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Numerous processingoperationsof complex fluids involve free surface
deformationsexamplesnclude sprayingand atomizationof fertilizers and pesticides,
fiber-spinningoperationspaintapplication roll-coatingof adhesivesndfood processing
operationsuchascontainer-andbottle-filling. Systematicalljunderstandinguchflows
canbe extremelydifficult becauseof the large numberof different forcesthat may be
involved;including capillarity, viscosity,inertia, gravity aswell asthe additionalstresses
resulting from the extensionaldeformationof the microstructurewithin the fluid.
Consequentlymany free-surfacephenomenaare describedby heuristic and poorly-
quantified words such as Ospinnability@tackinessénd Ostringiness@dditional
specializedermsusedin otherindustriesinclude Opituity@ lubriciousaqueousoatings,
Obody@nd Olengthid the printing ink businessQropiness® yogurtsand Olong/short
texturesO in starch processing.

A goodapproacho systematicallygettingto grips with suchproblemsis through
the tools of dimensionalanalysis(Bridgman,1963) and this shortnoteis intendedto
reviewthe physicsbehindsomeof the plethoraof specializedlimensionlesgroupsone
encounterswhen reading the scientific literature. The dominantbalanceof forces
controlling the dynamicsof any processdependson the relative magnitudesof each
underlyingphysicaleffectenteringthe setof governingequationsin many(but certainly
not all) problems,the dynamicsare controlledby no morethantwo or threedifferent
contributions;andresultsfrom disparateexperimentabbservation®r numericalstudies
which describedifferent processingegimesor domainsof stable/unstableperationcan
oftenbe convenientlyassembledn termsof processingliagramssuchasthosesketched
in Figures 1 & 2.

For bulk flows of non-Newtoniarfluids therelativeimportanceof inertial effects
and elasticstressewith respectto viscousstressesre characterizedy the Reynolds



number Re=/V! /", andthe WeissenbergumberWi = ! V/( respectivelyHereV and
I arecharacteristivelocity andlengthscaledor theflow of interestand !/, ", # arethe
density,viscosityandlongestbor characteristi®relaxationtime of the testfluid. | have
chosenthe notation Wi hereto avoid confusionwith the Weber numberwhich is
commonlyusedin free surfaceflows (seefurther discussiorbelow); however,much of
the older literaturewill useWeor Wsfor this dimensionlessatio of elasticto viscous

stresses in a deforming viscoelastic fluid.
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Figure 1: OOperatingliagram@howingthe key dimensionlesparameterscharacterizingfree
surface flows of complex fluids.

The product ! V/! may alsobe interpretedasa Deborahnumber(Reine, 1964)
asit is aratio of the polymerictime scaleto a convectivetimescalet.,,, =!/V . Indeed,
in a steadychannelflow the Deborahnumberand the Weissenbergnumber are
interchangeableHowever,asfirst notedby Metzne et al. (1965),thereareimportant
differencesn morecomplexflows thatareassociatedavith the unsteadines@n eitherthe
Eulerianor Lagrangiansense)f the processandthesetwo dimensionlessneasure®f
viscoelasticeffectsaretypically interconnectedby a dimensionlesgeometricparameter



characterizingthe processof interest. The debatearound the most appropriate
terminologyis endlessandnot terribly helpful (seeMetzne et al. (1965)andBird et al.
(2987)Chr. 2 for furtherdiscussion)herewe shallretainthe notationWi becauseve use
the Deborahnumberbelowto describeatrueratio of timescaleshatareof importancan
free surface flows

Prototypical steadypolymer processingoperationscan be comparedby their
relative location in the back-planeof Figure 1. If we considera particular process
operationasa setof coordinatesn this operatingspacewe thus move outwards,away
from the origin as the processthroughput(i.e. the characteristicvelocity V) is
incrementedand both the Reynoldsnumberandthe Weissenbergncrease The relative
magnitudef inertial stressesnd elasticstressexanalso be comparedby taking the
ratio of thetwo groupsrepresentedn thetwo axes.This parameters not associateavith
any particularfamousfluid mechaniciaror rheologistbutis now commonlyreferredto as
the elasticitynumber(DennandPorteous;1971)or sometimeshefirst elasticitynumber
(Astarita and Marrucci, 1974). From the definitiondRefandWi we obtain

Elasticity Number: El'l Wif Re= ", # $¢* (1)

It canbe seenthatthis groupis independenof the proceskinematics(i.e. V) and
only dependonthefluid propertiesandthe geometryof interest.It thussetsthe slopeof
thetrajectoryfollowed throughthe processingliagramandcorrespondso theratio of the
time scalefor stressevolution () to the time scalefor diffusion of momentum(! 2/! :
where v=1,/p is the kinematic viscosity of the fluid). For example,extrusion of
polymer melts correspondgo El >> 1, whereasprocessinglows for dilute polymer
solutions (such as spin-casting) typically corresportel to< 1.

In analogoudashion,free surfaceflows of Newtonianfluids canbe characterized
by the magnitudeof the Reynoldsnumberandthe capillary numberCa="!,V/" (where
o is the surfacetensionof the fluid), andcanbe represente@n the horizontalplaneof
Figure!l.The slopeof trajectoriesin this planeis againindependenof the imposed
velocity and corresponddo differing valuesof a parametemow referredto as the
Ohnesorgenumber(Ohnesorge1936). Thereis muchinconsistencyin the useof this
group;in his original work on jet breakup,von Ohnesorgalefinedthis dimensionless
parameteby theterm Z =/, /\/"#! . However,it is morecommonnowadaygo usethe



notationOh, andthetrajectoryof interestis given by the inversesquareof the Ohnesorge
number, Oh' 2" Re/Ca=(#$!)/%?2 . This group may also be usefully viewed as a

Reynoldsnumberbasedon a characteristidOcapillarywelocityOv, , = 6/n, (i.e. the

ap
velocity at which a viscousthreadof fluid suchasglycerol or pancakesyrupwould thin
downandbreak;seefor exampleEggers(1997)).Coatingoperationsandjetting/spraying
operationswith Newtonianfluids arefully parameterizethy the valuesof Ca andOh for
the processof interest (for specific results see QuZrZ(1999) and Basaran(2002)
respectively) Howeverothercombinationsf thesedimensionlesparametersnay also

be used;for example studiesof high-speedet breakuparecommonlyreportedin terms

of theWeber numbe#e = Re Ca = 1 V21 / and the Ohnesorge number (Becher, 1990).

Inertialessflows of elasticfluids with a free surfacearerepresentedby the left-
handvertical plane.Taking the ratio of the abscissaand ordinateaxesgives another
dimensionlesparametemeasuringthe combinedimportanceof elasticand capillary
effectsas comparedto viscousstressesThis parametercan thus be thoughtof asan
elasto-capillarynumberEc! Wi/Ca= "#/($,¢/) andit is againa function only of the
fluid rheologyandthe geometry Much lessis knownaboutflows in this plane.Bousfield
etal. (1986)werethefirst to studythe nonlinearevolutionof viscoelasticfluid jetsand
showedthatincreasingthe elastocapillarynumber(denotedy therein)resultedin strong
stabilizationof the jet. More recently,SpiegelbergandMcKinley (1996)andRasmussen
andHassage(2001)haveinvestigatedhe effectsof changesn Ec on adhesivdingering
instabilities.

The three-dimensionainterior of the parameterspaceshown in Figure 1
correspondgo generalvisco-elasto-capillaryflows. The relative co-ordinatesof a
particularprocessor geometrycanthenbe specifiedby valuesof { Re, CaV\ﬁ} . Sinceall
threeof theseparametersary with the characteristiprocessspeedyv, it is preferableto
pick a single dynamicalvariable(say Re) thatscaleswith V andthenspecifythe other
two coordinatesisingthe material/geometriparametersQh andEl. Theliteraturein this
area is much less well-developed and a fertile area for future research.

One particularly important subclassof free-surfaceflows are Oself-thinning®
processesn which no externaldriving force is imposed(or in which the internal
dynamicsthat developspontaneouslyn the fluid are much fasterthan any external
forcing). In suchflows the fluid jet, thread,film or sheetthins down and breaksup
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naturallyunderthe actionof capillary forces.To characterizehis breakupprocesst is
thennecessaryo seeka differentsetof dimensionlesparametershatdo not dependon
thevelocity scaleV. Suchcapillary-thinningandbreak-upprocessearegovernedoy (at
least)threecharacteristidcime scales;a viscoustime scalet,;o. ~! ! /" , the polymeric

timescalet,,;, ~ A andaninertial or Rayleightime-scaletg ~ +//! 3/“ (Rayleigh,1879)

poly
The relative balanceof thesetime-scaleqandthe associateatontributionsto the total
force in the fluid thread)can thus be representedn terms of two dimensionless
parameters;one of these is the OhnesorgeNumber we have seen before;
Oh=tie./tr ~! O/M . The other parameteis the ratio of the polymericrelaxation
time to the Rayleightime-scalefor capillary breakup.This parametercorresponds$o an
Ointrinsicér Onatural@eborahnumberfor free surfaceviscoelastidlows andrepresents
the ratio of the time scalefor elasticstressrelaxation,to the ORayleighime scale@or
inertio-capillary break-up of an inviscid jet:

t !
Intrinsic Deborah Number;  De= - - __ (2)

tR 13

Note that in contrastto the Weissenberghumber defined above, this viscoelastic

parameterdoesnot dependon the imposedkinematics(V). Thesetwo dimensionless
parametersan be usedto define a two-dimensionalOoperatingpace@or instruments
suchas capillary-thinning/break-ugxtensionarheometersand other self-thinningfree
surfaceprocessefvolving non-Newtoniarfluids. Sucha diagramis sketchedn Figure
2 below.
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complex fluids; organized in terms of the natural time scales for capillary,
viscous, and elastic phenomena. Sketched are the loci for some common
representative free surface flows of complex fluids.

Successfulbperationof a capillary thinning instrumentor other non-Newtonianfree
surfaceflow typically requiresthat the fluid is Osufficientlwiscous(r hasenough
Ospinnability@iagramssuchas Figure 2 allow us to expresssuchverbal statementsn
termsof dimensionlesparameters.For examplein a capillary thinning testwe require
surfacetensionto drive the thinningandeitherviscosityor elasticityto resistthe necking
processthereforewe needeither Ok >1 or De>1 (Roddetal., 2005) A Olowviscosity
elastic@luid (HarrisonandBoger,2000) correspondgat leastin a free surfaceflow) to
t

>tp >t Orequivalently De>1>0h. In suchflows, viscouseffectsare never

polym visc

important(see,for example Amarouchenetal. (2001))andoneis interestedn thelimit
of OinviscielasticfluidsGor moreaccuratelyirrotationalflows of elasticliquids (Wanget
al., 2005) Similarly, in operationssuchas electrospinningt is essentiato be ableto
form a uniform filamentin the absenceof beads-on-a-stringhorphology(Fonget al.,
1999);henceoneneeddo designthefluid rheologyandgeometryto ensureDe ! Oh > 1.
Converselyin inkjet printing neitherlong elastictails nor inertially-inducedsatellite
drops are desirable; consequently one may Be¢kOh " 1.

For very viscousfluids, theinertial time-scalet; of coursebecomesrrelevantand
the dynamicsof the thinning processdependssolely on the relative magnitudeof the
viscous and elastic time scales. This leads us again to the elasto-capillary number

. D t I
Elastocapillary Number Fe=2% =y - ° (3)
Oh 1, #)

Elastically-dominate@ndviscously-dominatedelf-thinningand neckingprocessesfor
examplethe fibrils that form during decohesiorof tacky polymer melts and solutions
(Rasmussemnd Hassager2001) are thus demarcatedy the line E" 1 sketchedin
Figure 2.

In this short note | have attemptedto provide an overview of some of the
spectrunof dimensionlesgroupsusedin describingfree surfaceflows of elasticfluids. |
have not discussedhe perturbativeeffectsof gravity explicitly. Consideratiorof the
gravitationalbody force leadsto a characteristidengthscalereferredto asthe capillary



length! o, ~+/! /"9 . For mostfluids ! ;" 1-2mm,andon lengthscalessmallerthan
this gravity becomesncreasinglyunimportant.This lengthscalecanalsobe substituted
into any of the dimensionlesggroups defined aboveto lead to yet anotherset of
dimensionlesgroups! It is worth noting that as interestin microscaleand nanoscale
manufacturingintensifies,and the characteristidength-scaleof a particular process
decreaseghe elasticity number,elastocapillarynumberand intrinsic Deborahnumber
will all increase Non-Newtonianeffectsin the processingpf complexfluids will thus
becomeincreasinglyprevalenton the microscale For example,in OlowiscosityGand
Oweaklglastic@uids, inertial effectsoften overwhelmthe non-Newtoniarstressed the
fluid makingboththe shearandextensionatheologydifficult to measurgseee.g.Linder
etal. (2003)).A consideratiorof the dimensionlesparameterslefinedaboveshowsthat
asthelengthscale ¢ decreasemto the micrometerange,inertial forcesin afluid thread
becomeprogressivelyless important and viscoelasticforces once again dominate.
Microscalemeasurementssinginstrumentssuchascapillary-thinningdevicesmay thus
make excellentmicro-rheometergor Olowviscosity non-NewtonianfluidsOsuch as
agricultural fertilizers, and inks or paints used in jetting and spraying operations.
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