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Abstract— Motivated by distributed inference applications nication model, rendering conventional BP infeasible and
in unreliable communication networks, we adapt the popu- fundamentally altering the character of satisfactory tofs.
lar (sum-product) belief propagation (BP) algorithm under — pqr axample, in the special case where the probability graph
the constraint of discrete-valued messages. We show than i . . o
contrast to conventional BP, the optimal message-generati and the network tOpOIOQy_ ar? identical, it is well known
rules are node-dependent and iteration-dependent, each ks that BP requires communication overheadatfleast two
making explicit use of local memory from all past iterations. real-valued messages per edge. In contrast, our class of
These results expose both the intractability of optimal degn  problems mandates having to compress, or quantize, these
and an inherent structure that can be exploited for tractable messages such that communication overheaat imosta

approximate design. We propose one such approximation and _. . e
demonstrate its efficacy on canonical examples. We also diss fixed number of discrete-valued messages (e.g., two “bits

extensions to communication networks with lossy links (e.g P€r edge). Moreover, assuming only a fixed number of iter-
erasures) or topologies that differ from the graph underlying ations, the canonical inference challenge of finding efficie

the probabilistic model. yet convergent message-passing approximations for “loopy
graphical models is met trivially by constraint. The key

. INTRODUCTION algorithmic challenges rather arise in the need to redesign

A. Motivation the message-passing rules subject to the communication

Inference problems, typically posed as the computatio‘FPnStrai”tsv taking into account the goals of processirg,(e

of summarizing statistics (e.g., marginals, modes) given @cisions to be made by some or all sensor nodes) in order to
multivariate probability distribution, arise in a variegf ~Make best use of these limited bits. The necessary departure

scientific fields and engineering applications. Probatlis from BP only becomes more pronounced when the network
graphical models provide a scalable framework for devefoPology may differ from the probability graph.

oping efficient inference methods, such as message—pass'@_gRelateol Work

algorithms (e.g., belief propagation) that exploit the dien o _ ) s o

tional independencies among subsets of random variables! "€ explicit consideration of binding communication con-
as encoded by the given graph [1]. Assuming a networRraints enters our yvqu into the realm of approximate
of distributed sensors, application of the graphical modéfference, where existing graph-based methods primarily
formalism may at first seem trivial, as there already existdddress the case of limited computation resources. Varia-
a natural graph defined by the sensor nodes and the intén@l methods for approximate inference start by expnessi
sensor communications. However, modern networks can 1€ intractable solution as the minimizing (or maximizing)
volve resource constraints beyond those satisfied by egisti2rgument of a mathematical optimization problem [11], [12]
message-passing algorithms e.g., a fixed small number @f'€ can often recover existing algorithms from differere-sp
iterations, low-rate or unreliable links, a topology thaf d cializations of such an optimization problem. More impor-

fers from the probabilistic graph. Such issues have alreadgntly, by relaxing or otherwise modifying this optimizati
inspired inquiries into the robustness of existing messag@roblem to render it amenable to mathematical programming

passing algorithms to unmodeled resource constraints [2§_gchniques, one can obtain tractable yet effective appraxi
ions to the original inference problem and, ideally, anlana

[7], demonstrating limits to their reliability and motivagy ! ue A
alternative distributed solutions that degrade gracgfesien  YSiS of error bounds or other fundamental limits associated

as network constraints become severe [8]—[10]. with alternative approximations. Variational methods éav
This paper focuses on a rich classnaftwork-constrained recently been the vehicl_e towards an improved un(_jerstgndin
inference problems, namely those for which the uncorPf the so-calledoopybelief propagation (BP) algorithm [1],
strained counterparts are popularly addressed via the-(suffficovering its links to LDPC codes in information theory
product) belief propagation (BP) algorithm. The distirggui  [13], [14] as well as to entropy-based Bethe free energy

ing assumption in our formulation is the non-ideal commu@PProximations in statistical physics [15]-[18].
The variational methods in this paper sharply depart from
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tially distributed sensors/processors. Secondly, oudriee L

approximation is dominated by constraints on the available

communicationresources—efficient computation remains a 2 3 ° a interactions with
concern as well: in particular, we essentially bypass the neighbors ing
key technical issue of convergence by allowing from the i

start only a fixed small number of message-passing iter-
ations. Also in contrast to other variational methods, our
approximation is driven by decision-based objectives (as
opposed to entropy-based objectives) that can also capture 1 _ _
costs associated to communication decisions. links from links to
. . . - neighbors inF neighbors inF
Other recent works in approximate inference similarly

o . L 2
look towards distributed sensing applications. An experi- / 3 \/ \/
mental implementation of BP within an actual sensor net- \D ;

work concludes that reliable communications are indeed the
dominant drain on battery power, with overhead varying (b) Network TopologyF and Detail at Node
substantially over different message schedules and nletwQtig. 1. Two different graph-based models in our problem dtéim and
topologies [2]. A madification of the exact junction-tree al the meaning of their respective edge sets.
gorithm introduces redundant representations to compensa
for anticipated packet losses and node dropouts inherent to
wireless sensor networks [4]. Some theoretical impacts &f unreliable. These two graph-based models, taken along-
finite-rate links in loopy BP have also been addressed [5$ide a decision-theoretic penalty function (Subsectie@)il
essentially proving that “small-enough” quantizationoesr Comprise the constrained minimization problem we analyze
do not alter the behavior of BP. A similar robustness prgpertn the next section. It is worth noting here that each model
is observed empirically in a distributed object trackinglap involves ann-node graph, but we impose no restrictions on
cation, where “occasionally” suppressing the transmissio how the respective edge sets are related.
amessage is shown to have negligible impact on performange Probabilistic Graphical Model
and, in some cases, can even speed up convergence [6].
These views on communication issues relate closely to thelLet random vectors( andY” denote a hidden state process
general problem of BP message approximation [3], [5], [L9pNd noisy observation process, respectively, taking galue
[20], which generically arises due to the infinite-dimemsib « in a discrete product spac® = X; x --- x &, and
messages implied by BP in the case of (non-Gaussiat)in @ Euclidean product spacgk = Vi x -+ x V. We
continuous-variable graphical models. focus on joint distributionsp(x,y) represented compactly
This paper considers more severe network constraints thB}f @ (pairwise) Markov random field, which is a typical
those discussed above. As such, in contrast to proposiagsumption in BP. Specifically, given a gragh= (V,¢)
modifications directly to the BP algorithms, Section Il ex-With vertex set) = {1,...,n} and (undirected) edge set
plicitty models the network constraints inside an otheewis€ C {(i,j) € V x V]i # j},
unconstrained formulation by which BP can be derived. In
Section I, via analysis of ghe resulting constrained opti p(z,y) H Wi (T, 25) Hp(yilxi), (1)
mization problem, we examine the extent to which altermativ (h)ee ey
message-passing rules mitigate thgsfrom optimal perfor- where the so-called compatibility functions
mance subject to the network constraints. Experiments afy ; : X; x X; — (0,00) collectively specify (up to
canonical examples (Section 1V) suggest that our networkiormalization) prior probabilities p(z), while each
constrained solutions perform competitively with (uncon€onditional distribution p(y;|z;) specifies the (perhaps)
strained) BP if it converges, and can even outperform BRoisy observation process local to node Figure 1(a)
when its convergence is in question (i.e., in so-calledsfru illustrates a four-node probability grapl having the
trated” models). While conceptually related to the problerstructure expressed in (1).
of BP message approximation, especially when the network o
topology and the probability graph coincide, our applitigbi  B:- Communication Network Model
to the “low-rate” quantization regime is unique. Our non-ideal communication model is inspired by the
iterative (or parallel) BP algorithms that exist for proba-
Il. PROBLEM DEFINITION bilistic graphical models of the form in (1), while managing
Our problem definition has two main parts: the probathe twists that (i) the network topology may have different
bilistic model and the communication model. The formefinks than those implied by edge sé& and (i) every
(Subsection 11-A) belongs in the class of graphical modelsuch link is low-rate and perhaps also unreliable. More
for which belief propagation (BP) algorithms are applicaformally, let graph# = (V, D) define the network topology,
ble, while the latter (Subsection 1I-B) specifies the explic each (undirected) edgg, j) in D indicating a bidirectional
network constraints that render conventional BP infeasibcommunication link between nodésand j. Assign to each

(a) Probability Graphg and Detail at Node



such link the integersl;_.; and d;_,;, each greater than associating a numeric “cost(&, x) to every possible joint
unity, denoting the size of the (direction-dependent) syimb realization of(X7X), the expected cost

set supported by that link within each iteration, stage .

of communication. (i.e., the link rate in the direction from J)=E [C(XvX)} =EE(Y),X)[Y] (@)

node i to nodej is log,d;—; bits per stage). Thus, in
every communication stage, thgymbol(s)transmitted by

nodei can takeat mostll;c,..;d;—; distinct values, where
ne(i) = {j € V | edge(i, j) in D} denotes the neighbors of
nodei (in F). For example, if nodé may transmit a different
symbol to each neighbor, it selects one bfc,c;di—;  Y(Y) = afggg;g Z e(Z,2)p(z|Y) with probability one

is a well-defined measure of performance. Expanding the
inner expectation and recognizipgx|y) to be proportional

to p(x)p(y|x) for everyy such thatp(y) > 0, the minimizer

~* of (2) satisfies

distinct alternatives; if node transmits the same symbol TEX
to every neighbor, it selects one of oniyin;c,.;) di—; . ) ©)
distinct alternatives. ' The (sum-product) BP algorithm can be motivated by a

No matter the transmission scheme, iét denote the SPecial case of the cost functiofii, ). o
finite set from which each nodé selects the symbol(s) EXa@mple 2: (MaX|mum—Po_st(_erlcir-Margm%! Estlmatlon).
to send to its neighbors in each communication stage. WSSUme the cost function satisfieg?, =) = >, c(&:, i)
similarly assume the symbol(s) received by nadi the ~With
subsequent stage take their values in a given finit&sethe
cardinality of Z; will certainly reflect the joint cardinality

|une(i)| = HjEne(i) |qu| of its ne|ghbors’ t_ransmlss[on_s, Then (2) specializes to theum-error-rate or thg expected
but the exact relation is determined by a given mU|t'p°'mhumber of component errors between vectdfsand X,

to-point noisychannelinto each node i.e., a conditional 4 (3) specializes to the thdaximum-Posterior-Marginal
distribution p(z;|un(;)) that characterizes the information (MPM) estimator, or(Y) = (71 (Y), ..., 7n(Y)) with
Z; received by nodei based on the collective symbols ' e

Une(i) = {u; € U; | j € ne(i)} transmitted by its neighbors. 7%(Y) = argf?jgp@ﬂﬂ fori=1,...,n.
Figure 1(b) illustrates a network topology and its impli- . ) o . . _
cations on each stage of nearest-neighbor communicatiod!is estimator is easy to implement given the posterior
the following example describes an illustrative specialeca Marginalp(z;|y) local to every node, which BP strives to
Example 1: (Peer-to-Peer Binary Comms with Erasuresompute eff|C|er_1tIy (per observatidn = y) for probabilistic
Consider a network of bidirectional unit-rate links, mewni Models that satisfy (1). _ o
di; = d;_; = 2 for every edge(i, ;) in F. Let u;_; € We now introduce into theT formulat|o_n the communication
{—1,+1} denote the actual symbol transmitted by node _network mod_el_ descnbe_d in Subsectlon_II—B, manifesting
its neighborj € ne(i). It follows that the collective symbol itSelf as explicit constraints on the function spaceover
u; = {ui_;|j € ne(i)} transmitted by nodetakes its values Which the expected cost(y) in (2) is minimized. Let us
in the setld; = {—1,+1}"<()|. On the receiving end, let allow ¢t > 1 stages of communication, each taken to be
z;; € {—1,0,+1} denote the actual symbol received by2 Parallel symbol exchange between every nodend its
nodei from its neighborj € ne(i), where the value *0” Neighborsne(i) in the network topologyF. In the initial
indicates an erasure and otherwise.; = u;_.;. It follows ~ St2ge, node generates its communication decisioh as a
that the collective symbal; = {z,_.;|j € ne(i)} received by ~function of only the local observatiop. In each subsequent
nodei takes values irg; = {—1,0, +1}/"¢()|. Note that the Communication stage: = 2,3, let z¥ deno_te the
received informationZ; depends statistically only on thoseSYmbol(s) received by nodebefore it then makes its next
symbols transmitted to nodeby its neighbors, which we Communication decision*. After the tth communication

C(i‘i,l'i): fOfizl,...,n.

0 , otherwise

. | P +1 . . .
denote byuye(i)—; = {uj—ilj € ne(i)}. stage, upon r_ecglvmgf , each nodé makes its final state-
related decisiorz;.
Une(i)—i Z; Une(i)—i Z; A key opportunity associated with this communication

1 1 Uji Uk uj—; ug—; Scheme is the use ahemory which local to each node
E 0 %%w 0 can include the symbols both transmitted and received in all

1 1 8 “’6‘"’ preceding stages. We denote By* the set of all stagé-
Given One Neighbor Given Two Neighbors communication rules local to node each of the form

pE VXU X} ZEXUP X ZE - x UFTE x ZF s U

C. Decision-Theoretic Variational Formulation for k =1,2,...,t. Similarly, we denote by\, the set of all
We first describe the formulation in the absence of commudinal-stage decision rules local to nodeeach of the form
nication network constraints, seeking a functipn) — X 1 2 2 3 ¢ t+1
. . ’ ! O i Vi XU X Z2 XU X Z9 X -+ XU, X Z; X;.
by which to decide upon the value of the hidden random " Yix U, t ¢ t : i T
vector X based on the observable random vectarLet- It follows that the set of almulti-stage ruledocal to node
ting X = ~(Y) denote the induced decision process and each a particular sequence of single-stage ryles=



(..., ut,8;), is defined byl'; = M} x --- x M! x A;. in (2) subject to functional constraints€ T'y x --- x [',,.

In turn, the set of alhetwork-constrained strategiesach a Details of the probabilistic graphical model are captured
particular collection of multi-stage rules= (v1,...,v,),is  primarily within the penalty function, whereas details bét
defined byl =T'; x---xT',,. It is clear that these functional communication network model are captured primarily within
constraints, prohibiting ath components of from being the functional constraints. Our analysis follows ességtia
decided jointly, render the most general unconstrained-minthe same steps taken for the single-stage instance foraaulat
mizer in (3) infeasible; the MPM estimator in Example 2in [9], proceeding from a simple premise: if strategy =

is rendered infeasible by the finite-rate links, particiylar (7, ...,~;) is optimal overT, then for each and assuming
evident in the “low-rate” regime wherE[,_, [/F x Z¥"!|  all other component functions are fixedd = {v;1; # i},
is much smaller thaf], ., |V;|. the functiony must be optimal overF';. In the multi-stage

As in the unconstrained formulation, any functigre I'  problem formulated here, each component optimization over
induces a state-related decision procéssbased on the I is similarly decomposed over its single-stage rules. Note
observable random vectar'. Every network-constrained that this relaxation neglects the opportunity for optimgi
strategy will also induce two communication-related proever multiple component functions simultaneously, andthu

cesses, namely all transmitted informatiér= (U;,...,U,) the associated analysis leads to necessaryngufficient)
and all received informatiol = (Z1,...,Z,), where the optimality conditions for the original problem. Nonethede
components local to nodieare comprised of the sequencesur results expose a number of structural properties tleat th
U, = (U},...,U}) and Z; = (Z2,.. ., Zf“), respectively. optimal network-constrained strategy should satisfylud¢
It follows that the strategy-dependent distribution utgleg  ing how each node should use its local memory (iad!.,
the expectation in (2) generalizes to previously communicated symbols to or from that node) in
a most informative way. For brevity, all formal proofs and
p(&, 7;7) :P(I)/ p(ylz)p(Zly; v) dy (4)  certain lower-level details must be omitted here—we refer
yey the interested reader to [21].
with Let us first introduce notation to allow a more concise rep-
(@ly; ) Z ZP u, 2, 2ly;7), resentation for the multi-stage rules defined in Subsedtion
ueU zeZ B. Firstly, for each node, defineZ! as the empty set (i.e.,

which makes (2) impractical to evaluate (and thus to minRo received symbols exist before the first communication
imize) directly. The analysis in the next section reveals atage); then, view the expanding memory at each ricate
special structure in (4), stemming from the factorizatiod a the sequential realization of a (locafjfformation vector
causality implied by the respective graph-based models and 0 R
exposing opportunities for effective approximations. IF = { el kel kel B

Example 3: (BP with Binary-Valued MessageSpnsider e ), B=23..,t41
the special case of our variational formulation where th& cowe may then denote eadith communication rule by} =

function is as described in Example 2 and the commumcaquc Y;, I¥, Z%) and each final-stage decision rule By =

model is as described in Example 1, in the latter alsg( It+1 Zt“) Note that, by construction, fixing a stage-

assuming that the network topolog is identical to the j; yule Mz c Mris equwalent to speC|fy|ng a distribution
probability graphG in (1) and all erasure probabilities are Ky, 1%, 17/1%) = 1if ub = pF(y;, I*, 2%) and zero

1 l

zero i.e., at every nodg we haveZz; = U,.;—; and the otherW|se similarly, fixing a final-stage rule specifies the

channel is simply analogous distributiop(z; |y;, I, 211, 6;). In turn, fixing
- k+1| - { 1 SRl ok ()i a multi-stage ruley; € T'; is equivalent to specifying
p(z — ) 2 o ne(i)—1
et 0, otherwise p(wi, Tilyi, zi5 i) =
for every stagek = 1,2,...,t¢. Here, the channel serves (Gilys, I 2 t+1 ﬁ Wy, T8, 25 k) (5)
only to capture the convention in BP that every node in each P(ilys, I, 2750 Yirbis 25 1

stage may transmit different symbols to different neiglsbor
so in the subsequent stage it receives only its unique subdéte factorization in (5) is a direct consequence of the
of its neighbors’ transmitted symbols. However, BP assumé&®nstraints that every node may communicate only with its
that nodes transmit (non-negative) real-valued vectoesgh nearest-neighborse(i) in the networkF. The following
stage, which in our model corresponds to the (infeasiblégmma states when this factorization leads to specialtstreic
case of an infinite-rate network i.e.f .. € [0,00)%| and in the global distributionp(z|z;~) in (4), which requires

us_,; € [0,00)%! per edgdi, j) in G. ;t_;; also worth noting an assumption already satisfied by the probabilistic and

‘]H’L

that the rules implied by conventional BP dotuse memory, Communication models defined in Section II.

since so doing is known to be superfluougifs a tree. Assumption 1: (Spatially-Independent Noise and Memo-
ryless Channels)Conditioned on the hidden proce&s, the

ll. SUMMARY OF STRUCTURAL RESULTS observationY; and received symbolg; local to node; are
The variational problem defined in the preceding sectiomutually independent as well as independent of all nontloca
is, at the highest level, to minimize the penalty functitiy)  processes in the network, namely the hidden processgs



(Ui, Bi| T4, Une(sy; Vi) = Z p(zi|xiaune(i))/ p(yilzi)p(wi, Zilyi, 2i;%i) dyi- (7)
2, €E2; Y €Vi

k. p(yilz:) , if y; such thatu!” = p*(y;, I, 2") form =1,2,..., k-1
p(yz|x17]i a%) (8 { 0 . otherwise (8)

observationsy; and the channels of all other nodes i.e., we\; reduces to

have, for every node, 55 (Y:, Ui, Z;) =

P(Yis zil T i, 2005 wni) = P(YlTa)p(2i| T, Uneiy) argimein Z bi (&, x5 Ui,Zi)p(Elari,If“;uf)
t L rEX;

p(yilx;) H p(zf+1|ari, ufw(i)). with probability one, where real-valued parametgrsatisfy
k=1

bi(&i, T wiy 23) X (i) P (i, zi|xi)e(&i, ;).

Lemma 1: (Network-Constrained Global Factorization). N _ _ o
Let Assumption 1 hold. For every network-constrained strat Proposition 1 carries a number of important implications.

egy~ € I, the distribution in (4) specializes to Foremost, it clarifies the conditions under which the optima
final-stage strategy* lies in a finitely parameterized subset
(&, ;7) = p(x) > plu, #la; ) (6) of Ay x --- x A, where the associated parameter vector
ueU b= (b;,...,by) scales linearly with the number of nodes
with Each component rulé} is also seen to make two different

n

uses of its memorylf“. The first was highlighted in
Figure 2, while the second is in interpreting the symbols
z; received over the precedingstages of communication.
and eachith factor is given by (7). We see that each likelihood statisti¢*, encompassing all
It may seem counter-intuitive, in light of the sequenthat nodei needs to know about the (fixed) communication
tial communication model, that (6) does not also exhibitules ofall other nodes in the network, deperjdmtly on the
a factorization with respect to stagés = 1,...,t. The entire information vectofu;, z;) = (II'™, 2!™). This joint
caveat is that these successive stages collectively @perat dependence on informatidi/;, Z;) carries over to the local
the same observation vectdf = y. It is rather the side parameterizatiom; and, in turn, implies that the parameter
information local to each nodethat grows over successive vector b scales exponentially with the number of stages
stages, providing an increasingly global context in whiclj\le also see the appearance of the margip@ats) for every
to reprocessthe local observatiot; = y;. However, the hidden variableX;, which defines the extent to which our

sequential communication model can be exploited to simplifnetwork-constrained solution restricts the probabilitagh
the local marginalizations in (7). In particular, each node

i may firstly decompose the integral ovgr into a finite Threshold rule for choosing! € {—1,0, +1}
collection of integrals over memory-dependent subregions : : O NP ‘ ‘
of V; and secondly evaluate the sum ov&rin a recursive = 5 5
fashion. These simplifications are developed formally it][2

but the upshot is a precise characterization of how each node
interprets its communicated information to successivelyep
down its local likelihood (see Figure 2): that is, with every
stagek, each node hones in on a smaller support set for (a) A Fixed Stage-One Communication Rule
its local likelihood functionp(Y;|z;) as a function of its
information vector ¥ and its preceding communication rules
pit1, expressed mathematically in (8).

Assumption 2: (Separable Costg)he global cost func-
tion is additive across nodes, eaith term independent of
all non-local decision and hidden variables i.e., we have
c(@,2) = >0 (&, x;).

Proposition 1. (Optimal Parameterization of Final Deci- =
sion Stage)Let Assumptions 1 & 2 both hold. Assume that
all nodes’ multi-stage communication rules are fixed atrthei _ _ o
optimal values, denoted by & M; x - x Mj for every (i B RIS £ T 08 S0 o e e pasck and a
nodej. Then, there exists a likelihood statisfit (u;, z;|z;)  real-valued observation process corrupted by additive Gaussian noise.
for each node such that its optimal final-stage rule over allThe trend to smaller support regions continues with eaclitiadal stage.

p(u, Z|z;v) = HP(Uia Ti|Ti, Une(iy; Vi)
=1

p(yilz:)

if ul =—1 if ul =0 if ul=+1

p (yilai, IF pt)
\

(b) The Memory-Dependent Stage-Two Likelihood



G i.e., we assume the global pripfz) permits these local V. AN APPROXIMATE OFFLINE ALGORITHM
marginals to be computed or well-approximated “offline,” or
before actual observations are processed.

Substituting the specific costg(i;,x;) of Example 2
into Proposition 1 also reveals interesting ties to B
and MPM estimation. Each rulé; reduces to selecting
the mode of thenetwork-constrainedposterior marginal

Ay, TP 281 %) In other words, the role of the .
p(ailyi, I 27 p07) with the number of nodes. These assumptions, namely

optimal communication strategy* is to map the global . )
P : . o P 9 Assumption 1 and sparsity of the network topolody
observation vectoy into the sequence of symbdls, z) such L : .
are seen to coincide with those needed to guarantee online

that every node may use the accessible portion of those _: : . ) >
S . efficiency in the single-stage case. However, in contratte¢o
symbols, namelyu;, z;), alongside its local observatian

to best approximate its (unconstrained) sufficient Statistsmgle-stage case, the addition of Assumption 2 is not emoug

T X ; o - to also guarantee that the associat#tline computation
p(z;|y). This interpretation (and identities within the proof . . .
. . : . scales linearly im. Moreover, we were unable to derive anal-
to Proposition 1) yields the following network-constraine . o
o " . ogous structural results for the multi-stage communicatio
analog to the “belief update” equation for each stage ) L .
strategyu*, offering instead Conjecture 1 that only proposes

The analysis of the preceding section reveals a num-
ber of barriers to tractably optimizing multi-stage netiwor
Igonstrained decision strategies that do not arise in thgesin
stage counterpart [9]. On the positive side, Proposition 1
establishes the minimal assumptions under which online
computation (in the final-stage strategy) scales linearly

MF(2;) oc p(zi)p(yile:, IF; py) x that it enjoys the analogous online efficiency of its single-
stage counterpart. Indeed, we expect the offline compuatatio

Z By (uis zilzi). associated withu* to be no easier than that of the final-

{(up 2" Im=k k+1,....t} stage strategy*, considering the latter need only account

) o ) for the receivers’ perspectives of any multi-stage siggli
Observe that, blefore any online communication occurs, (fPcentives whereas the former should also account for the
spemallz_es.toMi (xi).cx p(x;)p(y:|x;), or thg MPM su.fn- transmitters’ perspectives.
cient statistic at nodeif the edge set of grapfiis empty (i.e,  gnh0sing Assumptions 1 & 2 are in effect, Subsection IV-
if random variablesX;, ..., X, are mutually independent). A gescribes an approximate offline algorithm for generat-

The question of whether the optimal communication Stra‘ihg multi-stage network-constrained decision stratedibss

egyu.* similarly admits afinite pargme_terization is open. Theapproximation is suited only for a small humber of online
special case of a single communication stage provably doggmynication stages as it respects the parameterization

[9]; the distinct complication with multiple communicalio  g,qqested in Section Il and, hence, assumes the expohentia
stages is that each node’s earlier transmissions can impgehyin in¢ is not yet a barrier. In this light, the approxima-
information it will receive in later communication stagesyi,, is most useful for exploring what performance benefits
affording an opportunity for every hode to adapt to each e achievable when moving from a single-stage to two-
new symbol of |nformat.|on, knowing every other nod.e Calltages of communication, from two-stages to three-stafjes o
do the same. Extrapolating from the smgle-gage SOIUW a8 communication, and so on as longtais small enough such
folding in the structure exposed by Proposition 1 motivateg, 5 |ocal memory requirements remain manage&létial

the following conjecture—its formal proof (or disproof) gy neriments of this nature are discussed in Subsection IV-B
remains for future work. In any case, network-constrained

strategies that are generated by a design algorithm dea@lopy  overview and Intuition

on this conjecture appear to perform well empirically, as wi i o i
be highlighted in the next section. We lack the space to describe the approximation in detail

Conjecture 1: (Optimal Parameterization of Communica{S€€ [21]), but at a highest level there are two main steps.
tion Stages)Let Assumptions 1 & 2 both hold. Assume 1) Find a particulat-stage communication strategy <
all rules except for the stagecommunication rule local to M = My x --- x M, by making repeated use of

node; are fixed at their optimal values. Then, there exist both known single-stage solutions [9], [10].
a likelihood statisticP} (IF, z¥|x;) and a cost-to-go statistic ~ 2) Find a particular final-stage strategye A = A; x
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CF(IF, z;) such that the optimal communication rule over --- x A, via Proposition 1, employing a Monte-Carlo
all M* reduces to method to obtain the statistidd” for each node.
b (Y, I, ZF) = Recall that Proposition 1 characterizes the optimal fitede
K3 Ea A 3 . . . .
. koo k A k. 1:k—1 strategy assuming the multi-stage communication strategy
(ug,xg L Z0 ) p(Yelag, Y5 s S . . . .
argu?lelzrjf ;( ai (u @i I3, Z0)p(Yils, I 17 0) is fixed, so the dominant approximations are introduced
_ 3 _ within the algorithm by which we first generafe based
with probability one, where parameter$ satisfy* on Conjecture 1. The key to preserving performance despite
these approximations is to uphold the memory-dependent
af (uf, i IF, 2F) o plai) PR(IE, 2 ) OF (I ). b g yeep

paring down of all nodes’ local likelihoods expressed in (8)

1Arguably the most optimistic part of Conjecture 1 is the latlexplicit
dependence of; in the cost functionC’. With such dependence, the rule  20f equal interest is the question of finding good limited-noeyn
uf does not necessarily lie in a finitely-parameterized subfset/lf. approximations for problems that merit largea pursuit for future work.



iginal . . ..
topology 7 clearly neglects the fact that the true likelihood statisti
original PF(IF, 2F|z;) is a function of all nodes’ communication
local models ~1:k—1 . .
! rules f from previous stages. More specifically, our
Stage.one Stagek Approximation construction of each single-stage problem makes no attempt
Approximation nodei _ to account for the exact statistical dependence between sid
k=1 X [Construct Single-Stage Topology . . k k
Snglestage information Z; and local memoryl?. We do, however,
it topology 7 properly account for the local memofy (and the local rules
P (Construst Single-Stage Model3 ;1}:’“‘1 from preceging :tages) inside of the measurement
H H o lik—1 .
single-stage likelihood p(y_i|xi A7 _) in accordance W|th_ (8).
o local models 2) Approximating the Final-Stage Strategyiven As-
Construct Memory-Dependent Communication Rule sumptions 1 & 2 hold and the multi-stage communication
E‘%[ Update Local Likelinood ) strategy is fixed to some membgrof the setM, Proposi-
DVl T 1) tion 1 implies that the search for a best final-stage strategy
i IF 2°) 0 boils down to computing (offline) the likelihood statistics

Solve Single-Stage Proble P!(u;, zi|z;) = p(ug, 2|25 i) for every node. However, as

is evident in the proof of Proposition 1, exact computation
of each such statistic at nodescales exponentially with the
Fig. 3. A high-level flowchart of an algorithm for construwi an  size of the node’¢-step neighborhood (which is ail nodes
approximate multi-stage communication stratggy once the number of stages exceeds the diameter of gFjph
We employ a Monte-Carlo method (offline) to approximate
the desired likelihood statistic®!’. Specifically, we draw
1) Approximating the Communication Strateg@ur al-  independent samples from the joint distributigfx, ), and
gorithm for constructing an approximate multi-stage comfor each such sample apply both the multi-stage communi-
munication strategyi € M combines the probabilistic cation strategyi and sample from the local channel models
structure exposed by Lemma 1, the finite parameterizatiag yield a specific sequence of transmitted/received sysbol
proposed by Conjecture 1, and repeated application of tiie,, ;) local to every nodé. The statisticP/" is then taken
known single-stage solutions [9], [10]. A high-level flovesh  to be the empirical (conditional) distribution formed by al

of this algorithm is shown in Figure 3. In stage= 1, such samples of the triplgtX;, U;, Z;). A practical caveat
every node’s information vector is empty and the single-

stage approximation operates directly on the given network
topology F, yielding all nodes’ initial communication rules
ii'*. The outer loop of the algorithm then proceeds over
increasing stages, each stage- 1 involving an inner loop
over all nodes and, for each noédlean inner-most loop over
all possible values of local memodf, crafting a series of
single-stage problems whose solutions collectively deites

a particular local communication rufg® € M¥.

For each node-stage pali, k), the manner in which
the series of single-stage problems is constructed, ingud
how the local models are crafted from the original multi-
stage models, involves a number of subtle yet significant
approximations. These are described in detail in [21], but
the main ideas are illustrated in Figure 4 by way of an
example. Approximation of the stage-one communication
rules it = (@i, ... il) is straightforward, as no node has
yet to account for local memory so the communication
rule :[Lzl for every nodei obtained from the single-stage Fig. 4. (a) A specific undirected network topolody in a multi-stage
solution is already a member of the stage-one function spa| m%letrg Zggrg?()mf‘ag) tt,:]: ;eu?#_i?ggeoijg] g;?ﬁfdg; hlybﬂﬁlg?s’f_ztggoe]
M}. Of course, this single-stage solution fails to captureules (including that of nodé) can be approximated by just one single-

any incentives for impacting the value of Iater-stage comnstage solution, whereas the advent of memory in subseqoenhanication
stages requires a single-stage solution per value of tta llnemorylf. In

.munlcgtlon-s. Indeed, this side of the mum'St_age.S'g'ga“n(c), because we extract only the communication rule locaidde: from
incentives is neglected throughout our approximation, @s weach single-stage solution, we need not include the nodedigtbeyond its

repeatedly use the single-stage solutions without any-looRvo-step neighborhood itF” [9]. In addition, rulesy; for j 7 i represent

s functions that are optimized within every single-stageusoh for node
ahead to future rounds of communication. Furthermore, ) but otherwise play no role in the approximation. Also ndte phantom
each subsequent stage> 1, the rule i* for each node nodes (small boxes) serving as a placeholder for the stage information

3

i is generated without consideration of the communicatioﬁf local to nodei, which in the stagés rule results from the neighbors’

] k—1 . . . . P
rules bemg generated in parallel at other nodes. Doing §|80|5|onsUne<i) but in the single-stage solutions is optimized from scratch

(a) Original Network

(c) Single-Stage (Hybrid) Networks fdr = 2 and k = 3 at Nodel



» 15 : :
o E 3 our beliefs
g =) | O BP beliefs
m -
5 E
)
S o 05f
o @
: % g, 9
0t B =
k=0 k=1 k=2 k=3
stage
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(b) A Four-Node “Frustrated” Loopy Model

Fig. 5. Comparison of the sequence of “beliefs” (i.e., agpnation of

the underlying probability graph; in contrast, loopy BPdss
online efficiency for probabilistic models defined on depsel
connected graphs. From the performance perspective, in
our methods Proposition 1 guarantees improvement over
the staget initialization, while loopy BP in the absence
of convergence typically fails catastrophically, perfamm
worse than its initialization; on the other hand, when BP
does converge, its performance is typically better than tha
of our network-constrained methods. From the computationa
perspective, a clear disadvantage of our methods is offline
design, an issue entirely absent in BP; on the other hand,
per online observation, our processing terminates in only
a few iterations (by constraint), whereas BP in even small
loopy models is seen to take an order of magnitude more
iterations to converge (if it converges). Altogether, irpkp
cations where convergence is difficult to guarantee over all
probable observations and online computation is far more
expensive than offline computation, our methods become an
attractive alternative. Even so, whether our methods cale sc
comparably to the scalability of BP, while preserving the
appealing performance trends demonstrated in Figure 5 on

the true posterior marginals) in our network-constraingé@tegy via (9)
with those in the (unconstrained) BP algorithm—shown aee'tivo-sigma”
error bars based on 1000 samples from the joint procEs%(. In (a), BP
always converges to the true posterior margipét;|y) at every node
by the third stage, and our beliefs remain within statistignificance.
In (b), BP typically diverges or oscillates while our befieftabilize, with
significant performance benefits already apparent by tid giage.

1]
[2]
3]
is that, with only a finite number of samples, it is possible[4]

that probable triplets are never actually generated, soszer [5]
in the empirical distribution must be handled with care [21] [6]

B. Initial Experiments

One question we have addressed empirically is how well’]
our network-constrained beliefs, generated via (9) using o [g]
approximate strategy = (ji,4), compare to those generated
by the (unconstrained) BP algorithm. Figure 5 shows result&
for two different probabilistic models, one wifi a simple [10]
four-node chain and the other wighas shown in Figure 1(a):
in both cases, each compatibility functian ;(z;,z;) has
value 0.1 if z; = z; and 0.9 otherwise (which makes the [12]
loopy model “frustrated”), while each observation likeldd
p(yilz:) is as shown in Figure 2(a) with (conditional) means, ,
at i% and unit-variance. The network-constrained setup
assumes a communication model as described in ExamplelBl
The error of the stagé-beliefs is measured by the sym- 15]
metric Kullback-Liebler distance summed over all nodes, or

3 2i DOME () lp(xily)) + D(p(@:|y)|IM] (x:)). [16]
V. CONCLUSION

We close with some forward-looking speculation on ouf!8l
methods as an alternative message-passing paradigm in cog
plex graphical models. The discussion neglects the differ-
ences in communication overhead, in which our method30l
are superior by design. A related advantage in our metho
is that online efficiency is tied to sparsity of the given
communication graph, which need not bear any relation to

(11]

[17]

] O Kreidl and A Willsky,

] R McEliece, et al,

only small graphical models, remains to be seen.
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