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Abstract We use a modified filament stretching rheometer
to quantify the influence of a known controlled pre-shear
history on the transient extensional viscosity of a dilute
polymer solution. Two different types of pre-deformation
are explored; both influence the subsequent stretching
significantly, albeit in opposite ways. Small-amplitude
oscillatory straining parallel to the direction of stretching
enhances strain hardening and accelerates the tensile stress
growth toward the steady-state value. Conversely, steady
torsional shearing orthogonal to the direction of stretching
retards strain hardening and results in a delayed approach to
steady-state elongational flow. In both cases, the final
steady-state extensional viscosity is the same as that
observed with no pre-shearing. Calculations using a finitely
extensible nonlinear elastic Peterlin dumbbell model qual-
itatively capture the trends observed in experiments,
enabling interpretation of these observations in terms of
the degree of polymer chain stretching imposed by the flow
before extensional stretching.
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Introduction

Accurate measurement of the extensional viscosity of
polymeric liquids has been a significant challenge in
rheology over the past two decades, particularly for mobile
liquids such as polymer solutions (Petrie 2006). Numerous
techniques have been developed to address this need and
they may be broadly categorized into entry flows (Binding
1993), stagnation point flows (Hermansky and Boger 1995;
Lee and Muller 1999), and stretching flows (Jones et al.
1987). A “round robin” study (Sridhar 1990) comparing
measurements from many different devices showed over
three decades of variation in the apparent elongational
viscosity ηE. In a review of these techniques, James and
Walters (1994) note that the “values of ηE…are transient…
and the disparity makes it clear how strongly these values
depend upon variables other than strain rate.” The discrep-
ancies between the measurements arise from at least three
major factors: a pre-shear history that is poorly character-
ized and difficult to eliminate, shear flow components
originating from nearby walls, and an inability to monitor
the transient evolution of stresses.

The filament stretching rheometer (Sridhar et al. 1991;
Tirtaatmadja and Sridhar 1993) addresses all of these
issues. In this device, a small volume of fluid is placed
between two circular endplates which are separated with a
prescribed velocity such that a nearly ideal uniaxial
extensional flow is imposed. Independent measurement of
the force on the endplate and the mid-filament diameter
enables the evolution of stresses in the fluid element near
the midplane to be monitored from equilibrium (i.e., no pre-
shear history) to steady-state extension. Contributions from
shearing deformations are confined to a small region near
the endplates. Over the past decade, the filament stretching
technique has matured into a quantitative rheological tool
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(Anna et al. 2001; McKinley and Sridhar 2002). Recent
studies have focused on dilute polystyrene solutions (Gupta
et al. 2000), dilute λ-DNA solutions (Sunthar et al. 2005),
monodisperse and bidisperse solutions (Ye et al. 2003),
semidilute and entangled solutions (Bhattercharjee et al.
2002; Rothstein and McKinley 2002a; Bhattacharjee et al.
2003), high temperature melts (Bach et al. 2003a; Bach
et al. 2003b; Rasmussen et al. 2005; Nielsen et al. 2006),
branched polymer solutions (Ye and Sridhar 2001), asso-
ciative polymers (Tripathi et al. 2006), and wormlike
micellar solutions (Rothstein 2003). In addition, filament
stretching has been combined with optical birefringence
measurements to obtain simultaneous stress growth and
chain conformation measurements (Doyle et al. 1998;
Rothstein and McKinley 2002a, b).

The ability to observe single-molecule dynamics both
experimentally and through Brownian dynamics simulations
has developed concurrently with the filament stretching
rheometer. Numerous studies have revealed mechanisms by
which individual molecules interact and unravel in flows,
resulting in macroscopic stress growth. Filament stretching
measurements provide an important connection between
molecular-level experiment/simulation and macroscopic
flow response. Larson (2005) describes several areas in
which these distinct approaches have together led to a
deeper understanding of the behavior of flexible polymers
in flow. For example, combined experiment and simulation
has led to a better understanding of hydrodynamic
interaction and solvent quality. Hydrodynamic interaction
has been modeled via conformation-dependent drag
(Magda et al. 1988), leading to conformation hysteresis
due to the large disparity between drag on the chains in the
coiled and stretched states. The effect is more pronounced
for polystyrene than for 1-DNA, and it is more important in
extensional flow than in shear flow (Schroeder et al. 2004;
Schroeder et al. 2005; Sunthar et al. 2005). Hydrodynamic
interaction slows the unraveling of the chain (Agarwal
2000; Hsieh and Larson 2004), delaying the onset of strain
hardening compared to the case with no hydrodynamic
interaction (Hsieh et al. 2003; Hsieh and Larson 2004). The
steady-state plateau in the stress growth does not depend
upon the inclusion of hydrodynamic interaction. Excluded
volume repulsions simulate the influence of solvent quality
on the polymer stretch profile (Solomon and Muller 1996b;
Li and Larson 2000; Sridhar et al. 2000), leading to the start
of stress growth approximately one Hencky strain unit
earlier in the case of a good solvent compared with a theta
solvent for the same polymer molecular weight. This
accelerated stress growth can be understood in terms of
the initial polymer chain configuration; in the case of a
good solvent, the initial coil size is larger, and thus, the
molecule can become highly stretched more quickly.
Clearly, the transient response of a polymer solution to an

extensional flow is a sensitive indicator for any factor that
influences the chain conformation from the start of
stretching through the transient growth to steady state
extension (Li and Larson 2000).

Brownian dynamics simulations and single-molecule
observations of stretching DNA reveal a significant amount
of heterogeneity in the chain stretch profile among individual
polymer chains experiencing extensional flow (Doyle et al.
1998; Smith and Chu 1998; Larson et al. 1999; Larson
2005). Heterogeneity occurs as a result of different initial
conformations as the polymer chains enter the extensional
flow region. Molecular stretching is impeded by an initially
folded conformation (Larson et al. 1999; Larson 2005).
Larson (2000) and Agarwal (2000) independently used
Brownian dynamics simulations to examine the influence
of “pre-conditioning” of the polymer chains before their
entry into the extensional flow region. Larson observed that
pre-shearing before extension reduces the occurrence of folds
and kinks in the stretched chain conformation. The effect is
most pronounced when the pre-conditioning involves a
simple shear flow parallel to the direction of stretching, in
which case, the transient tensile stresses approach steady
state more rapidly than in the case without pre-shearing.

Other studies reveal that pre-shearing influences coil–
stretch hysteresis. Pre-shearing leads to partial stretching,
allowing the molecules to be more easily stretched in a
subsequent extensional flow as a result of conformation-
dependent drag (Schroeder et al. 2003; Hsieh and Larson
2005). As faster pre-shearing leads to a larger initial stretch,
the critical strain rate for the coil–stretch transition is
expected to decrease as the pre-shear rate increases (James
et al. 1987; Larson and Magda 1989; Larson 2000). In
addition, the influence of pre-shearing on the coil–stretch
transition is more pronounced at higher molecular weights
and with stronger hydrodynamic interactions. Accessing the
relevant flow regime to observe the coil–stretch transition
experimentally remains a significant challenge; however,
recent filament stretching experiments probing the behavior
of dilute polystyrene solutions near the coil–stretch transi-
tion reveal many of the behaviors expected from Brownian
dynamics simulations, including a significant non-ergodic
or “glassy” dependence of the measured response on strain
history (Sridhar et al. 2007).

Brownian dynamics simulations can reveal details of the
molecular behavior underlying the response of dilute
polymer solutions to complex flows. However, the influ-
ence of pre-conditioning and mixed shear and extensional
flows has been largely untested in experiment. In part, this
is due to significant practical difficulties in accessing and
controlling these flows in a way that can be consistently
compared with simulations. While the filament stretching
device has been successful in isolating extensional flow
from shearing components present in other elongation-
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dominated flows, other methods such as entry flows better
mimic the complex mixed-kinematic flows used in many
industrial processes. However, the role of shearing and pre-
deformation history cannot be systematically decoupled
from that of elongation in most of these methods. The
ability to decouple these two effects and to systematically
vary the deformation history before imposing elongational
flow is important both to enhance our fundamental
understanding of the polymer dynamics in complex flows
as well as to enable optimization of relevant processes
involving complex flows (Larson 2005). These include,
among others: polymer processing flows, flow through
porous media for applications such as enhanced oil
recovery (Jones and Walters 1989; Vorwerk and Brunn
1991; Evans et al. 1994), benchmark flows such as flow
past a sphere and contraction flows (Satrape and Crochet
1994; Solomon and Muller 1996a), and turbulent drag
reduction (Graham 2004). For turbulent drag reduction in
particular, recent experimental and numerical studies have
elucidated the mechanisms for enhanced drag reduction by
polymer additives (Toms 1977; Graham 2004). Among
other things, the large extensional viscosity of polymer
solutions is a primary factor, and pre-shearing in the
near-wall region has been shown to enhance stretching
(Donohue et al. 1972; Tiederman et al. 1985; Vissmann and
Bewersdorff 1990; Massah et al. 1993; Ilg et al. 2002; Zhou
and Akhavan 2003) by modifying the transient chain
conformation as it enters local stretching regions just
outside the near-wall region (Massah et al. 1993; Dubief
et al. 2004). Clearly, fully developed turbulence consists of
a very complex mixture of shear and elongation, and
decoupling these competing effects on the polymer chain
dynamics is difficult in mixed flows. We seek a flow in
which we can independently control the two effects.

The few experimental studies attempting to isolate and
control the pre-shear history include two studies which use
Poiseuille flow in a channel (James et al. 1987) and a
concentric cylinder device (Vissmann and Bewersdorff
1990), respectively, to impose shearing immediately before
extrusion of a polymer solution through a converging orifice.
Although the extrusion flow imposes an inhomogeneous
elongation rate, both studies show that increasing the average
pre-shear rate leads to an increase in the apparent elonga-
tional viscosity of polyethylene oxide solutions at a fixed
elongation rate. Separately, a pressure-sensitive adhesive was
exposed to varying pre-strain history in an Instron device
(Ferguson et al. 1998). The sample was stretched using two
sequential constant velocities, and the transient tensile stress
growth varied depending on whether the first velocity was
larger or smaller. In all experiments, the stress growth
converged after an initial transient period. The influence of
initial conditions in a spinline rheometer has been investi-
gated through careful analysis of the kinematics along the

filament, measurement of the axial force at the die exit, and
accurate control of the steady flow rate and the applied
tension, allowing for the specification of initial conditions on
the radial and axial stresses (Ramanan et al. 1997; Bechtel
et al. 2001). In direct numerical simulations of finitely
extensible nonlinear elastic (FENE) chains in simple
rheological flows, Massah et al. (1993) observed that pre-
shearing perpendicular to the stretching direction delays
unraveling of the FENE chains. However, this delay did not
increase monotonically with pre-shear rate; in fact, large
rotation rates were found to result in minor delays in the
onset of chain stretching, while small rotation rates led to
significant delays.

The most recent and most careful studies of mixed flows
to date involve both experimental observations of DNA
conformation and Brownian dynamics simulations (Babcock
et al. 2003; Schroeder et al. 2003, 2004, 2005; Woo and
Shaqfeh 2003). In these studies, a flow type parameter is
used to combine different levels of shear and extension
simultaneously in a given flow. The flow type parameter
was originally used to describe mixed shear and elonga-
tional flows generated in a four roll mill (Fuller and Leal
1980). In the early studies, the flow-induced birefringence
was measured for polystyrene solutions in mixed flows,
as a function of flow type, flow strength, and polymer
molecular weight. A key observation from this work is that
the birefringence measurements collapse onto a single
curve when plotted as a function of the extensional
component of the velocity gradient (Fuller and Leal
1980). The recent studies build on this idea by observing
the evolution of individual chain conformations in mixed
flows, comparing Brownian dynamics simulations (incor-
porating both excluded volume and hydrodynamic inter-
action) with fluorescence imaging of individual DNA
molecules in flow. In these studies, the polymer chains
exhibit a significant conformation hysteresis, switching
between either a coiled or a highly stretched state depend-
ing on the deformation history (Schroeder et al. 2003).
Simulations of the transient polymer conformation agree
well with experiments over a wide range of DNA strand
lengths in both shearing and extensional flows (Schroeder
et al. 2004, 2005). As in the early studies of Fuller and
Leal, the average stretch of a polymer chain at steady state
is found to depend only on the extensional component of
the flow and is independent of the magnitude of shearing.
In nearly pure shearing flows, large fluctuations in the
extension of the polymer chain are observed (Babcock et al.
2003), and the nature of the transition between coiled,
tumbling, and stretched states depends on the flow type
(Woo and Shaqfeh 2003). Even in flows that are nearly
purely shearing, the stretching of the polymer chain
depends only on the extensional component of the flow,
although stretching occurs significantly more slowly than in
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purely extensional flows (Hur et al. 2002). Brownian dynamics
simulations of combined shear and extensional flows using
the FENE-ALS adaptive length scale model (Ghosh et al.
2001; Ghosh et al. 2002) show that when chains that are
initially oriented parallel or perpendicular to the stretching
direction enter a region of elongational flow, the onset of
chain stretching is accelerated or delayed respectively.

Brownian dynamics simulations and single-molecule
visualization are effective tools for examining polymer
chain dynamics in viscous flows. However, this combined
approach can only provide information about the transient
polymer conformation, and not the evolution of the tensile
stresses in the polymer solution. The filament stretching
rheometer offers a unique opportunity to connect the
molecular conformation and the macroscale stress evolution
(Sridhar et al. 2007). It also offers direct control over the
amount and type of shearing flow imposed just before
nearly ideal uniaxial stretching. In the present paper, we
systematically impose a known and controlled pre-shearing
history on a fluid filament immediately before a nearly
ideal uniaxial elongational flow in the filament stretching
device. Our rheometer has been modified to apply either
steady, torsional shear flow orthogonal to the stretching
direction, or oscillatory squeeze flow parallel to the
stretching direction. In the following sections, we show
that the fluid response to these initial shearing flows agrees
with the material functions measured using conventional
shear rheometry techniques. We then examine the effect of
the two types of pre-deformation histories on the fluid
response to the subsequent stretching flow. Finally, we use
the FENE-Peterlin (FENE-P) constitutive equation (Bird et
al. 1987b) to model the transient response of a material
element to a homogeneous uniaxial elongational flow
which is imposed subsequent to the pre-shear flow, and
we compare the results from experiments and simulations.
We note that a similar experimental approach has been
utilized in a recent study focusing on wormlike micellar
solutions (Bhardwaj et al. 2006). In this case, the pre-
shearing flow is a torsional shear flow orthogonal to the
direction of stretching, and the pre-shear rates are varied
such that shear banding occurs at the highest rates. The
duration and rate of pre-shearing influences the stress at
rupture of the filament and delays the onset of strain
hardening. Pre-shearing in the shear-banding regime leads
to a dramatic reduction in strain hardening in subsequent
stretching, presumably due to significant breakdown of the
micellar network.

Materials and methods

Our test fluid for the present study is a dilute solution (c=
0.025 wt%) of high molecular weight polystyrene dissolved

in oligomeric styrene oil (Hercules Piccolastic A5 Resin).
This fluid, denoted PS025, is a model elastic liquid, or
“Boger fluid”, designed to have nearly constant shear
viscosity and high elasticity (Boger 1977/1978). The high
molecular weight polystyrene (Scientific Polymer Products)
has a weight-averaged molecular weight of Mw=2.25×
106 g/mol and a narrow polydispersity (PDI≅1.02), as
reported by the manufacturer and measured independently
via gel permeation chromatography. The density of the fluid
is ρ=1.026 g/cm3 at T=25 °C. The surface tension is σ=
0.0378 N/m as measured using a Wilhelmy plate in a Krüss
digital tensiometer (Model K10ST). The PS025 solution
can be considered dilute based on an estimate of the overlap
concentration,

c* ¼ Mw

4
.
3:R3

gNA

¼ 0:076 wt%; ð1Þ

which is significantly larger than our solution concentration
(c/c*=0.33). In the above equation, NA is Avogadro’s
number and Rg is the radius of gyration given by
R2
g ¼ C1nl2. For polystyrene, C1 ¼ 9:85 (Brandrup et al.

1999), n ¼ 2Mw=M0 is the number of carbon–carbon bonds
in the backbone, and l=1.54 Å is the length of a carbon–
carbon bond (Flory 1953).

The steady and dynamic shear rheology of the PS025
solution was characterized using a TA Instruments
AR1000N cone-and-plate rheometer, and steady shear flow
measurements were also performed using a Rheometrics
RMS-800 cone-and-plate rheometer to obtain values of the
first normal stress coefficient, < 1

�+ð Þ. Measurements were
taken at three temperatures, 15, 25, and 35 °C, and time–
temperature superposition was used to obtain master curves
for the steady and dynamic material functions over six
decades in shear rate. The resulting material functions are
plotted in Fig. 1. From these measurements, we extract
values of the zero-shear-rate viscosity, η0=24.9 Pa s, and
the solvent viscosity in the high frequency limit, ηs=
21.9 Pa s. In addition, we fit the linear viscoelastic data
using a Zimm bead-spring model to obtain a spectrum of
relaxation times (Bird et al. 1987b) and obtain a longest
relaxation time of 1z=3.9 s. The resulting fitted curves are
also shown in Fig. 1. A small amount of solvent elasticity is
needed to describe the high frequency behavior observed in
the storage and loss moduli. In this case, the solvent
relaxation time and modulus are, respectively, 1s=2.7×
10−4 s, Gs=8.1×10

4 Pa.

Two types of pre-deformation history

In the present paper, we explore two methods of experi-
mentally controlling the initial conformations of the
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polymer chains in solution just before stretching. These two
techniques are illustrated in Fig. 2. To orient the polymer
chains along the stretching direction, we impose an
oscillatory squeeze flow between the two rigid endplates
in a filament stretching device (Fig. 2b). We examine the
role of oscillation amplitude, l0, and frequency, 5 , on the
molecular orientation, and thus, on the subsequent transient
extensional stress growth. To orient the polymer chains

orthogonal to the stretching direction, we impose a steady
shear flow by rotating the upper endplate at a steady rate Ω
(Fig. 2a). The degree to which the molecules are oriented
normal to the stretching direction is dependent on the
rotation rate, and thus the transient stress growth during
extension is also expected to depend on this initial rotation
rate. The filament stretching device used in this study has
been described in detail previously (Anna et al. 2001). This
device has been modified to impose either of the two types
of pre-deformation history described here, as depicted
schematically in Fig. 2.

Oscillatory pre-straining parallel to direction of stretching

To realize oscillatory squeeze flow parallel to the stretching
direction, a cyclic motion profile is downloaded to the
linear motors that control the endplates. During the squeeze
flow, the upper endplate moves according to

Lp tð Þ ¼ L0 þ l0 sinwt ð2Þ
where l0 is the amplitude of oscillation and 5 is the angular
frequency. Differentiating Eq. 2, the corresponding velocity
of the upper endplate is given by

�
Lp tð Þ ¼ 5 l0 cos 5 tÞ:� ð3Þ
The range of available frequencies is approximately

0.6≤5 ≤125 rad/s, and the minimum amplitude of oscilla-
tion is about 0.01 cm (100 μm). In addition, the amplitude

Fig. 1 Steady and dynamic shear material functions for the PS025
fluid obtained from oscillatory squeeze flow (open square, h0 wð Þ) and
steady torsional flow (open diamond,< 1

�+Rð Þ) measurements in the
filament stretching device. Measured material functions agree well
with those obtained using a conventional cone-and-plate rheometer
( filled triangle, η �+ð Þ; filled circle, < 1

�+Rð Þ; open triangle, h0 wð Þ, open
circle, 2ηµ 5ð Þ=5). Solid curves represent fits to a Zimm spectrum of
relaxation times

Fig. 2 Schematic diagram of
two types of controlled pre-
deformation history imposed
before a nearly uniaxial exten-
sional flow in a filament
stretching device. a Steady tor-
sional flow with principal flow
direction normal to stretching
direction, in which Ω is the
rotation rate of the upper end-
plate; b Oscillatory squeeze
flow with principal flow direc-
tion parallel to stretching direc-
tion in which f is the frequency
of oscillation of the upper end-
plate and l0 is the amplitude of
oscillation

Rheol Acta (2008) 47:841–859 845



of oscillation cannot exceed the gap between the plates,
L0. Typical amplitudes of interest in this study range from
0.1≤ l0/L0≤0.3.

An example of the oscillatory plate motion and the
resulting fluid response is shown in Fig. 3. The upper plate
begins to oscillate at t=0, and the tensile force exerted by
the fluid on the plate in response to that motion is also
sinusoidal, with a phase lag of approximately 90°. The
amplitude of the oscillating force reaches a constant value
after one cycle, and this rapid approach to a steady value is
observed at all frequencies and amplitudes investigated in
the present study.

Assuming the amplitude of oscillation of the top
endplate is small enough, we expect the fluid response to
be governed by linear viscoelasticity. In this case, the
oscillating force should exhibit a single predominant
frequency equal to the fundamental frequency of the
oscillation. The relative magnitudes of higher harmonics
indicate the importance of nonlinear effects. The frequency
content of the oscillating force is easily examined by
computing the Fourier transform of the signal. Figure 4
contains the amplitude of the discrete Fourier transform of
the oscillatory data shown in Fig. 3, computed using
familiar algorithms (Press et al. 1992). A large peak at
f1=5 /2π=1.63 Hz is present at the fundamental frequency,
and several smaller peaks are present at higher harmonics,
f2=3.26 Hz, f3=4.89 Hz, and f5=8.15 Hz. Although the
magnitude of each higher harmonic is less than 10% of
the first harmonic, each higher harmonic will contribute to
the overall magnitude and transient shape of the measured
force. For this PS025 fluid, the amplitude of the force at the
fundamental frequency is observed to increase approxi-

mately linearly with both increasing driving frequency and
increasing amplitude, l0, over the range of interest.

For small-amplitude oscillatory squeeze flow, Phan-
Thien and co-workers (Phan-Thien 1980, 1985) have
presented several analyses of the flow kinematics and
resulting theoretical force response. Field et al. (1996) use
this analysis and the principles of deconvolution (Press
et al. 1992) to compute the dynamic material functions of
viscoelastic liquids after imposing a random squeezing
flow. If either the Reynolds number, Re ¼ ρ5 l0R0=η0, or
the aspect ratio, Λ0 ¼ L0=R0, is small such that ReΛ0 � 1,
the velocity field in the squeezing flow can be found using
a lubrication approximation. The functional form of the
resulting velocity field is identical to that found using a
slender filament approximation (Eggers 1993; Eggers and
Dupont 1994; Renardy 1994; Spiegelberg et al. 1996), and
thus, we expect the analysis of Phan-Thien to be valid for
our squeezing flow. In our case, the aspect ratio is
Λ0 ¼ 1:0, but the Reynolds number is much less than
unity, ranging from 0.0073≤Re≤0.29 for the frequencies of
interest in the present study. Using the one-dimensional
form of the velocity field resulting from a slender filament
approximation, Spiegelberg and co-workers showed that the
lubrication solution for the axial velocity in a Newtonian
fluid confined between rigid endplates is given by the
functional form

vz ¼ �
Lp tð Þg z; tð Þ � �

Lp tð Þ z
�
Lp

� �2
3� 2 z

�
Lp

� �� �
; ð4Þ

where g is a dimensionless function of z, the coordinate
along the filament axis, and time t. The form of Eq. 4
corresponds to a reference frame in which the bottom
endplate is held stationary and the top plate accelerates
upward at þ ��

Lp tð Þ. The midplane, thus, also accelerates
upward at þ ��

Lp tð Þ�2. This reference frame corresponds to

Fig. 3 Transient response of the tensile force to oscillatory squeeze
flow in the filament stretching device ( f1=1.63 Hz) for the PS025
fluid. Solid curve represents fluctuation of the distance between the
two plates about the mean value, L0 (right-hand ordinate); dashed
curve represents velocity of top plate (also right-hand ordinate). The
amplitude of the force oscillation ( filled circle, shown on the left-hand
ordinate) rapidly reaches a steady value, and the response is nearly 90°
out of phase with the position oscillation

Fig. 4 Discrete Fourier transform of oscillating tensile force data
shown in Fig. 3. While the largest peak corresponds to the
fundamental frequency, smaller peaks are evident at several harmonic
frequencies, fn=nf1. The relative magnitudes of the harmonic peaks
compared to the fundamental peak indicate the importance of
nonlinear viscoelastic effects on the material response
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that of our filament stretching apparatus and is one of three
configurations analyzed by Szabo and McKinley (2003).
Differentiating Eq. 4 and applying mass continuity, we
obtain the rate-of-strain tensor,

I+rr¼ I+θθ ¼ �3 IE tð Þ z
�
Lp

� �
1� z

�
Lp

� �� �
I+zz¼ �2 I+rr
I+rz¼ 6 IE tð Þ r

�
Lp

� �
z
�
Lp

� �� 1
2

� � ; ð5Þ

where IE tð Þ is a characteristic strain rate computed from
Eq. 2,

�
E tð Þ ¼

�
Lp tð Þ
Lp tð Þ ¼ 5 l0 cos5 t

L0 þ l0 sin5 t
: ð6Þ

We note that the mean value of the strain rate is zero, and
the functional form is not significantly different from a pure
cosine function, as the quantity in the denominator is nearly
equal to unity (in our experiments, l0=L0 ¼ 0:1). Equation 5
shows that the maximum stretch rate occurs at the
midplane, z ¼ Lp

�
2, of the cylindrical fluid sample, where

I(k;max � I+zz z ¼ Lp
�
2

� � ¼ 3
2
IE tð Þ: ð7Þ

We estimate the amplitude of the characteristic stretch
rate from Eq. 6 and define a dimensionless strain amplitude,
+0 � l0=L0, and a dimensionless frequency, or Deborah
number, De||, for the oscillatory squeeze flow,

Dejj ¼ 1Z5 : ð8Þ

Applying the momentum equations and integrating over
the cross-sectional area of the fluid filament, Phan-Thien
found that the oscillatory tensile force is given by

F tð Þ ¼ � 3

2

πR4
0

L30
η*

�
Lp tð Þ; ð9Þ

where η* is the complex viscosity of the fluid, given by

η* ¼ η0 � iηµ ¼ η*
��� ���e�i6: ð10Þ

The magnitude and phase of the complex viscosity are
related to the real and imaginary components according to

η*
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η¶ð Þ2þ η¶¶ð Þ2

q
6 ¼ tan�1 η¶¶=η¶ð Þ

; ð11Þ

and h0 wð Þ and ηµ 5ð Þ are the same dynamic material
functions measured in small amplitude oscillatory shear
flow. As η* is complex, we expect the observed transient
force to exhibit both in-phase and out-of-phase components
relative to the imposed endplate velocity. To obtain a real,
time-varying expression for the expected force profile, we
first express the position Lp tð Þ as a complex function,

Lp tð Þ ¼ R L0 � il0e
iwt

� 	 ð12Þ

where Rfg denotes the real component. Differentiating
Eq. 12 and substituting into Eq. 9, the resulting real com-
ponent of the force then becomes

F tð Þ ¼ 3

2

:R4
0

L30
5 l0 η*

��� ��� sin 5 t � 6� :=2ð Þ: ð13Þ

Thus, the observed transient force is expected to be
sinusoidal with a phase lag of π=2þ Φð Þ relative to the
imposed axial oscillation in the position of the upper plate.
By computing the amplitude and phase of the resulting
measured force profile, the dynamic material functions can
be obtained as functions of the driving frequency, 5 .

As shown in Fig. 3, the transient force profile observed
in the PS025 fluid behaves, at least qualitatively, as
expected from Eq. 13 where we take force to be positive
in the +z direction as shown in Fig. 2. Closer inspection of
Eq. 11 reveals that Φ � 0 if the fluid response is primarily
viscous in nature. The measured dynamic shear rheology of
the PS025 fluid shown in Fig. 1 is consistent with a
dominant viscous response. At low shear rates, both the
viscosity and the first normal stress difference are constant
and the corresponding linear viscoelastic functions approach
consistent limiting values at low frequencies. From this
assumption, Φ is found to increase linearly with frequency
in this regime,

Φ � η00

η0
¼ < 10

2η0
5 ð14Þ

where <10 =2η0 � 0:2s for the PS025 fluid. The viscomet-
ric properties of the PS025 fluid measured using conven-
tional shear rheometry techniques are shown in Fig. 1, and
we can use measured values from these experiments to
estimate that the range of Φ is 0.0013≤Φ≤0.04 for the
frequency range considered in oscillatory squeeze flow. The
phase shift Φ corresponds to a shift along the time axis,
given by

$t ¼ Φ
5

ð15Þ

The maximum time shift in the range of interest is
expected to be Δt=0.06 s, which is only a few multiples
of the sampling rate, Δts=0.012 s, for the experiments. In
addition, the calibrated response time of the force transducer
is Δtr=0.079 s, as measured from the response of the
transducer to a step-change in applied force. Even if the force
data is deconvolved from the transducer response, the
expected value of Δt is on the order of the time resolution
that can be observed, and thus, we expect it to be difficult to
obtain reliable values for this quantity. However, values of
the dynamic viscosity, η*

�� �� � η0, have been computed using
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the amplitude of the measured force profiles and Eq. 13. This
amplitude is obtained from the fundamental frequency of the
Fourier transform. Values of the resulting dynamic viscosity
are shown in Fig. 1 and agree with the values measured in a
conventional shear rheometer to within experimental error. In
this analysis, we have neglected surface effects, as the
capillary number (i.e., the ratio of viscous stresses to
capillary pressure) is large, Ca ¼ η0Vz;max

�
σ � 1. We have

also neglected effects due to nonlinear viscoelasticity, as
+0 ¼ l0=L0 � 1. The changing curvature of the free surface
as the upper endplate oscillates about its mean value leads to
an additional force correction whose amplitude is expected to
be approximately 10% of the measured force.

We have shown in this section that the oscillatory
squeeze flow generated by oscillating the upper endplate
in a filament stretching rheometer yields a dynamic
viscosity for the PS025 fluid that agrees well with values
measured in conventional shear rheometry. However, some
nonlinear effects are expected to play a role in the force
response, as harmonic peaks are observed in the Fourier
transform of the measured force response. The oscillatory
squeeze flow described here is expected to result in a net
overall alignment of the polystyrene chains along the
stretching axis of the filament stretching rheometer at times
t ¼ 0; 2:n=5 when the plate passes through its initial
position with velocity vz;max ¼ wl0 and extension rate
�"max � 35 l0=2L0. In the section entitled “Effect of pre-
shear on transient extensional viscosity”, we will investi-
gate the effect of this initial alignment on the transient
stress growth in a filament stretching experiment.

Rotational pre-shearing orthogonal to direction
of stretching

To generate a steady shear flow in which the principal flow
direction is orthogonal to the direction of stretching, the
upper endplate of the filament stretching rheometer is rotated
using a DC motor that is mounted on the upper translation
stage of the device and thus moves along with the upper
endplate during a filament stretching experiment. The DC
motor is mounted with its rotation axis parallel to the
direction of stretching and is then coupled to the upper
endplate through a series of gears that translate the rotation of
the motor into rotation of the upper endplate about the axial
stretching direction. The configuration of the DC motor and
associated gearing enables the rotation rate to be controlled
in the range of 1.5≤Ω≤30 rad/s by the voltage applied to
the DC motor. The resulting rotation rate depends linearly
on the applied voltage and is measured using a US digital
rotary encoder connected to the data acquisition system that
controls the filament stretching device. For the PS025 fluid,
the relationship between the voltage (in V) and the rotation
rate (in rad/s) is given by Ω ¼ 2:53V �1:28.

Steady torsional shear flow between two rigid circular
disks with R0 � L0 is a common configuration in conven-
tional shear rheometry and has been analyzed in detail
elsewhere (Bird et al. 1987a). The flow is principally in the
azimuthal direction, and the velocity field in the limit Re �
1 is given by

vr ¼ 0

vθ ¼ 4rz

L0
vz ¼ 0

ð16Þ

The resulting rate-of-strain tensor is

:
+ ¼

0 0 0
0 0

:
+Rr=R0

0
:
+Rr=R0 0

2
4

3
5 ð17Þ

and thus, the shear rate is not constant throughout the fluid
sample but rather varies linearly with radial position. The
characteristic shear rate, �+R, is taken at the edge of the disks
and is given by

:
+R ¼ 4R0

L0
: ð18Þ

Thus, the dimensionless shear rate, or Weissenberg
number, is defined as

Wi? ¼ 1 Z4R0=L0: ð19Þ

The first normal stress coefficient < 1 can be obtained
from normal force measurements using the relationship
(Bird et al. 1987a)

< 1
�+Rð Þ �< 2

�+Rð Þ ¼ F
�
:R2

0

� �
�+2R

2þ d ln F
�
:R2

0

� �
d ln �+R


 �
:

ð20Þ
The second normal stress coefficient, < 2

�+Rð Þ, is much
smaller than < 1

�+Rð Þ for dilute polymer solutions (Magda
et al. 1991), and for the purposes of this analysis, we
assume < 2

�+Rð Þ � 0.
To obtain < 1

�+Rð Þ, the transient tensile force is measured
over a range of rotation rates Ω. Steady values of F are
extracted after steady state is reached $t � 101Z ’ 39sð Þ,
and the resulting measurements of ln F

�
pR2

0

� �
are regressed

to a low-order polynomial function. The resulting polyno-
mial is differentiated to obtain the slope given by the
second term in Eq. 20. The maximum value of this slope is
d ln F

�
:R2

0

� ��
d ln �+R ¼ 2, corresponding to a first normal

stress coefficient that is constant with respect to shear rate.
Values of < 1

�+Rð Þ computed using the method described
here are shown in Fig. 1, and these values agree reasonably
well with normal force measurements from a conventional
rheometer. All values < 1

�+Rð Þ shown in Fig. 1 correspond
to measured force values above the resolution of the force
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transducer (ΔFmin≈4.5 mg). However, at the lowest shear
rate, the corresponding force is relatively close to the
minimum value ($F � 3$Fmin), so the errors on this point
are expected to be large. We note that some of the error
associated with our measurements is due to the relatively
large aspect ratio (Λ0 ¼ 1:0) as compared with the very low
values (Λ0 � 1) that are typical in conventional parallel
plate measurements.

At larger shear rates, the steady torsional shear flow of
viscoelastic fluids between two disks becomes unstable,
exhibiting a “spiral instability” described and characterized
elsewhere (Byars et al. 1994; Rothstein and McKinley
2000; Calado et al. 2005). For the PS025 fluid, the
instability is observed for �+R � 16:0 s�1 and is character-
ized by a transient force profile that grows erratically and
does not reach a steady value in finite time. Sample
transient tensile force profiles are given in Fig. 5 for a
range of shear rates. For transient shear flow, the relation-
ship between < 1 and �+R is more complicated than that
given in Eq. 20 for steady shear flow. However, the
transient force profiles shown in Fig. 5 have been converted
into < 1 t; �+Rð Þ profiles using the same procedure described
above for steady shear data, using the same value of
d ln F

�
πR2

0

� ��
d ln

:
+R that was obtained from steady shear

measurements. This procedure allows a direct comparison
with transient profiles measured in a conventional rheom-
eter using a cone-and-plate fixture, and Fig. 5 demonstrates
that the trends observed in each device are consistent.
Although the initial overshoot in the normal force is larger
in the cone-and-plate experiment shown here, the steady
values of < 1 t; �+Rð Þ decrease due to shear thinning as
expected for both the parallel-plate flow in the filament

stretching device and the cone-and-plate flow. A transient
force profile for a shear rate above the onset of the spiral
instability is also shown in the figure, and at this shear rate,
the measured force fluctuates erratically and increases to
values well above the expected steady value for that shear
rate. A theoretical analysis by Avagliano and Phan-Thien
(1996) and experimental results reported by Byars et al.
(1994) indicate that the critical shear rate for the onset of
the spiral instability should depend linearly on the aspect
ratio, L0=R0. Experimental values of the critical shear rate
reported by Byars et al. for similar fluids indicate that the
critical shear rate for the PS025 fluid should be approxi-
mately �+R � 12:3 s�1 , which is consistent with the observed
behavior.

Effect of pre-shear on transient extensional viscosity

Filament stretching experiments were carried out at a fixed
Deborah number, De � 1z

�"0 � 12:5 where �"0 is the
uniaxial extension rate and a range of pre-shear conditions
varying the Weissenberg numbers Wi? or the Deborah
number Dek and strain amplitude g0. The value of De was
chosen to not only minimize effects of sagging due to
gravity on the stretching filament (Anna et al. 2001) but
also to maximize the Hencky strain " ¼ �"0t ¼ ln L=L0ð Þ
achievable within the physical limits of the rheometer. At
this Deborah number, a final Hencky strain of ɛf≈5.6 is
realized, allowing the transient tensile stresses to approach
a steady state value. The values of Wi? and Dek span the
range achievable in the apparatus. Pre-rotation of the top
plate is imposed for 30 s (

:
+ t � 80; t=1 z � 7:7) before

stretching to allow the stresses to reach a steady value. Pre-
oscillation is imposed for the same duration, corresponding
to three cycles at the lowest applied frequency, w=0.63 Hz,
and 75 cycles at the highest applied frequency, w=15.7 Hz.
The initial aspect ratio of the fluid filament was fixed at
Λ0 ¼ L0=R0 ¼ 1:0.

An open-loop control algorithm described previously
(Anna et al. 1999; Orr and Sridhar 1999) is used for the
experiments presented here to generate a nearly ideal
uniaxial elongational flow in which the diameter at the
midpoint of the filament decreases exponentially with one
half the nominal extension rate �"0. Because the variation in
the resulting diameter profiles is independent of the
Weissenberg number imposed in pre-shear, identical motion
profiles were used during the stretching portion of the
experiment in order to eliminate uncertainties due to the
kinematics. In all experiments presented here, the desired
elongation rate is �"0 ¼ 3:0 s�1 . For the filament stretching
experiments with oscillatory pre-shearing, the average
actual elongation rate realized is �"act ¼ 2:95� 0:05 s�1 ,
which agrees with the programmed rate to within experi-

Fig. 5 Startup and relaxation of normal stresses in the PS025 fluid as
measured in rotational shear flow. Steady values of Ψ1 reached in
parallel plate flow in the filament stretching device ( filled circle,
3.4 s−1; filled diamond, 8.6 s−1; filled triangle, 15.6 s−1) agree with
those measured in a conventional cone-and-plate rheometer (open
circle, 4.68 s−1, RMS-800). Torsional flow in the filament stretching
device (with aspect ratio R0=H ¼ 1:0) becomes unstable above a
critical shear rate of about �+crit � 16s�1 (open square, 16.9 s−1)
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mental error. The resulting Deborah number is De=12.4±
0.5; temperature fluctuations between experiments lead to a
larger percentage error in De. For the filament stretching
experiments performed with orthogonal pre-shearing, the
average actual elongation rate realized is �"act ¼ 3:15�
0:06 s�1 which agrees with the programmed rate to within
5.0%. The resulting Deborah number for these experiments
is De=12.8±0.2.

Previous filament stretching experiments with polystyrene-
based Boger fluids (Tirtaatmadja and Sridhar 1993; Gupta
et al. 2000; Anna et al. 2001) have shown that the transient
stress growth for this class of fluids (with no pre-shear) in
uniaxial elongational flow is nearly independent of the
elongation rate or Deborah number for De � 5 (Gupta et al.
2000; Larson 2005). In addition, analysis of experimental
deviations shows that transient Trouton ratios obtained from
filament stretching experiments performed with identical
operating conditions are reproducible to within about 20%
(Anna et al. 2001). Thus, any effects arising from pre-
deformation of the fluid filament must fall consistently
outside this range of expectations in order to be considered
significant.

Oscillatory parallel pre-straining

The evolution in the transient tensile forces is shown in
Fig. 6 for selected oscillatory pre-straining experiments.
The amplitude of the oscillating force rapidly reaches a
steady value, and the magnitude increases with the
frequency. The tensile force profiles measured during
subsequent stretching show qualitatively similar shapes,
but the magnitude of the force at a given time depends on
the pre-oscillation frequency. The maximum peak force
value corresponds to the lowest frequency reported.

Transient Trouton ratios computed from the raw force
data in Fig. 6 are shown in Fig. 7. The shape of these
curves is observed to depend weakly on the pre-oscillation

frequency, as shown in Fig. 7a in which the amplitude of
oscillation is fixed at +0 ¼ l0=L0 ¼ 0:2 (l0=0.07 cm). At all
frequencies 5 ≠0, the rate of stress growth is consistently
accelerated relative to the no pre-shear case, although the
stresses approach the same steady-state value at large
Hencky strains. The dependence of the strain hardening
behavior on frequency appears to be non-monotonic. At the
lowest Dek, the PS025 fluid strain hardens significantly
faster than it does in the case of no pre-shearing, whereas
the strain hardening is not accelerated as much for the
larger Dek values. As shown in the inset of Fig. 7(a), at a
Hencky strain of ɛ=3, the extensional viscosity is 150%
larger for Dek≈2.5 than for Dek=0, although the
corresponding increase is only 25% for Dek=13.0. Viewed
in an alternate way, the strain hardening is accelerated by a

Fig. 6 Profiles of the transient tensile force for the PS025 fluid
measured in the filament stretching device during oscillatory squeeze
flow and subsequent stretching. The Deborah number for the stretching
portion is fixed at De=12.4, and the oscillation frequency varies

Fig. 7 Transient extensional viscosities of the PS025 fluid measured
in the filament stretching device after pre-straining the fluid using
oscillatory squeeze flow. The Deborah number for the stretching
portion is fixed at De=12.4. a Effect of varying oscillation frequency
for fixed +0=0.2 (filled circle, De||=0; filled square, De||=1.60; filled
diamond, De||=2.65; filled triangle, De||=8.0; open circle, De||=13.0;
open square, De||=38.5; open diamond, De||=67.0); and b effect of
varying amplitude of oscillation at constant frequency of 5 ¼
0:63rad=s (De||≅2.5): (open circle, +=0; open square, +0=0.1; open
diamond, +0=0.2; open triangle, +0=0.3). The insets show a magnified
view of the effect of pre-stretching on the transient stress growth
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maximum of approximately $" � 0:25 for Dek=2.65
compared with Dek=0. At larger frequencies, the observed
enhancement in the strain hardening is small enough to
nearly fall within experimental errors, and so the trend at
these frequencies is not clear.

On the other hand, Fig. 7b shows that increasing the
amplitude of oscillation +0 at a low frequency, w=0.63 rad/s
(nominally Dek ¼ 2:46), consistently increases the rate of
strain hardening. The inset of Fig. 7b shows that for +0=0.2
the degree of enhancement in the strain hardening is similar
to that shown in Fig. 7a. At a Hencky strain of ɛ=3, the
extensional viscosity is 150% larger than the value
corresponding to {Dek ¼ 0, +0=0}, and the strain hardening
is accelerated by approximately $" � 0:2 strain units
compared with {Dek ¼ 0, +0=0}. The results shown in both
Fig. 7a and b can be compared with other results predicting
modifications to the extensional stress growth. For example,
Li and Larson (2000) show a significantly greater advance-
ment in the stress growth, corresponding to $" � 1:0, when
the solvent is a good solvent for the polymer chains rather
than a theta solvent. A good solvent is expected to lead to an
initially expanded configuration in the polymer chain, which
is expected to lead to a faster approach to steady-state
extension. Similarly, in our case, oscillation parallel to the
axis of subsequent stretching orients the polymer chains
along the direction of stretching, allowing a faster approach
to full extension of the chains. The effect is maximized at
lower frequencies and larger oscillation amplitudes, as the
period of oscillation at these frequencies is on the order of
the fluid relaxation time, 2π=5 � 1 . At higher frequencies,
the fluid cannot respond sufficiently rapidly to the flow,
leading to a decreased magnitude of pre-orientation in the
polymer chains before stretching. In the section entitled
“Modeling pre-shear effects”, we will examine the trends
predicted from the FENE-P constitutive model and compare
these to our experimental observations.

Steady orthogonal pre-shearing

During orthogonal shearing, the normal force has the
opposite sign to the tensile force during stretching, as
shown in Fig. 8. The complete force balance on the fluid
column now contains several other components of the stress
tensor in addition to the radially averaged principal stress
difference, <Czz−C rr>. The complete balance of stresses in
the filament accounting for these terms along with gravity
and surface tension is given by Szabo (Szabo 1997; Szabo
and McKinley 2003),

C zz � C rrh i þ 1

2
C rr � Cθθh i þ 1

2
rC zrh i0

¼ Fp þ ρgV0 � πσDmidð Þ=2
π Dmid=2ð Þ2 ð21Þ

where 〈〉 denotes a radially averaged quantity, the prime on
the Czr term denotes an axial derivative, V0 ¼ πL0 D0=2ð Þ2
is the volume of the fluid sample, σ is the surface tension of
the fluid, and ρ is the density of the fluid. In ideal uniaxial
extension, with no pre-shearing, Eq. 21 simplifies consid-
erably, and the transient extensional viscosity is calculated
from

Tr ¼ ηþ t; �"0ð Þ
η0

¼ C zz tð Þ � C rr tð Þ½ 	
η0

�"0 ¼ Fp

π Dmid=2ð Þ2η0 �"0
ð22Þ

However, when a pre-shearing deformation has been
imposed, the relative contributions of the terms on the left-
hand side of Eq. 21 cannot be determined from a single
observable, Fp(t), and thus, the apparent transient exten-
sional viscosity computed using Eq. 22 is not the true
extensional viscosity, but instead incorporates all of the
stress components in Eq. 21. It is this memory of previous
shearing deformations that complicates analysis of spinline
data and other steady Eulerian elongational flows in which
boundary conditions on the tensile stresses are required
(Petrie 1995; Ramanan et al. 1997; Bechtel et al. 2001).

The effect of orthogonal steady pre-shearing shown in
Fig. 9 is opposite to that observed in parallel oscillatory
pre-straining. In this case, the strain hardening in the PS025
fluid is significantly delayed as a result of the orthogonal
pre-shearing. The delay in strain hardening increases and
the apparent steady state plateau value of the Trouton ratio
decreases nearly monotonically as the rotation rate
increases. For example, at a Hencky strain of ɛ=3, the
transient extensional viscosity is 66% lower for Wi⊥=53.6
than for Wi⊥=0. The magnitude of the delay in the Hencky
strain reaches a maximum of approximately $" � 0:5 at
Wi⊥=53.6. This delay is greater than the maximum
enhancement of $" � 0:2 due to oscillatory pre-stretching,
but still not as great as the enhancement of $" � 1:0 due to

Fig. 8 Profiles of the transient tensile forces for the PS025 fluid
measured in the filament stretching device after pre-shearing the fluid
using steady torsional flow. The Deborah number for the stretching
portion is fixed at De=12.8, and the rotation rate is varied
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solvent quality that was observed in the Brownian dy-
namics simulations of Li and Larson (2000).

It is worth noting that the actual steady-state value of the
Trouton ratio may not have been realized at the maximum
Hencky strain observed in the experiments. The true steady-
state Trouton ratio, corresponding to full extension of the
polymer chains, is expected to be independent of pre-shear
rate, but this value may not be achieved until significantly
larger Hencky strains (ɛ>6.5) have been reached (Gupta
et al. 2000). In the present experiments, the value of the
Trouton ratio at ɛ≈6 is Tr ¼ 277� 47.

At the highest applied rotation rate shown in Fig. 9, the
spiral instability discussed earlier is observed (cf. Fig. 5).
Before the onset of this elastic instability, the delay in strain
hardening monotonically increases with the pre-shear rate
(and with Wi?), but above a critical rate, this delay is
reduced. Experimental and numerical observations have
shown that the spiral elastic instability is characterized by
secondary “roll cells” in which fluid elements follow
toroidal paths about the principal flow direction (Byars
et al. 1994; Avagliano and Phan-Thien 1996, 1999). A
plausible rationalization for the reduced delay in tensile
stress growth during stretching subsequent to an unstable
torsional flow is found by considering the orientation of the
polymer chains in such a flow. The three-dimensional time-
dependent flow that develops after onset of instability
implies that the polymer chains may no longer be oriented
principally along the primary (tangential) flow direction. As
a result, the net orientation of the polymer chains
orthogonal to the stretching direction is reduced, and
consequently, a somewhat reduced Hencky strain is needed
to achieve fully stretched polymer chains during stretching.

We note, however, that at the highest rotation rate the
Hencky strain needed for a given level of strain hardening
to be attained is still larger than that required when no pre-
shearing has occurred.

Modeling pre-shear effects

In this section, we use the FENE-P dumbbell model (Bird
et al. 1987b) to evaluate the effects of parallel oscillatory
pre-straining and orthogonal rotational pre-shearing on the
transient stress growth in a slender fluid filament subject to
uniaxial extensional flow. We select this model, rather than
more accurate bead-spring models that have been shown to
capture quantitatively the transient stress growth in uniaxial
elongation without pre-shearing, because it is the simplest
canonical model for a dilute polymer solution and because
it represents the level of description employed in most
complex flow simulations and polymeric drag reduction
studies (Massah et al. 1993; Dubief et al. 2004; Stone et al.
2004; Dimitropoulos et al. 2005; Housiadas et al. 2005). It
is worth noting in particular that we have not considered the
influence of conformation-dependent drag in our choice of
constitutive models, although this effect has been shown to
play an important role in determining the effect of
deformation history close to the coil–stretch transition
(Beck and Shaqfeh 2006; Prabhakar and Prakash 2006;
Prabhakar et al. 2006; Hoffman and Shaqfeh 2007). We
seek to determine whether single-mode dumbbell models
can capture the qualitative features observed in filament
stretching experiments with a pre-shear step. The FENE-P
model is described by a set of evolution equations for the
dimensionless configuration tensor A ¼ R Rh i describing
the ensemble average of the FENE dumbbell orientations,
given by

11 A 1ð Þ ¼ I� f trAð ÞA

f trAð Þ ¼ 1

1� trA=L2


 � ð23Þ

where 11 is the longest relaxation time, and L is the finite
extensibility of the dumbbell. The stresses in a FENE-P
fluid are then given by

τ p ¼ ηp
11

f trAð ÞA� I½ 	
τ ¼ τ p þ τ s

ð24Þ

where τ p is the polymeric contribution to the stress, and
τ s ¼ ηs

�+ is the solvent contribution. For both types of pre-
shearing, the evolution equations are simplified for the
particular velocity field imposed before stretching, and the
equations are then integrated at each time step using

Fig. 9 Transient extensional viscosities of the PS025 fluid measured
in the filament stretching device after pre-shearing the fluid using
steady torsional flow. The Deborah number for the stretching portion
is fixed at De=12.8, and the rotation rate is varied (filled circle, Wi⊥=
0; filled square, Wi⊥=15.5; filled diamond, Wi⊥=21.7; filled triangle,
Wi⊥=29.3; open circle, Wi⊥=36.3; open square, Wi⊥=44.7; open
diamond, Wi⊥=53.6; open triangle, Wi⊥=67.2)
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standard routines for stiff ordinary differential equations
(ODEs). The accumulated stress in the filament at the
instant when shearing ceases and stretching begins is then
used as the initial condition for the purely uniaxial elonga-
tional flow. For the PS025 fluid, the finite extensibility is
L=93, and we use the longest relaxation time obtained from
the Zimm spectrum for 11.

Parallel oscillatory pre-straining

In the case of oscillatory squeeze flow, we know from the
analysis of Phan-Thien (1980) and from the slender
filament approximation that the velocity field follows the
lubrication solution given in Eq. 4. Equation 5 shows that
the components of the rate-of-strain tensor depend, in
general, on both the radial and axial positions. To simplify
the model calculation, we focus our attention on the axial
midplane (z ¼ Lp

�
2) of the fluid filament. At this location,

the velocity field is purely extensional, and the elongation
rate is a maximum, leading to the maximum orientation of
the FENE dumbbells within the fluid filament. At the axial
mid-plane of the filament, the rate-of-strain tensor is

�+ z ¼ Lp
�
2

� � ¼
�3

2
�
E tð Þ 0 0

0 �3
2
�
E tð Þ 0

0 0 þ3
�
E tð Þ

2
664

3
775 ð25Þ

Now, the components of the evolution equations for the
polymeric stretch have the identical form to that of an ideal
uniaxial extensional flow, with an effective time-varying
elongation rate of �" ¼ 3

2
�
E tð Þ � 35 l0=2L0ð Þ cos5 t for +0 ¼

l0=L0 � 1 (see Eqs. 6 and 7).
We choose oscillatory flow parameters that correspond

to the experimental conditions reported in Figs. 7a and b
and integrate the evolution equations specialized for the
rate-of-strain tensor given in Eq. 6 from t=0 to t= t1=30 s
(t1=11 ¼ 7:7). As observed in the experimental force
profiles, the computed tensile stresses rapidly reach steady
state amplitude during the oscillatory flow. At time t= t1, the
components of the orientation tensor A are extracted and
used as initial conditions to begin solving the evolution
equations for ideal uniaxial extensional flow. The uniaxial
extensional flow is solved for a Deborah number of De=
12.4, corresponding to the experimental conditions, up to a
final Hencky strain of ɛf=6.0. The resulting transient
Trouton ratio profiles are shown in Figs. 10a,b.

The effects of increasing oscillation frequency as
predicted by the FENE-P model are shown in Fig. 10a,
and the trends observed are nearly identical to those
observed experimentally. For all De||>0, the strain harden-
ing of the FENE chains is enhanced and, as observed

experimentally, the enhancement does not vary monotoni-
cally with De||. The most pronounced shift occurs at the
lowest Deborah number, De|| = 1.6, and the resulting
extensional viscosity is 50% larger at a Hencky strain of ɛ=
3. As observed experimentally, the enhancement decreases
as the oscillation frequency increases. At large De||, the
transient Trouton ratio becomes independent of De||,
although in this limiting case, there is still enhancement
of strain hardening compared with Dek ¼ 0.

The non-monotonic dependence of the enhancement in
strain hardening on oscillation frequency, including the
non-zero shift in the high frequency limit, may be
rationalized by considering the linear viscoelastic response
of the PS025 fluid. Recall that we have selected sufficiently

Fig. 10 Transient extensional viscosities computed using the FENE-P
model after application of an oscillatory squeeze flow. The fluid
parameters correspond to the PS025 fluid, and the Deborah number
for the stretching portion is fixed at De=12.4. a Effect of varying the
oscillation frequency for fixed +0=0.2 ( filled circle, De||=0; filled
square, De||=1.60; filled diamond, De||=2.65; filled triangle, De||=8.0;
open circle, De||=13.0; open square, De||=38.5; open diamond, De||=
67.0); and b effect of varying amplitude of oscillation for fixed De||≅
2.5 ( filled circle, +0=0; filled square, +0=0.1; filled diamond, +0=0.2;
filled triangle, +0=0.3)
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small oscillation amplitudes during pre-stretching such that
the material response is expected to be linear. A comparison
of material functions measured from both dynamic shear
and extensional flows supports this assumption (see Fig. 1).
At high frequencies, the fluid response is predominantly
elastic, and thus, the polymeric fluid stresses are in phase
with the oscillatory strain. In other words, in the “elastic
limit” Dek � 1, the chains experience neo-Hookean defor-
mation that depends only on strain and not on strain rate. At
lower frequencies, on the other hand, the fluid response is
primarily viscous, and the fluid stresses are out of phase
with the oscillatory strain. Thus, we expect that the stress
growth during subsequent stretching can be predicted based
purely on the known deformation of the chains at t ¼
0; 2:n=5 ; ::: when the oscillating plate passes through the
midpoint of its trajectory. To test this hypothesis, we
examine values of the components of the orientation tensor
A at the end of the oscillatory pre-stretching, but just before
exponential stretching. The difference between the axial
and radial diagonal components at t=0, denoted
Azz � Arrð Þ0, represents the magnitude of the initial stretch
in the polymer chains along the axis of the filament. Figure 11
shows the dependence of this quantity on De|| for three
different values of the oscillation amplitude, g0. We see that
the degree of stretching of the polymer chains reaches a
maximum at moderate Dek � 1 , but that the chain stretch is
reduced at oscillatory frequencies that are either above or
below this value. As the oscillation amplitude g0 increases,
the degree of stretching also increases, further magnifying
the peak in the pre-stretch value at moderate De∥. Consistent
with earlier physical arguments, we see that in the high
frequency elastic limit, the quantity Azz � Arrð Þ0 approaches
zero when the oscillating plate passes through the midpoint
of its trajectory. However, at lower frequencies, even as the
oscillation amplitude decreases toward zero, we observe a
finite, positive value of Azz � Arrð Þ0.

The observed pre-stretch of the molecules computed in
terms of Azz � Arrð Þ0 can be estimated analytically by
considering the evolution equation at the axial midplane of
the filament where the deformation is purely elongational
and the elongation rate and orientation of the FENE
dumbbells are at a maximum. We specialize the evolution
equation given in Eq. 23 for the rate-of-strain tensor given in
Eq. 25 and assume small perturbations on the initial values
of the components of A, such that Arr≈1+ɛrr and Azz≈1+ɛzz,
where ɛrr<<1 and ɛzz<<1. In this limit, we obtain the
dimensionless evolution equations:

@Azz

@t
þ 1þ 6+0Dek cos Dekt

� �� �
Azz ¼ 1

@Arr

@t
þ 1þ 3+0Dek cos Dekt

� �� �
Arr ¼ 1

ð26Þ

where t � t=1z is the dimensionless time. We seek a
perturbation solution of the form A � 1þ DeZ1 tð Þ þ

De2 Z2 tð Þ þ O De3
� �

for each component and obtain the
first-order approximate solution

Azz � 1� 6+0Dek

1þDe2k

�  þ 1

2
4

3
5e�t þ 6+0Dek

1þDe2k

�  cos Dekt
� �þ Dek sin Dekt

� �� �

Arr � 1� 3+0Dek

1þDe2k

�  � 1

2
4

3
5e�t þ 3+0Dek

1þDe2k

�  cos Dekt
� �þ Dek sin Dekt

� �� � :

ð27Þ
The second term in each expression represents the initial

viscoelastic transient response of the dumbbells, which
decays after many cycles leaving an oscillatory response in
Azz � Arrð Þ0 with phase angle and magnitude that vary with
De||. The amplitude of this initial elongational deformation
evaluated at time t

�
1z ¼ 2n:

�
Dek, corresponding to an

integer multiple of cycles of oscillatory squeeze flow, is
approximately

Azz � Arrð Þ0�
9g0 Dek

1þ De2k
�  : ð28Þ

This function goes through a maximum at De||=1,
and the magnitude increases linearly with the strain
amplitude. The results of this first-order estimate are
compared with the values computed via the FENE-P model
in Fig. 11. The agreement between computed and approx-
imate values is reasonably good at small strain amplitude,
+0=0.1, but the asymptotic expression is less accurate at
higher values of the strain amplitude. This is because of the
strongly nonlinear and asymmetric variation in the oscilla-
tory extension rate imposed during the pre-straining (cf.

Fig. 11 Degree of initial stretching of the polymer chains resulting
from an oscillatory squeezing flow applied just before filament
stretching, as computed from a FENE-P model. The difference
between the axial and radial components of the orientation tensor A
monotonically increases as the amplitude of oscillation increases, but
exhibits non-monotonic behavior as the Deborah number increases
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Eq. 6) which gives rise to higher harmonic terms in the
solution of Eqs. 26. Nevertheless, the analytical expression
demonstrates that a finite pre-stretch of the polymer chains
is possible even when the initial pre-straining motion is in
the linear viscoelastic regime.

Increasing the amplitude of oscillation also has a
pronounced effect on the predicted transient extensional
viscosity. Figure 10b shows the result of increasing the
oscillation amplitude while keeping the oscillation fre-
quency fixed at a low applied value of 5 =0.63 Hz
(corresponding to Dek ¼ l1w ¼ 2:5). As the amplitude
increases, the rate of extensional stress growth significantly
increases, and the magnitude of this effect is even greater
than is observed in the experiments. A larger oscillation
amplitude increases the deformation of the liquid bridge
between the plates of the rheometer, increasing the overall
orientation of the polymer chains. In addition, at higher
amplitudes, nonlinear elasticity will play an increasingly
important role, possibly leading to some strain hardening
during the oscillatory flow regime itself. It is important to
note that the steady-state Trouton ratio is identical for all
filament stretching experiments, independent of the initial
oscillatory flow conditions.

Orthogonal rotational pre-shearing

In the case of steady shearing flow between two parallel
disks, we specialize the evolution equations for the FENE-P
model to correspond to the rate-of-strain tensor in Eq. 17.
In addition, we assume the following form for the stress
tensor:

τ ¼
C rr 0 0
0 Cθθ Cθz
0 Cθz C zz

2
4

3
5 ð29Þ

The rr- and zz- components of the stress tensor are zero,
as the second normal stress coefficient =2 is zero for the
FENE-P model. The problem is further simplified by
assuming the fluid stresses have reached steady values so
that the time derivatives in the evolution equations can be
assumed to be zero. The result of this assumption is a set of
algebraic equations for the steady-state components of the
orientation tensor A, given by

�21Z �+R r
R0
Aθz ¼ 1� fAθθ

0 ¼ 1� fAzz

�1Z
�+R r

R0
Azz ¼ �fAθz

Azz ¼ Arr

; ð30Þ

where f=f (trA) is the FENE factor given in Eq. 23, and trA=
Aθθ+2Azz. The rate-of-strain tensor given in Eq. 17 is not
homogeneous, but depends on the radial position, therefore
the components of the orientation tensor and the stress tensor
will also depend on the radial position, Aij(r) and C ij(r). Thus,

Eq. 30 can in general be solved simultaneously at each
value of r, and the stress distribution C ij(r) over the
cross-section of the slender filament can be related to Aij(r)
by Eq. 24.

The transient tensile stresses in the purely uniaxial
elongational flow regime are generally assumed to be
uniform over the filament cross-section, and as a result, a
single set of quasi-one-dimensional ODEs is integrated for
this flow. To use the steady state cross-sectional stress
distribution resulting from Eq. 30 to compute initial
conditions for the uniaxial extensional flow regime, an
appropriate spatial average must be computed, because the
force balance given in Eq. 21 requires radially averaged
stress distributions, e.g., tzz � trrh i. Consideration of the
cross-sectional stress distributions shows that the maximum
stresses occur at the outer radius R0 of the disks. Any radial
averaging, thus, serves to decrease the magnitude of the
effective initial stresses. As a lower effective initial stress
only serves to decrease the effect of the pre-shearing
flow, we chose to take the maximum stress values for the
purposes of this simple illustrative computation. This
corresponds to following the annulus of material located at
z ¼ 0;R ¼ R0f g. More detailed finite element simulations

of the entire inhomogeneous flow field with appropriate
boundary conditions could yield information about the
appropriate average to use to accurately simulate an
actual filament stretching experiment with torsional pre-
shearing.

As in the case of oscillatory squeezing flow, we choose
shearing and elongational flow parameters to correspond to
the actual experimental conditions presented in Fig. 9. The
identical range of Wi⊥ used in the experiments are applied,
and the Deborah number during uniaxial elongation is held
fixed at De=12.8. The transient extensional stresses are
computed from the evolution equations for purely uniaxial
extensional flow as they were for the oscillatory pre-shear
case. However, two additional evolution equations must be
solved along with the equations for the radial and axial
components of the orientation tensor, Arr and Azz. As the
initial values of Aθz and Aθθ are non-zero, these quantities
also evolve over time, and in general, they couple into the
evolution of the radial and axial components. As a result,
both the principal and the secondary tensile stress differences
are initially non-zero and are important in the calculation of
the force balance given in Eq. 21.

The results of the calculations described here are shown
in Figs. 12a and b. As observed in the experimental
measurements, the computed profiles for the transient
Trouton ratios are significantly affected by the pre-shearing
flow. The principal dimensionless extensional viscosity, or
“true” Trouton ratio, based on the principal tensile stress
difference, defined in Eq. 22, is shown in Fig. 12a. In this
case, the initial and final plateau values of the Trouton ratios
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are unaffected by the initial pre-shearing flow, but the rate of
growth of the transient extensional stresses is reduced as Wi⊥
increases. At the highest Weissenberg number, the magnitude
of the extensional viscosity can be as low as 44% of the
corresponding value for Wi⊥=0 at intermediate strain values
(3<ɛ<5).

In a real filament stretching experiment, the only
observable quantity is the total tensile force exerted on the
endplate. Examination of the complete force balance on the
stretching fluid filament, given in Eq. 21, reveals that this
total force measurement contains both the principal and the
secondary tensile stress differences. Without any additional
measurements, it is impossible to decouple these two stress
differences and extract the “true” Trouton ratio. The

“apparent” Trouton ratio computed from the total tensile
force is thus given by

Trapp ¼
C zz � C rrh i þ 1

2 C rr � Cθθh i
η0

�"0 ð31Þ

This apparent Trouton ratio is computed from the results
of the FENE-P simulations, and the results are shown in
Fig. 12b. The effect of pre-shearing on Trapp is much more
pronounced at lower Hencky strains than it is on Trtrue. In
this case, the steady-state Trouton ratio obtained at large
Hencky strains (ɛ≥6) is still unaffected by the pre-shear
conditions, but the initial plateau at small strains decreases
with increasing Wi⊥ and can even be negative initially. The
delay in the onset of strain hardening is approximately the
same as that observed in Fig. 12a for the “true” Trouton
ratio. In both cases, the Hencky strain needed to achieve a
Trouton ratio of Tr≈100 differs by up to $" � 0:21 strain
units between the limit Wi? ¼ 0, in which no pre-rotation is
imposed, and the maximum value of Wi?. The magnitude of
the pre-shearing effect that is predicted by the FENE-P
constitutive model qualitatively captures trends observed
experimentally. The magnitude of the delay of strain
hardening is somewhat less than that observed in experi-
ments, although the FENE-P and similar single mode models
are known to strain-harden much more slowly at moderate
strains than experiments show, even without pre-shear (Anna
et al. 2001; Ghosh et al. 2001). In our experiments, strain
hardening can be delayed by up to $" � 0:59 strain units, as
compared with $" � 0:21 strain units predicted by the
FENE-P simulations. The delay can be attributed to the large
negative value of the secondary tensile stress difference,
trr � tqqh i, that is present initially upon cessation of
shearing. The principal tensile stress difference, tzz � trrh i,
begins to grow immediately upon inception of stretching, but
its growth is delayed as trr � tqqh i relaxes back toward zero.
In experiments, the large reduction in the initial measured
Trouton ratio is not observed, most likely due (1) to the
overshoot in the tensile force caused by lubrication effects
(Spiegelberg et al. 1996), (2) the more rapid relaxation in the
stress associated with higher relaxation modes, and (3) the
neglect in our calculations of radial variations in the stress
distribution.

Conclusions

In this paper, we have investigated the consequences of
systematically introducing a controlled pre-deformation
history to a nearly ideal uniaxial extensional flow, as
realized in a filament stretching rheometer. Two different
types of pre-deformation history have been examined: first,
oscillatory squeezing flow with the principal flow direction

Fig. 12 Transient extensional viscosities computed using the FENE-P
model after applying a steady torsional flow. The fluid parameters
correspond to the PS025 fluid, and the Deborah number for the
stretching portion is fixed at De=12.8. a True Trouton ratio computed
using principal tensile stress difference (Eq. 22) and b the apparent
Trouton ratio computed using full force balance (cf. Eq. 21); (filled
circle, Wi⊥=0; filled square, Wi⊥=15.5; filled diamond, Wi⊥=21.7;
filled triangle, Wi⊥=29.3; open circle, Wi⊥=36.3; open square, Wi⊥=
44.7; open diamond, Wi⊥=53.6; open triangle, Wi⊥=67.2). The inset
shows a magnified view of the effect of pre-stretching on the transient
stress growth
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along the axis of the filament stretching flow, and second, a
steady torsional flow with the principal flow direction
orthogonal to the direction of filament stretching. We have
demonstrated that the two modes of initial deformation
yield a fluid response consistent with the material functions
measured using conventional shear rheometry. We have
examined the effect of these two pre-shear modes by
experimentally varying the deformation rate before stretch-
ing while keeping the subsequent elongation rate fixed. We
observe that pre-straining due to an oscillatory axial
squeezing flow leads to accelerated strain hardening in the
transient tensile stress growth especially at moderate
oscillation frequencies. On the other hand, pre-shearing
orthogonal to the stretching direction leads to significant
delays in strain hardening. While orthogonal pre-shearing
leads to a greater maximum delay in the onset of strain
hardening ($" � 0:5) than the maximum enhancement
caused by oscillatory pre-straining ($" � 0:2), neither pre-
shearing effect is found to be as large as that predicted by
Brownian dynamics simulations due to differences in
solvent quality ($" � 1:0; Li and Larson 2000). In the case
of oscillatory pre-stretching, this reflects the small ampli-
tude of the oscillation, and thus, the absence of nonlinear
effects. In the case of orthogonal pre-shearing, this reflects
in part the limited available range of pre-shear rates, as
spiral elastic flow instabilities were observed in our device
at the highest shear rates.

We have performed calculations of the predicted effects
of these two pre-deformation histories on a fluid element
using the FENE-P constitutive model, and we find that even
these simple calculations yield good qualitative agreement
with the observed experimental trends. In fact, the
magnitude of the enhancement (in oscillatory squeeze flow)
and retardation (in steady torsional flow) of strain harden-
ing are comparable to the magnitudes observed experimen-
tally. Furthermore, the non-monotonic trend observed with
increasing oscillation frequency is also predicted, with the
maximum advancement in strain hardening observed at
g0Dek � 0:5 for both experiments and predictions.

The effects of parallel oscillatory pre-straining and
orthogonal rotational pre-shearing on the transient stress
growth during filament stretching can be understood by
considering the effect of each flow on the initial orientation
of the polymer molecules. In oscillatory squeeze flow, the
polymer chains accumulate a net initial orientation in the
direction of stretching, leading to an accelerated approach
to steady state during stretching. This effect is maximized at
moderate frequencies when the fluid response is viscoelas-
tic, and thus, the polymer stretch is out of phase with the
oscillating strain. In steady torsional shear flow, the
polymer molecules are significantly oriented orthogonal to
the stretching direction, thus, requiring a larger strain to
align and subsequently unravel the polymer chains once

stretching begins. This pre-conditioning argument and the
experimental observations shown in Figs. 7 and 9 are con-
sistent with recent observations from Brownian dynamics
simulations (Larson et al. 1999; Larson 2000; Ghosh et al.
2001, 2002). The magnitudes of the changes in the tensile
stress in an elongating fluid element may be as large as
30–50%. Accurately capturing the effect of an upstream
shearing deformation is of critical importance in spatially
inhomogeneous but steady Eulerian flows (for example, the
steady shear flow in the delivery tubing and nozzle up-
stream of a spinneret/spinline; Bechtel et al. 2001). The
good qualitative agreement between experiments and
calculations using a single-mode dumbbell model suggests
that these effects can be captured by existing nonlinear
constitutive equations.
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