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Abstract

We proposea motionplanningalgorithmfor performing
policy searchin thefull poseandvelocityspaceof amo-
bile robot. By comparison,existing techniquesoptimize
high-level plans,but fail to optimize the low-level mo-
tion controls.Weusepolicy searchin ahighdimensional
controlspaceto �nd plansthat leadto measurablybetter
motion planning. Our experimentalresultssuggestthat
our approachleadsto superiorrobot motion thanmany
existing techniques.

1 Intr oduction

Most mobilerobotnavigationsystemsto datehave sepa-
ratedrobotmotioninto two levelsof control: globalpath
planningand local motion control [3]. The global path
planneris usuallyimplementedin somelow-dimensional
space,suchasthediscretizedx; y manifoldof therobot's
con�guration space.The pathin this spaceis thenopti-
mizedusinga numberof techniques:dynamicprogram-
ming is perhapsthe mostpopulartechnique[17, 12] at
present,in that it guaranteesoptimality with respectto
the model of the robot and the environment,converges
very quickly for mostenvironments,andalsoprovidesa
universalplan for the entire space. Other examplesof
theseplannersarepotential-�eld basedplanners[9], and
probabilisticroadmaps[8].

However, aplanin x; y spacemuststill beconvertedinto
controlsfor themobilerobot.Notethatmostglobalpath
planningmethodscannotbe usedto plan directly in the
full statespaceof the robot, becausethe statespaceof
a mobile robot is at least5 dimensional(x; y; � ; vt ; vr ,
wherevt is the translationalvelocity and vr is the ro-
tationalvelocity). Many different local controllershave
beensuggestedin recentyears [2, 18, 6, 10]. How-
ever, the local controllershave all abandonedoptimal-
ity in the local space,in exchangefor adaptingto dy-
namicobstaclesandspeedof convergence.Existing lo-
cal controllersmake approximationssuchas modelling
the robot's shapewith a boundingcircle [13], (eliminat-
ing the � dimension),deterministicmotionmodels[16],
etc. The controllersthenusea variety of heuristicsfor
�nding somepath that approximatesthe trajectorysug-
gestedby theglobalplanner1. Thedisadvantageto these

1Only recentlyhave global path plannersbeenable to replanfast

approachesis thatthehigh-level structureof thepathmay
becloseto optimal,but controlsmaybesuboptimalon a
detailedlevel. This sub-optimalityis usuallymanifested
asoverly-conservative motions,suchaspassingthrough
doors.

By comparison,our approachis to generatea complete
plan in the full statespaceof the robot. We �rst gener-
ate an intermediateplan in a low dimensional,discrete
spaceby usingdynamicprogrammingover a valuefunc-
tion. We thenprojectthis planto thefull statespacethat
includesorientationandvelocity asstatefeatures. The
planis representedasasequenceof waypointsandacon-
troller thatdrivesthroughthewaypointsin sequence.Us-
ing thehigh-dimensionalprojectionof thevaluefunction
plan as a seed,we then perform gradientascentin the
plan space,modifying the waypointsto increasethe ex-
pectedrewardof theplan.Underanumberof simpleand
physically motivatedassumptions,we will demonstrate
that this approach�nds pathswhereconventionalmeans
fail, anddoessoin a realisticamountof time.

Thecentralassumptionof our approachis that thevalue
functiongeneratesaninitial planthatis “closeto” theop-
timal solution,andprovidesa reasonablestartingpoint.
For ourmobilerobotnavigationproblem,weassumethat
the value function provides a topologically correct so-
lution, which is re�ned by the search. We do not pro-
vide any guaranteeson thequality of the�nal planif the
initial value function policy is allowed to be arbitrarily
bad. However, we provide empiricalevidencethat this
approachis successfulfor realworld domains.

2 Relatedwork

Oneof theearliestlocalcontrollersthatmediatesbetween
global plansand local constraintswas the Vector Field
Histogramapproach[2] and its successorVFH+ [18].
This approachusesa form of potentialbasedhistograms
of rangemeasurementsto determineappropriatehead-
ings. Fox et al. [6] usethedynamicwindow methodfor
convertinghigh-level plansinto local controls,while ac-
countingfor dynamicobstacles.Ko andSimmons[10]
useda lane-basedmethodfor local planningarounddy-
namicandunmodelledobstacles.Konolige[12] demon-
stratesanapproachthatis closerto ourapproachin spirit,

enoughto allow for dynamicobstaclesin theenvironment[12].
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in that he usesdynamicprogrammingfor generatinga
paththatobeyedmoreof thekinematicconstraintsof the
mobilerobot,replanningasnecessaryaftereverycontrol.
However, this approachstill containsapproximationsof
themobilerobotasa point,andalsodoesnot respectthe
dynamicconstrainsof therobot.

Davies et al. [5] proposean algorithmthat is very sim-
ilar in spirit to our mobile robot application;however,
while they projecta low-dimensionalapproximatevalue
function solution to a higherspace,they do not explic-
itly searchfor policies that minimize expectedreward.
Instead,they usea heuristicsearchto �nd an admissi-
ble trajectoryfor a deterministicagent. In contrast,our
work allows a noisyactionmodel,andwill not only �nd
anadmissiblepath,but will attemptto �nd thebestpath
accordingto someobjective function.

Path planninghas beenposedas a form of traditional
control in someprecedingwork. Koditschekdescribed
navigation control in termsof navigation functions for
navigating a mobile robot [11], however, this approach
is dif�cult to scale to more dimensions,and partially
observable settings. Laumondet al. also describeda
control-theoreticapproachfor local/global control [7],
however, this approachsuffersfrom thesamelimitations
asnon-control-theoreticmixed-level approaches.In gen-
eral,control-theoreticapproachesarebestappliedto gen-
eratingsteeringcontrolsin theabsenceof obstacles.Ex-
tendingthe existing approachesto handlingobstaclesin
morethantwo or threedimensionsremainsanopenprob-
lemfor thecontrolcommunity.

3 Mark ov DecisionProcesses

A Markov decisionprocess(MDP) describesa problem
whereanagent,suchasamobilerobot,musttakeactions
in a world to maximizetheexpectedreward. Themodel
is Markovian if the currentstateis suf�cient to predict
the next state,conditionedon the action. We modelthe
outcomeof eachactionasnon-deterministic,with some
probability distribution. However, we make an assump-
tion thatthetruenext stateis fully observableaftertheac-
tion, andalsothat thenext stateis independentof all but
the most recentstateandaction. An MDP is described
by the tuple (S; so; A ; T ; R) whereS is thestatespace,
so is theinitial stateandA is thesetof actionsavailable
to the agent.The transitionmatrix T describeshow the
statechangeswith actions:T : S � A � S 7! [0; 1] such
that T(s;a; s0) = p(s0js; a), the probability of beingin
states0 startingfrom states andtakingactiona. R is the
rewardgivento theagent.In general,therewardfunction
canbe a mappingfrom statesandactionsto numerical
rewards,R : S � A 7! [0; Rmax ], but for simplicity (and
without lossof generality)wewill assumetherewardde-
pendsonly on thecurrentstate.

Theoptimalsolutionto anMDP is apolicy thatdescribes
which actionto take asa functionof thecurrentstateto
maximizethe rewardover the lifetime of theagent.For
the caseof a navigating mobile robot, the optimal pol-

icy will correspondto theoptimalpath,giventhecurrent
goal, from any point in the environment. Notice that a
policy generatesan expectedtrajectoryfor all possible
start locations,andthereforeis a moregeneralproblem
thanthestandardmotionplanningproblem.

3.1 The ValueFunction Approach

Thegoalof theagentin anMDP settingis to maximizeits
cumulativelong-termexpectedreward.In thevaluefunc-
tion setting,a valueis assignedto eachstate,wherethe
valueis a functionof thepolicy (or path)andrepresents
the long-termcumulative expectedreward. The optimal
policy is onethatmaximizesthisvalue,andhencetheex-
pectedreward at eachstate.The optimal valuefunction
is givenby Bellman's equation:

V (si ) = R(si ) + 

jS jX

j =1

V(sj )
jAjX

k=1

p(sj j� (ak jsi ); si )

(1)
where� (ak jsi ) is thecurrentpolicy and
 is thediscount
factorthatdeterminesthecontributionof futurerewardto
thecurrentstatevalue. For the restof this work, we as-
sume(again,without lossof generality)anundiscounted
(
 = 1) �nite-horizon problemwith sometermination
state. Furthermore,we will assumea deterministicpol-
icy, � (ak jsi ) = f 0; 1g.

Valueiteration�nds theoptimalpolicy by computingthe
valuefunction for every statebasedon somepolicy, and
theniteratively updatingthepolicy until thevalueis max-
imized over every state. The natureof value iteration
highlights its computationalcost– a mappingfor every
statetosomevalueandactionis preserved,anditeratively
updated.In orderto �nd a policy for a continuous,high-
dimensionalproblem,weneedadifferent,morecompact
representationof a policy, anda way to evaluatepolicies
in this representation.

3.2 Policy search

Policy searchoperatesby evaluatingthe long term cu-
mulative reward of the currentpolicy. Gradient-ascent
searchestimatesthegradientof therewardandadjuststhe
policy parametersto increasetheexpectedrewarduntil a
maximumis reached.In orderto searchthepolicy space,
we needa parameterized,continuouspolicy representa-
tion. In addition, the needto mapthe low-dimensional
policy into a high-dimensionalcontinuousspacehasim-
plicationsfor our choiceof policy representation.There
area numberof differentchoicesof policies,e.g.,Bayes
nets[14], neuralnets[1], etc. thattakecontinuous-valued
statefeaturesandreturnsomecontrol action. However,
a mappingfrom a discretegrid world to thesecomplex
representationsis noteasy.

Instead,werepresentthepolicy asaseries(thatis, anor-
deredset)of waypointswj , andanassociatedlocal con-
troller. The controlleremitsactions,whereeachaction
movestheagenttowardsthenext (closest)waypoint.The



seriesof waypointscanbe viewed as a forming an ap-
proximatelypiece-wiselinearpathfrom thestartstateto
to thegoal. At executiontime, thenext actiona at time
t is a functionof thecurrentstates(t) andthenext way-
pointw ,

a = (� vt ; � vr ) = f (s(t); w j ): (2)

The policy has an additional free parameterdappr oach
thatdetermineswhenthecontrollerswitchesto thenext
waypoint,asin

w j = w j +1 if f jj s(t) � w j jj < dappr oach : (3)

It shouldbenotedthattheprinciplesacri�cemadeby this
typeof policy is thatthe�nal policy is no longeranopti-
mally universalplan.Policiescomputedfrom theoptimal
valuefunctionhave thedesirablepropertythatthepolicy
describesthe optimal actionfor every possiblestate. In
comparison,thepolicy thatfoundusingourapproachex-
hibits this propertycloseto the expectedtrajectory, but
thequalityof thepolicy canbecomearbitrarilybadasthe
actualpath deviatesfrom the expectedpath. However,
if themodelof thelocal controlleraccuratelyre�ects the
truenext statedistribution,thenresultof thepolicy search
will beapolicy for thosestatesthattruly matter.

3.3 Initial Policy Estimate

In orderto searchfor the bestpolicy (or expectedpath)
ef�ciently andavoid problemssuchaslocal minima,we
want an estimateof a good path to begin the search.
The value function gives a reasonablepath in the low-
dimensionalstatespace,soit remainsto convert thelow-
dimensionalpolicy into a continuous,high-dimensional
path. We do this by �rst extractingthe setof maximum
likelihoodstatesthat describethe expectedtrajectoryin
the lower space.We projectthesestatesinto thehigher-
dimensionalspaceto generatea large set of waypoints
that describethe expectedpath. This set of projected
waypointsis unnecessarilydense,sowe pruneby merg-
ing pathneighborsthatsharethesamevaluefunctionpol-
icy, as shown in �gure 1. The endpointsof theseline
segmentsrepresentthe policy in the high dimensional
space,and this policy is usedas the initial estimatefor
thesearch.

merge
Project and

Figure 1: Projectingthevaluefunctionpolicy on theleft
to the higher dimensionspaceon the right, we merge
neighboringstateswith thesamepolicy into a singleline
segment. The endpointsof the line segmentsconstitute
theinitial estimatefor policysearch.

3.4 Computing the policy value

Theoptimalpolicy � � is onethatmaximizestheexpected
rewardovertheexecutionof thepolicy fromthestartstate
s0 to thegoalstate,

V� � (s) = max
� 2 �

V� (s0))

= max
� 2 �

R(s0) +
Z

jSj
p(s(dt)js0; � (s0))V� (s(dt))ds: (4)

where� (s0) is the actiondictatedby the policy at state
s0, s(dt) is thenext stateaftertimedt, andtheintegral is
simply the expectationreward of the next statedistribu-
tion aftertimedt (cf. equation(1) in continuousform).

We make a �nal simplifying assumptionthat the local
controlleris unbiased.That is, thelocal controllerkeeps
thenext statedistributioncenteredontheexpectedtrajec-
tory, with somedistributionG(s(t); � ) where� represents
the parametersof the local controller. This dictatesthat
the resultof eachactionwill have maximumlikelihood
ona line betweenwj andwj +1 , whichmakescomputing
theexpecteddistributioneasier.

We canthereforemodify the integral in equation(4) by
transformingthenext statedistribution p(s(t)js0; � (s0))
into a functioncenteredon themaximumlikelihoodnext
stateG(s; s(t); � ) : S 7! [0; 1]. If we write G(s) and
V(s) in matrix form, wecansimplify equation(4) to

V (� ) = R(s0) + G(s(dt); � ) � V (s(t)) (5)

wheres(dt) is the maximumlikelihoodnext stateafter
time dt underpolicy � . From hereonwards,G(s(dt))
is assumedto be the agent's distribution over the state
space,theparameters� beingassumedto beconstant.

If we furtherconstrainthepolicy � (si ) to bea described
by a seriesof n waypointsw 1:::wn in someEuclidean
space,wecanexpandrecurrenceequation4 to

V (� n ) =
Z T

t =0
G(s(t)) � R(s(t))dt (6)

=
n � 1X

j =0

Z s(w j +1 )

s(w j )
G(s) � R(s)ds: (7)

We maximizeequation(7) by differentiatingandtravel-
ling alongthepositivegradient.Differentiatinggives

r V (� n ) =
@

@w1::: n

n � 1X

j =0

Z s(w j +1 )

s(w j )
G(s) � R(s)ds (8)

=
n � 1X

j =1

@
@w j

 Z s(w j +1 )

s(w j )
G(s) � R(s)ds

!

:(9)

Notethat in thecaseof purelydeterministicactionmod-
els(i.e.,aperfectcontroller),wecoulddroptheG(�) term
andsimply integratetherewardalongtheexpectedpath.
By integratingtheexpectedrewardwith respectto G(�),



we capturethenoiseinherentin thelocal controller, sub-
ject to the assumptionof no bias. The larger the noise
in thelocalcontroller, themoreconservative theeventual
policy.

3.5 Determining policy size

The initial policy estimateprovided by value function
will consistof somenumbern of waypoints. However,
the optimal policy may requirean arbitrary numberof
waypoints.Consequently, someprocedureis requiredto
introducenew waypointsasneeded.Thenumberof way-
pointsneededto representthepolicy is similar in concept
to theproblemof estimatingthenumberof clustersused
during Expectation-Maximization,andconsequentlywe
borrow a popular split-and-merge technique[15]. We
performpolicy searchto convergence,andthenconsider
insertinga new waypointwhereappropriate.The algo-
rithm terminateswhenthepolicy valuedoesnot increase
with any insertedwaypoint. Theheuristicwe usefor in-
sertingwaypointsis to dosowhentheimmediatereward
betweenwaypointsdropsbelow theimmediaterewardat
thewaypoints:

Insertw 0
j +1 if R(w 0

j +1 ) < R(w j ) (10)

and R(w 0
j +1 ) < R(w j +1 ):

Figure1 summarizesourpathplanningalgorithm.

Table1: Algorithmsummary

1. Runthedynamicprogramandextracta policy from 2-
dimensionalvaluefunction(Section3.1)

2. Determinethemaximumlikelihoodtrajectoryandcon-
vert to a set of 5-dimensionalwaypointsto form the
expectedpath(Section3.3)

3. Policy search: for eachwaypointwj

(a) Determinevaluecontribution of trajectoryfrom
previouswaypointwj � 1 to next waypointwj +1

(Section3.4)
(b) Measuregradientatendpoints
(c) Movewaypointwj alonggradientuntil pathseg-

mentvalueincreases
(d) Repeatfor all waypointsuntil convergence

4. Addnew waypoints(Section3.5)

(a) Find lowest immediatereward alongthe trajec-
tory

(b) Insertanew waypoint
(c) Repeatstep3.

5. Repeatwaypointinsertionuntil convergence

4 Mobile Robot Navigation

Wedemonstrateourapproachonamobilerobotnavigat-
ing in an indoor environment. Figure2 shows the mo-
bile robot Pearl interactingwith elderly peoplein their

assisted-living residence. The natureof this particular
environmentemphasizesthe needfor optimal policies;
in con�ned quarters,with slower andlessagile humans
in the surroundings,control policiesthat make approxi-
mationsabouttheshapeandorientationof the robotbe-
comeincreasinglybrittle. Most importantly, ashasbeen
statedalready, value function planningin a more exact
statespaceis actuallycomputationallyintractable.

We representthe robot's state at time t by a 5-tuple
s(t) = (x(t); y(t); � (t); vt (t); vr (t)) wherex; y givesthe
positionof therobot,� theorientation.andvt ; vr arethe
translationaland rotationalvelocities. We assumethat
thestatespaceis continuousin all dimensions.Thekine-
maticmodelof therobotcoupledwith thelocalcontroller
gives the next statedistribution G(s). The goal of the

Figure 2: Pearl, thenursebot,interactingwith residents
of a healthcare facility.

robot is to maximizeits expectedreward; thenavigation
problemis designedsuchthattherobotincurssomesmall
negative rewardR = (� c � d) for traveling a distanced,
andreceivessomelargepositiverewardg whenit reaches
thegoal. Furthermore,the robot receivesan largenega-
tive rewardR = (� h � d) for attemptingto travel a dis-
tanced whenan obstacleis closerthana certainsafety
range.

By allowing the reward function to dependon the ori-
entationandvelocity of the robot,aswell asthecurrent
location,we cancapturethereward's dependenceon the
shapeof the robot andthe dynamics.The reward func-
tion canpenalizetherobotfor someorientationsandnot
othersfor the sameposition;similarly, the reward func-
tion canencodethedynamicsof therobotby penalizing
attemptedvelocitieswhichhaveahighexpectationof hit-
ting nearbyobstacles.

We can use knowledge about the statespaceto com-
putethe gradientterms @

@w j
approximately. The reward

functionseeksto minimize travel time, while alsomini-
mizing the likelihoodthat the robot will hit an obstacle.
The expectedtravel time at any point in the trajectory
is a function of the direction to the previous waypoint
(w j � 1 � w j ) andnext waypoint(w j +1 � w j ). Thelike-



(a) (b) (c) (d)

Figure 3: (a) Dynamicprogramsolution; (b) ProjectedDP solution; (c) Policy search of DP solution; (d) With addi-
tional waypoints.Theblack areasareobstacle, andthewhiteareais freespace.

lihoodof hitting anobstacleis a functionof thedirection
anddistanceto thenearestobstacle,� (w j ). We compute
thegradientas

r V (w j ) = ((w j � 1 � w j ) + (w j +1 � w j )) (11)

� (� (w j ) � w j ))

wherethe�rst termmovesthewaypointw j closerto its
immediateneighborsw j � 1 and w j +1 , and the second
termmovesthewaypointaway from theobstacleat � w j .

5 Experimental Results

Wecomparedour integratedvaluefunction/policy search
methodto an existing approximatevaluefunction plan-
ner [6] which usesa local collision avoidancemodule
to re�ne the approximatevalue function to a realizable
trajectory. The expectedtrajectoryof a sampleproblem
is shown in �gure 3 in its 4 phases:the dynamicpro-
grammingpath,the projectionof the DP solutionto the
5-dimensioncontinuousspace,theinitial phaseof search,
andthe�nal optimizedpath.Theimagedepictsamapof
anindoorenvironment(our lab),andpartof thecorridor
outsidethe lab. The robot startsinside the lab, andat-
temptsto drive out to the corridor. The black areasare
obstacles(i.e., walls, etc.) and the white areasare free
space.Theopeningat thetop of themapis thedoorway
to the corridor, and is 60 cm wide, whereasthe robot's
width andsafetymargin is 54cm,leaving only 2cmclear-
anceoneitherside.

Figures3a and 3b demonstratethat althoughthe value
functiondoesshow atrajectorythatis in somesensetopo-
logically correct,thepolicy is clearlysuboptimalwith re-
spectto the real world. The reducedstatespacemeans
that the modelhasno notion of the sizeof the robot or
of theconsequencesof differentorientations.As aresult,
thepolicy is freeto movetherobotarbitrarilycloseto ob-
stacles.Figures3cand3dshow theresultsof policy itera-
tion,aftersearchingontheinitial setof waypointsandaf-
ter thewaypointsetsizehasconverged.Thepolicy found
with the initial setof waypointsis a clearimprovement,
however someoddmotionsaregeneratedto compensate

for an impoverishedpolicy representation.Whenmore
waypointsareadded,the policy convergesto a straight-
line paththroughthenarrow doorway. Theeffect of the
additionaldimensionsof velocitycanbeseenin themid-
dle of thedoorway – therobot's velocity is low entering
thedoorway, to reducethelikelihoodof hitting thedoor.
Oncethe robot is part-way throughthe door, the addi-
tional waypointsdo not changethe robot's heading,but
allow velocity increasesincethekinematicsof therobot
dictatethatthedangerof impacthaspassed.

Table2 shows a quantitative comparisonof an existing
plannerbasedon an approximatevalue function algo-
rithm anda plannerwith value function seedingpolicy
search.Theresultsshown hereindicatethatalthoughthe
planningtime increasessubstantiallywhen addingpol-
icy search,the total time taken to executethe trajectory
dropssigni�cantly comparedto the value function ap-
proach.Thetrajectoryis alsomuchmoreacceptablein an
“intuiti ve” sense– thecontrollerfrom thepreviousplan-
ner spenta signi�cant amountof time driving backand
forth acrossthe narrow doorway before it was aligned
well enoughto enterthe lab. It is worth noting that it
shouldberelatively easyto improve theplanningtimeof
thepolicy searchevenfurtherasthecurrentimplementa-
tion hasnotbeenoptimizedin any manner.
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Figure 4: Velocitypro�les of thepolicy search andcon-
ventionalplanner.
Figure 4 also shows the velocity pro�les of the policy
searchplannerandtheconventionalplanner, for a differ-
ent trajectory(not shown dueto spacelimitations). The
velocitypro�les shows thatthepolicy search�nds aplan
thatachievesa consistentlyhighervelocity (between10-



Table2: Experimentalresults

Algorithm Planningtime Executiontime Distancetravelled
Prior (valuefunction)planner .44+/- .03sec 133.15 3272.5cm

Policy search 7.0+/- 4.8sec 107.6 1432.1cm

20cm/sfaster).

6 Conclusions

In this paper, we have shown how seedingof the pol-
icy searchwith a solution from an approximatevalue
function can be usedto directly perform motion plan-
ning in thefull statespaceof therobot.This allows usto
avoid many of the assumptionsof existing motion plan-
ners,suchaspoint-shapedrobotsanddeterministicmo-
tion. We are also able to generateplansthat obey the
physical,kinematicanddynamicconstraintsof therobot,
andcanexpressarichersetof plans.Thekey assumption
is that the low-dimensionalvaluefunction,while subop-
timal with respectto reality, biasesthepolicy searchcor-
rectly, anddoesnot leadto anarbitrarilybadcontroller.

We demonstratedthis work on a real robotnavigating in
our lab, in particularfocusingon a goal that requiresa
highlyconstrainedtrajectory. Preliminaryresultsindicate
weareableto handletheserealworld problemsappropri-
ately, andareableto outperformanexistingapproximate
valuefunctionstyleplannerin constrainedsituations.

Althoughwecurrentlyassumeafully observableMarkov
decisionprocessmodel, in the future we would like to
draw uponmuchof the recentwork on policy searchin
POMDPsto bettermodelnoisyrobotsensors.Certainly,
approximatevalue function methodssuchasCassandra
etal. [4] andRoy & Thrun[16] couldbedirectlyapplied
to thismethod.
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