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Abstract

We proposea motion planningalgorithmfor performing
policy searchn thefull poseandvelocity spaceof amo-

bile robot. By comparisongxisting techniqueptimize
high-level plans, but fail to optimize the low-level mo-

tion controls.We usepolicy searchin ahigh dimensional
controlspaceo nd plansthatleadto measurablyetter
motion planning. Our experimentalresultssuggesthat
our approacheadsto superiorrobot motion than mary

existing technigues.

1 Intr oduction

Most mobilerobotnavigationsystemgo datehave sepa-
ratedrobotmotioninto two levelsof control: globalpath
planningandlocal motion control [3]. The global path
planneris usuallyimplementedn somelow-dimensional
spacesuchasthediscretized; y manifoldof therobot's

con guration space.The pathin this spaceis thenopti-

mizedusinga humberof techniquesdynamicprogram-
ming is perhapsthe mostpopulartechnique[17, 12] at

present,n thatit guaranteesptimality with respectto

the model of the robot and the environment, corverges
very quickly for mostervironments,andalsoprovidesa

universalplan for the entire space. Other examplesof

theseplannersarepotential- eld basedblannerq9], and
probabilisticroadmapg8].

However, aplanin x; y spacenuststill be corvertedinto
controlsfor the mobilerobot. Notethatmostglobalpath
planningmethodscannotbe usedto plan directly in the
full statespaceof the robot, becausehe statespaceof
a mobile robot is at least5 dimensional(x; y; ;vi; vy,
wherev; is the translationalvelocity and v; is the ro-
tationalvelocity). Many differentlocal controllershave
beensuggestedn recentyears[2, 18, 6, 10]. How-
ever, the local controllershave all abandonedptimal-
ity in the local space,in exchangefor adaptingto dy-
namicobstaclesand speedof corvergence. Existing lo-
cal controllersmake approximationssuchas modelling
therobot's shapewith a boundingcircle [13], (eliminat-
ing the dimension),deterministicnotion models[16],
etc. The controllersthenusea variety of heuristicsfor
nding somepaththat approximateghe trajectorysug-
gestedby the globalplannet. Thedisadwantageto these

10nly recentlyhave global path plannersbeenable to replanfast

approaches thatthehigh-level structureof thepathmay

be closeto optimal,but controlsmay be suboptimalon a

detailedlevel. This sub-optimalityis usuallymanifested
asoverly-conserative motions,suchaspassinghrough
doors.

By comparisonpur approachs to generatea complete
planin the full statespaceof the robot. We rst gener
ate an intermediateplan in a low dimensionaldiscrete
spaceby usingdynamicprogrammingover a valuefunc-
tion. We thenprojectthis planto thefull statespacethat
includesorientationand velocity as statefeatures. The
planis representedsa sequencef waypointsandacon-
troller thatdrivesthroughthewaypointsin sequenceUs-
ing the high-dimensionaprojectionof thevaluefunction
plan as a seed,we then perform gradientascentin the
plan space modifying the waypointsto increasethe ex-
pectedreward of the plan. Undera numberof simpleand
physically motivatedassumptionsye will demonstrate
thatthis approachnds pathswherecorventionalmeans
fail, anddoessoin arealisticamountof time.

The centralassumptiorof our approacthis thatthe value
functiongenerateaninitial planthatis “closeto” theop-
timal solution, and provides a reasonablestartingpoint.
For our mobilerobotnavigationproblem,we assumehat
the value function provides a topologically correct so-
lution, which is re ned by the search. We do not pro-
vide ary guaranteesn the quality of the nal planif the
initial value function policy is allowed to be arbitrarily
bad. However, we provide empirical evidencethat this
approachs successfufor realworld domains.

2 Relatedwork

Oneof theearliestocal controllershatmediatedetween
global plansandlocal constraintswas the Vector Field
Histogramapproach[2] and its successoVFH+ [18].
This approactusesa form of potentialbasechistograms
of rangemeasurementt determineappropriatehead-
ings. Fox etal. [6] usethe dynamicwindow methodfor
corverting high-level plansinto local controls,while ac-
countingfor dynamicobstacles.Ko and Simmons[10]
useda lane-basednethodfor local planningarounddy-
namicandunmodelledobstaclesKonolige[12] demon-
stratesanapproacththatis closerto ourapproachn spirit,

enoughto allow for dynamicobstaclesn the ervironment[12.



in that he usesdynamic programmingfor generatinga
paththatobeyed moreof the kinematicconstraintof the
mobilerobot,replanningasnecessargfterevery control.
However, this approachstill containsapproximationsf
themobilerobotasa point, andalsodoesnot respecthe
dynamicconstrainof therobot.

Davies et al. [5] proposean algorithmthatis very sim-
ilar in spirit to our mobile robot application; however,
while they projecta low-dimensionabpproximatevalue
function solutionto a higher space they do not explic-
ity searchfor policies that minimize expectedreward.
Instead,they usea heuristicsearchto nd an admissi-
ble trajectoryfor a deterministicagent. In contrast,our
work allows a noisyactionmodel,andwill notonly nd
anadmissiblepath,but will attemptto nd the bestpath
accordingto someobjective function.

Path planning has beenposedas a form of traditional
controlin someprecedingwork. Koditschekdescribed
navigation control in terms of navigation functions for
navigating a mobile robot [11], however, this approach
is dif cult to scaleto more dimensions,and partially
obsenable settings. Laumondet al. also describeda
control-theoreticapproachfor local/global control [7],
however, this approactsuffersfrom the samelimitations
asnon-control-theoreticixed-level approachesn gen-
eral,control-theoreti@pproachearebestappliedto gen-
eratingsteeringcontrolsin the absencef obstaclesEx-
tendingthe existing approacheso handlingobstaclesn
morethantwo or threedimensiongsemainsanopenprob-
lem for the controlcommunity

3 Mark ov DecisionProcesses

A Markov decisionprocesSMDP) describesa problem
whereanagent,suchasamobilerobot, musttake actions
in aworld to maximizethe expectedreward. The model
is Markovian if the currentstateis sufcient to predict
the next state,conditionedon the action. We modelthe
outcomeof eachactionasnon-deterministicwith some
probability distribution. However, we make an assump-
tion thatthetruenext stateis fully obsenableaftertheac-
tion, andalsothatthe next stateis independenof all but
the mostrecentstateandaction. An MDP is described
by thetuple (S; so; A; T; R) whereS is the statespace,
So is theinitial stateandA is the setof actionsavailable
to theagent. The transitionmatrix T describesow the
statechangewvith actions:T : S A S 7! [0; 1] such
thatT(s;a;s%) = p(sYs;a), the probability of beingin
statesC startingfrom states andtakingactiona. R is the
rewardgivento theagent.In generaltherewardfunction
can be a mappingfrom statesand actionsto numerical
rewards,R : S A 7! [0; Rmax ], butfor simplicity (and
withoutlossof generality)we will assumeherewardde-
pendsonly onthecurrentstate.

Theoptimalsolutionto anMDP is apolicy thatdescribes
which actionto take asa function of the currentstateto
maximizethe reward over the lifetime of the agent. For
the caseof a navigating mobile robot, the optimal pol-

icy will correspondo the optimalpath,giventhe current
goal, from ary pointin the ervironment. Notice thata
policy generatesin expectedtrajectoryfor all possible
startlocations,andthereforeis a more generalproblem
thanthe standardnotionplanningproblem.

3.1 The Value Function Approach

Thegoalof theagentin anMDP settingis to maximizeits
cumulatize long-termexpectedeward. In thevaluefunc-
tion setting,a valueis assignedo eachstate ,wherethe
valueis afunctionof the policy (or path)andrepresents
the long-termcumulative expectedreward. The optimal
policy is onethatmaximizeshis value,andhencethe ex-
pectedreward at eachstate. The optimal value function
is givenby Bellman's equation:

v o
V(s)
j=1 k=1

V(si) = R(si) + p(sjj (aisi);si)
1)
where (axjsi) isthecurrentpolicy and is thediscount
factorthatdetermineshe contritution of futurerewardto
the currentstatevalue. For the restof this work, we as-
sume(again, without lossof generality)anundiscounted
( = 1) nite-horizon problemwith sometermination
state. Furthermorewe will assumea deterministicpol-
icy, (axjsi) = f0;1g.
Valueiteration nds theoptimalpolicy by computingthe
valuefunctionfor every statebasedon somepolicy, and
theniteratively updatingthepolicy until thevalueis max-
imized over every state. The natureof value iteration
highlightsits computationatost— a mappingfor every
stateto somevalueandactionis presered,anditeratively
updated.In orderto nd apolicy for a continuoushigh-
dimensionaproblem,we needa different,morecompact
representatioof a policy, anda way to evaluatepolicies
in thisrepresentation.

3.2 Policy search

Policy searchoperatesby evaluatingthe long term cu-
mulative reward of the currentpolicy. Gradient-ascent
searctestimateshegradienbof therewardandadjustghe
policy parameterso increasdhe expectedrewarduntil a
maximumis reachedIn orderto searchtthepolicy space,
we needa parameterizedgontinuouspolicy representa-
tion. In addition,the needto mapthe low-dimensional
policy into a high-dimensionatontinuousspacehasim-
plicationsfor our choiceof policy representationThere
area numberof differentchoicesof policies,e.g.,Bayes
nets[14], neuralnets[1], etc.thattake continuous-alued
statefeaturesand returnsomecontrol action. However,
a mappingfrom a discretegrid world to thesecomple
representationis noteasy

Insteadwe representhe policy asaserieqthatis, anor-
deredset)of waypointsw; , andan associatedocal con-
troller. The controlleremits actions,whereeachaction
movestheagentowardsthenext (closestwaypoint. The



seriesof waypointscan be viewed as a forming an ap-
proximatelypiece-wisdinear pathfrom the startstateto
to the goal. At executiontime, the next actiona attime
t is afunction of the currentstates(t) andthe next way-
pointw,
a=( vi; v)="f(s(t);wj): )

The policy has an additional free parameterdappr oach
that determinesvhenthe controller switchesto the next
waypoint,asin

Wj = Wj+1 iff jjs(t) Wi i< dappr oach - (3)
It shouldbenotedthattheprinciplesacri ce madeby this
typeof policy is thatthe nal policy is nolongeranopti-
mally universalplan. Policiescomputedrom the optimal
valuefunctionhave the desirablgoropertythatthe policy
describeghe optimal actionfor every possiblestate. In
comparisonthe policy thatfoundusingour approachex-
hibits this propertycloseto the expectedtrajectory but
thequality of thepolicy canbecomearbitrarily badasthe
actual path deviatesfrom the expectedpath. However,
if themodelof thelocal controlleraccuratelyre ects the
truenext statedistribution,thenresultof thepolicy search
will beapolicy for thosestateghattruly matter

3.3 Initial Policy Estimate

In orderto searchfor the bestpolicy (or expectedpath)
efciently andavoid problemssuchaslocal minima,we
want an estimateof a good path to begin the search.
The value function gives a reasonablgathin the low-
dimensionaktatespacesoit remaingto corvertthelow-
dimensionalpolicy into a continuous high-dimensional
path. We do this by rst extractingthe setof maximum
likelihood statesthat describethe expectedtrajectoryin
the lower space.We projectthesestatesnto the higher
dimensionalspaceto generatea large set of waypoints
that describethe expectedpath. This set of projected
waypointsis unnecessarilglense sowe pruneby meig-
ing pathneighborghatsharehesamevaluefunctionpol-
icy, asshavn in gure 1. The endpointsof theseline
segmentsrepresenthe policy in the high dimensional
space,andthis policy is usedasthe initial estimatefor
thesearch.

Project and
merge

Figure 1: Projectingthevaluefunctionpolicy ontheleft
to the higher dimensionspaceon the right, we meige
neighboringstateswith the samepolicy into a singleline
sgment. The endpointsof the line sggmentsconstitute
theinitial estimateor policy seach.

3.4 Computing the policy value

Theoptimalpolicy  is onethatmaximizegheexpected
rewardovertheexecutionof thepolicy fromthestartstate
Sp to thegoalstate,

V' (s) = maxV (so))
z
= max R(so) +

_S_p(S(dt)jSO; (so))V (s(dt))ds: (4)
193]

where (sp) is the actiondictatedby the policy at state
So, s(dt) is thenext stateaftertime dt, andtheintegralis
simply the expectationreward of the next statedistribu-
tion aftertime dt (cf. equation(1) in continuoudorm).

We make a nal simplifying assumptiorthat the local
controlleris unbiased.Thatis, thelocal controllerkeeps
thenext statedistribution centeredntheexpectedrajec-
tory, with somedistributionG(s(t); ) where represents
the parameter®f the local controller This dictatesthat
theresultof eachactionwill have maximumlikelihood
onaline betweenw; andw;.; , which makescomputing
the expecteddistribution easier

We canthereforemodify the integral in equation(4) by
transformingthe next statedistribution p(s(t)jso; (So))
into a functioncenteredn the maximumlik elihoodnext
stateG(s;s(t); ) : S 7! [0;1]. If we write G(s) and
V (s) in matrix form, we cansimplify equation(4) to

V()= R(so) + G(s(dt); ) V(s(t)) (5)

wheres(dt) is the maximumlikelihood next stateafter
time dt underpolicy . From hereonwards, G(s(dt))

is assumedo be the agents distribution over the state
spacetheparameters beingassumedo be constant.

If we furtherconstrainthe policy (s;) to beadescribed
by a seriesof n waypointsw,:::w, in someEuclidean
spacewe canexpandrecurrencesquatiord to

Zy
V(n) = - G(s(t)) R(s(t))dt (6)
X 12 s(wja)
= G(s) R(s)ds: (7)
j=o s(wj)

We maximizeequation(7) by differentiatingandtravel-
ling alongthe positive gradient.Differentiatinggives

@ X1
rv(n) = av G(s) R(s)ds (8)
1:n j=0 s(wj) |
X 1 @ Z S(Wj+1 ) |
= — G(s) R(s)ds 19)
j=1 @vj s(wj)

Notethatin the caseof purely deterministicactionmod-
els(i.e.,aperfectcontroller),we coulddroptheG( ) term
andsimply integratethe reward alongthe expectedpath.
By integratingthe expectedreward with respecto G( ),



we capturethe noiseinherentin thelocal controller sub-
ject to the assumptiorof no bias. The larger the noise
in thelocal controller themoreconserative theeventual

policy.
3.5 Determining policy size

The initial policy estimateprovided by value function
will consistof somenumbern of waypoints. However,
the optimal policy may require an arbitrary numberof
waypoints.Consequentlysomeprocedurds requiredto
introducenew waypointsasneededThenumberof way-
pointsneededo representhepolicy is similarin concept
to the problemof estimatingthe numberof clustersused
during Expectation-Maximizationand consequentlyve
borrav a popular split-and-mege technique[15]. We
performpolicy searchto corvergenceandthenconsider
insertinga new waypointwhereappropriate. The algo-
rithm terminatesvhenthe policy valuedoesnotincrease
with ary insertedwaypoint. The heuristicwe usefor in-
sertingwaypointsis to do sowhentheimmediatereward
betweenwvaypointsdropsbelor theimmediatereward at
thewaypoints:

Insertw?,; if  R(WP,;) < R(wj) (10)
and R(W},;) < R(Wj41):

Figurel summarizesur pathplanningalgorithm.

Table 1: Algorithmsummary

1. Runthedynamicprogramandextracta policy from 2-
dimensionakaluefunction (Section3.1)

2. Determinethemaximumlik elihoodtrajectoryandcon-
vert to a setof 5-dimensionawaypointsto form the
expectedpath(Section3.3)

3. Policy seach: for eachwaypointw;

(a) Determinevalue contrikbution of trajectoryfrom
previouswaypointw; 1 to next waypointw; +1
(Section3.4)

(b) Measurggradientatendpoints

(c) Movewaypointw; alonggradientuntil pathseg-
mentvalueincreases

(d) Repeafor all waypointsuntil corvergence

4. Addnew waypointySection3.5)

(a) Find lowestimmediatereward alongthe trajec-
tory

(b) Insertanew waypoint

(c) Repeastep3.

5. Repeatvaypointinsertionuntil convergence

4 Mobile Robot Navigation

We demonstrateur approacton a mobilerobotnavigat-
ing in an indoor ervironment. Figure 2 shavs the mo-
bile robot Pearlinteractingwith elderly peoplein their

assisted-liing residence. The natureof this particular
ervironmentemphasizeshe needfor optimal policies;
in con ned quarterswith slower andlessagile humans
in the surroundingscontrol policiesthat make approxi-
mationsaboutthe shapeandorientationof the robotbe-
comeincreasinglybrittle. Mostimportantly ashasbeen
statedalready value function planningin a more exact
statespaces actuallycomputationallyintractable.

We representthe robot's stateat time t by a 5-tuple
s(t) = (x(t);y(t); (t);vi(t);Vv' (1)) wherex;y givesthe
positionof therobot, theorientation.andv!;v" arethe
translationaland rotational velocities. We assumethat
the statespacds continuousn all dimensionsThekine-
maticmodelof therobotcoupledwith thelocal controller
givesthe next statedistribution G(s). The goal of the

Figure 2: Pearl, the nursebot,interacting with residents
of a healthcare facility.

robotis to maximizeits expectedreward; the navigation
problemis designeduchthattherobotincurssomesmall
negative revardR = (¢ d) for traveling a distanced,
andrecevessomelargepositive rewardg whenit reaches
the goal. Furthermorethe robot recevesan large nega-
tiverewardR = ( h d) for attemptingto travel a dis-
tanced whenan obstacleis closerthana certainsafety
range.

By allowing the reward function to dependon the ori-

entationandvelocity of the robot, aswell asthe current
location,we cancapturethe reward's dependencen the
shapeof the robot andthe dynamics. The reward func-
tion canpenalizethe robotfor someorientationsandnot
othersfor the sameposition; similarly, the reward func-
tion canencodethe dynamicsof the robotby penalizing
attemptedrelocitieswhich have ahigh expectatiorof hit-

ting nearbyobstacles.

We can use knowledge aboutthe state spaceto com-
putethe gradientterms @@j approximately The reward
function seeksto minimize travel time, while alsomini-

mizing the likelihoodthatthe robotwill hit an obstacle.
The expectedtravel time at arny point in the trajectory
is a function of the directionto the previous waypoint

(wj 1 wj)andnextwaypoint(wj+;  Wwj). Thelike-
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Figure 3: (a) Dynamicprogram solution; (b) ProjectedDP solution; (c) Policy seach of DP solution; (d) With addi-
tional waypoints.Thebladk areasare obstacle andthewhite areais freespace

lihood of hitting anobstaclés afunctionof thedirection
anddistanceto the nearesbbstacle, (w;). We compute
thegradientas

rvw)=((w; 1 wj)+ (Wj
( (wj) wj))

wherethe rst termmovesthe waypointw; closerto its
immediateneighborsw; 1 andw;.1, andthe second
termmovesthewaypointaway from the obstacleat w; .

wj)) (11)

5 Experimental Results

We comparedurintegratedvaluefunction/polic/ search
methodto an existing approximatevalue function plan-
ner [6] which usesa local collision avoidancemodule
to re ne the approximatevalue function to a realizable
trajectory The expectedtrajectoryof a sampleproblem
is shavn in gure 3 in its 4 phases:the dynamicpro-

grammingpath,the projectionof the DP solutionto the
5-dimensiorcontinuousspacetheinitial phaseof search,
andthe nal optimizedpath. Theimagedepictsa mapof

anindoorenvironment(our lab), andpart of the corridor
outsidethe lab. The robot startsinside the lab, and at-

temptsto drive out to the corridor  The black areasare
obstacleqi.e., walls, etc.) andthe white areasare free
space.The openingat the top of the mapis the doorway
to the corridor, andis 60 cm wide, whereashe robot's

width andsafetymamgin is 54cm,leaving only 2cmclear

anceon eitherside.

Figures3a and 3b demonstratehat althoughthe value
functiondoesshaw atrajectorythatisin somesenseopo-
logically correct thepolicy is clearlysuboptimalvith re-
spectto the realworld. The reducedstatespacemeans
that the modelhasno notion of the size of the robot or
of theconsequencesf differentorientations As aresult,
thepolicy is freeto move therobotarbitrarily closeto ob-
staclesFigures3cand3dshav theresultsof policy itera-
tion, aftersearchingntheinitial setof waypointsandaf-
terthewaypointsetsizehascornverged. The policy found
with the initial setof waypointsis a clearimprovement,
however someodd motionsaregeneratedo compensate

for an impoverishedpolicy representation Whenmore
waypointsare added,the policy convergesto a straight-
line paththroughthe narrav doorway. The effect of the
additionaldimensionf velocity canbe seenin themid-
dle of the doorway — therobot's velocity is low entering
the doorway, to reducethe likelihoodof hitting the door.
Oncethe robot is part-way throughthe door, the addi-
tional waypointsdo not changethe robot's heading,but
allow velocity increasesincethe kinematicsof the robot
dictatethatthe dangerof impacthaspassed.

Table 2 shavs a quantitatve comparisonof an existing

plannerbasedon an approximatevalue function algo-

rithm anda plannerwith value function seedingpolicy

search.Theresultsshavn hereindicatethatalthoughthe

planningtime increasesubstantiallywhen adding pol-

icy searchthetotal time taken to executethe trajectory
drops signi cantly comparedto the value function ap-

proach.Thetrajectoryis alsomuchmoreacceptablén an

“intuitive” sense- the controllerfrom the previous plan-
ner spenta signi cant amountof time driving backand
forth acrossthe narrov doorway beforeit was aligned
well enoughto enterthe lab. It is worth noting that it

shouldberelatively easyto improve the planningtime of

thepolicy searchevenfurtherasthe currentimplementa-
tion hasnot beenoptimizedin ary manner

Velocity Profile of Standard and Policy Search Planners
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Figure 4: \elocity pro les of the policy search and con-
ventionalplanner

Figure 4 also shows the velocity pro les of the policy
searclplannerandthe corventionalplanner for a differ-
enttrajectory(not shawvn dueto spacdimitations). The
velocity pro les shavs thatthepolicy searchnds aplan
thatachievesa consistentlyhighervelocity (betweenl O-




Table2: Experimentatesults

Algorithm | Planningtime Executiontime  Distancetravelled
Prior (valuefunction)planner| .44 +/- .03sec 133.15 3272.5cm
Policy search 7.0+/-4.8sec 107.6 1432.1cm

20 cm/sfaster).

6 Conclusions

In this paper we have shovn how seedingof the pol-
icy searchwith a solution from an approximatevalue
function can be usedto directly perform motion plan-
ningin thefull statespaceof therobot. Thisallows usto
avoid mary of the assumption®f existing motion plan-
ners,suchaspoint-shapedobotsand deterministicmo-
tion. We are also able to generateplansthat obey the
physical,kinematicanddynamicconstraintf therobot,
andcanexpressarichersetof plans. Thekey assumption
is thatthe low-dimensionalaluefunction, while subop-
timal with respecto reality, biaseshe policy searchcor-
rectly, anddoesnotleadto anarbitrarily badcontroller

We demonstratethis work on arealrobotnavigatingin
our lab, in particularfocusingon a goal that requiresa
highly constrainedrajectory Preliminaryresultsindicate
we areableto handletheserealworld problemsappropri-
ately andareableto outperformanexisting approximate
valuefunctionstyle plannerin constrainedituations.

Althoughwe currentlyassumefully obsenableMarkov
decisionprocessmodel, in the future we would like to
draw uponmuchof the recentwork on policy searchin
POMDPsto bettermodelnoisyrobotsensorsCertainly
approximatevalue function methodssuchas Cassandra
etal.[4] andRoy & Thrun[16] couldbedirectly applied
to this method.
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