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Abstract

Shipsoftenusethecoastsof continentsfor navigationin
theabsenceof bettertoolssuch asGPS,sincebeingcloseto
land allowssailors to determinewith high accuracywhere
they are. Similarly for mobilerobots,in manyenvironments
globalandaccuratelocalizationis notalwaysfeasible. En-
vironmentscan lack features,and dynamicobstaclessuch
aspeoplecanconfuseandblock sensors.

In this paper, we demonstrate a techniquefor generat-
ing trajectoriesthat take into accountboththeinformation
contentof the environment,and the densityof the people
in the environment.Thesetrajectoriesreducethe average
positionalcertaintyastherobotmoves,reducingthelikeli-
hoodthe robot will becomelost at any point. Our method
wassuccessfullyimplementedandusedby themobilerobot
Minerva,a museumtourguiderobot,for a 2 weekperiodin
theSmithsonianNationalMuseumof AmericanHistory.

1 Intr oduction

Oneessentialcomponentof any operationalmobilerobot
systemis theability for therobotto localizeitself; thatis, to
determineits positionin spaceconsistentlyandaccurately
from sensordata. Dead reckoning using only odometry
data doesnot solve this problem; small errors in odom-
etry build up quickly, eventually causingdramaticerrors
in the robot's belief of its position. Over distanceslonger
than a few meters,the robot must use information from

its environmentto track whereit is. Therearemany suc-
cessfullocalizationmethodsthatcandeterminetherobot's
position relative to a map using sonar, laser and camera
data[SD98, FBT98, FBTC98, KCK96].

However, mostlocalizationmethodsfail undercommon
environmentalconditions. Proximity sensorssuchaslaser
or sonarrange-�ndershave�nite range,whichmeansthatin
suf�ciently wide-openspaces,they cannotseeanything to
useasareferencepoint. Suchsensorscanalsobefooledby
unmodelledor dynamicobstacles;peoplemoving around
therobotarea very goodexampleof unmodelled,dynamic
obstacles.Camerascanalsofail in regionswhich lacksuf�-
cientvisualstructure,suchasblankwallsor ceilings.Since
theseenvironmentalconditionsare relatively common,a
mobile robotnavigating reliably in the realworld mustal-
low for thepotentialfailureof its localizationmethods.

Our solutionto theseproblemsis inspiredby traditional
navigationof ships.Shipsoftenusethecoastsof continents
for navigation in the absenceof bettertools suchasGPS,
sincebeingcloseto thelandallowssailorstodeterminewith
high accuracy wherethey are. The successof this method
resultsfrom coastlines containingenoughinformation in
their structurefor accuratelocalization.By navigatingsuf-
�ciently closetoareasof themapthathavehighinformation
content,thelikelihoodof gettinglost canbeminimized.

Thecoastalnavigationtechnique1 consistsof thefollow-
ing:

1Theterm“coastalnavigationwassuggestedby ThomasChristallerin
aprivatecommunicationaboutthework reportedhere.



� Modelling the information contentof the environment.
The modelaccountsboth for sensorlimitations andun-
modelled,dynamicobstacles.

� Planning trajectoriesthat account for the information
contentmodelof theenvironmentandobstacleinforma-
tion in themap,respectinglocalizationuncertainty.

In the following sections,we �rst develop the coastal
navigationmodelof theinformationcontentof theenviron-
ment,startingwith thesensorlimitationsandthenaccount-
ing for dynamicobstacles.Secondly, we developa method
of combiningtheinformationcontentwith thepathplanner
to generateplansthatreducetheexpectedlocalizationerror.
Finally weshow experimentalresults.

The framework that we usefor navigation is a proba-
bilistic one.Figure 1 shows anoverhead(bird's-eye view)
of anexampleenvironment.This mapis a probabilisticoc-
cupancy grid [ME85, Elf90]. This mapis theNationalMu-
seumof AmericanHistory (NMAH), and was learnedby
therobotMinerva aspartof a demonstrationof robottech-
nology. TheNMAH hastwo featuresrelevantto developing
coastalnavigation: largeareaswith minimal environmental
structure,anddynamicobstacles.

Figure1: Ontheleft is anexamplemapof theNationalMuseumof Ameri-
canHistory. Thewhiteareascorrespondto openspace,andtheblackareas
arewalls,or occupiedspace.Thesizeof this mapis 53mby 67m. On the
right is Minerva, therobotusedin themuseum.

Figure1 shows Minerva, theRWI B-18 baseusedin the
museum.The sensorsusedto generatethis mapweretwo
SICK laserrange�nders which provide 360� �eld of view
aroundtherobotat45cmheight,with anangularresolution
of 1� .

Theprimary resultof this paperis thatwe wereableto
reducethe averagepositionaluncertaintyon a real robot,
in a large, openandextremelydynamicenvironment(the
museum).We will show experimentalresultsfor trajecto-
ries in the museum,including a detailedcaseof a speci�c
trajectory. The coastalnavigator in fact was in successful
operationin the adverseconditionsof the museum,over a
long-termperiodof two weeks.

2 PreviousWork

Developing motion planning algorithmsbasedon po-
sitional uncertaintyis not a new idea. Erdmanndevel-
opedmotion planningstrategies with uncertainty[Erd84]

and probabilistic strategies. Nourbakhsh and col-
leagues[NPB95] developedprobabilisticnavigation tech-
niqueson DERVISH, a robot similar in many respectsto
Minerva.

Considerablework in in the�eld of partially observable
Markov decisionprocesses(POMDPs)[CKL94, KS96] has
allowedmany mobilerobotsto modelpositionaluncertainty
explicitly. However, one drawback to the use of tradi-
tional POMDPsis that they can becomecomputationally
intractablewith a largenumberof states.Markov localiza-
tion, however, hasbeenusedsuccessfullyonmultiple robot
platforms[KCK96, FBT98].

Work hasbeendoneon trajectorygenerationwith re-
spectto positionaluncertainty;Takedaet al. [TFL94] do
not usethe localizationprocessto generatethe positional
uncertaintyacrossspace,but generateprobabilitydistribu-
tionsbasedonanexplicit modelof thesensor. Furthermore,
theenvironmentis assumedto bestatic,sotheeffectof dy-
namicobstacleson localizationis notmodelled.

3 Modelling Inf ormation Content

The motivation for coastalnavigation is generatingtra-
jectoriesfor the mobile robot that reducethe likelihoodof
localizationerror. For example,whena mobile robot fol-
lows a paththrougha wide-openspace,suchasoutdoors,
or in a very largeor crowdedroom,all referencepointsare
eitheroutsidethe rangeof the sensorsor blocked. There-
fore, the likelihoodof the robotbecominglost asit moves
throughtheopenor crowdedspaceis high. We�rst develop
thegeneralprinciplesof thelocalizationmethodandthein-
formationmodelin a statisticalframework, beforepresent-
ing theactualimplementationof thealgorithm.

3.1 Statistical Framework

The position, x, of the robot is given as the location
(x; y) anddirection� , de�ned overaspaceX = (X ; Y; �) .
Our localizationmethodis a grid-basedimplementationof
Markov localization[FBT98, KCK96]. This methodrep-
resentsthe robot's belief in its currentpositionusinga 3-
dimensionalgrid over X = (X ; Y; �) , which allows for
a discreteapproximationof arbitrary probability distribu-
tions. Theprobabilitythattherobothasa particularposex
is givenby theprobabilityp(x).

Mark ov Localization

Let the robot's positionbe given by the initial probability
distribution, Px , de�ned over X = (X ; Y; �) . The robot
acquiresasensormeasurements, for exampleasetof range
datafrom a lasersensor. ThelocalizationprocesstakesPX
andthesensordata,s, andreturnstheposteriorprobability
distributionPX js = p(x j s), againde�ned over thespaceof
posesof therobot,(X ; Y; �) .



Theprobabilityp(x j s) is givenby Bayes'Rule:

p(x j s) =
p(sj x)p(x)

p(s)
(1)

wherep(x) is thepositiondistribution, andp(sj x) is com-
putedfrom thesensormodelandtherobot's mapof theen-
vironment.

Thetermp(s) is thelikelihoodof observingsensordata
s, andis computedfrom theprior positiondistribution, the
sensormodelandtheenvironmentalmap.

p(s) =
Z

X

p(sj x)p(x)dx (2)

Entr opy Computation

The entropy, H (PX ), of a probability function, PX , pro-
videsa goodmeasureof thecertaintywith which therobot
is localized.Theentropy of a probabilitydistribution, PX ,
is computedover thespaceof all possibleposes(X ; Y; �)
andis de�ned as:

H (PX ) = �
Z

X

p(x) log(p(x)) dx (3)

This measurecan be consideredas the “purity” of the
probabilitydistribution. If thedistribution is highly focused
at a singlepose(x = x; y; � ), thentheentropy will below.
If thedistribution is spreadover a wide space,thentheen-
tropy will behigh. Theeffect thataparticularsetof sensing
datahason the robot's belief in its positioncan therefore
bemeasuredin this way. Combiningequations(1) and(3)
givestheentropy of theposteriordistributionaftersensing:

H (PX js) = �
Z

X

p(x j s) log(p(x j s)) dx

= �
Z

X

p(sj x)p(x)
p(s)

log
� p(sj x)p(x)

p(s)

�
dx (4)

Equation(4) givestheentropy of theposteriordistribu-
tion, given a particularset of sensormeasurements.Re-
call that p(x) is the prior position distribution, p(sj x) is
the probability of the sensormeasurementconditionedon
theposition,computedfrom thesensormodelandtheenvi-
ronmentalmap. p(s) is theprior distribution of thesensor
measurement,givenby equation(2).

A particularlocationin theenvironmentcanresult,with
differentprobability, in differentsensormeasurements.The
entropy is thereforeaveragedfrom all possiblesensormea-
surements,s, whereeachtermis weightedby thelikelihood
of thesensormeasurement.Equation(5) computestheex-
pectedvalueof the entropy over all posteriordistributions

P.

E(H (PX jS)) = �
Z

S

p(s)
Z

X

p(x j s) log(p(x j s))dxds

= �
Z

S

p(s)
Z

X

p(sj x)p(x)
p(s)

log
� p(sj x)p(x)

p(s)

�
dxds

= �
Z

S

Z

X

p(sj x)p(x) log
� p(sj x)p(x)

p(s)

�
dxds (5)

E(H (PX jS)) is the expectedvalueof the entropy after
�ring the sensors,computedover all possiblesensormea-
surements,giventheinitial positiondistributionPX .

For a particularposedistribution, we can computethe
information content,I , of the robot's currentposition by
computingthe differencebetweenthe expectedentropy of
the positionalprobability conditionedon the sensormea-
surement,E (H (PX js)) andtheentropy of theprior position
distribution,H (PX ):

I = E(H (PX jS)) � H (PX ) (6)

Note that equation(7) inverts the intuitive senseof in-
formationcontent;the higherthe quantityI , the lower the
informationcontent.

Recallthatthegoalof measuringtheinformationcontent
of theenvironment,is to beableto constructamapof areas
of theenvironmentthathavelow andhighinformation.The
algorithmfor constructingthis mapis thefollowing proce-
dure:

1. For eachposition x and initial probability distribution
PX , generateall possiblesensormeasurements,s andthe
probabilityof theseestimates,p(s) asin equation(2).

2. For eachsensormeasurements, computetheentropy of
theposteriorprobabilitydistributiongivenby Markov lo-
calizationasin equation(4)

3. Computethe expectedvalue of the entropy as in equa-
tion (5), andtake thedifferencefrom the initial entropy,
asin equation(6).

In the above analysis,we have ignoredthe issueof the
prior probability distribution of the robot's position. The
entropy computationis heavily dependenton the robot's
prior belief in its position,p(x). Modeling robot naviga-
tion asa partially observableMarkov decisionprocess,or
POMDP, would be one methodfor handling this depen-
dency [CKL94]. However, the POMDPrequiresexamin-
ing all possibleprior probabilitybeliefsandalsoall possible
pathsleadingupto theprior probabilitybelief. Thisprocess
providesextremelyaccuratecharacterizationof uncertainty.
However, for planning, the computationis intractable,as
it is exponentialin the sizeof the environment. We have
thereforemadesomesimplifying assumptionsin theimple-
mentationof the algorithmwhich dramaticallyreducethe
complexity. Onesuchsimpli�cation allowsusto ignorethe
problemof theprior positionaldistribution.



3.2 Implementation

The �rst simpli�cation we make immediatelyis to use
a trackingassumption.The robot tracksits positionusing
internalodometry, which allows us to assumea Gaussian
prior probabilitydistribution centeredat theassumedloca-
tion of therobot, (x; y; � ), andlimited to a small region of
theenvironment.TheGaussiannatureof thedistribution is
a resultof the kinds of error that accumulateusingodom-
etry. It is this simpli�cation that makesour POMDP-style
approachtractable.

We alsodo not simulateevery possiblesensormeasure-
ments, but insteadsamplethesensorspace,choosingonly
the most likely sensordatasetsfor a particularposition.
Furthermore,we do not in facthave a continuousdistribu-
tion for the positionof the robot, but a discretegrid. This
reducestheintegrationinto asummationin equation(5).

Finally, we canusethefact thatour particularrobothas
360� �eld of view, to eliminatethe dependenceon � . It is
importantto notethat in general,if therobotdoesnot have
rotationally-invariantperceptions,then� cannotbeignored;
indeed,coastalnavigation is not very helpful if the sailors
only ever look out to sea.

The above simpli�cations changethe informationcon-
tentinto thefollowing equation:

I (x; y) = �
X

S

X

X

p(sj x)p(x) log
� p(sj x)p(x)

p(s)

�
(7)

Figure2 shows anexamplemapof theinformationcon-
tent of the samemuseum.The darker an areais, the less
informationit contains.Notice that the darkestareais the
centerof the large openspacein the middle, and that the
lightestareas,with thelowestentropy arecloseto thewalls.

Figure 2: An examplemapof theentropy, or informationcontent,of the
National Museumof AmericanHistory. The darker an areais, the less
informationcontentit contains.Theblackestareasof themaparethewalls.

4 Dynamic Envir onments

Entropy asdescribedabove is usefulfor determiningthe
informationcontentof aparticularpoint in theenvironment,
however themodelassumesa staticenvironment. In a dy-
namic environment, the datagatheredby the sensorscan
becorrupted,for exampleby peopleblockingtheproximity
sensors.We thereforemustalsoaccountfor the likelihood
thatinformationcanbecorrupted.

In theexampleof thelaserrangesensors,theprobability
that a given laserrangemeasurementwill be corruptedby
a personis modelledasa geometricdistribution alongthe
lengthof thebeam;the longerthebeam,themorelikely it
will becorrupted.

pcor r upt (s) = 1 � 
 ksk (8)

s : 0 � ksk � M axRange is theparticularrangemeasure-
ment,ksk is its lengthand
 : 0 � 
 � 1 is theprobability
thatany particularpoint in theenvironmentis occupiedby
a dynamicobstacle:for thecaseof museum,this is simply
theestimatednumberof peoplein themuseum,dividedby
theareaof thefreespaceof themuseum.

In orderto alter the informationcontentcomputationto
accountfor this corruptionmodel,we needto alter the ef-
fect that individual sensormeasurementshave on the total
information content. We make a simplifying assumption
that eachcomponentof the sensormeasurementsi (x; y) :
s(x; y) = f s1(x; y); : : : ; sn (x; y)g is independent.This al-
lows us to computethe expectedvalueof I (x; y) by aver-
agingover the informationcontent,I i (x; y) of eachcom-
ponentof the measurement.We make this independence
assumptionfor thesakeof computationalspeed.2

Equation(7) givesthe informationbasedon datasets.
For atypicallaserrangescan,s contains360measurements.
We now considerthe dataasn individual successive mea-
surements,s1 : : : sn . The informationcontentI (x; y) can
becomputedfor eachsi alone,giving I 1(x; y) : : : I n (x; y),
computedasin equation(7). The n measurementsareav-
eraged,weightingeachmeasurementby theprobabilitythat
themeasurementwascorrupted.

I (x; y) =
nX

i =1

(I i (x; y) � pcor r upt
i (x; y)) (9)

I i (x; y) is the informationcontentat (x; y) as in equa-
tion (7), basedonly on the i -th sensorreading. The prob-
ability pcor r upt

i (x; y) is the probability that the i -th sensor
readingis corrupted,computedfrom thedistribution given
in equation(8).

2In reality, therangeto anobstacleat direction� i is highly correlated
with therange� i +1 in mostenvironments.However, wecanmakereason-
ableconclusionsabouttheinformationcontentof eachpositionin themap
nevertheless,andthis methodhastheadvantageof beingcomputationally
fast.



5 Path planning

Having computedthe information content,or entropy,
for eachposition in the map, the path plannermust use
thesecondarymapto generatetrajectorieswith greaterpo-
sitionalcertainty. Traditionalpathplannerschoosea trajec-
tory by optimizing somecriterion suchasminimizing dis-
tance,time,or powerconsumption,or maximizingdistance
to obstacles(for safety).Thequantityminimizedin thecon-
ventionalplanneris the following sum[Thr98], along the
pathgivenby thelist of cells(x i ; yi ) from startto goal:

CostT otal =
X

X ;Y

c(x i ; yi ) (10)

The cost c(x i ; yi ) is the cost of crossingcell (x i ; yi ),
which increaseswith the probability that the cell is occu-
pied,from someminimumcostassociatedwith travel. The
minimum CostT otal is found by dynamic programming
(alsoknown asViterbi or Dijkstramethod)[How60].

An exampletrajectoryis shown in �gure 3(a). The tra-
jectoryof therobotis theline throughthelargeopenspace,
wherethe startpositionis the left endof the line, andthe
goal is the right end. Peopleare not depictedin this im-
age,but typically, visitorsto themuseumwouldoccupy the
spaceon eithersideof the robot,effectively blinding it on
its two sides,reducingsubstantiallythemainsourcesof lo-
calizationinformation.

The coastalplanner, however, minimizesa sum of the
conventionalcostandtheinformationcontent:

CostT otal =
X

X ;Y

� 1c(x i ; yi ) + � 2I (x i ; yi ) (11)

Theexponents� 1 and� 2 areweights,andwerechosen
experimentally.

(a)Conventionalpath (b) Coastalpath

Figure 3: Exampletrajectoriesusing the conventionalandcoastalplan-
ners,in theNationalMuseumof AmericanHistory, for thesamestartand
goalpositions.Notethemotionof therobotalongthewall for thecoastal
planner.

Figure3(b) shows a coastalplan for the samestartand
goal as �gure 3(a), where the robot doesnot travel di-
rectly throughtheopenspace,but insteadmovesalongthe
wall, increasingtravel distance,but preservingtheability to

gathersensordatadown its right side(travelling left to right
again).

It shouldbeemphasizedthat thecomputationof the in-
formationmapsis a one-timeoperationfor any particular
environment.Theinformationcontentis computedoff-line,
andusedby thepathplannerto constructasinglestaticcost
function c(x i ; yi ). This cost function is usedby the dy-
namicprogrammingsearch;a typical pathfor theMuseum
of AmericanHistory tookunder100msto compute.

6 Experimental Results

Over the courseof two weeks,our robot Minerva gave
tours of exhibits in the National Museum of American
History, shown in �gure 1, using the coastalplanner to
generatetrajectoriesbetweenexhibits. The total distance
by the robot covered was 44km, at an averagespeedof
38.8cm/sec,interactingwith 50,000peopleduringthetwo
weeks. The main motivations for developing the coastal
navigationtechniquewerethelargeopenspacein themain
operationalareafor Minerva andthemany peoplegathered
aroundtherobotatany giventime.

Thesensorandlocalizationdatawasrecordedduringthe
operationof Minerva, andsomestatisticsweregatheredto
comparetheperformanceof thecoastalplannerto thecon-
ventionalplanner. Theconventionalplannerwasalsoused
for partof Minerva's operation,in orderto allow compari-
sonof thetwo navigationmethods.Themostusefulstatistic
is theaverageentropy of theprobabilitydistribution of the
robot's pose,asit travelledalongthetrajectories.

(a)Conventionaltrajectory (b) Coastaltrajectory

Figure4: Thecoastalandconventionalpaths,for thesamestartandgoal.

In thebestcase,therobotfollowedtrajectoriesthathada
measurablyloweraverageentropy, which indicatesthesuc-
cessof the coastalnavigation. Using a laserrange�nder
with a 3m max range,the coastalplannerhadan average
entropy of 3.3 � .1, and the conventionalplannerhadan
averageentropy of 4.4 � 2.5. The trajectoriesaregiven in
�gure 4. Thesamestartandgoalweregivento therobot,us-
ing �rst theconventionalandthenthecoastalplanner. The
robot travelledbetweenthestartandgoalposition4 times,
to generatetrajectoriesof length87.0m(conventional)and
109.8m(coastal).

Figure5 showstheperformanceof thecoastalnavigation
underdifferentsensorabilities, in a staticenvironment.As



thesensorrangeincreasesto 50m,thesensoris ableto use
its entire�eld of view for localizationat mostpointsin the
museum,so the conventionalplannergeneratespathsthat
areequallyin localizationability asthecoastalplanner. The
useof the sensorsof different scalesillustratesthat there
aredifferentenvironmentalconditionsunderwhich coastal
navigationis moreor lessuseful.
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Figure5: Thisgraphshowstheaverageentropy over trajectoriesof 87.0m
and109.8min theNationalMuseumof AmericanHistory.

7 Conclusion

In this paper, we have presenteda methodof generating
trajectoriesthroughenvironmentswherepositionaluncer-
tainty is likely to accrue. Localizationmethodscanoften
fail in environmentsthatlackmany referencepoints,for ex-
amplewide-openspaceswith wallsoutsidetherangeof the
sensors.Localizationcanalsofail wherethesensorsareob-
structedby dynamicobstacles,suchaspeople.Thesolution
is to generatetrajectoriesthatminimizetheprobabilitythat
the robot will fall victim to theseproblems,and become
lost. The methoddraws on ship-basednavigation, where
shipslacking reliableglobal positionestimationstayclose
to known landmarksalongshores.

Thealgorithmoperatesin two parts.The�rst partgener-
atesamapof theenvironmentthatcontainstheinformation
contentof eachposition in the environment. This repre-
sentationincludesthe likelihood of the sensordatato be
corruptedby dynamicobstacles.Using this map,the path
plannergeneratestrajectoriesthat optimizeover both dis-
tanceandchangein positionalcertainty. This pathplanner
wasusedfor navigating in a highly dynamicenvironment
with largeopenspacesin theNationalMuseumof Ameri-
canHistorysuccessfullyfor 2 weeks.

This particular solution is a specialcaseof a general
classof POMDP problems. However, POMDP problems
arecomputationallyintractablefor systemswith largenum-
bersof states.Wereducethecomplexity by makinganum-
berof assumptionssuchastheability of the robot to track
its position,andthekind of thepositionalerrorthataccrues.

Oneavenuefor future researchlies with the pathplan-
ner. The dynamicprogrammingtechniquecurrentlyused
for �nding theminimum-costtrajectoriesdemandsamono-
tonic integrationof theentropy. Therefore,thereis no way
to modelactionsthatreduceuncertainty. Anotherdirection
for future work lies in determiningthe plannerparameters

appropriately. Theweights� 1 and� 2 weresetempirically,
as were the parametersof the geometricdistribution de-
scribingthe crowdednessof the environment. It would be
usefulto havetheplannerchoosedifferentparametersbased
ontheperceivedcrowdednessof theenvironment,following
morecoastaltrajectoriesin highly crowdedenvironments,
andmoredirecttrajectoriesin mostly-staticenvironments.
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