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This paper discusses the breakup of capillary jets of dilutepolymer solutions and the dy-
namics associated with the transition from dripping to jett ing. High speed digital video
imaging reveals a new scenario of transition and breakup viaperiodic growth and de-
tachment of large terminal drops. The underlying mechanismis discussed and a basic
theory for the mechanism of breakup is also presented. The dynamics of the terminal
drop growth and trajectory prove to be governed primarily by mass and momentum bal-
ances involving capillary, gravity and inertial forces, whilst the drop detachment event
is controlled by the kinetics of the thinning process in the viscoelastic ligaments that
connect the drops. This thinning process of the ligaments that are subjected to a con-
stant axial force is driven by surface tension and resisted by the viscoelasticity of the
dissolved polymeric molecules. Analysis of this transition provides a new experimental
method to probe the rheological properties of solutions when minute concentrations of
macromolecules have been added.

1. Gobbling: Introduction and Physical Picture
A peculiar and apparently new pattern of breakup has been observed in experiments

with jets of dilute polymer solutions at 
ow rates close to th e critical rates corresponding
to a transition from dripping to jetting 
ow. In this regime, a thin and slender jet
terminates with a large terminal drop that is of much greater radius than either the
nozzle, or the drops usually observed in the course of normalcapillary breakup of a
Newtonian 
uid jet. A representative sequence of digital images is shown in �gure 1.
Although the jet is apparently in a steady-state, the terminal drop experiences periodic
dynamics. The drop �rst grows while slowly moving upstream, the direction of motion
eventually reverses, the drop then accelerates, becomes much wider than the incoming
jet, and eventually detaches. A new terminal drop then formsand the process repeats
itself.

As a result of capillary instabilities, the primary jet star ts to develop the beads-on-
string pattern characteristic of polymeric jets (Goldin, Y erushalmi, Pfe�er & Shinnar

y (1937-2008); this paper is dedicated to his memory.
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1969; Entov & Yarin 1984; Bous�eld, Keunings, Marrucci & Denn 1986; Bazilevskii,
Entov, Rozhkov & Yarin 1990b) before merging with the terminal drop. Therefore, the
process resembles the `gobbling'y of a chain of tiny beads by a greedy terminal drop, until
it is `sated' or `saturated' and falls o�. In some cases, the terminal drop can `swallow' up
to several scores of beads before detachmentz.

The `gobbling' phenomenon is speci�c to macromolecular solutions and is never ob-
served in experiments with jets of pure water or other Newtonian 
uids. However, even
minute amounts of polymeric additive bring it into existence. If one focuses on the cen-
tral axial column then it is clear that the primary role of the polymeric additive is to
stabilize the later stages of the capillary thinning process and severely retard the inertial
breakup of the 
uid column (Christanti & Walker (2001); Amar oucheneet al. (2001);
Tirtaatmadja et al. (2006)). This stabilization then enables us to image the temporal evo-
lution and axial development of a beads-on-a-string morphology along the jet. Somewhat
analogous bead dynamics can be seen even with Newtonian 
uids when a thin annular
�lm of viscous 
uid is coated on a solid �ber (as described originally by Boys (1912)
and studied in detail by Kliakhandler et al. (2001), Craster et al. (2005) and references
therein). In the present case the rigid central �ber is replaced by the highly-elongated
polymer molecules in the thin viscoelastic ligaments connecting the drops .

The dramatic e�ects of dilute amounts of high molecular weight additives on the
breakup of aqueous 
uid �laments is well known and has been extensively studied since
the pioneering work of Middleman (1965) and Goldinet al. (1969). The hydrodynamic
consequences of small amounts of polymeric additives can berationalized in terms of the
unraveling and extension of the initially- coiled polymeric molecules by strong extensional

ows (Entov & Yarin (1984); Bazilevskii et al. (1990b); Anna & McKinley (2001); Clasen
et al. (2006b)). In the case of steady jets issuing from a nozzle at high 
owrates, signi�cant
elastic stresses can be generated (even for dilute polymer solutions) which a�ect the
breakup length of the jet and the ensuing droplet size distribution (Bous�eld et al. (1986);
Christanti & Walker (2001)). In the case of dripping from a faucet at very low 
ow rates,
the presence of even dilute concentrations of polymer can dramatically extend the time
to pincho� and inhibit the existence of satellite droplets ( Amarouchene et al. (2001);
Tirtaatmadja et al. (2006); Sattler et al. (2008)). In each case, the large elongational
viscosity of the highly stretched macromolecules results in a change in the local dominant
balance of forces in the local necking region (see McKinley (2005) for a recent review).
What has been much less studied is the role of a polymeric additive at the critical 
ow
rates close to the jetting-dripping transition. Even in a Newtonian 
uid this transition can
exhibit complex or chaotic dynamics (see for example, Ambravaneswaranet al. (2004);
Coullet et al. (2005)) and recent simulations with an inelastic generalized Newtonian 
uid
(Yildirim & Basaran (2006)) show that these dynamics may be substantially modi�ed
by the incorporation of nonlinear 
uid rheology. In the pres ent work we investigate the
role of 
uid elasticity and a �nite polymeric relaxation tim e on the dynamics observed at
the dripping-jetting transition which result in the gobbli ng drop e�ect. A recent study
by Clanet & Lasheras (1999) provides the necessary background information on the
dripping/jetting transition in water and also introduces m any of the essential elements
for the dynamic theory developed below to explain the gobbling phenomenon.

The paper is organized as follows. In Section 2 we describe the experimental obser-
vations and qualitative characteristics of the gobbling phenomenon. In Section 3, an

y `Gobble { to swallow greedily or hastily in large pieces; gul p'; American College Standard
Reference Dictionary

z a movie of the gobbling phenomenon can be found at:
http://web.mit.edu/clasen/Public/gobbling.avi
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Figure 1. The `gobbling' phenomenon: a large terminal drop periodica lly develops at the end
of a thin jet of a viscoelastic 
uid (100 ppm PAA solution, Q = 39:7 mm3 s� 1 , R i = 0 :125 mm).
A sequence of videoimages is shown; the time interval between consecutive images is 6 ms.

elementary dynamic theory of gobbling is presented, based on the assumption that gob-
bling is governed by mass and momentum transfer from a jet moving at constant velocity
to a terminal drop in a gravitational free fall. This model in troduces a breakup time for
the jet as an adjustable parameter and we also delimit the range of other physical pa-
rameters for which gobbling is observed. In Section 4, the observed dependence of the
breakup time on the jet radius is �nally explained quantitat ively as a process governed
by a forced thinning of the interconnecting polymeric 
uid l igament under the combined
action of the lateral capillary pressure and an axial force.

2. Experiments
2.1. Fluid properties:

Experiments were performed with several dilute aqueous polymer solutions, and com-
pared with benchmark experiments performed using pure water. The main body of re-
sults reported below relates to experiments with a 100 ppm solution of polyacrylamide
(PAA) in water. The polymer solution was prepared by dissolving 0.01wt% linear poly-
acrylamide (Praestol 2540, Stockhausen) in deionized water. The 
uid was gently shaken
for 5 days to ensure homogeneous mixing. The polymer molecular mass was determined
by intrinsic viscometry to be M w = 7 :5 � 106 g mol� 1 which corresponds to a degree
of polymerization of P � 105. The molecular extensibility of the chains depends on the
ratio of the fully extended chain length (� P) to the r.m.s. size of the random coil under
equilibrium conditions ( � P1=2). Estimates of the critical overlap concentration c� based
on this degree of polymerization givec� = 0 :0182 wt %. Thus, we are dealing with a
dilute ( c < c � ) solution of a 
exible long-chain polymer capable of developing signi�cant
elastic stretch (� P1=2) in strong extensional 
ows.

The zero shear rate viscosity for this solution was determined with a capillary viscome-
ter to be � 0 = 2 :74 mPa s. The surface tension of the tested solution was determined
using a Wilhelmy plate type tensiometer (Kr•uss K-10) to be 
 = 61:4 mN m� 1.

High molecular mass polymer solutions are prone to develop thin liquid �laments, such
as those seen between the beads in �gure 1. This enables the determination of a longest
relaxation time � for the solution from the direct observation of the capillary thinning
kinetics of thin liquid �laments, as discussed in Bazilevskii et al. (1990a, 2001); Entov
& Hinch (1997); McKinley & Tripathi (2000); Anna & McKinley ( 2001) and Clasen,
Plog, Kulicke, Owens, Macosko, Scriven, Verani & McKinley (2006b). The experiments
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Figure 2. Kinetics of the capillary thinning of a liquid �lament of aqu eous polyacrylamide
solution (100 ppm) in a CABER-1 capillary breakup rheometer showing the �lament radius vs
time. Raw data (points), approximation by an exponential de pendence (broken line) and by
a Finitely Extensible Nonlinear Elastic dumbbell (FENE) mo del (solid line). The limit of the
optical resolution (10 � m) is shown by the dotted line.

were carried out using an extensional rheometer (CABER-1, Cambridge Polymer Group)
described in Braithwaite & Spiegelberg (2001).

In these experiments, the radius of the thinning �lament is monitored by a laser mi-
crometer, and the time dependence of the radiusR is �tted with the exponential expres-
sion:

R(t) � exp(� t=� )

that is valid at intermediate times for 
exible polymer chai ns that have not been fully
extended. Eventually the �lament breaks in �nite time once t he �nite extensibility limit
of the polymer chains is reached.

According to the theory presented elsewhere (Bazilevskiiet al. (1990a); Entov & Hinch
(1997); Anna & McKinley (2001); Bazilevskii et al. (2001); Ploget al. (2005) and Clasen
et al. (2006a)), the longest relaxation time can then be evaluated as:

� = 1
3 �:

From the exponential decay regime of the experimental capillary thinning data in �gure 2
we �nd � � 0:012 s.

2.2. From jetting to dripping

Thin jets of 
uid were expelled vertically downward from sta ndard syringe tips of di�erent
diameters; the tip inner radius range was 0.05 { 0.76 mm. Experiments were performed at
several di�erent controlled 
ow rates using a precision syringe pump (Harvard Apparatus
PhD 2000).

Starting from initial conditions of a steady jet, a number of di�erent 
ow regimes
are successively observed as the 
ow rate of the polymer solutions is progressively de-
creased. In particular, the gobbling phenomenon is observed only within a certain range
of 
ow rates. In �gure 3 we show visualizations of the characteristic stages of gobbling
phenomenon for a nozzle with an inner diameter ofRi = 0 :075 mm and 
ow rates Q
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Figure 3. Characteristic stages of gobbling with a nozzle of radius R i = 0 :075 mm as the 
ow
rate is progressively decreased from 26:7 mm2 s� 1 to 20:1 mm2 s� 1 (from the bottom to top
sequence of images). Images are recorded at 2000 fps, interval between 2 consecutive shown
frames of � t = 5 ms

ranging from 20:1 to 26:7 mm3 s� 1. Starting from a high 
ow rate, a continuous jet 
ow
is observed. Due to the classical Rayleigh-Plateau instability, the jet rapidly breaks into
drops with a characteristic size that is of the order of the diameter of the jet. As the 
ow
rate is lowered, the terminal drop begins to `gobble' the jet. At this `incipient gobbling'
stage, the terminal drop grows but remains nearly stationary before detaching. Upon
decreasing the 
ow rate further, we observe the onset of a parabolic trajectory of the
terminal drop, resulting in excursions of increasing amplitude in the length of the jet.
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Passing through the stages of `moderate' gobbling (where the amplitude is half the max-
imum length of the jet), we �nally reach `critical' gobbling when the gobbling amplitude
reaches the maximum length of the jet and the terminal drop almost reconnects to the
nozzle. Any further decrease in the 
ow rate results in a reconnection of the terminal
drop to the nozzle and a longer interval during which the terminal drop stays connected
to the nozzle before detaching. We refer to this regime as `intermittent gobbling' rather
then a form of dripping because the large terminal drop still `gobbles' up smaller beads
as it separates and slowly accelerates downwards under gravity. A dripping transition is
reached once the 
ow rate is low enough to allow single drops to detach from the noz-
zle without the generation of additional smaller beads during the detachment process.
The periodic growth of the jet length and drop size occurs over a narrow range of 
ow
rates, which makes the phenomenon rather sensitive to speci�c experimental conditions
that parameterize the critical 
ow rate, especially the polymer concentration and solu-
tion `freshness'. Thus, an appreciable shift in critical values may be observed between
di�erent series of experiments carried out with di�erent ba tches of solution of the same
nominal polymer concentration.

In an e�ort to quantify this time-dependent phenomenon, an experimental technique
has been developed based on frame-by-frame computer-aidedanalysis of successive video
images produced by a digital high-speed camera (Clasenet al. (2004)). Details of this
technique are outlined below

2.3. Detailed analysis of `gobbling': data processing technique

Images of the gobbling jet were captured with a high speed camera (Phantom 5, Vision
Research Inc.) working at a frame rate of 2000 fps and with an image size of 256� 1024
pixel. A macro objective (Canon 70 F/2.8) gives a spatial resolution of 25 � m/pixel.

Frame by frame analysis of these images reveals many important features of the gob-
bling phenomenon. The starting point of the analysis is the conversion of the digital
images produced by the camera into pro�les of the free surface of the jet, i.e. the ra-
dius vs. distance from the nozzle tip, R(z), at a given time. An image analysis code was
speci�cally developed for this purpose using LabView (National Instruments). In partic-
ular, critical features of the evolving jet can be extracted, such as the location of the
terminal drop or the position of asperities on the continuous part of the jet that evolve in
time into well-de�ned beads. Since capillary instability waves do not move relative to the

uid in the jet (Rayleigh 1879, 1892; Weber 1931; Eggers 1997), the positions of these
asperities can be used as markers to directly measure the velocity distribution along the
jet. The position L (t) of the center of the terminal drop, as well as the position ofthe
individual beads X (t) can be extracted as demonstrated in �gure 4a and b to construct
`XLt -diagrams' (�gure 4c). Subsequent processing of the free surface pro�les allows the
determination of the terminal drop volume V, as well as the radius and position of the
thin ligaments connecting the beads. The fragment of aXLt - diagram shown in �gure
4c is typical for a well-developed `gobbling' regime. It clearly illustrates an important
feature of gobbling in thin jets: the 
uid velocity is, to a �r st approximation, constant
along the jet. Indeed, thin solid lines in these space-time diagrams are essentially parallel
to the traces of the beads. They have a constant slope corresponding to the jet velocity
(in this particular case of U0 = 0 :5 m s� 1) which remains fairly constant during the cycle.
In thicker jets the acceleration caused by gravity becomes important, and the trajecto-
ries of the individual beads in XLt -diagrams tend to become parabolic. Although the
terminal drop moves slowly upwards and downwards prior to detachment, the primary
jet remains una�ected by this oscillation. This is a characteristic of convective jet 
ows,
in which 
uid particles move purely by their own inertia. Thi s observation is con�rmed
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Figure 4. (a)-(b): Construction of an XLt -diagram. Traces of the terminal drop position L (t)
(hollow circles) and individual asperity locations X (t) on the falling jet (�lled points) are dis-
played in three video frames each separated by �t = 1 ms; (c): Example of a XLt -diagram
for a jet issuing from a nozzle of R i = 0 :075 mm at a 
ow rate of 20 � mm3 s� 1 . Thin solid
lines of constant slope are essentially parallel to the bead traces indicating that the beads move
with constant velocity until they merge with the terminal dr op, which is following a periodic
trajectory. Such a 
ow pattern is typical of the fully-devel oped `gobbling' regime observed for
thin viscoelastic jets.

by scrutinizing other similar XLt -diagrams for thin jets of polymer solutions (not repro-
duced here) and serves as a basis of the elementary dynamicalmodel which is presented
in Section 3.3.

The direct measurement of the jet velocity can also be used tocon�rm the initial radius
R0 of the jet. Due to the combined action of capillary and inertia forces in the vicinity
of the nozzle tip, the radius of the issuing jet di�ers signi� cantly from both the internal
nozzle tip radius Ri and external nozzle tip radius Re (Clanet & Lasheras (1999)). In
principle, the jet radius R0 could be determined directly from the digitized jet pro�les .
However due to the slenderness of the jet the radius corresponds to only a few pixels,
leading to signi�cant imprecision (e.g. in Fig. 3 the jet radius is R0 � 90 � m �= 3:6 pixel).

A more reliable way to determine the initial jet radius R0, is to use the relation

Q = �R 2
0U0: (2.1)

As the 
ow rate Q is accurately controlled by the syringe pump, and the jet velocity
U0 is directly measured by the marker traces,R0 is readily evaluated. The observed jet
radius R0 can then be related to the nozzle inner radiusRi . The results are presented in
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Figure 5. Measured jet radius R0 as a function of the nozzle inner radius R i : experimental
data for PAA-solutions ( � ) and linear �t R0 = 1 :17 R i (straight line).

�gure 5. The data points are well described by a linear relation

R0 = 1 :17 Ri ; (2.2)

with a correlation coe�cient r 2 = 0 :985. This relationship is employed systematically in
later developments.

3. Theoretical Analysis
3.1. The dripping and jetting transitions (following Clanet and Lasheras)

The transition from dripping to jetting has been investigat ed in detail in the past for the
case of a low viscous Newtonian liquid (water in most situations). In particular Clanet &
Lasheras (1999) give a precise de�nition and a comprehensive description of the di�erent

ow transitions observed when increasing the 
ow rate of a Newtonian liquid exiting a
thin nozzle.

A �rst `dripping' transition characterizes the transition from a time-regular drop for-
mation with constant drop volumes (`periodic dripping') to a quasi-periodic or chaotic
behaviour ('dripping faucet') during which the mass of the detaching drops vary from
one to the next.

A second `jetting' transition occurs when the detachment point of drops suddenly
moves downstream, away from the nozzle. As the 
ow rate is progressively increased,
longer jets are observed. The authors precisely quanti�ed this loose de�nition of a jetting
transition by measuring the length of the jet. They de�ned th e transition as the 
ow rate
required to obtain a jet ten times longer than its diameter (changing this arbitrarily-
chosen aspect ratio, does not modify signi�cantly the critical 
ow rate).

In the absence of gravitational e�ects, the criterion for the transition is straightforward:
the momentum 
ux of the liquid has to balance or exceed upstream capillary forces
originating from newly created surface at the nozzle. IfU0 is the velocity of the 
uid
exiting the nozzle, Ri the inner radius of the nozzle, 
 and � the respective surface
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Figure 6. Critical 
ow rates vs nozzle inner radius for water and an aqueous solution of 100
ppm PAA. Open squares: dripping transition for water; close d squares: jetting transition for
water; closed circles: jetting transition for the PAA solut ion; solid line: prediction of jetting
transition for water according to formula (3.1) developed b y Clanet & Lasheras (1999); dotted
line (1): critical 
ow rate Qcr 0 from (3.9); dotted line (2): critical 
ow rate in the presenc e of
gravity Qcr from (3.10).

tension and density of the liquid, the transition is expected when �U 2
0 R2

i & 
R i , i.e.
We & 1, where We refers to the Weber number, We =�U 2

0 Ri =
 .
The case of �nite gravity is more complex since the weight of the drop plays an impor-

tant role in its detachment from the tip. In this case Clanet & Lasheras (1999) formulated
the critical Weber number at the jetting transition as:

Wec = 2

r
Boe

Bo

h
S1=2 � (S2 � 1)1=2

i 2
; S = 1 + K (BoeBo)1=2; (3.1)

with

We =
�U 2

0 Ri



; Bo =

�gR 2
i



; Boe =

�gR 2
e



: (3.2)

The Bond numbers Bo and Boe compare capillary forces to gravity and are evaluated
using the inner tip radius Ri and the outer radius Re, respectively;K is a numerical con-
stant equal to 0.37 in the case of water jets in air. As intuition would suggest, increasing
the importance of gravity results in lower critical Weber numbers.

We measured experimentally the dripping and jetting transitions for water and a dilute
polymer solution (100 ppm polyacrylamide solution). The results are shown in �gure 6
and compared with the expression from Clanet and Lasheras in(3.1). Obviously the data
for water are in good agreement with the theoretical prediction for a jetting transition.
Conversely, the critical 
ow rates obtained with the polymer solution at the jetting
transition are much smaller than the corresponding values for water.

Furthermore, when trying to reach the dripping transition f or the polymer solution
by further lowering the 
ow rates, the novel gobbling regime is observed. The length of
the jet is approximately constant only for higher 
ow rates c lose to the jetting transition
(the case of `incipient' gobbling described in �gure 3). As the 
ow rate is loweredfur-
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Figure 7. Steady jet issuing from a nozzle. The dashed box delimits the control volume for
the mass and momentum balance.

ther the jet undergoes subsequently the di�erent stages of gobbling described in Figure
3. Although initially developed for low viscous Newtonian liquids, we re-explore in the
following sections the model from Clanet and Lasheras with aslightly di�erent presenta-
tion that takes into account the peculiar additional featur es of dilute polymeric solutions
(persistent liquid �laments and rheological stresses).

3.2. A jetting transition depending on a positive momentum 
ux

The experimental observation of nearly constant jet lengths at the jetting transition
suggests a simpli�ed description of the problem as sketchedin �gure 7. We consider a
steady jet issuing from a nozzle downward along thez-axis and eventually breaking at a
distance L max from the nozzle. We choose a control volume bounded by two horizontal
cross-sections, one within the contiguous part of the jet close to the nozzle, and the other
one just after the jet breaking point.

The time-averaged momentum balance for this control volumeintegrated over one
period reads:

� F + ��R 2
0U2

0 + Vj �g =
� Vmax Ud;max

T
; (3.3)

where F is the tensile force at the upstream cross-section,R0 the jet radius, U0 the
jet velocity, Vj is the time-averaged 
uid volume between the two cross-sections, T the
period between two detaching drops passing through the lower cross-section,Vmax the
volume of each of these detaching drops andUd;max their velocity.

The net tensile forceF supporting the jet consists of two parts:

F = 2 �R 0
 + �R 2
0� zz (3.4)

where the �rst part takes into account the surface tension ofthe newly created surface at
the upper cross section of the control volume while� zz refers to other axial stresses in the
jet. These axial stresses in the slender jet can be expressedin terms of two contributions
� zz � � zz � p, where the pressurep can be replaced by the radial stress balancep =

=R 0 + � rr :

� zz = ( � zz � � rr ) �



R0
: (3.5)

Here, the second term on the right hand side represents the capillary pressure at the
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lateral surface of the jet, while the �rst term is the `rheological stress' contribution
� rheol � (� zz � � rr ) resulting from the deformation of the viscoelastic 
uid ( i.e. a normal
stress di�erence). Combining with 3.4 we obtain:

F = �R 0
 + �R 2
0 � rheol : (3.6)

The solution experiences a strong shear rate in the syringe needle ( _
 � 105 s� 1 for
the typical conditions of our experiments) during a residence time of the same order of
the relaxation time of the low concentrated polymer molecules (L needle=U0 � 20 ms).
Nevertheless, we neglect the initial elastic strain of the dilute polymers in the uniform
jet considered in this simpli�ed model. In this condition, t he `rheological stress'� rheol is
negligible, which leads to:

F = �R 0
: (3.7)

This formulation di�ers from Clanet and Lasheras by a factor of 2, but is in agreement
with the expression that Gri�th used when he successfully measured the surface tension
of glass (Gri�th (1926)). This factor of 2 has apparently lea d to some controversy as
discussed in Eggers (1997), who also gives an expression equivalent to (3.7).
With this new expression for the tensile force, the momentumbalance (3.3) becomes:

� �R 0
 + ��R 2
0U2

0 + Vj �g =
� Vmax Ud;max

T
(3.8)

Since the right-hand side of (3.8) must be positive, it implies a lower boundQcr for the
jet 
ow rate Q = �R 2

0U0:

Q > Qcr = Qcr 0

�
1 �

Vj �g
�R 0


� 1=2

; with Qcr 0 = �R 3=2
0

r


�

; (3.9)

whereQcr 0 is the critical 
ow rate in the absence of gravity and corresponds to a critical
Weber number W ecr 0 = 1. This critical 
ow rate is already considerably lower tha n the
experimentally measured values for pure water as depicted in Fig. 6. In physical terms,
the inequality (3.9) states that the momentum in
ux into the control volume should be
su�cient to support a positive momentum 
ux out of the control volume. Taking into
account gravitational forces, in particular, if we let Vj = �R 2

0L max , which is appropriate
for an uniform jet of length L max , we get

Qcr = Qcr 0

�
1 �

�gR 0L max




� 1=2

: (3.10)

If we �rst set a higher value of the 
ow rate, and then begin to slowly decrease it, the
continuous jetting regime should not persist later than the point where the 
ow rate falls
below the critical value Qcr . Using experimentally observed values forL max we obtain
values close to the critical 
ow rates observed experimentally for the polymer solutions
as shown in �gure 6.

It is essential to note that this lower bound on the 
ow rate in the jet can only be
explored experimentally for su�ciently long jet breakup ti mes. This is usually not the
case for low viscosity Newtonian liquids and this preventedClanet and Lasheras from
also exploring this boundary and observing the gobbling phenomenon. However, adding
a tiny mass fraction of high molecular weight polymeric molecules to the solution extends
the breakup time and may allow a subsequent exploration of this breakup process.

Although the description above remains qualitative, it int roduces the essential ingre-
dients driving the gobbling phenomenon: incoming momentum
ux, capillary forces and
gravity. We therefore re-explore in the following section asimpli�ed dynamic model pre-
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viously introduced by Clanet and Lasheras which allows for aprecise description of the
di�erent gobbling stages illustrated in �gure 3. We then rec onsider the importance of the
rheological stress term� rheol of (3.6) in section 4.

3.3. Elementary dynamical model of gobbling

Our experimental observations indicate that the gobbling phenomenon results from the
interaction between two distinct entities: a steady-state slender jet, and a spherical ter-
minal drop that slowly grows and translates axially. Furthermore, the evolution of the
terminal drop does not a�ect the 
ow in the jet. This jet is cha racterized by its initial ra-
dius (R0) and its velocity ( U0) and is independent of the downstream conditions. Indeed,
the jet velocity remains nearly constant during the whole cycle as observed in �gure 4c.
This property of negligible upstream perturbation is a generic property of convective jet-
ting 
ows, in contrast to `pseudo-jet' 
ows, which are domin ated by the upstream transfer
of the tension force along the jet. Examples of the latter include �ber spinning (Pearson
(1985)), coiling of viscous jets (Ribeet al. (2006)), or slow periodic dripping (Coullet
et al. (2005)). In the following we consider a liquid drop attachedto jet of uniform radius
R0 and uniform velocity U0 (we incorporate in Appendix B the e�ects of gravitational
acceleration and a slow axial variation in the radius of the jet). As proposed in Clanet
& Lasheras (1999), we shall apply principles of mass and momentum conservation to the
drop. In addition, we assume that the length of the jet is limited: if the dynamics of
the system lead the jet to reach a critical length L max , the drop detaches from the jet
and a new terminal drop forms (�gure 8). From a more physical point of view, this is
equivalent to assuming that the jet breaks in a �nite time tbr , such that L max = tbr U0. In
the case of a Newtonian jet of water described by Clanet and Lasheras, this breakup time
was governed by a balance between capillarity and inertia,tbr �

�
�R 3

0=

� 1=2

, leading to
rather short lengths L max . With polymer solutions tbr can be much larger due to the
extensional viscosity of the macromolecules (Anna & McKinley (2001); Wagner et al.
(2005); Tirtaatmadja et al. (2006)), which allows for longer jets. In Section 4 we shall
describe in more details how this breakup timetbr is connected to the non-Newtonian
rheological properties of the 
uid in the case of dilute polymer solutions.

The mass balance for the terminal drop is determined by the net mass in
ux, which
depends on the jet 
ow rate Q, and on the velocity Ud of the terminal drop relative to
the jet velocity U0:

dV
dt

= Q
�

1 �
Ud

U0

�
; (3.11)

whereV is the volume of the growing terminal drop. This net mass in
ux also enters the
linear momentum balance for the terminal drop, together with the tensile forceF acting
in the jet and the gravitational acceleration:

� d(VUd)
dt

= �Q (U0 � Ud) + � Vg � F: (3.12)

Clanet and Lasheras have derived an exact parabolic solutions of (3.11) and (3.12) for
the terminal drop velocity Ud(t) and position L (t):

Ud(t) = U0 � U � + 1
3 gt; L (t) = L max + ( U0 � U � ) t + 1

6 gt2; (3.13)

with

U � =

s
F

��R 2
0

: (3.14)
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Figure 8. Simpli�ed version of the gobbling scenario: the terminal dr op is attached to a jet of
radius R0 that is 
owing with a uniform velocity U0 . The drop is submitted to its own weight, to
the capillary tensile force from the jet and absorbs a moment um 
ux from the jet. For a critical
length L max , the drop detaches from the jet and the same scenario starts again.

Using the expression for the net tensile force from (3.7), weobtain:

U � =
r



�R 0

: (3.15)

In physical terms, U � represents the velocity of capillary waves propagating along the jet
as described by Rayleigh (1879). The integration of the volume conservation (3.11) then
gives:

V(t) = �R 2
0

�
U � t � 1

6 gt2
�

: (3.16)

With the selected initial condition, the length of the jet ha s a maximum value at t = 0,
which corresponds to the critical jet breakup length L max when the terminal drop has
just pinched o�. The jet length then initially decreases because the capillary velocity
U � pulling the terminal drop upwards exceeds the incoming axial velocity U0. As the
terminal drop grows and increases its weight, the upward motion eventually ceases and
the drop trajectory reverses due to the downward e�ect of gravitational acceleration.
The jet length �nally reaches L max , the drop then detaches and the same scenario starts
again. We show in Appendix A that even if the initial volume of the drop is �nite, the
solution eventually converges to the present solution.

Expressions (3.13) and (3.16) allow for a direct comparisonwith experimental data.
Such a comparison is shown in �gure 9 for the case illustratedin �gure 1 (note that
Clanet and Lasheras could not make this comparison with purewater because of short
breakup times and, as a consequence, very short jet lengths). The experimental data
are described qualitatively by this elementary theory (dashed line). However, the initial
upwards slope of the analytical solution corresponding to the recoil velocity dL=dt is
steeper than observed in experimental data. The observed trajectories are also slightly
asymmetric in comparison with the predicted parabolas. However, these features can be



14 C.Clasen, J.Bico, V.Entov and G.H.McKinley

0

1

2

3

4

5

0 25 50 75 100 125

20

18

16

14

12

10

8

6

4

2

0

  Experimental data

  Section 3.3: 

          elementary theory for 

          a constant jet velocity

  Appendix B:

          dynamic theory for 

          an accelerating jet 
L 

/ 
m

m

 

t / ms

V
 / 

m
m

3

Figure 9. Terminal drop position and volume variation during an indiv idual `gobbling cycle' and
their comparison to theory. Nozzle inner radius R i = 0 :125 mm, initial jet radius R0 = 0 :188 mm,

ow rate Q = 39:7 mm3 s� 1 : Open symbols: experimental data from image processing of the
video data; dashed lines: theoretical analytic solution of the elementary theory from equations
(3.13) and (3.16); continuous lines: numerical solution of the dynamic theory of Appendix B.

captured by a dynamic theory such as that presented in Appendix B that takes into
account the additional acceleration of the 
uid in the jet du e to gravity. Indeed, the
relative contribution of gravity into the momentum balance for the contiguous part of
the jet is on the order of the inverse of the Froude Number� gLmax =U2

0 , which ranges
from 0.15 - 3.5 for our experiments and can therefore be important ( e.g. in the experiment
presented in �gure 9 this value is of order 0:2).

The dynamic theory described in Appendix B is capable of describing the gobbling
dynamics quantitatively as can be seen in �gure 9. It also provides a more accurate
description of the breakup time: because the liquid accelerates, the actual `time of 
ight'
of a 
uid particle exiting from the nozzle is smaller than tbr = L max =U0. However the
dynamic model contains the same simple mass and momentum balances introduced in the
present simpli�ed description is only amenable to numerical solutions. In the following,
we will therefore continue with the qualitative, but analyt ical, solution of the elementary
model for gobbling.

3.4. From gobbling to jetting

The simple dynamic model describes successfully a single gobbling cycle. However, in
order to obtain a periodic behavior, the integral over the period

RT
0 Ud(t)dt should be

equal to �L , the di�erence between the detachment length and the jet length at the start
of the next cycle. The analysis of the video images shows thatthis di�erence is on the
order of the diameter of the terminal drop before its detachment, which is relatively small
compared to the large breakup lengthL max observed for fully-developed gobbling. If we
neglect this variation, then the periodicity condition becomes:

Z T

0
Ud(t)dt �= 0: (3.17)
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Notice that this condition implies Ud(t) < 0 at the initial part of the period, which,
according to Eq.3.13, leads toU0 < U � , i.e. W e < 1. This inequality is in apparent
contradiction with the requirement of a positive downstream momentum 
ux in the
jet. However, the small, but non-negligible, contribution of gravity solves this apparent
paradox and allows a polymeric jet to exist down to 
ow rates Qcr and below the critical

ow rate Qcr 0 as described in Section 3.2.

The periodicity condition (3.17) in combination with (3.13 ) leads to the following
expression for the gobbling period:

T =
6(U � � U0)

g
: (3.18)

The amplitude of the oscillation � L , can be evaluated from the minimum jet lengthL min

which occurs at t = T=2:

� L = L max � L min =
3(U � � U0)2

2g
(3.19)

This oscillation amplitude determines the range and the di�erent stages of the gobbling
regime. Indeed, incipient , moderate and critical gobbling states, as already introduced
from observation in �gure 3, correspond to � L = 0, L max =2 and L max , respectively. The
condition for incipient gobbling is straightforward: this stage appears asU0 = U � , i.e.
Q = Qcr 0 or W e = 1. This condition is in agreement with the experiment displayed in
�gure 3 where incipient gobbling indeed corresponds toW e ' 1.

Determining the lower bound of 
ow rates for which periodic gobbling persists (cor-
responding to critical gobbling) requires knowledge of the maximum lengthL max . We
therefore assume in the following thatL max is de�ned by the breakup time tbr of the
elastic �lament connecting the drop to the jet, such as:

L max = tbr U0: (3.20)

The lower limit Ucrit in the range of possible jet velocities for gobbling,Ucrit < U 0 < U � ,
is then determined by the requirement � L = L max , which, according to (3.19), leads to:

Ucrit = U �
�

1 + 1
3 � �

q
2
3 � + 1

9 � 2

�
; � =

gtbr

U � : (3.21)

The gobbling regime occurs over a narrow range of 
ow rates just below U � , which
vanishes if the breakup time decreases down to the value characteristic of a Newtonian
liquid or if the nozzle radius becomes very small.

The narrow range of 
ow rates for gobbling can be demonstrated by plotting the
volume Vmax of the terminal drop when detaching from the jet as a function of the jet
velocity as displayed in �gure 10. Following our simpli�ed m odel, the combination of
(3.16) with (3.18) leads to:

Vmax = 6 �R 2
0U0

�
U � � U0

g

�
: (3.22)

In spite of the experimental scatter of the data in �gure 10 (which we believe to be due to
the high sensitivity to the rheological properties of the liquid) this relation is in reasonably
good agreement with the experiments, conducted here with a particular nozzle radius
Ri = 0 :075 mm. Equation (3.22) contains no adjustable parameters.Over the narrow
range of experimentally observed velocities of �U0 = U � � Ucrit = (0 :84� 0:62) m/s, all
stages of gobbling that are depicted in �gure 3, from incipient to critical gobbling, can
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Figure 10. Gobbling range: terminal drop volume at detachment Vmax vs. jet velocity U0 .
Points: experimental data for R i = 0 :075mm; solid line: theory according to (3.22)

be observed. Finally, an estimation of the breakup timetbr can be determined from this
velocity range by measuring the lower boundUcrit and rewriting (3.21); which reduces

for small radii and smaller values of� to Ucrit = U �
�

1 �
p

2=3�
�

and we obtain:

tbr
�=

3(U � � Ucrit )2

2gUcrit
: (3.23)

We experimentally measuredUcrit ' 0:62 m s� 1, which would correspond totbr ' 11 ms
for the nozzle radius used in these experiments. In the following section we describe
the variation of this breakup time with the nozzle radius and show the consistency of a
calculation of tbr from L max =U0 with the above estimation from Ucrit .

3.5. The breakup time

In the previous sections we have shown the relevance of the simpli�ed dynamical model to
describe the gobbling phenomenon. However we had to introduce a breakup timetbr as an
adjustable parameter. Determining the dependence oftbr on the experimental parameters
is still required to close this dynamical model. We �rst note that tbr is in fact an apparent
breakup time de�ned as L max =U0 in (3.20). In reality, the 
uid also accelerates under
gravity and the actual time of 
ight of a Lagrangian 
uid part icle tof =

RL max

0
dz

U (z) is
smaller than tbr . This time of 
ight can be evaluated using the numerical velocity pro�les
obtained from integrating equation (B 3) of the dynamic theory in Appendix B.

Both the apparent breakup time and the time of 
ight were esti mated from the max-
imum jet length L max extracted from processing theXLt -diagrams. The variation of
these breakup times as a function of the nozzle radius is displayed in �gure 11. Both
measures of the breakup time are found to increase with the radius of the nozzle. The
results for tbr are fairly well described by a linear correlation (solid line in �gure 11) that
has the following form for the present polymer solution and test geometry:

tbr (s) = 0 :14Ri (mm): (3.24)

The breakup time corresponding to the nozzle radius presented in the previous sec-
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tion ( Ri = 0 :075 mm) is 10:5 ms, which is in relatively good agreement with the value
estimated from the experimental measurement ofUcrit (tbr ' 11 ms). The linear corre-
lation is surprising since it suggests that the breakup dynamics are limited by viscosity
tbr � �R 0=
 (this scaling arises from a simpli�ed balance between the destabilizing
Laplace pressure (� 
=R 0) with viscous stresses resisting breakup (� �=t br ) (Eggers
(1997)). However, the equivalent viscosity would need to beof the order of 2 Pa.s to
match our empirical correlation, which is 3 orders of magnitude higher than the ac-
tual shear viscosity of the dilute polymeric solutions. Such high values are the signature
of strong elastic stresses generated in the 
uid while the �lament thins. Indeed, the
extensional viscosity of polymeric solutions commonly increases over several orders of
magnitude during strong elongational 
ows (McKinley & Srid har (2002); Amarouchene
et al. (2001); Sattler et al. (2008)).

3.6. Predicting critical gobbling parameters

Substituting the empirical correlation (3.24) for the breakup time obtained with the
present polymer solution in the relation (3.21) closes the description of the gobbling
dynamics. The lower critical velocity Ucrit that relates to critical gobbling (as shown in
�gure 3) and the corresponding 
ow rate

Qcrit = �R 2
0Ucrit (3.25)

can then be evaluated. In �gure 12 we compare the critical 
ow rates of the theoretical
predictions of incipient and critical gobbling, calculated without any �tting parameter
(besides the linear correlation betweentbr and the nozzle radiusRi ), with experimental
data close to critical gobbling conditions. The experimental data are indeed close to
the theoretical predictions of critical gobbling (solid li ne). The deviation is due to the
fact that experimental data are still obtained at 
ow rates s lightly higher than critical
gobbling conditions (this can also be seen in �gure 3 where for the indicated case of critical
gobbling the terminal drop is actually not completely traveling back to the nozzle). Flow
rates right at critical gobbling present a rather unstable state that favors a reconnection
of the terminal drop to the nozzle even with very small 
ow rat e variations. Figure 12
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Section 3.3 for incipient gobbling ( Qcr 0) from (3.9); solid line: elementary theory of Section 3.3
for critical gobbling Qcrit from (3.25); shaded area: range of critical 
ow rates based on the
dynamic theory of Appendix B for incipient to critical gobbl ing.

also shows the results of the numerical calculations of the dynamic theory of Appendix
B for the range of incipient to critical gobbling.

The lower critical velocity Ucrit of (3.21) can also be used to calculate the volume
of the detaching terminal drop Vmax . By inserting Ucrit into (3.22) we obtain then the
volume of the detaching terminal drop at critical gobbling conditions:

Vcrit = 6 �R 2
0Ucrit

�
U � � Ucrit

g

�
: (3.26)

This theoretical prediction for the critical volume of the t erminal drop is plotted in �gure
13 as the solid line and shows very good agreement with the experimentally obtained
values. This drop volume Vcrit can also be compared to the volume of a quasi-static
dripping drop detaching from a syringe tip. This later situa tion has been comprehensively
studied by Harkins & Brown (Harkins & Brown 1919) and constit utes a common method
to estimate interfacial tensions (Adamson & Gast 1997). Harkins & Brown have shown
that the volume of the detaching drop is given by:

Vdrip = f HB
2�
R e

�g
; (3.27)

where Re is the external radius of the tip and f HB is a function of the ratio X =
Re=

p

=�g ranging from 0:5 6 f HB 6 1. The coe�cient f HB accounts for the non

sphericity of a terminal drop due to gravity. The \smoothed v alues recommended for
corrections" by Harkins & Brown are well approximated by a polynomial �t:

f HB ' 0:928� 0:7847X + 0 :7025X 2 � 0:2233X 3 ; X =
Rep

=�g

; (3.28)

in the range 0< X < 1:4. As illustrated in �gure 13 the volume Vcrit of the terminal gob-
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bling drops at critical conditions are signi�cantly below t he volumeVdrip of the Harkins
& Brown relation for dripping, but also much larger than the v olume of detaching drops
for the jetting case V� (obtained from (3.31) as we describe below). This di�erencein
volume between dripping and gobbling explains also why the critical gobbling conditions
are so sensitive to slightest variations in the 
ow rate: A slight decrease in 
ow rate will
lead to reattachment of the terminal drop to the nozzle (shown in Figure 3 as `intermit-
tent gobbling'). This then prohibits the continuation of th e gobbling cycle sinceVcrit is
not large enough for pinch o� due to dripping. The terminal dr op attached to the nozzle
�rst has to grow (by in
ow of 
uid) to reach the Harkins & Brown volume conditions
Vdrip in order to detach again.

The dependence ofVcrit on Ri for the experimental data shown in �gure 13 is found
to be almost linear over this range of nozzle diameters and can be approximated by

Vcrit ' 0:8
2�
R i

�g
' 0:7

2�
R 0

�g
(3.29)

where the latter equality is obtained by using (2.2). This simple relation will be used in
the following section to determine an upper bound on the range of syringe nozzles for
which the development of the gobbling regime can be observed.

3.7. Limits of gobbling

As observed in �gures 1 and 3, the jet exiting the nozzle �rst undergoes a classical
Rayleigh-Plateau instability controlled by the interplay of inertia and capillarity, leading
to the beads that are eventually consumed by the terminal drop. A linear perturbation
calculation gives the wavelength of the fastest growing mode (Rayleigh 1879, 1892; Weber
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Figure 14. Wavelength of the beads observed on the jets in �gure 1 as function of the jet
radius. Dashed line: comparison with Rayleigh theory (3.30 ).

1931):

L R = 2
p

2�R 0 ' 9:0R0; (3.30)

the volume:

V� = �L R R2
0 = 2

p
2� 2R3

0; (3.31)

and the corresponding time scale:

� R ' 2:9

s
�R 3

0



: (3.32)

The wavelengthL R determined from the video images was measured for di�erent column
radii and is compared with the Rayleigh prediction in �gure 14. The agreement between
the experimental data and the classical prediction is very good, which indicates that the
presence of minute quantities of polymer molecules does notmodify the initial inertio-
capillary dynamics controlling the formation of the beads. Indeed typical values for the
inertial time characterizing the growth rate of the inertio capillary pertubation ( � R � 1
ms) are shorter than the 
uid relaxation time ( � � 10 ms) which characterizes the
timescale for growth of viscoelastic stresses. In the linear regime (at short times) polymer
e�ects are negligible. Of course this situation changes dramatically in the nonlinear regime
(Amarouchene et al. (2001); Wagner et al. (2005)). The volume V� of a single bead
represents the lower limit for the terminal gobbling drop when reaching the transition to
pure jetting and is also compared in �gure 13 to the critical gobbling conditions.

The number of beads consumed by the terminal drop per gobbling period is given by
the ratio of the maximum volume of the terminal drop to that of a single bead. From
(3.29) and (3.31) we obtain for the `gobbling ratio':

Vcrit

V�
� 0:16

�



�gR 2
0

�
� 0:11

�



�gR 2
i

�
: (3.33)

The `gobbling ratio' scales inversely with the Bond number, which explains why it
increases dramatically for thin jets as the velocity approaches the critical value (e.g.
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Figure 15. False gobbling: periodic dripping with consecutive drops c onnected by an
`umbilical cord', R i = 0 :685 mm; Q = 160 mm 3 s� 1

for Ri = 0 :1 mm we obtain Vcrit =V� � 50). In the opposite limit, the `gobbling ratio'
approaches unity forRcr �

p
0:11
=�g = 0 :8 mm: above this critical radius the gobbling

phenomenon should not be observable because formation of a single bead on the jet is
su�cient to overwhelm the volume of the terminal drop.

Although preliminary investigations suggest that the gobbling phenomenon also seems
to occur for jets of larger diameter, closer observation reveals that these jetting 
ows
di�er from `true gobbling'. For larger nozzle radii, the tra nsition from dripping to jetting
for a polymer solution proceeds through a stage of interacting drops or beads-on-a-string:
as a result of the enhanced stability of the necks between thedrops that form at large
radii (see �gure 15), the next drop begins to mature before the leading drop has detached.
A detailed analysis of video images shows that, in this case,the motion of the `leading
drop' a�ects the dynamic behaviour of the rest of the jet thro ugh the tension transmitted
along the thin umbilical cord of highly stretched 
uid that c an be observed in �gure 15.

The four XLt -diagrams of �gure 16 illustrate this issue; they representthe near-critical
gobbling regimes for thin (Ri = 0 :125 mm) to wide (Ri = 0 :685 mm) nozzles. Figure
16a shows true gobbling with multiple beads (gobbling ratio Vcrit =V� � 38) merging
into a single terminal drop which follows the expected parabolic trajectory. Figures 16b
and 16c still correspond to gobbling, but lower gobbling ratios of Vcrit =V� � 9 and � 3,
respectively as the nozzle radius increases. In �gure 16d necklaces of drops connected by
thin 
uid �laments are observed: the next drop emerges and starts to grow before the
connecting ligament has broken up and the �rst terminal drop has detached. We refer to
this as `false gobbling'. Essentially, it represents periodic dripping with consecutive drops
connected by an `umbilical cord' as can be seen in �gure 15. The most important dynamic
di�erence is that in this case gravity is essential; the tensile force in the jet (arising now
principally from elasticity) is transmitted upstream up to the nozzle; whereas for true
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Figure 16. XLT diagrams showing transition from gobbling to dripping: (a): R i = 0 :125 mm,
Q = 39:7 mm3 s� 1 , gobbling ratio � 38; (b): R i = 0 :205 mm, Q = 64:5 mm3 s� 1 , gobbling
ration � 9; (c): R i = 0 :42 mm, Q = 140 mm 3 s� 1 , gobbling ratio � 3; (d): R i = 0 :685 mm;
Q = 160 mm 3 s� 1 , periodic dripping: necklace of drops.

gobbling, the force originates solely from capillarity at the nozzle. True gobbling dynamics
for such large nozzle radii could only occur in reduced or microgravity conditions.

4. Ligament thinning and breakup time
Good agreement is obtained between the predictions of the simple elementary and

dynamic theories and the experimental results forQcrit and Vcrit shown in �gure 12 and
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13. This suggests that the main features of the gobbling phenomenon are governed by
fundamental mass and momentum balances, while the polymer additive controls only
the terminal drop detachment event, which is encoded implicitly in the breakup time
given by (3.24). However, delayed breakup times are essential for the occurrence of the
gobbling phenomenon (in Clanet & Lasheras (1999) the breakup time of pure water is
simply too short to observe gobbling). We discuss in this section the dependence of the
breakup time on the nozzle radius and the viscoelastic characteristics of the polymer
additive.

The elementary dynamical model presented in the previous sections used an apparent
breakup time tbr , or equivalently a maximum jet length L max , measured experimentally
to incorporate the e�ects of the dissolved polymer. For a quantitative description of the
in
uence of the polymeric additive, we analyze now the thinning and breakup of the
thin ligaments that interconnect the beads-on-string structure and which develop due
to capillary instability of the primary jet. This simple zer o-dimensional theory follows a
similar form to the theory developed for capillary thinning of �laments of polymeric 
uids
in the Capillary Breakup Extensional Rheometer (see Bazilevskii et al. 1990a; Entov &
Hinch 1997; Anna & McKinley 2001; Rozhkov 1983). However thepresent description
involves one major new element: the ligament is submitted toa constant axial force.

We �rst note that the ligaments start as necks between adjacent beads on the jet
which grow and become visible at some distance from the nozzle. Because the beads and
ligaments are convected along the jet, each ligament is a Lagrangian object consisting of
the same 
uid particles. As each ligament is convected downstream, it progressively thins
and has two possible fates; (i) it can reach the terminal dropand be consumed by it, or
(ii) it can break and the terminal drop thus detaches. The video images of the ligaments
show that they are elongated and uniform cylindrical threads. It is therefore reasonable
to consider the thinning ligament as a uniformly stretching liquid column aligned along
the jet axis.

4.1. Force in the ligament and equation for elastocapillary thinning

Following our previous elementary discussion, we �rst neglect the e�ect of gravity and
consider a short fast jet, with a uniform velocity U0. We choose two cross-sectional pro�les
of the jet as shown in �gure 17, the �rst (1) being located at a stationary location
just downstream of the nozzle exit within the fully developed uniform jet region, and
the second (2) moving at the velocity of the central Lagrangian element of a thinning
ligament. Within these boundaries, the time-averaged value of the linear momentum
within any control volume between two jet cross-sections remains constant. Therefore,
the time-averaged momentum 
ux � F + �QU 0 as de�ned in the �rst two terms of the
momentum balance (3.3) is also constant along the jet. The time-averaging implicit in
this expression relates to averaging over a time interval large when compared with the
characteristic timescale of capillary breakup (the Rayleigh time), and with the time
interval between two beads passing across any given cross-section. In the fully-developed
gobbling regime such an interval is small with respect to theoverall gobbling period.
As the product �QU 0 is constant, the net tensile forceF acting on any cross-section is
also uniform along the jet. This constant force throughout the jet is readily evaluated
from (3.6) if we replace the upstream radiusR0 with the radius r (z)

F = �r
 + �r 2 � rheol = constant: (4.1)

This force is the sum of a capillary surface force and a bulk viscoelastic force arising
from the stretching of the dilute polymeric solute. The value of this constant force can
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(1)

(2)
2r

2R0

Figure 17. Control volume for a viscoelastic steady jet issuing from a n ozzle.

be evaluated from the upstream cross section (1) where the rheological stress is negligible:

F = �R 0
: (4.2)

We equate these two expressions to obtain the following expression for the tensile rheo-
logical stress di�erence that develops in the thinning �lament

� rheol =


r

�
R0

r
� 1

�
: (4.3)

The rheological stress� rheol developed in polymer solutions consists of two principal
contributions, namely a viscous stress proportional to theinstantaneous strain rate, and
an elastic stress depending on the accumulated elastic (reversible) strain of the polymer.
We will con�ne our present analysis to dilute polymer solutions for which the additional
contribution to the total viscous stress is small, while theelastic stress becomes signi�cant
when large elastic strains are reached.

4.2. FENE-model for dilute polymer solutions

In order to analyze the ligament thinning we use the same constitutive model as Entov
& Hinch (1997), corresponding to a dilute suspension of dumbbells with a �nite polymer
extensibility (the FENE dumbbell model (Bird et al. (1987))). The elastic deformation in
the jet, described by the average second moment con�guration tensor A of the polymer,
is characterized by its axial (Azz ) and radial (A rr ) components which are governed by
the microstructural evolution equations:

_Azz = 2 ezz Azz �
f
�

(Azz � 1); _A rr = 2 err A rr �
f
�

(A rr � 1): (4.4)

Here, ezz and err are the axial and radial components of the strain rate tensor, � is the

uid relaxation time, and f is the FENE correction term accounting for �nite extensibil ity
of the polymeric molecules:

f =
1

(1 + 3 =b) � (Azz + 2 A rr )=b
: (4.5)

Azz is essentially the square of the ratio of the current length of the extended polymer
molecule to its initial length in the coiled state, the �nite extensibility parameter b
corresponds to the limit of Azz at the maximum extension of the polymer chain. The
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resulting viscoelastic stress contributions for this FENE dumbbell model are:

� zz = 2 �e zz + Gf (Azz � 1); � rr = 2 �e rr + Gf (A rr � 1); (4.6)

whereG is the elastic modulus of the 
uid. The components of the strain rate tensor for
thinning of the �lament are expressed in terms of the rate of evolution in the �lament
radius:

ezz = �
2 _r
r

; err =
_r
r

: (4.7)

In contrast to the derivation of Entov & Hinch (1997) for a sta tionary �lament under
zero tensile force, we are now taking for the case of a jet the constant force into account.
Therefore we are substituting in (4.3) the rheological stresses� rheol = ( � zz � � rr ) with
(4.6) and (4.7). Introducing then (4.7) also into (4.4) we get the following set of ordinary
di�erential equations:

6�
�

_r
r

�
= �


R 0

r 2 +


r

+ fG (Azz � A rr ); (4.8a)

_Azz + 4
�

_r
r

�
Azz = �

f
�

(Azz � 1) ; (4.8b)

_A rr � 2
�

_r
r

�
A rr = �

f
�

(A rr � 1) : (4.8c)

This set of equations can be solved numerically with the appropriate initial conditions,
r = R0; Azz = A rr = 1 at t = 0 , to predict the evolution of the ligament radius in a jet
with a persistent constant axial force as material elementsare convected along the jet.y
However, before presenting numerical results, it is worth discussing the general features
of the solutions.

4.3. First stage of thinning: Inertio-capillary equilibrium

As described in section 3.7, the jet �rst undergoes a Rayleigh-Plateau instability with a
characteristic time scale� R ' 2:9

p
�R 3

0=
 . During this �rst stage, the necking dynamics
from an arbitrary small perturbation � follow an exponential growth r = R0

�
1 � �e t=� R

�
,

which induces a local strain rate near the neck of the form:

ezz =
2

� R

�e t=� R

1 � �e t=� R
: (4.9)

The axial extension rate thus increases rapidly, which induces stretching of the polymer
molecules and leads to a elasto-capillary regime in which the elastic response of the 
uid
dominates its inertia.

4.4. Second stage of thinning: Elasto-capillary equilibrium. In�nite extensibility

In the elasto-capillary regime we assume that the axial elastic strain of the polymer is
large, Azz � 1; Azz � A rr . We also assume that the molecules are very extensible so
that Azz � b and f � 1. Equation (4.8) reduces then to

6�
�

_r
r

�
= �


R 0

r 2 +


r

+ GAzz ; (4.10a)

_Azz + 4
�

_r
r

�
Azz = �

1
�

Azz : (4.10b)

y Note that in (4.8a), by contrast to the capillary breakup des cribed by Entov & Hinch (1997),
the constant force acting along the jet enters as the additio nal term 
R 0

r 2 in the force balance on
the thinning ligament.
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Equation (4.10b) is readily integrated, assuming that the � lament radius and the axial
component of the elastic strain satisfy the relation Azz r 4 = A0

zz R4
0, since the Rayleigh

timescale
p

�R 3
0=
 is much smaller then polymer relaxation time �; and therefore no

relaxation of the polymer occurred during the previous inertio-capillary thinning stage.
Taking the initial value of the axial stretch of the polymer ( A0

zz ) equal to unity, integration
of (4.10b) gives

Azz r 4 = R4
0 exp(� t=� ): (4.11)

Introducing this expression into (4.10a) we �nd:

6�
�

_r
r

�
= �


R 0

r 2 +


r

+
GR4

0

r 4 exp
�

�
t
�

�
: (4.12)

As the radius r (t) ! 0, a dominant balance is established between the �rst and third term
on the right hand side of (4.12). At long times the solutions thus approach exponential
asymptotes y :

r
R0

�

s
GR0



exp

�
�

t
2�

�
; Azz =

�



GR0

� 2

exp
�

2t
�

�
: (4.13)

These expressions in (4.13) correspond to an intermediate asymptotic regime of quasi-
equilibrium elasto-capillary thinning of a �lament of visc oelastic 
uid in a jet under a
constant axial force �
R 0. The �lament radius exponentially tends to zero while the
elastic stretch in the polymer molecules increases exponentially with time.

This solution also implies that the ligament will not break u p in a �nite time and the
elastic stress grows without bound. However, as the polymeric stretch increases, �nite
extensibility e�ects eventually become important and need to be taken into account.
The intermediate elasto-capillary solution (4.13) can only be used until the ratio Azz =b
becomes signi�cant, typically Azz =b � 0:1. After that, the thinning dynamics and the
�nal breakup are determined by the �nite extensibility of th e polymer.

4.5. Third stage of thinning: Finite extensibility and breakup

In the very �nal stage of ligament thinning under a constant axial force, the elastic strain
is very large, the radius is very small, and (4.8) simpli�es to:

6�
�

_r
r

�
= �


R 0

r 2 + fGA zz ; (4.14a)

_Azz + 4
�

_r
r

�
Azz = �

f
�

Azz ; f =
b

b� Azz
: (4.14b)

We neglect the term 6� _r=r , assuming viscosity to be small. Then we get from (4.14a):

r
R0

=
r



GR0

r
1

Azz
�

1
b

;
_r
r

= � 1
2

_Azz

Azz

 
1

1 � A zz
b

!

: (4.15)

Introducing these expressions into (4.14b) and integrating we �nd an implicit expression
which describes the universal thinning behaviour close to breakup:

t
�

=
Azz

b
+ ln

Azz

b
: (4.16)

y Note the di�erent scaling in comparison to elasto-capillar y thinning in the absence of a
constant force for which r (t) � exp

�
� t

3�

�
(Entov & Hinch (1997))
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The evolution in radius with time can be found by substitutin g the implicit expression
(4.16) in (4.15). The above estimates demonstrate that in the case of very thin jets,
or very dilute polymer solutions with molecules only having moderate extensibility the
intermediate exponential thinning stage may be absent, so that the third stage of dom-
inating �nite extensibility e�ects may become important im mediately after the initial
thinning stage (see for example Clasenet al. (2006b)).

It should be noted that the expressions derived above can be generalized to describe
the thinning of a liquid �lament extended by any constant for ce F . The �rst term of
the right hand side of (4.8a) reads then� F

�r 2 and we obtain a solution for the radius
evolution during the second stage of elastocapillary thinning from (4.13):

r
R0

=

r
G�R 2

0

F
exp

�
�

t
2�

�
(4.17)

and for the third stage from (4.15):

r
R0

=

s
F

G�R 2
0

r
1

Azz
�

1
b

(4.18)

4.6. Calculating the evolution in ligament radius

The results presented above allow us to predict the evolution in the ligament radius
and thus the critical time to breakup tbr as a function of the initial jet radius R0 and
measurable 
uid properties. If the duration of the short ini tial stage is neglected, the
thinning kinetics are completely determined by the 
uid rel axation time � , the surface
tension 
 , the elastic modulus G of the 
uid, the �nite extensibility parameter b of
the polymer and the jet radius R0. The elastic modulusG of dilute polymer solutions is
small and cannot readily be measured directly, but can be estimated using the well-known
expression from kinetic theory (Bird et al. 1987)G = 3 nkB T. Here, n = cNA =Mw is the
number density of polymer molecules of the solution,kB is the Boltzmann constant andT
is the absolute temperature. In our case, withc = 100 ppm and M w � 7:5 � 106 g mol� 1

we obtain n � 8 � 1012 cm� 3 and G � 0:1 Pa. This value should be regarded as an
order-of-magnitude estimate. The �nite extensibility par ameter b can be estimated from
the number of Kuhn-steps in a polymer chain,b = 3 NK . For polyacrylamide we obtain
b � 3:3 � 105.

Predictions for the kinetics of ligament thinning and breakup in the jet are then ob-
tained by integrating (4.8) using these 
uid properties. Results for the evolution in liga-
ment radius for the range of nozzle radiiR0 used in experiments are shown in �gure 18a.
The broken line shows predictions of the asymptotic theory for the intermediate quasi-
equilibrium elasto-capillary regime from (4.13). However, for the molecular parameters
relevant to our polyacrylamide chains, �nite extensibilit y a�ects the kinetics of constant-
force thinning almost from the beginning, leading to fasterthinning than the exponential
equilibrium as can be seen in �gure 18a.

Some general conclusions follow from these results. For a �xed relaxation time, the
breakup time depends on the initial radius of the ligament and on the macromolecular
extensibility. The dependence on the initial radius can be traced back to the equality
Azz r 4 = A0

zz R4
0 which gives the value of elastic strain at the end of the initial fast necking

phase when we cross over from the inertio-capillary to the elasto-capillary regime. From
(4.13), this strain scales asR� 2

0 , which leads to a prolonged stage of elasto-capillary
thinning in the ligament for larger R0. This provides a preliminary explanation of the
increasing longevity of the ligaments in the gobbling regime for larger nozzle sizes.
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Figure 18. Numerical calculations of the thinning kinetics for the vis coelastic ligaments that in-
terconnect the beads along the jet for nozzle inner radii of R i = 0 :075; 0:1; 0:125; 0:205; 0:42 mm.
Predictions for � = 12 ms, b = 3 :3 � 105 , G = 0 :1 Pa and: (a): A0

zz = 1, (b): A0
zz = 3 � 103 (for

R i = 0 :42 mm) to A0
zz = 3 :1 � 105 (for R i = 0 :075 mm). The broken line shows the prediction

of the asymptotic theory for the elasto-capillary quasi-eq uilibrium regime. The open symbols
are experimentally observed ligament radii.

4.7. Breakup time: Theory vs experiment

We are �nally in a position to evaluate the jet breakup time tbr as a function of the
initial jet radius by calculating the evolution of the ligam ent radius from R0 to breakup
(r = 0). The results for tbr obtained from �gure 18a are presented in �gure 11 as the
dotted line. While these results do show the systematic dependence of the breakup time
on the nozzle radius also observed in experiments, the predicted breakup times are an
order of magnitude below the experimental observations. Furthermore, the numerical
calculations in �gure 18a show a pronounced �rst stage of inertio-capillary thinning
(section 4.3) with a fast initial drop in �lament radius over an order of magnitude, which
is not observed in the experimental images of �gures 1 or 3. The reasons for this are
manifold; from inadequacy of the estimates for molecular parameters to the very simple
dumbbell model selected to describe the polymer chains. Nonetheless, the FENE model
correctly describes the results obtained in capillary breakup extensional rheometry. A
comparison of the observed diameter evolution in the CaBER device after a step strain
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with the predictions of the FENE model in �gure 2 leads to a realistic estimate of the
modulus G = 0 :1 Pa and �nite extensibility b = 3 :3 � 105 as suggested by molecular
estimates, and the theory matches the experiment in �gure 2 rather well. The source of
discrepancy between experiments and theory in the constant-force thinning of a thin jet
must therefore lie elsewhere.

One option that is certainly worth further examination is re lated to the `initial' state
of polymer molecules in the fully developed jet exiting the nozzle. It is quite plausible
that the polymer molecules are partially oriented and elongated after exiting the syringe
nozzle. Fluid elements at the exit undergo a small local die swell (leading to R0 > R i ) and
the velocity �eld in the jet must rapidly rearrange to develo p a plug 
ow pro�le (Apelian
et al. (1988)) resulting in potentially large non-zero initial elastic stresses in the jet. The
short residence time of 
uid elements in the present experiments (compared to the 
uid
relaxation time) gives an intrinsic Deborah number De0 = �=� R = 12=1 � 1 (McKinley
(2005)). This also indicates that any e�ects of this initial con�guration can propagate
substantially along the jet as the growing 
uid column begins to exhibit the Rayleigh
plateau instability described in section 4.3. Numerical calculations of drop ejection with
a FENE dumbbell model (Yarlanki & Harlen (2008)) show that th is rearrangement in
the velocity �eld near the stick-slip singularity at the noz zle exit coupled with the high
shear rates near the wall of the needle can indeed cause signi�cant molecular elongation.
Such simulations also show that this pre-orientation is radially inhomogeneous with a
thin sheath of pre-stretched material surrounding a relaxed core of unstretched material.
Of course a radially-averaged theory of the type presented in sections 4.2-4.4 will not be
able to capture this radial elastic boundary layer and quantitative comparison with our
experiments must await advances in time-dependent free-surface viscoelastic simulation.
However, to demonstrate the importance of this pre-stretchwe consider a simplistic case
in which we generate a uniform average level of axial pre-stretch A0

zz in the polymer
molecules entering the jet. In the model equations above we thus should useA0

zz >
1;A0

rr = A0
zz

� 1=2 and we also have to incorporate this contribution of the initial extension
into the upstream value of the axial force in the jet in (4.2):

F = �
R 0 + G�R 2
0(A0

zz � A0
zz

� 1
2 ):

Repeating the numerical calculations for the evolution of the ligaments between beads
in the jet, we can determine the value of the pre-strainA0

zz that gives a reasonable �t to
the experimental observations of breakup times. The results are shown in �gure 18b for
a pre-stretch ranging from A0

zz = 3 � 103 for the larger nozzle radii to A0
zz = 3 :1 � 105

for the smallest nozzle (A0
zz =b= 0 :009� 0:93). For comparison, also the measurements

of the thinning ligament radius determined from a sequencesof video-images for the
speci�c case of gobbling close to critical conditions are shown in �gure 18b and this
is in accord with the experimental data. The pre-stretch introduced in the numerical
calculations prevents the occurrence of a �rst stage of inertio-capillary thinning that
was observed in18b. Furthermore, the required pre-stretchvalues lead, for smaller nozzle
radii, to initial ratios A0

zz =b > 0:1, the value that marks the onset �nite extensibility
e�ects and the third stage type thinning described in section 4.5. For very small nozzle
radii this stretch is continuously increasing over the course of the numerical calculations
and prohibits the establishment of the second stage of elastocapillary thinning given by
(4.13). Finite extensibility e�ects play a role right from t he beginning when the jet exits
the nozzle, again in reasonable agreement with the experimental observations in �gure
18b.

The good agreement between the experimental measurements of the ligament thin-
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ning kinetics and the numerical calculation in the elasto-capillary and �nite extensibility
regimes further support the necessity of incorporating thepre-stretch in order to describe
quantitatively the evolution of the elastic ligaments duri ng gobbling. For completeness
the breakup times obtained from the numerical calculations including the pre-stretch
are also shown in �gure 11 (dashed line) and are close to the apparent breakup times.
Further improvements in this simple constant-force thinning theory require a more real-
istic description of macromolecular behavior during rapidelongation. However, even the
simpli�ed dumbbell model we have used provides quite satisfactory predictions of the
general trends observed in the breakup times.

5. Conclusion

The `gobbling' phenomenon observed at the transition from dripping to jetting for thin
jets of dilute polymer solutions is essentially a form of delayed dripping: the result of the
dynamic interaction of capillary breakup in a falling viscoelastic jet with a large terminal
drop that serves as a sink for the mass and momentum of the incoming 
uid. In the `true
gobbling' regime the jet breakup proceeds independently ofthe terminal drop motion;
the polymeric additive primarily controls the longevity of the slender 
uid �laments that
form between beads in the latter stages of jet breakup. The presence of a �nite relaxation
time regularizes the complex dynamics observed in dripping-jetting transitions of Newto-
nian and generalized Newtonian 
uids (Coullet et al. (2005); Yildirim & Basaran (2006)).
The viscoelastic �laments do support a signi�cant tensile force which is transferred to
the terminal drop and thus controls its dynamics. Our momentum balances show that
this force can be estimated as the capillary force present inthe upstream segment of
the jet. The gobbling behaviour can be predicted quantitatively by a theory combin-
ing elementary mass and momentum balances for the jet and forthe terminal drop in
conjunction with theory for viscoelastic �lament thinning and breakup that takes into
account the existence of (constant) tensile forces in the ligaments between drops and
�nite extensibility of the polymeric molecules.

As a result of the persistence of the axial force, the breakupof these �nite length 
uid
columns proceeds di�erently from the capillary breakup of an in�nitely long liquid jet,
which constitutes the foundation of the Rayleigh approach to jet breakup theory. The
distinction is of minor concern for simple Newtonian 
uids for which the breakup time
is controlled by the early stage of capillary instability; however, it becomes crucial in the
case of polymer solutions that are prone to substantial strain-hardening. It is anticipated
that much of the previous work on viscoelastic jet breakup based on the Rayleigh ap-
proach should be re-visited from this point of view. Since the transition is very sensitive
to the viscoelastic characteristics of the polymer solutions, rheological properties of very
dilute polymeric solution may be deduced from similar \video-rheology" experiments.
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Appendix A. Derivation of the parabolic trajectory of the te rminal
gobbling drop

We consider a short and rapidly 
owing capillary jet between the nozzle and the
terminal `gobbling drop'. Although a convective capillary instability develops on the jet
(�gure 1), the jet appears stationary when considered on large time scales, with high
frequency capillary perturbations superimposed on this time-averaged steady state. The
mass balance and linear momentum balance for the terminal drop is given by (3.11) and
(3.12). Using (3.11) and (3.7), the momentum balance (3.12)can be re-written as

� V
dUd

dt
= �

Q
U0

(U0 � Ud)2 + � Vg � �R 0
: (A 1)

BecauseQ, U0, and R0 are all time-independent, (3.11) and (A 1) have simple �rst
integrals. We can de�ne the non-dimensional variables:

v =
V
V0

and � =
t
t0

; with V0 =
F
�g

and t0 =

s
V0U0

gQ
�

r



�g 2R0
; (A 2)

where V0 compares the axial force to gravity and wheret0 is the time scale on which
the weight of the free falling jet balances the capillary force (�gR 2

0 � t2
0 � 
R 0). Then

introducing (3.11) into (A 1) we get:

�
d
d�

(v _v) = v � 1 (A 3)

where _v = dv=d� . Substituting � = v2=2 into (A 3) results in:

d2�
d� 2 = �

p
2� + 1 : (A 4)

This equation simply represents the motion of a material point of unit mass in a force
�eld with the potential:

�( � ) =
2
p

2
3

� 3=2 � �: (A 5)

Therefore, the energy integral for this equation is:

E = 1
2 _� 2 + �( � ) = 1

2 _� 2 + 2
3

p
2� 3=2 � �; (A 6)

or, using physical variables:

E = 1
2 v2 _v2 + 1

3 m3 � 1
2 v2: (A 7)

If we use � = v2=2 and � = ( _v2 + 2 v=3 � 1) as coordinates, then the level lines of
the total energy E (which are trajectories corresponding to solutions of (A 3)), are just
hyperbolae in the �; � plane; the non-trivial trajectory corresponding to E = 0 is given
by the equation

_v =
q

1 � 2
3 v: (A 8)

This equation can be solved explicitly for an initially-zero drop volume (i.e. v(0) = 0) to
give

_v = 1 � 1
3 � ; v = � � 1

6 � 2: (A 9)

In dimensional form we thus obtain an expression for the evolution in the volume of the
terminal drop V(t):

V = �R 2
0

�
U � t � 1

6 gt2
�

; U � =
r



�R 0

; (A 10)
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Figure 19. The rate of evolution of the volume of the terminal drop vs the scaled drop volume
v = V=V0 ; broken lines: trajectories corresponding to non-zero initial volume; solid line: the
trajectory corresponding to negligible initial drop volum e and expressed by (A 9).

where the velocity scaleU � is the characteristic velocity of capillary waves on the jetof
radius R0 (Rayleigh (1879)).

Essentially, this analysis is (with minor modi�cation due t o the di�erent prefactor in
the force formulation) the solution derived by Clanet & Lasheras (1999) for the surface
tension driven motion of a terminal drop at the end of a water column. The hyperbolic
structure of the �eld level lines f � (t); � (t)g shows that all trajectories eventually tend to
this solution. This is con�rmed by the direct numerical calculations presented in �gure
19. Motion along the trajectories can also be described analytically by elliptic integrals
y.

This solution describes the slow dynamics of the evolution of the terminal drop volume;
at a certain point, the drop suddenly detaches, and a new cycle starts. It is rather
di�cult, if not impossible, to adequately specify the initi al conditions for the new cycle.
However, this proves to be of minor concern, provided that the initial volume of the new
terminal drop is small enough. It is obvious from �gure 19, that all solutions starting
with su�ciently small initial value of v(t = 0) are quickly attracted to the solid line
expressed by the elementary solution (A 9) that correspondsto negligible initial volume.
Therefore, this particular solution describes a robust feature of the `gobbling' behaviour.

Rearranging (3.11), the velocity of the terminal drop can beexpressed as:

Ud =
dL
dt

= U0

�
1 �

V0

t0Q
_v
�

:

Here, L (t) is the current position of the terminal drop. As the above discussion has
shown, one is justi�ed in using the elementary solution (A 9) for v(� ) to describe the
drop evolution in the gobbling regime. This results in the parabolic solution

Ud(t) = U0 � U � + 1
3 gt; L (t) = L max +( U0 � U � ) t + 1

6 gt2; U � =
r



�R 0

: (A 11)

y The authors are thankful to Prof. P. Etingof (MIT) who sugges ted the idea of the above
derivation.
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Appendix B. Dynamic theory for an accelerating jet
An obvious drawback of the elementary theory is that it does not take into account

the variation in the 
uid velocity along the jet caused by gra vitational acceleration. At

ow rates close to critical conditions such variations become signi�cant even for very thin
jets. Indeed, the relative velocity variation can be estimated as

�U
U0

�
gLmax

U2
0

:

This contribution ranges from 0:15 to 3:5 from our experiments and thus turns out to
be important. In this Appendix the periodic jet theory presented previously is extended
to the case of a 
uid velocity U(z) that varies along the jet. As in the previous case, we
assume that the 
ow in the jet can be considered to be inviscidand the 
ow in the jet is
quasi-steady on the timescale of `gobbling'. Then the mass and momentum balances for
a slender jet under steady state conditions become:

�R 2U = Q = const; (B 1a)
d
dz

�
��R 2U2�

= �g�R 2 +
d
dz

(�
R ) : (B 1b)

In (B 1b) the left hand side is the linear momentum 
ux out of th e control volume and
the terms on the right hand side are the contributions of gravity, and of the net axial
force due to surface tension and pressure at any cross-section respectively. Thez{axis is
directed downward; R(z) and U(z) are the local jet radius and velocity. Integrating (B 1)
we �nd the velocity distribution along the height:

z =
U2

2g
�

U2
0

2g
+



�gR 0

 r
U
U0

� 1

!

; R = R0

r
U0

U
; (B 2)

R0 and U0 being the jet radius and velocity near the nozzle. Alternatively, in dimension-
less variables (B 2) becomes:

Bo
z

R0
= 1

2 We
�

U2

U2
0

� 1
�

+

r
U
U0

� 1;

where W e = �U 2
0 R0=
 is the Weber number andBo = �gR 2

0=
 the Bond number based
on the initial jet radius.

For Bo � 1 the velocity pro�le U(z) can be readily approximated by a quadratic
function, and R(z) is then evaluated using this approximate expression and (B2). Notice
that the velocity increases with distance from the nozzle, while the jet radius and therefore
the net axial force decrease. Assuming that the jet radius and velocity are speci�ed as
functions of z, we can write the mass and momentum balances for the terminaldrop as
before in the form of (3.11). The only di�erence is that U(z) and F = �
R (z) should
now be evaluated at the current location L (t) of the terminal drop using the jet pro�le
determined by solving (B 2). This leads to the following set of di�erential equations:

dL
dt

= Ud; (B 3a)

V
dUd

dt
=

Q
U

(U � Ud)2 + Vg �
F
�

; (B 3b)

dV
dt

= Q
�

1 �
Ud

U

�
; (B 3c)

with U = U(L ) and F = �
R (L ). These equations can be integrated numerically. It
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Figure 20. Oscillations of the terminal drop in a jet accelerating unde r gravity. Drop position
and volume variation during an individual `gobbling cycle' for a nozzle with an initial jet radius
R0 = 0 :188 mm and a breakup time of tbr = L max =U0 = 26ms. Solid lines: numerical solutions
of the dynamic theory for an accelerating jet (B 3) for di�ere nt values of U0 = 0 :313; 0:35 and
0:41 m s� 1 . Dotted lines: analytical solutions of the elementary theo ry from equations (3.13)
and (3.16) of Section 3.3.

is convenient to take initial conditions corresponding to the instant immediately after
the terminal drop detachment, so that at t = 0, V = 0 and L = L max . Equations (B 3)
require one more initial condition, the initial velocity Ud of the growing terminal drop.
It is straightforward to check numerically that all solutio ns corresponding to di�erent
values of the initial velocity rapidly converge to a unique solution corresponding to the
�nite acceleration of a drop of initially vanishing volume t hat starts with a velocity:

Ud(t = 0) = U(L max ) �
r



�R (L max )

: (B 4)

For a given initial jet radius R0 and a speci�ed maximum length L max , solutions of
(B 3) with the initial conditions stated above depend only on the 
ow rate Q (or equiv-
alently the initial jet velocity U0). An example is presented in �gure 20. The pro�les
are evaluated for an initial jet radius R0 = 0 :188 mm and three di�erent jet veloci-
ties U0 = 0 :313; 0:35 and 0:41 m s� 1 that correspond to the three characteristic cases
visualized in �gure 3; (1) `incipient gobbling' with vanish ing oscillation amplitude, (2)
`moderate gobbling' with an amplitude equal to half of the critical length, and (3) `critical
gobbling' with an amplitude equal to the maximum length of th e jet. In these examples,
the values for L max are deduced from the breakup time measured experimentally for
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this particular jet radius: L max = U0tbr with tbr = 26ms. Note that because of axial
acceleration in the jet the actual time required for a 
uid pa rticle exiting the nozzle to
reach L max is shorter than tbr . For instance the `times of 
ight' corresponding to the
three presented case are 22.9, 22.8 and 22.7 ms respectively.
We can �nally compare these calculations to the results of the elementary theory of
Section 3.3. The dynamic theory generally gives smaller oscillation amplitudes due to a
smaller initial acceleration of the terminal drop. A direct comparison of the position of
the end drop and of the evolution of mass to experimental dataand to the results of the
elementary theory has been given in �gure 9. The experimental data is well described by
the dynamic theory of an accelerating jet.
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