2006 IEEE CONFERENCE ON DECISION AND CONTROL 1

Appendix to “An Efficient Message-Passing Algorithm for

Optimizing Decentralized Detection Networks”

O. Patrick Kreidl and Alan S. Willsky

PROOF OF PROPOSITION 1

The proof follows the same key steps by which (3) is derived in the centralized case, but accounting for a
composite measurement (Y, Z;) and a cost function that also depends on non-local decision variables (U_;, X —i)-
Assumption 1 is essential for the parameter values 8 to be invariant to the local measurement Y;.

Proof: ‘The rule ~; minimizes J in (1) over all 'Y, holding all other rules fixed at v*,, if and only if the

process (U;, X;) = (Y3, Z;) minimizes
Ele(U—iyus, X—i, &, X)|Y;, Zis 7], ©3))
over all possible realizations (u;,#;) € U; x X;, with probability one. Fix a realization (u;, ;) and consider the
distribution p(u_;, T—q, x|ys, 237", us, &;) underlying (21), or equivalently
P(u—iy Til®, yiy 2i5 725 wis )D(TYi, 203724, Wiy T4).
By virtue of Lemma 1, the first term simplifies to

Plu—g, zi, il v, ug)
p(zilz;v*,)

P(u—i, il yi, 203754, us) =

and, applying Bayes’ rule, the second term simplifies to
p(@)p(yil2)p(zila; ™)
p(Yis 2i37%;)
for every z; € Z; such that p(y;,z;;v*;) > 0. Taking the product of the two fractions, the positive-valued

p(x|yi, zi;77) =

denominator neither depends on x nor on (u;,#;) and, as such, has no bearing on the minimization of (21).
Altogether, it suffices to require that v;(Y;, z;) minimize

Z Gj(ui"ii’x; Zz)p(Yz|$)

TEX

with probability one, where for each fixed value of (u;, &;),

9;‘(”7:? ‘ii, Z; Zl) = ZZ C(’LL, 'ia I)p(u—ia Zivj:—hx;'yimui) (22)
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and, again by virtue of Lemma 1,
p(u—’ia Zis i—’h X3 ryiw ut)
p(Zz‘|CC,Uw(i))

Hp uj7xJ|x u‘ﬂ’ FYJ)
J#i

PROOF OF PROPOSITION 2

With Assumption 2 in effect, we may begin with the person-by-person optimality conditions expressed in
Corollary 2. With Assumption 4 also in effect, we may substitute this additive cost into (1), obtaining for any

fixed strategy v € I'Y an additive global penalty function,

Z Gi(v)
i=1

with

E p(z;) E E c(ui, &4, ;) E p(zi|zs; 7)p(wis & |T4, 235 7i)
Uj Z;

for each i, where we have employed the identities

p(ui, 5, 457) = p(a) ZP(% ug, Filvisy) = pai) Zp(zilxi; V)p(us, Tilzi, 2i57i)-
Zq i

Lemma 2: Let Assumption 2 and Assumption 4 hold, and let §(¢) denote the descendants of node i (i.e., the

children x(7), each such child’s children, and so on). Then Corollary 2 applies with (15) specialized to
i (wi, Lo, w35 25) o< p(ai) B (zilwi) [e(ui, 4, 25) + CF (wi, 245 24)]
with likelihood function
Pl (zi|2i) = p(2ilzis ;)

and cost-to-go function

C:(’LI/Z,.'L'“ZZ - Z ZZZP $m7umaxm|zlaulaxl77 ) (umw%myxm)

mes(i) Tm Um Ty

Proof: Substitute the cost in Assumption 4 into (22) and rearrange summations to obtain

ej(ulaj:laxvzl) = p(xvzl77iz) C(ui7§ji7xi) +

Z ZZP (U T, 24, wis V5 (Unmy Ty Tim)

MAL Um Ty,

Conditioned on Z; = z;, the penalty term for m other than the local node i or any one of its descendants §(¢) is
invariant to the candidate decision (u;, Z;), so each such term has no bearing on the minimization in (11). That is,

in Proposition 1 it now suffices to satisfy

07 (wi, T4, 3 25) o< p(, 2i577;) | elug, T, ;) +

Z Zzp u"”’xm‘x Ziy Uiy Y ) (umaxmv'xm)

med(i) Um Em
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and, in turn, in Corollary 2 it now suffices to satisfy

O (i, & wis zi) o > pla, 2377, | e(ui, &4, ) +

Z Z ZP(Um, im Ty Zjy Uy 'Yii)c(uma :Emn Im)

meS(i) Um ZTm

= p($z,21|'}/iz) C(Ui,fﬂ%.ﬁﬁi) +

Zp 1|$1,Z,, —z Z Zzp um,xm|3§ Ris Ugs —z) (umvx'rn)xm)

xT_; med(i) Um Tm
= p(@i) P (zilws) [e(ui, 24, 2:) + CF (us, 245 2:)] -
|
Lemma 3: Let Assumption 2 and Assumption 3 hold, and let «(z) denote the ancestors of node i (i.e., the parents
(i), each such parent’s parents, and so on). Then, under any fixed strategy v € I'Y, the local likelihood function
for received information Z; at each node 7 (with at least one ancestor) satisfies

plileiy) oo 3 pleilen ) 3 pleailes) [ pluglazi)

Un (i) T (i) jem (i)
with

p(ujlz57) ZP 2l 7)Y plug, la;, 25575)

&
for every parent j € 7(3).
Proof: Starting from Corollary 2, for every node ¢ without ancestors (and hence without information Z;), we
have p(z;|z;y) = 1 and p(u;, Z;|2, 2i;v) = p(ui, T;|zi;v:). For every node ¢ with ancestors, the forward partial
order of network topology G implies the recursive definition

DD D ety Uniiys Beiys il )

Zr (i) Ur (i) Tr(i)

= Y p(lzi ) Y Y P(2r(iys (i), Eniiy3 )

p(zil ;)

U (i) Zr(i) Tr (i)
= Y p(zlzi ) Y P 257) D pltn(y a2, 2r (i)
U () Zr (i) Tr(4)
= Y pGilenue) D P Taivat @) [1 Do &l 25575)
U (i) Zr (i) jem (i) Zj
= p(zi‘xa(i)vxi;ya(i))' (23)
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We see that the global likelihood function for information Z; received by each node 4 from its parents 7 () (if any)
depends at most on the rules v,;) local to all ancestors and the states (Xa(i), X;) local to itself and its ancestors.

In turn, the global likelihood function for information U; transmitted by each node ¢ to its children x(¢) (if any) is
pluiley) = Y p(zlesy) > plus, @il zm)
= p(wilTagy, Tis Yai), Vi) (24)

Now, Assumption 3 ensures that no two nodes have a common ancestor, or equivalently that the collection of
index sets {a(j);j € w(¢)} partition the index set (i) — w(i). Because individual measurements are assumed to be
mutually independent (conditioned on X)), information derived from mutually-exclusive subsets of measurements

will be similarly independent i.e.,
pleir) = ] plzlesy). (25)
jen (i)
Combining (23)-(25) yields

p(zil@;y) S pGilzi ) [T | Do p(zilwagy @5 vai) D P, 5l5, 255 %5)
Un (1) JeET(i) \ % Z;
— Z Zl‘xl7uﬂ' (i) H p u]|$ 7
U (i) ]GW( )
so that
plzilrisy) = ZP ilzi)p(zil; )

= Zp(2¢|xi,u7r(i)) Zp(xa(i)m) H p(ugle;y)

U (i) Ta(i) jeﬂ'(i)
= D Pl ue) Y pnle) Do p@a-nlea2a) [] plujleiy). @6)
U (1) T (4) To(i)—m(i) j€m (i)

The last step is to recognize that we may write

p(‘ra(l)—ﬂ'(l) |x7r(i)a xz) = p(xa(i)—ﬂ(i)—a(m) |x7r(i)7 xz)p(xa(m) |xa(i)—oz(m)7 wz)

for any particular m € 7(7), in which case the inner sum in (26) is equivalent to

(U |Ta(i)—a(m)s T3 Y) Z P(Tav(i)—n (i) —a(m)| Tr () Ti) H p(ujlz;y)
jeT(i)—m

Lo(i)—m(i)—a(m)
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with

p(um|xa(i)—a(m)axi;7) = Z p(xa(m)|za(i)—o¢('rn)7xi)p(um|z;7)

To(m)

- Y (et Yy, facn)

P(Za(i)—a(m)> zi|Tm)

Lo (m)

Z p('ra(i)v xi|$m)p(um|x§ 'Y)

Lo (m)

p(l‘a(i)foz(m)v xz|xm)

X Z p(xa(m)lxm)p(um|x;'7)'

T (m)

For any other parent ¢ € 7(i) — m, where we let o(m, ¢) denote the union o(m) U (¢), we may similarly write

P(Ta(i)y—n(i)—am)|Tr), Zi) = PD(Ta(i)—r(i)—a(m,e) | Tr@), i) P(Ta@) | Tai)—alm,0) Ti)
and conclude that the inner sum in (26) is equivalent to
p(um‘xa(i)fa(m)vxi;’Y)p(udxa(i)fa(fﬁxi;7) Z p(xa(i)fﬂ(i)fa(m,f)|x7r(i)axi) p(U]|Z‘,’}/)

T (i) —m (i) —a(m,£) jem(i)—{m, L}
with

P(Ue|Ta(i)y—a(e)s Ti;Y) X Z P(Tage)|ze)p(uelz; ).

T (L)

Continuing this procedure on a parent-by-parent basis, we conclude that the inner sum in (26) is proportional to

II > pagleppusley) = T plusle;s)

Jem(i) Ta(y) jem (i)
where each jth factor is seen to be equal to p(uj|z;;y) by virtue of (24). [ |

Taken together, Lemma 2 and Lemma 3 lead directly to the forward likelihood recursions in Proposition 2. The
backward cost-to-go recursions also result from Lemma 2 and Lemma 3, taken alongside a couple of additional
arguments. Firstly, by virtue of Assumption 3, the one path from any ancestor of node ¢ to any descendant of
node ¢ includes node i. So, when conditioning on received information Z; = z; and holding local decision (u;, ;)
fixed, the information already received and transmitted by all ancestors is independent (conditioned on X) of the
information to be received and transmitted by all descendents; mathematically, for each descendant m € (i) in

Lemma 2, we have
Pt B |, 25, wi3 V2 5) = P, Bon |5 Ui Vo () —i—agi)> Ym) = Cil(ujmizz) = Cf (ug, ;)
and, in turn, the pbp-optimal parameter values ¢; specialize to the form in Proposition 2. Secondly, Assumption 3

also guarantees no two children have a common descendant, implying that downstream costs decompose additively

across child nodes i.e., for each 4,

Y Gim= > |G+ D Gn

JES(3) Jjex(i) med(j)
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