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Abstract— We consider the well-studied decentralized Bayesian
detection problem with the twist that a small subset of nodegall
arranged in a given directed network topology) may also com-
municate to “long-distance” neighbors via an overlay undiected
network topology. Providing a certain condition on the inteface
between the two networks is upheld, the natural combination
of the efficient team solutions already known for each type of
network alone remains team-optimal in the combined network

I. INTRODUCTION

Existing research literature on the decentralized detecti
problem, formally introduced in [1] as a special class of
(static) team decision problems [2], typically assumes al
measurements, relate t‘,’ a common hidden state. As such, ?1. lllustration of the hybrid networké{ = GP U GV considered in
usual formulation consists of a set of remote sensors, eagB paper. The (a) “non-leader’ network is defined by anynajray directed
receiving its own measurement and transmitting infornmetiio  acyclic graphG?, where the fusion centers (chosen to be the childless nodes

G » : - here) are designated by the filled markers. The (b) “leadetivark is defined
alone “fusion center” that, in turn, makes the final stateteel by any undirected grap@, connecting via “long-distance” links an arbitrary

decision [3], [4]. In many distributed sensing applicaasf yet relatively small subset of the nodes in (a). Note thatl¢heler nodes in
contemporary interest [5], [6], each local measurement méy need not necessarily coincide with the designated fusanters in (a).
relate to only part of the global state; as such, there may
be multiple fusion centers, each making the final decision
about different (but generally correlated) state varighfme  Our main result is that, providing a certain condition on the
generalizations along these lines have been examinedebefoterface between the two sub-networks is upheld, the abktur
[7], but the restriction to unidirectional communicatidnks combination of the efficient team solutions already known
limits the extent to which final decisions can be coordinatddr each type of network alone remains team-optimal in the
and, moreover, the supporting team-optimal design alymst hybrid networkH = G2 UGY. Specifically, we identify a class
appear to be difficult to implement in large networks. of hybrid network models in which (i) every node’s optimal
This paper extends the decentralized Bayesian detectfoite for online measurement processing simplifies to a local
formalism to problems in which a relatively small subsdikelihood-ratio test and (ii) the offline iterative algthrim for
of sensors, hereafter called the “leader” nodes, are erdlovg@mputing the globally-coupled thresholds [3], [8] admats
with the opportunity to communicate to one another vienessage-passing interpretation analogous to those pedsan
bidirectional links. Fig. 1 illustrates the hybrid netwsrkn- [9] and [10] for directed and undirected networks, respetyi
compassed by our problem formulation, combining the usuBlhe latter conclusion is arguably surprising, considetimg
directed (acyclic) networkG” with an overlay undirected extent to which a hybrid network topology appears to be non-
network GY. Online decision-making in the directed noniree structured (and offline efficiency for directed netvgork
leader network proceeds from parentless to childless niodeslone requires a tree-structured topology [9], [11]). Adl wi
the forward partial order implied bg”. The novelty of our be discussed, this curious result manifests itself here via
model is that each leader node in the undirected networdr; afessentially the same probabilistic structure exploitedha
receiving information from its (non-leader) parents bufobe analysis of undirected networks alone (where offline efficie
transmitting information to its (non-leader) children §i’, also doeshot require a tree topology [10]).
may also exchange information with its neighboring leaders The remainder of this paper is organized as follows. Sec-
GY. The fact that the leader network can connect nodes thian 1l generalizes the canonical Bayesian detection fdamu
are not spatial neighbors in the non-leader network captuten to the case of a hybrid network topology. Section Il sum
the opportunity for “long-distance” communication. marizes the efficient team solution for these hybrid netwprk

| (a) A “Non-Leader” Network (b) An Overlay “Leader” Network




leveraging those already known for either type of network Measurements Decisions

alone. (For brevity, we must omit proofs and full details oé t n-Node s e
message-passing equations, which can both be found in [12]) Hybrid
To conclude, Section IV applies the algorithm to a specific hy Network

brid network of binary detectors, quantifying the perfonoa H=6"UG" | 4, €,
=

gained by permitting long-distance communication. D
(a) Centralized: (#1,...,%n) =Y(Y1,---,Yn)
[1. BAYESIAN FORMULATION

This section generalizes the Bayesian decentralized formu Yi Y&t Symbols to

B N B N . —= - "
lation with costly, unreliable communication presenteddh Symbols f“?mk\ Channel Non-Leader X children ch(i)

; . ! parentspa(i) i Cin b )T - in gD
and [10] (for directed and undirected networks, respelgtive in gP L Zi i
to encompass the hybrid networks illustrated in Fig. 1. Big.
depicts the associated centralized and decentralizecegsoc Leader
. . . . Yi Node i
ing models, both assuming that (i) the hidden statand Symbols from\ i P
observable measuremegttake their values in, respectively,  parentspa(i) T% s(;ﬁgeg%e%ﬁgggz%
a discrete product spack = X; x --- x X,, and Euclidean in G S in gU
product space) = ); x --- x V,; (ii) a given distribution uD
p(z, y) jointly describes the hidden state procéssand noisy nilymgg'rssfm(";\ L Stwe‘%ﬁﬂ?}oﬁa
measurement proceds; and (iii) the network is to generate g T in gP
a global estimate: € X based on the realized measurement 2 = (2P, 2V) ui = (uP,uV)
vectorY = y. The decentralized model in Fig. 2(b) further ‘
(b) Decentralized: (u;,&;) = vi(yi,2i), i =1,..., n

assumes each componentiofs determined by an individual
. i ; _ oD U

Sensor, Ir_] then _nOde hybrld_ne_tworkH =g ugr. Ea(_:h Fig. 2. Our global detection model assuming (a) a centrdleategy and

edge (7,7) in either graph indicates a (perhaps unreliablg)y a decentralized strategy for processing measuremkmtie latter, the

low-rate communication link between the respective pair gftails of each local processing rule depend on whether totheonode is in

nodes: the distinction, however, is that in the (directeaty-n e 'eader network.

leader topologyG” the links are only unidirectional while in

the undirected leader topolog}/’ the links are bidirectional. penote by[ the set of all such strategies and By T

In turn, the details of each local processing rule depend g admissiblesubset of these strategies in the decentralized

whether or not the node is part of the leader network. network; specifically, denoting by; the subset of all rules

A. Formulation with No Leader Network 7i : Vix 2 — Ui x X; local to node;, we letl’ =TI’y x---xI'y.
The Bayesian criterion is essentially the same as for the

~ Let us first consider the decentralized processing moQ@lntralized processing model, but also accounting for the
in the canonical case of no leader network. Decision(s) &gmmunication-related decision process That is, every

generated in the forward partial order impliedy= G"; that ossible realization of the joint proceés, X, X) is assigned
is, each node, observing only the component measurement ragl-valued cost of the form

y; and the symbol(s}; received on incoming links with all K R
parentspa(i) = {j | edge(j,i) in GP} (if any), decides c(u, &,z) = (&, z) + Ac(u, ),

upon both its component estimaie and the symbol(S);  \here non-negative constatspecifies the unit conversion

transmitted c_m_outgoin_g links with all childrenh(i) = pepyeen detection costs(#,z) and communication costs
{j | edge(i,j) in G~} (if any). The symbols received a”dc(u,a:). Any fixed strategyy € T is then penalized by its
transmitted at every nodetake their values in discrete Set%xpected cost

Z; andU;, respectively. Let the multipoint-to-point channel
into each nodei be modeled by conditional distribution J(y) = E [c(U, X, X| = E[E[e(+(Y, 2), X)| Y, Z]]. (1)
P(2i|, Yy, upa(s) ), describing the side informatio; at node
i based on its parents’ transmitted symbals ;) = {u; €
U; | j € pa(i)} (and, in general, the processgs,Y’) of the J(v*) = min J4(7) + AJe(v) subjecttoy e T, (2)
environment external to the network). v€T

Altogether, the collections of transmitted symbalsand \here the functions, : T — R and J,; : T — R quantify the
received symbols take their values in discrete product spacegmmunication penaltgnd thedetection penaltyrespectively.
Z=U X ---xU, and Z = Z; x --- X Z,, respectively. _ )
By construction, the global decision proceXsis generated B- Formulation with a Leader Network
component-wise in the forward partial order@?, each node  Starting with a givem-node directed acyclic grapi”, a
i individually generating botft/; and X; upon observing both hybrid network is formed by also introducing a particular
Y; and Z;. It follows that any particulastrategyy : ) x Z — undirected graplgV. As discussed in Section I, the former is
U x X induces a global decision proceds, X) = (Y, Z). the non-leader network and the latter is the leader network.

In turn, the decentralized design problem is expressed by



Moreover, we typically assume that the vertex ¥t of GY w
[

is of cardinality much smaller than. The processing model []

local to each non-leader node¢ VY remains unchanged ©) ©) @%I
from that discussed above. However, each leader Acd®V Or—e ®
can, after receiving symbols from its pareptg?) but before 1 2 3
transmitting symbols to its childreah(¢) in the non-leader ®

network G”, exchange symbols with its neighboring leaders
ne(f) = {j | edge{t, j} in GU}. [] Q [] []

Specifically, each leader node € VY operates in two

distinct stages: the first decides the symbdfstransmitted to (a) Gridlock Between Leader Nodes 1 & 2
its neighboring leaders based on component measuregment

and symbols:” from its non-leader parents; the second, upon ¢

also receiving symbols on the links with its neighboring

leaders, decides the state estimateand the symbolmf’ @'i @%I @%I
for its non-leader children. Thus, the symbols received and

®
transmitted at each leader notliake their values in composite %}@ ®[?® © 3

setsZ, = ZP x Z{ andUy, = UP x U7, respectively. ® @T YAV
Similarly, each leader node is taken to have two independent

channel modelsy (22|, y, u,q(¢)) describing informatiorz? [] [] [] E
received from its parents ig” and p(zf'|z,y, 4, ,) de- ©)
scribing informationZ{ received from its neighbors igY. (b) Absence of Gridlock

Altogether, the formulation in (2) still applies providinbat Fig. 3. Two simple hybrid networks, (a) one with gridlock gl one without
every leader’s rule set is augmentedf’tp: My x Ay, where gridlock. In (_each case, the leader (nonjleader) _node_s a_rdat‘ge (smal_l)
M, and A, consist of all functionsug LV, % ZZD . MZU and squz_:lrefs, wh_||e the circled n,umbers b_es@e the _||r_1ks inelithe Seq_uentlal
partial-ordering of the nodes’ communication decisionsteNthat (a) violates

Op Vo X ZZD X L{ZU X Zg — Z/léD x Xy, respectively. Assumption 1 while (b) does not.

Observe that a leader node will not communicate within the
undirected network (and, in turn, with any of its children in
the directed network) until it has received symbols from a@nd (i) uf’ = u; € U; for every parenyj € pa(i) unless node
of its parents in the directed network. As illustrated in.RBg J is also a leader node in which caaé’ € U7D For each
this opens up the possibility fgridlock, in which online pro- leader node/ € VY, we useu, and z, to denote(uy, u;’)
cessing can stall because information required beforedetea@nd (z¢ , z;”), respectively, so that similarly fixing the rule
node may proceed cannot be realized until after this same= (i, d,) is equivalent to specifying the distribution
leader node transmits information. The following assuopti
on hybrid networkH ensures the absence of any such gridloc
For any given directed network, thencestorsof any nodei and, in turn,
consist of its parentpa(:), the parentya(j) of each such
parentj € pa(i) and so on; similarly, thelescendantsonsist
of its children ch(i), the childrench(j) of each such child Z P20 |y, up 0)p(ue, Belw, v, 20 Ul oy ve)
J € ch(i) and so on. 2Pezp

Assumption 1 (Absence of Gridlockn hybrid network with
H = GP ugY, for every adjacenpair of leader nodes in
the undirected networlG", there exists no non-leader node (ue, Ze|z,y, 21, Uy, e ¥e) =
that, in the directed networ&?, is both an ancestor of one Z (Zle WY (e, Eelye, 263 ve)
and a descendant of the other. p Up £ 1558 ne(p) /PRUE, TelYe, 2657 )

With Assumption 1 in place, the strategy-dependent distri- K
bution that determined(v) in (1) becomes well-defined. In It follows that fixing the entire strategy € I'y x --- x I';,
particular, for each non-leader nodet VY, fixing the rule determines the conditional distribution

; € I'; is equivalent to specifying the distribution N N

nELilseq pecifying plu dlz,y;v) = [ pw? @iz, g, ul i)

ig VU
H p(w,ielz,y,uzi(g),uge(@;w)
Leyv

. . and, in turn, the distribution underlying (1) via
Here, we have introduced the supersciiptiotation on both
u; andu,,,(;) for compatibility with the leader node notation, pu, &, 2;v) = / p(z, y)p(u, 2|z, y; ) dy.
recognizing that (iu” = u; € U; for every non-leader node yey

l{?(w,ielyéazé;w) = p(u [ye, 25 pe)p(uy, Eelye, 20, uf ; 6¢)

p(ue, Te|z, y,ulffz(g),uge(g);w) =

p(u?afih,y,ugl(i);%) =

Z p(zi|x7 Y, ufyzz(z))p(u'LDa ji|yia Zis ’77,)
2i€Z;



Feeder Follower

I11. M AIN RESULT FORHYBRID NETWORKS Subnetwork Subnetwork
As highlighted in Section |, when considering a directed Q? ;] HEEEN
network or an undirected network alone, previous work ident
fies the minimal model assumptions by which team-optimality [] Q;] 1]
conditions associated with (2) give rise to an offline iteeat  Follower \D D ®\/ L]

- \D Feeder
Leader > . Subnetwork
Network \D

®
[]
Q D< Follower

algorithm that admits an efficient message-passing |mmpr Subnetwork >D &
tion [9], [10]. Firstly, the optimal decentralized strayeg* i

guaranteed to have a finite parameterization (i.e., rechu(ae t

collection of likelihood-ratio tests) only under the cotiaial

independence assumption; in the undirected case, theasepar @ D\ Subnetwork
ble cost assumption is also required. Secondly, total efflin []
computation/communication overhead scales linearly thith

number of nodes. only under the measurement/channel/cost 5 5E

locality assumption; in the directed case, a polytree togyl Feeder

Subnetwork

is also required. Our analysis of hybrid networks startdwit (a) A Simple Hybrid Network

these assumptions in place.
Assumption 2: (Conditional Independence & Measure-

ment/Channel Locality):n hybrid network H, the global Q;F Q;F QFP

probabilistic model satisfies (1] (1] (][]

Feeder
Subnetworks

p(Yi, zilz, y—ir 2—i, Uﬁ(i)) = p(yilai)p(zilzi, ng(i))

for every non-leader nodie¢ VY and

p(Ye, ze|T, y—es 2—e; U;%(z)a Uge(e)) -

p(ye|$l)p(zzp|xhuﬁz(i))P(zﬂxlaUge(@)

Follower
U Subnetworks
for every leader nodé € V".

Assumption 3 (Separable Costs & Cost Localith):
hybrid network™, the global cost function satisfies

(b) The “Unraveled” Directed Counterpart to (a)

n
Zc ul,xz,xz Fig. 4. A (a) simple hybrid network and (b) its equivalent edied
= counterpart, the latter's forward partial order in cor@sgence with the
flow of online processing in (a). This example lies in the slad hybrid
with networks for which team-optimality conditions reduce tfice#nt message-
D - . U passing equations, where the associated offline iteratjegitom corresponds
C(Ui , gy ) y L ¢ 1% to repeated forward-backward sweeps in (b).

c(ui, ji, xz) =
{ c(uy,x;) +c(ul, &5,2;) , ieVY

Assumption 4 (Polytree Non-Leader Network): hybrid adjacent leader nodes (i.e., leader nodes within a distahce
network , the directed sub-networ” is a polytree. one onGY) have disjoint lineages. To convey some intuition

Interestingly, it turns out that Assumptions 1 to 4 a@ behind this assumption, first recall from Section Il thatftbes
sufficient for team-optimality conditions to admit an effiot of online measurement processing proceeds from parentless
message-passing interpretation. Additional restrigtion hy- nodes to childless nodes, where every leader node along the
brid network?, or more specifically on the interface betweemway, upon receiving symbols from all of its parentsg#,
the two types of sub-networks, are required. The followingxchanges symbols with all of its neighborsGh before it
assumption encapsulates the class of hybrid networks foansmits symbols to its children &P . The key analysis step
which both efficiency and correctness of the offline message-to “unravel” the hybrid network to an equivalent directed
passing equations is retained. Tineageof each leader node network whose partial-order corresponds to the proscribed
¢ € VU refers to the union of its ancestors and descendantsfliow of online processing. Fig. 4 illustrates a simple hybrid
GP, which we note may consist of both leader and non-lead@pology and its “unraveled” counterpart, replicatinglafider
nodes. nodes to reflect their two-stage decision processes.

Assumption 5 (Hybrid Interface Restrictiondp a hybrid Intuitively-speaking, Assumption 5 (together with Assump
networkH = GP U GY, for every pair of leader nodes withintion 4) basically ensures that this unraveled network metai
a distance two of each other (), the respective lineagesan overall polytree topology, established to be essential f
(in GP) have no node in common. efficiency in pure directed networks [9]. That the replichte

Notice that the conditions in Assumption 5 subsume thossader nodes (i.e., two nodes always having equal measure-
of Assumption 1, as the latter is satisfied given every pair afents), which appear to violate the conditional independen



assumption, cause no additional complexity here is estadui
in exactly the same manner as for pure undirected network
[10]. The arguably peculiar fact that Assumption 4 places
restrictions only between leader nodes within distance twc
of one another (irlg") similarly follows from known results
for pure undirected networks. Altogether, the offline mgssa
passing algorithm is also seen to respect this “unraveled
topology, iterating over a set of fixed-point equations éirfeed
from the natural combination of those already known for eact.
type of sub-network alone) in correspondence with repeate
forward-backward sweeps in the equivalent directed né¢wor
Proposition 1 (Hybrid Offline Efficiency)Consider a hy-
brid network = G” U GY and let Assumptions 2 to 5
hold. Team-optimality conditions for (2) are satisfied by th
collection of non-leader rules

T

Optimized Tradeoff Curve

=
@

sum node-error-rate/,
a -

sum node-error-rate/,

i (Yi, Z;) = arg min i (Wi, &, 2 Z3)p(Yil s L R R 0
v (Yi, Zi) g(uﬁii);w )p(Yilzi)

10
sum link-use-rate/. sum link-use-rate/.

o

20 30

. . a) Without Leader Network b) With Leader Network
for i ¢ VY and the collection of leader rules @ ®)

*(y, 7D — aremin o (Wl .z ZPYo(Yo | Fig. 5. Comparison of the optimized tradeoff curves acltdeg the offline
1o (Ve Z¢°) & WU Z e(ug, w6 Zi7)p(Yelwe) message-passing algorithms for a 25-node network of bidatgctors with
and without the undirected leader network: the filled (uedijl markers denote

* _ . w0 D4 . the gateway (communication-only) nodes responsible fdamga(supporting)
54 (Yé’ Zé) arg (urzlaugl) Z ﬁf (uf » Ly Tt Zg)p(Yd:vg) the final state-related decisions. Only in (b) are thesengstenodes provided

e Ze the opportunity for long-distance communication. Threeves are shown in
each case, corresponding to channel loss probabilities -6f0 (solid line),
0.2 (dashed line) and.4 (dash-dotted line). Each such curve is obtained by
» U ) U increasing) in increments ofl0~4, starting with\A = 0, and for each such
o*={¢;;i ¢V }U{(az, Bi)ite vy declaring convergence in iteratignwhen J(v*—1) — J(v*) < 10~3. Also
. . . . . .shown is a simulation-based Monte-Carlo approximationhef ¢tentralized
denote any solution to nonlinear fixed-point equations MAVi detection penalty (dotted line), computed usir@0 samples fromp(z, 1).

a block structure in correspondence with edges in the n&twor
‘H. (Proofs and equations can be found in Chapter 4 of [12].)

4 Ty

for £ € VY, where the real-valued parameters
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IV. EXAMPLE
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