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I ideal fluid @ RHIC and LHC?
I shear viscosity @ finite T
I pion dynamics @ low T
I effects of χS restoration
I use NJL model

When ordinary substances are 
subjected to variations in tempera-

ture or pressure, they will often undergo 
a phase transition: a physical change 
from one state to another. At normal 
atmospheric pressure, for example, water 
suddenly changes from liquid to vapor 
as its temperature is raised past 100° C; 
in a word, it boils. Water also boils if the 
temperature is held !xed and the pres-
sure is lowered—at high altitude, say. The 
boundary between liquid and vapor for 
any given substance can be plotted as a 
curve in its phase diagram, a graph of tem-
perature versus pressure. Another curve 
traces the boundary between solid and 
liquid. And depending on the substance, 
still other curves may trace more exotic 
phase transitions. (Such a phase diagram 
may also require more exotic variables, as 
in the !gure).

One striking fact made apparent by 
the phase diagram is that the liquid-
vapor curve can come to an end. Beyond 
this “critical point,” the sharp distinction 
between liquid and vapor is lost, and 
the transition becomes continuous. The 
location of this critical point and the 
phase boundaries represent two of the 
most fundamental characteristics of any 
substance. The critical point of water, for 
example, lies at 374° C and 218 times nor-
mal atmospheric pressure. 

The schematic phase diagram shown 
in the !gure shows the di"erent phases 
of nuclear matter predicted for various 
combinations of temperature and baryon 
chemical potential. The baryon chemical 
potential determines the energy required 
to add or remove a baryon at !xed pres-
sure and temperature. It re#ects the net 
baryon density of the matter, in a similar 
way as the temperature can be thought to 
determine its energy density from micro-
scopic kinetic motion. At small chemical 
potential (corresponding to small net 
baryon density) and high temperatures, 
one obtains the quark-gluon plasma phase; 

a phase explored by 
the early universe dur-
ing the !rst few micro-
seconds after the Big 
Bang. At low tempera-
tures and high baryon 
density, such as those 
encountered in the 
core of neutron stars, 
the predictions call for 
color-superconduct-
ing phases. The phase 
transition between a 
quark-gluon plasma 
and a gas of ordinary 
hadrons seems to be 
continuous for small 
chemical potential 
(the dashed line in 
the !gure). However, 
model studies sug-
gest that a critical 
point appears at 
higher values of the 
potential, beyond 
which the bound-
ary between these 
phases becomes a sharp line (solid line in 
the !gure). Experimentally verifying the 
location of these fundamental “landmarks” 
is central to a quantitative understanding 
of the nuclear matter phase diagram.

Theoretical predictions of the loca-
tion of the critical point and the phase 
boundaries are still uncertain. However, 
several pioneering lattice QCD calculations 
have indicated that the critical point is 
located within the range of temperatures 
and chemical potentials accessible with 
the current RHIC facility, with the envi-
sioned RHIC II accelerator upgrade, and at 
existing and future facilities in Europe (i.e., 
the CERN SPS and the GSI FAIR). Indeed, 
the recent discovery of the quark-gluon 
plasma at RHIC gives evidence for the 
expected continuous transition (dashed 
line in the !gure) from plasma to hadron 
gas. Physicists are now eagerly anticipat-

ing further experiments in which nuclear 
matter will be prepared with a broad range 
of chemical potentials and temperatures, 
so as to explore the critical point and the 
phase boundary fully. As the experiments 
close in, for example, the researchers 
expect the critical point to announce itself 
through large-scale #uctuations in several 
observables. These required inputs will be 
achieved by heavy-ion collisions spanning 
a broad range of collision energies at RHIC, 
RHIC II, the CERN SPS and the FAIR at GSI.

The large range of temperatures and 
chemical potentials possible at RHIC and 
RHIC II, along with important technical 
advantages provided by a collider coupled 
with advanced detectors, give RHIC scien-
tists excellent opportunity for discovery of 
the critical point and the associated phase 
boundaries.

Search for the Critical Point: “A Landmark Study”
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46 The Phases of Nuclear Matter
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Nambu-Jona-Lasinio model
bulk thermodynamics

NJL Lagranian (Nf = 2)

L = ψ(i∂/−m0)ψ + g[(ψψ)2 + (ψiγ5~τψ)2]

Nambu, Jona-Lasinio, Phys. Rev. 1961

thermodynamic potential
NLO in 1/Nc-expansion
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Viscous hydrodynamics
(1st order)

asumptions:

system described locally by uµ(x) local thermal equilibrium (EoS→ p(ε))

basic quantities:

energy-momentum tensor: Tµν (x) 4-current: Jµ(x)

conservation laws:

energy-momentum conservation: ∂µTµν (x) = 0 number conservation: ∂µJµ(x) = 0

Tµν = (ε + p)uµuν − gµνp +πµν ; Jµ = nuµ + νµ

πµν = η
(
∂µuν + ∂νuµ − uµuλ∂λuν − uνuλ∂λuµ

)

+
(
ζ − 2

3
η

)
(gµν − uµuν ) ∂λuλ

νµ = κ

(
nT
ε + p

)2

(∂µ − uµuν∂ν )
(µ

T

)
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Hydro Elliptic Flow
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Transport coefficients
linear response theory

linear response theory describes how a system near equilibrium
responds to a weak perturbation

δ〈O(x)〉f = i
∫

t>0
d4x ′ 〈[O(x), O(x ′)]〉︸ ︷︷ ︸

2p−correlator

f (x ′)︸︷︷︸
weak pert .viscosities:

1
ω

lim
~q→0

∫
d3r
∫ ∞

0
dt ei(ωt−~q·~r ) 〈[Tik (x), Tlm(0)]〉

= η(ω)
(
δikδkm + δimδkl −

2
3
δikδlm

)
+ ζ(ω)δikδlm

static limit:

η =
1
20

lim
ω→0

1
ω

∫
d3r
∫ ∞

0
dt eiωt 〈[Tij (x), Tij (0)]〉 , i 6= j

ζ =
1
9

lim
ω→0

1
ω

∫
d3r
∫ ∞

0
dt eiωt 〈[Tii (x), Tjj (0)]〉

κ =
1

6T
lim
ω→0

1
ω

∫
d3r
∫ ∞

0
dt eiωt 〈Ii (x), Ii (0)]〉 ; Ii = T0i −

ε + p
n

Ji
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Quantum relativistic kinetic theory
equivalent to Green-Kubo in the dilute gas limit

Boltzmann-Ueling-Uhlenbeck equation:
mean free path λ = 1/nσ much larger than interaction range, c.f. d = 1/m or d =

√
σ/π

d
dt

fa(~x ,~p, t) =
∑

b

C [fa, fb]
p

p
1

p

p
1

'

'

C [fa, fb] =
1

1 + δab

gb

2Eb

∫
d3p′

(2π)3

∫
d3p1

(2π)3

∫
d3p′1
(2π)3

(2π)4δ(p + p1 − p′ − p′1)|Mab|2×

×
[
f ′a f ′1b(1 + fa)(1 + f1b)− faf1b(1 + f ′a)(1 + f ′1b)

]
I linearization of the BUU-equation (2nd -order Chapman-Enskog expansion)

fa = f (0)
a + εf (1)

a + · · · ; f (1)
a = f (0)

a (1 + f (0)
a )φa

I shear viscosity

η =
∑

a

ga

15
4π

(2π)3

∫ ∞
0

dp
p4

Ep
f (0)
a (1 + f (0)

a )Ba(p)

I expansion of Ba(p) in orthogonal polynomials (’generalized Sonine functions’)
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Nambu-Jona-Lasinio model
quark and meson masses

NJL Lagranian (Nf = 2)

L = ψ(i∂/−m0)ψ + g[(ψψ)2 + (ψiγ5~τψ)2]

Nambu, Jona-Lasinio, Phys. Rev. 1961

Hartree quark propagator

= +

RPA meson propagators

= +

parameters: Buballa, Phys. Rept. 2005
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Pion-Pion scattering

ππ scattering amplitude

iMππ = +

Quack, et al., Phys. Lett. B 348 1 (1994)

ππ scattering length

aI =
1

32πmπ
MI

ππ(s = 4m2
π)

ππ cross section

dσ
dΩ

=
|Mππ|2

64π2E2
cm

|Mππ|2 =
1
9

∑
I

(2I + 1)|MI
ππ|2
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I LO-χPT

a0
W =

7mπ

32πf 2
π

; a2
W = − 2mπ

32πf 2
π

Weinberg, Phys. Rev. Lett. 1966

I a0,2 large at Tdiss, TMott

↔ ultra-cold atomic gases near ’Feshbach res.’
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Cross section

σtot at threshold
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T -range considered

I NJL: valid up to ∼ 88 % TMott

Validity check according to Itakura, et al., Phys. Rev. D 2008
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Shear viscosity
and thermal conductivity
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Shear viscosity
Green-Kubo formalism

static shear viscosity using Green-Kubo formula

η = − lim
ω→0

lim
~q→0

d
dω

Im

(
p

p + q

q

FIG. 9: Diagrammatic representation of Eq. (81), where the dot and black circle denote the bare

and dressed vertices, respectively.

The dressed 3-point vertex has a relation with the 4-point vertex, which is shown in the

first line of Fig. 10. Employing the Bethe-Salpeter (BS) equation for the 4-point vertex

shown in Fig. 4, one obtains the BS equation for the dressed 3-point vertex as the second

line of Fig. 10 shows. This is analogous to the method used by G. Aarts et al to obtain the

BS equation for the 3-point vertex in the O(N) model [30].

= −

= −

FIG. 10: Bethe-Salpeter equation for the dressed 3-point vertex and its relation with the 4-point

vertex.

Employing the Holstein summation formula in Eq. (59), we obtain

lim
q0→0

ρTT (q0, 0) =
32

3
NcNfβq0

�
d4p

(2π)4
nf (p

0)(1 − nf (p
0))

×Γ(p0 + q0 + i0+, p0 − i0+; �p)�p2(−2M2 − �p2 + 2p2
0)

×GR(p0, �p)GA(p0, �p). (84)

Therefore, in order to calculate the shear viscosity one should analytically continue the

3-point vertex to

V(p0, �p) ≡ Γ
q0→0

(p0 + q0 + i0+, p0 − i0+; �p). (85)

Inserting Eq. (74) into Eq. (84) and employing the Kubo formula in Eq. (76), we finally

16

) I quark spectral function
I quark vertex

quark self energy: (NLO)

The polarization functions and meson propagators are given by

Πα(p) = −i

�
d4q

(2π)4
tr[iS(q − p)ΓαiS(q)Γα], (36)

Dα(p) =
2G

1 − 2GΠα(p)
, (37)

Figure 3 shows the diagrams of the self energy at LO and NLO.

FIG. 3: Quark self energy at LO and NLO. The dashed line denotes the meson propagator.

The integral equation for 4-point vertex Γ(4) is given by

Γ
(4)
ij;kl(p, p

�; q) = Λij;kl(p, p
�; q) −

�
d4r

(2π)4
Λij;k�l�(p, r; q)

×(iSl�i�(r + q))Γ
(4)
i�j�;kl(r, p

�; q)(iSj�k�(r)), (38)

where the scattering kernel takes the following form

Λij;kl(p, r; q) = ΛLO
ij;kl(p, r; q) + ΛNLO

ij;kl (p, r; q) + · · · , (39)

with

ΛLO
ij;kl(p, r; q) = 2iG

�

α

Γα
ijΓ

α
kl, (40)

ΛNLO
ij;kl (p, r; q) = −i

�

α

Dα(p − r)Γα
ilΓ

α
kj −

�

α1α2

�
d4l

(2π)4
(Γα1iS(p + l)Γα2)ij

×Dα1(q − l)Dα2(l)(Γα2iS(r + l)Γα1)kl

−
�

α1α2

�
d4l

(2π)4
(Γα1iS(p + l)Γα2)ijDα1(q − l)

×Dα2(l)(Γα1iS(r + q − l)Γα2)kl. (41)

Fig. 4 and Fig. 5 show the integral equation and NLO contributions to the scattering kernel,

respectively.

8

entropy density: (NLO)

s = −∂Ω
∂T

; Ω = + + + + ...

July 28, 2011 | TU Darmstadt and GSI | J. Wambach | 11



Shear viscosity
1/Nc - expansion

3-point vertex:

p

p + q

q

FIG. 9: Diagrammatic representation of Eq. (81), where the dot and black circle denote the bare

and dressed vertices, respectively.

The dressed 3-point vertex has a relation with the 4-point vertex, which is shown in the

first line of Fig. 10. Employing the Bethe-Salpeter (BS) equation for the 4-point vertex

shown in Fig. 4, one obtains the BS equation for the dressed 3-point vertex as the second

line of Fig. 10 shows. This is analogous to the method used by G. Aarts et al to obtain the

BS equation for the 3-point vertex in the O(N) model [30].

= −

= −

FIG. 10: Bethe-Salpeter equation for the dressed 3-point vertex and its relation with the 4-point

vertex.

Employing the Holstein summation formula in Eq. (59), we obtain

lim
q0→0

ρTT (q0, 0) =
32

3
NcNfβq0

�
d4p

(2π)4
nf (p

0)(1 − nf (p
0))

×Γ(p0 + q0 + i0+, p0 − i0+; �p)�p2(−2M2 − �p2 + 2p2
0)

×GR(p0, �p)GA(p0, �p). (84)

Therefore, in order to calculate the shear viscosity one should analytically continue the

3-point vertex to

V(p0, �p) ≡ Γ
q0→0

(p0 + q0 + i0+, p0 − i0+; �p). (85)

Inserting Eq. (74) into Eq. (84) and employing the Kubo formula in Eq. (76), we finally

16

4-point vertex:
= −

FIG. 4: Integral equation for 4-point vertex Γ(4).

+ +

FIG. 5: NLO contributions to the 4-point scattering kernel.

III. MESON PROPAGATORS AND QUARK SELF ENERGY

In the section we calculate the meson propagators and quark selfenergy at finite temper-

ature. We will adopt the imaginary-time, i.e., Matsubara formalism throughout this paper.

In the imaginary-time formalism, the energy is replaced by discrete Matsubara frequencyies

iωn with ωn = 2nπT for bosons and ωn = (2n + 1)πT for fermions. Furthermore, the

4-momentum integrations in the last section are replaced by
�

d4p

(2π)4
f(p0, �p) = iβ−1

�

n

�
d3p

(2π)3
f(iωn, �p), (42)

with β = 1/T being the inverse of the temperature.

From Eqs. (34) and (35) one finds that the LO part of the quark selfenergy ΣLO is of order

O(1) in the 1/Nc expansion. Therefore, the real part of ΣNLO can be neglected, because it

is O(N−1
c ). Furthermore, we should emphasize that the first nonvanishing imaginary part

of the quark self energy occurs at the order of O(N−1
c ). The same also happens in the O(N)

model [30]. As a consequence we only need the LO part ΣLO of the quark selfenergy in the

gap equation (22) and the polarization functions in (36), which simplifies the calculations

considerably. The gap equation is given by

M = m0 + 4GNcNf

�
d3q

(2π)3

M

Eq

(1 − 2nf (Eq)), (43)

with

Eq =
�

q2 + M2, (44)

nf,b(Eq) =
1

eβEq ± 1
, (45)

9

NLO Kernel:

= −

FIG. 4: Integral equation for 4-point vertex Γ(4).

+ +

FIG. 5: NLO contributions to the 4-point scattering kernel.

III. MESON PROPAGATORS AND QUARK SELF ENERGY

In the section we calculate the meson propagators and quark selfenergy at finite temper-

ature. We will adopt the imaginary-time, i.e., Matsubara formalism throughout this paper.

In the imaginary-time formalism, the energy is replaced by discrete Matsubara frequencyies

iωn with ωn = 2nπT for bosons and ωn = (2n + 1)πT for fermions. Furthermore, the

4-momentum integrations in the last section are replaced by
�

d4p

(2π)4
f(p0, �p) = iβ−1

�

n

�
d3p

(2π)3
f(iωn, �p), (42)

with β = 1/T being the inverse of the temperature.

From Eqs. (34) and (35) one finds that the LO part of the quark selfenergy ΣLO is of order

O(1) in the 1/Nc expansion. Therefore, the real part of ΣNLO can be neglected, because it

is O(N−1
c ). Furthermore, we should emphasize that the first nonvanishing imaginary part

of the quark self energy occurs at the order of O(N−1
c ). The same also happens in the O(N)

model [30]. As a consequence we only need the LO part ΣLO of the quark selfenergy in the

gap equation (22) and the polarization functions in (36), which simplifies the calculations

considerably. The gap equation is given by

M = m0 + 4GNcNf

�
d3q

(2π)3

M

Eq

(1 − 2nf (Eq)), (43)

with

Eq =
�

q2 + M2, (44)

nf,b(Eq) =
1

eβEq ± 1
, (45)

9

difficult to solve! for scalar O(N) theories Aarts and Resco, JHEP 2004
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Shear viscosity
Kubo results

FIG. 11: (color online).V(p) as a function of the magnitude of the momentum p at several temperare

values.

FIG. 12: Shear viscosity η as a function of the temperature.

use the LO or mean-field approximation for s. This can be easily obtained from the mean

field thermodynamical potential density, given by

Ω(M, T ) =
(m0 − M)2

4G
− 2NfNc

�
d3p

(2π)3

�
Ep + 2T ln(1 + e−βEp)

�
. (115)

21

Wei-jie Fu, J. Wambach and Yue-liang Wu, in progress

The entropy density is then given by

s = −∂Ω

∂T
. (116)

The result for η/s is shown in Fig. 13. We see that it decreases monotonously with increasing

temperature and falls below the KPSS lower bound above about 160 MeV. The same is also

observed in a kinetic approach [39] and deserves further study.

FIG. 13: (color online). Ratio of the shear viscosity to entropy density η/s as a function of the

temperature. The KPSS lower bound is also shown.

V. SUMMARY AND OUTLOOK

In this work, we have calculated the temperature dependence of the shear viscosity η in

the NJL model in next-to-leading order (NLO) in the 1/Nc - expansion. One has to go to

this order, to obtain a description beyond the trivial mean field LO result of a free relativistic

gas. The 2PI effective action is computed at NLO, from which the integral equations for

the 3- and 4-point vertex are obtained. The integral equations sum infinite sets of diagrams

contributing to the shear viscosity at the same order in the 1/Nc - expansion. The meson

spectral density, selfenergy and thermal width of the quarks are calculated numerically.

Our results demonstrate that η decreases rapidly when the chiral crossover is approached

with increasing temperature. Compared to the hadron phase, the QGP phase has a low

22
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Summary

shear viscosity in the NJL model (1/Nc - expansion)
I kinetic theory

I in-medium ππ - scattering
I scattering amplitudeM from scattering length
I agreement with χPT at low temperatures
I σ large at Tdiss and TMott
I minima of η/s at transition temperatures

I Green-Kubo formalism
I η strongly decreases near chiral restoration
I η/s falls below ADS/CFT bound

future directions
I improve cross sections to include higher partial waves and more species
I PNJL calculation within Kubo formalism
I study finite chemical potential (CEP)
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