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Abstract

We simulate the spatial and temporal evolution of inhomogeneous flow
fields in viscometric devices such as cylindrical Couette cells. The com-
putations focus on a class of two species elastic network models which
are prototypes for a model which can capture, in a self-consistent man-
ner, the creation and destruction of elastically-active network segments
as well as diffusive coupling between the microstructural conformations
and the local state of stress in regions with large spatial gradients of lo-
cal deformation. For each of these models, the ‘flow curve’ of stress and
apparent shear rate resulting from an assumption of homogeneous de-
formation is non-monotonic and linear stability analysis shows that the
region of non-monotonic response is unstable. Steady-state calculations
of the full inhomogeneous flow field lead to localized shear bands that
grow linearly in extent across the gap as the apparent shear rate is in-
cremented. Time-dependent calculations in step strain experiments and
in start up of steady shear flow show that the velocity profile in the gap
and the total stress measured at the bounding surfaces are coupled and
evolve in a complex non-monotonic manner as the shear bands develop.
These spatio-temporal dynamics are consistent with time-resolved parti-
cle imaging velocimetry measurements in both concentrated solutions of
monodisperse entangled polymers and in wormlike micellar solutions. The
computational results have a number of implications for experimental ob-
servations of ‘apparent’ or ‘gap-averaged’ quantities in nearly-viscometric
devices, and lead to plateaus or ‘yield-like’ transitions in the steady flow
curve and deviations from the Lodge-Meissner relation in non-ideal step
shearing deformations.
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1 Introduction

A central assumption behind rheometry is that the velocity field generated in a
rheometer remains viscometric at all deformation rates. By judicious choice of
geometric parameters such as the cone angle or gap separation characterizing the
test fixtures, any spatial inhomogeneities are expected to remain small. How-
ever, many complex fluids including concentrated solutions of wormlike micelles
and highly monodisperse entangled polymer solutions undergo a more dramatic
rheological response beyond a critical stress and develop pronounced inhomo-
geneities or ‘shear bands’ even in apparently simple shearing deformations such
as start-up of steady shear flow or large amplitude step strains. To capture the
onset and evolution of these shear-banding transitions it is necessary to develop
and solve appropriate constitutive models that couple the spatial and tempo-
ral evolution of both microstructural information (such as the number density
and conformation of active species) as well as the resulting macroscopic stress
resulting from the deformation of the microstructure.

In this work we are specially interested in the viscoelastic systems formed by
wormlike micellar surfactants in a Newtonian solvent. In solution these “worms”
can entangle, like polymers, and thus add elasticity to the fluid flow, but in
addition they introduce an extra relaxation mechanism into the system due to
their ability to break and reform continuously. These solutions have been the
center of numerous theoretical and experimental studies as discussed in [1-4].
Applications of wormlike micellar solutions can be found in diverse industries:
in the cosmetics industry they are used as gelation and shear thinning agents in
products like shampoos and body gels; in the petroleum industry they are used
in fracturing operations and enhanced oil recovery.

Of particular interest is the fact that flows of wormlike micellar solutions can
become spatially inhomogeneous under simple loading conditions. Experiments
have shown that under certain conditions of concentration and temperature,
these solutions exhibit local shear banding events, leading to the formation
of domains with distinct localized shear rates. In particular, in steady state
shear flow experiments using a circular Couette geometry there is a range of
apparent shear rates, 41 < § < “2, for which the steady state velocity profile
across the gap shows a greatly-enhanced velocity gradient towards the inner
or moving cylinder and a much lower velocity gradient towards the outer or
fixed cylinder [5-11]. The kinematics of this shear banding behavior has been
studied experimentally by a number of groups using a range of localized probes
such as flow induced birefringence [5, 6], particle image velocimetry [6-8], light
scattering and small angle neutron scattering [9], ultrasound [12], and nuclear
magnetic resonance [10, 11]. For such systems the corresponding steady state
flow curves are measured in a rheometer.

In the steady state flow curve, for shear rates less than 4, or larger than s,
the variation in the velocity profile is almost linear across the gap as expected
for a viscometric flow of a Newtonian fluid for which the velocity profile is given



exactly by
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where v; is the velocity of the inner cylinder, v, the velocity of the outer cylinder
is zero, and 1;, 1, are the inner and outer radius respectively. If y = % is

the local distance across the gap, then for p = (r, — r;)/r; << 1, the equation
above can be linearized as

o(r) = vi(l —y)(1 +0p)) = vi(1 —y), (2)

in which p is the curvature parameter. For shear rates in the intermediate
regime, J1 < ¥ < 2, the velocity profile exhibits banded like variations which
are substantially larger than O(p). The steady state flow curve measured in a
rheometer for many micellar solutions exhibits a plateau. Measurements with
monodisperse entangled ploymer solutions also show a pronounced plateau [13].
It has been pointed out by Porte et al. [14] and Berret [15] that such a flow curve
could result from an underlying non-monotonic shear stress versus shear rate
curve such as the one shown in Figure 1.
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Figure 1: Steady state shear stress versus shear rate in viscometric flow. The stress
region T, < 7 < Tm is a multi-valued section of the viscometric flow curve, shown
here with the solid line. Experiments show that in this region shear banding occurs
causing the formation of a stress plateau similar to the dashed curve.

Homogeneous solutions to the underlying constitutive equation in the region
of the negative slope of the flow curve can be shown to be unstable [16]. Thus
for shear rates/stresses in this region, the system is expected to select a stable
composite solution which consists of two or more domains with shear rates on
the rising portion of the curve that exist at the same shear stress values, as
dictated by the momentum equation, in a such a way as to satisfy the external
boundary conditions. This results in ‘shear banding’, or the development of
multiple localized bands with different shear rates. In this case, since the actual



flow is inhomogeneous, there is a marked difference between the apparent value
of any variable observed in a rheometer and its local value. For example, the
apparent shear rate 4, can be defined, as in [17],
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where the expression on the right hand side comes from the proper curvilinear
definition of the local shear rate in circular Couette flow,
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Recent particle image velocity (PIV) measurements have shown that similar
band-like transitions with strongly inhomogeneous local velocity gradients can
also develop and evolve in highly monodisperse entangled polymer solutions
undergoing both steady [13, 18] and transient shearing flows [19, 20].

Constitutive modeling of complex fluids that undergo shear banding defor-
mations can be subdivided into two categories: (i) phenomenological models
that describe global features such as the plateau in the flow curve but provide
no information on local kinematic features such as shear bands (see for example
[21]) and (ii) more complex models that result in a non-monotonic flow curve
under the assumptions of viscometric deformation [22]. For further details and
discussion of these approaches, see for example the recent reviews of [3, 4].
In the latter class of models it is necessary to solve the coupled differential
equations for stress and conservation of momentum in order to determine the
local velocity field and the resulting apparent flow curve. In the present paper
we compare our results with those predicted by the Johnson-Segalman model
[23], which has been extensively studied in inhomogeneous steady shear flows
[22, 24-27]. Although motivated by physical processes such as non-affine chain
deformation, the Johnson-Segalman (JS) class of models cannot be connected
directly to microstructural features of the flow such as the breaking and re-
forming processes important in shear-banding transitions of wormlike micellar
solutions. These processes lead to experimental observations of variations in
the alignment and the number density of wormlike micelles in space and time
[9, 28]. In addition, in step strain calculations, the shear stress and normal
stress differences predicted by the Johnson-Segalman model can become non-
physical and lead to oscillatory functions of strain (see discussion below and
Figure 2). Furthermore, the predictions of the Johnson-Segalman model do not
obey the Lodge-Meissner relationship [29] and in elongational flows, the axial
component of the stress predicted by the JS model grows without bound in
time [29] leading to divergence in the extensional viscosity. Thus viscoelastic
constitutive models which capture the coupled evolution in local microstructure
and stress, and which can be related to physical scission/reforming processes
need to be formulated and investigated.

In [30] a network model focusing on two interacting species was formulated to
describe the rheological behavior of wormlike micellar solutions. In this model,



referred to hereafter as the VCM model, the micelles were modeled as elastic
segments comprised of Hookean springs connected to form an elastic network.
The breaking and reforming dynamics of the chains provide a “simplified” ver-
sion of the reaction kinetics proposed by Cates [31]. The VCM model considers
only two species of chains, but the chain breakage rates are allowed to depend
on both the local shear rate and stress. Shorter chains, of length L/2 units, can
join one another at their ends to form into one long chain of length L units.
Analogously, a long chain can break in its center to form two short chains. This
discrete two species model is greatly simplified as compared to the continuous
Cates theory in which chains break with equal probability at any point along
their length, and in which chains of any length can join to form a longer chain.
However, the simplified formulation is amenable to studying nonlinear inhomo-
geneous and time dependent deformations. In [30] this two species VCM model
was analyzed in the linear viscoelastic regime as well as in steady shear flow, step
strain deformation and uniaxial extensional flow, but always under the assump-
tion of viscometric flow conditions. Representative values of the five parameters
of the model were also determined by comparison with rheological measurements
in a well-studied wormlike micellar solution. However, quantitative comparison
between the model predictions and observations are limited to small/moderate
Weissenberg numbers (Wi < 1) because the flow curve measured in steady
shearing experiments exhibits the familiar plateau behavior sketched in Figure
1 (the broken line) whereas if a homogeneous flow is assumed a priori, the VCM
model predicts the non-monotonic curve shown by the solid line in Figure 1.

In this paper we study computationally the onset and temporal evolution
of inhomogeneous states in steady and transient shearing flows. The analysis
and computations are carried out in a circular Couette geometry in which the
global variation in the state of stress across the gap can be varied by controlling
the ratio r;/r,. Because of the complexity of the coupled differential equations
governing the evolution in microstructure and the local stress in the VCM class
of network models, we first consider two special limiting cases: The first case is
referred to as the PEC model since it focuses on a single viscoelastic species in
which the functional form of the breakage rate of the long chains is described
by a non-linear function that leads to the Partially Fxtending Convective strand
constitutive equation proposed by Larson [32]. The Larson-PEC model was first
introduced as a generalized differential analogue of the Doi-Edwards reptation
theory for entangled polymer melts [29]. The second limiting case, referred
to here as PEC+M, is a model with two non-interacting viscoelastic species
in which the first species (species ‘A’; consisting of longer and more elastic
chains) evolves in a form consistent with the Larson-PEC model and the second
species (species ‘B’, consisting of shorter and less elastic chains) is described
by the upper convected Maxwell model. Such a model may be expected to
accurately capture the key features of the rheological response observed in recent
experiments with solutions of monodisperse entangled chains (species ‘A’) in
solutions of shorter chains (species ‘B’) [18, 19].

As we discussed earlier, an alternate single species model, the Johnson-
Segalman model, has been studied in shear by Olmsted et al.in, for example,



[22, 27]. We also re-computed those results, both as a baseline for verification of
our numerical methods and in order to consistently compare the predictions from
that model with the predictions from the two new models studied in the present
work. All the models considered in this paper predict shear banding behaviors
that qualitatively agree with experimental observations in steady shear flow.
However, as noted above, the Johnson-Segalman model can predict unphysical
responses in both step strain and extensional flow experiments [29], in contrast
to the PEC and PEC+M models. To demonstrate this, in Figure 2 we compare
the damping function predicted by the PEC model and the Johnson-Segalman
model in step strain. Although both models show strain softening at strains of
magnitude v > 1, the PEC model shows a smooth monotonic strain softening
consistent with equivalent experimental observations in micellar solutions [30]
and entangled polymer solutions [29].
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Figure 2: Viscometric calculations of the damping function from the PEC model
with nonlinear parameter £ = 0.52 and the Johnson-Segalman model with nonlinear
parameter a = 0.52.

The structure of this paper is as follows, the formulation of the VCM model
[30], which includes spatial variations as well as scission and reforming reac-
tions of two interacting species is reviewed briefly in Section 2. In Section 3
the simplified PEC and PEC+M model forms are introduced, including the ap-
propriate diffusion terms and additional Newtonian solvent contributions, and
in Section 3.1 the governing partial differential equations are written out for
time-dependent circular Couette flow. In Section 3.2 we present the boundary
and initial conditions used in the numerical calculations. In Section 3.3—3.5,
we give explicit solutions in shear and step strain for the PEC and PEC+M
model assuming a homogeneous viscometric flow. A temporal stability analysis
of the solutions along the flow curve and the effects of varying the different
constitutive parameters appearing in the model on the stability of these solu-
tions are also presented. Section 4 is a discussion of “apparent” gap-averaged
(i.e. rheometrically-observable quantities) versus “local” variations of the stress.



Finally, in Section 5, steady state as well as time-dependent computational re-
sults are presented for the PEC and PEC+M models in start-up of steady shear
flow and in step strain. These are the first computations we are aware of that
describe the evolution of shear bands following a sudden step strain using a
viscoelastic constitutive model with an underlying non-monotonic viscometric
flow curve. The computational predictions for the structure and evolution of
the shear bands in start-up of steady shear flow capture many of the features
observed in recent PIV measurements with entangled polymer solutions [18, 19]
as well as observations of shear-banding in strong flows of wormlike micellar
solutions.

2 Governing Equations for the Two Species Scis-
sion Network Model

In the VCM model we consider chains of length L, labeled species A, and chains
of length L /2, labeled species B. Using the tools of kinetic theory, as in [30, 33—
35], one can derive the evolution equations for the number density probability
distribution functions of species A and B, U4 (r,Q,t) and ¥pg(r,Q,t) respec-
tively, considering variations in space, configuration space, and time. The details
can be found in [30]. Here Q is the connector vector between elastically-active
nodes of the network. Integrating these equations over the configuration space,
dQ, and non-dimensionalizing as in [30], gives the equations for the number
density of the two species defined as

napa = /‘I’AdQ, (5&)
ne = [wdQ (5b)
Similarly, multiplying by QQ and then integrating over configuration space

gives the equations for the non-dimensional stress contributions from species A
and B as

A= / QQV.AIQ = {QQ} 4, (6a)
B = / QQU5dQ = {QQ} 5. (6D)

Combining these expressions with the Smoluchowski equation gives the govern-
ing equations for the dimensionless number densities:

D

1 gtA = 204V%n4 —064AVV : A + CTBTLQB —cAna (7a)
DnB - 2 . 2

,LLW = 20V*np —20p VV : B —cpnp +2cany (7b)



and for the dimensionless stress contributions:

MA(l)—i—A—nAI—(SAVzA = c¢pnpB —caA (8a)
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where (-)(1) indicates the upper convected derivative
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The nondimensional total micellar stress is given by
oc=A+2B. (10)

The parameter p = Aa /Mg is the ratio of the relaxation time of species A in
the absence of scission and reforming (reptation time) to the effective relaxation
time of the solution when scission and reforming dynamics are included. The
parameter € = Ag/A4 is the ratio of the relaxation time of the shorter species
B to that of the longer species A. The breaking and reforming rates, c4 and cp
remain to be specified. In [30] we consider

1 A
= Cheq + € [H 2 11
cA CAq+3§('y nA> (11)

CB = CBeq = constant, (12)

where 7 is the shear rate, c4cq and cpeq are the equilibrium breaking and re-
forming rates and ¢ is a parameter. The non-dimensional diffusion constants
are defined as 04 = AaDa/h? and 6 = 64/2, where h is the dimensional gap
width and D4 is the diffusivity of species A (see [30]). These parameters are
important in the analysis of inhomogeneous flows and lead to the development
of boundary/internal layers in such flows [34]. They also result in smoothing of
sharp discontinuities that can otherwise arise between neighboring shear-bands.
These diffusion terms, introduced by Bhave et al. in [34] require specification of
boundary conditions on the stress at the walls. In [34] Dirichlet conditions were
imposed resulting in boundary layers at the walls. Alternate Neumann bound-
ary conditions are considered in [24]. For further discussion on the variations in
the rheological predications as the model parameters are varied see [30].

The constitutive equations (8) for the total viscoelastic stress and the evo-
lution equations for the number densities of the two species (7) are coupled
with conservation equations for mass and momentum, which can be written in
dimensionless form as:

e Conservation of Mass

V.-v=0 (13)
e Conservation of Momentum
0
BT = =V (pl - By + 1) (14)



where E = Aegno/ph? is the elasticity number which measures the relative
importance of unsteady elastic and inertial effects in the flow [30]. The solvent
viscosity ratio is given by 8 = 1, /1o and is typically very small for micellar fluids
or concentrated polymer solutions. The total polymeric contribution to the
stress is comprised of the contributions from species A and B plus an additional
isotropic contribution from each species:

T =—A —-2B+ (na +ngp)L

3 The PEC and PEC+M Models

The first nonlinear network model examined in this paper is a single species
model that is identical in homogeneous shear flow to the differential constitu-
tive equation proposed by Larson [32] for entangled polymer melts undergoing
reptation. The partial retraction of the chains inside the convecting and de-
forming tubes is described by the Partially Extended Convected derivative and
is referred to henceforth as the PEC model. The second model, denoted for
brevity as PEC+M considers two non-interacting viscoelastic species, in which
the first species is modeled by the Larson-PEC model and the second species
by the upper convected Maxwell model. Analyses of these two models in in-
homogeneous flows, either with or without diffusion, have not been considered
previously, and are a first step to considering our full scission/reforming net-
work model for entangled wormlike micellar fluids. These two models are also
relevant to understanding the shear banding observed in strong shear flows of
monodisperse polymer melts [18, 19]. The rheological predictions of the two
models in homogeneous flow are summarized in Figure 3. In the PEC model
the presence of a viscous Newtonian solvent contribution is crucial to assuring
that there is an upturn in the steady state viscometric flow curve at high shear
rates. In the two mode PEC+M model, the shorter and less elastic Maxwell
species takes the place of this solvent, and thus physically-realistic values for the
additional Newtonian solvent can be used, as shown in Figure 3(b). Note that
for a wormlike micellar solution with a zero shear rate viscosity 1y = 14.5 Pa-s,
the non-dimensional solvent viscosity 3 = 1s/m9 = 6.78 x 10~° corresponds to
a solvent viscosity ns = 0.001 Pa-s which is the viscosity of water. In principle,
the PEC+M model is well-posed and can also be studied in the limit  — 0,
however the presence of a small but finite solvent viscosity is important in the
numerical algorithm employed for solving inhomogeneous flow profiles; we thus
retain this term in our analysis below. Finally, the inserts in Figure 3 show the
dimensionless first normal stress difference N7 as a function of shear rate. In
the single mode PEC model, Ny approaches a plateau at high shear rates due to
increasing chain disentanglement and retraction. By contrast, in the two species
PEC+M model the second viscoelastic mode (describing the shorter disentan-
gled chains) contributes additional elasticity to the fluid response at high shear
rates, which is consistent with experimental findings [36].
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Figure 3: (a) Viscometric steady state shear stress for the PEC model with £ = 0.3
and 8 = 0.005; in this model 7,9 Ao — B7%. (b) Viscometric steady state shear
stress for the PEC+M model with € = 0.3, enp = 0.005, and 8 = 6.78 x 107%; in this
model 7.9 = —A,9 — 2B,9 — B7. Inserts: First normal stress differences.
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¢ PEC Model with Conformation-Dependent Diffusion
The PEC form of the VCM model, with the addition of the diffusion terms

that arise in the formulation when gradients of local conformations are consid-
ered [29], is
€

S (5 A)A

A(1)+A—I—5AV2A: — (15)
where the micellar stress is given by o = A (Equation (10) with B = 0).

This model can be obtained as a limiting case of the VCM model, when
na =1, np = 0 and € = caeq = CBeq = 0, that is, there is no equilibrium
breakage or reforming of the longer species A chains. In this limit 4 = 1 (or
deff = Aa) so that the effective relaxation time of the mixture, Mg, is equal
to the reptation time, A4, of species A and there is no re-scaling of the effec-
tive relaxation time of the elastic network from the breakage of chains. The
PEC model without diffusion terms was formulated by Larson as a differential
form of the Doi-Edwards model for entangled polymer melts undergoing rep-
tation [29]. The polymer chains, in this case, are allowed partial, versus full,
retraction within their tubes. This process is governed by the non-linear term
on the right hand side of Equation (15) and controlled by the magnitude of
parameter £. In the PEC model such a term represents partial tube loss fol-
lowing chain retraction as opposed to micelle breakage as in the VCM model.
In the latter case, an evolution equation for number density is also required for
mathematical consistency but otherwise the resulting constitutive formulation
is identical. Hence the PEC model should be a good differential model for fast
flows of monodisperse and entangled polymeric solutions where there is no chain
breakage [18, 19].
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e The PEC+M Model with Conformation-Dependent Diffusion
The PEC+M model is introduced as a precursor to consideration of the full
VCM interacting species model. The constitutive equations for the contributions
to the total stress from the two active species in the elastic network are
£

Any+A-T-04V’A = —g(‘y:A)A (16a)

eB(l)—i—B—n?BI—ecSBVQB - o, (16b)

where the total viscoelastic stress is o = A + 2B. Here we expect d4, dp, and
€ = Ag/Aa to be much smaller than one. These three parameters are defined
as in Section 2. As in the single species case, = 1 since this model considers
no breaking or reforming of the chains.

There is no specific limiting procedure on the VCM model that will gen-
erate the PEC+M model since conservation of species in the VCM requires a
term of the form (2£/3) (4 : A) A in the right hand side of Equation (16b).
However, there are a number of similarities between this model and the VCM
model that are worth investigating. The model (16) can be understood as
combining the stresses from two non-interacting viscoelastic species, the longer
chains ‘A’ under reptative like motion (with reptation time A4) and the shorter
unentangled chains ‘B’ (with relaxation time Ap << M) which give rise to
Rouse-like viscoelasticity. This formulation should be a good model to describe
the experiments in [18, 19] which consider solutions of long polybutadiene chains
(MW~ 10%g/mol, c~ 10%) in a sea of short chains (MW~ 10%g/mol).

3.1 Shear Flow Equations in Circular Couette Geometry

In the circular Couette geometry we assume a unidirectional shearing flow of
the form

v = (0,v(r),0)
so that
(v-V)(-) = 0 (17)
A = 40,09 + 7940, (18)
i) = () (19)
YA = 294 (20)
i) = Lm0 1)

where (r) is the local shear rate. With these assumptions conservation of
mass is automatically satisfied, and the two relevant conservation of momentum

equations are:
E_l@ 10

ot - T_QE (T2(_Tp7‘9 + 6/7)) (22&)
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and

2
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where
Tprr = _Arr - 2Brr + (1 + TLB) (23&)
Tpro = _A’I"9 - 2Br9 (23b)
Tpoo = —Apg —2Bgg + (I+npg). (236)

For the PEC model ng = 0 and B = 0. As pointed out at the beginning of
this section, the values of 3 are of different orders of magnitude for the PEC
and the PEC+M models. In the PEC model the stress contributions at large
shear rates come solely from the solvent viscosity. To fit the measured upturn
in the shear stress in wormlike micellar systems, for this range of shear rates, an
unphysically large value of the solvent viscosity is assumed (3 = O(1073)). On
the other hand, in the PEC+M model such contributions to the stress are given
by the viscoelastic species B and the solvent viscosity takes a more realistic
value so that 3 = n/ny = O(107°).

e PEC Model with Conformation-Dependent Diffusion: Circular
Couette Equations

From Equation (15) and Equations (17)-(21), we obtain the governing equa-
tions for the stress components in the cylindrical Couette geometry as follows

0A,, 10 0 2
o1 + Arr —-1- 5A [;E (TEAT‘T) _T_2(Arr - AHH):|

- _gg;yATGATT (24&)

aArG
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. 10 0 4
- ’yA’I‘T‘ + Ar@ - 6A |:;E (TEATQ) _T_QATO:|

2 .
= —§§7Ar9Ar0 (24Db)

0Apg
ot

. 10 0 2
—2%A0+ Agp — 1 — 04 {;E (TEAW) +T—2(Am« - Aee)]

2,
= —gﬁ”yAreAee (24c)

0A.. 10 0
It + A —1-0a {;E (TEAZZ)]

= _ggﬁATGAzz' (24d)
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e PEC+M Model with Conformation-Dependent Diffusion: Circular
Couette Equations

In the PEC+M model, the contributions of the longer chain species are
modeled by the PEC model and the stress components of species A are again
given by Equations (24). These equations are coupled, through the momentum
equations, with the equations for the contributions to the stress from the shorter
chain species B obtained from Equation (16b),

ot 2 ror rar r2
=0 (25a)
aBrO . 10 0 4
€ ot - E,YB’I‘T‘ + Br9 - 653 |:;E (TEBTO) - ﬁBr9:|

=0 (25b)

0Byg : ng 10 d 2
€ T 2¢yBg + Bog — 5 = e {;E (rngg) + T—2(BTT - ng)}

=0 (25¢)

0B.. ng 190 )
““or + Bz - 2 €5 [?E (TEB“H
=0. (25d)

We seek to describe systems in which the shorter species B follow unentangled
Rouse-like dynamics so that Ap ~ (L/2)?, and the A species relaxes through
reptation so that Ay ~ L3/Lg, where Lg is the entanglement length [30], and
hence ¢ = Ag/Aa ~ Lg/4L << 1. In the limit ¢ — 0, species B behaves like
a Newtonian fluid with a purely Newtonian contribution to the stress which in
dimensional terms is ng = ngkTAp [30].

3.2 Boundary and Initial Conditions

In this paper we consider two types of deformations: start up of steady simple
shear flow and stress relaxation after a step shear strain. In the first case we
impose the apparent shear rate or velocity across the gap (see equation (3)),
in the second case we control the apparent strain across the gap by imposing a
displacement at the inner wall.

e Imposed Shear at the Walls

For controlled shear rate experiments, ideally the boundary conditions are:

vi(t=07)=0, v;(t=0")=v; = De, (26a)
v = 0. (26b)
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Here De = A4V'/h, where V' is the dimensional velocity at the inner cylinder
[30]. Note that we do not consider the possible effects of slip at the wall,
although this is observed in some experiments [19]. We assume the walls are
suitably roughened to eliminate any slip effects. Because it is impossible in
practice to achieve an instantaneous step jump in the wall velocity, we consider
two different possible approaches to imposing shear at the inner cylinder; the
first a “quick” ramp, or jump-up, in shear rate, the second a slow ramp in shear
rate. Similar cases are considered by Olmsted et al. [22]. For both conditions
the velocity at the inner wall, for ¢t > 0, is modeled by

v;(t) = De tanh(at), (27)

where time is scaled with As. This velocity corresponds to an eventual non-
dimensional apparent shear rate across the gap at steady state of ¥4,, = De. In
the first, ‘jump-up’ case, we select the dimensionless coefficient a such that the
ramp is complete well before the relaxation time of species A. We chose a = 2
for which the time to half-height for the tanh function is roughly a quarter of
one relaxation time. In the second, ‘ramp up’ case we use a ramp that is not
complete until after several relaxation times. We chose a = 0.1, hence it takes
roughly 5 to 6 relaxation times to get to half-height. The effect that these two
functions have on the predictions of the models, as well as the effect of even
faster jumps, will be studied in Section 5.

If the diffusion parameters d4,dp are not zero, boundary conditions on the
stress must be imposed at the walls. There has been some discussion in the
literature as to the appropriate boundary conditions to impose [37]. In the
present computations, we use no flux of conformation as used by [22, 24, 34, 38].
The Neumann boundary condition for the stress at the walls are then:

0A 0A
or i orlo 0 (282)
0B 0B
ol ol =0 (28b)

Some analysis of imposing Dirichlet as opposed to Neumann boundary condi-
tions on the stress can be found in [39].

e Imposed Step Strain at the Wall

In step strain experiments, the response of the fluid to an instantaneous imposed
strain is considered. However in practice because of the finite moment of inertia
for any rheometric fixture, the displacement of the inner cylinder can not be
completed in zero time, and hence in our computations we use a ramp in strain
thus specifying the inner wall displacement as

di(t) = vo(1 — (1 4 bt) exp(—bt)). (29)
The displacement of the outer cylinder is fixed, so that
d,(t) = 0. (30)
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Equation (29) corresponds to an applied velocity at the inner cylinder of
vi(t) = Yob*t exp(—bt). (31)

Here we explore the effect of different values of the parameter b, where b is a
dimensionless measure of the motor response rate. The velocity of the cylindrical
bob starts at zero, rises rapidly and then decays to a final rest state after the
desired angular strain displacement is attained. Calculations of ideal steps in
strain are given as limiting cases when b — oo.

e Initial Conditions

All computations in this paper are carried out in time to capture the history
dependence of the viscoelastic stress fields. Conditions at ¢ = 0~ for both ramp
up and jump up tests are that the network is at resting equilibrium, so that the
stress satisfies

Ayo(r,0) = Byg(r,0) = 0, (32a)
Ay (r,0) = Agg(r,0) = 1, (32b)
By (r,0) = Bog(r,0) = ”73 (32¢)

3.3 PEC/PEC+M in Viscometric Shear Flow

In steady state shearing flow, the solution to the PEC model can be found
explicitly as a function of the shear rate if spatial dependence in the shear rate
is ignored (viscometric flow). From Equations (24) setting 4 to be a constant,
the normal components of the conformation as a function of the shear stress
and shear rate are [32]:

1 1+ 29A,
App = g, Agg= — 7 10 (33)
14 587 Arg 1+ 5&7Are
so that 64 A
VAro
Ny =Apg— Ay = ————, 34
L RN oY

where Nj is the dimensionless first normal stress difference scaled with n kT,
and the shear rate is scaled with 4. Substituting these expressions into Equa-
tion (24b) gives

4 4
SEAPAL + EAL + Arg 7 = 0. (35)
The only real solution to this cubic equation is
1 (J—1)?
Avg= ———— 36
=3 (36)

where

/2 ;2
J=(1+49?+365Jo)3 and  Jy = %@
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The curve described by Equation (36) is non-monotonic, with a maximum at

6 1 /6
.max = = d A’I" max — A/ =
o ¢ an 0 1 \/2 (37)

Furthermore, asymptotically for 4 << 1, we obtain the expected form
Ag~% and Ny ~2%% (38)

whereas for ¥ >> 1,

2/3 4/3
R T B 3_ o3 sous
Ao (25) o 37 and N ¢ 2 2 o . (39)

Therefore, when the solvent viscosity (7 is added to the micellar contribution
to the shear stress, A9, with the right choices of § and &, the total shear stress
first increases with shear rate, then decreases, as A,y decreases, and finally
increases again as A,g decays away and the solvent shear stress % dominates
(see Figure 3(a)). Similarly, the first normal stress difference first increases
quadratically in shear rate, then levels off to a constant value 3/ (see the insert
in Figure 3(a)).

For the PEC+M model the micellar contribution to the stress is o0 = A+2B,
where we expect € = A\g/Aa << 1. When % is small, the total stresses come
primarily from species A. When e§ > 1 (so ¥ >> 1),

Orp ~ 2BT9:€’IIB"')/ (40)
N1 ~ 2(Bgg — Byy) = (¢9)*np. (41)

Thus, in the limit of 4 >> 1, the contribution from species B dominates the total
viscoelastic response of the network (see Figure 3(b)). The stress contribution
from the solvent is negligible due to the small value of 3. Note that in the PEC
model Nj approaches a constant value at large shear rates, since the Newtonian
solvent provides no contribution to the first normal stress difference. Whereas
for the PEC+M the curve for Ny has an up-turn when ey > 1 (so § >> 1),
this comes from the contribution from the viscoelastic species B. In contrast to
the predictions of many empirical models, measurements in entangled micellar
fluids do not typically show a plateau in N; [3] and the PEC+M model is thus
expected to be a better description of the rheology of such fluids at high shear
rates.

3.4 Stability Analysis of the PEC Model

To examine the stability of Equations (24) with 4 = 0, we follow the results
obtained by Yerushalmi et al. [16] and evaluate the dependence of the stability
of the PEC model on its parameters, namely 3, £. With the solutions as given
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in (33) and (36) as the base state, we perturb A and % as

Ag = A+ Alge ™,

A = AV 4 AL eV

A@Q = Age + Aée eil’t,
,'y — ,'YO + ,yl e—l/t'

Figure 4 shows the base state steady flow curve, shear stress as a function of
shear rate, for several values of £ and 3. Also drawn in this figures is the curve
of the smallest eigenvalue, v, of the perturbed system. The system is unstable
(v < 0) in precisely those places where the flow curve has a negative slope. In
general, the maximum and minimum points in the curve of shear stress versus
shear rate, or equivalently, the bifurcation points of the curve as given by the
change in sign of the real part of v, are given by

3 . 3
2_57 ”Y|min :g(ﬁ) 2_5

Values of f(3) and g(3) for the values of § used in this study are given in the
caption of Figure 4. In [40], a general equation that gives the dependence of
von 3, £, and ¥ is given. The results in Figure 4(a) show that increasing the
parameter £ results in a shift of the unstable region to smaller shear rates along
the shear rate axis, in agreement with the predictions above for the location of
the local maximum and local minimum of the curve. On the other hand, as
seen in Figure 4(b), increasing (3 lifts the eigenvalue curve so that for 5 = 0.016
there is no longer a negative eigenvalue, while at the same time the flow curve
has become monotonic.

F.Y|max = f(ﬂ) (42)

3.5 PEC/PEC+M in Viscometric Step Strain

In a viscometric step strain, if the strain is applied as an ideal step function
[32], the relaxation function given by the PEC model is separable and can be
given by

Tr
~o- = Glt:70) = exp(=Dh(30): (43)
where the damping function h(y) is given by [29]
1
h(v) = ——=73- (44)
1+£75/3

In the PEC+M model, for an ideal step in strain, the relaxation of the second
shorter species gives an additional contribution and the response is:

Tro

P = G(t,v) = exp(—t)h(y0) + npexp(—t/e) (45)
where we expect ¢ = A\g/A4 << 1. Therefore,
G(t
C:90) o)+ np explt — t/e) ~ h(ro) for t=O(1). (46)
exp(—t)
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Figure 4: (a) Steady state shear stress curve (blue) and the the smallest eigenvalue
(in black) for two different values of the nonlinear constitutive parameter . In this
figure 8 = 0.005, f(0.005) = 2.19, ¢(0.005) = 18.32. (b) Steady state shear stress
curve and the largest eigenvalue for different values of the solvent viscosity (. In this
figure £ = 0.3 and f(0.001) = 2.03, g(0.001) = 71.21.

Note that for the quasilinear species B we can solve analytically for the relax-
ation function for a ramp in strain given by Equation (29) to obtain

b2

By = ’Yoan [e_t/e

— et — (b —1)te tt/e (47)
Thus, for “ideal” steps with b — oo, the effect of this species can only be
observed at times t ~ O(e). Typical motor response times may be in the range
10-100ms and measuring the relaxation of the second species is thus expected

to be convoluted with the motor response function.

4 Measured versus Calculated Material Func-
tions

As noted in the introduction, because the flow is inhomogeneous there is a
difference between the apparent value of any variable and its local value. As
defined in equations (3) and (26), the apparent shear rate in dimensionless form
is i

——— = De,

To —T;

(48)

Yapp =

because we selected the gap width as the characteristic length scale [30]. In
computing normal stress differences the distinction between apparent and local
values becomes even more pronounced since experimental values are not actually
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measured, but rather derived from the total thrust on the wall. For a circular
Couette cell this needs some clarification [17].

The 7, 8 components of the momentum equation in cylindrical coordinates
are:

2
v _ (19 _To|  Op
: E r o |ror (rrr) + aor’ (49)
v 10
0 : E' == (7,
ot r2 or (r7r) (50)
where
T=Ts+Tp (51)
=B+ {-A-2B+ (1+n2)l}.
Equation (49) can be rewritten as
v?  dp o7 (100 — Trr)
Eil— _9p o rr 59
r or or r ’ (52)
and ignoring inertial terms (£ >> 1), we obtain
8Hrr Nl
0= " _ - 53
or r’ (53)

where II,,. = (p + 7,) is the experimentally measured normal stress or thrust
per unit area on the wall of the Couette cell. Hence to compare our calculations
with the experimental data we need to find Il in terms of Nj. Integrating
Equation (53) yields,

T Nl

I (r;) — (o) = Tdr. (54)

To

This allows calculation, from an inhomogeneous distribution Ny (r), of the dif-
ference in the thrusts at the inner and outer walls. Note that alternatively we
could have calculated II,.,. directly but we would then have had to calculate the
unknown pressure p to obtain total stress.

In the limit of small gap size, (r, — r;)/r << 1, the variation in the shear
rate becomes small. In this viscometric limit, N; also varies slowly across the
gap and Equation (53) can be used to define the average first normal stress

difference, Ny, as
N Hrr (Tz) - Hrr (To)

= = . 35
T i —To (55)
Here 7 is the average gap radius, 7 = (r, + r;)/2. Thus,
F
Nl = —T_ — [Hrr('f'i) — HTT(TO)]7 (56)

and Nj can be determined in a circular Couette device by measuring the dif-
ference in the thrusts at the inner and outer walls [17]. As the magnitude of

19



the gap increases, the flow becomes increasingly inhomogeneous and the shear
stress, shear rate and the first normal stress difference all vary across the gap.
We denote the first normal stress difference computed through Equation (56)
as N1 qpp since it is evaluated assuming that stresses vary smoothly and slowly
across the gap. On the other hand our calculated N;(r) depends on the radius
and cannot be taken out of the integral in Equation (54). Thus in order to
compare potential experimental results with those obtained through numerical
calculations we calculate the expression,

T [Hw(ri) — HTT(TO)} _ T " Ni(r)

Ti —To Ti —To ro T

Niapp = dr.  (57)

5 Results in Inhomogeneous Flow. PEC and
PEC+M models

In viscometric flow the equations to be solved form a coupled system of non-
linear ordinary differential equations in time. For inhomogeneous flow, spatial
variations in the velocity gradient result in a non-linear coupled system of partial
differential equations. The inhomogeneous system was solved using the Crank-
Nicholson scheme coupled with iterations at each time step on the nonlinear
part. The momentum equation is coupled to the stress equations by the pres-
ence of the viscous stress 3%(r), and the momentum equation is used to update
the velocity at each time step. When the elasticity number, F, is finite, that
is for flows with finite fluid inertia, the momentum equation is solved together
with the stress equations using the Crank-Nicholson scheme which then itself
updates the velocity.

The parameter values chosen in this study for the PEC model are £ = 0.3 and
[ = 0.005. The choice of £ was taken to be close to the best fit to experimental
curves for the full VCM two interacting species model in viscometric studies [30].
The value of 8 was chosen to assure that the steady state flow curve for this
model is non-monotonic. This value of 3 is smaller than that chosen by Olmsted
for the Johnson-Segalman calculations [22], 5 = 0.05, but still larger than would
be anticipated by the experimental results for wormlike micellar solutions, al-
beit neither model is constructed to agree directly with experiments. For the
PEC+M model we continue with £ = 0.3 and use € = Ag/A4 = 4.35 X 103,
np = 1.1331 so that enp = 0.005, to mimic the solvent viscosity effect in the
PEC model. In addition, these values are roughly consistent with experimen-
tally fitted parameters from the full VCM model. In the PEC+M model we use a
more “realistic” value for the non-dimensional solvent viscosity, 5 = 6.78 x 107°.
The shear stress predictions from the PEC+M model are anticipated to behave
very much like the PEC model at moderate shear rates or step strains since
the second species has a relatively short relaxation time, hence its elasticity
only becomes important in relatively strong or sudden events. Indeed, numer-
ical solution of the system, for the set of parameters chosen here, shows that
in steady simple shear flow the flow curves, i.e. the steady shear stress versus
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shear rate, for the two models are similar although curves for the first normal
stress difference differ (see Figure 3).

5.1 Start up of Steady Shear Flow

As noted above, in shear flow, the behavior of the shear stress as predicted by
both the PEC and PEC+M models is similar; furthermore the time evolution to
steady state under shear without diffusion for both models shows dependence on
the applied flow history. Figure 5 shows the history-dependent steady state shear
stress for the inertialess PEC model as a function of the apparent shear rate,
Yapp defined in Equation (48). The different curves correspond to the different
flow histories noted in Section 3.2, namely jump-up, jump-down, ramp-up and
ramp-down. Olmsted et al. [22] demonstrated, for the Johnson-Segalman model,
that the geometric curvature p also influenced the flow curves predicted by the
model; therefore we carried out a study of the effect of curvature in this paper for
the PEC and PEC+M models. Figure 5(a) shows calculations for a curvature
of p = 0.1, Figure 5(b) shows similar results but for a smaller curvature namely
p = 0.01, where the curvature is defined as
To — T 1

p= =—. (58)

T T

Typical values for the curvature of circular Couette rheometers range from p =
0.079 [6] to p = 0.13 [41]. For comparison, calculations with faster start-up, for
example, tanh(7t), were also computed. The differences for the tanh(2t) and
tanh(7t) for jump down conditions were negligible. For jump up protocols, in
the plateau region, the stress curves from the faster jump lies slightly lower at
higher shear rates than the slower jump up test. In both cases all curves lie
within the envelope of the ramp up and ramp down curves.

When diffusion is added to the PEC, or PEC+M model, the system selects
a unique plateau-like apparent flow curve; that is, the solution is independent of
the flow history as shown in Figure 5 by the solid line. The selected “plateau”
is fairly flat for p = 0.01, but has a small positive slope for the larger curvature,
p = 0.1. This general behavior is similar to that of the baseline (Johnson-
Segalman) model [22]. Changes in the conformational diffusion constant from
04 = 0.005 to 94 = 0.01, do not effectively change the plateau of the steady
state shear stress, but do slightly decrease the overshoot in the steady state
flow curve at the start of the plateau. The presence of a small overshoot in
the apparent equilibrium flow curve as well as path-dependent equilibrium flow
curves are features commonly observed in experiments with micellar solutions
[42-44] and in calculations using the Johnson-Segalman model [22] as well as
another “toy” nonlinear model [45].

In Figure 6 we show in greater detail the evolution in the local stress and
shear rate within the Couette fixture. In this figure solid symbols represent the
values at the inner walls and hollow symbols represent the values at the outer
wall. The solid curve is the non-monotonic viscometric prediction as in Figure
1. When the imposed shear rate is within the multivalued region of this curve
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Figure 5: Steady state flow curves for the PEC model (which are similar to

those for the PEC+M model), (a) p = 0.1 (b) p = 0.01. The figures show
the history dependence for ramp-up: v;(t) = Detanh(0.1t); ramp-down: v;(t) =
300(1 — tanh(0.1¢)) + Detanh(0.1¢); jump-up: v;(t) = Detanh(2t); and jump down:
vi(t) = 300(1 — tanh(2t)) + Detanh(2t). Here the model parameters are 64 = 0,
£ = 0.3, f = 0.006. When configuration-dependent diffusion is added we obtain an
unique plateau, shown as the solid line in the figures. In this case 4 = 0.005. In
figure (b), the dash line is the non-monotonic viscometric predictions.

there is one point on the left portion of the curve, corresponding to the shear
rate at the outer wall, and one at the right side of the curve corresponding to
the shear rate at the inner wall. These points represent the final velocity profiles
chosen within the gap, and show “shear banding”, with the high shear rate at the
inner or moving wall and low shear rate at the outer or fixed wall. The banded
structure of the resulting velocity field at De = 10 is clearly seen in the inset
figure. The two regions represent very different local chain conformation and are
connected by a narrow matching region of width /84 in which conformation-
driven diffusion is important. We also note that the values of the local stress at
the inner and outer walls differ slightly in each profile (at De = 6, 10 or 200)
due to the curvature of the geometry. From the momentum equation (Equation
(50)) in inertialess flow, 79 = ¢/r? where the constant ¢ = 7,77 is the wall
shear stress at the inner cylinder.

Because the shear stress decays monotonically across the gap (by an amount
O(p) for narrow gaps), any attempt to reconstruct the underlying nonmono-
tonic flow curve from local measurements is doomed to failure. To illustrate
this, in Figure 7(a) we show the “reconstructed” flow curve that is formed by
taking the exact local value of the shear stress and the local value of the shear
rate (using the definition in Equation (4)) from the computed velocity profiles.
The velocity profiles from these individual numerical experiments are shown
in Figure 7(b) in dimensionless form. As the imposed wall velocity exceeds
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Figure 7: (a). Reconstructed local shear stress flow curve as a function of local shear
rate for the PEC model. (b). Steady state velocity profiles across the gap for the PEC
model. In both figures 8 = 0.005, ¢ = 0.3, 64 = 0.005, p = 0.1, and E~! = 0.

De = 2, an increasingly banded profile is established. It is clear that the recon-
structed flow curve in Figure 7(a) is monotonic; fitting a power law 7.9 = k3™
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to the data between 2 < 4 < 100 gives a small positive slope of m = 0.016.
This is in clear contrast to the underlying flow curve obtained from an ideal
homogeneous flow assumption. In recent experiments with entangled polymer
solutions, Hu et al. argue that observing a locally-monotonic “reconstructed flow
curve” is evidence of an underlying monotonic constitutive relation [19]. The
present example indicates that such observation of monotonicity cannot be used
to make inferences about the underlying homogeneous curve. Even in the limit
of p — 0 the homogeneous solution shown by the solid line in Figure 7(a) is
linearly unstable to perturbations in the non-monotonic region and will evolve
into a globally monotonic solution consistent with the boundary conditions on
velocity and chain conformation at r = r;, 7.

Figure 8(a) shows the steady state velocity profiles across the gap for various
apparent shear rates. The evolution of the shear bands with respect to apparent
shear rate and the gap position is shown in Figure 8(b). While this behavior
is similar to that observed by Olmsted et al. [22], it differs in one aspect: in the
Johnson-Segalman results, under jump up conditions with p = 0.01, an inverted
band and a two interface band are observed in the plateau region. However,
neither the inverted band patterns nor the multiple banding patterns were seen
in our computation of the PEC or PEC+M models. A single banded structure
with the highest deformation rate at the inner (moving) wall is always obtained.
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Figure 8: (a). Steady state velocity profiles across the gap for the PEC model. The
insert is the position of the kink as a function of the Deborah number. (b). Evolution
of the dimensionless velocity v(De)/v; as a function of dimensionless position y for
different values of apparent shear rate 4qpp, regions where there is a gradual change in
color from dark to light correspond to homogeneous velocity profiles, sudden changes
in color indicate shear banding. In both figures 8 = 0.005, £ = 0.3, 4 =0, p = 0.1,
and F~! = 0. Jump up means tanh 2t.

The inset in Figure 8(a) shows the percentage of the gap occupied by the
high shear rate band, i.e., the distance from the inner cylinder to the “kink” in
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the spatial velocity profile as a function of De. Note that the position yi(De)
varies linearly for Deborah numbers within the plateau region in agreement with
experimental observations [8]. A linear regression gives very roughly yi(De) ~
De/140. A contour plot representation of the extent of the shear band is shown
in Figure 8(b). At low De < 2 the velocity varies smoothly across the gap.
At higher De, the rapid variation in velocity over a small spatial region is the
hallmark of the onset of shear banding. The sharpness of the kink is controlled
by the diffusivity parameter d4, that is there is a smoothing layer of width
V04 at the kink [30]. Precise experimental values for the conformation-driven
diffusivity are not available, but dimensional scaling suggests they should be
small. The calculations in Figure 7(a) and 7(b) are for 64 = 0.005 and show a
smooth velocity transition between bands. In Figure 8(a) and 8(b) the sharp
transitions result from considering the limiting case §4 — 0.

The steady state first normal stress difference at the inner wall as well as the
apparent first normal stress difference obtained using the formula in Equation
(57) for the PEC model, and for the PEC+M model, are shown in Figure 9.
As anticipated from the viscometric results in Section 3.3, at small De before
the onset of banding, the curve is quadratic, Ny ~ 2. Since Yapp = Vinner
in this region, there is little difference between Ni 4pp and Nijpner as expected
for an almost homogenous flow. For the range of gap velocities that delineate
the shear stress plateau region, the first normal stress difference also shows a
banded structure as a consequence of the shear rate bands. Thus to calculate
Niapp (Equation (57)) for these values of De, the integral must be broken into
two pieces:

Tit+Yk 1 To 1
Nigpp =7 (/ Ny (r; De)=dr —|—/ Ny (r; De)—dr) (59)
Ti r T r

it Yk

where r; +y(De) is the spatial location of the kink in the velocity profile and is,
for the parameter values we've used, yi(De) ~ De/140. In the PEC model the
normal stress at the inner wall reaches an asymptotic plateau of value 3/£ given
by Equation (39) because the solvent provides no contribution to the normal
stress difference. By contrast, the two species PEC+M model shows an upper
quadratic response due to the elastic response of the shorter ‘B’ chains. Profiles
of the local distribution in Ny (r; De) across the gap are shown in Figure 10. For
r < r; + yk, the normal stress difference asymptotically approaches 3/¢, since
the local shear rate is large. For r > r; 4+ yi, Figure 10 shows that N; decreases
weakly with r and increases roughly linearly with De. For a first estimate of
the behavior of Njqpp, we assume that N in this latter region is independent of
r. Thus, the integrals in (59) can be evaluated. By exploiting the small value
of yx/r;i, the computed integral can be expressed as a quadratic function of De.
Our fits to Nigpp in the shear stress plateau region show that

Nigpp ~ 7.5 x 1072De — 2.0 x 10~ De? + 2.6, (60)

in which the numerical coefficients depend on the specific values of &£, p and
[B. Thus in the plateau region of shear stress, the apparent first normal stress
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difference is a linearly increasing function of De with a small quadratic cor-
rection. As the shear rate continues to climb beyond the shear rates defining
the shear stress plateau, Ny qp, becomes constant for the PEC model, again as
anticipated from the viscometric solution discussed in Section 3.3. The graphs
for the PEC+M model differ from those of the PEC model in that for large
shear rates the curve returns to quadratic growth as a function of shear rate.
This is the result of adding the second non-Newtonian species.
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Figure 9: First normal stress difference as a function of the apparent shear rate for
(a) the PEC model, (b) the PEC+M model. In the PEC model, the parameters are
54 =0, =03,p=0.1and E~! = 0. In the PEC+M model, the parameters are
da=06=0,£=03,np =11331, e =435%x 1073, p=0.1 and E~' = 0.02. The
inset in (a) shows the variation in the apparent first normal stress difference N1qpp on
a linear scale as a function of the apparent shear rate in the PEC model.

Figure 11(a) shows the development in time of the shear stress at the inner
wall following start up of steady shear flow at a non-dimensional apparent shear
rate, De = 6. Similarly, Figure 11(b) shows the transient first normal stress
difference at the inner wall for the same apparent shear rate. The dashed lines
show the equivalent model response if a homogeneous flow is assumed a priori.
In these figures we have identified specific points along the curve for comparison
purposes with Figures 11(c) and 12. Figure 11(c) shows the velocity profiles
across the gap at each of these points and this allows us to compare the evolution
of the shear bands in time corresponding to the different regimes observed in
both the transient shear stress and first normal stress difference.

In conjunction with the evolution in the kinematics observed in Figure 11(c),
we also show in Figure 12 the spatial and temporal development of the longer
‘A’ species contribution to the shear stress and first normal stress difference
in time. In the linear regime at short times ¢t/ A4 << 1, point A, the velocity
variation and stress distribution across the gap are approximately homogeneous
with variation of O(p). At point B, corresponding to the first overshoot of
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Figure 10: The first normal stress difference of the PEC model across the gap for
various De in the steady state shear stress plateau region after a jump up condition.
In this figure 8 = 0.005, £ = 0.3, 4 =0, p =0.1.

the shear stress and the onset of non-linearities, a more pronounced deviation
from the Newtonian velocity profile is observed. From points C to D, which
correspond to the maximum in the curve of the transient first normal stress dif-
ference, the maximum deviation of the velocity from the expected linear profile
is observed. In this region the velocity curve actually has a small spatial region
of negative velocity (although the total integrated displacement of Lagrangian
material points is always positive) indicating that the response has overshot and
is now settling back. Negative or “recoil” velocities of this type followed by slow
approach to ultimate steady banded state have been recently observed in local
PIV measurements across the gap in monodisperse polybutadiene solutions [18].
From E to F the system is stabilizing towards its steady state and by point G
at t >> A4 steady state has been achieved. The steady state velocity profile
at this point in Figure 11(c) corresponds to the profile obtained from Figure
8(b) when a line is drawn horizontally for a Deborah number De = 6. Note
that as observed experimentally, the high shear rate band region is near the
moving wall while the lower shear-rate band is at the fixed wall. In conjunction
with these bands in the velocity profiles there are corresponding “bands” in the
elastic contributions to the total stress as shown in Figure 12. Interestingly the
viscoelastic contribution to the shear stress (Figure 12(a)) decreases near the
moving wall, although the monotonic variation in the total stress 7, = c/r?
required by conservation of momentum is still satisfied by the presence of a
large viscous contribution to the shear stress in this high shear rate band. The
decrease in the elastic contribution to the shear stress in the plateau region
following onset of banding is consistent with the entanglement-disentanglement
transition hypothesized by Tapadia and Wang [13, 18]. The normal stress varies
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monotonically across the gap but shows a very sudden saturation in time unlike
the normal viscoelastic response predicted by the homogeneous model. This is
also consistent with measurements in a monodisperse entangled solution under-
going shear banding [46].
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Figure 11: PEC model predictions in start up of steady shear flow. (a) Shear stress at
the inner wall as a function of time. (b) First normal stress difference at the inner wall
as a function of time. (c) Velocity profiles across the gap as function of time. In these
figures 8 = 0.005, £ = 0.3, 64 = 0.005, p = 0.1, E~ = 0, and v;(t) = 6 tanh(100t).
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Figure 12: Shear stress and first normal stress difference across the gap as they develop
in time for the PEC model. Note: the different colors in the legend correspond to the
times of the points selected in Figure 11(a). In these figures § = 0.005, £ = 0.3,
54 =0.005, p=0.1, E™' =0, and v;(t) = 6 tanh(100¢).
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5.2 Step Strain

The stress relaxation predicted by the PEC (or indeed PEC+M) model at the
inner cylinder, after a step strain of amplitude v is shown on a log-log scale
in Figure 13. The insert in this figure shows the same computational results
but on a semilog scale. The curves in the insert are parallel to each other but
vertically shifted, and the inhomogeneous solution for this model shows time-
strain separability with a dimensionless decay rate of -1 corresponding to the
(dimensional) relaxation time Ay4.

Figure 14 shows the numerically evaluated damping function h(vg) for the
PEC (or PEC4+M) model for two different values of the parameter b (defined
in Equation (29)) compared with the analytic solution in an “ideal” step strain
(b — 00). Close examination of Figure 13 suggests that at high applied strains
there is an additional relaxation process at short times, but we know that the
PEC model as formulated only has a single relaxation mode (with time constant
A4). Detailed computational investigation shows that this additional relaxation
in fact arises from convolution of the viscoelastic relaxation and the finite motor
response time required to achieve large strains of 79 ~ 5 — 10. As the motor
response rate b is increased the curve approaches the theoretical response given
by Equation (44). However for any finite b the damping function appears to
show two distinct regions. This is consistent with experimental observations
in some polymeric entangled systems necessitating a double exponential fit to
agree with data [29].

In Figure 15(a) the local strain predicted by the PEC (or PEC+M) model
is plotted across the gap after one relaxation time for different ~y. For small v
the flow is homogenous and the strain is roughly homogeneous with variations
of order vgp across the gap. At a critical strain of vy ~ 2.5, strain localization
occurs with a large gradient of strain developing near the inner cylinder which
levels off towards the outer cylinder. The spatial extent of this large strain
gradient grows across the gap as the apparent strain increases, although the
steepness of the gradient itself decreases. At larger strains, vy > 20, the gradient
in the strain returns to varying approximately linearly across the gap, so the
banding structure occurs only for strains 7y of roughly 2.5 to 20. Figure 15(b)
shows the normalized shear rate at the inner wall as a function of time. Note
that for strains in the banding region a second local maximum occurs in the
response. The first overshoot comes from the ramp in strain, Equation (29),
used to mimic the motor response in step strain experiments, and occurs at
t = 1/b. Faster ramps would move the overshoot to smaller times, so that
if an “ideal” step is applied such an overshoot becomes “infinitely” large at
“infinitely” small times. This behavior is an indication that early flow histories
imposed by a motor with finite response time cannot be ignored in the analysis
of these complex inhomogeneous deformations. The second overshoot, on the
other hand, is a signature of the banding phenomenon, since it is only observed
at strains which correspond to inhomogeneous profiles across the gap.

Figure 16 shows the strain at the inner cylinder versus the imposed strain 7.
The onset of the banding behavior corresponds to the sharp rise of this curve,

30



10

=0.1
PEC Yo
— _ =10.0
4107 o Yo E
- y.=12.0
2
o 9%l 10 ]
- 10
=) \\
_ 10
107 SN
107"
10°F
10°
0 2 4 6 8 10
1076 ‘—2 ‘—1 ‘ 0 1
10 10 10 10

time, [-]

Figure 13: Relaxation moduli of the PEC model here ¢ = 0.3, 3 = 0.005, p = 0.1,
54 =0and E~! = 0. Insert: semi-log plot.

thereafter the region showing the high gradient in the local strain expands across
the gap (and decreases in steepness) with increasing imposed strain. The strain
rate at the inner cylinder stabilizes and, once banding is complete, the two
strains become identical. Figure 16 also shows the direct effect of curvature on
the banding. As p decreases, the severity of the shear-banding diminishes.

In Figure 17(a) we show the ratio of the first normal stress difference to the
shear stress versus the imposed strain after one relaxation time as predicted by
the PEC (or PEC4+M) model. The different curves correspond to (1) the Lodge-
Meissner viscometric expectation, namely Ny /7.9 = 7o; (2) the stress ratio at
the inner cylinder resulting from a inhomogeneous flow calculation; and (3) the
apparent stress ratio resulting from “apparent” or gap-averaged quantities. The
Lodge-Meissner rule is uniformly valid up to y9 ~ 2.5. The stress ratio at the
inner cylinder jumps up at vo ~ 2.5 as anticipated from the banding profiles
observed in Figure 15. Thereafter it levels off until vy > 20 at which point it
merges with the predicted value of the strain (this marks the end of the banding
region). The apparent stress curve roughly follows the Lodge-Meissner relation
to strains of 9 ~ 20 for b = 100, thereafter it falls off below the curve. This is
identical to the observed experimental behavior [36].

Figure 17(a) also shows the effect of the motor response rate b on the stress
ratio measured in a step strain experiment. For larger b the apparent stress
ratios (and those at the inner cylinder after banding) follow the Lodge-Meissner
relation to larger strains (for b = 1000 they extend to 79 = 60). Figure 17(a)
shows that the value of b does not affect the banding region, it only affects
the agreement with the Lodge-Meissner relation resulting from the ideal homo-
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Figure 15: (a). Magnitude of the local strain v after one effective relaxation time as
a function of r following displacement at the inner cylinder, vy for the PEC model.
(b). Normalized shear rate at the inner wall as a function of time for the PEC model.
In both figures, ¢ = 0.3, 3 =0.005, p=0.1, 64 =0 and E~! =0.

geneous/affine deformation or the value of the Lodge-Meissner ratio evaluated
using apparent ‘gap-averaged’ quantities. Figure 17(b) shows that the curvature
parameter p only affects the banding region (as in Figure 16) and not the agree-
ment with the Lodge-Meissner relation. The deviation from the Lodge-Meissner
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relation observed in Figure 17(b) for large ~o is due solely to the imperfect mo-
tor response; as b increases, the Lodge-Meissner relation is satisfied to larger

and larger applied strains.
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6 Conclusion

In this work we have examined the spatial and temporal evolution of inho-
mogeneous flow fields in viscometric devices such as cylindrical Couette cells.
The basic formulation is that of a two species elastic network model which can
capture, in a self-consistent manner, the creation and destruction of elastically-
active chains as well as the effects of conformational-driven diffusion which arise
in areas with large spatial gradients of the local stress or deformation. In the
limit of no creation or destruction in the number of each species, the constitutive
equations reduce to a two mode non-interacting model that is consistent with
the partially extending and convecting (PEC) strand framework proposed by
Larson. Computations on this model provide a good qualitative description of
recent experimental measurements of inhomogeneous flow development in con-
centrated solutions of monodisperse entangled polymer chains [18, 19, 46]. Tt
also sets the stage for future study of nonhomogeneous flows of the full (in-
teracting) two species scission/reforming model for wormlike micellar solutions
[30].

Our calculations with the single-mode and two-mode PEC type models show
that the underlying non-monotonic relationship between shear stress and defor-
mation rate in homogeneous flow leads to the development of shear bands in
inhomogeneous flow. The precise shape of the resulting flow curve that is ob-
tained macroscopically depends on the specifics of the experimental procedure
(e.g. rapid step increases vs. slow ramps) and test fixture (e.g. the relative
magnitude of the gap p = (r, — r;)/r;) as well as the relative magnitude of
the local conformation-driven diffusivity parameter (64). These steady state
computational observations are consistent with results from an alternate single
species model that has been investigated by Olmsted etal. in inhomogeneous
flow [22]. In particular when d4 # 0, a unique flow curve results independent of
start-up conditions. Time-dependent calculations in ‘step strain’ experiments
and in start up of steady shear flow show that the velocity profile across the
gap and the total stress measured at the solid surfaces are coupled and evolve
in a complex (and non-monotonic) manner as the shear bands develop. This is
consistent with recent time-resolved particle imaging velocimetry measurements
in both concentrated polymer solutions [18] and in wormlike micellar solutions
[6]. The computational approach developed here can also be extended to more
complex deformation histories such as large amplitude oscillatory shear (LAOS)
which have recently been investigated experimentally [20].

These computational results have a number of important implications for
experimental viscometric observations of ‘apparent’ or ‘gap-averaged’ quantities.
Firstly, it can be noted that - in contrast to models of Johnson-Segalman type
- the present model does not lead to unphysical oscillations in the damping
function h(vp). Experimental measurements of the damping function can thus
be used to obtain values of the nonlinear model parameter (§) which controls the
nonlinear enhancement in the destruction rate of elastically active components.
Secondly, in our computational ‘step strain’ experiments, the coupling between
the imposed deformation history and the spatio-temporal development of the
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shear bands results in an apparent departure from the Lodge-Meissner rule at
large strains; however the extent of this departure is also convolved with the
specifics of the response function of the motor driving the wall displacement.
Finally, in steady shear flow, the small but finite spatial inhomogeneity of the
global stress field realized in the device (controlled by the magnitude of p) cannot
be neglected.

Our calculations with the both one-species (PEC) and two-species (PEC+M)
models show that at steady state for our parameter range the system always se-
lects uniquely a banded structure with the higher deformation rate region near
the inner, moving cylinder. This is in contrast to calculations with a Johnson-
Seagalman type model [22] which can show reversal in the band ordering, but it
is consistent with many experimental observations of local velocity fields in Cou-
ette cells. However, this also implies that point-wise reconstruction of the flow
curve from local measurements of the velocity gradient and the known stress
distribution in the device (see Figures 6 and 7) will always lead to a monotonic
curve, albeit of very small slope (depending on the value of p), even though the
underlying constitutive relationship is non-monotonic. Considering the inverse
problem, it thus does not seem feasible to use local kinematic observations of
a monotonic relationship between shear stress and deformation rate to rule out
the possibility of a non-monotonic homogeneous flow curve [19]. As we show
in Section 3.4 such homogeneous flow curves will be locally unstable to pertur-
bations and the system will evolve to select a new inhomogeneous profile that
is consistent with conservation of mass and linear momentum, the appropriate
boundary conditions and the details of the viscoelastic constitutive equation.
It is thus critical to develop and explore the rheological predictions of realistic
constitutive models that self-consistently couple the non-local evolution of the
local microstructure and the global state of stress in the fluid.
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