be of no
interest. However, although this conclusion is true at the infinitesimal limit, it does not hold for the
discretized counterpart.

We will present the numerical considerations that have led us to introduce such a medium as
well as its theory. Several finite-difference numerical implementations are derived and the perfor-
mance of the APML is contrasted with that of the PML in one and two dimensions. Using plane
wave analysis, we show that our APML implementations lead to higher absorption rates than the
considered PML implementations (Fig.1).

3 Mesh refinement by substitution

We propose a technique by substitution using the following procedure:

1. a usual EM-PIC calculation is performed on a grid G at resolution R1,

2. in an area A where one is interested in a higher resolution R2, we perform electromagnetic
PIC calculations on

(a) a patch P1 at resolution R1,

(b) a patch P2 at resolution R2,

both covering A and being terminated by an APML,

3. the EM force F acting on a macroparticle is F(G) outside A and is F(G)-F(P1)+F(P2) inside,
where F(α) means the force resulting from the fields computed on grid (or patch) α.

The immediate advantage of the procedure over a more standard grid “sewing” technique is its
simplicity since no special (and often cumbersome) algorithm is needed at grid interfaces. Also,
since it allows the use of very efficient absorbing boundary conditions, it offers very high order
wave absorption at any angle at the interface, while other algorithms are usually limited to first or
second order absorption algorithms with respect to wavelength and angle.

One possible drawback of this technique is the fact that inside a refined area, the field cal-
culation is performed three times: one in the fine resolution patch, one in the coarse resolution
patch and one on the main grid in the refined area. However, for a refinement factor of two, the
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Figure 1: Coefficient of reflection of various PML and APML implementations as a function of
angle of incidence for a plane wave excited with a period τ = 2�/ω = 20�x/c where �x is the
mesh size. Theoretical (Th.) and numerical experiment (Num. Exp.) results are displayed.

additional cost (compared to a sewing method) is 50% in 2-D and 25% in 3-D, which we consider
minor given the advantages in accuracy and simplicity offered by the new technique. An additional
amount of work also comes from the use of absorbing layers but here again, we believe that the
benefits largely outweight the inconvenience.

Another source of additional work comes from the charge deposition and force gathering onto
and from the grids which has to be done on the three grids in the refined area. However, if the
gather and scatter use linear weightings (the standard in PIC calculations), the charge depostion
needs to be done on the fine grid only and then propagated to the coarse patch and main grid;
likewise, the field can be summed from every grid to an auxilliary grid of resolution R2 and then
gathered onto particles. In this way, there is no penalty on the expensive gather/scatter part and
only minimal additional work.

A question which arises with this method concerns the treatment of the macroparticles entering
and exiting the patches P1 and P2. Ideally, the macropaticles should enter (exit) a patch and their
corresponding field should magically appear (vanish) as if the particle was coming from (departing
to) infinity. These conditions may be challenging to achieve and we have opted for an operationally
simple procedure: the current of a macroparticle M of charge q is deposited inside a patch as soon
as it enters it and stops being deposited as soon as it leaves the refined area. The consequence is
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the creation of a macroparticle of charge -q at the entrance point after the entrance of M and a
macroparticle of charge q standing at the exit point after the exit of M.

Although these are spurious charges that should not be present ideally, their effect should be
minimal inside the patch because of the cancellation F(P2)-F(P1). Nevertheless, a residual spurious
force is present due to this effect and it may be necessary to reduce it or, if possible, suppress it if
it proves to be a problem. One method of suppressing the spurious force consists of depositing the
current inside the APML patch in a manner that prevents the appearance of these spurious charges.
Another way would be to periodically apply a correction on the static part of the field using a
“Boris”, “Marder-Langdon”, or hyperbolic correction [2, 3, 6].

4 Examples

We have implemented the new mesh refinement scheme in the 2-D electromagnetic Particle-In-Cell
Emi2d developed at Ecole Polytechnique. We will present 2-D examples and tests of application
to laser-plasma interaction in the context of fast ignition, using a homogeneous cylindrical target
as well as a rectangular target with a ramp in density.

5 Conclusion

We have presented a new asymmetric PML (labeled APML) which is formally an extension of
Bérenger’s original formulation and have demonstrated that the discretized APML offers supe-
rior absorption rates than discretized PML under a plane wave analysis. Building upon this, we
have devised a new strategy for implementing mesh refinement in electromagnetic Particle-In-Cell
codes, relying on field substitution between patches terminated by an APML layer. Results ob-
tained from application to laser-plasma interaction in the context of fast ignition are promising.
Although we have considered the finite-difference discretization of Maxwell-like equations only,
the APML system of equations, as well as the new mesh refinement scheme, may be used with
other discretization schemes, such as finite element, and may be applied to other wave equations
for applications beyond electromagnetics.
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GYRO full radius gyrokinetic simulations with transport solutions
R.E. Waltz and J. Candy        General Atomics.

GYRO is a physically comprehensive continuum global gyrokinetic code for
simulating turbulent transport in tokamaks.  Beyond the now standard ion
temperature gradient (ITG) mode turbulence, the code includes trapped and
passing electrons with pitch angle collisions, electromagnetic finite beta
perturbations, real geometry from Miller local equilibrium, ExB and parallel
flow shears. It operates at finite (but small) rho-star and treats general profile
shear stabilization in a WKB-like approximation. Tremendous progress has
been made since the project began in 1999: We have demonstrated
comprehensive simulations of Bohm-scaled DIIID L-mode rho-star scaled
discharges within a factor 2 of experimental transport levels given
experimental profiles. These simulations can be done with nearly full radius
radial slices (240 gyroradii) and realistic electron mass (mu = root(m_i/m_e)
= 60) using 48hrs on 512ps at seaborg.nersc.gov. As we moved to larger
radial slices and mu > 20, 4th order explicit Runge-Kutta (RK) methods
originally used in GYRO, could not follow the extremely fast “electrostatic”
Alfven modes (ESAM) and n=0 “radial box” numerical instabilities
developed.  New 2rd order implicit-explicit Runge-Kutta (IMEX-RK)
methods which split off the stiff linear parallel electron motion for implicit
treatment, damp the ESAM have proven to be essential for full radius
simulations. Since the core transports in DIII is stiff, small 10% reduction in
the driving gradients (well within experimental uncertainty) bring the
simulated power flows into agreement with experimental flows. Gyrokinetic
codes are too expensive to run longer than a few percent of the transport
confinement time.  Conventionally they find the power flows given the
experimental plasma profiles. However given the stiff nature of core
transport, it is more accurate to predict plasma profiles given experimental
flows. Thus an outer transport loop has been added to GYRO. By a simple
diagonal feedback which adjusts the driving gradients to force simulation
flows to match experimental flows, we obtain steady state transport profile
solutions. The adjusted or transported profiles are pivoted about a given
radius where the temperatures and density are forced to match the
experiment. The transported profiles away from the pivot are well within
experimental error bars. We match both electron and ion temperature as well
as the moderately density profiles. The core of DIIID operates near the null
plasma flow resulting from a temperature gradient driven pinch.

Work supported by DoE Grant DE-FG03-95ER54309
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Introduction
Anomalous transport caused by plasma turbulence has long been a central subject in research

on the magnetic confinement fusion. Ion temperature gradient (ITG) driven turbulence is
considered to be responsible for the anomalous ion heat transport in a core of magnetically
confined plasmas. Kinetic and fluid simulation studies on the ITG turbulence transport have been
actively done in the last decade. Nevertheless, saturation mechanism of the collisionless plasma
turbulence has not been fully understood yet. It is known that the phase mixing in the
collisionless system leads to continuous generation of fine-scale fluctuations of the one-body
velocity distribution function f in the velocity space as well as the real space. This is because f is
stretched and folded by the Hamiltonian flow (particle trajectories) in the phase space, while its
amplitude is constant along the particle trajectories. This is also related to the irreversibility of
transport. Since the collisionless kinetic equation has the time-reversal symmetry, therefore, one
needs to consider a coarse-grained form of f with small-scale fluctuations in order to find an
irreversible transport process in collisionless turbulence.

In the problem of the ITG turbulence transport in a slab geometry with uniform density and
temperature gradients of background ions, the above argument is represented as a balance
equation of the entropy per unit volume [1,2],

which is given by taking the velocity space integration and the real space average of the
gyrokinetic equation on the perturbed distribution function df multiplied by df / FM, where FM is
the Maxwellian. Each term in Eq.(1) is defined as

where C[…] denotes the collision operator. In the absence of the collision term, one can find that
the ion heat transport flux Qi should balance with the entropy increase ddS/dt in the statistically

steady turbulent flow (dW/dt=0). It means that a quasisteady state with dW/dt= dQi/dt =0 but
finite ddS/dt should be realized, if the mean transport flux is caused by the collisionless

d

dt
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dS = dv|| f̃k
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turbulence. In the quasisteady state, high-order moments, which correspond to fine-scale
fluctuations in the velocity space, continue to grow, while low-order ones (in other words, coarse-
grained quantities of f for the velocity space) are constant in average. In a case with finite
collisionality, even if the collision frequency is much smaller than inverse of the characteristic
time of the turbulence, a statistically steady turbulence can be realized, where not only low-order
moments but also df itself are statistically steady. It is, therefore, expected that Qi=-D in the
collisional turbulence. In this paper, numerical simulation results of our Eulerian kinetic code will
be presented, specifically focusing on existence of the quasisteady state in the collisionless ITG
turbulence, comparison of collisionless and weakly collisional cases, and collision frequency
dependence of the transport flux.

Collisionless fluid simulations of the steady turbulence transport are based on the above
conjecture on existence of the quasisteady state. Thus, the kinetic simulation results provide a
useful reference for checking whether a closure relation assumed in the collisionless fluid model
could be valid for the quasisteady state of turbulence. We have also made a detailed comparison
between kinetic and fluid simulations, where the Hammett-Perkins (H-P) [3] and the
nondissipative (NCM) [4] closure models are benchmarked [5].

Simulation Results
Using the same simulation model as shown in Refs.1 and 2, we have made several simulation

runs for different collision frequency n. Time-evolutions of the entropy dS defined in Eq.(2) are
plotted in Fig.1 for different values of n. As expected in the above, dS continues to increase in the
collisionless turbulence. We have also confirmed that ddS/dt balances with hiQi. Thus, the
quasisteady state is realized in the collisionless turbulence.

In the weakly collisional case, dS saturates at a certain level in the steady turbulence, which
means that not only low-order moments but also df itself reach to their statistically steady states.
It has also been found that the entropy
balance in the steady collisional turbulence,
Qi=-D, holds for different values of n which
is changed from 0.008 to 0.001/512. We can,
therefore, conclude that the real steady state
is achieved by introducing the finite
collisionality. It is noteworthy that, even the
extremely low collision frequency definitely
affects the saturation of the entropy through
damping of the fine-scale fluctuations of df
in the velocity space.

Fig.1: Time evolution of dS for different values of n.
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The monotonical increase of entropy dS in

the collisionless case is caused by continuous
generation of finer-scale fluctuations in the
velocity space. Fig.2 shows velocity space
profiles of df for the most unstable mode at five
different time steps in the collisionless run.
During the linear growth (t=100), one can clearly
regognize the unstable eigenfunction, while fine-
scale fluctuations are generated in the nonlinear
phase (after t=400) due to the phase mixing [1].
In the weakly collisional case, the fine-scale
components of df are damped by the Fokker-
Planck type collision operator with the second-
order derivative in the velocity space, while
keeping a large-scale profile of df unchanged.
Since low-order moments of df are related to the

large-scale structure in the velocity space, the
obtained result suggests insensitivity of the ion
heat transport coefficient ci to small n.

Collision frequency dependence of ci is
summarized in Fig.3, where the time average is
taken from t=1000 to 3000 Ln/vti. The error bars
are estimated from the root-mean-square of
differences between running-averaged ci and its
fluctuations. For relatively large values of n, ci

has a logarithmic dependence on n, while it
approaches the collisionless result (~0.36) in the
low-collisionality limit. This is consistent with
the above result for the large-scale structure of df
in the velocity space given in Fig.2. The obtained
result agrees with a concept that the quasisteady
state is regarded as an idealization of the real
steady state in the weak-collisionality limit [4].

Fig.2: Snap shots of the velocity space profiles

of df for the most unstable mode (kx=0.1 and

ky=0.3) in the collisionless case. Green and

blue curves represent real and imaginary parts,

respectively.

Fig.3: (left) Collision frequency dependence of

the ion heat transport coefficient ci. Horizontal

dashed line represents the value of ci obtained by

the collisionless simulation.
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Phase relation between the temperature Tk

and the parallel heat flux qk is a key factor in
kinetic-fluid closure models. In the H-P
closure model, a dissipative phase relation is
assumed, while it is variable in NCM that can
preserve the time-reversibility for the linearly
unstable mode. In the collisionless simulation
results, we have found an oscillatory phase
relation that can not be reproduced by the H-P
model [1]. Direct comparison between the
kinetic and fluid simulations has recently been
carried out [5]. Time evolutions of ci obtained
by the three simulation runs with the same
physical and numerical parameters are
compared in Fig.4. One can see that ci

obtained by the fluid simulation with NCM
gives a better agreement with the kinetic result
than that with the H-P model. It is also found
that the difference in the fluid simulations is
mainly due to the different phase relation
between Tk and qk.

Concluding Remarks
We have investigated the slab ITG turbulence by means of the kinetic and fluid simulations.

The results obtained by the kinetic simulation confirm existence of the quasisteady state which is
essential to the saturation process of the collisionless turbulence. The fact that the NCM fluid
simulation based on existence of the quasisteady state gives a good agreement with the kinetic
one encourages us to promote further studies on the anomalous turbulence transport phenomena
in toroidal plasmas.
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Fig.4: Comparison of the ion heat transport coefficient

ci given by the kinetic (black) and fluid simulations.

Fluid simulation results with NCM and the H-P

closure model are represented by red and blue curves,

respectively.
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Accurate modeling of dense plasma dynamics is useful for many applications including 
charged particle driven gas breakdown, vacuum arcs, and laser plasmas. One method for the 
simulation of dense plasmas using an electromagnetic hybrid kinetic-fluid particle-in-cell (PIC) 
code LSP [1,2] is discussed. The model makes use of an alternating-direct-implicit (ADI) field 
solver that includes particle currents using an energy conserving variation of the ADI method.  
The standard D1 implicit electromagnetic algorithm [3] is modified to include an inertial fluid 
description for electrons [2]. Additionally, particle collisions and gas breakdown models are 
included. The field solver is based on an unconditionally Courant stable algorithm [4] developed 
originally for purely electromagnetic calculations. 

The original 3-D ADI PIC algorithm implemented in LSP is similar to the method 
discussed in Refs. [5,6].   The method relaxes the usual time step constraints on the cyclotron and 
plasma frequencies. The algorithm eliminates the numerical cooling found in the standard D1 
treatment for kinetic particles [7]. Including an inertial fluid electron algorithm provides 
enhanced energy conservation for highly collisional plasmas. 

In the original LSP algorithm, particle momenta are advanced using half the electric field 
at the old position and time, and half at the new position and time, i.e., using cgs units, 

( ) ( )1/ 2 1/ 2 1/ 2 1/ 2 ( ) / 2 ,n n n n n n n nt q mc+ − − +⎡ ⎤= + ∆ + + × γ⎣ ⎦p p a p p B x  

where ∆t is the time increment, n refers to a full time step, an = [an-1 + q/m En+1(xn+1)]/2 and γ is 
the relativistic factor. A running sum of the old and new electric fields is stored in an. The 
particle γ at n is obtained by using an-1/2 to push the energy. The particles are actually pushed 
twice, the first time En+1(xn+1) is set to zero. The fields are then pushed using linear correction 
terms to predict the effect of En+1(xn+1) on the currents. The particles are then pushed adding in 
the new field contribution.  

The new particle velocities from the above equations are obtained from pn+1/2 = 〈T〉⋅A, 
where 〈T〉 is the magnetic field rotation tensor given by, 

2
1 1 2 3 1 3 2

2
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2
1 3 2 2 3 1 3

1
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1 ,
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and Ω = ∆t q Bn / (2γmc). Subscripts 1–3 denote the three directions and 
22Ω = Ω . The source 

vector A is given by, 1/ 2 1/ 2 ,n n nt− −= + ∆ + ×A Ωp a p  and advanced in two steps: A1 = pn-1/2 +  

an-1∆t/2 + pn-1/2 × Ω, and A2 = En+1(xn+1)∆t/2.  
The correction terms to the field advance are determined by a perturbation analysis.  The 

new particle velocities are calculated assuming v = v1 + δv, where v1 is the velocity calculated in 
the first push. For a relativistic analysis, δγ = v⋅δE [δE = En+1(xn+1)], and we obtain 

( )1/ 2 1/ 2
1/ 2

 
.n v

n

t q
m + +

+

∆
⎡ ⎤δ = ⋅δ − ⋅δ⎣ ⎦γ

T E Ev v v  

We can now construct the perturbed current given by δJ = ρδx/δt which has the form δJ = 
〈S〉AδE, where the susceptibility 〈S〉 is given by  
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The 〈S〉 of each particle is summed after the first push. The LSP algorithm, unlike that of Ref. 
[6], sums particle currents such that charge is conserved. The current “error,” determined by the 
difference between the predicted (δJ does not rigorously conserve charge) and calculated 
currents in the final particle push, is accumulated and gradually corrected over a specified 
number of time steps. Additionally, the algorithm is made energy conserving by scattering the 
individual particle 〈S〉 to, and gathering the electric field quantities for the momentum push from, 
the same staggered half-grid positions as the current.  

New terms associated with 〈S〉 are included in the electromagnetic field equations,  

t
∂

= ∇× − − ⋅
∂
E B J S E  and  ,

t
∂

= −∇×
∂
B E  

where J is the kinetic and fluid particle current densities. Although not discussed here, regions 
can be specified with arbitrary electric permittivity and magnetic permeability. The full tensor 
expression 〈S〉⋅E is carried in the old implicit LSP solution, however only the diagonal terms can 
be used in the new solution. So from here on, we ignore off-diagonal terms. We denote time step 
index with n (n+1/2 indicates the averages of n and n+1 values) and the Cartesian (x, y, z) grid 
positions are denoted as (i, j, k). Thus, these equations are finite differenced as follows: 
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In the standard implicit field solver of LSP, the above equation is solved iteratively using the 
ADI method. This involves sweeping through the three coordinate directions. In each sweep in a 
given direction, the fields are cast such that they are implicit in that direction and explicit in the 
other two. Each sweep requires the inversion of a tridiagonal matrix. After each iteration, 
convergence to a specified tolerance is tested, typically 10-5. 
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Following the method developed in Ref. [4] for purely electromagnetic calculations, we 
now break up the above equation into two ½∆t pushes. The inclusion of particle currents is 
straightforward, accomplished by including ½ contributions in each step. The susceptibility 
terms, however, contain only n+1 electric field values. We have found empirically that by 
treating these terms as the current and correcting in the second half push, the new set of 
equations are made stable as well.  Thus, in the first ½ step with intermediate time values 
denoted by n+1/2, the new set of equations are given by, 

1/ 2 1/ 2 1/ 2
1 2 1 2 1 2 1/ 2 1 2 1/ 2 1 2 1/ 2 1 2 1/ 2

1 2 1 1/ 2
1/ 2, ,1 2

/ 2

,

n n n n n n
x i+ / , j,k x i+ / , j,k z i+ / , j ,k z i+ / , j ,k y i+ / , j,k y i+ / , j,k

n+ / n n
xx x i j kx i+ / , j,k

E E B B B B

t y z

J S E

+ + +
+ − + −

+ +
+

− − −
= −

∆ ∆ ∆

− −

 

1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 , 1/ 2 1/ 2 1/ 2 1/ 2 1 2 1/ 2 1 2 1/ 2

1 2 1 1/ 2
, 1/ 2,1/ 2

/ 2

,

n n n n n n
y i, j ,k y i, j ,k x i j ,k x i, j ,k z i+ / , j ,k z i / , j ,k

n+ / n n
yy y i j ky i, j ,k

E E B B B B

t z x

J S E

+ + +
+ + + + + − + − +

+ +
++

− − −
= −

∆ ∆ ∆

− −

 

1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 1 2 1/ 2 1 2 1/ 2 1/ 2 1/ 2 1/ 2 1/ 2

1 2 1 1/ 2
, , 1/ 21/ 2

/ 2

,

n n n n n n
z i, j,k z i, j,k y i+ / , j,k y i / , j,k x i, j ,k x i, j ,k

n+ / n n
zz z i j kz i, j,k

E E B B B B

t x z

J S E

+ + +
+ + + − + + + + −

+ +
++

− − −
= −

∆ ∆ ∆

− −

 

1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 1/ 2 1/ 2 1/ 2 1 1/ 2 1 1/ 2 1/ 2 ,

/ 2

n n n n n n
x i, j ,k x i, j ,k y i, j ,k y i, j ,k z i, j ,k z i, j,kB B E E E E

t z y

+ + +
+ + + + + + + + + +− − −

= −
∆ ∆ ∆

 

1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 1/ 2 1/ 2 1 1/ 2 1/ 2 1/ 2 1 1/ 2 ,

/ 2

n n n n n n
y i , j,k y i , j,k z i , j,k z i, j,k x i , j,k x i , j,kB B E E E E

t x z

+ + +
+ + + + + + + + + +− − −

= −
∆ ∆ ∆

 

1/ 2 1/ 2 1/ 2
1/ 2 1/ 2 1/ 2 1/ 2 1/ 2 1 1/ 2 1 1/ 2 1/ 2 ,

/ 2

n n n n n n
z i , j ,k z i , j ,k x i , j ,k x i , j,k y i , j ,k y i, j ,kB B E E E E

t y x

+ + +
+ + + + + + + + + +− − −

= −
∆ ∆ ∆

 

In the second push, we solve for the full time step fields using old and intermediate field values 
while correcting the susceptibility terms, 
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For the new set of equations in each ½ push, there are three sets of equations that can be solved 
directly. For example, for each row i, in j, k, the equations combine to yield a tridiagonal matrix 
that is easily inverted.  

The two sets of equations now sum to the original LSP implicit field equations to first 
order in ∆t.  This is accomplished without the need of multiple iterations required with the 
original LSP scheme. These equations are thus solved much faster, particularly in parallel 
operation where message passing can be time consuming. Individually, however, for each ½ 
step, the new equations obviously are not centered in the curl operators. The impact of this lack 
of centering is not obvious; we suspect that high-frequency electromagnetic wave phenomena are 
affected. Typically, these high-frequency waves are intentionally damped anyway since they 
generally result in non-physical and damaging noise. The old and new algorithms yield nearly 
identical results in all tests to date. 

Two complications arise with the new implicit equations. First, we can no longer make 
use of the Godfrey time biasing method [8] for damping high-frequency noise. In this method, 
the curl-B operator is biased forwards in time which is no longer possible. An alternate scheme 
[9] in which the electric field values used in the curl-E terms are temporally filtered works quite 
well. The second complication is the handling of open wave transmitting boundaries.  This 
problem is solved with the substitution of the wave condition for transverse electric fields at the 
boundary into the magnetic field equation at the ½ grid position from the wave transmitting 
boundary. This condition must be inserted in the tri-diagonal matrix equation and solved 
implicitly for stability. 
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Under some conditions in an rf discharge containing dust grains, an ionization hot spot 
forms, which leads to a locally higher positive charge density and thus an outward 
pointing electric field. The negatively charged dust grains feel both an ion drag force and 
the electric field. For small grains, the electric force dominates and the grains are drawn 
inward to neutralize the ion enhancement. For large grains, on the other hand, the ion 
drag force dominates and the grains are pulled out of the ion enhancement region, 
forming a dust-less void [1-3]. In addition to the ion drag force, which is due both to the 
direct collection of ions by the grains and to momentum transfer by ions in the fluctuating 
electric fields near grains [4,5], dust grains can also be subject to a drag force due to the 
effect of coherent waves. For example, dust acoustic waves can grow because of the drift 
of plasma ions relative to charged grains in an imposed electric field, such as during void 
formation [6]. Here we examine wave-particle drag due to unstable dust acoustic waves 
in a collisional dusty plasma using numerical simulations [7,8].  We study the drag as a 
function of grain size as well as neutral-ion and neutral-dust collisions in an aperiodic 
configuration that models void formation. Unique to this study is the size-dependent dust 
grain model and the Langevin approach used to include the collisional processes.  
 
The model used for the dust grains is based on parameters of the void experiments. We 
assume a range of grain sizes, and our study will emphasize differences that arise because 
of this range.  For small grains, namely spherical grains with a radius of ad = 0.04 µm or 
less, we assume that the grain density is fairly large, nd = 107 cm-3 at ad = 0.04 µm, and 
we assume that the dust density increases as ad

-3 to keep the dust mass constant.  The 
grain charge is limited by the number of free electrons in the system; we assume a modest 
negative dust charge (Qd = - Zde) at ad = 0.04 µm, Zd = 200,  so that Zd nd = 2/3 Zini. 
Similarly, we assume that the charge decreases as ad

3, so that Zd nd is fixed also. For 
larger grains, we still assume the total dust mass is constant; i.e., because md ~ ad

3, nd 
decreases as ad

-3 for ad > 0.04 µm.  However, as the dust density decreases, we allow the 
dust charge to increase at a slower rate, Zd ~ ad, so that for large, relatively isolated 
grains, where Zdnd << Zini, one goes to the usual orbit-limited theory (OLT) result, 
multiplied by a factor to transition between the electron limiting constraint at ad ≈ 0.04 
µm and the OLT result at very large ad. We also include collisions between the dust 
grains and the background neutrals. Using the standard approach, we take υd = 
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4πad
2nnvnmn/mi, so that υd ~ 0.1 ωd at ad = 0.04 µm, where the dust plasma frequency is 

ωd = (4πndZd
2e2/md)1/2 . 

 
In the simulations, Poisson’s equation for the electrostatic potential is solved with 
aperiodic boundary conditions, i.e., d φ/dx (x = 0) =  φ (x = L) = 0, and the methods for 
moving particles and for solving for the field equations use standard techniques.  It is 
assumed that the plasma is weakly ionized and there is an imposed constant macroscopic 
electric field that keeps the background argon ions drifting (in the positive x direction) 
relative to the dust grains due to the ion mobility.  In the simulations, the effects of the 
electric field and the collisions with the background neutrals (υi) on the velocity of the 
ions are not modeled through individual collisions, but are treated via a Langevin 
equation [9-11], 
 

dvp = −υi(v p − uo)dt+ (2υiv i
2dt)1 / 2N(0,1), 

 
 

where vp is the velocity of each particular ion, vi is the ion thermal velocity, dt is the time 
step and N(0,1) is a normal random number. The first term on the right-hand side of the 
equation tends to keep the ions drifting at uo = µiE, and the second term provides the 
thermalization due to collisional interactions. 
 
Standard PIC methods are used to model the dynamics of both the background and dust 
ions. This implies that single particle effects associated with the dust grains, such as one 
would encounter in a molecular dynamics simulation [12] are ignored.  One can think of 
the PIC macroparticles as describing regions of phase space rather than individual dust 
grains.  This method has the advantage of eliminating the short wavelength electric fields 
between grains, which are enhanced because of the relatively small number of simulation 
particles that describe plasma dynamics inside of a Debye sphere (~2400 number of 
particles per Debye length in the simulation relative to > 105 in an actual rf plasma).  We 
have previously demonstrated that this method works quite well to describe the behavior 
of the long-wavelength portion of the dust acoustic wave spectrum in a strongly coupled 
dusty plasma (with coupling parameter Γd > 100). We have also shown that how the 
calculations are smoothed can affect the short-wavelength portion of the spectrum [12]. 
Thus, in this approach, there is no ion drag on the ions due to the direct collection of ions 
on the dust grains, although the orbit part of the ion force due to the electric field 
surrounding the grains is included, although somewhat modified, because of the 
suppression of the short-wavelength fluctuations.  Even if these terms were correctly 
modeled, the usual ion drag force will be much small than the ion drag due to wave-
particle interactions. 
 
Figure 1 presents the results for a typical simulation with ad = 0.08 µm.  The top panel 
shows the electrostatic potential, normalized as eφ/Ti. The left side of the simulation 
region is dominated by a potential dip that occurs when the dust ions are removed, while 
on the right side, there are well-developed waves. The middle panel shows the dust vx-x 
phase space. The dust ions in the right portion of the simulation region are evidently 
trapped by the waves. The instability is stronger than in periodic runs because of the 

18th International Conference on Numerical Simulation of Plasmas

162



injection of fresh background ions at the boundary. Note that there are much fewer dust 
ions remaining in the left portion of the simulation region.  Most of the ions originally in 
this region have been picked up by the waves, which propagate to the right, at a relatively 
slow speed. Once the ions have been picked up, there is little additional wave behavior in 
the left portion as fresh background ions enter the system. The bottom panel shows the 
argon ion density as the solid curve and the dust ion density as the dotted curve.  The ion 
density is relatively uniform throughout the left side of the simulation region and has 
oscillations on the right side. The dust density is small on the left side, and rises sharply 
to a larger spatially-averaged value on the right. The dust density exhibits very spiky 
spatial oscillations that indicate areas where trapping occurs. The spikes correspond to 
maxima in the background ion density, i.e., regions where the potential is a local 
maximum. From this plot, one can determine a “pickup length, Lw” ~ (115 vi/ωi in the 
figure), which is the region over which the dust ions have been carried away by the 
waves to create the void. 

 
We have used this model to study ion drag as a function of grain size. For the parameter 
range considered, we find from the simulations that in the absence of background 
collisions, the instability tends to saturate by trapping the plasma ions in the electrostatic 
waves, which does not affect the dust ions very much.  Including ion-neutral collisions 
tends to suppress ion trapping, which in turn leads to larger wave amplitudes and trapping 
of the dust, resulting in significant drag on the dust grains and formation of a dust void.  
Inclusion of neutral-dust collisions (as shown in Figure 1) leads to a grain size-dependent 
result, with the persistence of trapping of, and thus considerable drag on, larger grains 
only. One also finds that the drag due to waves excited by the dust acoustic instability, for 
the parameter regime studied and the dust model assumed, scales as ad

2, similar to the 
neutral drag and the standard ion drag forces. Magnitude-wise, it is larger than the neutral 
drag force. It is also somewhat larger than the usual ion drag force [4].  
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Fig. 1.  Results of an aperiodic simulation with ad = 0.08µm, showing: (a) spatial 

profile of eφ/Ti, (b) vx-x phase space for the dust ions, and (c) spatial profiles 
of the background ion density (solid curve) and dust ion density (dotted 
curve), normalized to their initial values. 

 

18th International Conference on Numerical Simulation of Plasmas

164



���������	�	����
�����	�����������������! "�#�������������	�����$�&%&��'(���	����')�����#�
*(+-,/.�+0, 12,�354	12,/67+0,$8:92;

<#=?>A@CBD>E<GFIHJ@CKMLN@PORQNSATJUWV�X�UYUZ=[KM\:]E<GFIH^@CKMLN@	_`KbaJK0@CKMSAc$V
d�SJ@eXe=?>2BfSJ@�g`>2hiKMSAcZ>2=)dj>YkCSAQ�>2h�SAQlHJVmd�SJ@eXe=?>2BfSJ@NVmgnpoWq^rtsZrAV`u(vwXyx

z{,/|~}�+-8����2�:9��W1�,�;C��+0,Y|:;t���:1�|~;�3�12�������Y12�N}/+08�;C�$12�D+0,�;�3������R�D�w3�;��0+-,��y�����0�-+08�+0��,��-;t8�8#��;t�t�2,�,�;t�l�
|~+-��,�+0,��012�:��;f8��I8�|:;t�D8P+-,���}$+0�N}��e12�-�?���5�e4���1��0�t�$��1�|:+0��,�8���8:+-,�� �¡�2|:}¢1!���$�0�R;��0;t�C|~����,����:;�8:8:�$�:;
|~;�,�8:�2�£�D�I3�;t�(1�,�35��12��|:+0�t�-;�+0�2,�8�12�:;	;����Z;t3�3�;�3�+-,�8:+-3�;`1D���e4¤8:+0������1�|:+0��,P8:�E|~}W1A|¥|~}�;`�t�2�P���-;C�
��}Y�I8:+-�t8y12,�3 �P�2�:;�;l�$�Z;t,$8:+-¦2;P�����D���$|N1A|~+0�2,�8	12��;§3���,�;E��,��?��+-,¨1�8:�P12�0�©�:;t�2+0��,ª��}�;��:;D}�+0�2}�;t�e«w�
3�;��0+-|{�D+-8R,�;t;�3�;t3)¬�¥}$;`�e12�-�?���5�e4®�t12�0������1A|~+0�2,�8#��;t8����-¦2;�|~}�;�+-,�,�;��R�:;���+0��,P|~���D�w3$;t�Z�t�����:;t�C|~�?�f|~}$;
+0�2,¯+-,�;t��|~+012�j8:�t12�0;°��}Y�I8:+-�t8e,$;�12�¥|~}$;°±¤�Z��+0,Y|��W+-,��t�-��3�+-,��§|~}�;°3�;t���������-+0,��E�2�©|~}�;°+0�2,51�,�3�;��0;t�C|~����,
�D�2|~+-��,�8t�I|~}�;`+-��,/�2�I�:���²�~123$+0��8R;C³);���|:8t�Z12,�3/|~}$;°��;t����,�,�;���|~+-��,¯;t�0;���|:�:+0��«�;t�03������w3$���t;�35�Y��|:}�;`�2³Z�
3�+012����,W1��(;t�0;���|:�:��,ª�$�:;t8�8:����;�|~;�,�8:���£|~;��:�D8§´[µt¶M¬£¥}�;�;C³);���|:8��2�m|:}�;��2³��{3$+�12���2,W12�j|~;��:�D8e+-,5|~}$;�+0�2,
����;t8:8����:;R|:;t,�8����t�2+M¬·;2¬?�2|~}�;#+0��,y�2�I�:���²�~123$+0��8¸�t�����:;���|~+-��,�8��Y12�:;#,�;t��;t8�8~12���§+0,y���:3�;���|~��P�I3�;��w�����:��;t��|:�-�
|~}$;	+0��,/���w|��{�����{���012,�;e�D�2|:+0��,j¹º|~}$;t8:;`;C³);���|~8��t12,��¡;	�D�w3$;t�0;�3/;�»D�t+-;t,Y|~�?��+-,�1E��12��|:+0�t�-;��12�0�¼�����4
8:+-�����01�|~+-��,P+-,P��}�+-�N}/�W12��|~+0���0;£+0��,$8R12��;���8:;�3/+0,/1y���:;�3�+0�C|~���~½��t�����:;���|~�2���P12,�,�;��#|~��+0�D���0;��P;�,º|#+0�2,
�2�I�:�A�{�~1�3�+0��8§�����:��;t�C|~+0�2,�8t¬¢z{,¢|:}�;����$|:;t�E�:;���+0��,��2�£|~}$;5;����¡;�3�3�;�3¾8:+-�����01�|~+-��,j��|:}�;ª�5�e4¿���w3$;
��1��0�t�$��1�|:;t8R�012�:��;l�{8���12�-;«W;��03�8�12,$3/��,�;C�MÀW��+-3/ÁI��12,Y|~+-|:+0;�8¥12,�3¯12�-8:�§�����^¦I+-3�;t8�12�$���:���$�:+�1A|~;��Z����,�3�12���
�t�2,�3�+-|:+0��,$8`���2�°|:}�;P|{�#���²À���+03Â��12�-�t���01�|~+-��,�8	3���,$;f+0,Â+0,�,$;t�°�:;t�2+0��,j¬P6Ã;P8:}��J�Ä|~}�1�|���;t����,�,�;���|~+-��,
�I�t�t�$�:8G3���;R|:�	;t�0;���|:�:��,§¦I+08��t����8G;C³);���|~8G����,Y|N12+-,�;t3E+0,�|:}�;¥�2³��{3�+012����,�12�I|:;t���P8m���¡|:}�;¥;t�-;t��|:�:��,E����;t8��
8:�$�:;P|:;t,�8����t��12,�3 |~}W1A|y|:}�;P;����Z;t3�3�;�3"8:+-�����01�|~+-��,�8�;l�$}$+0��+?|y8��P�I�2|:}¨|:�~12,�8�+-|:+0��,�8	���¥����1�8:�P1¯1�,�3
«W;��03�Áº�W12,Y|~+?|~+0;�8¥�¡;C|{��;�;t,¯|~}�;y���4`½2�e12�-�)��;t��+-��,�8t�w��+-|~}/8��f1��0�?�²8:�t12�0;��}Y�w8�+0��8��;t����;t8:;�,Y|~;t3¯��;��0�(+-,
|~}$;`|:}�+0,������:��;t,Y|e8�}�;t;C|12,�3¯,�;�12�¥|:}�;	±��Z��+-,º|t¬

Hall-MHD   Jz   t = 0

0 10 20 30 40 50 60
y

0

5

10

15

20

x

Hall-MHD   Jz   t = 190

0 10 20 30 40 50 60
y

0

5

10

15

20

x

Embedded Hall-MHD/MHD   Jz   t = 190

0 10 20 30 40 50 60
y

0

5

10

15

20

x
-1.62e-06

3.66e-06

8.95e-06

1.42e-05

1.95e-05

2.48e-05

-3.18e-04

-1.90e-04

-6.27e-05

6.50e-05

1.93e-04

3.20e-04

-3.35e-04

-2.09e-04

-8.25e-05

4.36e-05

1.70e-04

2.96e-04

Å�+-�����:;`µ�Æ�Ç�ÈyÉlÊ£Ë�ÉlÌºÌYÉlÌyÍ#ÎJÏ?ÏÑÐÓÒDÍ�Ô�Õ�ÒDÍ�Ô¾Ö�×¼ÊeØºÏ¼Î�Ù�×[Ú^Èy×¼È`Û�ÜI×¼Ý�Ü°Ù�ÜYÉ�×?ÈºÈYÉNÞ¸Í�ÎJÏ¼ÏÑÐÓÒPÍ#Ô¢Þ�ÉNß^×[Ú^ÈyÉ~à2Ù{ÉlÈIÌºÖ
á Þ�Ú^Ê�â�ã7ä2å·ä�Ù{Ú§â/ãçæ~èYå·ä�ÎJÈºÌ�éDã�ê�Ù{Ú�éEãëä�ê�ì�×¼È�ØºÈº×[Ù�Ö#Ú á Ù�ÜºÉ�×¼Ú^Èf×?ÈYÉNÞ�Ù�×¼ÎJÏ)Ö�ÝNÎJÏ[É	ílî�ïZð~ñ-ò�óeô�õJÉNÞ�Ï¼ÎJ×¼Ì
Ú^È�Ù�ÜºÉ°Ê`Î�ß^ÈYÉNÙ�×¼Ý`öºÉlÏ¼Ì/Ï¼×¼ÈºÉlÖ¥×¼È/Ù�ÜYÉ°Ö�×¼ÊØIÏ¼Î�Ù�×[Ú^È�÷IÏ¼ÎJÈºÉ`Î�Þ�É°Ý~Ú^Ï[ÚJÞeÝ~Ú^ÈAÙ{Ú^ØYÞ�Ö�Ú á Ù�ÜYÉ`Ú^ØYÙ²Ð�Ú á Ð�÷IÏ¼ÎJÈºÉ°ÝNØYÞ�Þ�ÉlÈ�Ù
ÌYÉlÈºÖ�×[ÙiøPùAú¥ÌºØYÞ�×?ÈYßÞ�ÉlÝ~Ú^ÈºÈYÉlÝ~Ù�×[Ú^ÈWó

ûÑæ:ü¡ý¸óYþR×?È§ÎJÈºÌEÔeóºÿ"×¼ÈºÖ��JÉ����©ÜAø�ÖNó��¸Ï?ÎJÖ�Ê`ÎJÖ��	�
�Zælä��JäPì��êJê��^ò�ó

18th International Conference on Numerical Simulation of Plasmas

165



SOME DISCOVERIES IN TEACHING PLASMA SIMULATIONS 
Charles K. (Ned) Birdsall and Edison T. Estacio, Plasma Theory and Simulation Group 
(PTSG), EECS Dept. Cory Hall, University of California, Berkeley CA 94720-1770 
 
Introduction “Teaching is a great way to learn the subject” has been said many times. 
Having anomalies/discoveries arise in class, which demand immediate explanations is 
part of the challenge, especially in running live simulations. Examples will be run live, 
with some solutions. 

Warm 2stream with L = 10pi 
 
      Vx-X Phase Space    f(v) all species  mode4 

 
t = 30         mode2 

 
t = 63.3        mode1 

 
t = 244.8 

The interaction of two warm streams is shown here. At t = 0, the ratio of thermal 
velocity to drift velocities (v/t)/(v/o) = 0.4. The dispersion relation shows that the m = 4 
mode has the fastest growth rate. Indeed, at t = 30, mode 4 dominates, in the v/x-x phase 
space and in the charge density, rho. By time 63.6, the 4 phase space vortices have 
merged, leaving two vortices. By time 244.8, all vortices in phase space have become just 
one vortex, which is very long lived. The f(v, both streams) is shown in the middle 
panels, with the dip in the center at v =0.  

As pointed out by Amy Wendt*, the warm streams [sufficient (v/t)/(v/o)] tend to 
saturate with a double peaked f(v), close to a Penrose distribution, which is stable. 
*Amy Wendt, "Saturation Characteristics of Counter Streaming Warm Electrons", ERL 
Memo UCB/ERL 28 May 1985 
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Cold 2stream with L = 10pi 
 
     Vx-X Phase Space    f(v) 2 species       rho(x) 

 
t = 20 

 
t = 27 

 
t = 126.4 
 Two opposing electron streams, cold or warm (v/thermal < 0.7 v/drift) are 
unstable and grow in time, in a fixed ion background, in a periodic system. In a system 
where two streams pass each other one wavelength in one period of natural oscillation (of 
one of the streams), there can be exponential growth of an initial small perturbation. This 
instability is very old, observed in fluid (e.g., fiord flow over the ocean), and with fast 
and slow electron streams (amplifier by Haeff, 1949), or drifting electrons and non-
drifting ions (theory by Pierce, 1949). The field energy may grow as fast as (exp w/p t). 
With two opposing streams, as above, at stream velocity reversal time (t =27 pictures), 
v(x) vs x, rho has many harmonics (new k’s), which broadens the velocity distribution, 
traps the streams into huge vortices (t = 126.4) with no drifts remaining, and stops the 
growth.  
 Even after a long time, the overall velocity distribution (both cold and warm 
streams) is not Maxwellian, which might be expected from balance between drag and 
diffusion. Why not? 
 The model has a Poisson equation solver, and E = -grad(phi), plus a Newton-
Lorentz equation of motion, mdv/dt = qE. There is no umv (momentum exchange) term, 
or drag, and no explicit diffusion term; usually these terms balancing leads to a 
Maxwellian. Not here! 
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Warm plasma oscillations, Landau damping, linear, nonlinear 
 
 Warm plasmas exhibit simple harmonic oscillations at the plasma frequency, 
w^p, as known from theory and experiments by Langmuir and Tonks in the 1920's. Much 
later (1946), using linear kinetic theory, L. Landau found the rate that these oscillations 
damp in time. Both detailed analysis and physical understanding may be found in Jackson 
(1960) and Dawson (1961). Experimental proof came in the 1960's (e.g., by Malmberg 
and Wharton, 1966, and others). Initial wave energy (electrostatic) is absorbed by the 
plasma, increasing the plasma’s kinetic energy (temperature). 
      Below are particle-in-cell (PIC) simulations using Bruce Langdon's XES1 
1d3v periodic code. On the left are logs of the electrostatic energy vs time, all oscillating 
at about 1.2w^p, and damping exponentially very close to the Landau/Jackson rate; the 
initial displacements are X1 = 0.1, 0.01, 0.001. On the right are the particle trajectories 
("traces") vs x, in the wave frame; the top one shows particle trapping, nonlinear; the 
middle one shows smaller trapping; the bottom one has no visible trapping. There is a 
small frequency shift. 
 
 x1 = 0.1     at  t = 21.2       Vx-X in Wave Frame 

    
 
 x1 = 0.01 

    
 
 x1 = 0.001 
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Warm plasma between two grounded plates 
at (t=1e-7) 

 
Rho(x)    F(energy at wall) 2  Vx-X phase space 2 

 
 
E-field(x)   Current(t)   Vx-X phase space 1 

 
 
Potential(x)   Mid Potential(t)  Number(t) 

 
 

Elementary bounded warm plasma observations, short circuit, undriven. 
Starting from an initial uniform plasma between shorted planes, we observe: (a) 
formation of sheaths; followed by (b) plasma frequency potential oscillations at the 
central density (symmetric mode); (c) series resonance observed; capacitive (almost 
vacuum) sheath, inductive bulk, resonant at w/series  ~w/p (bulk)(2s/L)^1/2, (asymmetric 
mode), and cut-off frequency for surface waves along the walls; (d) ion sound waves 
running from one sheath (wall?) to the other. 

 In teaching this "simple" model, with all of its behavior, to students who are 
seeing most of such for the first time, it has worked well to put up a poster board showing 
about 20 diagnostics (in time, velocity, frequency, space, etc.) to be viewed as each 
diagnostic is displayed in turn, while running the model live. A typical audience is likely 
to have theorists and experimentalists, both accustomed to quite different sets of 
diagnostics, and not these.  
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High Power Microwave Tube Verification and Design 
Using the ICEPIC 3D Parallel, Electromagnetic PIC Code. 

P. J. Mardahl1, K. L. Cartwright1, A. D. Greenwood1, T. Murphy1, 
M. D. Haworth1, M. Lopez 2 

1 Air Force Research Laboratory 
Directed Energy Directorate 

Kirtland AFB, NM 87108 
2University of Michigan, Ann Arbor 

 
 
 Introduction 

At high power levels, relativistic effects and device nonlinearities mean that analytic 
techniques often do not provide sufficient insight into device behavior to produce a workable 
design.  Because of this, we are turning increasingly to the use of computer models to predict 
device behavior before building an experiment.   These models also provide illumination into 
results obtained from current experiments, reducing the number of experimental revisions needed 
as well as quickly eliminating failed designs. 

We are currently using ICEPIC (Improved Concurrent Electromagnetic Particle In Cell), 
a 3D parallel code developed at the Air Force Research Laboratory (AFRL), for the verification 
and design of relativistic magnetrons and verification of designs of high power gyrotron devices. 

We will present an overview of ICEPIC's design and features, including its first-
principles EM-PIC algorithm, parallel operation, and dynamic load balancing.  We will also 
show application of ICEPIC to two experiments.  First, we will show a comparison of ICEPIC 
simulations to the University of Michigan's MELBA-C high power magnetron experiment:  
output power and pulse length show good agreement.  Next, we will show a comparison of 
ICEPIC simulations of the interaction region of a 95GHz gyrotron to an experiment:  operating 
mode and frequency agree well. 
 
ICEPIC Overview 
 
ICEPIC is a three-dimensional Cartesian coordinate PIC code developed at the Air Force 
Research Laboratory to support the development of HPM sources.  It’s time domain solver uses 
Maxwell’s curl equations on a discrete computational mesh and the Lorentz’s force law to track 
particles, using the standard PIC technique.1 The goal for developing ICEPIC is to create a 
portable HPM simulation tool using modern parallel computing techniques.  The software is 
written entirely in ANSI standard C, and uses an intermediate message-passing library that links 
to any of several common libraries (including MPI and PVM).  With the emergence of MPI as 
the industry standard, ICEPIC is now solely based on MPI.   
 
Single domain decomposition 
 
In order to use more than one processor, ICEPIC divides the entire simulation domain into 
rectangular prism spatial regions, and assigns each region to a CPU.    Other schemes of 
partitioning the problem are possible:  we have used this technique because it is simple and 
because it minimizes communication between CPUs.  Updating particles requires that the 
electromagnetic fields be known in the cell they are in.  If the particle and the cell containing it 
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are on different CPUs, this data must be communicated.  Conversely, updating the 
electromagnetic fields in a cell requires information about the particles contained in it, and 
information about neighboring cell.  By placing adjacent cells and the particles in them on the 
same CPU as much as possible, we minimize the amount of data which must be transferred 
between CPUs.  Particles which cross interfaces between CPUs must be communicated, and also 
neighboring CPUs must exchange information about electromagnetic fields and currents near the 
borders of their subdomains. 
 
Parallelized PIC loop 
 
In Fig. 1, we show the parallelized PIC loop which is used in ICEPIC.  This figure shows how 
ICEPIC restructures the conventional PIC loop in such a way that we can keep each CPU busy 
while it is waiting for needed data from adjacent subdomains.  The parallelized PIC loop is 
considerably more complicated than the conventional, non-parallel PIC cycle, which is a 
repetition of solving for E everywhere, then solving for B everywhere, and then updating the 
particles and calculating J.   

Send J 
Send U,X

Receive J

Update internal Electric field 
En = f(En-1, Bn-½, Jn-½) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig
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Update particle velocity, 
current density, and 
particle position: 

Xn    = f(Xn-1, Un-½) 
Un-½ = f(Un-½, Xn, En, Bn-½, 
Bn+½) 
Jn-½  = f(Xn, Xn-1, Un-½) 
Update border Electric field
En = f(En-½, Bn-½, Jn-½) 

Send 

Receive 

Update internal Magnetic 
field Bn+½ = f(Bn-½, En) 

Receive U, 

Update border Magnetic field
Bn+½ = f(Bn-½, En) 

. 1.  Parallel PIC loop used in ICEPIC. 
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MELBA-C Magnetron 
 
We have applied the ICEPIC code to the study of the MELBA-C magnetron experiment at the 
University of Michigan.2  This is an A6 magnetron which operates at approximately 1 GHz and 
has input voltages between 250 and 350kV, with magnetic fields between 2.5 and 3.5kG.  
Experimental power output for a particular configuration ranges from 0 to 160MW.  Fig. 2 
shows a comparison of simulated power output with that of an experiment, though with different 
input waveforms.  The average power of the ICEPIC simulation is approximately 80MW peak 
(the plot shows instantaneous power), while the experimental plot reports average power of 
100MW peak:  simulation and experiment are in good agreement.  Furthermore, both experiment 
and simulation have a 150ns delay between turn-on of the diode voltage and onset of RF power 
output. 
 
 

ICEPIC Results 
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Fig 2.  Comparison of simulated power
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Figure 3:  Shown at the left is azimuthal electric field from a simulated TE621 mode in a 95GHz gyrotron.  
At the right is a time-frequency analysis of the electric field. 
 

100kW CW Gyrotron 
 
Shown in Fig. 3 on the left is a cross section of the simulated mode pattern in an ICEPIC model 
of the interaction region of a 95GHz gyrotron.  The magnetic field was chosen such that 
ωRF = ωc+kzvz, where vz is the beam axial velocity, kz is the axial wavenumber of the TE621 mode in 
the interaction cavity, and ωc is the electron cyclotron frequency.  The simulated mode agrees with 
the experiment, as does the frequency output, as seen on the right of Fig. 3.  As of this writing, 
simulated power output underpredicts experimental power by a factor of 4.  It is not clear to us 
whether this is due to a reduced geometric description which was used, or some other cause. 
 
Conclusion 
 
Results and visualizations from the ICEPIC code now drive the design of high power microwave 
devices at AFRL.  Increased computer power and ICEPIC’s efficient parallelization have 
enabled end-to-end numerical models of analytically intractable devices such as relativistic 
magnetrons, and aid in the verification of designs of high power gyrotrons.  Before being built, 
experiments are virtually prototyped, resulting in fewer experimental iterations and a better final 
result. 
                                                 
1  C.K. Birdsall and A.B. Langdon, Plasma Physics Via Computer Simulation, (McGraw-Hill, 
NewYork, 1985). 
2 Lopez et. al., “Cathode effects on a relativistic magnetron driven by a microsecond e-beam 
accelerator”, IEEE Transactions on Plasma Science, Vol. 30, No. 3., June 2002. 
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A Hybrid DSMC-PIC Model of
The Near-Field Plume of a Hall Thruster

Iain D. Boyd1 and John Yim1

1Department of Aerospace Engineering, University of Michigan, Ann Arbor, MI 48109

Introduction
Hall thrusters represent an efficient form of plasma electric propulsion for spacecraft.  The two
most active areas of Hall thruster research concern understanding and improving the thruster
performance, and characterization of the plume far field to assess spacecraft integration issues.
The near field plume of a Hall thruster is a physically complex and important region.  The
relatively high plasma density in the near field makes it accessible to a variety of experimental
diagnostic techniques from probes to non-intrusive optical methods such as Laser Induced
Fluorescence.  Such data is much more difficult to obtain either inside the thruster or in the
plume far field.  Therefore, data obtained in the near-field often provide important glimpses of
thruster and plume far field processes.

In the present study, the near field plume of a 200 W class Hall thruster is modeled using a
detailed particle-fluid hybrid approach. The new aspect of the model involves treating the
electrons using a detailed fluid model constructed from the fundamental conservation equations
for charge, momentum, and energy.  The additional physics makes it possible to include the
effects of the external cathode in the simulation as well as more accurate simulation of the
variation in electron temperature and plasma potential.  Brief details of the model are presented
along with some comparisons of results from the model with experimental measurements taken
in the near field plume of the BHT-200 Hall thruster.

Model Description
Hall Effect Thrusters primarily use xenon as propellant.  The xenon plasma plume from an HET
is composed of beam ions with velocities on the order of 16 km/s, low energy charge exchange
ions, neutral atoms, and electrons.  The total number density is of the order of 1018 m-3 that
places the plasma in the rarefied flow regime.  Computational analysis of HET plumes is
regularly performed using a hybrid DSMC-PIC formulation.  The direct simulation Monte Carlo
(DSMC) method [1] models the collisions of the heavy particles (ions and atoms).  The Particle
In Cell (PIC) method [2] models the transport of the ions in electric fields.  In the present work, a
hybrid approach is used in which the electrons are modeled using a fluid description.

In the present study, we apply an existing axially symmetric PIC-DSMC code developed
specifically for modeling the xenon plume from a hollow cathode [3].  The model provides a
detailed treatment of the electron fluid as follows:
- quasi-neutrality is assumed so that the charge density of the ions represented by particles is

equated with the electron number density;
- the electron continuity equation is solved to provide the electron velocity vector;
- the electron momentum equation is used to obtain a generalized Ohm's law that is solved to

obtain the plasma potential;
- the electron energy equation is solved to obtained the electron temperature and includes the

effects of thermal conduction, Ohmic heating, electron collisions, and bulk ionization;
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- the cathode of the thruster is included in the simulation;
- the finite back-pressure of the vacuum chambers is included.

Computational Results
The operating conditions of the BHT-200 Hall thruster considered in the present study are as
follows [3]: flow rate = 9.5 sccm, discharge current = 0.85 A (85% attributed to ions, 18% Xe2+

ion current fraction), voltage = 240 V, specific impulse = 1,300 sec. The thruster operating
conditions must be converted into boundary conditions for the plume code at the thruster exit.
For simplicity, this is achieved by using the operating conditions and assuming values of the ion,
neutral, and electron temperatures, as well as a beam divergence angle.  The values employed for
the results shown below are: Te=6 eV, Ti=0.5 eV, Tn=750 K, θdiv=20 deg..  In addition, the

plasma potential at the thruster exit is assumed to be 90 V.  The simulations are performed on a
computational mesh of 133 by 118 non-uniform, rectangular cells that is extended to a distance
of about 50 cm from the thruster.  Typically, 300,000 particles are employed and the simulations
require about 10 hours of CPU time.

An overall impression of the flow field is provided in Figs. 1a and 1b showing the plasma
potential, and the ion current density for the entire plume, respectively.  The plasma potential in
Fig. 1a is shown to decay rapidly in the thruster near field indicating significant ion acceleration
in this region.  In Fig. 1b, the ion current density contours show the usual finger-like structure on
the plume axis as well as the charge exchange cloud formed vertically above the thruster exit
plane.

Assessment of the plume model is now performed by making direct comparisons of the
simulation results with a number of different experimentally measured data sets reported in [3-5].
In Fig. 2a, comparisons are provided for angular profiles of ion current density at a distance of
50 cm from the thruster (the data from [3] were obtained at 60 cm and have been scaled to 50 cm
based on the square of the distance from the thruster).  The two sets of measured data were
obtained using a Faraday cup [3,4].  Clearly, excellent agreement is obtained between the
simulation and measured data sets.  Figure 2b compares the ion energy distribution functions on
the plume axis at a distance of 50 cm from the thruster.  These measured data were obtained
using a retarding potential analyzer (RPA) [4].  Once again, there is clearly excellent agreement
between the two data sets.

Figure 3 provides comparisons between the simulation results and measurements for radial
profiles of plasma potential at two different axial locations.  In general, the agreement between
the two data sets is very good.  Further comparisons between simulation and measurement for
electron temperature and plasma number density will be provided.  In addition, simulation results
obtained with the Boltzmann relation will be provided.  These comparisons demonstrate that the
new detailed model provides a significantly better description of several of the near-field plasma
plume properties than can be obtained with the simpler Boltzmann relation.
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Fig. 1a.  Contours of plasma potential (in Volts) for the near field plume of the BHT-200: the thruster is
the white region in the lower left corner.

Fig. 1b.  Contours of ion current density (in A/m2).
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Fig. 2. (a) Angular profiles of ion current density at 50 cm from the thruster; (b) ion energy distribution
function on axis at 50 cm from the thruster.

Fig. 3. Radial profiles of plasma potential at axial distances of: (a) 50 mm from the thruster; and (b) 100
mm from the thruster.
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Gas discharge plasmas are widely used in many modern technologies. Unique 

properties of these weakly-ionized plasmas are determined by their highly non-
equilibrium state. The non-equilibrium effects are especially important for electrons 
which are responsible for ionization processes and plasma maintenance. The mean energy 
(temperature) of electrons usually exceeds the gas temperature by two orders of 
magnitude in both non-thermal atmospheric pressure discharges, and the low-pressure 
plasma reactors operating at gas pressures in the mTorr range.  In the low-pressure 
reactors, an additional factor further complicates the problem - the electron distribution 
function (EDF) is substantially non-local, i.e. its shape at a given spatial position is 
determined not only by the plasma characteristics at this point but also by the plasma 
properties in a certain vicinity of the point.  

To account for non-equilibrium and non-local kinetic effects, we have developed 
a general-purpose kinetic solver based on two-term Spherical Harmonics Expansion 
(SHE) of the EDF. This approach reduces the six dimensional Boltzmann Transport 
Equation (BTE) to a four-dimensional (3 spatial coordinates + energy) Fokker Planck 
Equation (FPE) offering a very good compromise between physical accuracy and 
numerical efficiency. The FPE is solved for the Electron Energy Probability Function 
(EEPF) and provides macroscopic characteristics such as electron density, flux, and rates 
of electron induced chemical reactions. Using these quantities, the transport of ions and 
neutrals in multi-component plasmas is simulated using continuum model.  

 
Figure 1 illustrates how the FPE emerges as 
an intermediate step between the BTE and 
continuum models 1. The FPE is derived 
from the BTE for the case when momentum 
relaxation occurs faster than energy 
relaxation. This is the common case for the 
low energy electrons traveling through a 
background of neutral atoms in a weakly 
ionized gas. Colliding with heavy species, 
electrons significantly change direction of 
their motion, but only slightly change their 
energy. Thus, the energy relaxation length 
λu (and corresponding time τu) considerably 
exceeds the momentum relaxation length λ 
and collision time τ. For the time scales 
exceeding collision time and for spatial 
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scales exceeding the mean free path λ, the BTE is reduced to a FPE describing the 
isotropic part of the distribution function in a four-dimensional energy-position space 
(upper arrow in Fig. 1). Even in situations where such a scaling is not obvious, the two-
term SHE gives unexpectedly good results 2. 

We have developed a kinetic module to solve a generic FPE in the form  
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Here )(uχ  denotes the density of states, rD  and rV  are diffusion coefficient and drift 
velocity in physical space, uD  and uV  are diffusion coefficient and drift velocity along 
u -axis, and S  is a source term. For plasma simulations, f  denotes the Electron Energy 
Probability Function (EEPF), 0f , u denotes energy, and uu =)(χ .  

Taking into account the electrostatic field, the FPE for 0f  can be written in the 
form: 

 

               S
u
f

DfV
u
f

fD
uu

f
fD

t
f

uurr =














∂
∂

+−






∂
∂

∇+∇⋅∇
∂
∂

−














∂
∂

∇+∇⋅∇−
∂
∂ 0

0
0

0
0

0
0 1

χφφχ
χ

φ     (2) 

 
          (a)     (b)                  (c)              (d) 
 
Different terms in Eq. (2) describe: a) diffusion in configuration space with a diffusion 
coefficient ν3/2vDr =  and drift due to electrostatic field, φ−∇=E . Here ν  is the 
transport collision frequency and φ  is electrostatic potential; b) electron heating (cooling) 
due to the electrostatic field; c) quasi-elastic processes; d) inelastic collisions (excitation, 
ionization, attachment, etc.). The quasi-elastic processes include collisions with small 
energy change (elastic collisions of electrons with neutrals, excitation of molecular 
vibrations, Coulomb interactions among electrons and ions), and electron heating by 
electromagnetic fields. The transport coefficients and source terms in Eq. (2) are 
specified using electron collision cross sections for different types of collisions.  

Depending on conditions, the spatial or the energy terms in Eq. (2) could be 
predominant. When the spatial terms are important, using total energy ε = u -φ ?? as the 
independent variable instead of kinetic energy u, is advantageous. In this case, the FPE 
(2) can be written in the following form 3: 
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It is seen that using total energy as independent variable eliminates the complicated 
cross-terms in Eq. (2).  

For self-consistent plasma simulations, the electron density balance is usually 
solved together with the kinetic equation using the electron production rate and electron 
flux provided by the kinetic module. The electron number density calculated in such a 
way is used in the Poisson and Maxwell equations for calculations of electrostatic and 
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electromagnetic fields. The numerical solution of the FPE is obtained using the operator 
splitting technique. To cast (2) in the required form, we use logarithmic derivatives 
following Epperlein 4.  
 

Inductively coupled plasma (ICP) is maintained by the electric field produced by 
an alternating current in the coil. Fig. 2 shows an example of calculations of the ICP in 
argon driven by a planar coil 5 at frequency 13.56 MHz, gas pressure 100 mTorr, and 
power absorbed in plasmas 100 W. It is seen that the "body" of the EEPF (up to energies 
10 eV) depends only on total electron energy. The "tail" of the EEPF is enhanced by fast 
electrons in the skin layer (near the window, see the 1 cm curve), and is depleted near the 
plasma boundaries due to the escape of the fast electrons to the walls. The right part of 
the figure shows spatial distributions of the electron density and electrostatic potential.  
Electrons with total energy below 18 eV are trapped by the electrostatic potential inside 
the plasma. 
 

 

 

 
Figure 2. EEPFs at different distances from the quartz window at a radius 4 cm (left), and the 

electron density and electrostatic potential in the reactor chamber (right). 
 
Capacitively Coupled Plasma (CCP) is maintained by alternating voltage between 
electrodes. Figures 3 and 4 show an example of kinetic CCP simulations for a planar 
reactor with an inter-electrode distance of L = 3 cm, CH4 pressure of 140 mTorr, and the 
RF voltage of 400 V. The simulation parameters and a 54-step gas phase reaction 
mechanism (with 23 species) were chosen according to Ivanov 6. The results of our 
simulations presented in Figs.  3 and 4 agree well with the results of  [6] for the profiles 
of the charged-particle densities and effective electron temperature. The electron 
temperature exhibits a strong minimum in the plasma center consistent to the large low-
energy peak on the EDF. This low-energy peak is more pronounced in [6], probably due 
to the absence of electron-electron collisions in the model [6].  

18th International Conference on Numerical Simulation of Plasmas

180



 
 

  

 
Figure 3. Major ion densities and cycle-averaged electron density (left), and electron 

temperature (right) as functions of spatial position. 

 
Figure 4. The EDF at the discharge center at 3 moments during RF cycle (left) and as a function 

of spatial position x and kinetic energy u at some moment in RF cycle (right). 
 
We have described a 4D Fokker Planck solver for simulation of electron transport in gas 
discharges. We have demonstrated the application of this solver to several systems and 
have shown that the kinetic treatment of electrons allows one to properly account for non-
equilibrium and non-local effects and enhance the accuracy and fidelity of plasma  
simulations. 

Thanks are due to Drs. H.Q. Yang and N. Zhou for their contributions to the 
development of the code. This work is funded in part by the NSF SBIR Project DMI-
0091572. 
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Introduction

The basic physics of colloidal thrusters have been addressed in numerous experimental
and theoretical papers. These papers have successfully yielded basic scaling laws for the cone
and jet regions as seen in the works of Fernandez de la Mora [2], Hohman [1], and Martinez-
Sanchez [3] to name a few. However, the transition region from the cone to the free jet,
see Figure 1, has proven exceptionally difficult to model accurately. Some of the difficulties
reside on various factors including the strong coupling between the fluid mechanics and
electrostatic aspects of the problem, the strong gradients observed, and the uncertainty over
the behavior of the electrical charges in the fluid. A better understanding of this transition
is critical in order to explain the physics of the electrospray current, predict droplet size,
and explore the minimum flow rate stability threshold.

In recent years several numerically based models have been presented to simulate the
cone-jet transition region. The numerical work in this area may be traced back to the model
of Eggers and Dupont for gravity and pressure driven fluid jets [4]. The success of this and
subsequent models suggested that a similar approach could be used for electrified jets. As
of this writing several models have been published such as the works of Hohmann et al [1],
Hartmann et al [6] and Yan et al,[5].

In this paper we present the results from our quasi-one-dimensional cone-jet model. In
particular we will show results for higher electrical conductivities than those published be-
fore (K = 10−2Si/m), at low flow rates (η ≈ 1.3). Finally, we will introduce a simple ion
evaporation model that has been added to the cone-jet model. This model has been added
in order to explore the mixed ion-droplet regime observed with many liquids at high con-
ductivities and very low flow rates. The equations for this model are introduced and initial
results will be provided.

Cone-jet numerical model

The formulation of the equations is based on a local spherical coordinate system as seen
in figure 1 with symmetry about φ. The velocity profile in the r − direction is assumed to
be

ur(h, z, t) = −
(

u0 + (uα − u0)

(
sin θ

sin α

)2
)

(1)

where uα is the velocity at the jet surface, u0 is the velocity at the symmetry axis, θ is
the elevation angle and α is the angle at the jet surface as seen in figure 1. The velocity in
the θ-direction is obtained by substituting the radial velocity profile, of equation 1 into the
mass conservation equation and solving for uθ. A useful construct is to define two velocities,
the mean velocity u and a “shear velocity”,u′:
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Figure 1: Left: Structure of the cone jet for Ethylene-Glycol, η = 2,Re=10.2, courtesy of
Fernandez de la Mora[2]. Right : Local spherical coordinate system used for the derivation of the

fluid equations

u =
uα + u0

2
, u′ =

uα − u0

2
· (2)

This change in variables is only meant to simplify and make more compact the represen-
tation of the equations. The resulting velocity profiles are then substituted into the radial
and θ-direction momentum equations. The mass and momentum equations are then inte-
grated in the θ-direction from 0◦ (the z-axis) to just underneath the surface of the colloid jet
θ < α for a constant r. A small angle approximation is made (α << 1) and only the leading
order terms are maintained. The small angle approximation is not applied in two cases : the
surface tension term of the normal surface boundary condition and for the calculation of the
Electrical fields on the surface of the liquid jet.

The resulting equation for the conservation of mass is given by

∂h

∂t
= − 1

2h

∂(h2u)

∂z
(3)

where u is the average velocity as defined by equation (2). The momentum equation in
the axial-direction is given by

∂u

∂t
= −1

2

∂

∂z
(u2 +

u′2

3
) + +

u′

h2

∂

∂z
(h2(

u

2
+

u′

6
)) − 1

ρ

∂P0

∂z
+

8νu′

h2
+ g· (4)

and in the θ − direction by

Pα − P0 = −2µ
∂u′

∂z
· (5)

The electrical formulation of the system assumes a fluid undergoing charge relaxation
with a given constant conductivity K. The movement of charges in the axial and radial
direction is modelled by an internal(bulk) charge conservation equation which assumes that
there are no free charges within the liquid, resulting in
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2πhKEi
n

cos α
+

∂

∂z

(
2πKEth

2

1 + cos α

)
= 0 (6)

where Ei
n is the normal electric field inside the liquid, and Et is the tangential component

of the electric field. Equation 6 has two components, the first one describes the conduction
current flow from the internal control volume to the surface while the second term is the
rate of change of the conduction current in the axial direction. Surface charge conservation
is modelled using a surface charge relaxation equation :

∂(hσ)

∂t
= −∂(hσ(u + u′))

∂z
+

hK

ε

(
Eo

n − σ

ε0

)
(7)

The jet free surface requires a normal and tangential stress balance boundary conditions
as given by

P0 = γ

⎛
⎜⎝ 1

h
(
1 +

(
∂h
∂z

)2
)0.5 −

∂2h
∂z2(

1 +
(

∂h
∂z

)2
)1.5

⎞
⎟⎠ + µ

(
2αu′

h
− ∂u

∂z

)

− ε0

2

[
(Eo

n)2 − ε(Ei
n)2 + (ε − 1)E2

t

]
(8)

(9)

u′ =
σEth

4µ
· (10)

where γ is the surface tension coefficient, µ is the fluid viscosity, P0, is the pressure at the
axis, and h is the local jet radius. The tangential boundary condition is obtained in the same
fashion and contains contributions from the viscous shear stresses and the corresponding
tangential electrical stress.

Results and discussion

In the following, we present a quick comparison of simulation results and experimental
data. Full results will presented in the complete paper. The data presented uses the notation
and non-dimensional variables of Fernandez de la Mora[2]. In particular, the flow rate (Q)
is reported in terms of the dimensionless variable η and the current is reported in terms of
the dimensionless group ζ :

η =

√
ρKQ

γεε0

, ζ =
I

γ(ε0/ρ)1/2
. (11)

The baseline fluid for our calculations has the properties of Formamide, with density
ρ = 1130kg/m3, viscosity ν = 3.33x10−6m2/sec, surface tension coefficient γ = 0.050N/m,
conductivity K = 0.001Si/m, and relative permittivity ε = 111. The nozzle radius has
been set to h0 = 10µm and the collector is at a distance L = 150µm from the nozzle. The
boundary condition for the charge density at the nozzle is set as σ0 = 0, and the flow rate
(Q) is specified. The applied voltage is 970 Volts.
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Figure 2: Dimensionless spray current ζ versus η comparison between experimental and numerical
data. Experimental data from de la Mora[2]. Numerical data based on different liquids and flow

rates.

Figure 2 shows the comparison between experimental data of Fernandez de la Mora for
multiple liquids. It can be seen that the numerically computed currents compare quite well
to the experimentally observed values of de la Mora. These results are quite encouraging,
although more checks against experimental values need to be done to further ascertain the
validity of our computational results.
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1 Introduction

Nonlinear gryrokinetic [1] [2] simulation codes seek to elucidate the physics of the
steady state (drift-wave) turbulence processes held to be responsible for anoma-
lous transport in magnetically confined plasmas.

The PIC simulation method inevitably suffers from statistical noise. The build
up of this noise is a key limitation, determining the duration for which the sim-
ulation may be trusted to give meaningful results. Studying the long timescale
evolution of the nonlinear state thus requires methods which reduce this noise to
a minimum.

The ��� method approaches noise reduction in implementing a control variates
scheme for the approximation of moments of the distribution function. We show
such a scheme does not require time integration of the quantity ��� and that having
eliminated such an equation from the scheme, time dependent control variates
algorithms become feasible. The method also clarifies the problem of explicit
calculation of the error terms in the simulation.

2 The statistics of the PIC method

This work is concerned with understanding and optimisation of the statistical as-
pect of the PIC or particle-in-cell simulation method, particularly in the area of gy-
rokinetic simulation. Under a gyrokinetic PIC scheme the 5D, ������	�
����
����� ,
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phase space density is approximated using a large, but finite, number of marker
points, or particles. The ‘cells’ from which the scheme derives its name are the ba-
sis functions used to represent the continuous field quantities. In the electrostatic
gyrokinetic approximation these quantities are the charge density and electrostatic
field.

The underlying gyrocentre distribution function to be simulated is denoted
� � � � . Using a finite element method [3] to solve the gyrokinetic Poisson equation
requires the approximation of the ‘density like’ moments

���
of � � � � [4].

��� � � � � � ��� � � � � d �
	 �� � ������� � � � � � 
 � � � � � � � � � ��� � � � �� � � � 
 (1)

here d � ��� d � 
�� is the phase space Jacobian and � � is the � th finite element
used in the representation. � � � � is known at the

�
marker positions �

�
and

the markers have a probability distribution � � � � . The error associated with this
estimate is proportional to � � with

���� � � � � � � � �"!$# � �&%('*) � � � � � d � 
+# � �&%(' � � � � � � � � � � � d �-, (2)

The goal of the simulator is to reduce as far as possible this error. In the control
variates or ��� method one extracts a given calculable function �/. � � � i.e. writing��� � � �0. � � ��� � � � � d �21 � � � � � �3! �4. � � � ) � � � � � d �-, (3)

Only the second term on the right hand side need be approximated. If �5. is well
chosen, in the sense of being close to � 
��� � �6! �7. will be small and the variance
in the estimating function 8 � � � � � ��� � � ��� � � � �� � � � (4)

will be less than that of
� �

. Equally, the choice of the distribution of markers� � � � can be used to influence the error term. If � � � � can be chosen to closely
match � � � � (the marker distribution to match the underlying particle distribution)
the estimating function

� �
will be smoothed and the associated error reduced, the

technique is known as importance sampling. Hatzky [5] has employed a combi-
nation of ��� and importance sampling to great effect in gyrokinetic simulations of
a theta pinch.
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It has been common practice when using the ��� gyrokinetic PIC scheme, with
�4. chosen to be the equilibrium distribution ����� , to calculate ��� � � � via integration
of

d
d
� ��� � ! �

��� �	��
���
�
� � ������
 (5)

where
�
��� ����
�� is the perturbed part of the tracer’s trajectory. However such an

integration is not necessary in a fully nonlinear simulation (although it is required
for a linearised scheme) and ��� may be calculated directly as

��� � �
�
� � � � � � � �

�
� � . � �"! �4. � � � � � � ��, (6)

The equivalence of the formulations is demonstrated in Fig. (1).
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Figure 1: Equivalence of Eq. (5) solid line and Eq. (6) dashed line in calculating ��� under
Hatzky’s scheme. The upper figure shows the time evolution of the potential and kinetic energy.
The lower figure shows the departure from energy conservation. A slight improvement in energy
conservation is seen under the new scheme. Energy is normalised to the total equilibrium thermal
energy of the system.

Use of the latter equation not only removes an unnecessary integration from
the scheme, but also introduces the practical possibility of an ‘adaptive �/. ’ method.
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As the nonlinear simulation evolves � will move further away from � ��� which will
thus no longer be an optimal choice for � . . Generally it would be desirable to
evolve �0. to follow � . With the requirements of continuity on �7. imposed by Eq. 5
removed, a much broader class of functions becomes available for its representa-
tion. A scheme in which � . seeks to approximate the � of the previous timestep
then becomes feasible.
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1. Kinetic shear Alfvén waves and gyrokinetic Vlasov codes

Historically, computational studies of gyrokinetic turbulence have long been dominated
by particle-in-cell (PIC) codes due to their relative simplicity and effectiveness. However, the
inherent numerical noise has turned out to be a major obstacle in the attempt to incorporate
electromagnetic effects. Only recently, noise reduction methods have been proposed that seem
to solve this decade-old problem. Nevertheless, in the course of the 1990’s it became clear that
it is highly desirable to also explore alternative approaches like Vlasov or semi-Lagrangian
techniques. While the latter are discussed in other contributions to this conference, we will
focus on Vlasov (phase space grid) methods here. The first nonlinear electromagnetic Vlasov
codes emerged in the late 1990’s [1], and at present there are three such codes in use: gene
[2] (Jenko), gs2 [2, 3] (Dorland and Kotschenreuther), and gyro [4] (Candy and Waltz).

The backbone of every Vlasov implementation of the electromagnetic ( ��� � ���	�
��� � )
gyrokinetic equations is its treatment of the parallel electron dynamics which is related to the
physics of kinetic shear Alfvén waves. When all effects resulting from plasma/magnetic field
inhomogeneities are removed, the remaining subsystem in ��������������� space can be written as��� �� �"! �#�%$&� '#( �	)+*-,/.102 �43 .�57698 (1)

where ( � 6 3 �:) 3 . � � � 6 ( �:) � �; *-,/.=< �2 � 3 . (2)

together with the field equations,> � )@?A��B��C�ED *F02 � ! > � )@?A��B=���ED *F02 � !HG�I �.KJ ,/. � ��L/M=� 698 (3)

and >ON �P !RQSI �� D < � !UT-V *; J � � ,/. � ��L/M�� 6W8YX (4)

Here we have neglected ion dynamics (except for polarization) and Debye screening effects,
and

N P is treated as a mere parameter. Furthermore, B%Z 6 � N P\[ Z]� � , ,/.^6_,/. � N P � P �a` ��� , andQ � 6 ; �cbed � . In the long-wavelength limit, B��  � , the � variable can be integrated out and the
following simplifications can be made: ,#.gf � , > � )7?h�CB=�i�jD f B�� , and

> � )7?A��B=���ED f 8 .
Note that the numerical difficulty of treating the time derivative of < � has been

circumvented by replacing

( � by
� � in Eq. (1). Consequently, the field equations (3) and

(4) need to be reexpressed in terms of
� � . This procedure introduces a subtle cancellation

problem in Ampère’s law, Eq. (4). If the dimensionless parameter k 6 � � � � �l�m�]� N Pn[#o � I � [with� � 6 T-V G . 2 � � k � , �l� 6 �p� � ��� , and [ � o 6 [ �� � 2 � � 2 �i� ] exceeds unity, the numerical solutions
may get corrupted if no high-accuracy velocity space integrator is used. This is because the
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KSAW     ISAW   ESW

FIG. 1. Electromagnetic results from the gene code: real frequencies and damping rates of kinetic
shear Alfvén waves (KSAW), inertial shear Alfvén waves (ISAW), and electron sound waves (ESW)
as a function of qsr1t ovu q P t o for w ��xzy{� u}|=~ . For comparison, the numerical solutions of the
corresponding dispersion relation are shown as solid lines.

Alfvén wave physics is contained in the small residual
N �P < � . [Similar cancellation problems

are at the heart of various unsuccessful attempts to develop electromagnetic PIC schemes.
Unfortunately, even if the parallel canonical momentum/parallel electric field are introduced
as new independent/dependent variables, the basic issues remain.] As is shown in Fig. 1,
the gene code captures the dynamics of shear Alfvén waves well. The real frequencies and
damping rates extracted from linear gene runs are shown in comparison with the numerical
solution of the corresponding dispersion relation over a wide range of

N P\[#o values. Since� � � �l� 6 � 8 [such that � 
�� X �c�S� for ��� 6 � � �c�-�S� and
2 � 
 2 � ], the data points presented in

Fig. 1 correspond to 8�X�8 �S��� k � T 8S8S8 , covering kinetic shear Alfvén waves [for
N P\[#o �
 � ],

inertial shear Alfvén waves [for � �
 N Pn[#o �
 � � � � �l�%� ����� ], and strongly damped electron sound
waves [for � � � � �e�m� ����� �
 N P\[#o �
 � � � �l�%� ����� ].

In gene, the parallel derivatives in Eq. (1) acting on

( � and 0 are discretized,
respectively, with (second-order) upwind and centered differencing. The time integrator is
a second-order explicit predictor-corrector (or Heun) scheme. Consequently, the time step is
set by the electron Courant condition, �������� � � � � � , i.e., the fastest electrons may not move
more than one parallel grid cell per time step. In turbulence simulations, this disadvantage
with respect to (semi-)implicit schemes is often outweighed by the fact that explicit methods
are faster and easier to implement/parallelize while nonlinearly, the time step is of order of
the Courant limit, anyway. In this context, it should be pointed out that the choice of the
spatial discretization of Eq. (1) has severe effects on the numerical properties in the long-
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wavelength limit,
N Pe[#o f 8 . In particular, it can be shown via analysis of the eigenvalues

of the amplification matrix that for a scheme of upwind-centered type (not upwinding

( �
causes numerical instability and upwinding

( � and 0 together leads to � � �����p� N I �P ) to be
numerically stable in combination with standard time integrators (like Runge-Kutta methods)
it needs to have an odd-order truncation error. Therefore schemes like third-order upwinding
of

( � and fourth-order centered differencing of 0 [4] are not well behaved in the long-
wavelength (MHD) limit. Finally, it is worth mentioning that these issues arise only in a
spatially discretized system. The properties of a system with � f N � are different.

2. On the role of fluctuations on collisionless skin depth scales

About 25 years ago, Ohkawa [5] speculated about the role of turbulent fluctuations on
collisionless skin depth scales, triggering a large number of studies in that area. Among
other things, it was proposed that electron temperature gradient (ETG) modes might lead
to significant transport by magnetic flutter at

N P Q � 
 � . However, nonlinear gyrokinetic
simulations with gene have shown that this scenario is not realized, i.e., �_�7� transport
tends to clearly dominate.[2] A second route to Ohkawa scaling might be via finite beta
effects on high-amplitude ETG streamers. An early analysis by Kim and Horton [6] in the
strong ballooning limit suggested that electromagnetic fluctuations strongly affect the ETG
mode, but their results were based on the assumption

N �E�-� 
 � which turns out to greatly
overestimate the role of finite beta. As was recently shown, ETG turbulence is well described
by a balance between long-wavelength streamers and two Kelvin-Helmholtz like secondary
instabilities.[7] This means that the region in

N r space around the low-
N r cut-off is of particular

interest. An analytical model based on simple gyrofluid equations predicts� N r [ �m� ����m� 6 2 �2 � �	�z��-� � � )@  � � � (5)

with   �z� 6 � � � � � � � � �	�]� � which is in good agreement with gyrokinetic results. This means
that for   � � f � , the (basically linear) ETG streamers have access to longer wavelengths,
suggesting larger transport (an inverse Ohkawa effect). However, there is a competing effect
which can actually reverse this trend. Electromagnetic fluctuations are mainly caused by
parallel electron currents, and increasing � � therefore enhances the importance of the strong
Cowley secondary which is driven by poloidal gradients in the parallel electron velocity
component of the ETG modes.[7] In addition, above a certain threshold in � � , an “inertial
ballooning mode” (a descendant of the inertial shear Alfvén wave and an analogue of the
well-known kinetic ballooning mode) is destabilized and affects the turbulence.

3. Cross-scale coupling (initial results and outlook)

Finally, let us turn to initial results on the cross-scale coupling of ion-scale turbulence
and ETG turbulence. According to recent gyrofluid simulations by Li and Kishimoto [8],
ITG-induced ion heat transport may become bursty in the presence of strong (prescribed)
ETG-scale zonal flows. This scenario is investigated for the first time by gyrokinetic studies
including both ETG and ITG scales in a single simulation. The reverse effect, namely
ITG-induced zonal flows acting on ETG turbulence is also considered. Furthermore, in the
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ITG

ETG

FIG. 2. Snapshot of the density and electron temperature energy spectra in q r space (denoted,
respectively, by ’n’ and ’t’) for a nonlinear gyrokinetic run with gene. Both ion and electron scales
are included, but in order to relax the separation of spatio-temporal scales, the mass ratio is set to 100.

presence of ITG modes, trapped electron modes, or electron drift waves, new complex pseudo-
equilibria are created for the ETG modes. It will also be shown that ETG modes may provide
a floor for H-mode edge transport. It was even speculated that the combination of strong
equilibrium shear flows and ETG-enhanced eddy viscosity could trigger a transition from
ion-scale dominated transport in L-mode to an ETG-scale dominated H-mode regime.[9]

The investigation of cross-scale coupling represents a demanding computational task,
pushing both the software and the hardware to its limits. Each Vlasov simulation requires on
the order of � 8-¡ - � 8 � . grid points in five-dimensional phase space and some � 8#¢ time steps.
Nevertheless, Fig. 2 demonstates the feasibility of such studies. This is possible because the
gene code runs efficiently on multiple platforms, achieving, e.g., more than 500 MFlop/s per
processor on a IBM Regatta system.
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1 The numerical scheme

The evolution of the distribution function of particlesf(t, x, v) in phase space
(x, v) ∈ Rd ×Rd, d = 1, ..., 3, is given by the Vlasov equation

∂f

∂t
+ v.∇xf + F (t, x, v).∇vf = 0,

where the force fieldF (t, x, v) is coupled with the distribution functionf via the
Poisson equation

F (t, x, v) =
q

m
E(t, x), E(t, x) = −∇xφ(t, x), −ε0∆φ(t, x) = ρ(t, x)

whereq andm are respectively the charge and the mass of one particle and the
charge densityρ is given by

ρ(t, x) = q

∫
IRd

f(t, x, v)dv.

If a(t, x, v) = (v, F (t, x, v))T is sufficiently smooth, then we can define unique
characteristic curves(X(s, x, v; t), V (s, x, v; t)) which solve the following system
of ordinary differential equations

dX

dt
(s, x, v; t) = V (s, x, v; t),

dV

dt
(s, x, v; t) = F (t,X(s, x, v; t), V (s, x, v; t)),

X(s, x, v; s) = x, V (s, x, v; s) = v,

(1)

where(X(s, x, v; t), V (s, x, v; t)) denotes the position in phase space at the time
t, of a particle which was at(x, v) at times.
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In the case of Vlasov equation, as div(x,v)a = 0, the flowϕt(x, v) = (X(s, ., .; t), V (s, ., .; t))
preserves the measure of the volume of the phase space so that we get

f(t, x, v) = f(s, X(t, x, v; s), V (t, x, v; s)).

This last equation means that the distribution functionf is constant along the char-
acteristic curves and it will be the starting point for our numerical method.
The existence of the reversible Hamiltonian flowϕt, solution of particles trajec-
tories (1), implies the existence of an evolution operatorS acting on sufficiently
smooth function such that

f(t, x, v) = S(t)f0(x, v) = f0

(
ϕ−1

t (x, v)
)
, ϕt.ϕ

−1
t = Identity.

Therefore, the discretization in time is based on the Strang splitting scheme which
gives an approximation of order two in time ofS. It can be written as follows

S(∆t) = Sx(∆t/2) ◦ Sv(∆t) ◦ Sx(∆t/2) + O(∆t2)

where

Sx(∆t)f(x, v) = f(x− v∆t, v), and Sv(∆t)f(x, v) = f(x, v − F (x)∆t).

Depending on the interpolation operator we use for the phase space discretization,
we advect not only the distribution functionf but also the gradients off because
we need them to reconstructf everywhere. First we describe the algorithm which
gives the semi-discretization in time of the numerical scheme and allows to go
from time steptn to tn+1.

1. Perform a half time step advection in physical space:

f ?(x, v) = f(tn, x− v∆t/2, v),

∇xf
?(x, v) = ∇xf(tn, x− v∆t/2, v),

∇vf
?(x, v) = −∆t

2
∇xf(tn, x− v∆t/2, v) +∇vf(tn, x− v∆t/2, v)

2. Compute the electric fieldE?(x) by substitutingf ? in the Poisson equation;
that is to say, solve the following system:

E?(x) = −∇φ?(x), −∆φ?(x) = ρ?(x) =

∫
IRd

f ?(x, v)dv
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3. Compute the gradient of the electric field by solving the system obtained by
taking the gradient of the Poisson system:

∇E?(x) = −∇ (∇φ?(x)) , −∆ (∇φ?(x)) = ∇ρ?(x) =

∫
IRd

∇xf
?(x, v)dv

4. Perform a full time step advection in velocity space:

f ??(x, v) = f ?(x, v − E?(x)∆t),

∇xf
??(x, v) = ∇xf

?(x, v − E?(x)∆t)−∆t∇E?(x)∇vf
?(x, v − E?(x)∆t),

∇vf
??(x, v) = ∇vf

?(x, v − E?(x)∆t)

5. Perform a second half time step advection in physical space:

f(tn+1, x, v) = f ??(x− v∆t/2, v),

∇xf(tn+1, x, v) = ∇xf
??(x− v∆t/2, v),

∇vf(tn+1, x, v) = −∆t
2
∇xf

??(x− v∆t/2, v) +∇vf
??(x− v∆t/2, v)

In order to discretize the phase space domain we define an unstructured mesh and
an interpolation operator. We use different kind of interpolation operator. First we
use Lagrange interpolation defined onn-simplex. As Lagrange interpolation of
high order does not provide good stability properties we use Hermite type inter-
polation for which we need to propagate the gradient of the distribution function.
The interpolation operator we use are theC 0 reduced Hermite element, theC 0

cubic Nielson element, theC 1 cubic Nielson rational singular element, theC 1

cubic Hsieh-Clough-Tocher element, theC 1 reduced and complete cubic Hsieh-
Clough-Tocher element and theC 1 quartic Ganev-Dimitrov element. At this state
the schemes do not preserve positivity and mass. Indeed this feature comes from
the interpolation operator. The nonpreservation of positivity and mass could be
an inconvenience for long time simulations since numerical oscillations develop.
In order to recover positivity and mass conservation we use the ideas of Priestley
[6] and Gravel and Staniforth [7] which have been applied in numerical weather
prediction codes. A convergence proof of a such semi-Lagrangian method with
gradient propagation for the Vlasov-Poisson system can be found in [5].
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2 Numerical results

(a)E(k = 0.5, t) (b) ρ(t, x, y)

Figure 1: (a) Comparison of interpolation operators on the evolution of the first mode
E(k = 0.5, t) of the electric field for the one-dimensional linear Landau damping. (b)
Evolution of the charge densityρ(t, x, y) for a two-dimensional Gaussian beam: appear-
ance of a halo around the beam core
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Vlasov simulations on an adaptive phase-space grid
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The numerical resolution of the Vlasov equation is usually performed by particle methods (PIC)
which consist in approximating the plasma by a finite number of particles. The trajectories of these
particles are computed from the characteristic curves given by the Vlasov equation, whereas self-
consistent fields are computed on a mesh of the physical space. This method allows to obtain
satisfying results with a relatively small number of particles. However, it is well known that, in
some cases, the numerical noise inherent to the particle method becomes too important to have
an accurate description of the distribution function in phase space. To remedy to this problem,
methods discretizing the Vlasov equation on a mesh of phase space have been proposed [2, 5, 6].

The major drawback of Vlasov methods using a uniform and fixed mesh is that their numer-
ical cost is high, which makes them rather inefficient when the dimension of phase-space grows.
For this reason we are investigating a method using an adaptive mesh. The adaptive method is
overlayed to a classical semi-Lagrangian method which is based on the conservation of the distri-
bution function along particle trajectories. The phase-space grid is updated using a multiresolution
technique.

The model we consider throughout this paper is the non relativistic Vlasov equation coupled
self-consistently with Poisson’s equation. It reads

∂f

∂t
+ v · ∇xf +

q

m
(E + v ×B) · ∇vf = 0, (1)

the self electric fieldE is computed from Poisson’s equations

−ε0∇2φ = ρ(x, t) = q

∫
f(x,v, t) dv, E = −∇φ.

The magnetic field is external and considered to be known.
In the present work, we have chosen to introduce a phase-space mesh which can be refined

or derefined adaptively in time. For this purpose, we use a technique based on multiresolution
analysis which is in the same spirit as the methods developed in particular by S. Bertoluzza [1],
A. Cohenet al. [3] and M. Griebel and F. Koster [4]. We represent the distribution function on
a wavelet basis at different scales. We can then compress it by eliminating coefficients which are
small and accordingly remove the associated mesh points. Another specific feature of our method
is that we use an advection in physical and velocity space forward in time to predict the useful grid
points for the next time step, rather than restrict ourselves to the neighboring points. This enables
us to use a much larger time step, as in the semi-Lagrangian method the time step is not limited
by a Courant condition. Once the new mesh is predicted, the semi-Lagrangian methodology is
used to compute the new values of the distribution function at the predicted mesh points, using
an interpolation based on the wavelet decomposition of the old distribution function. The mesh
is then refined again by performing a wavelet transform, and eliminating the points associated to
small coefficients.

This short paper is organized as follows : we shall first present the context of multiresolution
analysis for adaptive simulations, then describe the adaptive semi-Lagrangian method and show a
typical simulation in beam physics.
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1 Multiresolution analysis

The semi-Lagrangian method consists mainly of two steps, an advection step and an interpolation
step. The interpolation part is performed using for example a Lagrange interpolating polynomial
on a uniform grid. Thus interpolating wavelets provide a natural way to extend this procedure to
an adaptive grid in the way we shall now shortly describe.

For simplicity, we shall restrict our description to the 1D case of the whole real line. It is
straightforward to extend it to periodic boundary conditions and it can also be extended to an
interval with Dirichlet boundary conditions. The extension to higher dimension is performed using
a tensor product of wavelets and will be addressed at the end of the section.

For any value ofj ∈ Z, we consider a uniform gridGj of step2−j. The grid points are located
atxj

k = k2−j. This defines an infinite sequence of grids that we denote by(Gj)j∈Z, andj will be
called the level of the grid.

In order to map a function defined on the grid from one level to the next or the previous, we
define a projection operator and a prediction operator. Consider two grid levelsGj andGj+1 and
discrete values (of a function) denoted by(cjk)k∈Z and(cj+1

k )k∈Z. Even though we use the same
indexk for the grid points in the two cases, there are of course twice as many points in any given
interval onGj+1 as onGj. Using the terminology in [3], we then define the projection operator

P j
j+1 : Gj+1 → Gj,

cj+1
2k 7→ cjk,

which is merely a restriction operator, as well as the prediction operator

P j+1
j : Gj → Gj+1,

such thatcj+1
2k = cjk,

cj+1
2k+1 = P2N−1(x

j+1
2k+1),

whereP2N−1 stands for the Lagrange interpolation polynomial of odd degree2N − 1 centered at
the point(xj+1

2k+1).
Using the just defined prediction operator, we can construct onGj a subspace ofL2(R) that we

shall denote byVj, a basis of which being given by(ϕj
k)k∈Z such thatϕj

k(x
j
k′) = δkk′ whereδkk′ is

the Kronecker symbol. The value ofϕj
k at any point of the real line is then obtained by applying,

possibly an infinite number of times, the prediction operator.
In the wavelets terminology theϕj

k are called scaling functions.
As Vj ⊂ Vj+1, there exists a supplementary ofVj in Vj+1 that we shall call the detail space and

denote byWj :
Vj+1 = Vj ⊕Wj.

The construction ofWj can be made in the following way: an element ofVj+1 is characterized by
the sequence(cj+1

k )k∈Z and by construction we havecjk = cj+1
2k . Thus, if we definedj

k = cj+1
2k+1 −

P2N+1(x
j+1
2k+1), whereP2N+1 is the Lagrange interpolation polynomial by which the value of an

element ofVj at the point(xj+1
2k+1) can be computed,dj

k represents exactly the difference between
the value inVj+1 and the value predicted inVj. Finally, any element ofVj+1 can be characterized
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by the two sequences(cjk)k of values inVj and(dj
k)k of details inWj. Moreover this strategy for

constructingWj is particularly interesting for adaptive refinement asdj
k will be small at places

where the prediction fromVj is good and large elsewhere, which gives us a natural refinement
criterion. Besides, there exists a functionψ, called wavelet such that{ψj

k = 2j/2ψ(2j x − k)}k∈Z
is a basis ofWj.

In practise, for adaptive refinement we set the coarsest levelj0 and the finest levelj1, j0 < j1,
and we decompose the space corresponding to the finest level on all the levels in between:

Vj1 = Vj0 ⊕Wj0 ⊕Wj0+1 ⊕ · · · ⊕Wj1−1.

A functionf ∈ Vj1 can then be decomposed as follows

f(x) =
+∞∑

l=−∞

cj0l ϕ
j0
l (x) +

j1−1∑
j=j0

+∞∑
l=−∞

dj
l ψ

j
l (x),

where the(cj0l )l are the coefficients on the coarse mesh and the(dj
l )l the details at the different level

in between. In two dimensions, the prediction operator which defines the multiresolution analysis
is constructed by tensor product from the 1D operator.

2 The adaptive algorithm

In the initialization phase, we first compute the wavelet decomposition of the initial conditionf0

which is known analitically, and then proceed by compressing it, i.e. eliminating the details which
are smaller than a threshold that we set. We then construct an adaptive mesh which, from all the
possible points at all the levels between our coarsest and finest, contains only those of the coarsest
and those corresponding to details which are above the threshold. We denote byG̃ this mesh.

• Prediction in x: We predict the positions of points where the details should be important at
the next time split step by advancing inx the characteristics originating from the points of the
meshG̃. Then we retain the grid points, at one level finer as the starting point, surrounding
the end point the characteristic.

• Construction of meshĜ: From the predicted mesh̃G, we construct the mesĥG where the
values of the distribution at the next time step shall be computed. This meshĜ contains
exactly the points necessary for computing the wavelet transform off ∗ at the points ofG̃.

• Advection in x: We compute the origin of the characteristics for each point ofĜ and inter-
polate its value at the level where it arrives.

• Wavelet transform of f ∗: We compute theck anddk coefficients at the points of̃G from the
values off ∗ at the points ofĜ.

• Compression: We eliminate the points of̃G where the detailsdk are lower than the fixed
threshold.

• Computation of the electric field: We computeρ on the finest grid and solve Poisson.

• Same steps for thev part of the splitting method.
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3 Numerical results

In order to assess the benefits of the adaptive solver we computed the transverse evolution of a
semi-Gaussian beam in a periodic focusing field of the formα(1+cos 2πz/S) for a tune depression
σ/σ0 of 0.17. The figures below represent snapshots of the evolution along with the grid points
kept by the adaptive algorithm for the computation.
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1 Introduction

Injecting small pellets of frozen hydrogen into a tokamak is a proven method of fueling. Ex-
perimentally, it is known that the density distribution, after the pellet ablates upon encoun-
tering the high temperatures in a tokamak, is not consistent with the distribution inferred
from assuming that the ablated material remains on the flux surfaces where the ablation
occurred. The subsequent redistribution of mass is believed to be due to MHD processes.
The mass redistribution is observed to be a sensitive function of the angle (with respect
to the mid-plane) in which the pellet is injected. It is this phenomenon which we seek to
explain.

Our approach is to perform detailed simulations of the pellet injection process and quan-
tify the MHD processes responsible for mass redistribution. We employ Adaptive Mesh
Refinement (AMR) in our simulations to provide the resolution required to simulate realistic
pellet sizes relative to device dimensions (typical ratios are O(10¡3)).

2 Description of Problem and Mathematical Model

Physical Problem: The physical problem we are dealing with involves the injection of
frozen fuel pellets into a tokamak. The physical processes are broadly distinguished into the
following stages. The first stage is ablation of mass at the pellet surface due to the high
temperature encountered by the pellet. The ablated pellet mass, which is a neutral gas, is
rapidly heated by electrons and ionizes to form plasma. The second stage is the distribution of
the ablated pellet material by MHD processes. The pellet ablation phenomenon is considered
well-understood [1,2] and as such we use existing ablation models in the literature. The thrust
of the work described here is an accurate and efficient simulation of the second phase.

Mathematical Model: Our mathematical model consists of single fluid MHD equations
with source terms in the continuity equation to model the mass injected into the system by
the pellet, and source (sink) terms in the energy equations to model electron heating and
corresponding cooling on flux surfaces. The complete set of equations is written below in
near-conservation form with several source terms described below:

∂U

∂t
+

∂Fj(U)

∂xj

+
∂Gj(U)

∂xj

=
∂Fv,j(U)

∂xj

+ ST (U) + S∇·B(U) + Spellet(U), (1)

where the solution vector U ´ U(x1, x2, x3, t) ´ U(R, z,R0Á, t) is U = {½, ½ui, Bi, e}
T , and

the flux vector Fj(U) is given by

Fj(U) =

{

½uj, ½uiuj + (pt)δij − BiBj, ujBi − uiBj, (e + p +
1

2
BkBk)ui − Bi(Bkuk)

}T

. (2)

For numerical stability and robustness it is desirable to subtract out the equilibrium toroidal
component of the initial equilibrium magnetic field, BT (xi, 0) ´ g0/R from the magnetic
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field. This gives rise to the extra flux vector Gj(U) in Eqn. (1). The flux vector Fv,j(U)
corresponds to the diffusive resistivity/viscosity terms. The toroidal geometry terms are
modeled in the source terms SR(U). The source terms S∇·B(U) ∝ ∇ · B are included because
we use the symmetrization procedure of Godunov [3] which leads to the 8-wave formulation.
This formulation was also used by Powell et al. [4] in their AMR implementation of ideal
MHD. Finally, the source terms Spellet correspond to the mass source and energy source/sink
terms, and are described later. In the above equations, ½ is the density, ui is the velocity,
Bi is the magnetic field, p and pt are the pressure and total pressure, respectively, and e is
the total energy per unit volume of the plasma. The equations are closed by the perfect gas
equation of state, e = p

γ¡1
+ ρ

2
ukuk +

1

2
BkBk.

Pellet Ablation Model In the present model, the pellet is described by a sphere of
frozen molecular hydrogen of radius rp. The trajectory xp(xi, t) of the pellet is prescribed
with a given initial location xp0 ´ xp(xi, 0) and constant velocity up. The density source
term arises from the ablation of the pellet and is written in terms of number density, ( i.e.,
atoms per unit volume per unit time) as Sn = Ṅδ(x − xp), where the delta function is
approximated as a Gaussian distribution centered over the pellet with a characteristic size
equal to 10rp. The ablation rate of the pellet is given by [5] (in atoms/sec)

Ṅ = −4πr2

p

drp

dt
2nm = 1.12x1016n0.333

e T 1.64
e r1.33

p M¡0.333
i (3)

where ne is the background plasma density in cm¡3, Te is the background plasma electron
temperature in eV, Mi is the atomic mass number in atomic units and nm = 2.63x1022/cm3

is the molecular density of frozen hydrogen. A useful approximation which eliminates the
electron timescale from the problem is to consider the electron heat flux as being instanta-
neous compared to the other processes being computed. The time-asymptotic effect of the
large electron heat flux is to make the temperature uniform along field lines, i.e., T ´ T (ψ).
Thus, for single fluid equations, the temperature T (ψ) in the volume Vψ between flux sur-
faces ψ and ψ + dψ will equilibrate as the density changes while still conserving energy
in the volume Vψ. This leads to the following energy source terms in the energy equation

Se = 3
³

SnT (ψ) + nṪ (ψ)
´

. The first term in Se corresponds to the increase in energy due

to the localized heating of the ablated pellet mass, while the second term corresponds to a
cooling of the entire flux surface. In practice, we estimate the contribution due to the second
term by separately solving the pellet injection and distribution of mass averaged over each
ψ surface. We then use table lookup and interpolation to compute the term Ṫ (ψ) in our 3D
AMR simulation.

Initial and Boundary Conditions: The initial condition is a static equilibrium state.
The initial magnetic field is written in terms of two function ψ(R, z) and g(R, z), i.e.,B =
1

R
(Á̂ ×∇ψ + gÁ̂). These functions satisfy the Grad-Shafranov equation,

R
∂

∂R

1

R

∂ψ

∂R
+

∂2ψ

∂z2
+ R2

dp

dψ
+ g

dg

dψ
= 0, (4)

where p ´ p(ψ) and g ´ g(ψ). For a torus with rectangular cross-section of radial extent
2a and axial extent of 2b = 2κa we may write ψ(R, z) = f(R) cos(πz/κa). Further, with
g(R, z) = g0 = constant we get

R
d

dR

µ

1

R

df

dR

¶

+

µ

R0π

a

¶2 µ

®R2
−

1

4κ2

¶

f = 0 (5)
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which permits a Frobenius-type series solution. The value of ® is determined by imposing
the boundary conditions ψ = 0. The pressure is written as p = p̄ + p0ψ2 where p̄ is a
small background pressure to avoid zero ion-acoustic speeds and p0 = ®π2/(2a2R2

0). The
toroidal field function g0 = R0®π2|ψ|maxq0/(2ab), where q0(≈ 1) is the on-axis safety factor.
Boundary conditions imposed were perfectly conducting walls in the radial/axial directions
and periodic in the toroidal direction.

3 Numerical Method

The hyperbolic portion of the above equations are solved numerically using a combination
of the 8-wave formulation [4] and the unsplit numerical method [6] We use a finite volume
technique wherein each variable is stored at the cell center. The numerical fluxes of conserved
quantities are obtained at the cell faces using the Colella predictor-corrector unsplit method
[6]. Omitting details (see Colella [6] and Crockett et al. [7] for details), we simply state
that predicted values for the conserved quantities at on either side of cell-faces are obtained,

following which we solve a linearized Riemann problem to obtain U
n+

1
2

i+
1
2
ed
. The solution

to the linearized Riemann problem involves eight eigenvalues and eigenvectors (see Powell
et al. [4] for details). The magnetic field so obtained at n + 1

2
at the cell faces is not

guaranteed to be divergence free. We enforce the solenoidal property of the magnetic field
by a MAC projection, using B at the cell faces to obtain a cell-centered monopole charge
density. A Poisson solver is used to find a scalar field satisfying ∇2χ = ∇ · B. The magnetic

field at the cell faces is then corrected according to B
n+

1
2

i+
1
2
ed

= B
n+

1
2

i+
1
2
ed

− ∇χ. Finally the

fluxes at cell faces are obtained as F
n+

1
2

i+
1
2
ed

= F (U
n+

1
2

i+
1
2
ed
) and the conserved quantity at the

cell centers are updated using these fluxes. The Poisson equation in the projection step
above is cast in a residual-correction form and solved using a multi-grid technique on each
level in the AMR hierarchy. The residual smoothing is a Gauss-Seidel relaxation procedure
with red-black ordering. When meshes cannot be coarsened any further, the Poisson solve
is taken to convergence using a bottom-smoother which is a biconjugate gradient solver.
We implemented the above method into the Chombo [8] framework and have developed a
second-order adaptive parallel MHD code.

4 Simulation Results

In this section, we present preliminary results from early stages of pellet injection. The
results discussed here correspond to a centerline toroidal field of 0.23T , and a pellet velocity
of 3200m/s and plasma ¯ ≈ 0.1. In Fig. 1(a), a density isosurface at t = 46 is shown
along with outlines of the various meshes in the AMR hierarchy. Dominantly, we observe
the mass distribution taking place along the magnetic field lines. In Fig. 1(b) shows the
pressure isosurfaces at t = 46 (recall that the equilibrium p ∝ ψ2). We observe that the outer
surfaces are perturbed by the pellet due to localized heating in the vicinity of the pellet and
corresponding cooling on the flux surfaces. In Fig. 1(c) we observe the perturbed toroidal
magnetic field with nearby regions of opposite signs. The plasma ¯ increases significantly in
the vicinity of the pellet, leading to instabilities which lead anomalous mass redistribution.
Fig. 2 compares the pellet injection from the LFS(low field side or “outer” launch) and the
HFS (high field side or “inner” launch). In both cases at t ≥ 10, the pellet ablated mass
moves radially outwards, (in addition to the dominant transport along field lines), due to
MHD processes (not detailed here) implying that HFS launches lead to more efficient fueling
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of the tokamaks. Our preliminary studies indicate that AMR provides a speed-up exceeding
two orders of magnitude over corresponding uniform mesh simulations essential to accurately
resolve the physical processes involved in pellet injection.
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Figure 1: Various fields depicted at t=46 for a HFS pellet launch. (a) density isosurface (b)
pressure isosurfaces and (c) orthogonal slices of the perturbed toroidal field shown with the
mesh superimposed.

Figure 2: Images of density field. (a) t=2(HFS), (b) t=12 (HFS), (c) t=2.0 (LFS) and (d)
t=10 (LFS). The pellet location is in the center of the blue region. The boxes of the various
meshes in the AMR simulation are shown in white lines. Time is normalized by the ratio of
the minor radius to the Alfvèn speed based on the toroidal field at the major radius.
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Figure 1 − The cross section of our 

nested grid is shown.  The lines denote 

the cell boundaries.  The region closer 

to the center is covered with smaller 

cells. 
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1. Introduction 

 

We investigate self-gravitational collapse of magnetized molecular cloud cores and 

formation of the outflow.  We employ nested grid in order to resolve fine structures of protostar 

and outflow generation, of which size is ~1AU, and to follow the whole structure of the 

molecular cloud core, of which radius is ~1 pc, simultaneously.  The nested grid allows us to 

follow the evolution of the cloud core with the high dynamic range of 105−106 in the spatial 

resolution.  In this paper, we introduce implementation of nested grid code and show two 

simulations using the nested grid. 

 

2. Implementation of Nested Grid Code 

 

MHD equation and Poisson equation are solved by 

a finite difference method with second-order accuracy 

in time and space.  Figure 1 shows the schematic 

diagram of grid configuration in nested grid.  The 

nested grid consists of concentric hierarchical 

rectangular grid [1,2].  Each grid has successively by a 

factor two different cell widths.  The l-th level grid has 

thus 2l−1 times higher spatial resolution than the 

coarsest grid.  The maximum level of the grid is lmax = 

13−15 in typical models.  All the numerical fluxes are 

conserved at the interface between the coarse and fine 

grids in our code similarly to the standard adaptive 

mesh refinement (AMR) [3].   
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Figure2 − Schematic diagram of FMG scheme.  N denotes mesh number in one-dimensional direction. 

The symbols G, S, and E denote the red-black Gauss-Seidel iteration, SOR, and solving an exact

solution, respectively. The arrows directing right upward and right downward denote interpolation and 

restriction, respectively.  In the hatched levels, the operations are done only in the l=lmax. 
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Figure3 − Computation time as a function 

of the number of the cells in the nested grid 

(Ncell = lmax N 3).  The squares denote the 

computation time measured with the UNIX 

workstation, SGI O2 (MIPS R10000 250 

MHz). The parameters of the grid, (N, lmax), 

are labeled by the filled squares.  The 

relations of t = 10−6Ncell are drawn by the 

dashed lines for comparison. 

The numerical fluxes of MHD equations are obtained method of Fukuda and Hanawa [4]. 

This solver is based on Roe [5] method but extended for solving ideal, barotropic MHD equations.  

For solving a problem of divergence of magnetic field, we adopted two methods: the first is 

clearing the divergence by method of Dedner et al. [6], and the second is using divergence-free 

staggered mesh of Balsara [7] and Balsara and Spicer [8].  The first method is adopted for 

simulations described in section 3 while the second method is in section 4.  These methods 

allow us to solve low beta regions of β = 10−3 − 10−6 stably.  

 

The gravity is solved by multi-grid iteration for a 

nested grid [9].  The FMG method is adopted as 

shown in Figure 2.  The scheme has three advantages: 

accuracy, fast convergence, and scalability.  First it 

computes the gravitational potential of close binary 

stars accurately, even when the binary stars are resolved 

only in the fine grids.  This is due to conservation of 

numerical flux of Poisson equation. This ensures 

continuity of the gravitational field lines at the grid 

interfaces and that our solution satisfies the Gauss's 

theorem and Stokes’ theorem.  Second residual 

decreases by a factor of 300 or more by each iteration. 

We confirmed experimentally that the iteration 

converges always to the exact solution of the difference 

equation.  Third the computation load of the iteration 

is proportional to the total number of the cells in the 

nested grid, lmax N3, as shown in Figure 3.  Thus our 
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method gives a good solution at the minimum expense when the nested grid is large.   

 

3. Binary Formation in Magnetized Collapsing Cloud 

 

   We calculated the fragmentation of 

magnetized collapsing cloud.  The 

self-gravitating rotating filamentary cloud 

threaded by magnetic field collapses to 

form a rotating gas disk or bar.  The size 

of parent filamentary cloud is 7.5 pc 

( 6105.1 × AU), while the formed gas disk 

and bar have small size of approximately 

200 AU.  The density increases from 10−2 

cm−3 to 1017 cm−3 in number density of H2 

during the collapse. The gas disk and bar 

fragment in to two clumps, which 

correspond to seeds of protobinary stars.  

The criterion of the fragmentation is 

specified by the rotation speed of the 

cloud core and strength of the magnetic 

field. Each clump accretes the gas from 

infalling envelope and grows its mass.  

The clumps spin, orbit each other, and are 

threaded by magnetic field.  Figure 4 shows the two clumps, of which separation is 50 AU.  

The each clump has spiral arms and magnetic field is twisted due to spin of the clump.  The 

helical magnetic field and rotation of the clump generate outflows from the clumps (see, arrows 

in Figure 4).  The outflow reduces spin angular momentum of the clump efficiently.   

 

4. Effects of Direction of Magnetic Field on Outflow 

 

We also investigate effects of direction of magnetic field on generation of the outflow.  At 

initial stage, a dense cloud core, of which radius is 0.14 pc, is embedded with a parent cloud 

threaded by uniform magnetic field.  Both the cloud core and the parent cloud rotate rigidly and 

angle between rotation axis and magnetic field is defined as θ.  We made models with different 

θ, magnetic field strength, and rotation speed.  In models with realistic parameters, the cloud 

collapses to form a gas disk perpendicular to the magnetic field independent of θ. The central 

Figure4 − Simulation of binary formation in a 

magnetized molecular cloud.  The rendered volume 

denotes the density of seeds of protobinary stars. 

The stream lines and arrows denote the magnetic field 

and the velocity. 
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dense region spins up due to gravitational collapse and the magnetic field is twisted.  The 

twisted magnetic field transports angular momentum from the dense region of to envelope and 

generates an outflow.  Power of the outflow increases with decreasing in θ. 

 

We also investigate effects of ambipolar diffusion on formation of circumstellar disk.  The 
astronomical ambipolar diffusion is described by )(/ BvB ××∇=∂∂ dt  and 

)/()( ind ρρBBv ××∇∝  where vd , ρn, and ρi denotes drift velocity of ion, density of neutral gas, 

and density of ion. These equations are solved by an explicit method of Maclow et al. [10].  The 

simulations show that, up to the stage of circumstellar disk formation, effect of ambipolar 

diffusion is little. 
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Figure 5 - Simulations of outflow formation in rotating magnetized cloud cores. Green and red 

isosurfaces denote the density (circumstellar disk) and radial velocity (outflow), respectively. Blue stream 

lines denote the magnetic field. Panel (a), (b), and (c) shows models of θ = ,45,0 oo and o90 , 

respectively.  The rotation axis is parallel to the z-direction (vertical direction). 

(a) (b) (c)

18th International Conference on Numerical Simulation of Plasmas

213



���������
	 � ������������������ ������� ��!�"$#%�����&('*)(',+.-0/21313465�/27�8
9:',;<',=</27�>?A@CB�DFEHGJIK@CB.LMGJNPOQ@SRTGJEU?AGWVX@SYZGJN�@SYX[C\]?^@CB�DFEHG2IK@CBZ\�L�_ `,aSb6cTbd�e�fhg 1i/j5Z46kl4l7WmZ-Hnpoq8�46rW4l-Hs2tu4l8�v(wK/2131 g rW46-HnxoPt,/J5y/2-0-H4l-Pv{z}|�-H-Hnxo g w~t*- g k g m
�,s253m35Z/27����jk6s�8�4�z}s25w�/2k653s�13kls2t g k�wKsx8�4l- g 7�>�s�zTwK/2>�7�46m g0� 4l8~t*-�/21�w�/21 g 7
��v���v�/27�8K��8 g wK467�1 g s�7�1l' d t,/Jm g /2-*8 g 13k�5Z46m gH� /Som g s�7�|�1�4l1:� g >���oqs2538�465�1�tu4lk�m35y/2-�4l-H4lwK4l7WmZ1(s�7�/�-0s�> g k�/2-0-�n�5Z46k6my/27�>�|�-�/J5�/28*/Jt�m g rW4�>25 g 8�'�=A4lw~tusJo5y/2-F/28�r2/27�kl46wK4l7Wm g 1�7�s�7�- g 7�4�/J5Z-�n g w�t*- g k g m~r g /%��4���mZs�7���1�wK46mZ��sx8�' f�g 7�4�/J5�wK/Jm35 g� �g 7prW46531 g s�7my/J¡W4l1�/28�rJ/27pmy/2>�4¢s�z<1�my/Jm g k.kls�7�8�4l7�1Z/Jm g s�7�v,��� g ky��-H4�/28�1�m3sK/�m£�¤sJoQ1�mZ46t�13s�-0|�m g s�7¥t�5Zsxkl4l8�|�5Z4�kls�7�o1 g 1�m g 7�>is�z�4l-H4lwK4l7Wm�oP� g 134K8 g 534lk6m:13s�-�rW4l1Ms�z¤8�4l7�134�13|�¦�oQw�/Jm35 g kl4l1:/27�8�/�8�s�w�/ g 7�oq8�4lk6s�w~tus�1 g m g s�7�ot�5Z4lk6s�7�8 g m g s�7�4l8Kt,/J5y/2-0-H4l-*>�-0s2¦,/2-*13s�-�rW4�s�zu1 t,/J5Z134�1�¡W46-046mZs�7~w�/Jm35 g§  z}s25¨mZ��4�8�4l>25Z4l461�s�zuz�5Z4l468�s�w©s�7mZ��4�4l-04lw~4l7pm�¦us�|�7�8*/J5 g 4l1l'�ª¤s�|�t*-04l8~1�n�1�m34lwK1�s�zTt*�pn�1 g k61¨4l«x|*/Jm g s�7�1¨/J5Z4�4   t�5Z4l1�134l8 g 7�¬*|   oQ13s�|�5Zkl4z}s25Zw�vW/2-H-0s� g 7�>./{k6-04�/27�1346t,/J5y/Jm g s�7�¦T46m£�¤4l4l7�mZ��4�1�tu46k gH® k�/Jm g s�7~s�z*mZ��4¤t*�Wn�1 g kl1¨/27�8:mZ��4�8�46my/ g -01]s�zmZ��4�8 g 13k65Z46m g0� /Jm g s�7¯/27�8¥13s�-H|�m g s�7�']&�8*/Jt�m g rW4�>25 g 8�8 g 7�> g 7��{8 g wK467�1 g s�7�|�134l1�/(z}s25Zwhs�z°&�8*/Jt�m g rW4± 4l13�¥²F4 ® 7�4lw~4l7pmM³´& ± ²�µX'�&�8*/Jt�m g rW4{>25 g 8�8 g 7�> g 7¥�:/27�8
�:8 g wK467�1 g s�7�1 g 1�¦,/21�4l8
s�7¥/2- g >�7�wK4l7Wms�z�mZ��4{-0s�> g k�/2-Tklsxs25Z8 g 7*/Jm34�1�n�1�m34lwh� g mZ��mZ��4�46rWs�-�r g 7�>(wK/2>�7�46m g k ® 46-08�t*-0|�1�& ± ²¶7�s25Zw�/2-,mZs(mZ��4/Jt�t�5Zs  �g w�/JmZ4�¬*|   13|�5Zz·/2kl461lv�t�5Zsr g 8 g 7�>:/27�46¸Kk g 4l7Wm�/Jt�t�5ZsW/2ky��m3s�mZ��4�4   m35Z4lwK4F/27 g 13s2m�5Zs2txn~ky�*/J5�o/2k6mZ4�5 g 1�m g kFs�z�wK/2>�7�46m g0� 4l8~t*-�/21�w�/21l'�=���4�wK46m3��s�8 g 1 g -H-0|�1�m�5y/JmZ4l8Kz}s25��J¹¶w�/2>�7�46m g k�5Z46kls�7�7�4lk6m g s�7�'�,s25:1�t,/Jm g /2-¨8 g 1�k65Z46m gH� /Jm g s�7�v�1�tu4lk�m35y/2-�4l-H4lwK4l7Wm:wK46m3��s�8�1Ms2ºT465:mZ��4K¦u4l1 m:s�z�m£�¤si�¤s253-08�1l'H»Z¼¾½f sC��oqs25Z8�4�5¨>25 g 8�oQ¦,/213468KwK46mZ��sx8�1lvW13|�ky��/21 ® 7 g mZ4�8 g ºT465Z4l7�k64l1lvxrWs�-H|�wK4l1lvp/27�8�4l-04lw~4l7pm31lvp/J5Z4�|�1�4lz}|�-¦u46k�/2|�134:s�z]7�4�/J5Z4l1�m oq7�4 g >��p¦Ts25¢k6s�|�t*- g 7�>�vu534l13|�-Hm g 7�> g 7i1�t,/J53134:w�/Jm35 g kl4l1lvT/27�8¿z}s25./28*/Jt�m g rW4(>25 g 8�o8 g 7�>
/27�8�8�s�w�/ g 7¿8�46kls�w~tus�1 g m g s�7%z}s25.t,/J5y/2-0-H4l- gH� /Jm g s�7�À�¦*|�m¢mZ��46n¿4   � g ¦ g m.13-HsC�Ákls�7WrW465Z>�467�kl4Ks�zmZ��4�1�t,/Jm g /2-�m353|�7�k�/Jm g s�7~46535Zs25�Âxv�/21¨/¢-HsC�Ãtus�¤465¨s�zTmZ��4�>25 g 8~1 t,/2k g 7�>~ÄT'�ª�s�w~t*|�mZ/Jm g s�7*/2-H-HnWvJmZ��4�n�*/�rW4�-HsC�Ås2tu465Z/Jm g s�7�kls�|�7WmZ1�tu465.-HsW/28,ÆJ1�mZs25Z42v°/27�8�/J5Z4Mt,/J53m g kl|�-0/J5Z-Hn g 7�46¸Kk g 4l7Wm.z}s25{k�/2ky��4�oQ¦,/213468t�5Zsxkl4l1313s2531�� g mZ��/¥wK4lwKs253n�� g 465y/J53kX�WnW'KÇ�|�5Z4K1�tT4lk6m35y/2-�wK46m3��s�8�1.4   � g ¦ g m¢4   tTs�7�4l7pm g /2-�kls�7prW4�5�o>�4l7�kl4~s�z�Â
/21M/¥z}|�7�k6m g s�7�s�z�mZ��4�s25Z8�465FÈ�s�z�¦,/21 g 1Mz}|�7�k6m g s�7�1lÀ�¦*|�mMmZ��4�n�/J5Z4~kX�*/J5Z/2k6mZ465 gH� 4l8É¦pnz}|�-0-°w�/Jm�5 g kl461�/27�8�8�s�7�s2m�-0467�8¥mZ��4lw~134l-HrW461�mZs:t,/J5y/2-H-04l- g0� /Jm g s�7�s25F/28*/Jt�mZ/Jm g s�7�' d tu4lk�m35y/2-Pv�s25{ÄCÈ�v4l-H4lwK4l7WmZ1lv*/2-H-0s�Êt,/J5y/2-0-H4l- gH� /Jm g s�7¥/27�8¥/28*/Jt�m g r g m£n�/27�8¥4   � g ¦ g m�4   tus�7�4l7Wm g /2-�k6s�7prW4653>�4l7�kl4�s�z^Â(/21/(z}|�7�k6m g s�7¯s�z�È�'�=���4�nK�*/�rW4.� g >���465�s2tu4�5y/Jm g s�7�k6s�|�7pmZ1¤tT465�-0sW/28,ÆJ1�m3s25Z4{/27�8�k�/27¯/Jm3my/ g 7�/(� g >���465z�5y/2k6m g s�7¿s�z�mZ��4:mZ��4ls25346m g kl/2-^tu4�/J¡�1 tu4l4l8¿� g mZ�¿- g w g mZ4l8iw~4lwKs253n¥¦,/27�8�� g 8�mZ�%/27�8�-�/JmZ467�k6nW'�=���4t�5 g w�/J53n�8�4�tu4l7�8�4l7Wm.r2/J5 g /J¦*-04l1{/J534(4   t,/27�8�4l8 g 7¿/�� g >���oQs25Z8�465.wKs�8*/2-°¦,/21 g 1.s�z�ËW/2kls2¦ g tTs�-Hn�7�sJow g /2-01 g 7�mZ��4F-Hs�> g k�/2-�rJ/J5 g /J¦*-H4l1]Ì�Í�']=���46n~/J5Z4�z}s253w�/2-0-�n(kls�7Wm g 7p|�s�|�1¨¦*|�m�7�s2m�8 g ºT465Z4l7Wm g /J¦*-04�/2k�5Zs�131>25 g 8Î¦us�|�7�8*/J5 g 4l1lv OPÏÑÐ�Ï mZ��46nÎ/J5Z4 g 7ÎmZ��4
k6-�/2131~Ò�Ó2À�13wKs�s2m3��7�4l131 g 1K/2ky� g 4�rW4l8j¦xn�kls�7WrW465Z>�4l7�k642'Ô 4lk�/2|�134Fs�zTmZ� g 16vpmZ��4�>���s�1�m�k64l-0-,1�mZ4l7�k g -,z}s25¤/�w�/Jm�5 g�  oQrW4lk6m3s25]w�|�-�m g t*- g k�/Jm g s�7 g 1 ®�  4l8KmZs.¦u4F|�7 g m£nz}s25F/J53¦ g m35Z/J5 g -�n�� g >��
1 tu4lk6m�5y/2-As2538�465�È�'&�-H-°t*�Wn�1 g k�/2-°4l«x|*/Jm g s�7�1 g 7 d�e¨f /J5Z4.4   t�5Z4613134l8 g 7¥¬*|   oQ13s�|�5Zkl4�z}s25Zw�vÕTÖU×ÕUØÚÙÜÛÅÝÞ ×�ß¶à ×�á ³��Cµ
=���4.8�4�tu4l7�8�4l7WmFrJ/J5 g /J¦*-04l1�Ö Í � g mZ� g 7�4�/2ky�
>25 g 8�kl4l-H-°/J5Z4�4   t,/27�8�468 g 7¯1�tT4lk6m35y/2-�46-04lwK467pmZ1�â°ã�³Ñä^µ�v

Ö × ³ÑØXå3ä�µ�æ çèãXé Ó Ö ×ã ³ÑØ�µ�â�ãp³ÑäAµ á ³P��µ

18th International Conference on Numerical Simulation of Plasmas

214



d t,/Jm g /2-0-Hn¥8 g 1�k65Z46m gH� 4l8¿4l«�|*/Jm g s�7�1�/J5Z4�s2¦�my/ g 7�4l8i¦pn�my/J¡ g 7�>~mZ��4(1�k�/2-�/J5�t�53s�8�|�k6m{s�z e «U'(³ �Cµ¤� g mZ�4�/2ky�
¦,/21 g 1Fz}|�7�k6m g s�7i/27�8 g 7pm34l>25y/Jm g 7�>�¦pn¥t,/J5�mZ1�m3s~s2¦�my/ g 7
ê$ëì ß�í.î¶ï�ð�ñ ä%ò à × â Í ÙjÞ × ÝCÛ â ÍPó¯ô ï*õCð�ñ ä Þ ×Í Ý�ö÷ á ³´�Wµ

� g mZ� ê mZ��4¢wK/2131�w�/Jm35 g§  v�ø ÍP¼ ã î ³Pâ Í åyâ°ã�µ�v,/27�8¥mZ��4 ì m3��4.rW4lk�mZs25�s�z^wKsx8�4¢/2w�t*- g m3|�8�4l1�ÖU×ã ³ÑØ�µ�'ù 7pm34l>25y/2-01</J5Z4�46rJ/2-0|*/JmZ468:¦pn:+./2|�131 g /27�«x|*/28�5y/JmZ|�5Z4�mZs{/27(s25Z8�465]/Jt�t�53s2t�5 g /JmZ4�mZs�mZ��4�8�4l>2534l4¤s�z�mZ��4ËW/2kls2¦ g tTs�-Hn�7�s�w g /2-H1l'A��-H|   4l1]/27�8(1�s�|�5Zkl4l1]w�/�n.8�46tu4l7�8 g 7:/27�/J53¦ g m35y/J53n¢7�s�7�- g 7�4�/J5�w�/27�7�4�5�s�7MØXvä]vpÖT×�vx/27�8 Û ÖT×�']=���4Fk6s�8�4 g 1�1 m35Z|�k6mZ|�534l8 g 7�13|�ky��/.��/�n:mZ�*/Jm�m3��4F8�46my/ g -01�s�zT8 g 13k65Z46m g0� /Jm g s�7K/27�8mZ��4�1�tu4lk gH® k�/Jm g s�7Ks�zTt*�Wn�1 g kl1�4l«x|*/Jm g s�7�1�/J5Z4�1346t,/J5y/JmZ468 g 7WmZsM8 g ºu465Z467pm¨13|�¦�5Zs�|�m g 7�4l1lv�w�/J¡ g 7�> g m¨/211 g w~t*-04(/21�tTs�131 g ¦*-H4MmZs�4l7�klsx8�4�k6s�w~t*-04   t*�pn�1 g k61l'�=���4:8 g 13k�5Z46m gH� 4l8�¬*|   oq1�s�|�5Zkl4�z}s25Zwút�5Z4l1�4653rW4l1kls�7�134�53r2/Jm g s�7�t�5Zs2tu465�m g 4l1�mZs�� g >��¿s2538�465�' e -0- g t�m g kM4l«x|*/Jm g s�7�1./J5Z4Mm3534�/JmZ4l8�¦xn � 465Zs g 7�>¯mZ��4:w�/21�1w�/Jm35 g�  '= g wK4(8 g 13k65Z4�m g0� /Jm g s�7¿s�z e «U'�³P�Wµ g 1{z}|�-0-Hn g w~t*- g k g m g 7¿s25Z8�465.mZs¯m�5Z4�/Jm{w:|�-Hm g t*-04(m g wK4M13k�/2-H4l146¸~k g 4l7WmZ-�n
/27�8�/2klkl|�5y/JmZ46-HnWv
ê û ì^ü ô ì�ýÄ þ ßÊÿ2í ü ³ ì ü µ Ù ³ � ô ÿ µ í ý ³ ì ý µ ³��pµ

� g mZ�imZ��4Mm g wK4�oQkl4l7WmZ465 g 7�>�t,/J5Z/2wK46mZ465 ÿ 7�s253w�/2-0-�n
ky��s�134l7%/21(�CÆ��i³Qª�5y/27�¡xoQ� g ky��s�-013s�7,µFz}s25./2k6kl|�o5y/2k6nW' d s�-H|�m g s�7¥s�z e «U'F³��pµ¤5Z46«�| g 534l1 ® 7�8 g 7�>~mZ��4.5Zs�s2mZ1�s�zAm3��4�7�s�7�- g 7�4�/J5�5Z4l1 g 8�|*/2-Pv
��� ì ü�� î ê � ì ü ô ì ý�� ô Ä	� ÿ2í ü Ù ³ � ô ÿ µ í ý�
 ß ��å ³��µ13s�-�rW4l8¥¦pn
��4���mZs�7���1 g mZ465y/Jm g s�7�v

� Ù�� Â ì ü ß ��å Â ì ü ß ô � ý » � � ì ü � å ì ü�� ì ü Ù Â ì ü ³��Wµ� g mZ�¯mZ��4MËW/2kls2¦ g /27
8�4 ® 7�4l8�/21 � î ê ô Ä ÿ�� Õ�� üÍ�� ÕUÖ üã�� 'e ¸Kk g 4l7pm.13s�-H|�m g s�7�s�z�mZ��4:-�/J53>�4(1�t,/J5Z134:- g 7�4�/J5{1�n�1�mZ4lw g 7 e «T'�³�Wµ g 1�>25Z4�/JmZ-�ni4l7��*/27�kl468�¦pnmZ��4�wK46m3��s�8�s�z�1�mZ/Jm g k�kls�7�8�467�1Z/Jm g s�7�' »Z¼¾½ Ô 46k�/2|�134¯s�z�mZ��4¥Ò�Ó�7*/JmZ|�5Z4�s�z�mZ��4�1�tu4lk�m35y/2-¤4l-H4lwK4l7Wm5Z46t�534l134l7Wmy/Jm g s�7�vA8 g 13kl|�1313468É/J¦usrW42v°� g >���465 oqs25Z8�465¢4l-H4lwK4l7WmZ1 g 7�s�7�4�>25 g 8¿kl4l-0-�k6s�|�t*-04:mZs�mZ��s�134 g 77�4 g >��p¦Ts25 g 7�>¿>25 g 8�kl4l-H-01:s�7�-Hn%mZ��5Zs�|�>���mZ��4�13�*/J5Z4l8�- g 7�4l/J5 ® 7 g mZ4�4l-H4lwK4l7WmZ1(�F� g ky�Î1�m35Z/28�8�-04�kl4l-H-¦us�|�7�8*/J5 g 4l1l'�=^s¥13s�-HrW4�/¥- g 7�4�/J5¢1�n�1 mZ4lw���ä ß�� v��¤4:t,/J53m g m g s�7�mZ��4�8�46tu4l7�8�467pmMrJ/J5 g /J¦*-04l1 g 7WmZs³ �Cµ¤- g 7�4�/J5F46-04lwK467pmZ1�/27�8�³Q��µ�� g >���465�oqs2538�465�4l-H4lwK4l7WmZ1lv,4   t�5Z4l131 g 7�>~mZ��4.1�n�1 mZ4lw g 7¥m3��4¢z}s25Zw
� »Z» ä » Ù � »�½ ä ½ ß � » å ³!�µ
� ½6» ä » Ù � ½Z½ ä ½ ß � ½ á ³�"Wµd s�-Hr g 7�> e «U'�³"Wµ�z}s25�ä ½ v � ½Z½ ä ½ ß � ½¤ô � ½6» � » ³´�Wµ/27�8�13|�¦*1 m g mZ|�m g 7�> g m g 7pm3s e «U'�³#!�µ�v��¤4¢s2¦�my/ g 7
/27
4l«x|*/Jm g s�7¥z}s25FmZ��4 d �x|�5�kls�w~t*-046wK4l7Wm�v

� � »Z»�ô � »�½ � ý »½Z½ � ½6» � ä » ß � »�ô � »�½ � ý »½Z½ � ½ á ³���Wµ

18th International Conference on Numerical Simulation of Plasmas

215



e «x|*/Jm g s�7
³P�Wµ�v g 7WrWs�-Hr g 7�>{mZ��4�534l-�/Jm g rW4l-Hn:1�w�/2-0-´v�8�4l7�1342v�-Hs�k�/2-�wK/Jm35 g�  � ½Z½ v g 1�13s�-HrW4l8~-0s�kl/2-0-Hn:|�1 g 7�>f &�Ç�&�ª�$ú5Zs�|�m g 7�4l1l' ù m:t,/J5y/2-0-H4l- gH� 4l1(tu4�5Zz}4lk6mZ-�n�sCrW4�5~>25 g 8�k64l-0-H1lv�534l«�| g 5 g 7�>¿7�s%kls�w~w�|�7 g k�/Jm g s�7s�7�kl4.ä ½ g 1�8�46mZ4�5Zw g 7�468�' e «�|*/Jm g s�7�³ ��WµXv�>25Z4�/JmZ-�n�kls�7�8�4l7�134l8 g 7
1 gH� 4¢z�53s�w mZ��4.s25 g > g 7*/2-�1�n�1�mZ4lw�vg 1¢13s�-HrW468�>�-0s2¦,/2-H-Hn¿/27�8 g mZ465y/Jm g rW4l-Hni¦pn%$.53n�-0sr¿13|�¦*1�t,/2kl4~53s�|�m g 7�4K+ ± ² e�d v^|�1 g 7�>
mZ��4~Ç e = d k- g ¦�5y/J53nWv'&Svxt�534lkls�7�8 g m g s�7�4l8�¦pnK/28�8 g m g rW4 d ky�W��/J5 � ù f)( z·/2k6mZs25 gH� /Jm g s�7~� g mZ�K13|�¦*1 my/27pm g /2- ® -H-�o g 7�/27�8srW465Z-�/Jt°'�=���4¢wKs�1 m�46¸Kk g 4l7Wm�t,/J5y/2-H-04l-�s2tT465y/Jm g s�7 g 1�s2¦�mZ/ g 7�4l8¯� g mZ�¥s�7�4.>25 g 8¥kl46-0-utu4�5�t�5Zsxkl4l131�s25�'=�� g 1 g 1�z}4�/21 g ¦*-H4�¦T4lk�/2|�134�mZ��4�|�134Fs�zU� g >���oqs2538�465¨1 tu4lk6m�5y/2-*4l-04lw~4l7pm31�w�/J¡W461 g m]tus�131 g ¦*-04�mZs¢/2kX� g 46rW4>�s�sx8
1�t,/Jm g /2-u5Z4l1�s�-0|�m g s�7¥� g mZ�¯5Z4l-�/Jm g rW4l-�n�z}46�Ú>25 g 8¥kl4l-0-H1l'&�8*/Jt�m g rW4¨>25 g 8�8 g 7�> g 1^/�7�sCrW4l-pky�*/2-0-H4l7�>�4¨z}s25^w�/2>�7�46m gH� 4l8�t*-0/213w�/21°¦u4lk�/2|�1�4�s�z�mZ��4 g 5<4   m35Z4lw~48�4l>25Z464�s�z�/27 g 13s2m�5Zs2txnW'¢=���4�7*/Jm3|�5Z4:s�z�w�/2>�7�4�m g k(kls�7 ® 7�46wK4l7Wm g 1�mZ�*/Jm{t,/J53m g k6-04l1{/J5Z4(5Z461�m35 g k6mZ4l8g 7�mZ��4 g 5~wKs2m g s�7Î/2k653s�131~¦*|�mK7�s2mK/2-0s�7�>¿mZ��4�w�/2>�7�46m g k ® 4l-08�v�5Z4613|�-Hm g 7�> g 7j/¿5y/Jm g s%s�z�t,/J5y/2-H-04l-mZs�m35Z/27�1�rW465Z134Km3��465Zw�/2-�kls�7�8�|�k6m g r g m g 4l1+*-, � *�.0/ ���» Ó '
¹ g 13k�5Z46m gH� /Jm g s�7�465�5Zs25Z1���� g ky��k�/2|�134�/13w�/2-H-�/2wKs�|�7Wm�s�z�m3��4¯-0/J5Z>�4Kt,/J5y/2-H-04l-�m35Z/27�1�tus253m(m3s21�-H4�/J¡43 g 7WmZsimZ��4�m35y/27�1�rW4�5Z134�8 g 5Z46k6m g s�7�k�/27z·/Jmy/2-H-Hn�kls�w~t�53s�w g 134�m3��4¢5Z4l1�|�-HmZ1l'�&�7 g 1�s2m35Zs2tpn
/2-H13s�1�m35Zs�7�>�-�n¯/Jºu4lk6m31���/�rW4.t�53s2t,/2>W/Jm g s�7�'�5�/�rW4l1t�5Zs2t,/2>W/Jm g 7�>%7�s25ZwK/2-�m3s�mZ��4�wK/2>�7�46m g k ® 4l-H8j�*/rW4
w�|�ky�j1�w�/2-0-H465�t*�*/21�4
rW4l-0sxk g m£nÉmZ�*/27jm3��s�134t�5Zs2t,/2>W/Jm g 7�>�/2-0s�7�>ÉmZ��4 ® 4l-08�' d�g 7�kl4�mZ��4l1�4¿1�-0s� ��/�rW4l1¯/J5Z4imZ��4�wKs�1�m�5Z4�/28 g -HnÜ8�461�my/J¦ g - g0� 468�v/2klkl|�5Z/JmZ4�5Z4�t�5Z4l134l7Wmy/Jm g s�7Ês�zM13wK/2-0-Ft,/J5y/2-H-04l-{>25y/28 g 4l7WmZ1 g 1
4l1�134l7Wm g /2-�mZsÎ/2klkl|�5y/JmZ4�wKs�8�46- g 7�>�s�z- g 7�4�/J5�/27�8Ã7�s�7�- g 7�4�/J5 g 7�1 my/J¦ g - g m g 4l1l'Ê²�4l1 g 1 m g rW4 g 7�1�my/J¦ g - g m g 4l1K/27�8 w�/2>�7�46m g k¥534lkls�7�7�4lk6m g s�7 /J5Z4ky�*/J5y/2k6mZ4�5 g0� 468�¦pn�rW4653n�13�*/J53t�>25y/28 g 4l7WmZ1:/2k653s�131(mZ��4 ® 4l-08�¦*|�m(rW4653n�13w�/2-0-�>25y/28 g 4l7pm31�/2-Hs�7�> g m�'&�8*/Jt�m g rW4�>25 g 8�8 g 7�>%/Jt�t�5ZsW/2ky��4l1:¦,/2134l8�s�7j�J¹ /27�8��2¹ú& ± ² �*/rW4�¦T4l4l7�rW4653n�13|�klk64l1313z}|�-�z}s25kls�7WrW4l7Wm g s�7*/2-�¬*| g 8�1l'¥=���4�n�w�/�n�5Z4l13s�-�rW4K13�*/J53t�>25y/28 g 4l7WmZ1lv<¦*|�mM� g mZ��mZ��4K>25 g 8�s2¦*- g «�|�4�m3s�mZ��4w�/2>�7�46m g k ® 4l-08�v*mZ��46n¥/J5Z4{��/21�m34lz}|�-As�z^>25 g 8
/27�8
z·/ g -�mZs�5Z4l13s�-�rW4�/27 g 13s2m35Zs2tpnW'=���4KwKs�1�m.13|�k6kl4l1313z}|�-¤w~46mZ��s�8�z}s25M8�4�/2- g 7�>
� g m3�É/27 g 13s2m�5Zs2txn g 7�w�/2>�7�46m gH� 4l8¿t*-�/213w�/21¢�*/21¦u464l7�mZ��4�|�134�s�zM/�>25 g 8�/2- g >�7�468 � g mZ�Ã¬*|   kls�s2538 g 7*/JmZ4l16vFt�5Z46r g s�|�13-�nÜ¦,/2134l8Ês�7�-�nÃz}s25
1�mZ/Jm g k2v/  �g 1�n�w~wK46m35 g k:w�/2>�7�46m g k ® 4l-H8�1l'65É4�/J534�8�46rW4l-0s2t g 7�>�/
r2/J5 g /Jm g s�7*/2-¨/Jt�t�5ZsW/2ky�ÉmZsi/2- g >�7 g 7�>�mZ��4-0s�> g k�/2-°kls�s2538 g 7*/JmZ4l1�� g mZ��mZ��4M46rWs�-�r g 7�>~w�/2>�7�46m g k ® 46-08�vT> g r g 7�>�/�¦u461�m ® mFmZs~7�s�7*/  �g 1 n�wKwK4�m35 g k® 4l-H8�1�mZ�*/Jm�w�/�n�kls�7Wmy/ g 7¥5Z4l> g s�7�1�s�z�w:|�-Hm g t*-04{13w�/2-H- g 13-�/27�8�1�/27�8
1�m3s�ky�*/21�m g k g m£nW']&�1 t,/Jm g /2-�465�5Zs25k65 g mZ465 g s�7(¦,/2134l8:s�7:kls�7prW4�5Z>�4l7�kl4�s�z�mZ��4¤1�tu46k6m35y/2-�46-04lwK467pm�5Z4�t�5Z4l134l7Wmy/Jm g s�7 g 1<wKs�7 g mZs25Z4l8(s�7:46rW465�nm g wK4¤1�mZ46t°'�5 ��4l7�m3��4�w�/  �g w:|�wÅ4�535Zs25�4   kl464l8�1¨/{1�tT4lk gH® 468~mZs�-04�5y/27�kl42vx/.7�4�� /Jt�t�5Zs  �g w�/Jm34�¬*|  klsxs25Z8 g 7*/JmZ487�v g 7pm34l7�8�4l8%mZs¯1Z/Jm g 13z�n:9 Ý2Û 7 ß �¥/21��¤46-0-]/21�tus�131 g ¦*-04Jv g 1.z}s�|�7�8¿¦xn�w g 7 g w g0�lg 7�>mZ��4.r2/J5 g /Jm g s�7*/2- ; î ï ñ äÃ³�9 ÝÛ 7�µ ½Sá ³����Cµ± g 7 g w g0� /Jm g s�7�s�z ; g 1.4l«�| g r2/2-H4l7Wm¢mZs ® 7�8 g 7�>¥mZ��4�7p|�-0-]1�t,/2k64~s�z�/¯-�/J5Z>�4Jv�1 t,/J5Z1342v�134lw g oq8�4 ® 7 g mZ4w�/Jm35 g� =< � g mZ�¥kls�w~tus�7�467pmZ1
> ÍP¼ ã î ï ñ ä ³�9 ÝCÛ â Í µl³�9 ÝCÛ â°ãµ ³��C��µ�,s25^1 g w~t*-04�w�/2>�7�46m g k ® 4l-08�1lv2m3��465Z4¨wK/n.4  �g 1�mA4   /2k�m<13s�-H|�m g s�7�1lvC¦*|�m<mZ��46n¢w�/�n�¦u4�7�s�7�oqwKs�7�s2mZs�7 g k/27�8K7�s�7�oQ1 g w~t*-�nxoQkls�7�7�4lk6mZ468�/27�8KmZ��465Z4lz}s2534�|�7�13| g mZ/J¦*-04�z}s25¨|�134�/21¨k6s�s25Z8 g 7*/JmZ4l1l'�&Êw~s25Z4�¬*4  �g ¦*-H413s�-H|�m g s�7¥k�/27
¦u4.s2¦�my/ g 7�4l8
¦pn¥1�s�-Hr g 7�>�mZ��4.>�4l7�465Z/2- g0� 4l8�w�/Jm35 g�  4 g >�4l7Wr2/2-H|�4¢t�5Zs2¦*-H4lw

< 7 ß@? ê 7�å ³���Wµ� g mZ� ê mZ��4�w�/2131¢w�/Jm35 g§  ' e ¸~k g 467pm(w~46mZ��s�8�1�4  �g 1�m(z}s25(13s�-�r g 7�>
mZ� g 1Mt�53s2¦*-04lw ¦,/2134l8�s�7ÉmZ��4f /27�k � s�1�/2-0>�s25 g mZ��w�''A�¼CB d w�/2-H-T4 g >�4l7prJ/2-0|�461 ? k6s2535Z4l1�tTs�7�8¥mZs:4 g >�4l7�z}|�7�k6m g s�7�1�� g m3�¯1�w�/2-0-D9 ÝlÛ 7

18th International Conference on Numerical Simulation of Plasmas

216



/27�8 g w~t�5ZsrW4l8%kls�7�7�46k6m g r g m£nWv�wKs25Z4:13| g mZ/J¦*-04~z}s25�|�134K/21�/¥klsxs25Z8 g 7*/Jm342'FE�7�kl4�/27%/Jt�t�5Zs  �g w�/Jm34¬*|   kls�s2538 g 7*/JmZ4 g 1�z}s�|�7�8�v°��¹Å& ± ² g 1�/Jt�t*- g 4l8¥7�s25Zw�/2-TmZs:mZ��4�¬*|   13|�5Zz·/2kl461lvT/27�8¯mZ��4{13s�-0|�m g s�7g 1 g 7WmZ465�tus�-�/Jm34l8¥mZs�mZ��4�7�4���>25 g 8�'
�FGIHJG í G ÷�K GIL��'�²�s�7*/2-08�¹:'T)�4l7�8�465313s�7�vM1�&�8*/Jt�m g rW4�1�tu4lk�m35y/2-<4l-H4lwK4l7Wm�wK4�mZ��s�8�1�z}s25�m3|�53¦*|�-04l7�k64�/27�8im35Z/27�o1 g m g s�7�vN3 g 7PO ORQTS�Ð�YVUXW¤YZYpÐ6Y�_�Ð�N�S*@[YSB]\@SY_^¨@JIa`�b�NqGJNPOQ@SRuGJEdc�Sp[SBXO#eXB v{=.'�Ë�' Ô /J53mZ�Ê/27�8Ú)('¹{4lkls�7 g 7�kZ¡É³ e 8�1l' µXv d t�5 g 7�>�465�v��������'��'�+{4ls25Z>�4 e w $�/J5Z7 g /28*/J¡ g 1~/27�8 d tT4l7�kl465�Ë*' d ��4653� g 7�vaf `,Ðge�NPY3GJE hDSi`kj�E0Ð�IKÐ�R*N._�Ð�N�S�@[YSBl\@SY^nm�o v�E   z}s25Z8 ( 7 g rW4�5Z1 g m£n�Ç�5Z4l131lv,��46�2p¨s253¡uv��������'��' d /Jm g 13� Ô /2-�/�nWvn${5 g 1 Ô |�13ky��4l-0w�/27�vn5 g -0- g /2w ¹�'^+{53s2t�t°v�¹ g 7�4l13�q$¢/2|�13� g ¡Tv ± /Jm3m+$.7�46t*-04�nWvf s g 1¥ª¤|�5Zz}w�/27 ± k ù 7�7�461lv Ô /J5353nÜ�¤' d w g mZ��v�/27�8 )�s�7�>j;u�*/27�>�v crj+s f e ( 13465Z1 ± /27x|*/2-´v&�� f o£�t��Æ�����o�²�46r g 1 g s�7���'0��' ��v�&�5Z>�s�7�7�4¢�{/Jm g s�7*/2- f /J¦us25y/JmZs25�n�³Q�2���W��µ�'��'�+{4l7�4�)('�+.s�-0|�¦%/27�8%ª��*/J5Z-H4l1{�¤'vu�/27 f sW/27�v _%GJNPYXOxwq^�@SIa`�b�NqG2N´OQ@JR�B v��J5Z8 e 8 g m g s�7�v°Ë�s���7�1)�s2t�¡ g 7�1 ( 7 g rW465Z1 g m£n¯Ç�5Z4l1�1lv Ô /2-�m g w~s25Z42vu����y��'��'FËW/27�4z$�'�ª¤|�-0-0|�w /27�8�²�/2-�t*�i&('{5 g -H-0s�|�>��W¦xnWv ?AGJRveg|C@CB�DFENQx@SYXO·N�SpI(B}\�@JY�?AGJY#QpÐ f [JI:IKÐ�NPYXOJej¤O~QpÐ�R��JG2E�b*Ð�c�YZ@WV6E0Ð�I(B v d ù�± &ÅÇ�|�¦*- g k�/Jm g s�7�16v,Ç�� g -0/28�4l-Ht*� g /�vT�2���W��'

18th International Conference on Numerical Simulation of Plasmas

217



Fragmentation, Merging, and Internal Dynamics for  
PIC Simulation with Finite Size Particles  

 
Dennis W. Hewett and David J. Larson 

AX-Division 
Lawrence Livermore National Laboratory 

 
In plasma or rarified gas physics, collisions are rare but non-ignorable events.  To model 
systems with arbitrary collisonality, it is necessary to start with a model that is fully 
capable of capturing collisionless, kinetic behavior.  It is also necessary to build strategies 
to provide the essential economies into the scheme as collisions become more frequent.  
The desired model should progress smoothly and continuously from collisionless particle 
dynamics to collision-dominated fluid.   
 
We are developing a new approach [Hewett, JCP 2003; Larson, JCP 2003] to recover the 
physics of this partially collisional regime.  Our approach, called CPK (for Collisional 
Particle Kinetics) is basically a “smart particle” PIC scheme with particles that have 
internal parameters representing internal “fluid” behavior as the CPK particles become 
large via merging.  In the collisionless limit, the individual macro particles become 
numerous, small and cold through fragmentation—leading naturally to the traditional PIC 
limit. 
 
The new “smart” particle is a Gaussian distribution in all phase space directions.  An 
arbitrary distribution of real particles can be made as a superposition of these “particles”.  
One of the key capabilities is the ability to fragment each particle in a way that will not 
introduce new physics.  With this procedure we can replace each particle with a set of 
particles that, when reassembled, give the original particle to arbitrary precision.  Further, 
with some time-dependent parameters built into each particle, fragmentation is not 
required to preserve existing details during time evolution.  Collisionless, free expansion 
of an isolated puff of gas can be followed by a single macro-particle with no 
fragmentation, if necessary.  The redundancy introduced by the fragmentation provides 
the freedom to represent new features emerging from the nonlinear time evolution.  In 
addition to collisionless internal particle dynamics, we have also developed internal 
dynamics consistent with a γ -law gas within each particle.  This ability, coupled with a 
very aggressive strategy for merging particles with disparate velocities, puts full fluid 
behavior within reach. 
 
The force between CPK particles is, presently, only through (perhaps aggressive) 
merging of CPK particles.  A merger of two CPK particles is equivalent to an inelastic 
collision.  The gradient of pressure is not computed and the “mesh” enters only in a non-
fundamental way as a means to facilitate evaluating particle “overlap” in phase space in 
preparation for merging.   The mesh never carries any essential part of the physics; the 
mesh could be discarded every time step if, for some reason, a new one offered 
advantages. 
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The CPK Macro-Particle 
 
Each CPK macro-particle is a grouping of real particles that have a Gaussian spatial 
profile about the central macro-particle Lagrangian location and a Maxwellian velocity 
profile about the Lagrangian drift.  Each CPK particle has the form 
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in which W is the number of real particles, o8 dow

v
 is the half-width in each space direction 

and is the thermal velocity (velocity half-width), andtov
v

ox
r

and du
r

are the location and 

drift of the basic CPK particle.  τv represents the “age” of the distribution in the sense that, 
as the macro particle ages, free streaming causes shearing in phase space proportional to 
the net drift of that slice of the Gaussian with respect to the average du

r
.  This is the 

simplest example of a parameter carried internally by the macro particle allowing physics 
to be retained by means other than simply adding more PIC particles.  Other 
representations [Hewett, JCP 2003] enable internal capabilities such as internal evolution 
consistent with an arbitrary γ -law gas.  
                         

           a) 0=τ                         b) 5.0=τ                         c) 5.0=τ  

                
Shown in a) is the basic CPK particle form at 0=τ ; in b) is the same particle 
after a finite time τ ; and, in c) is the advanced particle with 3 velocity 
fragments outlined. 

 
The simple spatial profile of the CPK macro particle makes techniques usually associated 
with the SPH (Smooth Particle Hydrodynamics) method a simple extension to the CPK 
method.  However, SPH is a technique to solve the Eulerian fluid equations and, granted 
complete success, will only give Eulerian fluid solutions.  CPK, on the other hand, is 
intended to recover the range of physics from the fully kinetic collisionless limit with 
multiple particles per cell to the fluid limit with just one Maxwellian particle at each grid 
point.  
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Adaptive Resolution Using CPK Macro-Particles 
 
CPK particles are used as a basis set from which the total distribution of real particles can 
be constructed by superposition.  It is assumed that an arbitrary distribution of real 
particles can be represented by such a superposition, at least as well as could be done 
with the traditional PIC/MC delta functions and their associated “shape factors”.  We find 
that with this internal distribution, we can fragment each of the particles in either velocity 
or space such that the fragments could be reconstructed by superposition to recover the 
original.  Thus we can increase the resolution of the macro particles locally, on demand, 
to recover emerging features of the total distribution.  A key issue is that the act of 
fragmentation itself adds no additional features. 
 
The increased resolution does cause additional expense and, as an economic necessity, 
we must be able to merge particles if interesting features fail to materialize.  The 
Maxwellian velocity distribution within each particle is a feature that is useful for particle 
consolidation as collisionality relaxes the composite distribution towards a Maxwellian.  
Our merging scheme preserves the first 4 moments in both space and velocity. 
 
Applications 
 
As a first example, consider the following free expansion of a Gaussian puff of 
collisionless particles.  (Hydrodynamics codes have difficulty “mass matching” zones for 
expansion into vacuum; Particle codes have not such difficulties.) 
 
      
 
 
 
 
 
 
 
 
 
  
The evolution of a particle distribution representing a gas puff as it evolves from a vertical 0=τ  
state to a later time (left).  On the right is a roughly 7000-particle distribution that started from 
one particle.  Multiple fragmentations and merging have occurred, showing the desired larger 
particles in the center.   Smaller particles, on the fringes, are “probing for emerging features”. 

 
Next, consider the shock tube problem (Sod, 1986) 
that consists of a collision-dominated gas held back 
by a membrane.  Breaking the membrane at t=0, the 
fluid moves towards the right and forms (from right 
to left) a shock front, a contact discontinuity, and a 
rarefaction wave.  The pressure is constant across 
the contact discontinuity. 
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We model this problem with CPK by initializing the problem with a uniform density of 
CPK particles that have a greater weight and temperature on the left.  The evolution 
begins by fragmentation of all particles that gives increased material flux to the right 
across the interface.  Far from the interface, fragmentation is symmetric and merging 
preserves fluid homogeneity. 

            

             
     

Show in the upper left is the particle phase space after the first time step.  Probing for 
emerging features will soon detect (upper right), and encourage (lower left) a flow from 
a density gradient that results in particles developing a drift towards positive x.   Later in 
the run the rarefaction has developed (lower right) and ultimately all the details of the 
Sod solution develop.  Note particularly, the linear velocity ramp and the contact 
discontinuity showing higher temperature, lower density to the right of the contact 
discontinuity.  

 
Also evident in the preceding figure is the color coding that denote various particle half-
widths.   We are now investigating various schemes to do adaptive refinement that have 
to do with density gradients generated from particles of different sizes.  Most important, 
we are actively pursuing a partially collisional technique (Larson and Hewett, these 
proceedings) that is compatible with the capabilities of CPK. 
 
This work was performed under the auspices of the U.S. Department of Energy by the University of 
California, Lawrence Livermore National Laboratory under contract No. W-7405-Eng-48. 
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Implicit Hybrid Simulation Techniques for the Modeling of Intense 
Laser-Matter Interactions* 

 
Rodney J.  Mason 

 
Applied Physics Division, 

Los Alamos National Laboratory 
Los Alamos, New Mexico 87545, USA 

 
ABSTRACT 

 
     Short pulse laser-matter interaction models are crucial for an understanding of the Fast 
Ignitor approach to Inertial Confinement Fusion. The Fast Ignitor will use picosecond laser 
pulses to ignite a pre-compressed thermonuclear target.  We describe new features in implicit 
PIC/hybrid plasma simulation that facilitate the modeling of this phenomenology. 
 

INTRODUCTION 
 

     The ANTHEM Implicit hybrid simulation code was used in the earliest studies1 of intense 
laser-matter interaction in application to the Fast Ignitor approach to ICF.  The basic model 
has treated the background plasma in a laser target as a pair of collisional ion and cold 
electron fluids.  Laser energy is propagated across the computational mesh to the critical 
surface, where it converts some of the background electrons into a third, relativistic hot 
electron component.  The hot electrons spread throughout the target, scattering off the ions 
and dragging against the electrons.  They draw a resistive cold electron return current 
through resultant self-consistent electromagnetic fields.  The Electromagnetic fields are 
calculated implicitly by the Moment Method1.  This enables the practical study of super-
compressed plasmas (103 x critical) with no time-step limits from the plasma period.  Near 
Gigagauss magnetic fields at the critical density have been predicted through the action of the 
ponderomotive forces at I  ≥1019 W/cm2 laser intensities1.  We will report on recent model 
refinements, including the mixed use of fluid and particle ion and electron components.  The 
particles permit a more accurate treatment of relativistic effects. Both hot electron and ion 
particles are given velocity weights, which can greatly increase the dymanic range  of 
densities that can be represented with a modest number of particles, say 100 per cell.  
Implicit Moments1 can continue to form a basis for the electromagnetic field solve with a 
relativistic Lorentz factor γ for electrons determined with the particle moment accumulations.  
Ponderomotive effects can be included as a simple gradient of a mesh propagated intensity.   
In application to transport in thin (~10 µm) foils our calculations show the emission of fast 
ions from the backside for a broad range of initial target densities and laser intensities.  
ANTHEM shows magnetic field  generation on the foil’s back side, the site of beam emission 
by fast ions and energetic electrons. 
 

 
                                                 

* This work was supported by the U.S.D.O.E. 
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APPROACH 

 
     The Fast Ignitor Plasma presents both dense and tenuous domains, where during the time  
∆t  to cross a computational cell, both ωp∆t >> 1 and ωp∆t <1 regions can be found.  Here ωp  
is the local plasma frequency. Laser Intens ity, I, is propagated across the mesh.  Near the 
critical density (ω = ωp) a nearly collisionless relativistic hot electron component is created 
from the cold background electrons by the laser.  This flows with only modest drag and 
scatter to the target boundaries, producing fast ion blow off.  Above 1019 W/cm2 the 
ponderomotive force can give substantial kick to the cold electrons in the direction of the 
target.  The resulting charge separation field then pulls the ions away from the laser.  
Resistance in the background plasma can slow the cold return current, and rapidly build an E-
field that retards the penetration of the hot electrons.  Spontaneous magnetic fields can add 
additional electron inhibition while focusing the various component beams. 
     At present the background plasma is modeled with cold fluid electrons, and fluid or 
particle ions.  The particle ions have been introduced to allow for ion emission from, say, 
shock overtaking driven by the ponderomotive force.  The particle ions still need the addition 
of a self-collision operator to relax them toward a Maxwellian distribution in dense regions.  
The Electromagnetic fields are determined by an extension to the Implicit Moment Method 
that uses relativistic γ-factors determined on average from the hot electron particles.  The 
cold return current is implicitly determined with Spitzer resistivity in the self-consistent 
fields.  Particle hot electrons are scattered and dragged to ultimate deposition in the 
background.  A mean hot electron scatter rate is determined from the particles for this 
process.  Thus, in 1-D the implicit E-field1 solution (with B-field and collisions neglected) 
becomes 
 

: 
The new field is at time level-(m+1).  The α subscripts refer to hot or cold electrons, and ions 

of density nα, and charge qα. The uα
(m)* is the old mean mass scaled momentum updated to 

include the ponderomotive accelerations.  The Pα is a pressure tensor including the dynamic 
velocity of the flow, and accumulated for the hot electrons over the particles including 
relativistic effects.  Here, relativistic momentum equations from Mosher3 have been used to 
predict the future currents for Ampere’s Law, which is rearranged to give E(m+1).  Strictly, 
the γα

(⊕) should be at level (m+1), but we have found that level (m) suffices. This field is 
corrected4 by replacing the old E(m) with:  
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This gives extremely good quasi-neutrality in dense regions of a foil (> 1018 e-/cm3), and 
readily reflects dense hot electrons back into the foil at its edges. 
     Important additional features of the model include a 3-D relativistic Maxwellian source 
for hot electrons, using kThs = (γhs-1)mec

2, γhs=[1 + I/1.38x1018 W/cm2]1/2 as the 
temperature, which agrees with the PIC simulation measurements of Wilks et al.4  Also, the 
electron and ion particles are velocity weighted to achieve their initial Maxwellian 
distributions.  This provides a much larger number of particles at high speeds, which rapidly 
populate the foil edges, allowing for a much higher density range than available with fixed 
weighting.  Thus, 20 ions/cell allows for the modeling of, at least, a 104- fold density drop.   
 

APPLICATIONS AND CONCLUSION 
 

     Tests of hot emission beams show minimal drag in solid DT for the 1 MeV electrons 
generated at a constant 1019 W/cm2.  Both scatter and drag must be increased 3000 fold for 
significant impact.  The temperature of the DT must start below 100 eV to see sufficient 
resistivity to temporarily halt the hot electrons.  At 10 eV it causes significant blow-off 
toward the laser by 0.7 ps.  The ponderomotive force under 5 x 1019 W/cm2 launches a 1.4 
density jump shock in a cold foil background.  Particle ions are found to expand in a more 
diffusive profile than seen with a fluid.  Self-collisions are needed to assure proper dense 
hydrodynamics.  The ion blow-off is largely undifferentiated by the two models.  A fast ion 
and hot electron foil backside jet is seen in all cases.  The new models allows for a broad 
range of target densities.  In Fig. 1 below we show the calculated 1-D evolution of hot 
 

 

 

 

 

 

 

 

 

 

 

Fig.1 

Electrons (red) generated at 1 ps in 100 eV  DT by a laser at a constant 1019 W/cm2 from the 
right (green).   The top left frame shows ions (brown) and cold electrons (blue) on linear, and 
(bottom left) log ordinates for an initial ne = 5 x 1021 cm-3 density. In the remaining frames 
we calculate essentially the same blow-off for foils initially ranging up to 104 times denser. 
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     We are applying this approach in 2-D to such foils. We find, initially, that magnetic fields 
appear on the backside in association with the emitted ion beam, as well as on the front1 side. 
Using the older fluid description for emitted hot electrons, we see, for example when 
examining the dynamics of a 10 µm thick foil under 1019 W/cm2 illumination at 2.36 ps , the 
retention of hot electrons near the original deposition point, and a complex B-field picture on 
both sides of the foil, as collected in Fig. 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2 
 
This implicit hybrid approach offers an exciting, enhanced tool for the study of intense-laser 
matter interactions. 
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Global gyrokinetic simulation of ion temperature gradient driven turbulence 
in plasmas with canonical Maxwellian distribution 

Y. Idomura, S. Tokuda, and Y. Kishimoto 
Department of Fusion Plasma Research, Naka Fusion Research Establishment 

Japan Atomic Energy Research Institute, Naka, Ibaraki, 311-0193, Japan 
 
1. Introduction 

A global gyrokinetic toroidal particle code for a 3D nonlinear simulation (GT3D) [1] has been 
developed to study the ion temperature gradient driven - trapped electron mode (ITG-TEM) 
turbulence in tokamak plasmas. The code has been developed based on a finite element PIC 
method [2], except for several extensions for a nonlinear simulation. New features of GT3D are 
summarized as follows. First, we have developed a new method based on a canonical Maxwellian 
distribution FCM(Pφ,ε,µ) [1], which is defined by using three constants of motion in the 
axisymmetric toroidal system, the canonical angular momentum Pφ, the energy ε, and the 
magnetic moment µ. Second, the conservation property of GT3D is greatly improved using the 
optimized loading [3]. Third, we use a quasi-ballooning representation for nonlinear perturbations, 
which enables linear and nonlinear global high-m,n calculations. Fourth, an analysis of the 
ITG-TEM mode is enabled by using a drift-kinetic (trapped) electron model. Finally, the code has 
been optimized for massively parallel scalar and vector machines, and it operates with ~40% and 
~25% processing efficiency up to 512 processors respectively on the JAERI Origin3800 system 
and on the Earth Simulator. 

In this paper, first, we discuss linear properties of ITG-TEM modes. Adding trapped electrons 
not only increase the growth rate of the ITG mode, but also produce another unstable electron 
branch. We then discuss zonal flow dynamics in the ITG turbulence. Unlike a conventional 
method based on a local Maxwellian distribution FLM(Ψ,ε,µ), which is defined by a flux label Ψ, 
the new FCM method avoids spurious linear driving effect on axisymmetric modes. Through zonal 
flow damping tests and ITG turbulence simulations, it is found that this spurious driving effect 
significantly affects zonal flow dynamics and spurious zonal flow oscillations are excited. 

 
2. Linear ITG-TEM calculations 

Simulations have been performed using Cyclone base case parameters [4]: deuterium plasma, 
R0=1.3m, a=0.48m, B0=1.9 T, Te=Ti, R0/Lti=6.92, R0/Ln=2.22 at a reference surface or r0=0.5a. 
The q profile is given as q=0.84+2.18(r/a)2 (q(r0)=1.4, s(r0)=0.776). 

Figure 1 shows the kθ spectrum of the ITG-TEM mode. As is shown in the frequency spectrum, 
the ITG-TEM modes have two independent branches, ITG-like and TEM-like branches which 
propagate in the ion and electron diamagnetic directions, respectively. As in the adiabatic electron 
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Figure 1. The growth rate and frequency spectra of the ITG-TEM mode in Cyclone base case plasmas 

(R0/Lti=6.92, ηi=3.12). Results obtained from gyrokinetic Poisson field solvers with a conventional long 

wavelength approximation (Taylor) and with a Pade approximation are compared. 

Figure 2. The ηi dependences of growth rate and frequency are plotted for the ITG-TEM mode (kinetic 

electrons) and the pure ITG mode (adiabatic electrons) in Cyclone base case plasmas (kθρi=0.275). 

case (see Fig.3), the growth rate spectrum of the ITG-like branch peaks at kθρi~0.3, but a trapped 
electron drive enhances the instability. In a high kθ region, the ITG-like branch is stabilized by the 
FLR effect, and the TEM-like branch becomes dominant. This high kθ region with kθρi>0.6 can 
not be analyzed by using a gyrokinetic Poisson equation with a long wavelength approximation, 
where a Taylor expansion is applied for the ion polarization density by assuming (kθρi)2<<1. On 
the other hand, a Pade approximation model [5], which is valid for kθρi>0.6, successfully captures 
high kθ modes. It is noted that a linear ITG-TEM benchmark among GT3D, GTC (a global 
gyrokinetic PIC code), and FULL (a local gyrokinetic ballooning code) is now going on, and 
these three codes show reasonably good agreements for eigenfrequencies [6]. 

Figure 2 shows the ηi dependence of the growth rate and frequency. In the adiabatic electron 
case, a critical ηi exists near ηi~2. On the other hand, in the kinetic electron case, a critical ηi 
disappears, and the ITG-TEM mode is destabilized by trapped electrons even at ηi=0. In a 
transition region near ηi~2.5, both the ITG-like and TEM-like branches coexist. 
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Figure 3. The growth rate and frequency spectra 

of the ITG mode with adiabatic electrons are 

calculated for Cyclone base case plasmas with 

FCM and FLM. 

Figure 4. Zonal flow damping tests in Cyclone 

base case plasmas with FCM and FLM. In the FCM

case, initial flows are damped, and the residual 

flow level agrees well with a R-H theory [7]. 

3. Dynamics of ITG driven zonal flows in plasmas with canonical Maxwellian distribution 
In most of gyrokinetic simulations, a local Maxwellian distribution FLM(Ψ,ε,µ) has been used as 

an approximate equilibrium solution. However, a gyrokinetic simulation based on a FLM model 
has following problems. First, in a FLM model, a variation of FLM along the unperturbed orbit is 
artificially ignored, and the conservation property of the system is lost. Second, according to the 
linear gyrokinetic equation in the canonical coordinates, (Pφ,θ,φ,ε,µ,α), 
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there is no linear driving effect on axisymmetric modes. But, if we replace FCM by FLM, we have 
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In a FLM model, the pressure gradient can drive axisymmetric modes through the second term in 
Eq.(2). For n≠0 modes, this spurious driving effect is just a higher order correction compared 
with the dominant driving effect in the first term, and the linear theory of micro-instabilities has 
been developed successfully based on a FLM model. However, for the axisymmetric perturbations, 
where the dominant driving term disappears, the spurious driving term can be more significant. 

In order to examine these points, we have performed the linear analysis of the ITG mode and 
zonal flow damping tests [7] in Cyclone base case plasmas with FCM and FLM. In Fig. 3, both the 
FCM and FLM cases give similar growth rate and frequency spectra, and both results agree well 
with the previous linear benchmark calculations [4]. On the other hand, in zonal flow damping 
tests (see Fig.4), the FCM and FLM cases show quite different behaviors. In the FCM case, zonal 
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Figure 5. The fluctuation field energy in ITG turbulence simulations for Cyclone base case plasmas 

with FCM and FLM. In the nonlinear phase, spurious zonal flow oscillations grow in the FLM case. 

flows are damped rapidly with m=1 damping oscillations and the residual zonal flow level agrees 
well with the theoretical prediction [7]. However, in the FLM case, spurious zonal flow 
oscillations are excited. This result is inconsistent with the linear gyrokinetic theory, which 
predicts no driving effect on axisymmetric perturbations including zonal flows. 
 Figure 5 shows the time history of the fluctuation field energy in ITG turbulence simulations. In 
the FLM case, zonal flow oscillations grow after the nonlinear saturation. On the other hand, in the 
FCM case, the zonal flow energy keeps a quasi-steady state. These zonal flow oscillations are 
often discussed as the geodesic acoustic mode (GAM). Since zonal flows are linearly stable, 
some nonlinear turbulent drive is needed to excite GAM. However, according to the saturation 
amplitude and the turbulent spectra in the initial saturation phase, such a nonlinear driving effect 
is expected to be almost the same in both cases. Thus, it is considered that zonal flow oscillations 
are excited by a spurious linear driving effect on zonal flows in plasmas with FLM. 
 
4.Summary 
GT3D results show that a new FCM model is essential for gyrokinetic simulations where zonal 
flows play a significant role. In the ITG-TEM calculations, it is confirmed that trapped electrons 
drastically change ion-scale micro-instabilities. In a future work, nonlinear ITG-TEM simulations 
will be addressed to study more realistic ion and electron anomalous transport processes. 
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Thermodynamic and Numerical Properties of a Gyrokinetic
Plasma∗

W. W. Lee
Princeton Plasma Physics Laboratory

Princeton, NJ 08543

The study of thermodynamic properties of a simulation plasmas has a long
history, since they are intrinsically related to the numerical schemes used for
the particle simulation. The effects on the simulation due to finite-size par-
ticle and the discovery of convective cells in magnetized plasmas are a few of
the examples in the past. In this paper, we will describe the thermodynamic
properties of a gyrokinetic plasma in terms of fluctuation-dissipation theo-
rem, entropy production, and energy conservation. Some of these issues have
also been addressed before. For example, the drastic noise reduction in an
electrostatic gyrokinetic simulation plasmas has been explained by the change
in the linear dielectric function.1 The decade old puzzle concerning the elec-
tron response in a finite β gyrokinetic plasma2 has recently been resolved,3

which leads to the formulation of the perturbative split-weight simulation
scheme.3 In view of the recent work on the relationship of compressional and
shear Alfvén waves between MHD and gyrokinetic descriptions,4 we will re-
view these properties and explore the possibility of simulating kinetic-MHD
physics via particle codes. The recent concern about energy conservation
in gyrokinetic particle codes and their use for transport time scale simula-
tion associated with entropy production and magnetic equilibria will also be
discussed.

∗ Work supported by US DoE.
1 J. A. Krommes, W. W. Lee and C. Oberman, Phys. Fluids 29 2421(1986).
2 J. A. Krommes, Phys. Rev. Lett. 70.3067 (1993); Phys. Fluids B 5, 2405
(1993).
3 W. W. Lee, J. L. V. Lewandowski, T. S. Hahm, and Z. Lin, Phys. Plasmas
8, 4435 (2001).
4 W. W. Lee and H. Qin, Phys. Plasmas (to appear).
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Abstract 
The paper describes the recent developments in the modeling of the ICRF heating process in the 
VASIMR plasma using the EMIR code.  The latest upgrade of the EMIR model involves a 
calculation of the parallel electric field component with a warm plasma conductivity model and 
considers the Doppler shift effect.  The code now gives a much more accurate and a more 
physical solution, but requires a more advanced solver.   
 
Mathematical model 
The EMIR code [1] is being applied to the simulation of plasma heating by electromagnetic 
waves in the Ion-Cyclotron Range of Frequencies (ICRF) [2] for the Variable Specific Impulse 
Magnetoplasma Rocket (VASIMR) [3].  In the EMIR code model, the RF electric field, E, and 
RF antenna current density, jANT, are expanded in a Fourier series along the azimuthal 
coordinate.  Harmonic time dependence is assumed as well as azimuthal symmetry of the 
equilibrium quantities, so that the fields and currents can be expanded into azimuthal modes 
as: ∑= −

m

tiim
m e)z,r()t,z,,r( ωφφ EE , where ω is RF frequency.  The RF fields are obtained by 

solving Maxwell’s equations, written in harmonic form.  The resulting equation for E is:  
ANT

22 i))/i()(c/( jjEE p ωµωεω −=++×∇×∇− .   (1) 
The plasma current density jP is related to the electric field by a collisional plasma 

conductivity tensor Ej ⋅= σ̂p .  Equation (1) can then be represented by a system of independent 
equations with respect to Em [4]: 

mm
22im

m
im iˆ)c/(ee jEKE ωµωφφ −=⋅+×∇×∇− − ,     (2) 
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 −
= ⊥

⊥

||00
0
0

ˆ

K
KiK
iKK

φ

φ

K , ⊥ and || denote, 

respectively, the direction perpendicular and parallel to the static magnetic field B0 in the (r, z) 
plane, and jm is the current density applied by an antenna.  The dielectric tensor in the cold 
plasma limit depends on the plasma density ni, on the vacuum magnetic field B0, and on the 
driving frequency ω as follows: ,)/(1K
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ωω  where the sums are over the electron and all the ion species.  The plasma 

frequency is defined by ),m~/(ne l0l
22

pl εω =  and the gyro-frequency is: l0cl m~/eB=ω .  RF 
absorption by the plasma is modeled by adding an imaginary part to the RF driving frequency, 
which is equivalent to adding an imaginary particle mass in the dielectric tensor elements: 

( ) ( )ωνα /i1mi1mm~ lllll +=+= .   
In the vacuum, the electric field satisfies divergence free condition: 0RF =⋅∇ E , that 

simplifies the equation (2) as following: 
    mm

22im
m

im iˆ)c/(ee jEKE ωµω∆ φφ −=⋅+− .    (3) 
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In the previous version of the EMIR code [1], the parallel component of the electric field 
was assumed to vanish, so the system of equations (2) was solved only for two components of 
the electric field with the shortest wavelength modes removed.  Also, a cold plasma conductivity 
model was used.  Originally the ME42 [5] direct solver was used for the numerical solution.  
More recently the implementation of an iterative solver, using Multigrid - Incomplete Cholesky 
Preconditioned Conjugate Gradient Squared method (ICCG) [6] demonstrated good convergence 
and high computational speed.   
 The latest upgrade of the EMIR model [7] includes the calculation of the parallel electric 
field, so the system of equations (2) is now solved for all three components.   Also, the plasma 
conductivity tensor is calculated considering the Doppler shift effect.  The kinetic dispersion 
relations for the “fast”, “slow” and “plasma” waves are solved [4], to introduce effects of the 
plasma flow velocity, electron and ion temperature on the conductivity in a reduced order 
calculation analogous to that used in [8]. 

 
Numerical solution 

A finite-difference approximation of the equations (2) and (3) reduces the problem to a 
large system of algebraic equations with a complex, ill-conditioned and non-symmetric matrix.  
With the improved version of EMIR, fast iterative solvers encounter convergence problems and a 
direct solver needs to be utilized.  A recently released a MUltifrontal Massively Parallel Sparse 
direct solver (MUMPS) [9] has demonstrated very high calculation speed, as shown in Figure 1.  
While the for the classic direct solvers of Gauss elimination type the dependence of CPU time 
vs. radial grid size NR goes like NR

4 (for 2D problems), the more advanced direct solver ME42 
has a CPU time dependence that goes like NR

2.8, while MUMPS, the best direct solver tried so 
far, goes like NR

2.5.  Note that a similar dependence appears in one of the best iterative solvers: 
ICCG. 

 
Figure 1:  Dependence of the CPU time as a function of the radial grid size NR. The direct solver 
MUMPS is much faster than older direct solver ME42.   
 

Figure 2 demonstrates the convergence of the EMIR solution as a function of the grid 
size and CPU time.  Numerical experiments show that the best convergence is observed when 
grid size ratio is about the domain dimensions ratio, i.e. when the grid step sizes are equal for 
both dimensions. 

18th International Conference on Numerical Simulation of Plasmas

232



 

 
Figure 2:  Convergence of the solution for two sets of meshes with NZ = NZ and NZ = 12 NR for the 
computational domain R x Z = (0,0.08) x (0, 1).  The best convergence is found when the mesh sizes are 
chosen to provide roughly a square cell, i.e., for the case when NZ = 12 NR. 
 

 
Figure 3:  Magnetic field configuration for the VASIMR experiment with the ICRF power absorption 
calculated by the EMIR4 code. BIC is the Ion Cyclotron resonance field.  Dashed vertical lines show 
boundary of the ICRF antenna.  The absorption power density has three major peaks.  The first peak, with 
10% of total power absorbed, indicates at the IC resonance upstream the plasma flow; the second peak 
indicates the cold ICRF resonance under the antenna.  Due to the Doppler shift, most power gets 
absorbed at a location in the plasma flow downstream from the cold resonance. 
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Conclusions 
The new EMIR model allows the simulation of wave-plasma interaction with increased physical 
accuracy.  As shown in Figure 3, the power density distribution vs. longitudinal coordinate (and 
therefore vs. magnetic field) features peaks that correspond to the original cold plasma ion 
cyclotron resonance plus an additional peak due to the Doppler shift. 

Further development of the EMIR code is focused on its parallelization and a 
development of a self-consistent code simulating the ICRF fields due to the EMIR and plasma 
density, flow velocity and plasma temperature from the VASIMR particle trajectory code [10]. 
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In this work the numerical modeling of the plasma cloud parameters expanding into 

rarefied ionosphere with geomagnetic field are presented. The turn-down of the initial 
energy is 19 2210 10÷ [erg] and the mass 6(0.3 1) 10M = ÷ × [G] agree with the well-known 
large-scale geophysical experiments "Àrgus" and "Starfish". The all plasma flow stages, up 
to several seconds, are considered by means of the developed three-dimensional numerical 
algorithm. 

The first gasdynamic radiation stage of plasma explosion was calculated on the basis 
of four spectral group’s diffusion approximation and 1D equations of gasdynamics in 
Lagrange variables by means of spherically symmetric homogeneous initial conditions. 

As a result of this calculation the basic plasma characteristics are received, namely: 
thermal and kinetic energy, velocity distribution and initial charge structure of the plasma. 
For the subsequent solution of the problem it is important to know the plasma energy part 
which transforms into the thermal radiation and remains in plasma. For spherically 
symmetric geometry and various initial concentrations it was shown that first of all this 
energy part depends on specific energy-release /q M , where q  is the  plasma energy and 
M   is the formed plasma mass (Fig.1). 

For times 510t −≥  [s] the intensive radiation energy exchange inside the plasma is not 
so essential and it is possible to consider that after 52 10t −≈ ×  [s] the inertial spread stage 
begins and the particles speed distribution and concentration are established, as well as the 
charge distribution and plasma ionicity are formed as a result of the nonequilibrium 
ionization - recombination processes. Namely, the plasma charge distribution determines the 
nature of the plasma - geomagnetic field and plasma - ionosphere interactions in the future. 

The main approach for this stage calculation was formulated in work [1]. The 
algorithm takes into account the plasma ionization and temperature nonequilibriums and lets 
to calculate the nonequilibrium line radiation. The all made calculations have shown, that 
during plasma explosion up to hundreds and more meters the plasma ionicity hardening 
takes place, however the plasma ionicity asymptotic value ∞α  essentially depends on the 
energy density Mq /  and the appreciable differences of the values ∞α  for the frontal and 
central plasma areas are observed. 

The inertial spread stage passes into the stage of plasma braking. For the case of 
plasma explosion in the magnetosphere this stage is determined by the geomagnetic field. 

The inertial spread stage calculations have shown that for the high initial plasma 
energy density ( 16/ 2.5 10q M ≥ × [erg/G]) the plasma ionicity 1>∞α  and the further 
interaction of the geomagnetic field and the partially ionized by the radiation rarefied air 
occurs with stripped plasma. Therefore one-speed MHD approach is applicable in this case. 
If the plasma ionicity becomes less the unity and there are significant amount as the neutrals 
as well as the ions, the analysis shows that for the correct description of the plasma – 
background system it is necessary to use five-speed approach: the plasma ions, the plasma 
neutrals, the background ions, the background neutrals and the electrons. Since the 
geomagnetic field interacts only with the charged components, therefore in MHD approach 
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the air ions interact with the compressed geomagnetic field on the plasma ions front do not 
penetrate deep into the plasma and generate a MHD wave before the plasma front. At the 
same time the background neutrals penetrate inside the expanding plasma. The geomagnetic 
field does not interact with the plasma neutrals also. So, during the plasma explosion up to 

3 20 40
4

MR
m
σ δ

π
≥ ⋅ ≈ ÷

⋅
[km] (where 0.3 0.5δ ≈ ÷  and 155 10σ −= × [ñm2]) the collisional 

interaction of the plasma ions and neutral will be uncapable to provide the speeds equality. 
The ions will be decelerated by the geomagnetic field, while the neutrals will be going on the 
large distances and forming their own perturbed region as a result of the collisions with the 
air molecules. 

With the plasma energy decreasing the plasma ionicity becomes much less the unity 
and at the same time the plasma braking radius by the geomagnetic field decreases. 
Therefore for such plasma energy it is possible to consider that the collisional interaction is 
capable to provide the applicability of the one-speed MHD approach during the all following 
plasma explosion. 

On Fig.2 the radial distribution of the main plasma parameters ( 194.2 10q = × [erg], 
610M = [G]) at the deceleration stage is shown at the different time moments. The plasma 

deceleration brings about the sharp density and temperature increase on the plasma periphery 
and the ion and electron temperatures differ up to four order inside the plasma ( 45 10eT −= ×  

[eV] and 82 10iT −= × [eV]) while on the plasma periphery they are approximately equal 
( 0.1e iT T≈ ≈ [eV]) because of the collisions. 

The calculations also have shown that at the early time moments ( 1t < [s]) the almost 
full extrusion of the magnetic field from plasma takes place by using the classical diffusion 
coefficient form. 

The later stage of plasma motion was considered on the basis of the three-dimensional 
numerical MHD model. The MHD equations was written down in the divergence form of 
one-speed and one-temperature approach by using eulerian coordinates.. The numerical 
method is based on the high order accuracy (second and higher) monotonic predictor-
corrector difference scheme. Since the strong discontinuities can be formed in the plasma 
flows, as a predictor was used the exact solution of Riemann problem like in Godunov’s 
scheme [2]. The corrector was taken in the characteristic-based form like in the scheme [3]. 

It was done the calculations of two strong explosions on the essentially different 
heights above ground level: 150 [km] and 1000 [km].  The calculations have shown that the 
disturbed region is essentially pulled out along the geomagnetic field and has the double 
structure. The interior consists of the plasma which pulls out the geomagnetic field and has 
the velocity vector directed mainly along the field and the exterior is formed by MHD-wave 
in the air. 

During the plasma dispersion at 1000 [km] height the initial plasma energy was 
comparatively small ( 19

0 4 10E ×∼ [erg]) and the geomagnetic field has defining influence on 
the disturbed region behavior along the whole length of its evolution. For these heights  

8
010AV u∼ ? [ñm/s] and the MHD wave spreads from plasma. The numerical simulations 

have shown that during the plasma deceleration by the geomagnetic field the very 
complicated velocity distribution spatial pattern is formed inside the plasma and under the 
determinate relation between the plasma speed and the external magnetic pressure it is 
possible the lateral plasma contraction. This lateral contraction does not lead to the plasma 
oscillations and results in the formation of two plasma clouds expanding in opposite 
directions along the geomagnetic field. 
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1. Introduction

A detailed understanding of plasma-wall interaction is of paramount importance in a large
number of problems of practical interest. This is hardly surprising, as any plasma created
in the laboratory needs to be confined by a material vessel. Besides, a large variety of
diagnostics are obtained with probes inserted into the plasma, thus exposing some solid
surface to the charged particles.

Perhaps the most important effect caused by the presence of a solid surface is the formation
of plasma sheaths. Indeed, ions and electrons hit the surface at very different rates,
roughly proportional to their thermal speeds (for equal temperatures, the electron thermal
speed is about forty times that of hydrogen ions). If the surface is an insulator, or kept
electrically isolated, a net charge develops on it and perturbs the ambient electric field,
temperature and plasma flow, as well as other crucial parameters. This perturbation of
the plasma, characterized by the presence of a distinct space charge, is called the Debye
sheath (DS). The DS is crucial in mediating the transition from the unperturbed plasma
to the wall, but cannot be directly connected to the unperturbed plasma. It must be
preceded by a quasineutral region, the presheath (PS), which is dominated by collisions
and/or ionization, whereas the DS is essentially collisionless (in more complex cases, the
presheath may also be determined by geometrical or magnetic effects). The role of the
presheath is to accelerate the ions to a critical velocity (typically, the acoustic velocity)
at the entrance of the DS (Bohm’s criterion).

2. Model

Numerical and analytical studies on plasma-wall interactions have frequently been per-
formed using fluid models for the ions, and assuming thermal equilibrium for the electrons
(see, for instance, Ref. [1]). Pioneering results with a kinetic model and particle-in-cell
(PIC) simulations were published by Chodura in the early eighties [2]. Chodura’s study
involved a tilted magnetic field making an angle with the surface, but neglected collisions
and ionization. In the present paper, we include collisional effects, though we restrict our-
selves to the case of an unmagnetized plasma (or a magnetic field normal to the surface,
which amounts to the same). Therefore, we are able to model the entire transition region,
from the unperturbed Maxwellian plasma to the wall surface.

The results are obtained in the kinetic regime using an Eulerian Vlasov code. Vlasov
codes, which solve the kinetic equation on a fixed phase-space grid, have become increas-
ingly popular in the fusion plasma physics community. Their main advantage is the lack of
random statistical noise inherent to PIC calculations, though they do require a somewhat
larger computational effort compared to their PIC counterparts.
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In order to model collisional effects, the Vlasov equation is supplemented with a collision
term of the Bhatnagar-Gross-Krook (BGK) type. This term models the relaxation of the
ion population towards the equilibrium Maxwellian fM(v) with a typical rate equal to ν.
It is perhaps the simplest possible type of collision integral, but it does capture the main
physical effects found in the sheaths [3]. In one dimension, the resulting kinetic equation
reads as:

∂fi

∂t
+

∂fi

∂x
− e

mi

∂φ

∂x

∂fi

∂v
= −ν (fi − fM) , (1)

where x is the co-ordinate normal to the wall. This is coupled to Poisson’s equation,
where the electron density is given by the Boltzmann relation and ni(x, t) =

∫
fi dv :

∂2φ

∂x2
= − e

ε0

[ni − n0 exp(eφ/Te)] . (2)

Appropriate boundary conditions are chosen. At x = 0 (position of the perfectly absorbing
wall) ions are allowed to leave the system, and no incoming flux exists; at x = L the
ion distribution is kept fixed and equal to that of the equilibrium plasma, with given
temperature T0, density n0, and possibly with a finite drift velocity u0.

In the present form, the BGK term on the r.h.s. of Eq. (1) does not conserve momentum
nor the total number of particles. It simply acts as a sink/source term, whose effect is to
reconstruct the equilibrium Maxwellian on a time scale of the order ν−1. For this reason,
we have dubbed it ”collision/ionization” term, though this term can model some quite
different physical situations, as we shall see shortly.

3. Results

3.1 Ion temperature measurements by RFA probes

Measurements of the ion temperature with probes are currently performed in tokamak
plasmas, though the accuracy of such measurements is sometimes difficult to assess, as the
probe itself can perturb the ambient plasma. In order to clarify this important issue, we
consider a surface plate (representing the probe) immersed in a magnetized plasma, with
the magnetic field normal to the surface. If the Larmor radius is much smaller than the
cross-field size of the probe L⊥, as is typically the case in a tokamak SOL, the cross-field
transport can be considered as being diffusive and described as a random migration of
ions across magnetic field lines.

As the parallel length of the presheath L‖ is long compared to L⊥, the study can be reduced
to a one-dimensional model in the parallel direction x incorporating cross-field transport
via the BGK term. In this case, the latter does not model collisions nor ionization, but
the migration of ions across magnetic field lines. We assume that this migration occurs, in
both directions, at a constant frequency ν = D⊥/L2

⊥, where D⊥ is the cross-field diffusion
coefficient.

Finally, in order to avoid describing the very thin Debye sheath, Poisson’s equation is
replaced with the quasi-neutrality condition:

ni = ne = n0 exp(eφ/Te) . (3)

This model has been used to interpret experimental measurements of the ion temperature
obtained with Retarding Field Analyzers (RFA) [4] . It is well-known that the presence
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of the RFA itself perturbs the ambient plasma, so that the measured ion distribution is
distorted with respect to the unperturbed one far from the probe. This is particularly
true in the presence of large plasma flows, frequently observed in a tokamak edge, which
induce upstream-downstream asymmetries in the probe measurements. Our numerical
calculations provide accurate results for the ion distribution function on both sides of the
probe, leading to a precise estimation of the ion temperature in the unperturbed plasma.
In particular, it is shown that, by taking the average of the two measurements on either
side of the probe, the estimation of the ion temperature can be greatly improved.

3.2 Low-pressure Argon plasma discharge

Secondly, the code has been used to study the dynamics of an unmagnetized Argon plasma
confined in a cylindrical chamber. In this configuration, the ion-neutral mean-free-path
is of the order of a few centimeters, smaller than the chamber size, so that collisional
effects must be taken into account. The equilibrium Maxwellian represents in this case
the neutral atoms distribution. The ion-ion and ion-electron mean-free-paths are much
longer, and thus these effects can be safely neglected. Only spatial variations along the
axial co-ordinate x are significant, so that the model becomes effectively one-dimensional.
The simulations resolve the entire plasma (which is 80 cm long), both on the Debye sheath
length scale (∼ 3 mm) and on the presheath scale (the ion-neutral mean-free-path ∼ 12
cm).

Our purpose is to interpret some experimental measures of the ion temperature obtained
by Laser Induced Fluorescence (LIF) [5], which is a non-destructive technique capable of
providing the entire ion velocity distribution. Measurements performed near (∼ 1 mm)
the outer plates at the bases of the cylinder have yielded values of Ti that are typically
an order of magnitude larger than those measured in the unperturbed plasma. This is
clearly an unrealistic result.

Our numerical calculations show that such an increase in Ti is an artefact caused by
the violent acceleration of the ions in the sheath that surrounds the plate [6]. As the
resolution of the experimental apparatus is of the order of 1 mm, the measured velocity
distribution is actually an average over a plasma volume that is ∼ 1 mm thick. Large
ion drift velocities towards the wall are thus incorrectly interpreted as a widening of the
distribution function, leading to an overestimation of the ion temperature.

With the help of our simulations, we have been able to explain this spurious result. Fur-
ther, we have developed a deconvolution technique that makes it possible to reconstruct
the correct temperature from the measured velocity distribution.
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1. Introduction
Recent interest in the laser fusion program is focused on the fast ignition scheme [1]. An

ultra-intense laser shone onto a compressed target produces a large number of relativistic
electrons at the critical surface, and the electrons penetrate overdense region to ignite the
compressed fuel. The key point of this scheme is whether the relativistic electron beam stably
flows in the overdense region, where electron density is much higher than the critical density.

Computer simulation of such relativistic electron beam transport in high density plasma is
one of tough issues. Resulting electric current by the electron flow is expected to reach the
order of 100 MA. In such a high current regime, magnetic field generation plays a key role to
determine the stability of the beam transport. Conventional computer simulations for laser
plasma implosion mainly rely upon a neutral single fluid model, which assumes that electrons
move perfectly with ions because of charge neutrality, while electron and ion temperature are
described separately because they are usually unequal due to a slow relaxation process.
However, describing the magnetic field generation requires an introduction of current flow, which
results from the relative motion between electrons and ions. In addition to that, the ultra-short
time scale does not allow ions to follow electron motion immediately. As a consequence, the
assumption of charge neutrality is no longer valid in the electron transport process.

PIC (Particle-In-Cell) codes are widely used to analyze such processes as from electron
production by strong laser at the critical surface to the transport in an overdense plasma [2-5].
Since, however, PIC code treats all microscopic processes, its grid spacing must be very fine, the
order of the Debye length, lD, and the time step must be taken as small as lD/c. As a result, it
is crucial for the large scale analysis of electron beam transport in high density plasma to develop
an alternative code whose grid spacing is not limited by the Debye length.

We will report here about our recent studies of the fast electron beam dynamics in overdense
region, which are analyzed by our newly developed three dimensional hybrid-Darwin code. Our
hybrid code treats the beam electrons and background electrons separately. Electrons forming
the fast electron beam are described as particles, which are calculated as PIC code and then all
kinetic properties of beam electrons are retained. On the other hand, the background plasma,
both electrons and ions are treated as fluid, and their fluid description reduces the required
memory space in comparison with PIC codes.

The other feature of our code is the use of the Darwin approximation for the electromagnetic
field calculation. The Darwin approximation neglects the displacement current due to the
transverse component of electric field, ET, (—⋅ET =0) in the Maxwell’s equation; as a result, it
automatically drops high frequency electromagnetic modes such as electromagnetic waves, while
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it keeps slow modes such as the Weibel instability, which plays a crucial role in a large current
propagation in the high density plasma. Our code uses RCIP (Rational CIP) scheme [6-7] in the
fluid advancing in order to analyze fine structure with a coarse mesh system in the background
plasma.

2. 3D evolution of a periodically loaded sold cylindrical electron beam
We have performed a simulation of the temporal evolution of a periodically loaded

cylindrical electron beam propagating in an overdense plasma using the hybrid Darwin code.
This problem is a 3D extension of our previous work which describes about the tearing and
merging process of electron beam [8].

Fig. 1. Temporal evolution of hot electron density in 3D code

Figures 1(a)-(d) show the temporal evolutions of hot electron density distribution on a cross
sectional area at Z=64. The boundary conditions are assumed to be periodic in all directions.
Here, wp0 t = (a) 0, (b) 50, (c) 70 and (d) 130, where w p0

2 = e2n0 e0me , which is determined by the

background ion density n0. The initial hot electron beam is uniformly flowing in the Z direction,
and its transverse profile is cylindrically flat-top, whose diameter is 111 D, where D is the grid
spacing. The peak hot electron density is set to be 0.1 n0, and the initial cold electron density is
determined to satisfy charge neutrality, nc+nh=n0. Ions are assumed to be immobile in the
simulation. In the figures, the darker region indicates the higher hot electron density. The size
of simulation region is 256D(X)¥256D(Y)¥128D(Z). The normalized collisionless skin depth,
c/wp0 =4D in the simulation. The initial average velocity of the hot electrons, <vz> is set to be
0.81c, and the initial flow velocity of cold electrons, ucz is determined so as to cancel the hot
electron current, ncucz+nh<vz>=0. When we take n0=1022 cm-3 (10 times of critical density for a
1 mm laser), then wp0

-1=0.177 fsec and D =1.32¥10-2 mm, and hence the diameter of the hot
electron beam is about 1.5 mm. Figures 1 (a)-(d) correspond to the real time, 0, 11.7, 14.3 and
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22.8 fsec, respectively. The initial temperatures of both hot and cold electrons are set to be
5 keV.

As shown in the variation from Fig. 1(a) to (b), it is found that the initial solid beam is
gradually pinched accompanying a growth of transverse density fluctuation. This growth is
caused by the two stream instability and the Weibel instability due to the initial two stream state.
Although our previous 2D simulation shows that the growth of transverse fluctuation results in
the formation of a hollow structure due to the Weibel instability, there is no such clear hollow
structure in the 3D case. This is because the longitudinal two stream instability develops
simultaneously and it prevents electrons from flowing uniformly in Z direction.

Fig. 1(c) to (d) show that the fluctuating beam gets merged into a large size beam, which
looks like a ring as shown in the 2D case. However, the final hot electron beam density is not so
high as in the 2D case. This means the cold electrons and hot electrons are not completely
separated. It is also found that the merged hot electron beam is not stable, and the maximum
density gradually decreases with time.

3. Development of a open boundary code
The simulation with periodic boundary condition can only analyze the short-time behavior

of the electron beam. Since there are no sources or sinks in the simulation, it can not maintain
the instability once after the electron beam scattered off. However, in the real situation, the
electron beam is continuously generated and supplied in the high density region during the ultra-
intense laser pulse. This means that the issue requires essentially open boundary condition and
a source of particles should be implemented in the code.

Before developing the next stage, open boundary hybrid-Darwin code, we have coded a
electromagnetic hybrid code with open boundary. One of the difficulty of such codes is how to
inject the beam into the high density background plasma. PIC code usually realizes such an
open boundary by means of placing vacuum regions on both sides of the plasma region. But,
the current code must simulate plasmas with high density, and then the artificial vacuum region
may cause some additional unexpected effects. To avoid the situation, we introduce a damping
region with fixed boundary on both sides so that the density of the plasma is fixed at the
boundary.

In order to simulate the beam injection problems, we also impose a uniform acceleration for
electrons in the damping region so that the electrons generated near one of the boundaries gain a
given speed at the end of the region. Figure 2(a)-(d) show a result. Here, the grid spacing is
the same as the previous section, but the mesh number is 128(X)x128(Y)x256(Z). Both
boundaries in X and Y directions are periodic and those in Z direction are open with the damping
region as described above. The accelerated electrons are 0.91c at the end of the acceleration
region, (Z=50 in the figure). The electron pulse is supposed to be stepwise and the total
duration is 12 fsec. As shown in the figure, electrons start near the left boundary
and are accelerated as moving to the right side. The electron density is set to be 0.1 n0, where n0

is the background electron density. As they flow, the solidly generated beam is gradually
changed into a hollow beam as shown in the periodic simulation. An interesting point is that the
hollow structure is collapsed into a single beam as shown in Fig2.(b), and the position of the
collapsed point does not move so much, while electrons keep moving to the right boundary as
shown in Figs.2(b)-(d). This means that the concentration of the hot electron beam makes a
cold electron evacuate from the path of the electron stream, and the hole region prevents electron
beam from streaming straight. Once after the beam passes beyond the region, the beam
becomes unstable and it expands widely.
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and it expands widely.

Figure 2. Temporal evolution of electron density for open boundary simulation

4. Conclusion
We are developing a hybrid-type simulation code which describes hot electron transport in

an overdense plasma. 3D hybrid-Darwin code shows that the initially solid-shaped electron
beam breaks up into small beamlets due to the Weibel instability and the two stream instability.
The beamlets attract each other and gather to form a large scale structure. However, such a
large scale structure is not stable and cannot be maintained so long time.

Our current work to construct a new open boundary code is still on the way. We intend to
reduce total memory consumption to perform long and large scale simulations by introducing
Darwin approximation or the implicit time advancing scheme.
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AND SATURATIONS OF CLASSICAL AND NEOCLASSICAL
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UMR-C7644 du Centre National de la Recherche Scientifique,

Ecole Polytechnique, F-91128 Palaiseau cedex, France

1 Physical context

Observations of Neoclassical Tearing Modes (NTM) in most of the tokamak experiments
made it obvious that the presence of these instabilities is detrimental for plasma confine-
ment. Therefore, their presence in a fusion plasma would be a serious obstacle. However,
NTM’s may be overcome by controlling their onset or by suppressing saturated modes with
external current drive systems. In order to predict this nonlinear dynamics in present and
future tokamaks such as ITER [1], existing experimental data are fitted with the generalized
Rutherford equation, which describes the time evolution of the island size of standard tearing
modes and NTM’s [2]. But Rutherford’s equation is incomplete at moment, which questions
the accuracy of extrapolations done for future tokamaks. In particular, the polarization cur-
rent contribution in the limit of small island sizes (important to predict the onset of NTM’s)
and the value of the logarithmic jump in the radial derivative of the radial magnetic field
∆′ in the nonlinear regime of the instability (important to predict the saturation width of
NTM magnetic islands) only are partially determined.

Removing these uncertainties requires more analytic developments and full toroidal nu-
merical simulations of tearing instabilities. In the past five years, we concentrated our work
in this field. Our full toroidal initial value code XTOR solving the resistive MHD equa-
tions was extended to include thermal transport and some neoclassical effects. It takes into
account the high anisotropy of the thermal transport in tokamak plasmas, and diffusion
coefficient approaching experimental values can be used numerically. In our simulations,
the only neoclassical effect taken into account is the so-called bootstrap current term, a
stabilising current density term proportional to the pressure gradient in Faraday’s equation.
Solving these equation with the XTOR code in ITER-like geometry led to the discovery of
a nonlinear stability threshold of standard tearing modes, both analytically and numerically
[3]. These nonlinear thresholds survive when neoclassical effects are included for NTM sim-
ulations with XTOR [4] (where the polarisation term is omitted). These simulations also
revealed that for small enough magnetic Reynolds numbers (typically S ≤ 106), NTM’s are
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linearly unstable. Last the simulation of the nonlinear saturation of NTM’s provided for the
first time an estimate of the nonlinear ∆′ of NTM’s by full toroidal simulations [5].

For the nonlinear simulation of classical and neoclassical tearing modes in experimentally
relevant conditions, rather extreme physical, numerical and hardware constraints must be
satisfied. The present work is a description of these constraints, with the numerical and/or
physical consequences when they are not respected. Of course, finding a solution to all these
problems led every time to numerical improvements of our XTOR code.

2 Constraints related to physics

The first strong constraints arise from the dynamics of tearing instabilities themselves. On
one hand, experimental tokamak plasmas have magnetic Reynolds numbers of S ≈ 109−1010.
On the other hand, standard tearing modes grow in the linear phase with growth rates
∝ S−3/5, and the radial layer width δ within which linear resistive effects are important are ∝
S−2/5 [6]. δ and S thus set a first difficulty which must be overcome by numerical simulations.
First, a reasonable mesh discretisation is required to resolve numerically the resistive layers.
Contrary to linear simulations where only local mesh densifications are required, for nonlinear
simulations one needs this grid resolution throughout the whole plasma. The principal reason
for this is that before its saturation, the tearing pumps nonlineary its toroidal harmonics,
thus generating many secondary resonant surfaces which must also be resolved accurately.
Second, the growth rates of standard tearing instabilities normalised with respect to τa are
typically a few 10−5 with S = 107 (τa is the toroidal Alfvén time). Therefore, in order to
reproduce completely the dynamics of a tearing instability, a time evolution scheme able to
track shear Alfvén modes accurately for over half a million τa must be used.

Fortunately, we have shown that the pure resistive MHD model is not complete enough
to describe the tearing dynamics in the small island limit in standard tokamak opera-
tion regimes. To get a correct picture of the dynamics in these regimes, thermal trans-
port must be included, because it dominates the pressure dynamics. We have shown that
in regimes where the pressure dynamics is dominated by thermal diffusion effects, the
important scale length involved in the tearing dynamics is the thermal diffusion length

Wc = 2
√

2
(
χ⊥/χ//

)1/4 √
rsR/(nss) rather than δ [3]. In Wc, the χ’s are taken perpendicular

and parallel to the local magnetic field, rs is the small radius of the resonant tearing, R is
the major axis of the torus, n the toroidal mode number of the instability and ss = rq′/q
is the magnetic shear at rs. For typical tokamak plasma parameters, Wc >> δ. Therefore,
the inclusion of thermal transport in the model solved by XTOR releaved somewhat the
constraint on the grid size. With a radial grid of 200-300 points, the results indeed already
are well converged with XTOR.

Two quantities now determine the operation regime where linearly stable and nonlinearly
unstable tearing modes can be observed. First, Wc must be significantly smaller than the
saturation width of the tearing magnetic island. For standard tearing modes (for which
∆′ > 0), a polynomial estimate gives Wc < 0.3wsat, which is verified if χ///χ⊥ ≥ 109.
However, in order to be in the regime where the thermal diffusion is dominant in the pressure
dynamics, i.e. δ << Wc, and to observe a clearly nonlinearly unstable regime, S ≥ 107 is
necessary. Already with χ///χ⊥ ≥ 109 and S = 106, δ is large enough compared to Wc to
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break this dominance, and the nonlinearly unstable region is very small.
For NTM’s (for which ∆′ < 0), the situation is different because we have shown that

e.g. with standard equilibria from the ITER database, the NTM’s become linearly unstable
when typically S ≤ 106. The linearly stable and nonlinearly unstable regime observed in
tokamaks can be reproduced numerically if S ≥ 107. For NTM’s, the value of Wc is less
restrictive. For example, in a parametric study to determine the critical magnetic island
size for the nonlinear destabilisation of NTM’s, we worked with both χ///χ⊥ = 6.25.106 and
χ///χ⊥ = 108 [4].

3 Constraints related to numerics

The XTOR code uses a split time advance method. Every time step consists of 3 substeps,
i.e. an ideal MHD time advance with a semi-implicit method for the velocity field combined
with a predictor-corrector method for the magnetic field and the pressure or the density
and the temperature fields. Second, a semi-implicit time advance for the resistive part of
Faraday’s equation. And last a full implicit time advance for the thermal diffusion terms in
the pressure or the temperature equation.

The time stepping method used in the actual version of the XTOR code for the ideal MHD
is different from its ancestor [7], but it still is submitted to the same numerical constraints.
As a numerically stabilising operator for the semi-implicit ideal MHD advance, XTOR uses
G = ∆t2L0+c∇2, where L0 is the complete linear ideal MHD operator. The major advantage
of this scheme is that it damps selectively the fast Alfvén modes and leaves to shear Alfvén
modes unaffected. For linear ideal MHD stability, the code is fully implicit. The c∇2

therefore only serves for the stabilisation of the contribution to the velocity field which
departs from the linear evolution. Thus, the constant c can be kept small in all simulations,
and its effect on the dynamics is small. However, it sets the main time step limitation
constraint in the code, because for numerical stability (∆tδB)2 ≤ c must be satisfied, (δB
is the magnetic field perturbation). There is also a CFL limitation on the velocity coming
from the explicit treatment of velocity convection term in the equation of motion. But for
tearing instabilities, it is not as severe as the preceding numerical stability condition.

The main advantage of the semi-implicit method is that G is only constructed and in-
verted once. One time step then only requires a forward and a backward substitution on the
velocity field, which is not very expensive in computer time. Usually in a complete nonlinear
simulation of a tearing mode, XTOR runs with time steps of 10 − 20τa in the linear phase
of the instabilities. In the nonlinear phase, the time limiting condition on δB screws down
the time step to 1 − 5τa. A full nonlinear simulation of a tearing instability with S = 107

then typically takes about 1− 5.105 time steps.
The thermal diffusion term in the pressure or the temperature evolution equation is

treated with a preconditioned conjugate gradient method. In the linear phase, it requires
1-3 iterations to converge. When stochastic zones appear in the magnetic field, convergence
occurs in about 50-150 iterations. The advantage of this method is that no time step limi-
tation exists. However, it is very sensitive to the quality of the preconditioning, and it took
us a certain time to work out an efficient and cheap (in terms of cpu) preconditioner.
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4 Constraints related to hardware

Hardware limits can not be ignored at moment in tridimensional simulations of tearing
instabilities. XTOR is well vectorised, but no effort was invested for its parallelisation
because it is a difficult task. For our simulations, we use a NEC-SX5 with 46 nodes, which is
shared by a few hundred heavy users in the CNRS. Therefore, a maximum of a few thousand
cpu hours per year are available for a limited number of users. For a typical nonlinear tearing
simulation with S = 107, 12 to 24 cpu hours are required. This allows parametric studies
with a maximum of about 100 cases per years, which is reasonable with the physics included
in the actual version of XTOR. It is evident that if more physics is added in the code, this
does not hold anymore.

It is interesting however to remark that it is already possible to execute medium sized
cases on workstation. Most probably within the next 3 years, it will be possible to run
large cases on the same kind of computers. In that case, a grape of workstations will be an
interesting alternative to a centralised machine like our NEC for parametric studies. It has
also the advantage that no more long distance data transfers are required to work out the
results at a graphical front end station.
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It is now generally accepted that two-dimensional magnetic reconnection can occur at rates that 

substantially exceed those predicted by the classical Sweet-Parker theory.1 Significant progress 
has been made in recent years in advancing the theoretical understanding of this fast magnetic 
reconnection. There remain, however, two competing paradigms for its explanation. One invokes 
enhanced “anomalous” resistivity and the geometrical effects that follow from it. This picture 
aims to explain the accelerated reconnection within the bounds of the resistive 
magnetohydrodynamic (MHD) theory. It is a dissipative model in which a mechanism is invoked 
to elevate the resistivity in the reconnection current sheet to several times the Spitzer value.2 The 
challenge of explaining fast reconnection in extremely high Lundquist number regimes such as 
the solar corona has led to an alternate, collisionless model. Critical to this model are finite 
gyroradius and electron inertia effects beyond the scope of MHD (but generally capable of being 
incorporated into extended MHD fluid models). These new terms in the equations can produce 
rapid reconnection flow rates that are essentially independent of the resistivity.3 

In the resistive MHD picture, a plasma undergoing reconnection is characterized by a spatial 
separation into two regions: an outer, “ideal” region in which magnetic field gradients are small 
and the evolution of the plasma is well approximated by the non-dissipative equations of ideal 
MHD; and an inner, diffusion region in which the magnetic field reverses direction over a short 
distance, resulting in a high current density and necessitating the inclusion of one or more non-
ideal terms that become important where spatial gradients are steep. In the extended MHD model 
used to explain collisionless reconnection, there is a third spatial scale, an inner region within the 
current sheet where the ions are unmagnetized and the governing equations are those of electron 
MHD. 

The numerical difficulties associated with these widely discrepant spatial scales   the separate 
regions can vary in thickness and thus in resolution needed by several orders of magnitude   are 
exacerbated by the presence of a number of different time scales in the problem as well. While it 
is often desirable to follow the evolution of the system out to a resistive time, it is necessary to 
resolve scales down to an Alfvén transit time, which is faster by a factor of the Lundquist 
number, typically many orders of magnitude. In the extended MHD treatment, the governing 
electron MHD equations bring whistler physics into play as well. Resolving whistler wave time 
scales is especially challenging, because their maximum phase velocity varies inversely with the 
mesh spacing. 

Two numerical approaches are in common use for addressing these separations of scales. One 
is to restrict attention to the diffusion region only.4 This has the advantage of allowing very 
efficient solutions, but the disadvantage of requiring the specification of boundary conditions for 
the plasma inflow and outflow rates. The second approach5 is to model the global plasma using 
the equations of reduced MHD, which contain a greatly reduced number of time advancement 
variables and timescales. This avoids the boundary condition difficulty but omits a number of 
potentially important physical effects. 

Ideally, one would like to model the global reconnecting plasma using a complete set of 
compressible MHD equations on a mesh fine enough to resolve the details of the inner 
reconnection region. The algorithm I will describe does this, solving the two-fluid MHD 
equations in two dimensions to time-evolve a model system for magnetic reconnection consisting 
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of merging spheromaks or flux tubes with varying relative helicities. Efficient parallelization and 
non-uniform mesh spacing allow it to solve for the global plasma accurately while 
simultaneously providing high resolution of the fine structures within the current sheet. 

The complete set of two-fluid equations solved are the continuity equation: 

 ( ) 0
t
ρ ρ∂ + ∇ ⋅ =

∂
v  (1.1) 

the momentum equation: 

 2
Hp

t
ρ ν∂ + ⋅ ∇ = × − ∇ + ∇ + ∂ 

v
v v J B v M  (1.2) 

the low-frequency Maxwell’s equations: 

 
t

∂ = −∇ ×
∂
B

E  (1.3) 

 = ∇ ×J B  (1.4) 
 0∇ ⋅ =B  (1.5) 

the generalized Ohm’s law: 

 H

p
ne

η × − ∇+ × = + +J B
E v B J R  (1.6) 

 
and the separate electron and ion pressure equations: 
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Here ρ  is the mass density, /e ne= −v v J  is the electron fluid velocity, e ip p p= +  is the sum 
of the electron and ion fluid pressures, ν  is a scalar viscosity, η  is a scalar resistivity, ,e iκ  are 
scalar thermal conductivities, and Q represents the transfer of heat between the two species as 
specified by Braginskii. The terms 4

H ∝ −∇M v  and 2
H ∝ −∇R J  are fourth-order dissipative 

terms added to the momentum and Ohm's law equations respectively to provide small artificial 
hyper-viscosity and hyper-resistivity that prove necessary to damp out grid-scale oscillations 
associated with the whistler mode. (Scaling studies have been conducted on these terms to ensure 
that their inclusion does not significantly alter the physics of the problem). 

The algorithm functions, with minor differences, in both cylindrical and Cartesian geometries. 
The magnetic field is represented by flux functions ψ  and g, where 

 gφ ψ φ= ∇ × ∇ + ∇B , (1.9) 
a general representation for a divergence-free axisymmetric field. The fluid velocity is evolved 
using the primitive variables vR, vφ, and vz. Conducting wall boundary conditions are imposed at 
all boundaries of the rectangular domain. 

In order to resolve all spatial scales in the problem, we vary the spacing of the (structured, 
rectangular) mesh. For the systems under consideration here, the inherent symmetry makes it 
possible to predict in advance the location and orientation of the current sheet where the highest 
resolution will be needed: it will be a horizontal line at the midplane of the problem domain. This 
makes it possible to use a scheme in which a particular spatially varying mesh spacing is chosen 
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at the beginning of a simulation and then left constant over the course of the run. Since less fine 
structure is expected in the R̂  direction than perpendicular to it, a relatively coarse uniform mesh 
(about 100 zones across) is imposed in that direction. In the ẑ  direction, the mesh has fine 
uniform spacing in the center and coarse uniform spacing in the ideal region, joined together by a 
patch in which the spacing increases by 1% per zone   on the order of 1,000 zones in total. 

An Alternating-Direction-Implicit (ADI) algorithm is used in order to guarantee numerical 
stability despite the presence of whistler waves. During the first half of each time step, the 
domain is decomposed one-dimensionally across the processors such that each contains several 
entire rows. The equations are then advanced by 0.5δt treating derivatives with respect to R 
implicitly. Each direct linear solve is therefore confined to a single processor and is restricted to 
a sparse matrix ~100 elements on a side. For the second half time step, the data is transposed 
across processors so that a new domain decomposition is achieved with each processor 
containing entire columns. Derivatives with respect to z are treated implicitly in this half-step. 
The data points are transposed back, and the process repeats. 

The initial conditions represent, in a somewhat idealized way, laboratory experiments such as 
MRX6 that were designed to investigate magnetic reconnection in the context of merging 
spheromaks. They consist of a pair of spheromaks (in the cylindrical geometry case) or straight 
flux cylinders (in the Cartesian case) with parallel out-of-plane currents that tend to draw them 
together. A third flux tube with oppositely directed out-of-plane current is initially inserted 
between the two that are to reconnect in order to provide an initial equilibrium. An analytic 
description of this three-island equilibrium determines the initial state of the plasma. To initiate 
merging, the central island is destroyed rapidly by applying an artificially elevated resistivity to 
the region it occupies. (This resistivity is dependent on the sign of ψ, which is positive for the 
central island and negative for the other two). Once the central island has vanished, which takes 
less than a single Alfvén time, the other two islands begin to coalesce under conditions of 
constant resistivity. 

Three different models of the reconnection process are considered. The first and simplest 
consists of the single-fluid subset of the two-fluid equations, i.e., resistive MHD. In this 
relatively well-understood regime, the Sweet-Parker model is expected to apply, so it serves as a 
useful benchmark for the code. In the collisional reconnection model, we add to the single-fluid 
equations an “anomalous”, current-dependent resistivity inspired by models of ion acoustic 
turbulence. η is small and constant in regions where the out-of-plane current density Jφ is smaller 
than a critical value and increases linearly with Jφ as it exceeds that value. Finally, in the 
collisionless model we apply the full two-fluid equations (without additional resistivity) to the 
reconnection problem. In each case the quantity of greatest interest is the power-law dependence 
of the reconnection rate on η  (and, in the anomalous resistivity case, on Jcrit). 

The results support and extend conclusions reached based on previous analytic and local or 
reduced numerical studies. Sweet-Parker reconnection, with its long, flat current sheet, is the 
correct result for two-dimensional constant-resistivity single-fluid MHD at moderate Lundquist 
numbers (Fig. 1a). At higher S, tearing instabilities set in and resistive MHD reconnection 
becomes slow or patchy. Standard resistive MHD is therefore inadequate for explaining fast 
reconnection. 

In the presence of high, current-dependent resistivity within the MHD model, the X-point tends 
to open up (Fig. 1b) and a different scaling is observed: the reconnection rate is here proportional 
to 1/ 3

critJ − . Due to the field-line-bending effects of the resistivity gradient, this can be significantly 
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higher than the rate predicted by the Sweet-Parker model, even taking the higher resistivity into 
account. 

The results of the two-fluid study bear out claims previously made about collisionless 
reconnection mechanisms based on reduced equation or boundary layer studies. Reconnection in 
this regime is rapid and independent of the plasma resistivity. The current sheet exhibits fine 
structures that differ qualitatively from those in the other two models (Fig. 1c), and the out-of-
plane magnetic field in the diffusion region develops a distinctive quadrupole structure. 
Simulations aimed at modeling bulk plasma phenomena on resistive time scales must include 
two-fluid effects to predict reconnection rates accurately. These will be important whenever the 
ion skin depth is comparable to or larger than the characteristic thickness of the reconnection 
region. 

 
Figure 1: Typical out-of-plane current densities near the X point during quasi-steady-state 2-D 
reconnection. Here η0=10-4 for all cases. (a) MHD. (b) Anomalous resistivity, Jcrit=132. (c) Two-fluid 
effects, χ=2.3×10-2. 
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1 Introduction

Self-Organization in a two-fluid plasma has been studied by nolinear 3D sim-
ulation. The theory[1] predicts creation of the “double Beltrami (DB) field”
given by the coupling of a magnetic and flow fields. The Hall term in the two-
fluid model leads to a singular perturbation that enables the formation of an
equilibrim giben by the a pair of two different Beltrami fields. The DB states
can span a richer set of plasma conditions than the single Beltrami states (the
Taylor states[2]).

2 Theoretical Background

2.1 Double Beltrami Equilibrium

In an incompressible two-fluid model, the macroscopic evolution equations of
a plasma can be casted into the coupled vortex equations,

∂

∂t
ωj −∇× (U j × ωj) = 0 (j = 1, 2) (1)

1 Supported by Research Fellowship of the Japan Society for the Promotion of
Science (JSPS) for Young Scientists
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written in terms of a pair of generalized vorticities and the corresponding
flows,

ω1 = B, ω2 = B + ε∇× V ,

U 1 = V − ε∇×B, U 2 = V ,
(2)

where B is the magnetic field, V is the ion flow velocity, and ε ≡ λ/L (λ:
ion collisionless skin depth, L: system size). The simplest equilibrium solution
to (1) is given by the “Beltrami condition”, i.e., by alignment of the vortici-
ties along the corresponding flows (ω ‖ U ). For constants a, b, the Beltrami
condition translate into a system of simultaneous linear equations in B and
V ,

B = a(V −∇×B), B +∇× V = bV . (3)

Combining two equations yields a second-order partial differential equation,

∇×∇× u + (b− 1/a)∇× u + (1− b/a)u = 0, (4)

where u = B or V . The general Solution to (4) is given by a linear combination
of two Beltrami fields,

B = C+G+ + C−G−, V = D+G+ + D−G−, (5)

where G± are the Beltrami function satisfying (curl−λ±)G± = 0, and C±, D±
are constants.

2.2 Variational Principle

The self-organization process of plasmas into relaxed states may be discussed
in terms of variational principles. Taylor conjectured that minimizing the mag-
netic energy under the constraint of the magnetic helicity conservation may
yield the force-free relaxed state (Taylor state). A selective decay process that
one of the constants of motion in ideal limit decays faster than the others
enables such a variation principle. By analogy with the single fluid case, a
variational principle in the two-fluid MHD may be constructed by the follow-
ing global invariants,

E =
1

2

∫
(B2 + V 2)dx, (6)

H1 =
1

2

∫
A ·Bdx, (7)

H2 =
1

2

∫
(A + εV ) · (B + ε∇× V )dx, (8)

representing the total energy of the system, the magnetic helicity, and the
generalized helicity of the generalized vorticity.
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The variational principle that the total energy[3] or the generalized enstro-
phy[4],

F =
1

2

∫
|∇ × (A + εV )|2dx, (9)

are minimized with above constraints are suggested.

3 Numerical Simulation

We consider a compressible, dissipative Hall-MHD plasma. The equations to
be solved are as follows,

∂ρ

∂t
=−∇ · (ρV ), (10)

∂(ρV )

∂t
=−∇ · (ρV V )−∇pi + (∇×B)×B +∇ ·Π, (11)

∇ ·Π =
1

Re

(∇2V +
1

3
∇(∇ · V )), (12)

∂B

∂t
=∇×

[
V ×B − ε

ρ
((∇×B)×B −∇pe)− 1

Rm

∇×B

]
, (13)

∂p

∂t
=−(V · ∇)p− γp∇ · V

+
1

Re

|∇ × V |2 +
4

3Re

(∇ · V )2 +
1

Rm

|∇ ×B|2, (14)

where Re, Rm are the Reynolds number and the Magnetic Reynolds number,
and γ is the ratio of the specific heat. The quasi-neutrality ρ = ρi = ρe, and
p = pe = pi are assumed. The equations are solved by the finite difference
and the Runge-Kutta-Gill methods in a 3 dimensional rectangular domain
[−a, a]×[−a, a]×[0, 2πR]. The boundary conditions are periodic in z direction,
and rigid perfect conductor in x, y direction,

n ·B = 0, n× (∇×B) = 0, v = 0. (15)

We assume a 2D force free equilibrium as an initial condition to compare with
the single fluid case[5].

Figure 1 shows isosurfaces of the relaxed toroidal magnetic field of the simula-
tion run for Rm = 10−4,Re = 5× 10−3, and the aspect ration 2πR/2a = 3. We
see that, compared with the single fluid case (a), fine structures are imposed
on global modes in the two-fluid case (b). Due to the small scale structure, dis-
sipation is enhanced to decrease the magnetic helicity faster than the case (a),
and created less twisted global mode. Variational principles in the two-fluid
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system will be discussed.

(a) ε=0 (b) ε=0.1

t/tA=t/tA=

Fig. 1. Isosurfaces of the toroidal magnetic field.

4 Summary

We have developed the code to solve the Hall-MHD equations in a 3D rectan-
gular domain. We obtained from the Hall-MHD simulations that the relaxed
state constitute of two different spatial scale structures. The scale separation
indicates the creation of the double Beltrami equilibrium led by two fluid
effect.
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Abstract

The numerical simulation of the driving beams in a heavy ion fusion power plant is a
challenging task, and, despite rapid progress in computer power, one must consider the use of
the most advanced numerical techniques. One of the difficulties of these simulations resides
in the disparity of scales in time and in space which must be resolved. When these disparities
are in distinctive zones of the simulation region, a method which has proven to be effective
in other areas (e.g. fluid dynamics simulations) is the mesh refinement technique. We will
discuss the challenges posed by the implementation of this technique into plasma simulations.
A collaboration project is under way to couple the Adaptive-Mesh-Refinement and the Particle-
In-Cell techniques. We will describe our progress and present our initial findings.

1 Introduction

Numerical simulations of ion beam transport in a Heavy Ion Fusion (HIF) [1] accelerator and
reaction chamber currrently model different stages of the process separately. A completely self-
consistent treatment, which is ultimately needed, requires an end-to-end simulation from the ion
source to the fusion target. This represents a real challenge, even extrapolating near-future com-
puter power, and we must consider the use of the most advanced numerical techniques. One of the
difficulties of these simulations resides in the disparity of scales in time and in space which must
be resolved. When these disparities are in distinctive zones of the simulation region, a method
which has proven to be effective in other areas (e.g. fluid dynamics simulations) is the Adaptive-
Mesh-Refinement (AMR) technique. We have begun the exploration of introducing this technique
into the Particle-In-Cell (or PIC) method. A collaboration between HIF and NERSC researchers
was initiated to develop an AMR library of subroutines [2] targeted at providing AMR capabilities
for existing plasma PIC simulation codes [3].

2 The mesh refinement method

The Mesh Refinement method (MR) is a technique for refining certain regions of the physical do-
main in a grid-based calculation. MR serves as a “numerical microscope”, allowing researchers to
“zoom in” on the specific regions of a problem where resolution is most important to its solution.
Rather than requiring that the whole calculation have the same spatial resolution, MR allows dif-
ferent resolution in different regions of the problem. Areas of interest are covered with a finer mesh
than the surrounding regions; for time-dependent problems, the finer meshes are also in general
advanced with a smaller time step. The avoidance of having to perform the entire calculation at the

1Work performed for USDOE under Contracts DE-AC03-76F00098 at UC-LBNL and W-7405-ENG-48 at UC-
LLNL.
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finest resolution makes possible the solution of a wider range of problems. If the areas of the phys-
ical domain that need refinement evolve, an automatic redistribution of the refinement becomes
necessary as the simulation unfolds; this is known as Adaptive Mesh Refinement (AMR).

3 Application to Particle-In-Cell plasma simulation

The application of the mesh refinement technique to PIC plasma simulation needs special care
in order to avoid the introduction of spurious effects into the model, or at least to minimize them.
Some implementations of AMR may violate conservation laws and/or introduce non-physical non-
linearities. Also, the use of AMR introduces a spurious force that may potentially alter the particle
motion to an unacceptable level.

3.1 Gauss theorem and field non-linearities

Several methods can be envisioned to couple a fine grid and the coarser grid in which it is enclosed;
we considered two of them. Considering a grid (denoted the “coarse” grid) and its refinement patch
(denoted the “fine” grid), the first method consists in solving the Poisson equation on the coarse
grid first, ignoring the presence of the patch, and then solving on the patch alone by using Dirichlet
boundary condition derived by interpolation of the solution of the coarse grid.

Another method, which is the default in the Chombo package [2], consists of iterating the solu-
tion back and forth between the patch and its “mother” grid. After one iteration loop on the coarse
grid, values on the fine grid are interpolated from the coarse grid solution. Then, a specified num-
ber of iterations are performed in the fine grid and the fine and coarse grid solutions are reconciled
during a “synchronization” step which consists in enforcing the fine grid solution on the coarse
grid nodes located inside the fine grid patch. This procedure is iterated until convergence. For both
methods, a recurrence is applied to solve on a more elaborate hierarchy of grids.

While the second method has been shown to be of higher order in accuracy, it violates a dis-
crete version of Gauss’ Law under a nodal implementation and modifies the coarse grid solution,
eventually introducing otherwise non-present non-linearities into that solution. These two effects
may be issues for accelerator modeling. Both methods are being implemented in Chombo and are
being tested and compared.

3.2 Spurious self-force on macroparticles

One cornerstone of PIC modeling consists of defining the charge deposition (from macroparticles
to the grid) and field gathering (from the grid to the macroparticles) in such a way to avoid gener-
ating spurious self-forces. However, we show that the introduction of mesh refinement does create
a spurious image of a particle at the interface between a coarse and a fine grid refinement patch.
We have investigated the effect with regard to the two implementations presented in the previous
subsection and explored techniques to mitigate its consequences.

4 Development of the WARP-Chombo package

A nodal implementation of a multigrid AMR solver for the Poisson equation using Shortley-Weller
(“cut cell”) discretization of the Laplacian operator (to account for internal boundaries at subcell
resolution) has been developed in Chombo. In our configuration, a library containing Chombo’s
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executable routines is provided to the WARP linker which merges the two packages together. Ap-
propriate calls to Chombo routines are made by WARP FORTRAN’s routines which are triggered
by a flag which is set by the user in WARP’s Python script interface. For specialized use, some of
the Chombo routines, such as its AMR Poisson solver, are callable directly from WARP’s Python
interface.

5 Examples of PIC-AMR simulations

We present results from Particle-In-Cell simulations (some already presented in [4] and [5]) using
both mesh refinement and adaptive mesh refinement in 1-D and 2-D axisymmetric (RZ) which
demonstrate the effectiveness of the method on realistic problems. The 1-D example shows how
a combination of fixed irregular refinement patch and adaptive refinement patch can be used to
model fast-rise time diodes. The result is readily applicable in 2-D and 3-D. The 2-D axisymmetric
example demonstrates the usefulness of mesh refinement for resolving beam edges in diode flows,
and the importance of doing so with respect to measures such as beam emittance, phase-space
projections and charge density (Fig. 1). In this example, the use of AMR resulted in a reduction of
a factor of 4 in computing time.

6 Conclusion

We discuss the benefits of the coupling of the AMR and the Particle-In-Cell techniques, as well
as the difficulties that arise in its application to plasma and accelerator modeling. We present the
ongoing effort of coupling an existing AMR package with the PIC code WARP and show that a
significant reduction factor can be obtained in the computer-time cost of simulating a key element
of an HIF system. We conclude from this study that the introduction of the AMR technique into
beam and plasma simulations offers the potential of more efficient calculations.
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Figure 1: a) 3-D rendering of HCX injector simulation (hifweb.lbl.gov/public/movies/hcx.mov);
b) color contour plot of electric potential with triode structure (blue) and beam (red); c) schematic
of gridding when using AMR: the emitting area and the beam edge are covered with a finer grid;
d) beam rms emittance as a function of z: the emittance converges downward with increasing
resolution; e-f) phase-space r-r’ projection of beam at z=39cm (high. res., med. res. + AMR); g-h)
charge density as a function of radius at z=39cm (high. res., med. res. + AMR)
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Introduction: The most expensive step in a Lagrangian plasma simulation is the self-consistent
computation of the force on each particle. In a system of charged particles x̄i = (xi, yi)

T , the
electrostatic force Fi on particle i due to all the other particles is given by

Fi = qi

N
∑

j=1 , j 6=i

qj (−∇G(x̄i, x̄j)) , (1)

where qi is the charge on particle i, G(x̄i, x̄j) is the Coulomb potential at particle i due to particle j,
and N is the number of particles. Since the sum must be computed for each particle in the system,
the direct calculation is an O(N 2) process which is prohibitively expensive when N is large, as
often occurs in systems of practical interest. Particle-in-cell (PIC) methods reduce the computa-
tional cost of the force calculation to O(N log N) by solving a Poisson equation for the electro-
static potential on a regular grid [1]. Treecode (TC) algorithms represent a grid-free O(N log N)
alternative in which the particles are grouped into a hierarchy of clusters and the particle-cluster
interactions are evaluated using a multipole approximation [2,3]. Previous researchers have con-
cluded that the TC approach is very effective for spatially periodic or unbounded plasma domains,
but that the method is too difficult or impractical for bounded domains [4]. On the other hand,
Lagrangian particle methods have been successfully applied to incompressible fluid dynamics on
bounded domains by employing boundary integral techniques (also called panel methods) to sat-
isfy the relevant boundary conditions [5].

In the present work we combine a TC approach with a boundary integral technique to com-
pute the electrostatic particle forces in a plasma confined to a bounded domain with conducting
walls. The particle-cluster interactions are evaluated using multi-dimensional Taylor expansions
in Cartesian coordinates and the necessary Taylor coefficients are evaluated using a recurrence
relation [6]. First the method is described and then it is applied to study the dynamical behavior
of a confined electron column in a Penning-Malmberg trap. This system was chosen as a test case
because it is accurately modeled by the Vlasov-Poisson equations, and has been previously stud-
ied numerically via a PIC simulation and experimentally [7]. We explore the relative advantages
and disadvantages of the TC versus the PIC simulation in terms of efficiency, stability, accuracy,
and ease of implementation in the context of the confined electron column.

Penning-Malmberg Trap: The Penning-Malmberg trap is a device for confining a single
species electron plasma. The trap consists of an evacuated conducting cylinder, which is grounded,
a uniform axial magnetic field and negative voltage applied at either end of the chamber. The
electrons are confined in both the radial and axial directions by the magnetic and electric fields,
respectively [7,8] . In reference [8], the device was used to confine an electron plasma with a
density of n ∼ 107 cm−3. The diameter of the trap was 7 cm and the applied magnetic field and
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end cap potentials were B ∼ 1 tesla and V ∼ 50 volts. Under these conditions, the time it takes
an electron to complete one bounce along the field lines is approximately 1µs while the rotation
frequency due to the E × B force is approximately 104 Hz. Hence, the electrons behave like line
charges rotating under the action of an E×B force and it is reasonable to assume that the plasma
dynamics are well described by a 2D electrostatic model [8].

Electrostatic Field Solver: Since the electric field is modelled as static, we have E = −∇Φ,
where Φ(x̄) is the solution of the Poisson equation

ε04Φ(x̄) = qn(x̄), Φ(x̄) = f(x̄) for x̄ ∈ ∂Ω (2)

on a domain Ω with boundary ∂Ω. The solution to equation (2) is expressed as Φ = ΦP + ΦH ,
where ΦP is a particular solution and ΦH is the appropriate homogeneous solution. For an N
particle system, we take ΦP (x̄) = ε−1

0

∑N
j=1

qjG(x̄, x̄j), where G(x̄, x̄j) is the free-space Green’s
function. To satisfy the boundary conditions, the homogeneous solution is chosen to satisfy

ε04ΦH(x̄) = 0, ΦH(x̄) = f(x̄) − ΦP (x̄) for x̄ ∈ ∂Ω . (3)

Using Green’s second identity, equation (3) is recast into a boundary integral equation

ΦH(x̄) =

∫

∂Ω

(

G
∂Φ

∂n
+ Φ

∂G

∂n

)

ds , (4)

which we write as
ΦH(x̄) =

∑

j

∫

∂Ωj

σjGds +
∑

i

∫

∂Ωi

µi
∂G

∂n
ds , (5)

where the boundary has now been formulated as a linear combination of monopole and dipole
charges with unknown source strengths σj and µi, respectively. We treat the source strengths as
constant on a given panel ∂Ωj,i and apply a collocation method around the entire domain for each
source. For NP panels along the boundary, this gives an NP × NP system of equations for the
source strengths. With Dirichlet boundary conditions we set µi = 0 and the right hand side of the
system of equations is f(x̄) − ΦP (x̄) for x̄ ∈ ∂Ωj . In the current preliminary computations, the
source strengths are solved for using a direct matrix solver. Once the boundary source strengths
are known, the potential at an arbitrary point in the domain is given by

Φ(x̄) =
N

∑

j=1

qj

ε0

G(x̄, x̄j) +

NP
∑

j=1

σj
˜G(x̄, x̄j) , (6)

where ˜G(x̄, x̄j) =
∑Ncp

l=1
wlG(x̄, x̄j,l) is a linear combination of Green’s functions along ∂Ωj

which depends on the chosen collocation method, x̄j,l ∈ ∂Ωj are the collocation points, wl are the
collocation weights, and Ncp is the number of collocation points.

Efficient evaluation of the sums in equation (6) is made possible by use of the TC algorithm.
The algorithm starts by grouping the particles into a hierarchy of clusters Ci in such a way that
the clusters at each level form a non-overlapping decomposition of the domain Ω. Each cluster
stores the indices of the particles that lie in it and a set of pointers to its sub-clusters at the next
level. The sub-clusters are a non-overlapping decomposition of the parent cluster, and similarly
they store the indices of their particles and pointers to the next level of sub-clusters. This recursive
decomposition of the domain forms a programming construct known as a tree T . The root cluster
of the tree is the entire domain. The algorithm chooses a covering of the domain by a disjoint set of
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clusters at various levels, Ω = ∪M
i=1Ci, where Ci ∈ T and Ci∩Cj = ∅ for all i, j ∈ {1, 2, . . . ,M}.

Then the potential at a point x̄ due to the entire particle distribution is expressed as

Φ(x̄) =
Ntot
∑

j=1

Qj G(x̄, x̃j) =
M

∑

i=1

∑

j∈Ci

Qj G(x̄, x̃j) =
M

∑

i=1

ΦCi(x̄) , (7)

where Qj =
qj

ε0
or σjwl, x̃j = x̄j or x̄j,l, Ntot = N + NP · Ncp, and ΦC(x̄) =

∑

j∈C QjG(x̄, x̃j)
denotes the interaction between x̄ and cluster C. The key step in reducing the computational cost
to O(N log N) is a reordering of terms made possible by Taylor expanding G(x̄, x̃j) with respect
to x̃j about the center x̄c of a cluster C,

G(x̄, x̃j) = G(x̄, (x̃j − x̄c) + x̄c) '

p
∑

k=0

1

k!

k
∑

l=0

(

k

l

)

∂kG(x̄, x̄c)

∂l
xj

∂k−l
yj

(xj − xc)
l(yj − yc)

k−l , (8)

where p is the order of the approximation. Using equation (8), the cluster interaction is given by

ΦC(x̄) '

∑

j∈C

Qj

p
∑

k=0

1

k!

k
∑

l=0

(

k

l

)

∂kG(x̄, x̄c)

∂l
xj

∂k−l
yj

(xj − xc)
l(yj − yc)

k−l

=

p
∑

k=0

1

k!

k
∑

l=0

(

k

l

)

∂kG(x̄, x̄c)

∂l
xj

∂k−l
yj

∑

j∈C

Qj(xj − xc)
l(yj − yc)

k−l , (9)

where
∑

j∈C Qj(xj − xc)
l(yj − yc)

k−l are the moments of the cluster about its center, which need
to be computed only once. In addition, it is easy to show that the required Taylor coefficients,
1

k!
∂l

xj
∂k−l

yj
G(x̄, x̄c), can be computed efficiently using a simple three term recurrence relation [6].

The electric field at a location x̄ due to a cluster C is then given by EC(x̄) = −∇ΦC(x̄), where
the differentiation is performed analytically on equation (9). The field is evaluated by a recursive
function call, ComputeE. For a given cluster C, the function ComputeE(C) implements the fol-
lowing decision tree,

accept or reject Taylor approximation for C

• accept: use Taylor approximation to compute electric field EC(x̄)

• reject: does C have sub-clusters?
– yes: call ComputeE(C ′) for each sub-cluster C ′ of C

– no: use the direct sum to compute electric field EC(x̄)

The decision to accept or reject the approximation is made by considering whether the cluster
radius is less than a tolerance times the distance between x̄ and x̄c (see [6] for details). The first
time through, ComputeE with the root cluster as its argument.

Results: It is well known that PIC simulations do not resolve local forces within a cell width,
and hence in situations where the particle density has steep gradients, PIC may not capture certain
important solution features. For this reason we initially investigated the behavior of a 1D virtual
cathode (VC) with PIC, direct sum (DS), and TC simulations [9]. Figure 1(a) shows the time
trace of the normalized electron density in a VC simulation at a distance 1

8
of the plate separation

from the injection point. The solid line is the TC and the dashed line is the PIC. The DS is
not shown because it agrees with the TC to machine precision. For a slightly lower injection
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Figure 1: (a) time trace of normalized electron density at a distance 1

8
of the plate separation

from the injection point in a virtual cathode simulation. The solid line is the TC solution and the
dashed line is the PIC solution. (b) potential contours for three line charges in an infinitely long
conducting cylinder using the boundary integral technique.

current than in Figure 1(a), the VC does not form and all three runs converge to the same solution.
However, once the VC forms, quantitative differences arise between the TC/DS and the PIC. First,
the period for the PIC VC is ∼ 5% longer than the TC/DS VC, leading to the phase lag apparent
in Figure 1(a). Second, phase-plane diagrams (not shown here) indicate that the TC/DS predicts
a far more uniform coverage of space than the PIC does. Both these differences can be attributed
to under-resolution in the PIC of the local forces near the formation of the VC. These preliminary
runs were executed on a SunBlade 100 in Matlab. The PIC took ∼ 7 hours, the TC took ∼ 12
hours and the DS took ∼ 7.5 days. Figure 1(b) shows the potential for three randomly chosen line
charges in an infinitely long conducting cylinder, as a test of the previously described boundary
integral technique. The results show the expected behavior; the potential is zero at the edge of the
domain and approaches infinity near the line charges.

Ongoing Research: Results will be presented for a fully 2D TC for simulating the dynamics in
the Penning-Malmberg trap. The 2D TC will be combined with the boundary integral technique
and compared with both DS and PIC codes.
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DMS-0107187, and a University of Michigan Rackham Faculty Fellowship.
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A Maximum Likelihood Method for Linking of Particle-in-Cell and 
Monte Carlo Simulations 

Kevin J. Bowers, Barbara G. DeVolder, Thomas J. T. Kwan, and Lin Yin 
Applied Physics Division 

Los Alamos National Laboratory 
Los Alamos, NM 87545 

 
To support the design and analysis of x-ray radiographic facilities and experiments at Los 
Alamos, we have developed an integrated chain model, which is a set of linked physics 
simulation codes to generate self-consistent synthetic radiographs of experiments [1].  
The expectation-maximization (EM) algorithm [2] has recently been used to great 
advantage to link particle- in-cell (PIC) methods, which model electron propagation to a 
converter target, and Monte Carlo transport methods, which model bremsstrahlung 
photon generation and transport through the radiographic object onto a detector.  The EM 
algorithm is a maximum-likelihood technique to estimate the probability density function 
(PDF) of a set of measurements. A high performance implementation of the EM 
algorithm to characterize multidimensional data sets using a PDF parameterized as a 
Gaussian mixture has been developed (GMIX). The resulting PDFs compare favorably to 
histograms / tallies---no binning artifacts and less noisy (especially in the tails).  GMIX is 
being used extensively in the radiographic chain model to quantify bremsstrahlung x-ray 
emission from rod-pinch diodes and other devices. In particular, the PIC simulation code 
MERLIN is used to model the dynamics of the rod-pinch diode in the Los Alamos 
radiographic machine Cygnus for the linked calculations. The rod-pinch diode used in 
Cygnus consists of a 9-mm diameter aperture cathode and a 0.75-mm diameter needle 
anode.  A TEM pulse launched at one simulation boundary sets up the voltage required 
for the electron emission. The electron trajectories are followed self-consistently in the 
electromagnetic fields as the electron beam pinches at the anode tip with energies up to 
2.25 MeV.  The Monte Carlo transport code MCNP is used to track the bremsstrahlung 
photons generated by electrons incident on the anode tip.  GMIX is used to “up-
sample” the PIC electrons to provide a suitably large population for the Monte Carlo 
calculation (107 or greater) that would have been computationally expensive to generate 
directly. 
The motivation, the mathematical properties, and the implementation details, and 
applications of GMIX to plasma and Monte Carlo simulations will be discussed,  
including: improved coupling of PIC to Monte Carlo simulations, adaptive PIC 
simulations, and characterization of the Cygnus radiographic parameters such as energy 
and angular spectra, spot size, and dose.  
    
[1] T.J.T. Kwan, A.R. Mathews, P.J. Christenson, C.M. Snell, “Integrated System 
Simulation in X-ray Radiography,” Computer Physics Communications, 142, 263-269 
(2001).      
[2] Dempster, Laird, and Rubin, “Maximum Likelihood from Incomplete Data via the 
EM Algorithm,” J. R. Stat. Soc. B, 39, 1-38 (1977). 
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N. McTaggart1, R.Zagórski2, X. Bonnin1, B. Braams3, A. Runov1, R. Schneider1
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EURATOM Association, Wendelsteinstraße 1, D-17491 Greifswald, Germany

2Institute of Plasma Physics and Laser Microfusion, P.O.Box 49, Warsaw, Poland
3Courant Institute of Mathematical Sciences, New York, USA

1 Introduction
The effect of ergodisation (either by additional coils as in TEXTOR-DED or by in-
trinsic plasma effects as in W7-X) requires transport models capable of describing this
properly. A prerequisite is the concept of local magnetic coordinates which allow a
correct discretization with mimimized numerical errors [1].

In this paper we use a finite difference discretization method which allows the
numerical simulation of energy transport in complex 3D edge geometries (e.g. W7-X)
using a custom-tailored unstructered grid in local magnetic coordinates.

The grid is generated by field-line tracing to guarantee an exact discretization of
the dominant parallel transport. This gives an almost perfect separation of the radial
and parallel fluxes, thus minimizing the numerical diffusion connected with strong
anisotropy of the system (D

||
/D
⊥
∼ 107).

Along the magnetic field lines we use the standard Patankar [2] concept to dis-
cretize the convective-diffusion equation. To solve a quasi-isotropic problem in a plane
(toroidal cut), we modified the finite volume method to obtain its finite difference
representation. The radial fluxes on plasma cross-sections are interpolated using a
constrained Delaunay triangulation. The general concept of an upwind scheme [2] is
used to discretize the convective terms.

2 Transport model
In this paper we restrict ourselves to the heat balance equation for electrons, as it
represents the typical convective-diffusion problem. In general curvlinear coordinates
xi the electron heat balance equation can be written as a conservation of a fluid
property f

∂f

∂t
=

1
√
g

∂

∂xi
√
g

(

Dij ∂f

∂xj
− V if

)

− νf + S(f) , i, j = 1 . . . 3 (1)

Here, g is the metric determinant and Dij is the diffusion tensor appropriate for f , V is
the flow velocity and the last two terms in eq.(1) describe sink and source of the electron
energy. In the local coordinates, with the third coordinate along the magnetic field
line, the diffusion tensor can be written as [1]: Dij = D

⊥
gij+(D

||
−D

⊥
)(h3)2�i3�

j
3 where

gij = (∇xi) · (∇xj), V i = V · ∇xi and hi = h · ∇xi are contravariant components of
the metric tensor, of the convection velocity and of the unit vector along the magnetic
field, respectively and �ij is a Kronecker symbol.
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Our conservation equation (1) should be supplemented by the corresponding

boundary conditions: α
(

Dij ∂f
∂xj
− V if

)

|Γ
· ni + βf

|Γ = Q where α, β and Q are given

and n is the outward normal to the edge Γ. We will limit our considerations to Dirich-
let boundary conditions at the magnetic surfaces (α = 0) and to Dirichlet or sheath
boundary conditions [3] at the divertor plates.

3 Grid generation
The set of magnetic coordinates is constructed in cylindrical coordinates (R, Z, Φ).
First, the Poincaré sections (reference cuts) are introduced as surfaces of constant
toroidal angle. Consider a polygonal area on a cut m. Its vertices are determined by
the field lines. If we map this polygon forward and backward to the neighoring cuts
it is deformed due to the field line trajectories. The polygon on the central cut is
described with orthogonal “poloidal” coordinates x1, x2, as are the mapped polygons
on the 2 neighboring cuts, but due to deformation we now have a full metric, i.e. the
off-diagonal elements are non-zero. The third coordinate, x3, is a parallel (“toroidal”)
component and is non-orthogonal to the poloidal components, so there is a mixing
with the x1 and x2 components. Therefore, the 3D metric tensor has all non-zero
components: ĝ = [gij], gij 6= 0 for i, j = 1 . . . 3 The number of toroidal cuts must be
such that the distance between neighboring cuts is much smaller than the Kolmogorov
length.

By using such a local coordinate system, we are not constrained by ergodicity in
our discretization of the domain. The mesh points are generated on the cuts by a field
line tracing code which uses a known magnetic field configuration to follow field lines
around the fusion device. With a large number of points we can reveal the magnetic
field structure in the plasma. The plasma core has a series of nested flux surfaces.
Surrounding this is an unstructured ergodic region called the plasma edge. A full 3D
mesh consists of a series of Poincaré plots spaced at regular toroidal intervals.

In our finite difference code we use an optimized mesh, such that when generating
’almost closed’ field lines we require that field lines satisfy a ’closed criterion’ in order
to minimize the numerical diffusion. We use only those field lines which get so close
to their starting points that the numerical diffusion is very small. Open field lines are
traced from one physical boundary, such as a divertor plate, around the torus, until
they hit another boundary. We require that the mesh points on the open field lines
fill the edge region.

The perpendicular fluxes are interpolated on each Poincaré plot. The points are
scattered in every cut so we apply a constrained Delaunay triangulation [4] (preserving
the magnetic surfaces where they exist) to determine a ’neighborhood array’ for each
mesh point. Another complication is that some points belonging to different magnetic
field lines lie very close to each other on a cut (within a gyroradius). Such points must
be identified and most of them must be removed, but only from the triangulation
process. Otherwise, quasi-singular triangles are created (extremely stretched in one
direction) giving numerical problems. Note that we can not refine the mesh by intro-
ducing isolated points. We can only introduce whole magnetic field lines which contain
many intersection points, and we can not control how these points are distributed on
each cut.
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4 Finite difference method
Our goal now is to discretize the transport equation on the resulting grid. The trans-
port equation (1) can be split into the following form

∂f

∂t
= L

⊥
f + L

||
f + L

⊥||
f + S(f) (2)

where

L
⊥
f =

1
√
g

∂

∂xi
√
g

(

Dij ∂f

∂xj
− V if

)

, i, j = 1, 2 (3)

is the purely ’poloidal’ part of the divergence term, L
‖
f is the purely parallel part

and L
⊥||

describes the remaining mixed (parallel-radial) terms. We apply different
numerical schemes to the above terms. In order to describe the L

⊥
f term we use the

2D finite volume ansatz limited to the cuts.
Consider the cell diagram for a triangulated

k m

nk

Figure 1: Schematic of a
representative part of Poincaré
section. Full circles repre-
sent primary neighbors and
open circles mark the sec-
ondary neighbors.

Poincaré plot (Fig.1). Each mesh point (primary point)
lies within a polygonal cell. The cell vertices are sec-
ondary points. They are centers of gravity of the trian-
gles. The operator L

⊥
f can be rewritten in the form:

L
⊥
f =

√

g2D/gdiv2DF where div2D is the 2D divergence
operator on the Poincaré cut and the radial fluxes F are
redefined as F i =

√

g
g2D

(

Dij ∂f
∂xj
− V if

)

with g2D being

the determinant of the submatrix [gij] i, j = 1, 2. Now
we can make use of Gauss’ theorem on a 2D Poincaré
cut and write the flux divergence at the point k

(div2DF)k =
1

∆Sk

∑

nk

Fnk · dlnk

as the sum of the fluxes over the cell faces (nk) divided
by the cell volume ∆Sk. Here dlnk is the vector out-
ward normal to the face, thelength of which is equal to
the corresponding face length. The flux F is composed
of two parts: conductive and convective. In order to
approximate the conductive term we make use of the
analog of the central difference scheme. This means that for every pair of secondary
neighbors we take the average of the flux vectors at the cell face mid-point.In the case
of convective flux we apply the upwind algorithm [2,5] and for every face we determine
the neighbor point m of the point k through the face (Fig.1). Now we can calculate
the intersection point on the face and the line connecting both neighbors, and linearly
interpolate plasma velocity to this point, obtaining the face velocity (Vnk). The face
value of the unknown variable fnk is given by the upwind element:

fnk = fk if (Vnk · lnk) > 0 and fnk = fm if (Vnk · lnk) < 0 (4)

To calculate the mixed term L
⊥||
f we determine the poloidal gradients, ∂/∂x1,

∂/∂x2, at each mesh point using a least squares method over all primary point neigh-
bors. The toroidal (parallel)gradient ∂/∂x3 is calculated using a standard central
difference scheme along the field line.
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The last term L
||

contains only derivatives along the third (parallel) coordinate
and can be approximated using the 1-D Patankar scheme [2] taking into account the
ratio of convective and conductive terms (Peclet number). The transport equation
(1) requires that the boundary conditions (BC) are specified on the whole edge of our
integration domain (core, wall divertor plates). In our numerical method we do not
introduce effective sources and make no use of guard cells [2] to implement BC’s. The
BC’s are treated as additional difference equations.

We are solving a transport equation simultaneously at every point in a mesh (im-
plicit method) and the resulting system of simultaneous equations is a matrix of non-
linear equations of the form A(f)x = b where A is the matrix of coefficients. To
account for the nonlinearity we apply the subsequent substitutions iterative method
[6]. The final system matrix is very sparse, ∼ 99.99% zeros.

5 Results and discussion
Our finite difference numerical method has been successfully implemented in the code
FINDIF8. To solve the nonlinear electron heat transport equations on the W7-X
stellarator mesh with ∼ 27500 points covering both the closed field line region and
the ergodic region we need less than 15 iterations, which on the PC 1.8Ghz computer
takes about 10 minutes. For this complex geometry the numerical solution can not
be compared to some analytical one since no such analytical solutions exist, except
perhaps where we specify the same plasma temperature on all boundaries. The solution
is now constant and the code passed this test successfully for all considered meshes.
We have also done tests to illustrate how the parallel transport contributes to the
radial transport. For this, we considered a mesh with only closed field lines forming
a system of 7 nested flux surfaces (∼ 11000 points). We found that the numerically
induced diffusion due to mixing of parallel and radial transport is negligible (< 10−5).

We have also solved the transport equation for the complete mesh covering the
core and edge region of the W7X stellarator, with sheath BC at the plate. We found
ergodicity causes strong mixing of the parallel and radial transport in the edge region.
The open magnetic field lines approach the region of closed field lines and remove heat
more or less uniformly from the hot region to the plates. The resulting profiles are
smoothed and the island structures are not evident in the solution.
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1 Introduction

Full Wave (FW) studies of mode conversion (MC) processes in toroidal plasmas have required pro-
hibitive amount of computer resources in the past because of the disparate spatial scales involved.
TheTORIC[Brambilla(1998)] code solves the linear sixth order reduced wave equation for the ion
cyclotron range of frequencies (ICRF), in toroidal geometry using a Fourier representation for the
poloidal dimension and finite elements in the flux dimension. The range of problems thatTORIC
can do has been extended through both new serial algorithms and parallelization of memory and
processing. The implementation of out-of-core memory management, FFT convolutions, and im-
proved memory management brought MC studies just into range of the serial version of the code
running on a Nersc Cray SV1. Some simple tests and arguments show that more resolution than is
possible on a single processor system is needed to fully resolve these scenarios. By distributing the
large linear system across many processors in conjunction with the out-of-core technique, the reso-
lution limitations are effectively removed.ScaLAPACKis used to do the linear algebra operations
and message passing interface (MPI) is used to distribute the significant amount of postprocess-
ing. The new parallel version of the code can easily do the most difficult MC problems on present
day tokamaks(Alcator C-Mod and Asdex-Upgrade), including the first converged MC case from
Asdex-Upgrade, with only 32 pc from a local Beowulf cluster. Using all 48 processors allows us
to do problems in the lower hybrid range of frequencies.

2 TheTORIC Code and Physics Model

TORIC is a Finite Larmor Radius (FLR) full wave code. “Full wave”, means that it solves
Maxwell’s equations in the presence of a plasma and wave antenna and so includes the effects
of dispersion and mode-conversion, while FLR refers to the approximation that the Larmor radius
is larger than the perpendicular wave length. The system is solved for a fixed frequency with a
linear plasma response (Eq. (1a)) in a mixed spectral-finite element basis (Eq. (1b)). WhereJA and
JP are the antenna and plasma currents andσ is the plasma conductivity. The mixed Fourier-finite
element basis introduces an algebraic parallel wave-number,k‖, that depends on the local metric
coordinates,Nτ andR, andΘ = atanBτ/Bφ, the angle between the poloidal and toroidal fields. The
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parallel wavenumber provides a connection to homogeneous theory that is useful in comparisons to
the dispersion relations from plane-stratified theory and is exploited to modify the anti-Hermitian
part ofσ in cases where the FLR approximation breaks down.

∇×∇×E =
ω2

c2

{
E+

4πi
ω

(
JP +JA

)}
(1a)

E(x) = ∑
m

Em(Nτ)exp(imθ+ inφ) (1b)

k‖ =
m
Nτ

sinΘ+
nφ

R
cosΘ (1c)

JP
m(Nτ) = ∑

m
σ

(
km
‖ ,Nτ

)
·Em(Nτ) (1d)

The FLR approximation retains the second harmonic wave frequency and the second order in
the ion gyro-radius,(ρi = vti/Ωci), for plasma interactions with the wave. It also retains the physics
of the three ICRF waves: ICW[Perkins(1977)], IBW, and FW. Near the mode conversion region,
the FLR approximation breaks down andk⊥ρi ∼ 1, where(ρi = vti/Ωci), andk⊥ is the perpendic-
ular wave number. In these regions, damping from a WKB approximation is used to modify the
anti-Hermitian part of the conductivity operator inTORIC to capture the proper damping, while the
real part describing propagation remains unchanged[Brambilla(1998)]. This approximation holds
if the particles experience phase decorrelation within a few gyro-periods of their wave interactions.

3 Code Conversion and Mode Conversion

Using the spectral representation in Eq. (1b) and from the condition thatk⊥ρi ' 1 we estimate
the maximum poloidal mode number needed for mode conversion studies. Takingk⊥ ∼ m

r , the
required resolution is approximatelyMmax≡ r/ρi ≡ ρ∗. In Fig.1, two plots of the power spectrum
of the Fourier transform of the right circularly polarized component of the electric field are shown
for a specified set of flux surfaces. The two plots demonstrate that in the bulk of the plasma and
especially at mode-conversion layers (atρ = 0.5 for the cases shown) and at the outermost surfaces,
several hundred poloidal modes are needed for convergence.

To handle these large resolution requirements, the code is now parallel. The main extensions
have been the use of distributed memory to hold the large poloidal matrices generated, theScaLA-
PACK[Choi et al.(1996)] linear algebra software library to invert them in parallel, and distribution
of the flux surface independent power and current deposition calculations.

We may also graphically see the (non)physical effects of insufficient resolution in the left figure
of Fig. 2. At this low resolution the loss of horizontal localization is exaggerated and electric field
bleeds over along the flux surface into ion cyclotron resonances(3He indicated by dashed red line),
causing “spurious” ion power absorption.

New physics regimes are available at these higher resolutions. In the typical Asdex-U MC shot
in Fig. 3, the layer is far from the center of the device and requires much more poloidal resolution
than the C-MOD case. While the C-MOD simulation converged acceptably at Nm = 255, Asdex-U
requires at least Nm = 511. These cases were not possible with the serial version of the code and
represent the extension of theTORIC code a new class of problems. We may progress to even
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Figure 1: The left figure is a mode-conversion case with only 127 poloidal modes. The power-
spectrum does not fall off at the largest modes and indicates insufficient resolution. Increasing to
511 modes in the left plot yields a well-converged spectrum, even at the largest radii.

Figure 2: The left figure shows a blow-up of the mode conversion region with only 15 poloidal
modes used to resolve the layer, the dashed red line indicates the (3He) cyclotron resonance.. With
255 modes on the right, the vertical layer is well localized and the multiple scales of waves are
observed.
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Figure 3: The simulation of the mode conversion scenario in Asdex shown in the left figure requires
twice the resolution of the more central case in C-Mod. On the right, we see the electric field from
a fast wave in the LHRF.

higher resolutions and run simulations in the lower hybrid range of frequencies (LHRF). The case
in Fig. 3 has the proper parallel wavelength and frequency for lower hybrid waves, but couples
only to the fast wave due to the setting of the antenna polarization. Presently, a new antenna model
is being developed in the code to couple to the lower hybrid wave.
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While the ease of neutralizing ion beams is commonly known, yet the process of neutralization 
remains unknown.  As electric propulsion becomes more prevalent in space missions, this 
question is of significant importance.  While currently described through an “effective collision 
frequency” that binds electrons to the beam, this fudge factor does not allow for a full description 
of the effect.  Explanation of the effective collision frequency also has bearing on space 
instrument calibration, electrodynamic tethers, and ionospheric research.  A review of the present 
state of knowledge on the topic is presented as well as results from initial computational 
modeling using two- and three-dimensional Particle in Cell/Direct Simulation Monte Carlo 
codes.  The codes are used to simulate an ion beam operating in LEO, GEO and vacuum 
environments.  The simulations show electrons moving to neutralize the beam from background 
and neutralizer sources.  The simulations show perturbations in the background electrons and 
beam/background coupling phenomena.  The results are compared favorably with previous 
computations and experimental observations. 
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Aliasing of fields in stair-step boundaries∗

J. P. Verboncoeur
Electronics Research Laboratory,
University of California, Berkeley

1 Introduction
In this work, we are concerned with the non-physical spectral effects introduced when rep-
resenting fields in a configuration in which the boundaries are not aligned to the mesh.
Here, we consider vacuum electromagnetic modes in a rectangular waveguide rotated with
respect to uniform Cartesian mesh, such that the waveguide boundaries are represented as
stair-steps conformal to the the mesh. For example, computing the modal content of a rec-
tangular waveguide in which the walls are not orhtogonal to the mesh results in significant
field content in aliased modes, making spectral decomposition challenging. The objectives
of the work include analysis of the modal content of the configuration, as well as means to
mitigate the non-physical modes while retaining the physical modes.
Aliasing occurs in mesh-based algorithms such as those employing finite difference solu-

tions of the fields in PIC and fluid models of plasmas. The literature describes aliasing for
configurations in which the boundaries are orthogonal to the mesh, and align on mesh edges
[1]. However, when the physical boundaries are not mesh-aligned, such as in diagonal or
curvilinear boundaries represented on a Cartesian mesh, the boundaries may be represented
as stair steps. The stair step representation of the boundaries alters the spectral content
for both finite difference calculations on the mesh, as well as spectral and modal diagnostics
such as determining the amplitudes of electromagnetic modes in a waveguiding structure.

2 Mode Analysis: Rectangular Waveguide
Consider the illustrative case of waveguide modes represented in a rectangular waveguide of
dimensions a× b, rotated by an angle, θ, with respect to a Cartesian mesh, as shown in Fig.
1. When rotated, the meshed boundaries, shown as dashed lines, no longer coincide with the
physical boundaries, shown as solid lines. For purposes of the stairstepping algorithm used
here, a cell is included inside the stairstepped object if the cell center lies inside the physical
boundaries.
Fig. 2 (a) shows the axial electric field component for the TM11 mode,

Ez = Amn sin
µ
mπx

a

¶
sin

µ
nπy

b

¶
(1)

∗Work supported in part by the Air Force Research Laboratory-Kirtland.
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Figure 1: Rectangular waveguide orthogonal to a mesh (left). The same waveguide is rotated
an angle θ about its center on an identical mesh (right); the continuum waveguide is shown
by the solid line, while the stairstep waveguide (see text) is shown by the dashed line.

and (b) its spatial transform. The transform is a single point of normalized amplitude
A1,1 = 1 at kxa/π = kyb/π = 1. This mode can be represented precisely on the mesh when
the waveguide is in this orientation. The total power flowing in the waveguide is given by

P =
Z a

0

Z b

0

1

2
E×H∗ · dS, (2)

where H∗ is the complex conjugate of H, and dS = dx · dy · ẑ is a differential area element
with normal in the direction of propagation. For the TMmn mode, Eq. 2 becomes

Pm,n = |Amn|2
β2c,m,n

q
µ/ε

2µ2
ab

4

vuut1− Ãfc,m,n
f

!2
, (3)

where f is the frequency of the wave, the cutoff frequency for the TMmn mode is

fc,m,n =
βc,m,n
2π
√
µε
, (4)

β2c,m,n =
µ
mπ

a

¶2
+
µ
nπ

b

¶2
. (5)

Then the power in the TM11 mode for the case above is

P1,1 =
β2c,1,1

q
µ/ε

2µ2
ab

4

vuut1− Ãfc,1,1
f

!2
(6)

Next, the same waveguide is rotated by 30 degrees with respect to the mesh, resulting
in stair-stepped boundaries, as shown in Fig. 3 (a). The spatial transform results in many
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Figure 2: Fundamental TM11 mode in a rectangular waveguide on a uniform mesh oriented
at 0 degrees. (a) real space (b) k-space.
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Figure 3: Fundamental TM11 mode in a rectangular waveguide on a uniform mesh oriented
at 30 degrees. (a) real space (b) k-space.

modes, shown in Fig. 3 (b), with the peak amplitude for the fundamental mode given by
A1,1 = 0.7205, and aliased amplitudes for other modes including A1,3 = A3,1 = 0.1817,
A2,4 = A4,2 = 0.0328, etc. This means that the power in the physical TM11 mode is only
about 52% of the physical level given in Eq. 6; i.e. nearly 50% of the power propagating in
the stairstepped waveguide in this example is in the incorrect mode.
The Fourier transform has a rotation property in continuum space which states that if

a function is rotated in real space, then its Fourier transform rotates by an equal amount.
That is, the relation between a function f (x, y) and its transform F (kx, ky) is given by

f (x, y)←→ F (kx, ky) . (7)

We define a rotated frame with primed coordinates,Ã
x0

y0

!
=

Ã
cos θ − sin θ
sin θ cos θ

!Ã
x
y

!
, (8)
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for a rotation of θ. Then the Fourier transform of a function f in the rotated frame is given
by

f (x0, y0)←→ F
³
k0x, k

0
y

´
(9)

where Ã
k0x
k0y

!
=

Ã
cos θ − sin θ
sin θ cos θ

!Ã
kx
ky

!
. (10)

It is instructive to compare the spectral transform of the rotated waveguide, Fig. 3b with
the continuum rotation of the spectral transform of the unrotated waveguide. The rotation
of the latter leads to spectral transform given by F = δ (cos θ − sin θ, sin θ + cos θ), which
has a peak of 1 for kx = 0.366/ (π/a) and ky = 1.366 for θ = 30 degrees. This is quite
different from the result shown in Fig. 3 as a consequence of both the stairstep aliasing and
also interpolation error onto a discrete set of modes.

3 Techniques of Reducing Aliasing
A number of solutions to stair-step aliasing are considered. Filtering in k-space can be used
to eliminate short wavelengths in some situations where the spectral transform is practical to
obtain. Digital filtering can be used to reduce short wavelengths in most cases, regardless of
geometric complexity. We also consider a set of natural modes which can exist on a specific
mesh-boundary system as the natural modes of the system, and means of approximating
continuum modes with the discrete set on the mesh.
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Simulation of Plasma Plume / Space Craft Interaction 
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For the estimation of PP/SC interaction effects the number of software was developed. 
The mathematical basis of software is the self-similar model (SSM) of 2D and 3D plumes of 
an electric propulsion (EP) thruster. This model takes into account an internal self-consistent 
electric field, an external magnetic field and influence of neutral background as well. The 
developed software allow to calculate the following effects: 
1. Torque and thrust loss occurred by EP plasma flowing around SC elements. The 
parameters of ion flows close to SC surfaces are evaluated with use of SSM model. For GSO 
conditions these flows have axis symmetrical 2D shape; for LEO conditions the EP plumes 
have 3D shape, which changes while SC moves along trajectory. Configuration of a plume 
corresponds to the magnitude and direction of geomagnetic field. The characteristics of ion 
flows directly affecting on surface are calculated with use of mathematical model of 
Langmuir boundary layer. The electric field in this layer accelerates the ions additionally. It 
results in an increase of force and erosion impacts on bombarded surface. An integral of force 
components directed along flow axis corresponds to the thrust loss of EP. 
 

Figure 1 Comparison calculated torque with 
Express data for T3 and RT3 thrusters. 

 

 
Figure 2 Flight data and theoretical dependencies 
of change of torque components during one orbit 

period of Meteor SC. 

 
The torques measured on Express geostationary satellite correlate quantitative with 
calculation results [1] (see Figure 1). On Meteor SC, which revolved along almost polar orbit 
with altitude ~900 km, the specific change of magnitude of a torque was registered while 
satellite moved from equator to the pole (see Figure 2). The SC geometry and EP plume 
parameters remained without changes at this period [2]. Numerical calculation with use of 
both a 3D plume model and Langmuir boundary layer correlate quantitative with measured 
data (see Ref. [1])  
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2. Shorting current and SC potential. When the plasma plume touches the SC elements 
the shorting currents over conductive surfaces are being generated. The potential of SC is 
settled to equal the incoming of both negative and positive charges on satellite surfaces. The 
developed software is assigned for calculation of distribution of currents over different SC 
elements, such as solar array, SC body and so on, and magnitude of electric potential of SC 
surface at EP operation as well depending on SC geometry, plume parameters and also 
electrical characteristics of SC surfaces and structure elements. On Figure 3 the example of 
calculation of current density over SC body is presented. 

 

 
Figure 3 Distribution of surface density of current existing on SC body connected electrically with SA 

panel, i [mA/m], 
 
3. Radiance of EP plume. Basing on both the SSM model and experimental 
measurement of optical emission spectra of a plume the software for calculation of optical 
impact is developed. This software allows to evaluate the intensity of different kind of 
radiance, among them: intrinsic optical emission, diffusion of the Sun light, radiance due to 
interaction of plume with different space fluxes, and also refraction and attenuation of the star 
light. On the Figure 4 – Figure 5 some outcomes of calculation are shown. These results of SPT-
100 plume optical impact were obtained for the case, when the thruster operates on 
geostationary satellite and creates the xenon plasma flow along geomagnetic field (in N-S 
direction). The configuration of such flow is determined by the Earth’s magnetic field and has 
the “needle” form. The longitudinal size of the SPT-100 plume limited by the density level 
ne=1011m-3 is equal to xmax≅50km, and the transverse one – rmax≅50m. On the GSO the value 
of the distortion of magnetic field line becomes significant at distant x>104m from the plasma 
source. Here the plume bends following the magnetic field line. For an equatorial orbit the 
vertical displacement in the party of the Earth makes hundreds meters (see Figure 4). Such 
plasma formation scatters effective the Sun light (due to Thomson effect). As a result the 
onboard optical sensor should register the radiance of the near field of the plume and a 
luminous spot of the far field of the plume. The spot will be shifted somewhat down as it is 
shown on Figure 5. 

18th International Conference on Numerical Simulation of Plasmas

285



 
Figure 4 The shape of SPT-100 plume on GSO. 

 

 

Figure 5 The angular dependence of 
radiance intensity (Thomson scattering) 

for the sensor located on distance z0=-1m 
from SPT/ 

 
4. Radio waves refraction. The plasma plume strong elongated in one direction is similar 
a flatly-layered medium, which scatters effective the radio waves. The developed software 
allows to calculate the effective area of back scattering (EABS), the shape and sizes of radio 
shadow arising at oblique incidence of waves on a plume, and the intensity and phase shift of 
transmitted / received signal as well. The algorithm is based on SSM model of 2D and 3D 
plume of stationary and impulsive thrusters. The examples of calculation of radio physical 
properties of plasma plume are shown on the Figure 6 - Figure 7. The calculations were 
executed for EPICURE experiment [3]. (The cesium plasma plume characterized by velocity 
2 km/sec and ion flow rate 2⋅1020sec-1 was created at altitude 800 km.) In more detail the 
radio physical characteristics of exhausted plasma plumes are presented in Ref.[4]. The 
comparison between the calculation results and experimental data is presented in Ref.[1].  
 
  

 
Figure 6 Comparison of calculated and 

experimental diffraction pattern in EPICURE 
experiment 

 

 
Figure 7 Angular diagram of EABS in EPUCURE 

experiment. 
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5. Distortion of local magnetic field. Into plasma plume expanding in magnetic field the 
electric currents are being generated. These currents displace the external magnetic field out 
of a plasma volume due to diamagnetic effect. In EPICURE experiment the geomagnetic field 
perturbations were registered with two 3-component detectors mounted in the boom at 
distances 4.5 m and 7m from the plasma generator [5]. The simulation of magnetic impact and 
the obtained experimental data as well allow to draw a conclusion about correctness both of 
the idea of a system of currents inside a plasma plume and the model of interaction of a 
dense, low-temperature plasma jet with an external magnetic field. 

We can conclude, the executed simulation of number of effects of plasma plume / space 
craft interaction demonstrates that the developed software is the reliable tool, which allows 
rather precisely to predict expected effects of the influence of a plasma plume on the SC and 
to provide such design decisions, which allow to minimize a negative influence of the EP. 

 
This work was partially supported by ISTC contract #2234p. 
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 Nonlinear development of current-driven instabilities 
and selective acceleration of 3He ions 
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Selective acceleration of 3He ions via nonlinear development of strong current-driven 
instabilities is studied by means of a two-dimensional electrostatic particle code with full ion 
and electron dynamics. The plasma consists of electrons, H, 4He and 3He ions with the 3He 
abundance being small. It is demonstrated that the H cyclotron waves with frequencies near 
2Ω3He (Ω3He is the cyclotron frequency of 3He ions) eventually grow to largest amplitudes and 
preferentially accelerate 3He ions, although these waves are marginal in the initial state. The 
maximum energies of 3He ions increases with the initial electron drift speed vd.  The fraction 
of energetic 3He ions increases, as the density of 3He ions decreases 
 
1. Introduction  

In association with solar flares, high-energy particles are produced. The elemental 
compositions of the energetic heavy ions are, on average, similar to those of the background 
solar coronal plasma [1]. This can be explained by the theory that a large-amplitude 
magnetosonic wave accelerates all the heavy ions to nearly the same speed [2, 3]. However, in 
some solar flares, the abundance of energetic 3He ions is extremely enhanced [4, 5]. The 
abundance ratio 3He/4He in energetic particles sometimes exceeds unity, although this ratio is 
usually of the order of 10-4 in the solar corona.  

As a mechanism for these 3He rich events, current-driven instabilities are believed to be 
important [6-8]. According to the observations,  there is good correlation between 3He rich 
events and impulsive burst of energetic electrons with 1-100 keV [5, 9]. Those electrons are 
considered to drift along magnetic field and to cause strong current-driven (or beam) 
instabilities. However, on the basis of the linear stability theory, it was expected that such 
strong currents would destabilize many kinds of waves with a wide range of frequencies, and 
that selective acceleration of 3He ions would be difficult [8].  

Recently, in order to solve this discrepancy, nonlinear development of current-driven 
instabilities and associated energy transport in a multi- ion-species plasma have been 
investigated by means of particle simulations [10, 11]. As predicted by the linear theory, 
strong currents with vd> vTe excite Buneman waves at first. However, the Buneman waves 
quickly saturate owing to electron trapping. The electron trapping drastically changes the 
shape of electron velocity distribution function fe(v ||) and significantly broadens its width; here, 
the subscript || indicates quantities parallel to the magnetic field.  Because of this process, the 
parallel electron temperature Te|| significantly rises. 

On the other hand, the ion temperatures rise little. Thus, a plasma with Te|| higher than TH is 
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produced. The change in fe(v ||) then destabilizes the electrostatic H cyclotron waves which 
were marginal in the initial state. These waves eventua lly grow to the largest amplitudes and 
strongly influence energy transport to heavy ions. 

In Ref. 12 , particle simulations were carried out for a plasma containing H, 4He, and 3He 
ions, and it was demonstrated that nonlinear development of strong-current driven instabilities 
can cause selective acceleration of 3He ions. The acceleration is caused by H cyclotron waves 
with frequencies near 2Ω3He. From the analysis of the dispersion relation of these waves, it 
was found that the ω∼2Ω3He waves have the greatest growth rate, if Te|| > 10TH . The 
frequencies and growth rates are almost independent of the values of the magnetic field and 
the plasma density. These results indicate that if an electron beam with its initial drift energy 
higher than 1 keV exists in the solar corona where TH =100 eV, the H cyclotron waves with 
ω∼2Ω3He would eventually grow to large amplitudes and would preferentially accelerate 3He 
ions  

Here, we present simulation results on evolution of energy of 3He ions and on properties of 
H cyclotron waves. It is also shown that the maximum energies of 3He ions increases with the 
initial electron drift speed vd . The fraction of energetic 3He ions increases, as the 3He density 
decreases.  

 
2.  Simulation method and parameters 

We perform simulation using a 
two-dimensional (two space and three 
velocity components), electrostatic particle 
code with full ion and electron dynamics. 
The system size is (Lx, Ly)=(256∆g, 1024∆g), 
where ∆g is the grid spacing. We use 
periodic boundary conditions. The code has 
electrons and three species ions, H, 4He and 
3He. Their total particle numbers are 
N(e)=16,777,216, N(H)= 12,783,616, 
N(4He)=1,597,440, and N(3He)=399,360. 
The mass ratios are mH/me=100, m4He/mH=4, 
m3He/mH=3; the charge ratios are qH/|qe| =1, 
q4He/qH=2, q3He/qH=2, the temperatures are 
equal among all the particle species, 
Te=TH=T4He=T3He. The electron cyclotron 
frequency is |Ωe|/ωpe=2.0. The Debye length 
is λDe =∆g. The uniform external magnetic 
field is in the y direction. Initially, the 

Fig.1 Time variations of total kinetic energies 

of ions, and amplitude of the H cyclotron 

wave with (k ||ρH, k⊥ρH) = (0.031, 0.43). 
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electrons have a shifted Maxwellian distribution with the drift speed parallel to the magnetic 
field, vd =4vTe. The ions have isotropic Maxwellian distribution. The linear theory based on 
these initial conditions predicts that Buneman waves are unstable, while H cyclotron waves 
are almost stable.  

 
3. Simulation results 

As shown in Ref. 11, after the 
development of the Buneman waves, 
the H cyclotron waves are destabilized 
by the change in fe(v ||).  

Figure 1 shows time evolution of the 
total kinetic energies of H, 4He, and 
3He ions and of the H cyclotron wave 
that grows to the largest amplitude. We 
see that 3He ions are selectively 
accelerated.  

Figure 2 shows a contour map of the 
power spectrum for many H cyclotron 
waves in the (ω, k||) plane. Contour 
lines of phase velocity ω/k || are also 
plotted. The waves with ω∼2Ω3He and 
ω/k ||~vd eventually grow to the largest 
amplitudes and preferentially accelerate 3He ions. The H cyclotron wave shown in the bottom    
panel of Fig. 1 is one of these waves.  

We now show in Fig.3 energy distributions of 3He ions for vd /vTe =3, 4, and 6, at time ωpet 
= 2000. The maximum 3He energy increases with vd 

In order to study the fraction of energetic 3He ions, we have also performed simulations 
changing the 3He density.  Figure 4 shows the energy distributions of 3He ions at ωpet = 4000 
for n3Heq3He/(n4Heq4He) = 1/4, 1/16, and 1/400.  The initial electron drift speed vd is set to be 
vd /vTe =4. In the case of 1/400, we use the fine particle method for 3He ions; q 3He=0.02qH, 
m3He=0.03mH, N3He=399,360, and the initial thermal velocity is vT3He=0.026vTe. 

The fraction of high-energy particles increases, as n3He decreases. Thus, we expect that in 
the solar corona with much smaller n3He/ n4He, the fraction of energetic 3He ions would be 
much greater.  
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Fig. 3 Energy distributions of 3He ions for vd

/vTe =3, 4, and 6 
Fig. 4 Energy distributions of 3He ions in 

three plasmas with various n3He 
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dxhdf5 : A Software Package for Importing HDF5 Physics Data into OpenDX
Ireneusz Szcześniakand John R. Cary1

Center for Integrated Plasma Studies
University of Colorado

Boulder, CO 80309

A software package,dxhdf5 , for importing HDF5 data into OpenDX is discussed. HDF52

is a hierarchical, self-describing data format that is rapidly becoming a standard for storing large
data sets, such as those generated through high-performance computing. OpenDX,3 formerly IBM
Data Explorer, is a free, powerful visualization package for examining data of any dimensionality.
With dxhdf5 , OpenDX users can easily visualize both field data on regular grids through the
ImportHDF5Field module, and particle data through theImportHDF5Species module.

OpenDX can import data from files in its native format, ASCII, CDF, netCDF and HDF for-
mats. However, as the HDF5 file format is rather new (first released in 1998), OpenDX does not
support it. Beforedxhdf5 was released, HDF5 data had to be first converted to the formats recog-
nized by OpenDX prior to importing. This process was time consuming and error prone. Currently,
with the use ofdxhdf5 , importing HDF5 data is fast, easy and reliable.

The package extends the OpenDX capabilities by providing twomodules. A module is imple-
mented as a C function, which performs the defined task. OpenDX supports three module types:
outboard, onboard and run-time loadable. We implemented the modules as run-time loadable.

Our software transforms HDF5 data into OpenDX objects. Data in HDF5 files is stored in
datasets, which are arrays of an arbitrary number of dimensions, while OpenDX offersfieldsas
the objects for storing data to be visualized. Therefore thedxhdf5 modules create OpenDX fields
from HDF5 datasets.

The floating point data stored in HDF5 files is subject to conversion when it is loaded into
memory. The data can be stored in memory in the single or double precision floating point for-
mats, because OpenDX operates on these two floating point types, and does not support the “long
double” floating point format. If the size in bytes of the imported data type is smaller than or equal
to the size of a single precision number, then the data is converted to the single precision format;
otherwise the data is stored in memory in the double precision format.

ImportHDF5Field

The ImportHDF5Field module imports data of a field defined on a regular and uniform grid
of any number of dimensions and in either single or double floating point precision. The user is
allowed to import all of the field data or only the fraction corresponding to a slab. Selecting a slab
can considerably reduce OpenDX memory requirements as only a portion of a very large set of
data is loaded into the operating memory.

The number of dimensions of the field is equal to the number of dimensions of the dataset.
There is no limit on the number of dimensions imposed by the module. This number is limited
only by the capabilities of the HDF5 library and OpenDX. Also the size of each dimension is not

1and Department of Physics
2http://hdf.ncsa.uiuc.edu/HDF5
3http://www.opendx.org
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Figure 1: Field at original resolution. Figure 2: Field at lower resolution.

limited by the module. The performance of the module depends only on the performance of the
HDF5 library and OpenDX.

The ImportHDF5Field module offers the capability of selecting a slab of the field, where
you specify the coordinates of the lower corner, the thickness of the slab, and the stride (number
of grid points to move in each dimension to get to the next grid point). The module furnishes the
slab functionality by using thehyperslabfeature of the HDF5 library. Yet thehyperslabfeature is
not offered by the module since it would be difficult to use and would be of a limited applicability.

The module requires an HDF5 file with at least one dataset, which has floating point elements
and two attributes: ”origin” and ”delta”. Each attribute must be a vector of floating point elements.
The number of elements can be smaller than the number of dimensions of the field, though –
in that case the unspecified values for the remaining dimensions are set to default values. It is
important to note that OpenDX accepts data about origin and delta only in the single precision
floating point format, and therefore the values provided by the attributes ”origin” and ”delta” are
always converted to this format.

To illustrate the module usage, we use a file generated by VORPAL4, a relativistic, arbitrary
dimensional, hybrid plasma and beam simulation code. The file contains the description of an
electric field with two wave packets stored in a dataset of dimensions200×100×3 which describes
a two-dimensional field of dimensions200× 100 grid points. Positions along the third dimension
of the dataset contain three components of an electric field. Figures 1 and 2 show a field’s slab with
only one wave packet selected. Figure 1 depicts the field with all data available from the HDF5
file, while Figure 2 shows the field at lower resolution, using only one-ninth of the HDF5 data
(every third point in both dimensions taken).

ImportHDF5Species

TheImportHDF5Species module allows the user to import floating point data of single or dou-
ble precision. Again, if needed, only a portion of a very large set of data is loaded into the operating
memory by OpenDX. Particles can be selected randomly, periodically, or by limits (maxima and
minima for each of the particle variables positions and momenta).

A particle is described by its position (coordinates) and its data (data elements, typically ve-
locities or weights). The number of dimensions of the created field is equal to the number of

4http://www-beams.colorado.edu/vorpal
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Figure 3: All particles. Figure 4: Selected particles.

coordinates of the dataset’s particles. The module can import particles that have any number of
coordinates and any number of data elements – those numbers are limited only by the capabilities
of the HDF5 library and OpenDX.

In the HDF5 file, both positions and their data must be floating point numbers. Data about a set
of particles must be stored in one dataset. There might be several datasets in a file, and therefore
several particle sets stored in a file. The module imports particles only from one dataset, which
must be an array of dimensions(number of particles) × (a particle’s length). A particle’s length
is the number of elements that compose a particle. For instance, there are particles that have two
coordinates and three velocity components, and therefore the particle’s length is five.

The module was designed to let the user specify conditions on up to three coordinates and up to
three data elements. If particles that have more than three coordinates are loaded, then the OpenDX
field object will have this number of dimensions, but the user will be able to specify conditions for
only the first three coordinates. Similarly, if the dataset’s particles have more data elements than
three, then the field’s data will contain all these elements, but the conditions can be given for the
first three elements only.

Again, we employed VORPAL to produce a file for this example. The file contains a dataset
with a description of electrons, where each electron is described by two spatial coordinates and
three velocity components. Figure 3 presents all the particles of the dataset. Figure 4 shows
randomly selected particles (roughly 750 particles), and the particles withx0 > 107, wherex0 is
the horizontal velocity component of a particle.

Conclusion

The package successfully functions not only on desktop computers running Linux, Mac OS X, or
Sun Solaris operating systems but also on large mainframes that operate under the control of the
AIX or IRIX operating systems. The portability ofdxhdf5 , which ensures that the same HDF5
data can be visualized on various computer platforms, is achieved by harnessing free GNU tools:
Autoconf, Automake and Libtool.

The dxhdf5 package is an open source project and is available under the very liberal BSD
license and so can be incorporated into any other packages. Anyone wishing to extend the func-
tionality of the package is very welcome to contribute. The package along with documentation can
be obtained fromhttp://www-beams.colorado.edu/dxhdf5 .
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Use of a Hybrid Code for Global-Scale Simulation of the Earth's 
Magnetosphere 

Daniel W. Swift, Geophysical Institute, University of Alaska, Fairbanks, AK 99775 
 
The Earth's magnetosphere provides the arena for space weather. Dynamical processes in 
the magnetosphere are responsible for the aurora, geomagnetic storm and substorm 
phenomena and the electron radiation belt environment. Magnetospheric plasmas exhibit 
large departures from equilibrium. Global-scale MHD simulations of the magnetosphere 
have been only partially successful in providing a basic understanding of space weather. 
A more complete understanding of the Earth's magnetosphere and the magnetospheric 
substorm requires an ability to simulate kinetic processes in a global context. To this end 
we are in the process of developing a global-scale hybrid code of the coupled ionosphere, 
magnetosphere, magnetosheath system. The hybrid code provides a full kinetic treatment 
of the ions, while approximating the electrons as massless fluid. 

The basic code we are using [Swift, 1996] has a number of innovative features: (1) The 
code uses a general curvilinear coordinate grid enabling it to accommodate disparate size 
scales. This makes it possible to resolve distances of 100km at the Earth's ionosphere, 
while accommodating a simulation domain spanning many tens of Earth radii. (2) The 
code accommodates both the fully kinetic and MHD description of the ions, with a 
seamless interface between the two descriptions. This makes it possible to treat the cold, 
dense plasma where kinetic effects are unimportant, in the fluid approximation. This 
provides enormous computational savings, since plasma inside the plasma-pause at about 
4 RE (Earth radii) constitutes most of the plasma mass. The dense plasma also acts to 
slow the propagation of Alfven and whistler mode waves, which mitigates the severe 
time step constraint in regions where the Earth's dipole field is strong. (3) The field 

update is subcycled to the particle 
update. The most computationally 
expensive part of the simulation is 
in the advancement of particle phase 
space positions. Since most of the 
kinetic particles are beyond 4RE, 
they can be advanced with a longer 
time step than is required to 
accommodate the Courant condition 
with respect to the propagation of 
Alfven and whistler mode waves in 
the near-Earth environment. We 
have typically used 30 time steps to 
update the fields for every particle 
time step. 

This code has been successfully 
applied to a global-scale two-dimensional simulation of the Earth's magnetosphere in the 
midnight meridian plane [Swift and Lin, 2001]. The simulation was initiated with an 
unbalanced Maxwell stress across the plasma sheet in which the earthward J×B force 
exceeded the pressure gradient. The unbalanced stress caused the acceleration of plasma 

 
Figure 1. The dawn-dusk component of the magnetic 
field in the midnight meridian plane 
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in the plasma sheet earthward. Ion-ion two 
streaming instabilities were excited where 
the earthward streaming plasma interacted 
with ambient plasma. The ensuing 
turbulence was radiated away as shear 
Alfven waves that propagated along the 
magnetic field lines leading to the high-
latitude ionosphere. Figure 1 shows a 
snapshot of this process. The interaction 
between the earthward streaming plasma 
and the ambient takes place 10 to 13 RE 
antisunward of the Earth. Animation 
shows large amplitude shear Alfven waves 
radiating from this turbulent region and 
propagating along magnetic field lines 

toward the high-latitude ionosphere. Figure 2 shows the field-aligned current in the near-
Earth region. The upward currents, blue in the northern hemisphere, are believed to be 
carried by the auroral electrons. The animations also show the region of turbulence 
retreats antisunward. This results in a poleward progression of the field-aligned currents. 
This is consistent with the poleward progression of auroral forms during the expansive 
phase of an auroral substorm. 

This is the first time that a simulation has shown a relationship between events taking 
place in the plasma sheet and the field-aligned currents above the auroral ionosphere. The 
generation of the turbulence shown in Figure 1 is a kinetic process. The ability to 
simulate the propagation of the Alfven waves to the auroral ionosphere required a global 
setting. Observation of the conditions leading to the generation of the turbulence also 
required a global setting. The point being made here is that further advancement of our 
ability to understand the dynamics of the Earth's magnetosphere and attendant auroral 
and magnetic storm phenomena will require global-scale kinetic simulations. 

The two dimensional simulation has a number of limitations. It is unable to capture the 
westward electrojet associated with auroral substorms, since it involves structure in the 
dawn-disk direction. The two-dimensional simulations show a pileup of hot plasma in the 
stagnation region where the earthward plasma flow is broken. In three dimensions this 
plasma cloud flows around to the afternoon side of the magnetosphere. In three 
dimensions, the clout 

d can polarize to allow it to penetrate into the inner magnetosphere to form the ring 
current, which is responsible for the main phase, storm-time magnetic field decrease at 
low latitudes. Also, with the two-dimensional code, we are unable to simulate the 
stretching of the tail field lines during the period, known as the growth phase, leading up 
to the substorm expansion. We believe the stretching process involves the ability of 
plasmoids associated with bursty bulk flow events to generate dawn-dusk electrostatic 
fields. The successes and limitations of the two-dimensional model provide the 
motivation to undertake the much larger task of developing a global-scale three-
dimensional that includes ion kinetics. 

 
Figure 2 Field-aligned current in the near-
Earth region at t = 325 seconds. 
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The three-dimensional model is built around seven discontinuously joined coordinate 
patches. Figure 3 shows a meridian cut of the grid. The sun is to the right. The six 
coordinate patches bounding the Earth deform from a sphere at the surface of the Earth to 

plane surfaces near the boundaries. 
The outer boundaries at the 
sunward, poleward and dawn and 
dusk patches are at about 15 RE. 
The rectangular tail patch extends 
to 40 RE in the antisunward 
direction. The inner boundary is 
the Earth's ionosphere at 1 RE, 
where the grid resolution is less 
than 100 km. The six coordinate 
patches bounding on the Earth are 
shaped like a pyramid with a 
spherical cavity at the apex. Two 

of the coordinate patches not shown are in the dawn and dusk sectors. Notice the sunward 
patch has a greater density of grid points beyond about 9 RE to resolve the bow shock and 
magnetopause. Also, there is a greater density of grid points near the equatorial regions of 
the antisunward and tail patches to resolve important features of the plasma sheet. No 
attempt has been made to match grid lines across coordinate patches; however, great care 
has been taken to ensure continuity of the density of coordinate surfaces across patch 
boundaries to avoid impedance mismatch for waves propagating across patch boundaries. 
The coordinates are specified by a table giving the x,y,z-locations of the grid points. All 
the geometric coefficients necessary for field operations and moving particles in a 
curvilinear coordinate system are derived from the table. The grid can be easily modified 
without having to do any reprogramming by simply changing the underlying table 
specifying the grid point locations. 

The grids are set up so there is a half grid width overlap between coordinate patches. 
Field data from one coordinate patch is interpolated, in both position and direction, onto 
the overlapping grid points of the neighboring patch. The divergence of the electric field, 
E and the magnetic field, B are on nested grids, with components of the fields residing on 
the cell faces. Boundary conditions are imposed on the tangential components of the 
electric field and the normal component of the magnetic field. These components must be 
interpolated from neighboring patches. Similarly, the particle curvilinear position has to 
be interpolated from one coordinate patch to another as the particle crosses patch 
boundaries. No conversion of the particle velocity is required, as the velocity is kept in 
Cartesian coordinates. 

The code is being set up for a scalable, distributed memory parallel computer. In order to 
have some flexibility in the assignment of processors, we have therefore taken the 
additional step of making it possible to independently subdivide each coordinate patch 
into a number of different segments to accommodate a greater number of processors. The 
grid points and particles within each segment are assigned to a single processor. There is 
no requirement for matching segment boundaries across processor boundaries. The 
configuration of segments within each processor is specified by a set of indices giving the 
beginning and ending coordinate indices of each segment within each patch. The segment 

 
Figure 3. Meridian plane view of the three-dimensional 
coordinate system 
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configuration within each coordinate patch can be altered without reprogramming by 
changing the indices defining its extent. Passing of field and particle data within each 
coordinate patch occurs directly between the segments. Segments having a face on a 
coordinate patch boundary pass its guard cell data to a processor designated to assemble 
data for an entire patch face. Individual segments from the adjoining coordinate patch 
then access their individual pieces of surface data from the processor that had assembled 
the data. This two-step process provides the flexibility that enables the coordinate patches 
to be independently subdivided. 

External boundary conditions are handled in a similar way. A single processor develops 
the boundary data for an external face of a coordinate patch, and the individual segments 
then access their individual sections of boundary data for their external boundary faces. 
An important "external boundary" is that 
presented by the partially conducting 
ionosphere. The normal component of the 
magnetic field is that of the Earth's dipole. 
The tangential component of the electric 
field is derived from the condition that the 
sum of the normal component of the 
current and the horizontal, height-
integrated current flowing in the 
ionospheric shell be divergenceless. The 
normal component is derived from the curl 
of the tangential components of the 
magnetic field a half-grid layer above the 
ionospheric shell. The horizontal 
component of the electric field is assumed 
to be described by a potential. The 
conductivity coefficients are derived from 
the collisional coupling between the ions 
and electrons, and the neutral atmosphere. Co-rotation in the frame fixed with respect to 
the Earth-sun line is imposed by having the neutral atmosphere rotate with the Earth. The 
ions and electrons within the ionosphere are driven by collisions with the far more 
abundant neutrals. The conductivity dyadic is anisotropic because of the Hall term. The 
derived conductivity coefficients have large spatial variation depending on the ionization 
density in the conducting layer. The potential is calculated on the 102×102 polar grid 
shown in Figure 4 by inverting the complex elliptic operator. The electric fields on the 
lower latitude grids will be derived from the co-rotation potential. 
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Figure 4. The coordinate grid on the surface 
of the Earth viewed from the north polar cap. 
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Modeling plasma-wall interactions in First Wall-Limiter
Geometry

1 F. Subba 1 R. Zanino

1 Dipartimento di Energetica, Politecnico, I-10129 Torino, Italy

1 Introduction
The First-Wall Limiter (FWL)[1] is a possible solution to handle the power load on the

Plasma Facing Components (PFC) of a tokamak. Although the concept is not new (it was

already used in Tore Supra and TFTR, and have been proposed for IGNITOR), relatively

little experience exists on the advanced modeling of limited plasmas [2]. A major challenge

is the construction of a computational mesh fitting the geometry. The most advanced edge

simulation codes are bound to quadrilateral grids with the cells aligned to the magnetic

surfaces: a stringent requirement near the plasma-limiter contact point. Here we make

a first experiment on the application of the plasma edge code B2-solps5.0 [3] to a FWL

Scrape-off Layer (SOL).

2 The mesh

Figure 1. Logical mapping of the physical domain onto a rectangle. Left: standard divertor SOL.

Right: FWL configuration. The colors localize the physical tracts on the logical domain.

B2-solps5.0 solves on a 2D domain a system of equations based on [4]. It adopts a 5-

point stencil, optimized if the domain is topologically equivalent to a rectangle with the

sides aligned with the coordinate directions. The 5-point stencil is attractive in many

respects [5], but introduces inaccuracies if the grid is distorted. Figure 1 illustrates the
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logical mapping of the physical domain onto a rectangle in a standard divertor case (left)

and in a model FWL geometry (right). In the latter case, the magnetic surfaces are circles

concentric with AD (a somewhat similar case was presented in [6]). Any mesh fitting this

geometry will be extremely distorted near the tangency point (F). To quantify the grid

distortion, we define for the cell (i, j) the skewness as: SKi,j = 1− (
∑

sin (αm))/4, where

the αm are the internal angles of the cell. In figure 2 we show on the left the skewness dis-

tribution of a typical grid for the FWL configuration, and on the right the mesh structure

near the tangency point. Note that all the elements are quadrilateral, even if some of them

look triangular because of the extreme grid irregularity.

Figure 2. Left, distribution of the skewness of the mesh elements for a typical grid fitted to the

FWL geometry. Right: structure of a 20×20 mesh near the tangency point.

3 Influence of the 5 points stencil
A distorted grid affects the 5-point scheme adopted by B2-solps5.0 introducing some un-

physical terms. Taking as an example the energy equation, if one grid boundary is aligned

with the x (usually poloidal) direction and the other forms an angle θ with the y (usually

radial) direction the diffusion-convection operator becomes effectively:

 L (T ) = ∂
∂x

(
(1.5nvx + 1.5nvytan (θ)) T − (χx + χytan2 (θ)) ∂T

∂x

)
+

∂
∂y

(
1.5nvyT − χy

∂T
∂y

)
− 2tan (θ) χy

∂2T
∂x∂y

(1)

The terms containing tan (θ) originate from the grid distortion. In typical plasma problems

nvy << nvx and χy << χx [7]. For the present study, we adopted (tentatively) grids whith

tanθ ≤ 103. Consistently with (1), the effective energy fluxes are:

qx = 1.5nvxT − χx
∂T
∂x

qy = 1.5nvyT − χy

(
∂T
∂y

+ tan (θ) ∂T
∂x

) (2)

Referring to figure 1 the flux considered to impose the boundary conditions will be qxex

along tracts AB and CD, and qyey along tracts AD and BC. The subdivision of the external
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wall FC into a radial segment (FB) and a poloidal one (BC) is somewhat artificial, but it

is needed to map the curvilinear triangle FCE onto a rectangle. We decided to keep point

B far from the plasma-limiter contact to limit the influence of this discontinuity.

4 Test cases

Figure 3. Heat flux profiles along

the FWL from a series of grids with

increasing poloidal refinement.

Figure 4. Radial profiles of the

poloidal heat flux in the SOL at three

different angular distances from the

tangency point.

Our reference case is a pure D plasma with BT = 13T and Bp = 2.5T , respectively. The

poloidal cross section has a minor radius a = 0.9m. The computational domain includes

the main (core) plasma for 1.5cm. We set at the inner plasma boundary (tract AD of

figure 1) n = 1020m−3, and Te = Ti = 50eV . In order to impose the boundary conditions

to the ”limiter” (FB), we treat it as a standard target and apply the sheath theory. Along

the ”outer wall” (BC) we set zero radial particle flux and ∂T/∂n ≈ 0. Along tracts FA

and DC we impose symmetry conditions. We set 1m2s−1 for the heat and particle radial

diffusivities, while the parallel transport coefficients are classical [4].

Figure 3 shows the heat flux along the FWL for a sequence of different grids. Far from

the tangency point, the solution converges towards a mesh-independent profile. A peak

exists consistently with the approximate formula [8]

q (s) = q0e
(−l/λE)cos (β) (3)

where q0 is a normalization factor, (l) is the distance between the separatrix and the wall,

λE is the radial energy decay length and β is the angle between the magnetic field and

the wall normal. However, at less than 5cm from the tangency point the grid distortion

becomes important, and the computed solution is not fully converging. As a comparison,

we show also the profile obtained with eq. (3) having normalized q0 to match the total

energy flux onto the limiter and with λE = 1cm.
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A major difference between eq. (3) and the full B2-solps5.0 computations is showed in

figure 4, where we report the poloidal heat flux profiles in the SOL as a function of the

distance from the separatrix for different angular distances from the tangency point. The

full computation shows an increase in the maximum value near the tangency point, which

is not predicted by (3).

5 Conclusions
We analyzed the potentialities of the B2-solps5.0 code for studying the SOL in an FWL

geometry. We showed that a quadrilateral grid can be built in the neighborhood of the sin-

gular point fitting the magnetic geometry, provided we tolerate substantial grid distortions.

A semi quantitative criterion to evaluate the influence of the grid skewness was derived,

and some numerical experiments were done by comparing the heat flux profiles predicted

by B2-solps5.0 with a simplified model. Thanks to the large anisotropy in the plasma trans-

port coefficients, the 5-point stencil performs reasonably on the resulting grids over most

of the domain, where B2-solps5.0 agrees qualitatively with the indications of the simple

analysis. In addition, our computational results point out the existence of 2D effects in the

FWL SOL that were not included in the previous analysis. However, the 5-point scheme

shows limitations near the topological singularity (i.e. for extreme disortions) which could

cause severe problems in the application to practical cases.
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Weighting and Numerical Heating in Unstructured 3d PIC Simulations 
Anton Spirkin  and Nikolaos A. Gatsonis 
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A three-dimensional particle in cell/direct simulation Monte Carlo (PIC/DSMC) code was 
developed on unstructured tetrahedral Delaunay grids.  Momentum conserving schemes are used 
for particle-to-grid weighting and force interpolation. The leapfrog integration scheme is used for 
the charged-particle equations of motion. Solution of Poisson’s equation is obtained with the 
GMRES technique and the discretization uses the favorable characteristics of the Delaunay-
Voronoi grid. 
 
We present issues related to numerical heating in unstructured 3-D PIC. Linear and NGP 
weighting schemes are considered. A parametric numerical investigation examines the effects of 
the weighting schemes and time steps on heating time.   
 
As means for validation suddenly of the methodology, expanding plasma flows are simulated. 
Results are compared with known analytical solutions and previous computational works. 
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1 Introduction

Thanks to the rapid increase of computing power in recent years, simulations of plasmas and
particle beams based on direct solution of the Vlasov equation on a multi-dimensional phase-space
grid are becoming attractive as an alternative to Particle-In-Cell (PIC) simulations. Their strength
lies essentially in the fact that they are noiseless and that all parts of phase space, including the tail
of the distribution, are equally well resolved. Their major drawback is that, for inhomogeneous
systems, many of the grid points (where no particles are present) are wasted. This is especially
the case for beam simulations where the beam moves rapidly through the phase space (due to
varying alternating-gradient focusing forces, for example). This inefficiency has made such Vlasov
simulations unsuitable for those cases.

This paper introduces the concept of a moving grid which is mapped at each time step from
a logical uniform grid to the beam, so that it contains the whole beam without needing too many
points with vanishing values of the distribution function. In order to implement this new method,
we introduce a new time stepping algorithm which does not rely on the time splitting procedure
traditionnaly used in Vlasov solvers.

The model we consider throughout this paper is the non relativistic Vlasov equation coupled
self-consistently with Poisson’s equation. It reads

∂f

∂t
+ v · ∇xf +

q

m
(E + v ×B) · ∇vf = 0, (1)

the self electric fieldE is computed from Poisson’s equations

−∇2φ = ρ(x, t) = q
∫

f(x,v, t) dv, E = −∇φ.

The magnetic field is external and considered to be known.
The paper is organized as follows: We first introduce a new time stepping algorithm that does

not require splitting. We then describe the moving grid algorithm in a general setting first and
finally present its application to the simulation of beams in transverse phase-space.

2 A second order algorithm for the characteristics

When the transform does mix space and velocity components the traditional splitting method ([2])
can no more be performed. Therefore we need to introduce an efficient method for solving the

18th International Conference on Numerical Simulation of Plasmas

304



characteristics without splitting. A possible option would be to use the two time-steps method that
was introduced in [1]. However, this has the drawback of decoupling even and odd time steps.
Let us instead introduce a second order predictor-corrector method to compute the origin of the
characteristics based on an isochronous leap-frog algorithm.

Algorithm 1: Knowing the final position(Xn+1, V n+1) at time steptn+1, as well asfn, ρn−1,
En we can compute the initial position(Xn, V n) using the following algorithm:

1. PredictĒn+1 using the continuity equation (or directly Ampere’s law in 1D)

ρn+1 = ρn−1−2∆t∇·Jn, Jn = q
∫

fn(x,v)v dv, −∇2φn+1 =
ρn+1

ε0

, Ēn+1 = −∇φn+1.

2. Vn+ 1
2 = Vn+1 − ∆t

2
Ēn+1(Xn+1); Xn = Xn+1 −∆tVn+ 1

2 ; Vn = Vn+ 1
2 − ∆t

2
En(Xn).

3. fn+1(Xn+1,Vn+1) = interpolation(fn)(Xn,Vn); ρn+1 =
∫

fn+1 dv,

4. CorrectĒn+1 using−∇2φn+1 = ρn+1

ε0
, Ēn+1 = −∇φn+1.

5. If ‖Ēn+1 − Ēn+1
old ‖ > threshold go back to 2.

Our first 1D tests show that the error decreases very rapidly: the relative error is of the order of
10−2 after the predictor step, it goes around10−9 after one corrector step and10−15 after two
corrector steps. Hence given the other errors commited in the algorithm, one corrector step is
enough. Therefore the cost of the algorithm, which comes mostly from the interpolation step is
roughly the same as for the split algorithm, where one interpolation at each split step is necessary.

3 The semi-Lagrangian method on a moving grid

The semi-Lagrangian method consist in two conceptually different steps:

1. an advection step which consists in solving a large number of decoupled ordinary differential
equations. This step is completely independent of the grid and is most naturally performed
in the physical space,

2. an interpolation step which is necessary to compute the value of the distribution function
at the origin of the characteristics which are not on the grid. The interpolation grid is only
needed to reconstruct the distribution function at every point in phase space at one given time
step and needs not be the same at two different time steps.

In order to optimize step 2 one needs to position the interpolation points so as to be able to recon-
structf with a given acuracy at the lowest possible cost. In beam dynamics simulation the global
movement of the beam is mostly determined by the external forces and even if the self forces are
important can be determined by the evolution of the envelope equation. Hence this information
should be used to position the grid points.

On the other hand, in order to simplify the interpolation step, we choose to always perform
it on a uniform logical grid, the position in the actual phase space of the grid points being given
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by a invertible mappingϕt from the logical grid to the physical grid. We chooseϕt such that it is
continuously differentiable as well as its inverse. The subscriptt reminds us thatϕt can be different
for different times.

In order to describe the algorithm, we need to introduce a few notations regarding the logical
and physical grids. We shall denote with a∗ the coordinates in the logical grid. Then for a given
point (x,v) in the physical phase space, we have

(x∗,v∗) = ϕ−1
t (x,v) or (x,v) = ϕt(x

∗,v∗).

Let us also introduce the distribution function on the logical gridf ∗(x∗, v∗, t) = f(ϕt(x
∗, v∗), t).

Then, the property thatf is conserved along the characteristics translates into the following new
conservation property forf ∗ that shall be used in the algorithm:

f ∗(x∗, v∗, t) = f ∗(X∗(s; x, v, t), V ∗(s; x, v, t), s).

Now, fn being known as well asϕn(= ϕtn) andϕn+1, the following algorithm can be used to
computefn+1.

Algorithm 2:

1. Compute positions in physical phase-space of grid points wherefn+1 is to be computed:
(xn+1

i,j , vn+1
i,j ) = ϕn+1(x

∗
i , v

∗
j ), where(x∗i , v

∗
j ) are the nodes of the logical grid.

2. Compute origin of grid points(xn+1
i,j , vn+1

i,j ) using algorithm 1 or similar. We denote by
(Xn

i,j, V
n
i,j) these origins.

3. Transform(Xn
i,j, V

n
i,j) back to the logical grid at timetn: (X∗n

i,j , V
∗n
i,j ) = ϕ−1

n (Xn
i,j, V

n
i,j).

4. Interpolatef ∗n at origin of characteristics on logical grid to getfn+1, asf ∗(n+1)(x∗i , v
∗
j ) =

f ∗n(X∗n
i,j , V

∗n
i,j ).

Steps 2 and 4 exist in any semi-Lagrangian code. Hence the extension of such codes to moving
grids can be performed easily by implementing the transform from logical to physical space (step
1) and the back transform from physical to logical space (step 3).

Remark: Coupling with the Poisson equation.
One of the problems that can arise with the moving grid is that the grid points fail to be aligned

along a given positionx in physical space. Hence when velocity moments, in particularρ, need
to be computed we need to interpolatef at some specified points for the numerical integration.
In order to minimize these interpolations the numerical integration is performed using an adaptive
Gauss quadrature. The grid motion could be constrained to avoid this (forcing points to line up
in columns of constantx); but if it is desired that the mesh motion track the phase space flow as
closely as possible (so as to minimize numerical diffusion), then such measures are, in general,
needed.
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4 Application to the simulation of beams in transverse phase
space

In this kind of simulations the beam envelope can move a lot, leaving at any given time an important
portion of a fixed grid empty and thus inducing much unnecessary computations. For this reason,
we want to use the moving grid idea in this case, to adapt the grid at each time step to the RMS
beam envelope. Hence the transformϕ is a rotation coupled to a dilation following the envelope
motion.

To validate our method, we apply it to the case of the evolution of the transverse distribution of
a gaussian beam in a periodic focusing field, where the force field is linear and constant during a
half period and zero on the other half period. We represent snapshots of the beam and the moving
computing box compared to the computing box necessary for a simulation on a fixed domain.
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º�Xi^iJBH([I];3Õ÷TH�8_PùXi3(3�M`G\PB];J9^É[xMécXiGxXiPBXA¾$#õ¼³8;XAK�@
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ÅBGIMLXZ365ç]_¼¿XZ3�3�Miº¿ÅB8_];¼\5BH�PÏÊL¾èPB]_À4];P9];JB^ [I5BHhP9];¼·Ã
[xGI]_ÊB79[I];M`J�Ñã7BJ93([x]_M`JÏMiÑm[I5BH�ÅB8ÍXZ¼Iº¿X@mÐ];JL[IMÐ[>KNM
¼IH�ÅBXiGxXZ[IH�Å2M`ÅB7B8;XZ[x]_M`JB¼(@nm%o�XZJBPPm 1 -»ß¹5BH{PB]_¼\[xG\]�ÃÊB79[x]_M`JB¼pm o XiJ9P�m 1 ¼I79º [IMh[x59H�[xMi[xXi8�PB];¼·[xG\];ÊB7OÃ[x];MiJ�m ,�m%o"8Lm 1 XiJBP{ÑãM`GY¼\];º¡ÅB8;]_3�]�[>¾%XiGIHmÅQM`¼\]_[I]_À`H
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PBHR÷TJB]_[IHU¼I7B365Ð[x5BXZ[ m%o � m�XiJBP@m 1 � mB-CéTGIM`º XÞT7B]_P*Å2H�GI¼\ÅQH(3([I]_À`HZ@`[x5BH�3�M`JL[x]_J«7B]_[>¾�H�à«7TXr[x];MiJUXiJBP
ÞT7B]_P³ÑãM`G\3�H�H(à«7TXZ[x]_M`JB¼UXZGIH�MiÊ9[6Xi]_JBH�P³Ê«¾Ë[6XZÓ4]_JB^
[x59H�÷TGI¼·[�[>KNM!º¿M`º¡H�JL[I¼¢MiÑT[I5BH���8;Xi¼IMAÀCH�à«7TXZ[I];M`J�@
K05B]_365PB]_3([6Xr[xH�¼�[x59HÌHRÀ`M`8_79[x]_M`JÉMZÑ*[x5BHËÅB8;Xi¼Iº¿X
PB]_¼\[xG\];ÊB7O[x];MiJäÑã7BJ93([x]_M`JÔ]_J&X����*û�PB]_º¿H(JB¼I]_M`JTXi8m)4 <7J%>\J D < Å95TXi¼IH�¼\ÅTXi3�HZ-I	� mf8 > ( &�
 mf8 EC� 1T8 > � O *�� ( &��?m ,'. 4�� <
Ç�H�GIHç[x5BHçH �QH�3([I¼�MiÑ£3(M`8;8_];¼\];M`JB¼ÐXZGIHè];^`JBMiGIH�P�-
1O]_JB3�H0H
XZ365¿[xH(GIºÆ]_J%[I5BH���8ÍXZ¼IMAÀUH�à«7TXr[x];MiJ¿]_¼×8_];JOÃ
H
XZG*];J�mB@�[x59H{3�M`JL[I];J«7B]_[>¾�XiJBPÕÑãM`G\3�H{H(à47BXZ[x]_M`JB¼
3�MiJ«[xXi];JÉJBMç[IH�G\º¿¼�ÅBGIMiÅQM`G·[x]_M`JTXi8�[IM m o m 1 @�XiJBP3
XZJÉÊ2HÐ¼xXZ[I];¼\÷BH�PäÊ«¾�H(À`Mi8_À4];JB^Ï[x59HÐ[>KNMèÅQM`Å97OÃ
8ÍXr[x];MiJB¼0¼IH�ÅBXiGxXZ[IH�8�¾`-�éTM`G�[x5BH�[xH(¼\[!ÅBG\M`ÊB8_H�º¥ÅBG\HRÃ
¼IH(JL[xH�P¡];J*[I5BH�ÑãM`8_8;MAK0];J9^m¼IH(3([I];M`J|@LMiJBHYMiÑc[x59HY[>K�M
Å2M`ÅB7B8;XZ[x]_M`JB¼£];¼�H(ÀiM`8_ÀiH�PÔ79¼I];J9^ç[x59H³b�¶·W [xH(365OÃ
JB]_à479Hi@�K05B]_8;H%[x5BH{MZ[x5BH(G*ÅQMiÅB7B8ÍXr[x];MiJÌ]_¼C[xG\H
XZ[IH�P
Xi¼�X�PB];H(8;H�3R[xG\];3*ÞT7B]_P|-¡ß¹5BH�b�¶·Wê[IH�365BJ9];à«7BH{XZ7OÃ
[xMiº�XZ[I];3�Xi8;8�¾{¼xXr[x];¼·÷TH�¼�[I5BH*3(M`JL[x];J«7B]�[>¾hXiJBP ÑãM`G\3�H
H�à«7TXr[x];MiJB¼�@cÊB79[�M`79G�]_º¿Å98;H�º¡H�JL[xXZ[x]_M`J{MiÑd[x5BH�PB]ÎÃ
H�8_H�3R[xGI]_3ÝÞT7B];PáPBM4H�¼èJBMi[ç3�M`JL[xXi];Jì[>K�MâMiÑ»[I5BH
[xH(GIº¡¼¢]_J�[x5BHNÑãM`GI3(HYH�à«7TXZ[I];M`J�þi[x5BHU4XE 6�C � < A\4 >MO�* <
[xH(GIº¥XZJBP£[x5BH�& 
 (34 A�� > >�� < [xH(GIº�-�ß¹5BH�½\7B¼\[I]_÷T3�XrÃ
[x]_M`JÏÑãM`G¿J9H�^`8_H�3([I];JB^Ð[x59H�¼IH�[xH(GIº¡¼¿]_¼¡[I5TXZ[¿PBGI]�Ño[
À`H(8;M43�]�[x];H(¼�]_J{[x5BHmÞB7B];P{K0]_8;82ÊQH�¼\º�XZ8;8�@4XiJ9P�3(M`ºUÃ
Å2M`JBH�JL[I¼NMiÑQ[x5BH�ÅB8;Xi¼Iº¿XmK0]_[I5¿5B]_^`5¡H�JBH(GI^`]_H�¼×XiJBP
À`H(8;M43�]�[x];H(¼�K0];8_89Ê2H�º¡M4PBH�8_H�PUK0]_[I5¿b�¶·WçÅBXiG\[I];3�8_H�¼(-
����� ��������=_	� � �e_d�� �!��=���:���j�� �!
ßdM£PBH�º¡M`JB¼·[xGxXr[xH*[x5BXZ[�[x59HUJ479º¿H(GI];3�Xi8¢º¡H([I5BM4PB¼
PB]_¼I3�79¼I¼IH(P³XZÊQMAÀ`H%XZGIH*ÀZXi8;]_Ph[IGIH
Xr[xº¡H�JL[x¼!MiÑ×5B]_^`5
PBH(JB¼I]�[>¾ÌÅ98ÍXi¼\º�X£ÅB5L¾4¼I]_3�¼�]_JÌ8;XiGI^iH%ÀiM`8;79º¿H(¼�@ÁK�H
5TX
À`HNH�º¡ÅB8;MA¾iH�P�[I5BH�¼\H�º¡H([x59MOPB¼Á[xM�3
XZ8;3�798ÍXZ[IH�[I5BH
PB]_¼IÅ2H�GI¼\];M`JÝG\H�8;XZ[x]_M`JÈMiÑ�H(8;H(3([xG\M`º¿Xi^`JBHR[x];3hÅB8ÍXZJBH
K�XAÀiH�¼�[xGIXAÀiH�8_];JB^�[I5BGIM`79^`5äXÏÅ98ÍXi¼\º�X³]_JÒX�[>K�M
PB]_º¿H(JB¼I]_M`JTXi8�Ê2M
å�-�ë³H¿ÅQH(G\ÑãM`G\ºøXi8;8�[I5BH�3�Xi8;3(7OÃ
8ÍXr[x];MiJB¼U´jXiJTXi8�¾4[I];3UXZJBPÐJ479º¿H(GI];3�Xi8o¸�];J [x59H¡8_];º¡]_[
MiÑ¡JBM`J4Ã>GIH(8ÍXZ[I]_À4];¼·[x]_3Ë[I5BH�G\º�Xi8�À`H(8;M43�]_[I];H(¼»];JÔ[I5BH
ÅB8;Xi¼Iº¿X9@�XÕ^`MOM4PÝXiÅ9ÅBGIM
åO];º¿XZ[x]_M`J�]_JÝ3�8;Mi7BPB¼£MiÑ
ÅB8;Xi¼Iº¿XçG\H�3�H(JL[x8_¾];M`J9];:�H(PÊL¾ÔP9];GIH(3([IH�PÔH(JBH�G\^i¾
¼IMi7BGI3(H�¼�-ß¹5BHhXiJTXi8�¾4[I];3£Haå9Å9GIH�¼\¼I]_M`JÈG\H�8ÍXr[x];J9^ [x5BH£ÑãGIHaÃ
à«7BH�J93(¾ &)(3* MiÑÝ[xGIXiJB¼\ÀiH�G\¼IHÄH�8;H(3([IGIM`º¿Xi^`JBHR[x]_3
K�XAÀiH�¼Y[IMC[x59H�K�XAÀiH!J«7Bº*Ê2H�G���]_J{X�3�M`8_P�ÅB8;Xi¼Iº¿X
];¼¹^i]_À`H(JhÊL¾{[I5BH!ÑãM`8;8_MAK0];JB^*P9];¼IÅ2H�G\¼I]_M`J�GIH�8;XZ[x]_M`J �& 1(3* ,G& 12 8!� 1 � 1#" 4%$ <
ß¹59H¡3(M`8;8_];¼\];M`J»ÑãG\H�à«7BH(JB3(¾ #3$�]_¼�Xi¼I¼\7Bº¿H(PÌ[IM�Ê2H
:�H(GIMB-
ë³H�5TX
À`H*Å2H�G·ÑãM`GIº¡H�P ¼\];º*798ÍXZ[I];M`JB¼0]_J X�¼\];ºUÃ

ÅB8_HU^`H�M`º¡H([IG\¾�]_JÐM`GIPBH(G![xM�HRå4[xGIXi3([�[x59H¡J«7Bº¡H�G�Ã
];3�Xi8×PB];¼\ÅQH(GI¼I]_M`JÕGIH(8ÍXZ[I];M`J³XiJBPÕ3(M`º¿ÅBXiGIH�[I5BH£GIHaÃ
¼I798_[x¼�[xM�[x5BH¡[x5BH(M`GIHR[x]_3
Xi8_8_¾�Haå9Å2H�3R[xH(PÕ3�7BG·À`Hi-�,

GIMAK MiÑ�PB];Å2M`8;HÈXiJL[xH(JBJTXi¼ÕÅ2M`8ÍXZGI];:(H�Pù]_Jù[x5BH#&'PB];G\H�3([I];M`JXiGIHÌ8;]_JBH�PÉ7BÅ&XZ[h[x5BHÌ8;H(Ño[»H�JBP&MZÑ%X
8;M`JB^ÕÊ2M
å�÷T8_8;H(PÒK0]�[x5äXÕGIH(8ÍXZ[I]_À`H(8_¾çPBH�J9¼IHË3�M`8_P
ÅB8ÍXi¼\º�Xç´ - " $(� O - . o*) ð,+Eð.-�ô0/21Rñrò 6�C43¡3�M`G\GIH(¼IÅ2M`JBPB]_JB^
[xMÆXùÅB8;Xi¼Iº¿XêÑãG\H�à«7BH(JB3(¾¥MZÑR& 2 , W - " - O - .(5
GxXiP�;r¼IH�3
¸R- ß¹59H£XiJL[xH(JBJTXi¼UXZGIH{PBG\]_ÀiH�JÕ];JÌÅB5TXi¼\H
K0]_[x5»XiJ�M`¼\3�];8_8ÍXZ[I];JB^U3(7BGIG\H�JL[
@|XZ[!X�Å2H
XZÓ»Xiº¡ÅB8_]�Ã
[x7BPBH�MiÑ7698�û¹,mº¡ÅB¼�@i[IM!^`H�J9H�GxXr[xH¹X�ÅB8;XiJBH×KYX
À`H0]_J
[x5BH¹ÅB8;Xi¼Iº¿X9-dß¹5BHY[xMiÅ¿XZJBPUÊQMZ[I[xMiº'H�P9^`H�¼�MiÑ2[x59H
ÊQM
åÐXZGIH*PBHR÷TJBH(PÌÊL¾�º¡H([xXi8¢Ê2M`7BJBPBXiGI]_H�¼�-Cß¹5BH�G\H
];¼�X�ÅQH(G\ÑãH�3R[x8�¾�º�Xr[x365BH(PÌ8;XA¾iH�G�´µb×g»Vd¸�M`JËÊQMi[I5
[x5BH�8;HRÑo[�XiJBP»G\];^`5L[0¼\];PBH(¼�MiÑÂ[x5BH�Ê2MAå�[IM¿Å9GIH(ÀiH�JL[
XiJL¾³G\H(ÞTH(3([x]_M`J�MiÑ�]_JB3�M`º¡];J9^».×g K�XAÀiH�¼(@N¼\];º*7OÃ
8ÍXZ[I];JB^UXZJ�]_J9÷TJB]�[xH!PBMiº�Xi]_J£];J£[x5BXZ[0PB];G\H�3R[x];MiJ|-
ßdMÆÊ2H�JB365Bº¿XiG\ÓÜ[x5BHÅQH(G\ÑãM`G\º�XiJ93�H&MiÑÐ[x59H

b�¶·W×Ã�ÞT7B]_P�5L¾4ÊBG\];P![xG\H
XZ[Iº¿H(J«[�@AK�H�÷TG\¼\[dGI7BJ�¼\];º*7OÃ
8ÍXZ[I];M`JB¼Â];JU[x59];¼�^`H(M`º¿HR[xG·¾�K0]_[I5U[x5BH0ÅB8;Xi¼Iº¿X�3�M`J4Ã
¼I];¼·[x]_JB^{MiÑNM`JB8�¾ b�¶·WêÅBXiG\[I];3�8_H�¼(@�[x5BH(J�K0]_[x5�MiJB8_¾
PB];H(8;H�3R[xG\];3�ÞT7B];P�-�ë³H*[I5BH�J [IH�¼\[�X¿º¿M4PBH�8dK05BH�G\H
5TXi8_Ñ�MZÑ![x5BH�ÅB8;Xi¼Iº¿X³]_¼¿[xG\H
XZ[IH�PäXi¼£b�¶·W ÅTXiG\[I]�Ã
3�8;H(¼�XiJBP�[I5BHÐMi[x5BH(G{5TXi8�Ñ�º¿M4PBH�8_H�PÒXi¼�X³ÞB7B];P|-
ß¹5B];¼%PB]�ÀO]_¼I]_M`JÏ];¼%];JèH
Xi365È3�H�8_8�@×GxXZ[I5BH�G%[x5BXiJÈ]_J
PB]X�QH�G\H�JL[�¼\ÅTXZ[x];Xi8ÁGIH(^`];M`J9¼m];Jh[x5BHCÊQM
åQ-�ß¹5BH(GIH*]_¼
JBM�º¡H�365BXiJB];¼\º&ÑãM`GÁHRåO365TXiJB^iHYÊQHR[>K�H(H�J*ÞT79];P*XZJBP
ÅTXiG\[I];3(8;H�¼(-0ß¹5BH�H(GIGIMiGm];J�[x5BH�KYX
ÀiHUJ479º*ÊQH(G4�*]_¼
];JB5BH(GI]�[xH�P{ÑãG\M`ºÜ[I5BH!÷TJB]_[IH!ÊQM
å�¼\];:(Hi-: ;0�=<9°?>>¬9<
ß¹5BH³PB]_¼IÅ2H�G\¼I];MiJGIH(8ÍXZ[I];M`J9¼hM`ÊO[6Xi]_JBH�PäÑãGIM`º [x59H
HRåOÅB8;]_3�]�[�b�¶·Wm@�PB]_H�8_H�3([IGI]_3 ÞT7B];P�@�XiJBPäÞT7B]_POÃ�b�¶·W
5«¾4ÊBG\];P¡º¿M4PBH(8;¼×XiGIH0PB]_¼IÅB8;X
¾`H�P¿];J¿é¢];^9-Y´�û�¸�Xi8;M`J9^
K0]_[x5 [I5BH*[x59H�M`G\H([x]_3
Xi8dÀZXi8;7BHCÑãGIM`º .�à2-{´ 
«¸a-C,�8;8
[x5BG\H�HYº¡MOP9H�8;]_JB^0[xH�3659JB];à«7BH(¼�¾4]_H�8;PC[x5BHY¼IXiº¡H�ÀZXi8�Ã
7BH�¼�MiÑ×Ó»K0]�[x5B]_J [x5BH%GIH(¼IM`8_79[x]_M`J�MiÑ×[x5BHU¼\];º*798ÍXrÃ
[x];MiJB¼�þ�[x5BHR¾ÉXi^`GIH(H�[xMÏK0]_[x59];JA@CÿB8DCÏ3(¾43�8_H�¼8;FE�@
XiÅBÅBG\MAåO]_º�XZ[IH�8�¾�[x59H�K0];PO[x5�MZÑ|[x5BH�¼\¾4º*Ê2M`8;¼×7B¼\H�P
];J{[x59H�Å98;Mi[�-
ß¹59H�[IGxXiJ9¼Iº¡];¼I¼\];M`JÏMiÑ�GxXZPB]ÍXZ[I];M`J�[I5BGIMi7B^`5èX

ÅB8ÍXi¼\º�XâXi¼ÝX'Ñã7BJ93([x]_M`J¥MiÑÐ[x59HÔÅB8ÍXZ¼Iº¿X'PBH�J4Ã
¼I]_[>¾ÉXiJ9P&365BH�º¡];3�Xi8CÅ9GIM`Å2H�G·[x];H(¼ ];¼»XiJBMi[I5BH�Gh];JOÃ
[xH�G\H�¼·[x];J9^à«7TXiJL[x]�[>¾â[IM3(M`JB¼I]_PBH�GËK05BH�JÆHRÀZXi8;7OÃ
XZ[x]_JB^Ô[x5BHÒÀZXi8;]_PB]_[>¾âMiÑ�[x5BHäÅTXiG·[x]_3�8;HaÃíÞT79];PÆ5L¾LÃ
ÊBGI]_PÝº¿M4PBH�8µ-êëÌHÐXiG\H�ÅTXiG\[I];3(7B8ÍXiG\8_¾è];JL[IH�GIH(¼\[IH�P
];JÒÅBGIMiÊB];JB^Ï[x59HÌG\H�^`]_º¿H K05BH(GIHË[x5BHÐÑãGIH(à479H�JB3R¾
MiÑ�[x5BHUH(8;H(3([xG\M`º¿Xi^`JBHR[x];3CGxXiP9]ÍXZ[I];M`Jh];¼�3(M`º¿ÅBXiGxXrÃ
ÊB8;HË[xMÈ[I5BH�ÅB8;Xi¼Iº¿XèÑãG\H�à«7BH�J93(¾`-øßdMÝ3
Xi8_3�7B8;XZ[xH
[x5BH{[IGxXiJB¼\º¿]_¼I¼\];M`JÕ3(MOHHG¿3(];H(J«[¿Xi¼¡X Ñã7BJB3R[x]_M`JÕMiÑ
[x5BH�ÑãGIH�à«7BH(JB3(¾{MiÑ|[x59H�ÅB8ÍXZJBH�K�X
À`Hi@BKNH�º¡MOP9]_÷TH(P
[x5BH�^`H(M`º¡H([xG·¾�MiÑ�[I5BHÐÅBGIHRÀO]_M`7B¼£¼\];º*7B8;XZ[x]_M`Jç[IM
];JB3(8;7BPBH%[x59GIH�H£G\H�^`]_M`JB¼(þNX�ÀiXZ3�7B7Bº�GIH(^`];M`JÌ3�M`J4Ã
[6Xi]_JB];JB^�[x59H�XiJL[xH�J9JTXi¼�@×X»G\H�^`]_M`J�]_J³[x5BH£3(H�JL[xH(G
3�M`JL[6XZ];JB]_JB^UXU3�M`8_P�ÅB8ÍXi¼\º�X�K0]_[x5£[I5BH�¼xXiº¡H!PBH�J4Ã
¼I]_[>¾i@cXiJBPhX*[x5B]_GIP�ÀiXZ3�7B7BºÜGIH�^i];M`J�M`J�[x5BH�GI]_^`5L[
-
ß¹5BH{GxXr[x];M�MiÑ¹[I5BH{Xiº¡ÅB8_]_[x79PBH�¼�];JË[x5BH�[>KNM»ÀZXi3aÃ
7B7BºøGIH(^`];M`J9¼C]_¼CÅB8_Mi[I[IH�P³Xi¼*X�Ñã7BJB3([I];M`JÌMiÑYÀZXi3aÃ
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A fractional steps method for the numerical solution of the 
shallow water equations  

M. Shoucri 
Institut de recherche d’Hydro-Québec 

1800, boul. Lionel-Boulet, Varennes Québec, Canada  J3X 1S1 
 

Abstract 
A fractional steps technique is applied for the numerical solution of the shallow water equations. 
The method has the great advantage of solving the shallow water equations without the iterative 
steps involved in the multi-dimensional interpolation and the iteration associated with the 
intermediate step of solving the Helmholtz equation. 

Introduction 
The shallow water equations are of fundamental importance in problems of weather forecast and 
regional climate modeling, oceanography and many related problems in fluid dynamics. It has 
been pointed out some time ago [1] that the method of fractional steps for the numerical solution 
of the shallow water equations has the advantage of reducing the multidimensional matrix 
inversion problem into an equivalent one-dimensional problems, so the technique becomes very 
simple and very attractive to apply provided it is accurate and stable enough. We apply this 
fractional steps technique by splitting the shallow water equations, and successively integrating 
in every direction along the characteristics using the Riemann invariants (which are constant 
quantities along the characteristics), associated with cubic spline interpolation [2]. The linear 
analysis of the equations shows the method is unconditionally stable, reproducing exactly the 
frequency of slow mode, while the frequency of the fast modes is exact to second order. This 
method has the great advantage of solving the shallow water equations without the iterative steps 
involved in the multi-dimensional interpolation and the iteration associated with the intermediate 
step of solving the Helmholtz equation [3]. The overall accuracy of the method is )( tO ∆ , which 
requires a relatively small time-step. However the code is very simple and performs very rapidly, 
which compensates largely the limitation of the small time-step. Furthermore, the code can be 
easily parallelized, so that the overall result is a code which can perform very rapidly. We apply 
this technique to few problems in 2D to illustrate the method and its simplicity. 
 

1 - The Barotropic model 
We apply the fractional steps technique to a barotropic model using the shallow water equations 
on a uniform resolution mesh. The governing equations are the shallow water equations over a 
rotating sphere, using Cartesian coordinates on a polar stereographic projection, true at 60 °N, as 
presented in Ref. [3]. These equations are: 
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where muU /= , mvV /= , and .2mS =  x and y are the coordinates of the projection, u and v are 
the components of the wind vector along the axes of the coordinate system, φ is the geopotential 
height of the free surface, m is the map-scale factor, f is the Coriolis parameter and U and V are 
termed the wind images. The fractional steps technique is applied to Eqs (1, 2) as follows: 
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0=
∂
∂

+
∂
∂

+
∂

∂
xx

U
SU

t
U φ ;  0=

∂
∂

+
∂
∂

+
∂
∂

x
U

S
x

SU
t

φ
φφ ;  0=

∂
∂

+
∂
∂

x
V

SU
t
V  (3) 

The solution U and φ of Eqs (3) is written at 2tt ∆+ , with the notation 2/)(_ twSUxx ∆−−= , 
and SwtwSUxx φ=∆+−=+ ,2/)( , as follows: 
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and the solution for V is written at 2tt ∆+  as: ),,2/()2/,,( tytSUxVttyxV ∆−=∆+  (6) 

The interpolations in Eqs (4-6) are effected using a cubic spline interpolation. 
 
Step 2 solve for 2t∆  
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Equations (7) are solved in a similar way as in Eqs (4-6), by substituting y for x and V for U. 
 
Step 3 solve for t∆  the source term, which is subdivided as follows: we solve for 2t∆ : 
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which is solved using a simple Runge–Kutta method. We then solve for t∆  the Coriolis terms: 
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If Uo and Vo are the values of U and V at the beginning of the step, then the values after t∆  are: 
)sin()cos(),,( tfVtfUttyxU oo ∆+∆=∆+   ; )sin()cos(),,( tfVtfVttyxV oo ∆−∆=∆+  (10) 

Step 4 Repeat Step 2; Step 5 Repeat Step 1. 
 
Figure (1) shows the forecast height field obtained after 48 hours (t = 2 days) for the problem 
studied in Ref. [3]. The model was run over a square domain of side 20 000 km centered at the 
north pole, using a stereographic projection true at 60 °N. This domain was covered successively 
with a uniform mesh of 201 × 201 (100 km grid size); 401 × 401 (50 km grid size), 801 × 801 
(25 km grid size) and 1601 × 1601 (12.5 km). For a time-step of ∆t = 10 min, the performance of 
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the fractional steps method for the t = 2 days results in Fig. (1) was successively 3 min 15 sec, 
14 min, 70 min and 6 hours in CPU time. The performance of the semi-Lagragian method 
Ref. [3] for the time iterative loop, was successively 70 min, 6 h, 42 h and more than 400 hours 
(17 days!) CPU time for the same time-step ∆t  = 10 min. These differences in CPU time between 
the two methods will be more accentuated if parallel computers are used, since the fractional 
steps code is very simple (400 lines), and parallelizes easily. Even if the semi-Lagragian method 
is given the advantage of large time steps of ∆t = 3 hours [3], this reduces the CPU time for the 
1601 × 1601 case from 400 hours to close to 23 h, still above the performance of the fractional 
steps method. Accuracy of the results for a time-step min105 →=∆t  has been demonstrated. 
Following the method of [3], the accuracy of the results was measured by computing the r.m.s. 
differences for the height over a central region, between the solution obtained by the fractional 
steps method, and the solution obtained by the semi-Lagragian model or by a semi-implicit 
Eulerian method. These r.m.s. differences varied between 5.5 m for ∆t = 5 min to 10.5 m for 
∆t = 10 min. This makes the method attractive for applications for regional climate modeling 
where small time-steps and small grid sizes are necessary. The previous comparison has been 
done using a SUN 4-80 R workstation. It should be noted that increasing the number of grid 
points by a factor of 4, the CPU time of the fractional steps method increased always by a factor 
close to 5, while the CPU time of the semi-Lagragian method (taking into account only the time-
iteration loop) increased successively by a factor of 6, 7, then 10, i.e. the iterative semi-Lagragian 
method becomes slower and slower as the number of grid points is increased. 
 

2 - The Rossby Adjustment Problem 
We study in this case the adjustment under gravity of a homogenous shallow layer of fluid in the 
particular case in which the fluid was initially at rest but had a discontinuity in surface level [4]. 
The axis z is vertical, the bottom z = -H is horizontal (i.e. a geopotential surface), and the surface 
elevation z = η relative to a surface is assumed to be small. The hydrostatic approximation can be 
made. Thus the momentum equations and the continuity equation are given by: 
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),( fufv−  is the Coriolis acceleration which produces the effect of rotation. η is independent of z, 
and the velocity ),( vu  is independent of depth. The problem is solved for g = 9.806 m/sec2, a 
height H = 2000 m, corresponding to an equilibrium geopotential φ* = gH, and f = 10-2. We use 
300 × 100 grid points, for a domain 300 km × 100 km. The initial conditions are u = 0, v = 0 and 

1=ηg  for 0<x , 1−=ηg  for 0>x . Equations (11) are integrated with a scheme similar to the 
one presented in section 1. Fig 2 (a, b, c) shows u,η , and v at t = 800. They show results similar 
to what is presented in Fig. 7.1 and 7.3 of Ref. [4]. 

The method of fractional steps we have presented has the great advantage of solving the shallow 
water equations without the iterative steps involved in the multi-dimensional interpolation, and 
without the iteration associated with the intermediate step of solving the Helmholtz equation [3]. 
The overall accuracy is )( tO ∆ . However, the simplicity of the method and the absence of 
iteration at each time-step largely compensates the limitation of the small time-step, and makes it 
the method par excellence for computers with parallel architecture. 
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Introduction 
Visualization is increasingly important for understanding the large 3D data sets 

produced by high-performance computing.  Hybrid PIC-fluid simulations, like VORPAL,1 or 
large MHD codes, like Nimrod2 and M3D,3 can easily produce multiple gigabytes per slice.  
Transferring such files is often problematic in terms of data transfer speed (many institutions 
have just T1 or slower connections) and also in data storage and centralization (one would want 
all raw data to be in one secure storage location).  Moreover, quite often locally unavailable 
hardware (i.e. a supercomputer) is required to visualization and data processing.  In this situation, 
remote visualization is the only solution. 

On the other hand viewing and manipulating remote images over a Wide Area Network 
is typically very slow.  For example, running X-Graphics on a supercomputer and viewing it on a 
local PC is extremely irritating, since X is verbose and every segment has to be retransmitted 
after being redrawn.  Hence, one needs alternatives to the X-over-WAN solution. 

In addition, many scientific teams are distributed.  A typical example is when a scientist 
runs a simulation on a remote server and wants to share the results with other members of a 
distributed team.  In such a situation, one would want to share input files and the visualization 
results. 

Our application FarSight addresses these needs.  It allows for running remote 
simulations and data analysis and visualization applications, sharing the visualization results in a 
collaborative manner and rendering the visualization objects locally.  In this paper we present the 
architecture of FarSight and discuss its current and future capabilities. 
Architecture and Features of FarSight 

FarSight is a client/server application with a Java client, a C++/Python server and 
CORBA middleware, as shown in Figure 1.  The Java client presents a user-friendly interface 
that provides access to all of the functionality of the system.  In practice, the client is a set of 
windows and frames with menus, buttons, text fields for information display and entry.  Through 
the client windows, users can send commands to the server.  It also provides an interface for 
local creation and editing of the visualization scripts and remote execution of them on the server, 
as well as viewing the images output by them.  FarSight allows for multiple clients to be in one 
“session” meaning that the server keeps track of their identities and provides communication 
between them.  Thus, the clients can chat with each other, share text and image files.   

The communication between the clients and the server is performed by CORBA.  In its 
current form, FarSight uses TAO4 for the C++ server implementation and JacORB5 for the Java 
client implementation: both are free ORBs, which will facilitate their use within the scientific 
community. 

In addition, clients can run server side applications.  When a user starts a server side 
application (see Figure 1), the server (1) forks the application that is to be served in a new 
process per the instructions in the configuration file and (2) connects the standard input and 
standard output of the new process to interprocess communication (pipes) that the server can 
read from and write to.  At this point the server can send textual representation of visualization 
script to the server application using scp which provides the desired level of security (as opposed 
to http).  Similarly, the server can read output from the application’s standard output to learn 
when images have been created by the application. 
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Figure 1.  The high level architecture of FarSight: CORBA is used to send messages to the server, while 
application code (input files) and images (output files) are sent via scp.  The server talks to applications 

using pipes.  
Currently, FarSight supports Interactive Data Language (IDL),6 OpenDX,7 PV-WAVE8 

and Python sessions.  The unifying feature of these is that they all are scripting languages and 
their visualization/data-analysis actions are textually represented, and, thus can be sent as text 
input files using scp, and relayed to the application by the C++ server and Python wrapper 
around the application. 

Unlike many other CORBA-based projects, FarSight has the ability to start and shut 
down the server remotely from within the client application via a friendly graphical interface.  
This is accomplished by logging into the remote host via ssh with the user’s login and password, 
then remotely executing the startup script.  This functionality is needed here, as it eliminates the 
need for the server to be running on the remote host all the time, as well as the need for the user 
to login using a separate ssh window to start the server.  Server output is displayed in a dialog 
window for the user to see. 
Remote IDL Visualization Using FarSight 

The latest thrust of the FarSight development was to provide the capability to bring 2D 
and 3D visualization objects obtained on a remote server using IDL applications written for local 
visualization without user having to modify them, and give a user the means to manipulate them 
locally. 

FarSight achieves the above goals as follows.  The user starts by creating an IDL code 
performing local data analysis and visualization.  When the user runs this program in the 
FarSight client, the file is transferred to the server, where it gets modified.  First, the FarSight 
server parses the IDL file, looking for IDL commands that result in images being displayed, such 
as plot, surface, and the Draw method of the IDLgrWindow object.  Then, to implement new 
“remote” behavior, new code is inserted into the IDL code, so that all drawing functions direct 
their output to the z-buffer instead of the display.  Furthermore, code is inserted so that the z-
buffer is then written to a file, either JPEG for 2D images, or VRML for 3D images.   

We chose VRML9 format for the transferred 3D objects for several reasons:  VRML is 
supported by many visualization languages (IDL 5.6, Matlab, AVS/Express10 etc), the VRML 
files contain more information than just a captured image and thus allow for image manipulation 
once the file is on the client side, and, finally, VRML compresses very well (the compression 
files often being 2 orders of magnitude smaller then the originals). 
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As an example, lets consider the following IDL snippet for the local creation of a 2D 
plot: 

x=[indgen(65)]*0.1 
y=sin(x) 
plot,x,y,color=0 
xyouts,100,100,"testing plot with title",/device,size=3 

 
This code will be modified by FarSight to become the following: 

set_plot, 'Z' ; Set the graphics output to z buffer 
x=[indgen(65)]*0.1 
y=sin(x) 
plot,x,y,color=0 
xyouts,100,100,"testing plot with title",/device,size=3 
fname=tx_get_fname()  ;Output the image to a file 
tx_idlexec_buf = tvrd() 
write_jpeg, fname + ”.jpeg", tx_idlexec_buf 

 
If the user is generating 3D images using IDL Object Graphics in his/her local program, 

they would create an IDLgrView object that visualizes their data, then display it using an 
IDLgrWindow object.  A simple example of the code might look like this: 

; Data processing code and creation of IDLgrView object, not shown 
; Create the output window.   
oWindow = OBJ_NEW('IDLgrWindow')  
; Draw to the window: 
oWindow->Draw,oView 

 
The code will be substituted to the following: 

; Export the view object to a vrml file and draw  
oVrml = OBJ_NEW('IDLgrVRML’) 
oVrml->SetProperty, FILENAME=TXGETFNAME 
oVrml->Draw, oView 

The generated image file is then transferred back to the user’s local machine via scp, 
where it is subsequently displayed on their screen by the client.  In the case of a 3D image the 
VRML file is displayed in an integrated 3D viewer11 (see Figure 2) providing them with controls 
such as zoom, rotate, pan, etc.  The user can then manipulate the image so as to view it from 
whatever position they wish.  Since the object is local, response to mouse and keyboard inputs is 
instantaneous, eliminating the slowness of the X connection. 

Conclusions 
FarSight is well suited for remote data analysis and visualization and local image 

manipulation.  It is secure, and allows for collaborative use and reuse of local visualization 
programs in a distributed setting.  In the near future we will explore remote visualization using 
openDX and migrate from VRML to X3D.12 
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Figure 2.  3D VRML viewer integrated in the FarSight client for viewing remote data. 
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Introduction 
An understanding of the dynamics of z-pinch wire array explosion and collapse are of critical 
interest to the development and future of pulsed power inertial confinement fusion experiments 
at Sandia National Laboratories.  The physics of this process can be approximated by the 
resistive magnetohydrodynamic (MHD) equations augmented by thermal and radiative transport.  
Z-pinch MHD physics is dominated by moving material regions whose conductivity properties 
vary drastically as material passes from solid through melt into plasma regimes.  At the same 
time void regions between the wires are modeled as regions of very low conductivity.  This 
challenging physical situation requires a sophisticated modeling approach matched by sufficient 
computational resources to make progress in physical understanding. 
 
Algorithmic Overview 
We present an overview of the numerical techniques currently in place for modeling high energy 
density physics (HEDP) environments using the ALEGRA-HEDP code developed at Sandia 
National Laboratories.  In order to sufficiently model the plasma created during explosion and 
collapse of 3D z-pinch wire arrays one must overcome the numerical challenges of modeling 
HEDP environments encompassing orders of magnitude variation in spatial scale as well as 
material properties.  ALEGRA-HEDP algorithms are based on an Arbitrary-Lagrangian-Eulerian 
(ALE) operator split framework for multi-physics applications.  The framework originates from 
the ALEGRA code initially used for solid dynamics applications [6].  This operator split 
framework assumes that the material motion is described in terms of a Lagrangian step in which 
various physical processes may be updated separately.  The hydrodynamic approach is based on 
an explicit Lagrangian formulation to update the velocities and positions using a staggered 
formulation in space and time. The stresses are known at the element centers at each time level 
and the velocity is known at the mid time step levels at the nodes of the finite element mesh.  An 
artificial viscosity formulation stabilizes the method.  Magnetic forces are introduced via a 
magnetic stress tensor to compute the mesh motion in the Lagrangian ideal 
magnetohydrodynamic step.  Magnetic diffusion is performed when the mesh is at the new 
location in the Lagrangian step.  Poynting energy enters through the electromagnetic boundary 
conditions applied in the diffusion step and the energy transfer can be coupled with an external 
lumped element circuit equation. 
 
The 3D magnetic diffusion discretization is based on a finite element formulation in which the 
discrete representation of the electric field utilizes low-order hexahedral edge elements and the 
discrete representation of the magnetic flux density is based on low-order face elements.  These 
edge and face elements can be placed appropriately into a deRham diagram in which the curl of 
edge elements maps into the space of divergence-free face elements.  The finite element system 
for the electric field contains a mass matrix that scales directly with the conductivity and has a 
stiffness matrix representing the curl-curl operator that has a large exact null space.  This 
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formulation generates solutions that are free from parasitic transients and is critical for solution 
robustness [3].  Since the mass matrix is not everywhere dominant, a special algebraic multigrid 
method must be applied to deal with the large null space of the stiffness matrix [1,2].  After a 
solution is obtained, the magnetic flux is updated via a discrete curl operation that ensures that 
the magnetic flux in each element is exactly divergence free [3]. 
 
The Poynting energy crossing the anode-cathode gap can be represented precisely in the finite 
element formalism, and an appropriate coupling can be made to a lumped element circuit 
equation system representing the z-machine response.  Since the diffusion equation solution step 
can be parameterized by the current entering linearly through the boundary conditions, two 
solutions can be computed to give the response as a function of the current at the end of the time 
step.  This can be compared with an assumed form for the mesh circuit element containing both 
an inductive and resistive response.  The parameters are chosen to match the inductive response 
and enforce energy conservation for an assumed linear current profile over the time step.  The  
circuit solve over the time step proceeds independently of the finite element equations to obtain 
the new current. 
 
Additional physical modeling is also required for effective z-pinch wire array simulations.  
Thermal and radiation transport models are essential for purposes of smoothing the sharp energy 
spikes that can occur in the magnetic modeling.  Thermal transport in ALEGRA-HEDP is 
modeled using a face centered support operator methodology.  No algebraic multigrid is 
available so we must force the thermal coupling to be local.  The radiation diffusion model is 
implemented using a nodal finite element discretization and an algebraic multigrid solver is 
available to solve these matrices. 
 
The explicit times steps for the Lagrangian MHD algorithm are based on a Courant condition 
associated with the fast magnetosonic wave speed.   For very low-density regions this condition 
may become too restrictive.  We appear in this case to successfully stabilize the computations 
due to the implicit diffusive operators.  
 
After the Lagrangian steps have been performed, the remap portion of the ALE algorithm must 
compute new values at new mesh locations.  Mass and momentum and energy are remapped 
using limited reconstruction algorithms based on hexahedral mesh topology [5].  The magnetic 
fluxes are remapped using a modified constrained transport algorithm to perform updates of the 
divergence-free magnetic-flux-density representation.  The modified constrained transport 
algorithm arises naturally from the face element representation for the magnetic flux density and 
an upwind integration near edge centers.  This algorithm contains terms missing in the original 
constrained transport algorithm [4].  These terms substantially improve the results in terms of 
preservation of magnetic topology for simple advection test problems. We will describe research 
efforts to improve on the limiting procedures in the reconstruction phase of the constrained 
transport algorithm to reduce the loss of magnetic energy for random meshes. 
 
3D Wire-array Dynamics Simulations  
Both experimental images and numerical simulations have enhanced our understanding of wire 
array dynamics.  Early models assumed each exploding wire collided with its neighbor, creating 
a continuous plasma sheath, which subsequently collapsed due to magnetic forces.  Radiation 
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backlighting of various wire array experiments clearly illustrates that plasma formation and 
dynamics are much more complicated.  Wire ablation varies non-uniformly along the length of 
each wire, the precursor plasma being driven toward the center of the array (see Figure 1a-c).  A 
specific wavelength is observed in the wire mass ablation, which persists through the first half of 
the electrical current pulse.  This structure eventually degenerates (see Figure 1d) before the bulk 
of the array mass implodes onto the precursor plasma.  
 
Three-dimensional effects play a significant role in the evolution of the wire-array as non-
uniform mass ablation causes non-uniform break-up of the wires. Electrical current can shift 
such that portions of the wire which have not completed ablating are left behind as the bulk of 
the array mass begins to collapse.  Once the bulk of the material has stagnated, electrical current 
can then shift back to the material left behind and cause it to stagnate onto the already collapsed 
bulk array mass. These complex effects impact the total radiation output from the wire array and 
are thus very important to application of that radiation for inertial confinement fusion. 

 

Figure 1: Optical shadowgram of a low-wire number array experiment (array center is not on the image) at 
Sandia National Laboratories.  Panels a-c illustrate the relatively fixed wavelength mass ablation off of each 
wire.  Panel d shows the degeneration of the ablation wavelength as the array is subject to increasing 
electrical current.  Image courtesy of D. Bliss & G. Sarkisov 

Presented in Figure 2 are the results from an ALEGRA-HEDP 3D periodic domain simulation 
involving one wire of a 30-wire array.  The simulation was initiated using two components (core 
& corona) extracted from a high-resolution single wire explosion simulation. A sinusoidal 
surface perturbation was applied to the core material in the axial direction, generating axial 
variations in the strength of the local magnetic field about the wire.  Variations in the local field 
magnetic field and the transition to the global field about the array impacts the morphology of 
the ablated mass. 
 
Results from our simulations indicate that magnetic forces play a role in maintaining the 
relatively fixed wavelength axial mass ablation variation.  Local magnetic field enhancements 
squeeze the wire material (similar to m=0 “sausage” mode) causing local material to travel along 
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the wire. This material then encounters an area about the wire where the global field is dominant, 
causing the material to then travel away from the wire, toward the center of the array.  These 
results also suggest that seeding of the perturbations may not arise from MHD effects.  
Investigations are underway to determine if the source of the wire variation is due to the 
extrusion process used to create the wires. 

 
Figure 2: Isosurface of volume fraction (bounds majority of material) colored with magnetic field strength.  
The initial fixed wavelength perturbation applied is maintained by the magnetic field for the early portions of 
the applied electrical current pulse.  
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Toroidal plasma dynamics in the vacuum and under falling on the barrier

A.Y. Repin1, E.L. Stupitzki2
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By the numerical simulation the toroidal plasma dynamics in the vacuum and during
falling on the barrier is investigated. The calculations were made for wide initial conditions range
in conformity with the parameters of the device ”Maraudr” (Philips Laboratory, USA).
The numerical simulation of the toroidal plasma moving in the vacuum shows the existence of
the oscillatory toroid dynamics mode which defines by the current inside the toroid. The
dynamical, ionization and temperature barrier-plasma interaction characteristics are computed in
the interaction zone of the falling and reflected flows. When the ions concentration in the falling
flow becomes 19 310  [ ]n cm−<  the interosculation of the falling and reflected flows occurs.

Therefore to describe this process the three-velocities and three- temperatures MHD
numerical large-particles approach was used. This 2D numerical algorithm lets us to compute the
plasma oncoming flows interaction and the electromagnetic impulse generation including whole
nonequilibrium kinetic processes.
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MACH2 Simulations of Nested Wire Array Flux Compression
on Decade Quad

Kyle Peterson1
1University of Tennessee Space Institute

Z-pinch plasmas are commonly used as source of relatively inexpensive intense x-rays[1]. X-
ray generation efficiencies as great as 20% for sub keV emissions and 2-5% for 1-3 keV emissions
have been achieved by imploding nested cylindrical arrays of thin wires[2]. A need exists, how-
ever, to improve K-shell radiation yield from photon energies above 4.0 keV. K-shell radiation
production from z-pinch generators scale poorly as the atomic number of the load increases[3].
Magnetic flux compression has been suggested as a means to increase energy densities and K-
shell radiative power emissions from z-pinch loads. Typically, z-pinch flux compression schemes
compress an externally generated axial magnetic seed field. In this research, the flux compres-
sion scheme studied compresses an opposing self generated azimuthal magnetic field between a
set of cylindrical arrays of thin wires. Figure 1 shows an implementation of this scheme for the 8
megaampere Decade Quad[4, 5] at Arnold Engineering Development Center (AEDC).
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Figure 1:Schematic diagram of a nested wire array flux compression scheme proposed for Decade Quad.

Although several one-dimensional (1D) models of magnetic flux compression exists, the physics
of azimuthally opposed magnetic flux compression on a two-dimensional (2D) level has received
only limited study. Therefore, an investigation was conducted to explore flux compression dynam-
ics and effects of Rayleigh-Taylor instabilities in this flux compression scheme using MACH2, a
general purpose 2D resistive magnetohydrodynamics code.

A new circuit model was developed and incorporated into the framework of MACH2 that allows
completely self-consistently in 2D MHD simulations of z-pinch flux compression to be modeled
from a single energy source. The new circuit model has the ability to determine inductive and resis-
tive impedances in multiple circuit paths within the computational domain. Inductive impedances
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are determined by tracking isolated regions of magnetic flux and dividing by the current in the as-
sociated path. Resistive impedance in each circuit path is determined by partitioning joule heating
and dividing by the square of the current. Once the impedances have been determined, boundary
condition currents are iteratively solved for at each time step using a nonlinear circuit solver.

Percentage error in the energy conservation for a flux compression simulation is shown in Fig-
ure 2. This error is defined as the difference in the energy provided to the simulation by the external
energy source versus the energy lost to radiation plus the sum of the kinetic, magnetic, thermal en-
ergies found in the computational domain. Very good energy conservation is observed throughout
the simulation with the maximum error peaking around 4% near peak flux compression. This
demonstrates the validity of the new circuit model and indicates simulation results are physically
reasonable.

Results of the simulations suggest Rayleigh-Taylor (RT) instabilities significantly affect the
flux compression implosion in several ways. Magnetic bubbles can trap pockets of opposing mag-
netic flux and form circulation currents near the conical stator as shown in Figure 3. The trapped
flux regions undergo independent localized flux compression. As a result of the RT instabilities,
armature turnaround no longer has a clearly defined radius and only occurs in localized regions.
RT instabilities are also found to prematurely short the Aluminum plasma armature onto the stator,
which severely limits current flow into the titanium plasma shell. While the simulations demon-
strate excellent flux compression between the armature and conical stator, the nature of the current
distribution, in the design studied, limits energy transfer and leads to inefficient K-shell radiation
production.
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Figure 2: Conservation of energy error in the 2D flux compression simulations. The red curve represents
the sum of the energies contained in the computational domain and the orange curve shows results of total
energy in previous 1D calculations. The initial discrepancy between the red and orange curves is a result of
the initial ion and electron internal energies defined in the 2D simulations.
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Figure 3:Magnified view of Rayleigh-Taylor instability development in the Aluminum plasma armature as
it approaches the stator. Isodensity contours are shown on the left hand side whilerBθcontours, which can
be interpreted as current streamlines, and current vectors are shown on the right hand side.
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This report describes and compares the techniques that are used in the numerical simulations
of neutral beam injection (NBI), which is one of the major mechanisms for auxiliary heating of
tokamak plasmas. Accurate simulation of the heating profiles is crucial for self-consistent inte-
grated modeling of tokamak plasmas,which is used for the interpretation of existing experiments,
testing theoretical hypothesis and planning future experiments.

Physical models, approximations and numerical techniques are different in each NBI module,
but there are some physical processes that are included in all NBI modules – neutral beam de-
position, fast ion orbiting, and slowing down of fast ions. Fast injected atoms are converted into
fast ions within the plasma by impact ionizations and charge exchange processes. A large fraction
of the resulting fast ions become trapped in the plasma confinement region, while the remainder
leave the plasma region and hit the wall or the limiter. Following the fast ions in magnetically
confined plasmas is referred as the fast ion orbiting. The fast ions slow down by transferring their
energy and momentum to the thermal electrons and ions through collisions. Eventually, the fast
ions become thermalized.

Fast ion thermalization is described by the Fokker-Planck (FP) equation for the fast particle
distribution function f(~r,~v, t):

df

dt
= L(f) + S + LRF(f) + LSW(f) + Lrip(f), (1)

where L(f) is the Coulomb collision operator, S is the fast ion source, LRF(f) is the RF diffusion
operator, LSW(f) is the operator that describes the effect of sawtooth oscillations, Lrip(f) is the
operator that describes the ripple diffusion. The FP equation can be solved either by a statisti-
cal Monte-Carlo method or by bounce averaging of the continuum equation in phase space. An
advantage of the Monte Carlo method is that the representation of complex physical processes is
relatively straight-forward. A disadvantage lies in the computational cost of reducing the statistical
variance or “noise” in the model results. Generally, N 2 ions need to be followed in order to reduce
the statistical variance by a factor of N .

Numerous approximations are developed for the solution of continuum FP equation in the
phase space. Some of them allow derivation of analytical solution for the fast particle distribution
function f(~r,~v, t), the others require computer simulations. The nonlinear FP equation is sophisti-
cated enough to adequately describe NBI heating and current drive. However, when computational
speed is more important than accuracy, a linearized version of the FP equation can be used. The
linearized FP equation can be used for the cases when the fraction of fast ions is relatively small
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(nb/ne � 1) and when the rate of the radial diffusion is much smaller than the Coulomb slowing
down so that the fast ion distribution can be calculated on each magnetic surface separately.

There are other important physical processes, which are included in some NBI modules. Ex-
amples of such processes are recapture of slowing down fast ions, anomalous diffusion of fast ions,
the effects of large scale instabilities, the effects of magnetic ripple, the effects of plasma rotation,
and the effects of finite Larmor radius.

Five NBI modules are considered. The Monte-Carlo technique is used in the NUBEAM mod-
ule [1], which is is an essential element in the TRANSP code. Numerical solution of the continuum
FP equation is used for the NBI heating in the ASTRA code, DBEAMS module in the BALDUR
code and in the FPP module in the TRANSP code. The NTCC BEAMS module uses analytical
solution of the FP equation.

Neutral Beam Injection NUBEAM Module in the TRANSP Code

The NUBEAM module [1, 2] is a Monte Carlo package for time dependent modeling of fast
ion species in an axisymmetric tokamak. This Monte-Carlo package represents the fast ion slowing
down distribution function as a discreet set of N weighted model ions. The NUBEAM module
follows the fast ions until they slow down below (3/2)Ti, where Ti is the temperature of the thermal
ions. At energies below (3/2)Ti the ions are then considered to be “thermalized” ions and are
described in terms of a thermalization source function provided as an output of the NUBEAM
module.

The NUBEAM module takes into account multiple beamlines, all beamline geometries, and
beam composition by isotope and energy fraction. Neutral beam stopping atomic physics, includ-
ing collisions with partially slowed down fast ion species, are taken into account, with an option
for a neutral beam excitation correction. The evaluation of beam deposition takes into account the
full range of atomic processes that affect beam stopping in a hot target plasma. After deposition
of fast ions in the plasma, the modeling associated with their slowing down includes anomalous
diffusion of fast ions, the effects of large scale instabilities, and the effects of magnetic ripple. A
finite Larmor radius (FLR) correction accounts for FLR displacement from a guiding center to the
actual particle position. This correction affects deposition, charge-exchange and recapture. The
model also includes charge exchange loss and recapture of slowing down fast ions. The effects of
target plasma rotation on fast particle deposition, slowing down, and beam-target fusion rates are
considered. The NUBEAM module computes the trajectory of neutral atoms and fast ion orbits.
The module accounts for multiple fast ion species that can be present, either due to beam injection
of energetic neutral particles or as a result of the product of nuclear fusion reactions. The self-
consistent treatment of the fusion product ions allows for the simulation of alpha particle effects,
which can be potentially important for ‘next-step’ tokamaks, such as ITER.

The NUBEAM module has been recently extracted from the TRANSP code, using standards
of the National Transport Code Collaboration (NTCC), and is available in the NTCC module li-
brary [3].

Neutral Beam Injection Module in the ASTRA code

For the calculation of the beam deposition profiles within the magnetically confined plasma,
the ASTRA NBI module [4] uses multiple pencil-beamlet method for appropriate description of

18th International Conference on Numerical Simulation of Plasmas

334



the continuous power distribution within the real NBI beamlets. For neutral beam stopping cross
section in the range of the high energies E = 100÷10000 keV/amu, the approximation in reference
[5] is used. This approximation takes into account multistep processes (excitation and ionization)
in multispecies plasmas expected in fusion reactor with negative-ion-based NBI. For the range of
energies E < 100 keV/amu, which is typical for present day experiments conventional neutral
beam stopping cross sections [6, 7] by ion and electron impact and charge exchange are used.
The fast ion orbit analysis and gyro motion averaging are considered only in the “first orbit” ap-
proximation. The orbital losses and losses of fast ions due to the magnetic ripples are associated
exclusively with direct trapping of the original fast ions in the loss cone or “banana” ion in the
ripple loss cone. Ions with original orbits trapped within the plasma are considered as trapped on
the same magnetic surfaces during the whole slowing down process. There are two versions of
the FP solvers in the ASTRA NBI module. The first one uses an analytical solution of the steady
state linearized FP equation, which takes into account only drag force. This solver is very fast and
gives reasonable results for plasma with cold ions and small fast ion fraction. The other version is
a linearized time dependent 2D in velocity space FP solver. This solver uses linearization by direct
subtraction of the thermalized ions from the fast-ion component at every time step. These ions are
further considered as the thermal ion source. This method is supposed to be more accurate for high
ion temperature and small fast ion fraction.

Neutral Beam Injection DBEAMS Module in the BALDUR Code

The DBEAMS module in the BALDUR code is based on the revised FREYA package [8].
The module accounts for realistic beamline geometry including focal length of the beams, and the
fractional energy components. The DBEAMS module calculates the source distribution function
of the neutral beam particles at the pivot point. The beams are represented as a combination of indi-
vidual beamlets, which propagate along straight lines without divergence. The tokamak plasma is
divided into a fixed number of zones within which plasma parameters are considered constant. The
impact ionizations by electrons, charge-exchange collisions, and ion impact ionization from ther-
mal and beam-beam ion interactions are considered during the calculation of source distribution
function for fast ions. The Coulomb scattering and slowing down is described by the FP equation
(1) with the collision operator that includes drag on electrons and ions and pinch angle scattering.
Some effects related to the NBI heating are not in the DBEAMS module, but are still considered in
other parts of the BALDUR code. For example, the redistribution of fast particles due to sawtooth
crashes is in the sawtooth section of the code.

FPP Module in the TRANSP Code

The FPP module [9] in the TRANSP code is a module that solves the FP equation to simulate
the fast ions produced by NBI or ICRF heating. The TRANSP code calls relevant subroutines of
the NUBEAM module in order to calculate the source distribution functions of fast ions and then
uses the FPP module to solve the bounce-averaged FP equation (1) in the small banana width limit.
The FPP module calculates the fast ion distribution function f(E, µ, r, t) as a function of energy
E, pitch angle µ, minor radius r, and time t. FPP includes the bounce-averaged quasilinear RF
heating operator and radial transport models, as well as the collisional thermalization operator. The
module utilizes a conservatively-differenced operator-splitting technique to solve the FP equation.
The module makes use of more simplified assumptions than the NUBEAM module. In particular,
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the recapturing of fast ions is implemented by reducing charge-exchange cross-section by 50%.
The calculation of the Coulomb collision operator ignores beam-beam charge exchange. FPP also
ignores the possibility of particles that are trapped in the inner magnetic well caused by indented
plasmas. These assumptions are sufficient for many cases and they provide significant gain in
computational time compared with the NUBEAM module.

Neutral Beam Injection BEAMS Module

The BEAMS module [10] is a relatively simple and fast neutral beam heating and current
drive module that was originally developed at Georgia Tech for the SuperCode. The neutral beam
deposition model employed by the module uses pencil-beamlet techniques and takes into account
elongation of flux surfaces. Geometry of the injection system such as beam focal length, beam
divergence, and beamline aperture is included through appropriate selection of the the Gaussian
power distribution functions. An analytical solution [11] of the FP equation in the approximation of
the uniform field is used to describe the fast ions thermalization. This approach neglects the beam
current density due to energy diffusion of the fast ions and possible trapping of the fast ions. The
resulting fast fast distribution function f(~r,~v, t) is used to calculate neutral beam power deposition
to electrons and ions, neutral beam current drive, fast ion density and pressure, and fusion reaction
rates for beam-target interactions, which contribute to the total fusion power as well to the neutron
production. The BEAMS module is a part of the NTCC module library [3].

Comparison of the Modules for Neutral Beam Injection

The following criteria are used during the comparison of the NBI modules:

• Total power absorption by electrons and ions, and current drive.
• Physics that is included or missing from the module.
• Applicability of the approximations and numerical techniques that are used within the mod-

ule for the present and future tokamak discharges.
• Computational speed of the module.
• Smoothness of the resulting power profiles and fast ion distributions.

In addition, the shine-through, orbit losses of beam particles and deposition profiles will be com-
pared in simulations that utilize the NBI modules in the ASTRA, BALDUR, and TRANSP codes.
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ABSTRACT

    In the simulation of materials processing plasmas, one has to solve the Poisson equation for

electric field at each electron timestep. This is a bottle neck for the numerical simulation of

processing plasmas. In this paper a drastically efficient method for solving the Poisson equation

is proposed. In obtaining the solution, the variational principle is used together with the

boundary-layer theory in fluid mechanics.

INTRODUCTION

    A trend in materials processing plasmas is low gas pressure and high plasma density.  Ion-

molecule collisions in the sheath on a wafer must be avoided to fabricate trenches or contact

holes with high aspect ratio. Low gas pressure is necessary to avoid the collisions. High plasma

density is necessary to compensate the decrease of electron-molecule collision rate due to the

decrease of gas pressure. The particle model has more sense in simulating plasmas in low gas

pressure. In the particle model the motion and collision of charged particles in an electric field are

calculated, together with the field [1]. Since the field is governed by a spatial distribution of all

charged particles, the particle motion and the field are coupled with each other. In order to

decouple the two, the particles are let to move by a small timestep △t, for which the field is

assumed to be unchanged. This means that the field equation must be solved at each timestep.

    In the particle modeling of capacitively coupled plasmas, solving the Poisson equation for

the electric field is a bottle neck for simulation. Usually, the finite difference form of the Poisson

equation is solved using the successive over relaxation (SOR) method, the conjugate gradient

algorithm (CGA), and others [2]. Since there are always thin sheaths near solid boundaries of

plasma reactors, however, a very fine grid must be introduced in the sheaths. That is, the finite

difference equation becomes a set of linear equation having, say, 10000 unknowns. This makes

the computational task of SOR or CGA very intensive. In this paper we propose a very quick

solution method of the Poisson equation. We have only to solve a set of linear equations for
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several unknowns. The thinner the sheath is, the more accurate the solution is. The solution is

obtained using the variational method together with the boundary-layer theory [3] of the fluid

mechanics.

GOVERNING EQUATION

    Let F be the potential. The Poisson equation is

    

† 

—2F = -
r
e0

 ,    (1)

where r is the charge density and e0 is the dielectric constant of vaccum. The electric field E is

given by 

† 

-—F . Let us consider the Dirichlet boundary condition for a general radio-frequency

discharge:

     

† 

F = Vrf coswt + Vdc  on  S1,     (2a)

     

† 

F = 0  on  S2,     (2b)

where Vrf is the amplitude of applied voltage, w is the angular frequency, Vdc is the self-bias

voltage, surface S1 is powered, and surface S2 is grounded. The discharge space is enclosed by S1

+ S2. We divide F into two:

     

† 

F = f +y ,    (3)

Let f and 

† 

y  satisfy

     

† 

—2f = -
r
e0

,    (4)

     

† 

—2y = 0 .          (5)

The boundary conditions for 

† 

y  are chosen to be the same as those for F. Then the boundary

condition for f becomes homogeneous as

     

† 

f = 0  on  S1+S2,     (6)

    First we obtain the solution of eq.(5) for the boundary conditions of 

† 

y=1 on S1 and 

† 

y=0 on

S2. Let the solution be 

† 

y 0. Then the solution 

† 

y  at an arbitrary time is given by (

† 

Vrf coswt + Vdc)

† 

y 0.

Our concern is in eq.(4). The electric field in the sheath is governed by eq.(4). In the particle

modeling we have to solve eq.(4) at each electron timestep Dte. The conventional methods based

on the finite difference form of eq.(4) are computationally too intensive.

    Here we consider the potential f (r,q,z) in the cylinder of 0 £ r £ a and 0 £ z £ h, where

(r,q,z) is the cylindrical coordinate system, and a and h are the radius and height of the cylinder.

The solution f of eq.(4) minimizes the integral
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† 

I = dz rdr dq[(∂f
∂r

)2 + (1
r

∂f
∂q

)2 + (∂f
∂z

)2 -
2
e0

rf]
-p

p

Ú0

a
Ú0

h
Ú .   (7)

Here we present the results for f=f(r) and f=f(r,q).

ONE-DIMENSIONAL CASE f(r)

    Let d be the thickness of sheath. That is, r(r) = 0 for r < a - d and r(r) ≠ 0 for a - d < r < a.

The potential in the bulk (r < a - d) is set V, which is constant. The potential in the sheath is

assumed as

     

† 

fs(h) = Vf (h) + Lg(h),   (8)

where 

† 

f (h) = 2h -h2 , 

† 

g(h) = h - 2h2 + h3 , and 

† 

h = (a - r) /d . Substitution of the potentials in the

bulk and sheath into eq.(7) shows that the integral I is a function of V and L. The conditions

† 

∂I /∂V = ∂I /∂L = 0  give the values of V and L that minimizes I. The conditions are

     

† 

¢ f 2V + ¢ f ¢ g L = rf (d 2 /e0),   (9a)

     

† 

¢ f ¢ g V + ¢ g 2L = rg(d 2 /e0),   (9b)

where

     

† 

¢ f ¢ g = ¢ f (h) ¢ g (h)dh
0

1
Ú ,   

† 

rf = r(h) f (h)dh
0

1
Ú ,

and so on. We have 

† 

¢ f 2 = 4 /3, 

† 

¢ f ¢ g =1/6, 

† 

¢ g 2 = 2 /15. Let us consider the example of

† 

r(h) = r0h(h), where 

† 

h(h) = 3(1-a)h2 + a  (0 £ a £ 3/2)  and 

† 

h =1. We have , from eq.(9)

     

† 

V =
67 - 22a

90
V0,

† 

L =
5(a -1)

9
V0 ,   (10)

where 

† 

V0 = r0d
2 /e0. A sample calculation is performed for a = 100mm, d = 5mm, and

† 

r0 = 5 ¥10-4 C/m3 . We have found that for any value of a eq.(8) agrees well with the exact

numerical solution obtained using the finite difference method. The error of the plasma potential

V is only 1 - 2% for a = 0 - 1.5.

TWO-DIMENSIONAL CASE f(r,q)

    Let fb(r,q) be the potential in the bulk of r < a - d(q), d(q) being the sheath thickness. Since

r(r,q) = 0 in the bulk, we have 

† 

—2fb = 0. We choose as a solution of 

† 

—2fb = 0

     

† 

fb(r,q) = A0 + ( r
a

)n (An cosnq + Bnsin
n=1

2

Â nq) .      (11)

The potential in the sheath is assumed as
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† 

fs(h,q) = fb(a,q) f (h) + Lg(h),   (12)
where 

† 

h = (a - r) /d(q). Substitution of fb and fs into eq.(7) shows that I is a function of six

parameters L, A0, A1, B1, A2, and B2. These parameters can be determined from the six conditions

  

† 

∂I /∂L = ∂I /∂A0 =L = ∂I /∂B2 = 0.

    Here we consider the example such as 

† 

d(q) = d  (=const.) and

     

† 

r(h,q) =
r0(1+ b cosq)

1+ b
h(h),   (13)

where r0 and b are constants. In this case we have A2=B1=B2=0 and

     

† 

L =
5
9

(a -1
b +1

)V0 , 

† 

A0 =
67 - 22a

90
⋅

V0

b +1
, 

† 

A1 =
27 - 7a

40
⋅

bV0

b +1
,

where 

† 

V0 = r0d
2 /e0 as before. In Fig. 1 we compare the solutions fb and fs with the finite

difference solutions. Our choice is b=0.3. The values of r0, d, and a are the same as those for the

one-dimensional case. We see that for any value of a the present analytical solution shows a good

agreement with the exact numerical solution obtained using the finite difference method.
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Fig. 1 Comparison of the present potential with the finite difference solution at q = 0 and p.
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MHD and Semikinetic Modeling of Error Field Amplification and
Resistive Wall Mode Stabilization by Flow and Active Feedback

Yueqiang Liu1, A. Bondeson1, D. Gregoratto1, Y. Gribov2
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Chalmers University of Technology, Göteborg, Sweden
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We study the physics of resistive wall modes (RWM) numerically using full, single-fluid
MHD in toroidal geometry, extended with a kinetic model to account for ion Landau damping.

In advanced tokamaks, the plasma pressure is often limited by ideal external kink modes.
These ideal kinks can be stabilized by a close-fitting, ideally conducting wall. However, the
finite conductivity of the wall only suppresses the growth rates of the ideal modes to the time
scale of the wall eddy current decay time. The slowly growing resistive wall modes have to be
stabilized completely, in order to achieve a steady state operation.

Using the toroidal linear MHD stability code MARS, we study two mechanisms for RWM
stabilization, namely toroidal plasma rotation and active magnetic feedback. The new devel-
opment, which is the key step for the feedback studies, is to construct a model for the plasma
response. The corresponding transfer functions can then be used for controller design and op-
timization. We construct the plasma response models from the computed results by MARS,
using low order rational function approximations (Padé approximations) [1]. The response
models are represented in terms of frequency-dependent transfer functions [2,3] from the feed-
back current or voltage to the (magnetic) sensor signals. Such low order representations have
been shown to be good approximations of true transfer functions obtained as expansions in a
complete set of stable and unstable RWM in the absence of feedback coils [4,5].

We have established that the RWM in tokamaks can be controlled with good performance,
using a set of active coils with one coil in the poloidal direction. The sensors should detect
the poloidal field and be located at the outboard mid-plane inside the first wall. Such a system
works well with simple control logic [2-5]. Moreover, robust control of the RWM can be
achieved with respect to the plasma pressure, total current and toroidal rotation [4]. We have
carried out calculations for an advanced scenario in ITER with non-conformal double wall [6].

A key issue in modeling the influence of plasma rotation on RWM stability, as well as on
the error field amplification, is the model for energy dissipation. In a new development of the
MARS code, we add a semikinetic model for the dissipation into the MHD equations. This
model is derived from the drift-kinetic [7] calculations in a large aspect ratio approximation
including particle trapping [8]. The dissipation mechanism is the ion-Landau damping from
the motion along the field lines, driven by the toroidal coupling from equilibrium curvature
and field gradients. Recent numerical calculations indicate that this new model is in good
agreement with the DIII-D experiments, concerning both the threshold rotation for stability of
the RWM and the error field amplification.
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Modeling Partially-Collisional Plasmas using Finite-size Particles with 
Internal Dynamics∗ 

 
D. J. Larson and D. W. Hewett 

Lawrence Livermore National Laboratory 
 
We report recent results from our effort to develop "smart" particle methods. Unlike 
traditional PIC particles, the CPK (Complex Particle Kinetics) algorithm [1] allows 
particles with a Gaussian spatial profile and a Mawellian velocity distribution to evolve 
self-consistently. These particles are then split spatially and/or in velocity to probe for 
emerging features as the simulation progresses. Aggressive merging is employed to 
control the number of simulation particles. An algorithm for modeling collisional plasmas 
using point particles with Maxwellian velocity distributions has been developed and 
reproduces known Monte-Carlo PIC results with less noise and significantly fewer 
particles[2]. The combination of the CPK algorithm with our new collision algorithm 
should allow simulation of plasmas in the previously cost-prohibitive partially-collisional 
regime.  Results from one-dimensional simulations will be compared to experimental 
data and 2 and 3-D results will be discussed. 
 
Evolution equations 
 
Unlike the traditional PIC technique we make use of particle with finite spatial extent and 
finite temperature.  The spatial profile is taken to be a Gaussian, which facilitates splitting 
and merging,  and the velocity distribution is assumed to be Maxwellian, allowing the use 
of well-known collisional frequencies.  The particles have the following description [1] in 
(x,t) space: 
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The particle can also be represented by the equivalent expression in (x,R) space: 
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Individual particle evolution is accomplished via the collisionless expansion equations: 
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Splitting procedure 
 
As the particles evolve, they are continually split into smaller particles, either in x or v 
space.  This allows the particles to “probe” the simulation space for emerging features.  
Merging particles is essential to control the particle number and our current procedure is 
explained in the following section.  We can split the particles in either space using a 
procedure the preserves the first four moments of the x or v distribution exactly.  The 
following example is for velocity space splitting and comprises the 0th, 2nd, and 4th 
moments: 
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with the original particle (quantities denoted by the zero subscript) split into three new 
particles.  We assume that the middle particle, denoted subscript m, has the same drift 
velocity as the original particle.  If we assume some relationship between  and  we 

can solve for  and  in terms of v  and u .  If we choose , one of the 

possible solutions is: 

mw
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thxmv thxpv 0thx xp mw =

 

33,33 22
0

22
0 xpthxthxpxpthxthxm uvvuvv −=−=     (7) 

 
Equation (7) requires 03 thxxp vu <  and produces middle and probe particles with the 

same thermal velocity.   
 
  The choice of must be made with some care as it is possible to satisfy Eqs. (4-6) and 

significantly alter the shape of the velocity distribution.  Very good agreement is 
achieved with ; we typically run with 

xpu

xpu = 05.0 thxv 0thxxp vu = . 

 
Merging technique 
 
Simulation particles are merged in order to reduce the number of active particles and 
increase computational efficiency.  Local average distributions in x and v space are 
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constructed using all the particles local to a specified point.  Then individual particles are 
compared to the local average distribution to determine if they are subsumed by the 
average distribution.  If so, then the particle is merged.  Successive particles are added to 
the emerging distribution and the sum then becomes a new particle.  The particles 
contributing to the sum are then deleted.  In practice this procedure works fairly well, 
although we have seen the results of overly aggressive merging in simulations of two 
colliding plasma beams. 
 
Collision algorithm 
 
Collisions are modeled by pairing particles.  The collisions are weighted using a modified 
form of the Miller-Combi collision algorithm [3], which allows a reduced number of 
pairings per time-step compared to the traditional Takizuka and Abe [4] approach.  The 
simulation particle velocities and temperatures are adjusted using the collision 
frequencies for colliding Maxwellians. The density, temperature, and mass of species 
α are , T , and .  The reduced mass is αn α αm ( )βαβααβ mmmmm += .  The two 

collision frequencies, αβν and , are given by ε
αβν
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where ( )ββαα mTmTkBth +≡ 22v , βα vvv

rr
−≡∆ , αβΛln is the Coulomb logarithm, and  

 is the charge of species eZα α .  Jones et.al. [5] identify the frequency given by Eq. (8) 

with dynamic friction, while that given by Eq.(9) is related to temperature equilibration.   
 
 
Collisional to collisionless example 
 
The collisional model and internal dynamics described above have been implemented in 
one and two dimensional codes in a hybrid scheme using the quasi-neutral assumption.  
Here we show some results from a 1-D simulation of an experiment consisting of solid 
slab of aluminum ionized by a laser and traveling to the right with a velocity of 

cm/s.  The slab is highly collisional at the start of the simulation with a solid 
density, particles per cc, and low temperature 

6102×
221021.2 × 56.5== ei TT eV.   The slab 

expands at the ion sound speed until the leading edge becomes non-collisional.  The 
plasma collides with another slab of material at the right end of the simulation and the 
pressure is measure here as a function of time.  Simulations of this experiment using a 
fluid code show a pressure vs time curve that comes up late in time and too sharply 
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compared to the experimental data.  Our result shows a softer ramp-up in pressure 
starting at an earlier time.  The figure below shows the density and  the simulation 
particle phase space.  The particle size is proportional to the weight of the simulation 
particles. 
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Plasma plates method in the numerical simulation of the relativistic electron
bunches spreading in the upper ionosphere

V.V. Kurnosov1, E.L. Stupitzki2
1-2 Central Institute of Physics and Technology, Sergiev Posad, Russia

In terms of plasma plates method the large-scale current system parameters in the upper
ionosphere is investigated. This current system arise from the beta-electrons stream spreading
along the geomagnetic field lines force from the expanding spherical plasma source at the altitude
300 [km]. The geomagnetic field lines force slope to the earth surface is about 060 .

The problem is solved by means of the self-consistent approximation. That is, the
longitudinal electric field is taking into account, since it has influence to the electrons moving. To
take into account the ionization losses the universal approximation formula was derived. The
numerical results show that under the relatively small plates number (<100) the current region
structure is reproduced qualitatively right. Nevertheless, the essential adding of the plates (up to

410 ) lets us to observe in detail the all current system characteristics as at the time of coming out
to the quasi-steady regime as well as during the slowly transition of the charge distribution,
electricity field and the energy characteristics.

The computations show that after the geomagnetic tube come out to the quasi-steady
regime between the source and the region of electrons deceleration by the earth atmosphere (h =
40-60 [km]) the intense negative volume charge areas with different electrons energy are
generated.

In the future, these areas dynamics defined by the source behavior forms the all current
processes in the nearest ionosphere’s region. Therefore, the current system long-term evolution is
defined completely by the beta-electrons plasma source behavior.
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Mathematical model of Hypersonic Plasma Flows Expanding in Vacuum 
 

A.G.Korsun1, E.M.Tverdokhlebova1, F.F.Gabdullin1 
1Central Research Institute of Machine Building, (TSNIIMASH) 

Pionerskaya str.,4, Korolev 141070, Moscow reg., Russia, avs@tse.ru 
 

During investigations of plasma plumes characteristics [1,2] it was discovered that own 
electrical fields and magnetic fields influence their dynamic. During these investigations the 
processes, which allow controlling plasma dynamic, were researched. It is possible to accelerate 
and slow down the flow [3] to focus or to expand [4] and even to divert it from the initial 
trajectory by means controlling own fields and currents [5,4 ].  

Plasma is almost completely ionized in plasma plumes of modern EP: Hall-type thrusters 
and ion engines (95% and more of a propellant, incoming in an accelerating channel, are 
ionized). While modernization of propulsions continuous the amount of non-ionized gas 
decreases. That is why the influence of neutrals on the characteristics of the main plume in space 
conditions is low. During bench measurements the influence of neutrals is noticeable [6,7].  

The values of plasma parameters in the jet (n, Te) make the effective frequency of collisions 
rather essential [4,8]. Besides, in acceleration channel and in initial area of the plume, where ions 
leave the fields of accelerator and ion beam interacts with plasma of cathode -neutralizer, 
different instabilities [9] occur and intensive fluctuations are generated [10,11,12]. Many types of 
these beam-plasma fluctuations are equal to collisions [13] of both electrons and ions. According 
to these phenomena an application of continual approaches for describing the dynamic of 
rarefied flow such as EP plume is quiet justified. The kinetic method, which takes into account 
the field oscillations, should give more precise solutions. However, the large laboriousness of the 
kinetic task causes to simplify the solutions. Now the kinetic models of a plume are realized with 
use of an approximate description of stationary electric field distribution in a plume [14,15] and 
without taking a description of pulsing fields into consideration. Both approaches (continual and 
kinetic) are approximate; the accuracy of a description of real flows can be examined only by 
comparison with experimental results. 

To describe the dynamic of a jet we have used a set of Braginskiy’ equations for two-
component plasma [16]. These equations take into account the effect of electrical and magnetic 
fields and also electrical currents on the dynamic of a jet. Particularly, it takes into account 
thermoelectronic and thermomagnetic effects. Many terms of equations of both a change impulse 
and an energy are bonded with the Onzager`s relations. These relations support existence of self-
similar solutions for many tasks [8]. Solutions of Braginskiy system for two-dimensional and 
three-dimensional plumes are obtained in the self-consistent view [17,18]. A plasma plume 
acquires the 3D- shape under effect of magnetic field, when the velocity of plasma flow is 
directed at the angle of a vector of geomagnetic induction. 

The feature of a self-similarity is prevailing in nature. It was fixed many times that the real 
distribution that is not self-similar at the beginning, then it transforms itself in self-similar view 
[19]. This feature relates to the EP plumes also: the outcomes of experimental tests and numerical 
calculations as well demonstrate that the plasma flow, which is hollow at the initial section, then 
transforms itself in the self-similar flow. Therefore the SSM distribution correlates good with 
experimental data and numerical results as well. [20]   

 
The criterions, which allow determining the flow regime in a plume, are following: 
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Here: σ- plasma conductivity, T – temperature, u- velocity, a – transverse size of a jet; N&  - ion 
flow rate in a jet; B –induction of magnetic field, mi – ion mass , ?- ion charge;  γ - adiabatic 
exponent, λCEX – ion free length for charge-exchange processes.  

For the purpose of simplification of the initial rather complex system we used two smallness 
parameters, which are practically always realized in Hall thruster plumes:  

11
2 <<

M
  - the flow is hypersonic , 

1<<=′
dx
da

a  - the beam is narrow and expands weakly.  

A smallness of these parameters means that longitudinal gradients of basic characteristics 
of a plume are noticeably less than transverse gradients. 

The software assigned for description of an expansion of hypersonic flows of fully ionized 
plasma is created at TsNIIMASH. SSM-models of primary ion flows and mathematical models 
of secondary ion flows also are developed for the following conditions: 

1. S<<1, Π<<1, Kn>>1 –the flow adiabatically expands into vacuum; influence of 
magnetic field is not significant. This mode is realized at initial zone of dense low-
temperature plume of arcjet-type thrusters. 

2. S<<1, Π>>1, Kn>>1 –the flow isothermally expands into vacuum without influence of 
magnetic field , but under influence of own electrostatic field. This mode is realized on 
geostationary orbit in rarefied flow of Hall-type thrusters and ion engines as well. 

3. The same two modes with Kn~1. The flow expands in vacuum chamber where neutral 
background is rather dense. It causes a generation of secondary plasma, the density of 
which is comparable with a density of primary flow.  

4. S<1, S>1, Π>1, Kn>>1, β=0 – the flow expands along a magnetic lines. While S<1 (at 
initial zone) the flow is isothermal. When S>1 (distant zone) the expansion of a flow 
decreases to the velocity of transverse diffusion in magnetic field. The plume has a 
“needle” shape. 

5. S>1, Π≥1, Kn>>1, 0<β≤π/2 –the flow expands across a magnetic lines. The plume has 
a “petal” shape elongated in a plane of B and U vectors. 

The examples of calculation results are shown below.  
 
This work was partially supported by ISTC contract #2234p.  
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The axial and radial component of density of accelerated ions flow in D-55 plume  
 

  

The axial , n2u2x[m-2sec-1],.and radial, n2u2r[m
-2sec-1], component of density of secondary ions flow              

at D-55 operation by vacuum conditions, nn=2⋅1012cm-3 
 

 

 

“Needle” shape of D-55 plume expanding along 
magnetic field B at altitude 1000m. 

“Petal” shape of D-55 plume expanding across 
magnetic field B at altitude 1000m. 
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Computational Modeling of a Hall Thruster 
Justin W. Koo1, Iain D. Boyd 2 and Andrew J. Christlieb3 

 
Background 
 
Hall thrusters are space propulsion devices that transfer electrical energy (typically derived from 
solar arrays) to kinetic energy in the form of high-speed exhaust particles.  First developed for 
spacecraft propulsion by the Russian space program in the 1960s, Hall thrusters are finding a 
place in Western space programs in recent years due to their high efficiency relative to chemical 
propellants (3-10 times as efficient) and high thrust relative to other forms of electric propulsion. 
 
A schematic of a typical Hall thruster is shown in Figure 1.  The propellant (typically xenon or 
krypton) is injected at the anode at a mass flow rate of ~5 mg/s for a 1-2 kW thruster.  The 
propellant diffuses along the acceleration channel towards the thruster exit.  A system of 
electromagnets provides an imposed magnetic field in order to restrict the electron mobility in 
the acceleration channel.    In addition, the acceleration channel walls are covered with a 
dielectric material, often boron nitride, in part 
to regulate the electron energy in this region.  
Finally, a potential bias is provided between the 
anode and an external neutralizing cathode to 
accelerate the ions. 
 
The useful operation of a Hall thruster requires 
that the electrons behave as though they are 
magnetized (rL,electrons << rdevice) while the ions 
behave as though they are unmagnetized (rL,ions 
>> rdevice).  By correctly shaping the magnetic 
field profile, a population of ionizing electrons 
can be created largely upstream of the potential 
gradient in the acceleration channel.  For a 
typical 1-2 kW device, this criterion leads to a 
device radius of ~0.05 m, plasma densities of 
~1x1018 particles/m3, and a peak magnetic field 
strength of ~0.02 T. 
 
Computational Model 
 
This model provides a 2-D axisymmetric hybrid PIC-MCC description of the acceleration 
channel and near- field of an SPT-type Hall thruster.  It is based on a quasineutral plasma 
description where heavy particles (Xe, Xe+, and Xe++) are treated with a PIC-MCC model.   
Plasma potential is calculated using a 1-D Ohm’s Law formulation.  The electron fluid is 
modeled with a 1-D electron energy model.   

                                                 
1 Department of Aerospace Engineering, University of Michigan 
2 Professor, Department of Aerospace Engineering, University of Michigan 
3 Assistant Professor, Department of Mathematics, University of Michigan 
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1-D Formulation 
 
A fundamental premise of the reduction of the 2-D axisymmetric electrostatic calculation into a 
1-D formulation is the idea that there is a constant defined for each individual magnetic field line 
which is a balance between the electrostatic pressure and the electron thermal pressure along that 
field line.  This concept, first introduced by Morozov1, is known as the thermalized potential and 
is defined as follows: 
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where n* is an arbitrary constant.  Thus, along a given 
magnetic field line, the potential and density vary such 
as to maintain a constant thermalized potential.  
However, from a given magnetic field line to a different 
magnetic field line, the value of the thermalized 
potential may be different.  Not only does the use of the 
thermalized potential enable the problem to be 
discretized across magnetic field lines, leading to a 1-D 
electrostatic calculation, but the assumption of 
isothermal electrons (upon which this formulation of the 
thermalized potential is contingent) also allows for a 
similar 1-D discretization of the electron energy. 
 
Electrostatic Calculation 
 
The electrostatic field calculation is based on a 1-D Ohm’s Law formulation ensuring that there 
is no net buildup of charge in the device.  This requires the sum of the electron and ion currents 
through each magnetic field line to balance throughout the domain as follows: 
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This equation is summed from the anode to the cathode and a closed form solution for the total 
current (based on heavy particle positions, imposed potential drop, and electron energy) can be 
derived.  Once the total current is known, the derivative of the thermalized potential can be 
calculated directly and a full 1-D thermalized potential can be constructed.  The plasma potential 
is then calculated along field lines then extrapolated through the whole domain. 
 
Electron Mobility 
 
To ensure that the electron mobility does not drop catastrophically in regions of neutral 
depletion, the electron momentum transfer frequency is supplemented by an effective wall 
scattering term suggested by Boeuf and Garrigues2.  This leads to the following term for the 
electron momentum transfer frequency (where α is typically chosen between 0.1 and 0.2): 

wallsneutralsmom ννν +=  

aneutrals n7105.2 −∗=ν            710∗= αν walls  

Figure 2.  Magnetic Field Lines 

Thruster exit plane at 0.025 m 
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This effective momentum transfer frequency is used in the classical description of the transverse 
magnetic field electron mobility (where ωe is the electron cyclotron frequency): 
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Electron Energy 
 
The complete electron energy equation is as follows: 
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The second source term, the electron energy loss frequency, is based on ionization losses, 
inelastic collision losses, and a wall- loss term.  The form chosen for this wall- loss term, also 
suggested by Boeuf and Garrigues2, is: 
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where α is again typically chosen between 0.1 and 0.2.  
 
The electron energy equation can be recast in the form of an ordinary differential equation with a 
dependence on the electron energy alone.  Volume integration of the electron energy equation is 
used to evaluate the coefficients in a smooth manner.  Stable integration of the resulting ODE 
requires a timestep far smaller than the timestep used for heavy particle evolution.  As suggested 
by Fife3, the electron energy equation is subcycled 100 times for every single heavy particle 
timestep to ensure accurate integration.  The electron energy is fixed at 3 eV at the anode and 2 
eV at the domain exit.  Typical peak electron energies near the thruster exit are around 30 eV. 
 
Anode Model 
 
Near the anode, electron diffusion becomes the primary electron transport mechanism.  The 
reduced electron motion along field lines is believed to contribute to the  breakdown of the 
thermalized potential  assumption.  An improved anode model is under development to account 
for this behavior.  This model is based on work by Keidar4 and is a 2-D model designed to 
simulate a region from a predefined ion inflow (about 1 cm downstream from the anode face) 
back to the anode face.  Essentially, this  model simulates two regions - a presheath region where 
the ions are accelerated to the Bohm velocity and a sheath region with secondary electron 
emission to capture the sheath potential drop.  The results will be used principally to improve the 
boundary conditions on the electrostatic solver. 
 
Electron Energy Model 
 
The computational model presented here is a 1-D single temperature model.  This treatment 
ignores the fact that various processes in the acceleration channel, from simple scattering off the 
sheath to secondary electron emission, lead to an electron distribution function which is neither 
1-D nor a simple Maxwellian.  For this reason, plans have been constructed to extend the 
electron energy model to 2-D and also to explore the use of a multiple temperature model.   The 
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first approach is being developed presently and aims to couple with the anode model in order to 
form a true 2-D simulation of the anode region of the thruster.  Further plans call for the 
development of a multiple fluid description of the electrons by taking partial moments of the 
Boltzmann equation.  This will lead to a series of coupled fluid models where each fluid 
represents a component temperature for the total electron fluid.  Long term goals include the 
development of a non- local kinetic model based on the work of Kortshogen5. 
 
Results 
 
Presented in Figure 3 is a plot of the 
mean plasma density for an SPT-100 
thruster with a Xenon mass flow rate 
of 5 mg/s and a potential drop of 275 
V between the anode and cathode.  It 
bears significant qualitative 
resemblance to expected experimental 
results; however, it also underpredicts 
performance parameters by about 20% 
(64 mN vs 80 mN of thrust).  
Immediate improvement in 
performance parameters should follow 
from the inclusion of the anode model. 
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Figure 3.  Mean Plasma Density 
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Improved Algorithms for Continuum/Vlasov Gyrokinetic Codes

G. W. Hammett, E. A. Belli1, W. Dorland2

1Princeton Plasma Physics Lab1

2Univ. of Maryland

We discuss various possible improved algorithms for continuum/Vlasov gyrokinetic codes
such as GS2[1, 2], GENE[3], and GYRO[4]. While these recently-developed codes are quite
sophisticated and generally work fairly well in their studies of microturbulence in tokamaks
and other plasmas, there are several improvements that could be explored. These codes
solve the nonlinear electromagnetic gyrokinetic equation for the particle distribution function
f(~x, v

‖
, v

⊥
, t) using a range of finite-difference and spectral techniques and various treatments

of the geometry. Here we focus on the GS2 code (http://gs2.sourceforge.net), which employs
a fully implicit treatment of the linear (parallel) dynamics[2] and pseudo-spectral evaluation
of nonlinear terms[1] in general geometry flux-tube coordinates.

Vlasov codes are potentially susceptible to a long-known recurrence problem, in which the
phases between the distribution function f at various velocities, which become decoherrent
due to phase-mixing/Landau-damping, might become coherent again. In a low collisionality
plasma, avoiding this recurrence can require very high velocity space resolution. Here we
explore using a hypercollisionality operator, which smooths out small scales in f(v) while
preserving larger scale features (which determine density, momentum, energy, etc.). Hyper-
collisionality models thus can provide a tunable level of approximation, so that gyrofluid-like
efficiencies can be achieved at lower velocity resolution, while higher resolution can be used
to check convergence. In practice, the recurrence problem is not as severe in codes like GS2
as one might first think, for several reasons. First, cylindrical coordinates are used in velocity
space so that the grid spacing in v

‖
is non-uniform, which reduces the likelihood of all phases

becoming coherent. Second, there is usually some dissipation in the algorithms, such as the
loss associated with the shearing of f to high kx as particles stream along sheared magnetic
fields and eventually exit the simulation (though trapped particles are still susceptible).

We have developed a fast iterative implicit algorithm that works well in tests in a linear
local gyrokinetic code. Implicit treatment of f given the potentials is almost trivial in the
gyrokinetic equation, but the potentials also need to be implicit. Our iterative algorithm
employs a physics-based preconditioner, with Padé approximations for the plasma response
matrices, which is the expensive part of GS2’s original implicit algorithm[2]. Other potential
improvements include the usage of higher-order finite differencing for the parallel dynamics,
averaging some of the terms in the gyrokinetic equations over finite-size cells, and higher
order time stepping. Finally, sub-grid turbulence models can be useful for reducing the
required spatial resolution.
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INHOMOGENEOUS PLASMA PARAMETRIC DECAY INSTABILITY DRIVEN BY 
STOCHASTICALLY MODULATED PUMP WAVE FREQUENCY 

E.Z.Gusakov, B.O.Yakovlev 
Ioffe Institute,St.Petersburg, Russia 

 
1. Introduction 
In the present paper the influence of the pump wave frequency stochastic modulation on the 
inhomogeneous plasma parametric decay instability (PDI) is studied. Since 60th the pump wave 
frequency modulation was discussed as a possible way of PDI suppression. Following to the 
results of homogeneous plasma theory [1], it can serves as an effective PDI control method. But 
the analyses carried out in inhomogeneous plasma model for stochastic pump wave frequency 
modulation has revealed high stability of convective amplification coefficient, which appeared to 
be insensitive to the pump wave stochastic frequency modulation [2]. Such stability was recently 
confirmed in experiment [3] and numerically for absolute PDI [4]. 
Contrary to this case of fast (delta-correlated) pump phase modulation [2] slow stochastic pump 
wave frequency modulation, as well as harmonic or linear pump wave frequency sweep [5], may 
lead to the PDI resonant enhancement. 

2. Stochastic frequency modulation 
The theoretical investigation is carried out in the framework of coupled equations for slow 

varying wave amplitudes a  and a , neglecting pump wave amplitude depletion:  1 2

( )

( ) ( )

,1 1
01 1 1 2

* ,2 2
02 2 2 1 2 2

i x t

i x t
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v a a e

t x
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v a a e S
t x

∂ ∂
ν γ

∂ ∂
∂ ∂

ν γ ν
∂ ∂

Φ

− Φ

+ + =

+ + = + x

)

 

where  is a phase mismatch caused by plasma 

inhomogeneity (first term) and pump wave frequency modulation (second term), 
,  - wavenumber of the interacting waves, v  - their group velocities,  - 

wave damping rates (here j=0,1,2), γ  - is the maximal PDI growth rate, proportional to the 
pump wave amplitude,  is a source of the second wave, modeling the thermal level of 
acoustic wave fluctuations. We assume in (1) that the decay condition ∆  
is fulfilled, where  are frequencies of the three interacting waves. 

( ) ( ) ( 0, ' '
x

x t x dx x v tκ δΦ = ∆ + Φ −∫

01 2k k− − jk

0
( )

2 2S xν

jω

k k∆ = j jν

=01 2 0ω ω ω ω= − −

This problem was analyzed numerically, the initial problem was solved in the presence of 
the second wave source and for S . Initial conditions were taken in the source consistent 
form in order to escape any additional perturbation and transient phenomena or as a delta 
function in the absence of any source. All presented computational results were done on the 
linear phase mismatch profile 

2 0=

( ) 2xxκ =∆ . 

Here and below in numerical examples the following dimensionless parameters are used: 
1t t v= , 0i iv v v= , x x= , 0i i vν ν= , . The coordinate is normalized to 0,1,2i =
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the phase mismatch length  and time – to the first wave transient time 1v . It is supposed, that 

, ,  and 1 0v > 2 0v < 0 0v < 0 1v v= . 

( ) ( )1 42, 3δ π j jϑ ωx t =Φ

2jω =

0,

( )

j Tπ
]2π

( ) ' e= x∆ −t tΩ Ω

≡ ∆

100 1 0

The pump phase modulation was taken in the form: 

( ) ( ){ } ( )( )1 2 2
0

1
exp 4 cosc cj j

j
T t x vτ ω τ ω

∞

Ω
=

− ∆ − − +∑  

where  , T  was taken longer then any time scale of the problem,  is a random 

phase from [  interval. This representation provides statistically uniform, gaussian 
frequency modulation possessing correlation function 

jϑ

( )( )22 2p ' 2 ct tδ δ τ− , with 0δΩ = , and frequency deviation 
1 22δΩ .  
As it is seen in Fig. 1, where variation of decay wave amplitude is shown for different 

random phase sets, in the case of fast phase modulation ( ) amplitude growth is much 
slower than that associated with growth rates  or 

1cτ =
0γ 0 vγ 2 1v , but saturates at level prescribed 

by convective amplification coefficient: 
2 2
0

1 2
expPRS v v

πγ 
 =   

 

in agreement with [2,6,7]. On contrary, for slow modulation ( ), shown in Fig. 2, fast 
bursts of growth are observable and level of amplification is much higher. 
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Fig. 1 Slow wave amplitude behavior for different 
stochastic phase realizati  on, τc=1.0, ∆=9.6 

Fig. 2 Slow wave amplitude behavior for different 
stochastic phase realization, τc=16.0, ∆=9.6 
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This conclusion is confirmed on averaged amplitude time dependencies in Fig. 3 and Fig. 4, in 
spite of the fact that 10 realizations were insufficient for correct averaging in slow modulated 
case contrary to fast modulation where the busts are not so significant. 
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Fig. 3 Averaged decay amplitude time behavior for 
modest frequency deviation ∆=2.4 and different 
correlation time,  - τc=1.0,  - τc=4.0, 

 - τc=16.0 

Fig. 4 Averaged decay amplitude time behavior 
for broad frequency deviation ∆=9.6 and 
different correlation time,  - τc=1.0,  - 
τc=4.0,  - τc=16.0 

The physical reason for such amplification stimulated by slow modulation is the convective 
losses suppression due to the drift of the decay point, occurring under the pump frequency 
modulation [8, 9]. Such suppression takes place when the velocity of the decay point coincides 
with the group velocity of a decay wave. It manifests in the form of short giant splashes of decay 
wave amplitudes as it may be seen on the Fig. 2, where the results of numerical modeling are 
presented for different stochastic phase realizations and the same pump wave frequency 
correlation time and deviation and on Fig. 3, Fig. 4 for big correlation time (τc=16.0). It let us 
conclude that amplification coefficient depends on the frequency deviation (see Fig. 5) as well as 
on correlation time (see Fig. 6) of the stochastic modulation, it is similar to the linear modulation 
case, where the PDI wave amplification is defined both by frequency chirping rate and by its 
duration [4]. 
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Fig. 5 Dependence of the wave amplitude on pump 
wave stochastic frequency deviation ∆ at τc=10.0 

Fig. 6 Dependence of the wave amplitude on 
pump wave stochastic frequency correlation 
time τc at ∆=2.0 

Such dependence was recently observed in experiment on the linear plasma device “GRANIT” 
(see Fig. 7) [5], where presented experimental results for different correlation time of the phase 
modulation. It shows the same stochastic frequency deviation dependence as the numerical 
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simulation (see Fig. 5). And in according with the theoretical and numerical predictions stochastic 
phase correlation time increase leads to the convective amplification up growth. 
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Fig. 7 Experimental measurements of the decay 
wave amplification in presence of stochastically 
modulated pump wave frequency. Experiment 
was done on the linear plasma device “GRANIT 

3. Conclusion 

The prediction of weak influence of the pump frequency modulation on the inhomogeneous 
plasma PDI level is applicable only to the case of modulation faster than transient time of 
daughter waves in the decay region. If this condition is violated, the significant PDI enhancement 
become possible due to the effect of resonant suppression of the convective losses from the 
moving decay region. This effect manifests itself in the form of short giant bursts of decay wave 
amplitudes. It can be used for selective and enhanced excitation of Langmuir waves due to the 
Raman scattering in experiments with ultra short powerful laser pulses, where fast enough pump 
frequency chirping is possible.  
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Porting the 3D Gyrokinetic Particle-in-Cell Code GTC to the CRAY/NEC
SX-6 Vector Architecture: Perspectives and Challenges

S. Ethier1, Z. Lin2

1Princeton Plasma Physics Laboratory, Princeton University, Princeton, NJ 08543
2Department of Physics and Astronomy, University of California, Irvine, CA 92697

The impressive performance achieved in 2002 by the Japanese Earth Simulator computer

(26.58 Tflops, 64.9% of peak) [1] has revived the interest in vector processors. Having been the

flagship of high performance computing for more than two decades, vector computers were grad-

ually replaced, at least in the US, by much cheaper multi-processor super-scalar machines, such as

the IBM SP and the SGI Origin series. Although the theoretical peak performance of the super-

scalar processors rivals their vector counterparts, most codes cannot take advantage of this and

can run only at a few percent of peak performance (< 10%). When properly vectorized, the same

codes can, however, reach over 30 or even 40% of peak performance on a vector processor. Not

all codes can achieve such performance. The purpose of this study is to evaluate the work/reward

ratio involved in vectorizing our particle-in-cell code on the latest parallel vector machines, such

as the CRAY/NEC SX-6, which is the building block of the very large Earth Simulator system in

Japan [2]. This evaluation was carried out on the single node (8 cpus) SX-6 located at the Arctic

Region Supercomputing Center (ARSC). Early performance results are compared to the same tests

performed on the IBM SP Power 3 and Power 4 machines, on which our particle-in-cell code,

GTC, is normally run.

The Gyrokinetic Toroidal Code (GTC) [3] was developed to study the dominant mechanism

for energy transport in fusion devices, namely, plasma microturbulence. Being highly nonlinear,

plasma turbulence is well described by particle codes for which all nonlinearities are naturally

included. GTC solves the gyroaveraged Vlasov-Poisson system of equations (gyrokinetic equa-

tions [4]) using the particle-in-cell (PIC) approach. This method makes use of particles to sample

the distribution function of the plasma system under study. The particles interact with each other

only through a self-consistent field described on a grid such that no binary forces need to be cal-

culated. This saves a great deal of computation, since it scales as N instead of N 2, where N is

the number of particles. Also, the equations of motion to be solved for the particles are simple

ordinary differential equations and can be easily solved with a Runge-Kutta algorithm or similar

method. The main tasks of the PIC method at each time step are as follows: The charge of each

particle is distributed among its nearest grid points according to the current position of that particle;

this is called the scatter operation. The Poisson equation is then solved on the grid to obtain the

electrostatic potential at each point. The force acting on each particle is then calculated from the

potential at the nearest grid points; this is the “gather” operation. Next, the particles are “moved”

by using the equations of motion. These steps are repeated until the end of the simulation.
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GTC has been highly optimized for cache-based super-scalar machines such as the IBM SP.

The data structure and loop ordering have been arranged for maximum cache reuse, which is the

most important method of achieving higher performance on this type of processor. In GTC, the

main bottleneck is the charge deposition, or scatter operation, mentioned above, and this is also true

for most particle codes. The classic scatter algorithm consists of a loop over the particles, finding

the nearest grid points surrounding each particle position. A fraction of the particle’s charge is

assigned to the grid points proportionally to their distance from the particle’s position. The charge

fractions are accumulated in a grid array. The scatter algorithm in GTC is more complex since one

is dealing with fast gyrating particles for which motion is described by charged rings being tracked

by their guiding center [5]. This results in a larger number of operations, since several points are

picked on the rings and each of them has its own neighboring grid points.

Initial porting of the GTC code to the SX-6 was straightforward. Without any modifications to

the code, the initial single processor test run was only 19% faster than on the Power3 processor,

which has a peak of 1.5 Gflops compared to the 8 Gflops SX-6 processor. The compiler on the

SX-6 includes very useful analysis tools, allowing a quick identification of the code’s bottlenecks.

Also, a source listing clearly indicates the loops that have not been vectorized and the reasons

why. With these tools in hand, the scatter operation in the charge depositing routine was quickly

identified as the most time consuming part of the code, and was not vectorized because of memory

dependencies.

The challenge with the scatter operation in all PIC codes, and on all types of processor, is the

continuous non-sequential writes to memory. The particle array is being accessed sequentially

with a fixed stride, but each of its elements, representing the position of a particle, corresponds

to a random location in the simulation volume. This signifies that the grid array accumulating

the charges gets written to in a random fashion, resulting in a poor cache reuse on a cache-based

super-scalar processor. This problem gets amplified on a vector processor, since many particles

will end up depositing some charge on the same grid points, thus giving rise to a classic memory

dependence that prevents vectorization. Fundamentally, the requirement for vectorization is that all

the individual operations making up a single vector operation must be independent from each other.

The required number of independent individual operations is equal to the number of elements in the

vector registers, or “vector length”. The simplest method to avoid the intrinsic memory conflicts

of the scatter operation, and achieve vectorization, is to have each element in the vector register

write to its own temporary copy of the charge accumulating array. One needs as many copies as the

number of elements in the vector register, which is 256 for the SX-6. When the loop is completed,

the information in the 256 temporary arrays must be merged into the real charge array. The increase

in memory generated by this method is of at least VLEN*NG, where VLEN is the processor’s

vector length and NG is the number of grid points in the domain. This can be a very large number

considering that GTC uses tens of million of grid points for an average simulation. However, the
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Processor Max speed GTC test Efficiency Relative speed

(Gflops) (Mflops) (real/max) (user time)

Power3 1.5 173.6 12% 1

Power4 5.2 304.5 6% 1.9

SX6 8.0 715.7 9% 5.2

Table 1: Single processor performance of GTC test run on IBM SP Power3 and Power4, and on SX-6

vector processor.

increased speed gained by the vectorization of the scatter operation compensates for the use of

the extra memory. This algorithm was included in the GTC code, leading to the vectorization of

the two most compute-intensive loops. Further modifications, mainly adding compiler directives,

helped achieve the vectorization of the second most compute intensive routine in the code.

Table 1 summarizes the results of the single processor test that compares the overall perfor-

mance on the Power3, Power4, and SX-6 processors. One notes from the results that the Power3

processor gives the highest efficiency at 12% of the maximum theoretical speed. The fact that the

Power4 runs GTC only at half the efficiency of the Power3 agrees with the extensive benchmarks

done by the CSM group at the Oak Ridge National Laboratory [6], and which showed that the

memory bandwidth of the Power 4 was not sufficient to keep up with its high-clocked CPU. With

the code modifications made so far, the SX-6 runs the test case at 715.7 Mflops with 96.7% of

vector operation ratio and an average vector length of 180.3 (the ideal being 256). Although this is

only 9% of the maximum 8 Gflops that the vector processor can deliver, the SX-6 already runs 5.2

times faster than the Power3 processor and 2.7 times faster then the Power4.

More can be done to further improve the efficiency of the PIC method on the vector processor.

The modifications that have been performed on GTC, so far, are just the beginning. A deeper

analysis of the charge accumulating loop shows that even though the vector operation ratio is

99.89% with a perfect vector length of 256, the loop runs only at 7% of peak speed. However,

the analysis also shows that a large number of scalar operations are performed in that same loop,

most likely arising from the indirect array indexing characteristic of the random writes done in this

algorithm. By simplifying the array indexing and sorting the particles according to their position,

one might expect to achieve a much better performance on the SX-6. The goal is to reduce, as

much as possible, the number of scalar operations, while maximizing the vector operations.

Thus far, the work/reward ratio of porting the GTC code to the SX-6 computer is good. We

showed that a few small changes plus a more involved but straightforward method involving tempo-

18th International Conference on Numerical Simulation of Plasmas

366



rary arrays already increases the performance by a factor of 5. However, more code modifications

need to be made in order to achieve the high efficiency obtained by other codes on the SX-6 com-

puter. One also needs to study the parallel scaling of the code, which is a very important aspect

since GTC usually runs on up to 1,024 processors.

This work was supported by US DOE Contract no. DE-AC020-76-CH03073 and in part by the

DOE SciDAC Plasma Microturbulence Project.
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ABSTRACT
Generation of relativistic particles from the interaction of a laser pulse with a high density
plasma foil, accompanied by an underdense preplasma in front of it, has been studied with 2D
particle-in-cell (PIC) simulations. 2D PIC simulations with total number of particles 106 and 32
particles per cell were performed for linearly polarized laser pulses, propagating normally to a
plasma target (hydrogen) in the x-direction of the X — Y simulation plane. This target models a
thin solid dense plasma slab having a rare plasma in front of it to model the blow-off plasma
created by the laser prepulse which interacts with the foil before the main pulse reaches the
target.
The primary mechanism responsible for electron acceleration is identified. Simulations show that
the energy of the accelerated electrons has a maximum versus the pulse-duration for relativistic
laser intensities. Electron acceleration with preplasma is different as compared to both extended
homogeneous plasmas and dense plasma slabs with sharp boundaries. The most effective
electron acceleration takes place when the preplasma scale length is comparable to the pulse-
duration. Electron distribution functions have been found from PIC simulations. Their tails are
well approximated by Maxwellian distributions with a hot temperature in the MeV range. Fast
electron production is an origin of effective ion acceleration. Because ions are much heavier than
electrons, long time is needed to accelerate them. The ion maximum energy saturates with the
time at the value corresponds to hot electrons temperature.
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Web Service Model for Plasma Simulations with
Automatic Visual Diagnostics Generation

D. A. Dimitrov†, R. Busby, J. Exby, D. L. Bruhwiler, and J. R. Cary
Tech-X Corporation, 5541 Central Avenue, Suite 135, Boulder, CO 80301

Introduction

We present our design and initial implementation of a web service model for running, both in
parallel and serial, Particle-In-Cell (PIC) codes for plasma simulations, such as VORPAL[1]
and OOPIC[2, 3], together with automatic post processing of the results and generation of
visual diagnostics.

PIC codes have significantly grown in complexity over the past ten years and now often
require parallel execution on multi processor computers for modern problems of interest.
The post processing and data analysis of their results represent another major problem.
For a researcher to gain mastery of this level of complexity, a significant amount of time is
required at the expense of reducing the time for doing physics research. Moreover, extensive
parameter studies require systematic management of the results with an efficient way to
communicate them among a group of remotely located collaborators.

Here, we will describe a model for submitting PIC jobs for parallel/serial execution with
subsequent automatic post processing via a simple web interface. The only requirement
from a user of the service is to be able to create input files for the corresponding codes.
However, our design does include a markup language based validator to help in the process
of developing proper input files. The system then automatically handles the job submission,
monitoring, post processing, automatic visual diagnostics generation, and data management.
We will also discuss briefly approaches for access restrictions, job scheduling, and security.

In our initial implementation using the OOPIC code, the web service system is based
on the Apache, MySQL, PHP, Python open-source tools[4], and on the Interactive Data
Language[5] application for visualization. Once a PIC simulation and subsequent post pro-
cessing is completed, the user of the service will be notified by email and pointed to a web
page to view the generated visual diagnostics and other relevant results. This model also
enables all collaborators on a project to access the results from such runs regardless of their
geographic location.

The system consists of client interface and server components which we describe in the
next two sections respectively. We conclude with a summary of our experience during the
initial implementation of the system and with our plans for its future extensions.

Client Interface Components

The client side components of the system are responsible for the secure authentication of
registered users, also handling user registration and password management, and provide the
interface to access the server side capabilities. The secure user authentication and identity
protection is based on using cryptographic hash functions, e.g. the crypt() PHP function
with a 12 or 16 character salt strings, and on designing a translucent database[6].

†Corresponding author email address: dad@txcorp.com.
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Figure 1: Web interface for submitting OOPIC jobs from anywhere on the Internet. The
interface allows jobs to be run in serial or parallel. A subset of the available OOPIC diag-
nostics can be selected for auto generation. The OOPIC input file is supplied by the user by
a file upload to the server.

The latter allows the database to never contain any identity information in clear text. No
known methods have been published on reversing the hash function values. Additionally, all
user transactions are encrypted during the interactions with the web server using the Secure
Sockets Layer protocol.

Once a user authenticates and logs in, a personalized user page is presented with access
links to the data owned by the user and an interface to functionality to manage the data or to
submit new OOPIC jobs. The prototyped job submission interface is shown in Fig. 1. This
is a very minimalistic implementation of the underlying capabilities of the code. It allows a
user to specify the number of time steps to run the code, the number of steps after which to
dump the simulation data, the number of processes to use (one for serial and greater than one
for parallel execution). Then, a user can specify which diagnostics to be produced. In this
case, options for plotting selected components of the electric and magnetic field are given.
This list will be extended to the other diagnostics that OOPIC provides, such as particle
diagnostics, power spectrum of fields, etc. The current default for the field diagnostics is
to produce surface, contour, and line-out plots. Options for these, as well as ranges for the
plots, will also be provided when this interface is extended. Finally, this interface requires
the user to select a valid input file to upload to the server. We plan, as part of the system, to
create a validator for input files, because the input files have complicated syntax to express
many different physical systems. Once this information is supplied, a user uploads it to the
server and submits the job. The actual submission appears as a record in a queue table in
the database which is checked periodically and processed by the job scheduler on the server
side.
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The overall set of client side components, apart from submitting jobs and validating input
files, will enable users to manage their data such as doing fast searches, deleting runs, sharing
results with others, based on a privileges system, download dump files, check job status, and
edit their personal information. Other capabilities will be added over time based on user
feedback. The client side components are written in the PHP programming language which
interacts very easily with the Apache server (Apache loads the PHP processor as a dynamic
module) and the MySQL database.

Job Scheduling, Steering, and Database Components

We provide automatic handling of job scheduling, steering, and PIC simulations data man-
agement on the server side, with modules for each of these tasks. A diagrammatic represen-
tation of the complete system is shown in Fig. 2.

Client
(Web Browser)

Network (Internet/Intranet)

DMZ Server

Web Server
(Apache)

PHP Apache
Module

DMZ Server
File System

Computing and Data Processing/Management Servers

Database
Server (MySQL)

SQL ASCII,
Binary

Data Server
File System

Job Scheduling
Module (Python)

Job Steering
Module (Python)

Computing
Nodes (Linux)

FIREWALL

Figure 2: Components of the web service system and their relationships that enable remote
code steering and data processing, with security

A user’s web browser is the client application for access to the system. We have placed
the client interface components of the system in Fig. 2 in a ”demilitarized zone” (DMZ)
for security reasons. In many cases, companies want to separate the publicly available
web servers from the private parts of their networks with firewalls for data and resources
protection. Our initial implementation of the system is completely on our private network.
Such a setup is appropriate for a company’s internal research group using the same code.

We wrote the job scheduling and steering modules in Python, an object-oriented high
level scripting language that allows us very rapid development. The job scheduling module
checks periodically the jobs queue table of the database and starts OOPIC jobs, when new
requests are found, by calling the job steering module with the appropriate parameters.
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We have developed the steering module to control the execution of OOPIC simulations
and the post-processing of the data from simulations. This module is a collection of Python
classes and methods which allow a user to control OOPIC and subsequent data analysis
in a completely general way. The most useful feature of the steering module is the easy,
self-consistent setting of options for OOPIC runs. Aside from those few options, all of the
specifications of an OOPIC simulation reside in the input file. The module can modify
input files, add diagnostic specifications or change parameter values according to data read
from the user uploaded data. Input file modification is also useful for running automated
parameter sweeps, where many similar simulations are run with parameters varying over
some range.

The steering module allows for easy switching between serial and parallel execution of
OOPIC. As the project develops, the ability to dynamically schedule processes on a small
parallel system, such as the Beowulf cluster at Tech-X, will be added. Since this module is
written in Python, modification and augmentation with C++ or Python modules is simple.
Easy adaptability is especially useful for post-processing, which can be different for each
input file, is repetitive, and usually involves many tasks. The steering module is designed
to store the OOPIC dump files on the file system and the generated graphical diagnostics
files in the database, so dynamically generated html pages presenting images to clients is
very fast. User will have access to dump files only when they are requested for download to
their local computers. Keeping the usually large dump files on the file system and not in the
database is also done for efficiency.

In summary, we designed and developed an initial implementation of a web service system
for running PIC simulations in serial and parallel with automatic data post processing and
generation of user selected graphical diagnostics. Our initial tests of the system, internally
at Tech-X Corp., show that it enables us to significantly increase our efficiency in doing PIC
simulations, post processing and managing the data, and sharing the results.
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Role of the Lower-Hybrid Drift Instability in a
Reconnecting Current Sheet

William Daughton
Plasma Physics Group

Los Alamos National Laboratory
Los Alamos NM, 87544

In the study of collisionless magnetic reconnection, the subject of anomalous
resistivity has a long and controversial history.  Many researchers have considered the
lower-hybrid drift instability as a possible candidate for producing anomalous resistivity.
Unfortunately for neutral sheet geometry, non-local theory predicts the fastest growing
modes are electrostatic in character and well localized on the edge of the sheet, while
enhanced fluctuations are required in the central region to influence magnetic
reconnection.   Thus many researchers have concluded that the lower-hybrid does not
influence the development of reconnection.   However, intriguing new results from the
MRX device at Princeton report electromagnetic fluctuations in the lower-hybrid
frequency range in the central region of a reconnecting current sheet [1].  Furthermore,
these results indicate a correlation between the fluctuations and enhanced rates of
magnetic reconnection.

In this work, the properties of the lower-hybrid drift instability are re-examined.
The linear Vlasov stability is calculated using a formally exact technique in which the
orbit integrals are treated numerically and the eigenvalue problem for the resulting
system of integro-differential equations is solved using a finite element representation of
the eigenfunction [2].  For the fastest growing lower-hybrid modes with wavelength on
the electron gyroscale reky~1, the resulting mode structure is localized on the edge of the
current sheet.  However, for modes with wavelengths intermediate between the electron
and ion gyroscale ky(rire)

1/2~1, the lower-hybrid instability has a significant
electromagnetic component to the mode structure which is localized in the central region
of the sheet.  The addition of a weak guide field complicates the mode structure and gives
rise to fluctuations in all three components of the magnetic field.   These new predictions
from linear Vlasov theory are confirmed using fully kinetic particle-in-cell simulations
which indicate the modes saturate at large amplitude in the central region of the sheet[2].
These results suggest the possibility that the electromagnetic fluctuations may potentially
influence the development of magnetic reconnection.

[1] H. Ji, S. Terry, M. Yamada, R. Kulsrud, A. Kuritsyn, and Y. Ren, Electromagnetic
Fluctuations during Fast Reconnection in a Laboratory Plasma, submitted to PRL (2003).

[2] W. Daughton, Electromagnetic properties of the lower-hybrid drift instability in a thin
current sheet, Phys. Plasmas 10, 3103 (2003)
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A collocated, conservative, solenoidal finite volume scheme for
3D implicit magnetohydrodynamics

L. Chacónand D. A. Knoll

Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545

1 Introduction

In the development of spatial difference schemes for magnetohydrodynamics (MHD), the preser-
vation of continuum properties such as conservation of mass, momentum, and energy, as well as
required electromagnetic constraints (∇ · ~B = 0), is desirable to avoid spurious unphysical modes
and preserve numerical accuracy. Moreover, simplicity of the scheme is also a desirable feature,
particularly when adaptive mesh techniques are considered.

Until recently, spatial finite volume representations that preserve these properties have been
mostly based on staggered representations of the MHD equations (see [1] and references therein).
However, these schemes are cumbersome to implement and maintain, even more so when com-
bined with adaptive gridding techniques. In the context of explicit shock-capturing schemes, Toth
has recently demonstrated [1] the equivalence of staggered representations and finite-volume, flux-
based discretizations in which only cell-centered quantities need be known. Further, Toth proposed
a new central-difference scheme which accuracy-wise performed equally or better than staggered
schemes. However, this scheme relies on Godunov methods to upwind required fluxes from cell
centers to faces or edges, and hence is not useful for implicit implementations.

In this paper, we propose a cell-centered finite-volume scheme suitable for implicit applications
which is conservative in mass and momentum, solenoidal in the magnetic field, numerically stable
even without physical dissipation (no red-black modes), and extensible to non-orthogonal grids.

2 Model equations

We consider the compressible resistive MHD model, given by:

Continuity:
∂ρ

∂t
+∇ · (ρ~v) = 0, (1)

Faraday’s law:
∂ ~B

∂t
+∇× ~E = 0 ; ~E = −~v × ~B + η(T )~j ; ~j =

1
µ0
∇× ~B, (2)

Momentum:
∂(ρ~v)

∂t
+∇ ·

[
ρ~v~v −

~B ~B

µ0
− ρν(T )∇~v +

←→
I (p +

B2

2µ0
)
]

= 0, (3)

Energy (adiabatic):
∂T

∂t
+ ~v · ∇T + (γ − 1)T∇ · ~v = 0, (4)

where the plasma is assumed adiabaticp ∝ nγ, with γ = 5/3, p = 2nT the pressure,T the
temperature, andn the particle density. In these equations,ρ = min is the mass density,~v is the
plasma velocity,~B is the magnetic field,η(T ) is the resistivity, andν(T ) is the kinematic viscosity.
The energyE = ρv2/2 + B2/2µ0 + p/(γ − 1) is not conserved at this stage, since heat sources
such as Joule heating (ηj2) and viscous heating (ρν(∇~v)T : ∇~v) are not included.
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3 Spatial discretization

We develop a cell-centered, finite volume discretization for Eqs. 1-4 suitable for a general curvi-
linear geometry using structured and logically rectangular grids. Without loss of generality, we
demonstrate the main properties of the scheme on a Cartesian grid in 2D geometry. Extension to
3D is straightforward. Two main ingredients are key to the success of the proposed approach: 1)
the so-called ZIP interpolation [2] to find fluxes at faces from cell-centered quantities, and 2) the
implementation of divergence-free boundary conditions on the magnetic field.

The ZIP average. The ZIP average [2] avoids certain nonlinear instabilities that appear in collo-
cated grids as a result of poorly devised interpolations from cell centers to faces. We demonstrate
the concept in 1D with a nonlinear advection equation∂tΦ + (vxΦ)′ = 0, where the prime indi-
cates a derivative with respect tox. Bothvx andΦ are cell-centered quantities that have non-trivial
spatial and temporal dependence. A finite-volume discretization at the celli yields:

(vxΦ)′i =
(vxΦ)i+1/2 − (vxΦ)i−1/2

hx
+ O(h2

x). (5)

In principle, there is freedom to choose an appropriate interpolation from the cell centers (i−1,i,i+
1) to the faces (i− 1/2, i + 1/2). We consider here two second-order accurate choices (see [2] for
a similar analysis and conclusion for other common choices):

Flux average (FA):(vxΦ)i+1/2 =
1
2

[(vxΦ)i+1 + (vxΦ)i] +O(h2
x),

ZIP: (vxΦ)i+1/2 =
1
2

[vx,iΦi+1 + vx,i+1Φi] +O(h2
x).

Introducing these interpolations in the spatial derivative in Eq. 5, we find:

FA:
(vxΦ)i+1/2 − (vxΦ)i−1/2

hx
=

(vxΦ)i+1 − (vxΦ)i−1

2hx
,

ZIP:
(vxΦ)i+1/2 − (vxΦ)i−1/2

hx
= vx,i

Φi+1 − Φi−1

2hx
+ Φi

vx,i+1 − vx,i−1

2hx
.

We note that the ZIP differencing satisfies the chain rule of derivatives in discrete formwhile being
exactly conservative(since the Eq. 5 is in flux form). Moreover, Hirt demonstrated [2] that FA
is nonlinearly unstable (in the form of anti-diffusion) while ZIP is not. This is easily seen from
a Taylor expansion of the discrete equations aboutxi to obtain the so-called modified equation
(ME):

FA:
(vxΦ)i+1 − (vxΦ)i−1

2hx
≈ (vxΦ)′ +

h2
x

2

(
Φ′ v′′x + v′x Φ′′ +

1
3
[Φ v′′′x + vx Φ′′′]

)
,

ZIP: vx,i
Φi+1 − Φi−1

2hx
+ Φi

vx,i+1 − vx,i−1

2hx
≈ (vxΦ)′ +

h2
x

6
(
Φ v′′′x + vx Φ′′′) .

The ME is the actual evolution equation forΦ. Clearly, FA has a potentially anti-diffusive term for
Φ in its ME (underlined term) since the coefficientv′x can take an arbitrary sign, while ZIP does
not.

Summarizing, the ZIP average features the following properties: 1) it is exactly conservative,
2) satisfies the chain rule numerically (the importance of this will be apparent shortly), 3) it is
nonlinearly stable, and 4) precludes the growth of red-black modes since coupling to the cell values
of the quantities of interest is provided (i.e., bothvx,i andΦi appear in the discrete approximation).
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Discretization of continuity and temperature equations. The continuity equation is discretized
using ZIP as indicated previously. The temperature equation (Eq. 4) is rewritten as:

∂T

∂t
+∇ · (~vT ) + (γ − 2)T∇ · ~v = 0, (6)

and discretized using ZIP. Due to the chain rule property of ZIP, the discrete forms of Eqs. 4 and 6
are numerically identical within the domain, but Eq. 6 is better behaved at boundaries.

Discretization of the momentum equation. We illustrate the concept using a single Cartesian
component of the momentumρ~v:

∂(ρvx)
∂t

+ ∂x

[
ρvxvx −

BxBx

µ0
+ (2nT +

B2

2µ0
)
]

+ ∂y

[
ρvxvy −

ByBx

µ0

]
= 0,

where we have omitted the diffusion term. Terms within the square brackets are at least quadrati-
cally nonlinear, and hence ZIP differencing can be applied straightforwardly. For instance:

(ρvxvy)i,j+1/2 ≈ 1
4

[(ρvx)i,j+1vy,i,j + (ρvx)i,jvy,i,j+1 + (ρvy)i,j+1vx,i,j + (ρvy)i,jvx,i,j+1] ,

(BxBy)i,j+1/2 ≈ 1
2

[Bx,i,j+1By,i,j + Bx,i,jBy,i,j+1] .

Other terms in the equation are treated in the same spirit.

Discretization of Faraday’s law. The discretization of Faraday’s law (Eq. 2) should satisfy the
solenoidal constraint for the magnetic field∇ · ~B = 0 numerically to round-off. The collocated
measure of the divergence reads:

∇ · ~B ≈ Bx,i+1,j −Bx,i−1,j

2hx
+

By,i,j+1 −By,i,j−1

2hy
. (7)

With this measure, Toth [1] proposes the following discretization for Faraday’s law:

∂tBx +
Ez,i,j+1 − Ez,i,j−1

2hy
= 0 ; ∂tBy −

Ez,i+1,j − Ez,i−1,j

2hx
= 0,

whereEz is thez-component of the electric field (Eq. 2). This discretization ensures that~B remains
solenoidal to round-off within the domain, provided that its initial value is also solenoidal.

Boundary conditions. At boundary cells, physical boundaries align with cell faces. Bound-
ary conditions are imposed by the ghost-cell approach: Dirichlet boundary conditions, Neumann
boundary conditions and any combination thereof are imposed by extrapolation across the relevant
boundary to the ghost node.

The treatment of the magnetic field boundary conditions deserves special consideration. In
view of the solenoidal requirement, we replace the boundary condition on the normal magnetic flux
(homogeneous Dirichlet for a perfect conductor) by that obtained from the divergence definition in
Eq. 7. For instance, if a perfect conductor is located at thei = 1 boundary, the normal component
of the magnetic fieldBx,0,j at the ghost nodei = 0 can be found asBx,0,j = Bx,2,j −hx(By,1,j+1−
By,1,j−1)/hy, where all magnitudes in the right hand side are known. This ensures that there is no
source of divergence error at the boundary, and, together with the discretization of Faraday’s law
outlined above, enforces a solenoidal magnetic field at all times. This strategy is similar to that
employed in [3] to enforce Gauss’ law∇ · ~E = en/ε0 in the electromagnetic PIC method context.
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4 Numerical tests

We present results for two numerical tests that demonstrate the properties of the scheme: 1) the
MHD Kelvin-Helmholtz (KH) instability, and 2) the tearing (TM) instability. KH is an ideal fluid
instability, and demonstrates the stability of the spatial scheme in the absence of physical dissi-
pation. TM is an electromagnetic resistive instability, and demonstrates the preservation of the
solenoidal constraint with nontrivial magnetic fields. In normalized Alfvénic units (Alfvén speed
vA = B0/

√
µ0ρ0, Alfvén time τA = L/vA), the equilibrium for KH is given by:ρ0 = T0 = 1,

Bx0 = By0 = 0, Bz0 = 1, vx0 = V0 tanh(y/λ), vy0 = vz0 = 0, with V0 = 0.5 andλ = 0.2, in a 2D
domain of 2.5x1; the computation is performed withη = ν = 0. The equilibrium for TM is given
by: ρ0 = T0 = 1, Bx0(y) = tanh(y/λ), By0 = 0, Bz0 =

√
1−B2

x0(y), vx0 = vy0 = vz0 = 0,
with λ = 0.2, in a 2D domain of 4x1; the computation is performed withη = 10−2, ν = 10−3.
Both tests are performed on a very coarse 32x32 grid, with periodic boundary conditions inx and
perfect conductor, no stress, and impenetrable wall boundary conditions iny.

At this stage of the research, and for the purpose of testing the discretization outlined above, a
predictor-corrector explicit solver is employed. Given the nonlinear, time-dependent,semi-discrete
set of MHD equations∂t

~U = ~F (~U), with ~U the vector of unknowns of the full MHD system on a
given grid, a predictor-corrector initial-value explicit solver is trivially constructed as follows:

~U∗ = ~Un + ∆t ~F (~Un) ; ~Un+1 = ~Un + ∆t ~F (~U∗).

In this fashion,~F (~U) can be effectively tested without requiring an implicit solver.
A linear eigenvalue (EV) solver has been used to predict the growth rate of these linear in-

stabilities. The predicted growth rate for KH isγEV
KH = 0.287; the initial value solver (IV) finds

γIV
KH = 0.283. The predicted growth rate for TM isγEV

TM = 0.098, and the initial value solver
findsγIV

TM = 0.092. The accuracy of the results despite the coarseness of the grid demonstrates the
excellent behavior of the scheme. The figure displays time histories of global perturbation growth
ln(‖δvx‖), change in particle number∆Npar, change in momentum in the x-direction∆Px, and of
∇ · ~B until saturation of the TM, demonstrating the advertised properties of the scheme.
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Two-Fluid Simulations of 2D Magnetic Reconnection 
Joshua A. Breslau1, Stephen C. Jardin1 
1Princeton Plasma Physics Laboratory 

 
Recent experimental and theoretical results have led to two lines of thought regarding the 
physical processes underlying fast magnetic reconnection. One is based on the traditional Sweet-
Parker model but replaces the Spitzer resistivity with an enhanced resistivity caused by electron 
scattering by ion acoustic turbulence. The other includes the finite gyroradius effects that enter 
Ohm’s law through the Hall and electron pressure gradient terms. Numerical simulation aimed at 
distinguishing the predictions of these two models using full two-fluid MHD in the context of 
merging flux tubes faces the challenge of resolving  a dramatically varying range of spatial and 
time scales: from the system size down (at least) to the ion skin depth; and from Alfvén times 
down to the transit times of the fastest whistler waves. A new, parallel algorithm that has met 
some success in solving this problem in two dimensions involves the use of a fixed, non-uniform 
rectangular mesh  and an alternating-direction implicit (ADI) method with high-order artificial 
dissipation. The results of simulations using this algorithm are presented, demonstrating that the 
behavior of the plasma under each of the above two sets of assumptions is quite distinct. The 
enhanced resistivity model yields resistivity-dependent reconnection with a thick, moderate-
aspect-ratio current sheet. For current sheets thinner than or on the order of an ion skin depth, the 
Hall effect predominates, producing true fast reconnection with a microscopic current sheet of 
unit aspect ratio and a distorted out-of-plane magnetic field. 
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Speed optimal implementation of a fully relativistic 3d particle push with 
charge conserving current accumulation on modern processors  

 
Kevin J. Bowers1 

1Plasma Physics Group (X-1), Los Alamos National Lab, Los Alamos, NM 87545 
 

1. INTRODUCTION 
On modern processors, the floating-point subsystem performance far exceeds that of the 

memory subsystem such that traditional vector oriented implementations of particle-in-cell 
methods can only attain a small fraction of the theoretical performance. Building on prio r work 
[1], a highly optimized fully relativistic 3d particle push / accumulate has been implemented. The 
push uses the standard leap-frog particle advance with a 6th order accurate Boris rotation (the 
same as [2]). The field interpolation and the charge conserving current accumulation are 
implemented according to the prescription in [3]. The data structures used allow for very flexible 
partitioning strategies and variably weighted particles. 

The implementation has been carefully designed to minimize memory traffic between 
main memory and the processor, minimize cache thrashing, maximize the locality of memory 
accesses and to allow SIMD extensions on modern processors to be utilized portably. At the time 
of this writing, a particle advance of 7.2 MPA/S (million particles pushed and accumulated per 
second) has been achieved in the common case on an Intel Pentium 4 2.533GHz workstation 
with RDRAM memory and 6.1 MPA/S on an AMD Athlon 1.733GHz workstation with 
DDR266 DRAM memory subsystem. This can be shown to be near the theoretical workstation 
performance. 

The high performance advance has been integrated into a 3d PIC code developed by the 
author. Presently the code is being used to do first principles astrophysical simulations of 
magnetic reconnection [4]. The new code decreased the turnaround time for these simulations 
compared with the traditionally implemented PIC code used previously over an order of 
magnitude. The author is routinely running hundreds of millions of particles for tens of 
thousands of time steps overnight on a modest 16-processor cluster. The code is being further 
developed for simulations of laser plasma interactions and radiographic beam devices. 

 
2. CHARACTERISTICS OF MODERN COMMODITY PROCESSORS 
 
2.1. Memory is “light years” away 

Consider a workstation with 4GB of ECC DRAM. Taking the area of a single DRAM 
cell to be ~0.4µm2 and the reduction of the speed-of- light for propagation in the circuit boards to 
be neff ~ 3, an optimistic order-of-magnitude estimate of the round trip signal propagation to an 
arbitrary memory address due to speed-of- light considerations alone is: 

ns 5~GB 4 
GB 1
bytes2

byte ECC 1
cells 9

cell 1
µm 0.44

c
n~t

302
eff

round 























 

For a 3GHz processor, memory is at least 15 processor clock cycles away. Further, issues 
like the memory access timings, chipset interactions, memory bus contention and so forth 
typically make the latency much worse (but these are more implementation issues than physical 
limitations). 
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2.2. Data locality is still important 
 Modern processors use a memory hierarchy to help reduce the above latency. At the top 
of the hierarchy is the register file. It has essentially no latency but it can only store a couple of 
hundreds of bytes. Next is the L1 cache. It typically has tens of kilobytes of low latency memory 
segmented into an instruction cache and a data cache. This is followed by the L2 cache, which 
contains hundreds of kilobytes of moderately fast memory. There sometimes are more cache 
levels. At the bottom of the hierarchy is main memory. 

The processor transparently manages the contents of caches. For a code developer to take 
advantage of the caches requires some knowledge of typical cache behavior. An ideal cache 
keeps a copy of data needed for memory accesses in the not-too-distant future. Processors use 
simple heuristics to approximate this, such as replacing the least recently used cached data and 
by examining recent memory accesses to anticipate future accesses. Further complicating 
matters, hardware issues dictate that caches be built from “lines” (the granularity of memory 
stored in the cache) grouped into several “ways”. Ways simplify cache hit detection for a 
processor designer; a given memory transaction can only be stored in one place in each way. 

The upshot of this is that data locality is still important. If multiple arrays are accessed 
simultaneously (in a traditional 3d PIC implementation this can be over 17 arrays in the particle 
advance and accumulate loops), many arrays will not be cached as there is no “way” to hold 
them. Likewise, if the caches are accessed in a random fashion, the processor cannot predict the 
accesses, further defeating the caches. 

 
2.3. Dot products are much faster than AXPY’s 
 The rapidly increasing performance of commodity microprocessors has been largely 
driven by video game demand. With respect to scientific computing, this means that commodity 
processors are heavily optimized for single-precision short-vector calculations, particularly dot 
products. Both x86 and PowerPC based workstations provide SIMD instructions for these 
operations (SSE and AltiVec respectively). 

Further, the memory bus control units are often optimized for dot-product calculations. A 
typical AXPY calculation (for example, Xn = Xn + δtVn) performs two memory loads and one 
memory store for every multiply and add. A dot product though does not need to perform any 
stores until the entire dot product is complete. The below benchmark of an AMD Athlon-MP 
1.733GHz processor with DDR333 DRAM explicitly demonstrates this dot-product bias: 

 
 Rate of double precision loads from main memory:   330 million/second 
 Rate of double precision stores to main memory:  85.3 million/second 
 

A dot product of two very large double precision vectors will run at ~660 MFLOP (load 
performance limited) while an AXPY of the same two vectors will never achieve more than 170 
MFLOP (store performance limited). Given the above processor is theoretically capable of over 
1.7 GFLOPS, an AXPY based calculation will only tap a small fraction of available 
performance. 
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2.4. Guides for optimal implementation of PIC codes on commodity processors  
- Maximize temporal data- locality 

o Maintain a particle list sorted by cell so field and source lookups occurs in a 
simple predictable order. Order-n techniques exist which achieve this in a PIC 
simulation at virtually no cost [1]. 

- Maximize spatial data- locality 
o Instead of maintaining many different arrays of particle quantities (an x-

coordinate array, a y-coordinate array, etc), particle quantities should be grouped 
into a structure. 

o Likewise, instead of maintaining many different arrays of field quantities, field 
quantities should be grouped into a structure. 

- Minimize memory bandwidth (particularly store bandwidth) 
o As the particles are usually the largest data structure, the particles should be 

processed in one pass. The push and accumulate should be done at the same time. 
o Use single precision arithmetic if possible; it halves the bandwidth compared to 

double precision and allows single-precision short vector operations to be utilized. 
- Reorganize loops to take advantage of short-vector SIMD operations 
- Minimize number of floating point operations provided it does not conflict with the 

previous guidelines 
 
3. IMPLEMENTATION DETAILS 
 
3.1. Particles 
typedef struct { int32 cell; float dx,dy,dz; 

  float ux,uy,uz,w; } particle_t; 
This structure has many desirable properties. It maximizes spatial data- locality of particle 

information and it is exactly 32-bytes in size (which fits nicely into caches). The structure can be 
treated as two 32-bit 4-vectors. The structure explicitly records the cell containing the particle, 
eliminating the need for double precision calculation and for doing cell calculations of the form 
trunc[x/δx]. It stores the particle position in the coordinate system of the cell, greatly simplifying 
the field interpolation. It supports variable weighted particles, needed for many types of PIC 
simulations. Lastly, it can be used on general unstructured meshes without alteration. 
 
3.2. The Interpolator 
typedef struct { float ex, dexdy, dexdz, d2exdydz; 
                 float ey, deydz, deydx, d2eydzdx; 
                 float ez, dezdx, dezdy, d2ezdxdy; 
                 float bx, dbxdx, by, dbydy; 
                 float bz, dbzdz, pad0, pad1;} interpolator_t; 

The interpolator stores all information necessary to interpolate the fields within a cell. 
Some information is redundant with neighboring cells. However, this redundancy allows all 
memory accesses needed for field interpolation for a given particle to be contiguous, maximizing 
data spatial locality. Further, since particle sorting [1] is used, temporal data locality is 
maximized and the memory accesses are likely to be cache hits. The interpolator above is for 
energy conserving interpolations with hexahedral cells described in [2]. Like the particle type, 4-
vector SIMD operations are compatible with this structure. 
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3.3. The Accumulator 
typedef struct { float jx00, jx10, jx01, jx11; 
                 float jy00, jy10, jy01, jy11; 
                 float jz00, jz10, jz01, jz11; } accumulator_t; 

The accumulator accumulates current streaks made by particles passing through each cell. 
Like the interpolator, some information in the accumulator is redundant. But, as before, this 
maximizes data locality during particle accumulation. This structure is compatible with 4-vector 
SIMD operations also. 
 
3.4. In-cell processor, cell-cross handler and the guard list 

In a 3d PIC simulation of a uniform thermal plasma simulation with ωpδt ~ 0.2 and δx ~ 
λd, it can be shown that ~90% of the time a particle will not leave the cell containing it during a 
time step. Thus, in a bundle of 4 particles ~63% of the time none of the particles will leave the 
cell containing it. It is worthwhile to optimize for this common case. 

The particle pusher tries to push a bundle of 4 particles at a time (using 4-vector 
operations) assuming that no particles in the bundle leave the cell containing it. When a cell-
crosser is detected, a special case handler does the full charge conserving current accumulate 
algorithm. If the special case handler detects an interaction with a boundary or mesh partition, 
the particle’s address is stored on the guard list for later processing. 

This allows 4-vector operations to be used while keeping complex operations outside a 
streamlined common case loop. It allows different partition schemes to be utilized without 
changing the optimized particle loop. Further it allows the particle list to be processed in one 
pass (except for the very small fraction of particle which hit the guard list). To keep the 
implementation portable, common 4-vector operations are encapsulated into a C++ class which 
uses operator overloading to transparently access SIMD operations. 
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2.5D Adaptive Mesh PIC-Vlasov Hybrid Method for Laser-Matter 
Interactions in the Presence of Strong Gradients 

O.V.Batishchev1, A.A.Batishcheva2, J.Zhang2 
1MIT, Cambridge, MA 02139, USA 

2Delta Search Labs, Cambridge MA 02139, USA 
 

Abstract 
The ultra-intense laser light interaction with solid targets [1,2] is usually characterized by high 
gradients of the plasma density, 100/max ≈crp nn , which makes direct PIC modeling questionable 
from both numerical accuracy and numerical efficiency standpoints. Presently we are developing 
a hybrid approach to resolve these two issues. To capture moving sharp fronts we apply adaptive 
quadrilateral grid RRC method [3,4], which automatically follows high-gradient region. To 
assure accurate resolution of the phase space and reduce statistical noise, the PIC-Vlasov hybrid 
method [5,6] is being expanded to the relativistic case and combined with the adaptive mesh. We 
discuss the peculiarities of the new numerical approaches, including electromagnetic solver and 
the gather-scatter algorithms realization on the RRC mesh, PIC step, etc.  
 
i) Adaptive RRC grid method description 
The Recursive Refinement and Coarsening (RRC) adaptive grid method is a method that allows 
conversion of any existing structured or unstructured mesh to moving adaptive, which reduces 
the need to regenerate finer grid and re-interpolate data to reduce numerical diffusion. Grid 
adaptation is easy in every direction and it is always local. The algorithm is flexible and 
reversible. RRC code converts initial existing grid data into the format adopted by the code. 
During the calculations each cell can be subdivided into four finer cells if the local gradient 
becomes high, i.e. when the variation of any important function of the solution differs more than 
ε_max from any of its neighbors. If the gradient becomes small (less than ε_min) for all the 
neighboring elements then the coarsening of the mesh may happen. The total number of cells 
may vary from the previous iteration to the next iteration of the mesh adaptation. RRC approach 
has a few beneficial constraints. The RRC code uses the data format:  

1) Initial (static) mesh is described by: 
elements_base - number of basic elements 
vertices_base  - number of vertices 

 list(4,elements_base) - connectivity  
x_vertices(vertices_base) ,  y_vertices(vertices_base) - coordinates of vertices. 

2) Adaptive (dynamic) mesh format: 
 elements – actual number of elements 
 value(V,element) – cell-centered values of V unknowns in total 

level(element)  -  subdivision level of elements. Zero means that the element belongs to the base mesh. 
index (level, element) – index (history) of the element is as follows:        
index(0,element) – pointer to parent on the base mesh                          

index(0<I<level+1,element) = 1,2,3,4 in accordance with adopted sub-cells numeration: 
neighbor(1:8,element) – list of neighbors, with an assumption: 1-2 east, 3-4 west, 5-6 north, 7-8 south  
neighbor(1,3,5,7;element) is always non-zero; 
neighbor(2,4,6,8;element)=0  means there is one neighbor 
neighbor(1,3,5,7;element) < 0 means there is a boundary 

3) Class-function: XY(element) returns coordinates of 4 corners of the element and of it’s center 
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RRC benchmarking. To benchmark RRC method against analytical problem we use adaptive 
grid finite-volume method.  In this method the unknowns are defined in the centers of the cells. 
The scheme is conservative, because all fluxes through adjacent cell surfaces are set to be the 
same. The set of implicit algebraic equations is 
solved by an iterative over-relaxation method, 
which is used in its explicit-implicit 
modification.  In Fig.1a (top) we present 
numerical convergence of iterations for the non-
linear analytical problem, which mimics laser-
induced heat wave propagation in the plasma 
target: 
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With the parameter values 5.0=σ , 45.0=vx , 
35.0=vy , 2=== rps , 5.2=α , 1=β  code 

reproduces the analytical solution with the 
relative error of  ~ 1%. Fig.1bc (bottom) illustrates the results of our numerical test. 
       
ii) Fast cell search algorithm for particles on unstructured RRC mesh in 2D and gather-
scatter algorithm for particles on 2D quadrilateral RRC grid. 
The particle part of the adaptive grid PIC requires development of new gather-scatter algorithms 
for the interpolations node values to particles and back. In principle, we could use a similar 
interpolation function approach to one described below, but 
it may give negative values for the scatter part. This is not 
quite right because the distribution function is non-negative 
by definition. The traditional PIC approach uses inverse bi-
linear interpolation with fixed kernel (or form-factor) on a 
structured orthogonal quadrilateral grid. In our case keeping 
the particle shape fixed creates a problem: when mesh 
refines the number of covered grid points goes as square of 
the maximum level of the RRC refinement. Therefore, we 
alter the form-factor of the particles in accordance with the 
refinement level of the cell they currently belong to.  
Next, we utilize the following restrictive feature of the RRC 
method: the level of the adjust cells can’t vary more than 
one level of refinement or coarsening. Thus, in the worst case scenario the same particle can 
contribute maximum to 9 cells, as is illustrated by Fig.2. The amount scattered (or gathered) to a 
cell is proportional to the area covered by the particle kernel (long dashed square) within the cell, 
which is always positive. Note that in the case of a locally uniform mesh this algorithm is 

kernel

Ith particle

Kth cell

Fig.2. RRC gather and scatter scheme 

Fig.1 - Numerical solution and final RRC grid for 
the non-linear analytical benchmark problem. 
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identical to the common PIC method. The required 9 to 4 neighbor elements can be easily 
obtained through the RRC format, if the address of the hosting (here is K-th) cell is known. 
There are several possible ways to find this number. We have chosen the following fastest 
method. The motivation is that we expect many (~10-100) 
particles per individual cell and this function will be crucial for 
the overall code performance. First, we will order all the 
particles in accordance to the 0-level grid they belong to. We 
expect that the maximum number of RRC levels will be ~7, 
which exceeds two orders of the targeted gradient scale 
difference (27>100). An example of a typical 3rd order RRC 
mesh fragment is shown in the Fig.3. The solid lines in this 
figure represent actual cells, while dashed indicate a virtual 
uniform grid, which allows fast location of particles. Each 
virtual cell contains the number of the hosting element as 
written in the figure. The required number of additional 
“virtual” cells is less than 10K. 
 
iii) Explicit solver for the electromagnetic fields on 2D quadrilateral adaptive grid 
In general, the self-consistent electromagnetic fields are described with the set of Maxwell 
equations, which include self-consistent charges and currents of the particles. Without currents 
and charges (vacuum case) the Maxwell system reduces to just two equations: 
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Explicit schemes for reduced Maxwell equations (2) are broadly used for numerical integration 
on the fixed grids. We extend this procedure to the adaptive RRC mesh. 
An example of such grid is shown in the following Fig.4. We anticipate the regions of high 
gradients to be mostly quasi-one-dimensional, so that the RRC grid will be refined around these 
fronts as schematically shown in figure 4. Therefore, the cells of the similar level of subdivision 
will surround the majority of the adaptive RRC grid cells. In the orthogonal case, which we 
primarily exploit here, this allows to apply simple centered finite-difference scheme that gives 
the required 2nd order spatial approximation automatically. For the case of plane laser-produced 
EM wave (Ex,  Ey & Bz ≠ 0), such approximation (defined on a regular 5-point stencil, marked as 
a cross in the figure) is particularly simple: 
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Here tilde over B means that the corresponding value is determined at a half time-step, τ. We use 
a leapfrog algorithm, which provides automatically the second order accuracy in time for a fixed 
time step. 
Situation becomes more complicated for the non-uniform case. A typical non-uniform stencil is 
marked in the figure by a star. Generally speaking, in the RRC algorithm, the number of 
neighbors varies from 4 to 8. Uniform stencil case we just described above. The rest 5-8 
neighbors cases we unify by using a 6-point stencil, as we are interested in the second order 
spatial approximation.  Precisely, we select one neighbor from each S-N-E-W direction (Courant 
stability condition) and an extra point in the direction of the strongest gradient. This choice is 
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clearly seen from our example. For each irregular stencil we solve the following 5th order linear 
system: 
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which is relatively expensive to invert, but the amount of 
such cells is expected on the order of a few percent of the 
whole number. As one can see, we effectively build a 
second-order spline-function around the center cell, and 
the sub-indexes 1-5 represent differences of the 
coordinates and function values with respect to the center 
node. The required first x- and y- derivatives are 
respectively a and b coefficients of the spline. An example 
of the method benchmarking is presented in Fig.5. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Laser beam is first focused at the left boundary into the gaussian-shaped spot. Next it expands 
into the simulation domain. As one can see, there is no visible difference between solution 
obtained on the non-uniform unstructured and uniform structured grids. 
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Fig. 4.  Regular and irregular RRC 
stencils 

Fig.5. Calculated evolution of the EM fields: 
left – RRC adaptive, right – regular mesh  
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Adaptive Mesh PIC and PIC-Vlasov Hybrid Methods for Space 
Electrodynamic Tether and Anomalous Transport Modeling   

Oleg Batishchev1 and Manuel Martinez-Sanchez1  
1MIT, Cambridge, 77 Mass Ave, MA 02139, USA 

 
Original PIC method becomes computationally expensive or even fails when applied to 

certain physical problems that require detailed phase space resolution or low statistical 
fluctuations. In present work we discuss two such cases – with partially absorbing internal 
boundary and internal plasma source, respectively. Interestingly enough both problems originate 
from the area of space plasma propulsion. 
 

The first problem requires accurate calculating of electrical current as collected by a bare 
wire in space. This particular task is tightly linked to the problem of a moving plasma probe 
[1,2]. When the wire extends for a considerable length across the Earth’s magnetic field and is 
biased to a substantial voltage ~10-100V, it becomes a so-called electrodynamic tether, and a 
viable accelerator (or decelerator) of a spacecraft. Recent calculations [3] using variable grid PIC 
method have demonstrated luck of domain expansion to cover the whole region of the disturbed 
plasma background. The distorted zone stretches sidewise along the magnetic field, and there is a 
broad region of void plasma in the wake. To capture strong non-homogeneity we have combined 
RRC adaptive grid [4] and PIC methods.  

 
The second problem is a self-consistent calculation of the anomalous transport in the Hall 

effect thruster. The reduced Bohm-like transport was observed in experiments [5], and was a 
subject of PIC study [6]. Our recent hybrid PIC-Vlasov simulations [7] show reduced transport, 
and possible energy dependence of the diffusion coefficient, which we continue to investigate in 
the present work. 
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discharge plasmas, Phys. Rev. E, 63, 026410-1, 2001. 
[6] M.Hirakawa and Y.Arakawa, Particle simulation of plasma phenomena in Hall thrusters, 
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Effect Thruster, paper IEPC03-188, -10p, 2003. 
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A Look at the Boundary Conditions of the Forgy-Chew FDTD Algorithm and its 
Implications for use in PIC Codes 

Ernest A. Baca 
Andrew Greenwood 

Keith Cartwright 
Air Force Research Laboratory 

 
In 1998 E. Forgy and W. C. Chew introduced a new “overlapped lattice” Finite-

Difference Time-Domain (FDTD) method comprised of the superposition of the Yee FDTD 
lattice with the Discrete Space-Time (DST) lattice in a combined algorithm.  While the 
combined algorithm involves increased computational overhead, it also provides increased 
stability allowing larger time increments and provides finer spatial sampling.  But most 
importantly, the combined algorithm leads to numerical dispersion properties so low as to make 
a compelling case for implementation into the existing Particle-In-Cell (PIC) code called ICEPIC 
for use in electrically large PIC simulations or PIC simulations sensitive to phase errors.  The 
low dispersion property originates from the complementary dispersion properties of both the 
staggered, non-collocated FDTD Yee algorithm and the staggered collocated Discrete Space-
Time (DST) algorithm.  
 

However, even before any advantages or disadvantages for PIC can be considered, a 
thorough examination of the EM behavior at material discontinuities must be undertaken to 
determine whether more is lost due to inaccurate reflection and transmission characteristics 
inherent in the method than is gained due to the very appealing numerical dispersion properties.  
While Forgy and Chew claim that the local stencil satisfies conditions on interfaces as in the Yee 
stencil, a question arises about how to deal with the charge distribution that would accompany a 
normal electric field component at the edge of a cell of perfectly conductive material.   This 
presentation will look at the mathematical accuracy of the Forgy-Chew method at conductive 
and non-conductive boundaries (aligned and not aligned to the grid) and explore methods to 
overcome any deficiencies discovered.  It will also discuss the advantages gained by the Forgy-
Chew method within the PIC framework. 
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hp Adaptive Discontinuous Galerkin Modeling of MBX

J. C. Wiley, P. M. Valanju, S. M. Mahajan
Institute for Fusion Studies,

The University of Texas at Austin, Austin, TX 78712

The discontinuous Galerkin (DG) method has received a great deal of attention [1]
recently particularly in CFD. The reason is that it is able to utilize much of the
theoretical and practical experience from the last couple of decades in finite difference,
finite volume, finite element, and spectral methods while retaining some of the best
features of each. The DG method was originally a technique for solving systems of
hyperbolic conservation laws, however, it has been extended to include higher order
derivatives [2]. It can be considered as a finite element method in which the
approximation space relaxes the continuity requirement. This relaxation frees the finite
element method from many practical and mathematical restrictions while retaining the
most important advantages of being variational and able to represent geometrically
complex boundaries.

We describe a particular high-order nodal-hp DG implementation for the simulation of
the Magneto-Bernoulli experiment (MBX, see Fig. 1) by the solution of the Hall MHD
equations. By hp we mean that the triangular grid (the initial implementation is two
dimensional, 3D is planned as a natural extension) can be adaptively locally refined (h),
and that the polynomial order of the basis functions in each element can be adaptively
adjusted (p), currently up to tenth order. Within each element the functions are
approximated by a Lagrange basis [3] constructed from tensor products of Jacobi
polynomials [4]. The Lagrange representation largely eliminates the need for transforms
from coefficient to function space.

The DG method is locally conserving as are finite volume methods in contrast to usual
finite element methods. In finite elements, the continuity constraint couples each element
and leads to the solution of large linear systems. In contrast, the DG method couples
elements only through the element edge fluxes and leads to a largely matrix free method.
Linear system size is at most that of the number of unknowns in each element. With
explicit time integration, there are no global matrices to solve, greatly simplifying the
communication needed for parallel implementations as each step only requires
communication of edge fluxes to nearest neighbors. Certain choices of basis functions
lead to diagonal mass matrices which lead to matrix free methods [5], but that choice has
not been made in this implementation.

The DG method begins by expanding each function in terms of local basis functions. A
projection of the differential equation on to the local approximation space followed by an
integration by parts leads to the usual DG formulation. A second integration by parts [6],
recovers the original differential operator, plus an edge flux integral, which can be
considered a penalty term. The key point is that the flux in this term is not defined, as the
flux can have a different value as the edge is approached from within or from outside the
element. The difficulty is resolved by defining a numerical flux function, which is a
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function of both interior and exterior values. Suitable flux functions have been studied for
quite some time in the context of TVD finite volume methods, and the required properties
and a number of functional forms are well known. The key properties that a numerical
flux function must have are that it must be consistent, conservative, and locally Lipshitz
continuous. Since the problem at the edge is essentially one dimensional, solutions of the
Riemann problem provide the key to building numerical flux functions. The Riemann
solvers also provide a direct handle on the local waves [7] and the fundamental physics.
The resulting ODEs are integrated with an explicit Runga-Kutta solver.

The DG method has previously been applied to compressional MHD [8]. For problems
with smooth solutions, spectral convergence was observed with increasing order as
expected. Since typically, the —•B=0 is not exactly satisfied, various experiments have
been done to investigate the effects since at least for equilibrium problems an error in
—•B will eventually cause distortion and loss of equilibrium [9]. It has been shown [10]
for time domain Maxwell’s equations, the growth in the error of —•B is linear in time,
and that this estimate is sharp. The initial value can be made small by using high order
basis functions and small h, so whether the problem is of concern for a particular
simulation depends on the relative time scales. A number of “divergence cleaning
methods”  [11] have been implemented in the code.

Fig. 1a. Schematic of MBX experiment.

Fig. 1b. Rotating Mirror showing pre-
relaxed centrifugally confined plasma.

Fig. 1c. Relaxation leads to formation of
detached, toroidal magneto-Bernoulli state.
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The MBX experiment is a small mirror machine with segmented electrode rings at the
mirror throat. These electrodes are biased to create a radial electric field which through
E¥B rotation produces fast rotation which leads to centrifugal confinement [12]. For
velocities on the order of the Alfvèn velocity and for certain initial conditions, a
bifurcation into self-organized magneto Bernoulli states (see Fig.1) is expected [13].

The goal of MBX is to create and observe these novel magnetofluid relaxed plasma
configurations in which: a) large sheared flow, strongly coupled to the magnetic field,
leads to relaxed states with good equilibrium, stability, and confinement, b) confinement
is via the Bernoulli mechanism that does not need external symmetry, rather than the
standard paradigm of nested magnetic surfaces, c) multiple scale lengths can exist for
flow and magnetic fields, and d) efficient conversion between flow and magnetic fields
occurs during relaxation. MBX creates centrifugally confined mirror plasmas as
precursors to spontaneous or induced relaxation to detached magnetofluid states. In doing
so, the expectation is to verify the predictions of centrifugal confinement, and then to
delineate the regions of the parameter space of ideal constants of motion (total energy and
helicities) where the centrifugally confined plasma can and cannot relax to a
magnetofluid state.

Creation and observation of these novel magnetofluid relaxed plasma configurations is of
fundamental and practical interest because: a) the magnetofluid states differ qualitatively
from those accessible to either normal fluids or to conventional MHD plasmas, b) the
strong diamagnetism of Magneto-Bernoulli confinement resembles superconductors and
makes efficient use of both flow and magnetic fields, c) the strongly coupled magneto-
fluid regime is expected to lead to new mechanisms for the inter-conversion of fluid and
magnetic energy (dynamo and reverse dynamo action), d) because magnetofluid
confinement does not depend on symmetry and flux surfaces, it may provide a better
paradigm for confinement in most astrophysical and other natural environments, and e)
theoretical research in plasmas with high flows is attracting attention in astrophysics and
fusion. Further, since centrifugally confined mirror plasmas are a possible candidate for
an inexpensive fusion device, additional knowledge of centrifugal confinement could be
beneficial.

The simulation goal is to model the experiment including coupling the external drive
through the boundary conditions through plasma spin up decay of the three invariants:
energy, helicity, and magnetic enstrophy [14] as the plasma creates a self-organized state.
The internal, self-organized states are supported by externally imposed voltages and
currents. Therefore, it is important that the two-fluid simulations include the external
boundary conditions at the material walls and electrodes. Simulation of the transition
region between the externally driven flows and currents, and the internal, self-organized
state is facilitated by the adaptive grid refinement and the use of higher order basis
functions. We are also exploring the possibility of calculating the critical effects of
charge-exchange drag using the same adaptive grid.
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Abstract The energy transfer from the solar wind to the Earth magnetosphere, and the 
cause of magnetic storm have been mysteries for decades. Axford proposed that the 
reconnection of magnetic field at the dayside magnetopause is one of the candidate to 
explain the huge energy transfer from the solar wind to the Earth magnetic field. 
However, the mechanism of reconnection has not been understood well in 
magnetospheric physics. 

Using a 3D full electromagnetic particle simulation code, we have investigated the 
structural stability of the Earth magnetosphere at the day-side magnetopause with a 
time-varying southward IMF. The distance between the magnetopause and the Earth, 
R_mp was measured with varying southward IMF step by step slowly. Suppose that the 
Earth magnetic field motion evolves according to the time-dependent equation in the 
general form Bt=G(B, λ). Solutions of G(B, λ) = 0 represent steady magnetic fields 
we have been considering. When the parameterλ(IMF Bz) is varied, one mean 
magnetic field may persist, but become unstable to small perturbations asλcrosses a 
critical value. At such a transition point, a new magnetic field may bifurcate with 
breaking symmetry, which shows dissipative structures. The hysteresis in the IMF Bz - 
R_mp plot indicates that the energy transfer system from the solar wind to the 
magnetosphere is dissipative, which is caused by the subcritical bifurcation. The 
differences of local and global steady reconnections are discussed with 3D magnetic 
field structures. 
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