
Gauge/gravity duality and jets in strongly coupled plasmas

Paul Chesler

University of Washington

Gravitational collapse and far-from-equilibrium dynamics
in holographic conformal field theories

Work done with Larry Yaffe, Derek Teaney & Simon Caron-Huot.

[1011:3562, 1102.1073]

Thursday, July 28, 2011



liquidtime• Initial state: nuclei.

• “Final” state: QGP.

Gravitational collapse
• Initial state: lump of energy.

• Final state: black hole.
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liquidtime• Initial state: nuclei.

• “Final” state: QGP.

Gravitational collapse
• Initial state: lump of energy.

• Final state: black hole.

Far from equilibrium dynamics in QFTs
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Similarities

• Far-from-equilibrium dynamics.

• Entropy production.
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String theory and holographic CFTs

String theory on asymptotically AdS5 ⇐⇒ 4d CFT
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Connecting 5d physics to 4d physics

4d Minkowski Space

r

• Near-boundary behavior of �φ(x, r)� ⇒ �O(x)�.

• Near-boundary behavior of �φ(x, r)φ(x�, r�)� ⇒ �O(x)O(x�)�.

Jµ(x)

�AM (x, r)�
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Connecting 5d physics to 4d physics

4d Minkowski Space

r
�AM (x, r)AN (x�, r�)�

�Jµ(x)Jν(x�)�

• Near-boundary behavior of �φ(x, r)� ⇒ �O(x)�.

• Near-boundary behavior of �φ(x, r)φ(x�, r�)� ⇒ �O(x)O(x�)�.
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What can holography teach us about
far-from-equilibrium dynamics?

liquidtime

1 fm/c

Thermalization times in strongly coupled CFTs

• Asymptotic freedom ⇒ τCFT < τQCD.

Signatures of local equilibrium:

1. Hydrodynamic Constitutive Relations

Tµν = (�+p)gµν + puµuν − η∆µα∆νβ
�
∂αuβ+∂βuα− 2

3gαβ∂ · u
�
+ . . . .

2. Local Fluctuation-Dissipation Theorem:

Gsym(ω, t̄|q, x̄) = −(1 + 2n)Im Gret(ω, t̄|q, x̄).
Thursday, July 28, 2011



Asymptotic AdS5 metric: ds2 = r2[−dv2 + dx2] + 2dvdr.

Poincare Horizon
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Black brane formation in asymptotically AdS5

• Horizon exists before debris falls!

• Late time evolution = hydro.

[0712.2456]

• Relaxation of BH governed

by causality.

τrelax ∼ rh ∼ 1/T.
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Black brane formation in asymptotically AdS5

• Horizon exists before debris falls!

• Late time evolution = hydro.

[0712.2456]

• Relaxation of BH governed

by causality.

τrelax ∼ rh ∼ 1/T.

Event horizon
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2 + 1d problems — Colliding sheets of matter

x⊥

z

z
x⊥

r

Gravity description:

• Colliding grav. waves.

• ⇒ 2 + 1d problem.

CFT description:

• Colliding sheets.

• ⇒ 1 + 1d problem.
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Pre-collision metric:

ds2 = r2
�
−dx+dx− + dx2

⊥ +
1

r4
ϕ(x+)dx

2
+ +

1

r4
ϕ(x−)dx

2
−

�
+
dr2

r2
.

where x± = t± z.

Properties:

• Exact solution to sourceless Einstein when ϕ(x±) don’t overlap.

• Field theory stress:

E = ϕ(x+) + ϕ(x−), P⊥ = 0,

S = ϕ(x+)− ϕ(x−), P|| = ϕ(x+) + ϕ(x−).

Initial data
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Boundary
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Choosing a coordinate system

Desirable features:

• Natural implementation of BC at boundary.

• Idealized for infalling radiation.

• Regularity at horizon.

Metric ansatz: ds2 = −Adv2+Σ2
�
eBdx2

⊥ + e−2Bdz2
�
+2drdv+2Fdzdv.

Residual gauge freedom: r → r + ξ(v, z)
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r = ∞

r

z

rh(v, z)

r = ∞

z

⇒ r = 1

Gauge transformation: ξ(v, z) = −1 + rh(v, z).

Boundary condition:

2

where, for any function h(v, z, r), h� ≡ ∂rh and

d+h ≡ ∂vh+ 1
2A ∂rh , d3h ≡ ∂zh− F ∂rh . (3)

Note that h� is a directional derivative along infalling ra-
dial null geodesics, d+h is a derivative along outgoing
radial null geodesics, and d3h is a derivative in the lon-
gitudinal direction orthogonal to both radial geodesics.

Near the boundary, Einstein’s equations may be solved
with a power series expansion in r. After requiring that
the boundary geometry be Minkowski space, solutions
have the form

A = r
2
�
1 +

2ξ

r
+

ξ2−2∂vξ

r2
+

a4

r4
+O(r−5)

�
, (4a)

F = ∂zξ +
f2

r2
+O(r−3) . (4b)

B =
b4

r4
+O(r−5) , (4c)

Σ = r + ξ +O(r−7) , (4d)

The coefficient ξ is a gauge dependent parameter which
encodes the residual diffeomorphism invariance of the
metric. The coefficients a4, b4 and f2 are sensitive to
the entire bulk geometry, but must satisfy

∂va4 = − 4
3 ∂zf2 , ∂vf2 = −∂z(

1
4a4 + 2b4) . (5)

These coefficients contain the information which, under
the holographic mapping of gauge/gravity duality, de-
termines the field theory stress-energy tensor Tµν [16].

Defining E ≡ 2π2

N2
c
T 00, P⊥ ≡ 2π2

N2
c
T⊥⊥, S ≡ 2π2

N2
c
T 0z, and

P� ≡ 2π2

N2
c
T zz, one finds

E = − 3
4a4 , P⊥ = − 1

4a4 + b4 , (6a)

S = −f2 , P� = − 1
4a4 − 2b4 . (6b)

Eqs. (5) and (6) imply ∂µTµν = 0 and Tµ
µ = 0.

Numerics.— Our equations (2) have a natural nested
linear structure which is extremely helpful in solving for
the fields and their time derivatives on some v = const.
null slice. Given B, Eq. (2a) may be integrated in r to
find Σ. With B and Σ known, Eq. (2b) may be integrated
to find F . With B, Σ and F known, Eq. (2d) may be
integrated to find d+Σ. With B, Σ, F and d+Σ known,
Eq. (2e) may be integrated to find d+B. Last, with B, Σ,
F , d+Σ and d+B known, Eq. (2c) may be integrated to
find A. At this point, one can compute the field velocity
∂vB = d+B − 1

2AB�, evolve B forward in time to the
next time step, and repeat the process.

In this scheme, each nested equation is a linear ODE
for the field being determined, and may be integrated in
r at fixed v and z. The requisite radial boundary condi-
tions follow from the asymptotic expansions (4). Con-
sequently, the initial data required to solve Einstein’s
equations consist of the function B plus the expansion
coefficients a4 and f2 — all specified at some constant v

— and the gauge parameter ξ specified at all times. Val-
ues of a4 and f2 on future time slices, needed as boundary
conditions for the radial equations, are determined by in-
tegrating the continuity relations (5) forward in time.
We note that Eqs. (2f) and (2g) are only needed when

deriving the series expansions (4) and the continuity con-
ditions (5). Therefore, in the above scheme for solving
Einstein’s equations, they are effectively implemented as
boundary conditions. Indeed, the Bianchi identities im-
ply that Eqs. (2f) and (2g) are boundary constraints; if
they hold at one value of r then the other Einstein equa-
tions guarantee that they hold at all values of r.
An important practical matter is fixing the computa-

tional domain in r. If an event horizon exists, then one
may excise the geometry inside the horizon as this region
is causally disconnected from the geometry outside the
horizon. Furthermore, one must excise the geometry to
avoid singularities behind the horizon [17]. To perform
the excision, one first identifies the location of an appar-
ent horizon (an outermost marginally trapped surface)
which, if it exists, must lie inside an event horizon [18].
For initial conditions consisting of colliding gravitational
waves discussed in the next section, the apparent hori-
zon always exists — even before the collision — and has
the topology of a plane. Consequently, one may fix the
residual diffeomorphism invariance by requiring the ap-
parent horizon position to lie at a fixed radial position,
r = 1. The defining conditions for the apparent horizon
then imply that fields at r = 1 must satisfy

0 = 3Σ2
d+Σ− ∂z(F Σ e

2B) + 3
2F

2 Σ�
e
2B

, (7)

which is implemented as a boundary condition to deter-
mine ξ and its evolution. Horizon excision is performed
by restricting the computational domain to r ∈ [1,∞].
Another issue is the presence of a singular point at

r = ∞ in the equations (2). To deal with this, we chose
to discretize Einstein’s equations using pseudospectral
methods [19]. We represent the radial dependence of all
functions as a series in Chebyshev polynomials and the
z-dependence as a Fourier series, so the z-direction is pe-
riodically compactified. With these basis functions, the
computational domain may extend all the way to r = ∞,
where boundary conditions can be directly imposed.
When computing the time derivative ∂vB, we add to it

an additional term − 1
3a

3∂4
zB, where a is the grid spacing

in the z-direction. This term vanishes in the continuum
limit and serves to damp short wavelength modes which
can be excited by spectral aliasing [19]. With this modi-
fication to ∂vB, we evolve B, a4, and f2 forward in time
with the third-order Adams-Bashforth method.
Initial data.— We want our initial data to describe two

well-separated planar shocks, with finite thickness and
energy density, moving toward each other. An analytic
solution describing a single planar shock moving in the
∓z direction may be easily found in Fefferman-Graham
coordinates and reads [14],

ds
2 = r

2[−dx+dx− + dx2
⊥] +

1

r2
[dr2 + h(x±) dx

2
±] , (8)

Removing the residual gauge freedom and horizon excision.

Residual gauge freedom: r → r + ξ(v, z).
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Parameters

• “Shock” profile: ϕ(z) = µ3
√
2πσ

e−z2/(2σ2).

• Energy per unit area = 3µ3N2
c

8π2 .

• Width σ = 0.75/µ

• Background temperature Tbkgd = 0.11µ.

• Total time evolved ∆v = 1/Tbkgd.
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our

Gaussian profiles, the residual error in Einstein’s equa-

tions is negligible when the separation of the incoming

shocks is more than a few times the shock width.

To find the initial data relevant for our metric ansatz

(1), we solve (numerically) for the diffeomorphism trans-

forming the single shock metric (8) from Fefferman-

Graham to Eddington-Finkelstein coordinates. In par-

ticular, we compute the anisotropy function B± for each

shock and sum the result, B = B+ +B−. We choose the

initial time v0 so the incoming shocks are well separated

and the B± negligibly overlap above the apparent hori-

zon. The functions a4 and f2 may be found analytically,

a4 = − 4
3 [h(v0+z)+h(v0−z)] , f2 = h(v0+z)−h(v0−z).

(10)

A complication with this initial data is that the metric

functions A and F become very large deep in the bulk,

degrading convergence of their spectral representations.

To ameliorate the problem, we slightly modify the initial

data, subtracting from a4 a small positive constant δ.
This introduces a small background energy density in

the dual quantum theory. Increasing δ causes the regions

with rapid variations in the metric to be pushed inside

the apparent horizon, out of the computational domain.

We chose a width w = 0.75/µ for our shocks. The

initial separation of the shocks is ∆z = 6.2/µ. We chose

δ = 0.014µ4, corresponding to a background energy den-

sity 50 times smaller than the peak energy density of the

shocks. We evolve the system for a total time equal to

the inverse of the temperature associated with the back-

ground energy density, Tbkgd = 0.11µ.

Results and discussion.— Figure 1 shows the energy

density E as a function of time v and longitudinal position

z. On the left, one sees two incoming shocks propagating

toward each other at the speed of light. After the colli-

sion, centered on v=0, energy is deposited throughout

the region between the two receding energy density max-

ima. The energy density after the collision does not re-

semble the superposition of two unmodified shocks, sepa-

rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at

less than the speed of light. To elaborate on this point,

Figure 2 shows a contour plot of the energy flux S for

positive v and z. The dashed curve shows the location

of the maximum of the energy flux. The inverse slope

of this curve, equal to the outward speed of the maxi-

mum, is V = 0.86 at late times. The solid line shows the

point beyond which S/µ4 < 10−4, and has slope 1. Ev-

idently, the leading disturbance from the collision moves

outwards at the speed of light, but the maxima in E and

S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures

at z = 0 and z = 3/µ, as a function of time. At z = 0,

the pressures increase dramatically during the collision,

resulting in a system which is very anisotropic and far

from equilibrium. At v = −0.23/µ, where P� has its

maximum, it is roughly 5 times larger than P⊥. At late

times, the pressures asymptotically approach each other.

At z = 3/µ, the outgoing maximum in the energy density

is located near v = 4/µ. There, P� is more than 3 times

larger than P⊥.

The fluid/gravity correspondence [17] implies that at

sufficiently late times the evolution of Tµν will be de-

scribed by hydrodynamics. To test the validly of hydro-

Results illustrated
3
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.
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z. On the left, one sees two incoming shocks propagating

toward each other at the speed of light. After the colli-

sion, centered on v=0, energy is deposited throughout

the region between the two receding energy density max-

ima. The energy density after the collision does not re-

semble the superposition of two unmodified shocks, sepa-

rating at the speed of light, plus small corrections. In par-

 

 

0 2 4 6
0

2

4

6

0.1

0

0.1

0.2

µv

µz

Thursday, November 11, 2010

FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.

2 0 2 4 6

0

0.25

0.5

0.75

0 1 2 3 4 5 6

0

0.05

0.1

0.15

0.2

 

 

P⊥/µ4

P||/µ
4

hydro

µv µv

µz = 0 µz = 3

Wednesday, November 10, 2010

FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at

less than the speed of light. To elaborate on this point,

Figure 2 shows a contour plot of the energy flux S for

positive v and z. The dashed curve shows the location

of the maximum of the energy flux. The inverse slope

of this curve, equal to the outward speed of the maxi-

mum, is V = 0.86 at late times. The solid line shows the

point beyond which S/µ4 < 10−4, and has slope 1. Ev-

idently, the leading disturbance from the collision moves

outwards at the speed of light, but the maxima in E and

S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures

at z = 0 and z = 3/µ, as a function of time. At z = 0,

the pressures increase dramatically during the collision,

resulting in a system which is very anisotropic and far

from equilibrium. At v = −0.23/µ, where P� has its

maximum, it is roughly 5 times larger than P⊥. At late

times, the pressures asymptotically approach each other.

At z = 3/µ, the outgoing maximum in the energy density

is located near v = 4/µ. There, P� is more than 3 times

larger than P⊥.

The fluid/gravity correspondence [17] implies that at

sufficiently late times the evolution of Tµν will be de-

scribed by hydrodynamics. To test the validly of hydro-

[Chesler & Yaffe: 1011.3562]
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Constituent relations:

Phydro
⊥ = 1

3�+
2ηγ3

3 [∂zV + V ∂vV ] + . . . ,

Phydro
|| = 1

3γ
2(1 + 3V 2)�− 4ηγ5

3 [∂zV + V ∂vV ] + . . . ,

where

V = 2S/
�
P|| + E +

�
(P|| + E)2 − 4S2

�
,

� = 1
2

�
E − P|| +

�
(E + P||)2 − 4S2

�
.

Hydrodynamic ingredients:

• Proper energy density �.

• Fluid velocity 3-velocity V .
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Comparing to 1st order hydrodynamics
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our

Gaussian profiles, the residual error in Einstein’s equa-

tions is negligible when the separation of the incoming

shocks is more than a few times the shock width.

To find the initial data relevant for our metric ansatz

(1), we solve (numerically) for the diffeomorphism trans-

forming the single shock metric (8) from Fefferman-

Graham to Eddington-Finkelstein coordinates. In par-

ticular, we compute the anisotropy function B± for each

shock and sum the result, B = B+ +B−. We choose the

initial time v0 so the incoming shocks are well separated

and the B± negligibly overlap above the apparent hori-

zon. The functions a4 and f2 may be found analytically,

a4 = − 4
3 [h(v0+z)+h(v0−z)] , f2 = h(v0+z)−h(v0−z).

(10)

A complication with this initial data is that the metric

functions A and F become very large deep in the bulk,

degrading convergence of their spectral representations.

To ameliorate the problem, we slightly modify the initial

data, subtracting from a4 a small positive constant δ.
This introduces a small background energy density in

the dual quantum theory. Increasing δ causes the regions

with rapid variations in the metric to be pushed inside

the apparent horizon, out of the computational domain.

We chose a width w = 0.75/µ for our shocks. The

initial separation of the shocks is ∆z = 6.2/µ. We chose

δ = 0.014µ4, corresponding to a background energy den-

sity 50 times smaller than the peak energy density of the

shocks. We evolve the system for a total time equal to

the inverse of the temperature associated with the back-

ground energy density, Tbkgd = 0.11µ.

Results and discussion.— Figure 1 shows the energy

density E as a function of time v and longitudinal position

z. On the left, one sees two incoming shocks propagating

toward each other at the speed of light. After the colli-

sion, centered on v=0, energy is deposited throughout

the region between the two receding energy density max-

ima. The energy density after the collision does not re-

semble the superposition of two unmodified shocks, sepa-

rating at the speed of light, plus small corrections. In par-
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ticular, the two receding maxima are moving outwards at

less than the speed of light. To elaborate on this point,

Figure 2 shows a contour plot of the energy flux S for

positive v and z. The dashed curve shows the location

of the maximum of the energy flux. The inverse slope

of this curve, equal to the outward speed of the maxi-

mum, is V = 0.86 at late times. The solid line shows the

point beyond which S/µ4 < 10−4, and has slope 1. Ev-

idently, the leading disturbance from the collision moves

outwards at the speed of light, but the maxima in E and

S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures

at z = 0 and z = 3/µ, as a function of time. At z = 0,

the pressures increase dramatically during the collision,

resulting in a system which is very anisotropic and far

from equilibrium. At v = −0.23/µ, where P� has its

maximum, it is roughly 5 times larger than P⊥. At late

times, the pressures asymptotically approach each other.

At z = 3/µ, the outgoing maximum in the energy density

is located near v = 4/µ. There, P� is more than 3 times

larger than P⊥.

The fluid/gravity correspondence [17] implies that at

sufficiently late times the evolution of Tµν will be de-

scribed by hydrodynamics. To test the validly of hydro-

• Hydro works within 15% for v > 2.4/µ.

– Estimate for RHIC: τhydro ∼ 0.35 fm/c.

• P⊥ � 2P|| at z = 0 ⇒ viscous effects are important.
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Previous recipes for computing correlation functions

Son & Starinets: hep-th/0205051:

+ Recipe for computing equilibrium correlation functions.

- Only works in equilibrium.

Skenderis & van Rees: 0805.0150:

+ Recipe for computing correlation functions in any state.

- Requires analytic continuation to imaginary time.

Balaburamanian et al: 1012.4753:

+ Recipe for computing correlation functions in any state.

- Valid only for large conformal dimension operators.
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Example: dilaton:

gsym(1|2) = 1
2 �{φ(1),φ(2)}�.

Equations of motion:

−D2
1gsym(1|2) = −D2

2gsym(1|2) = 0.

Formal solution:

gsym(1|2) =
�

v�
1=v�

1=−∞
Gret(1|1�)Gret(2|2�)

←→
∂v�

1

←→
∂v�

2
gsym(1

�|2�)
���
v�
1=v�

2=−∞

where −D2
1Gret(1|1�) = δ(1− 1�).

A new look at an old recipe
[Caron-Huot, Chesler & Teaney: 1102.1073]
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All info about density matrix in initial conditions.
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Properties of horizon correlators:

• Only depend on local surface gravity of BH
and UV behavior of initial conditions.

• Encode time-dependent Hawking radiaiton.

• Satisfy FDT in equilibrium

Gh
sym = −(1 + 2n)Gh

ret.
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Stay tuned for QFT correlators!

Properties of horizon correlators:

• Only depend on local surface gravity of BH
and UV behavior of initial conditions.

• Encode time-dependent Hawking radiaiton.
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Concluding remarks

• Difficult QFT problems tractable with holography & numerical GR.

• Thermalization times < 1 fm/c are natural in strongly coupled theories.

Open questions:

• Relevance for heavy ion phenomenology?

– Lower bound for QCD thermalization τtherm = 0.35 fm/c?

– How much longer should QCD thermalization be?

• How does thermalization of correlators compare to �Tµν�?

Future directions:

• Far-from-equilibrium jet quenching.
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Relaxing to equilibrium

Late time hydro stress:

E =
3π4Λ4

4(Λv)4/3

�
1− 2C1

(Λv)2/3
+

C2

(Λv)4/3
+O(v−2)

�
, (3a)

P⊥ =
π4Λ4

4(Λv)4/3

�
1− C2

3(Λv)4/3
+O(v−2)

�
, (3b)

P|| =
π4Λ4

4(Λv)4/3

�
1− 2C1

(Λv)2/3
+

5C2

3(Λv)4/3
+O(v−2)

�
. (3c)

C1 =
1
3π

C2 =
2 + ln 2
18π2

. (4)

Isotropic components relax quickly.

C1 =
1
3π
∝ η

s
, C2 =

2 + ln 2
18π2

(Janik & Peschanski: hep-th/0512162)

(Kinoshita, Mukohyama, Nakamura & Oda: 0807.3797)
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Comparing to 2nd order hydrodynamics
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The destination: collision of particles in 5d

liquidtime
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The destination: collision of particles in 5d

liquidtime

time
space

Black hole

“Holographic image”

energy density

Colliding particles
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Einstein’s equations

where h� ≡ ∂rh, d+h ≡ ∂vh+ 1
2A ∂rh, d3h ≡ ∂zh− F ∂rh .

2

0 = Σ�� + 1
2 (B

�)2 Σ , (1)

0 = Σ2 [F �� − 2(d3B)� − 3B�d3B] + 4Σ�d3Σ ,−Σ [3Σ�F � + 4(d3Σ)
� + 6B�d3Σ] , (2)

0 = 2Σ2A�� + 6Σ4B�d+B − 24Σ2Σ�d+Σ+ 8Σ4 + e2B
�
Σ2

�
(F �)2−7(d3B)2−4d23B

�

+ 4(d3Σ)
2 − 8Σ

�
2(d3B)d3Σ+ d23Σ

��
, (3)

0 = 6Σ3(d+Σ)
� + 12Σ2(Σ�d+Σ− Σ2)− e2B

�
2(d3Σ)

2 + Σ2
�
1
2 (F

�)2+(d3F )�+2F �d3B− 7
2 (d3B)2−2d23B

�

+ Σ
�
(F �−8d3B) d3Σ− 4d23Σ

��
. (4)

0 = 6Σ4(d+B)� + 9Σ3(Σ�d+B +B�d+Σ) + e2B
�
Σ2[(F �)2+2(d3F )�+F �d3B−(d3B)2−d23B]

+ 4(d3Σ)
2 − Σ

�
(4F �+d3B) d3Σ+ 2d23Σ

��
, (5)

0 = 6Σ2d2+Σ− 3Σ2A�d+Σ+ 3Σ3(d+B)2 − e2B
�
(d3Σ+ 2Σd3B)(2d+F + d3A)

+ Σ
�
2d3(d+F ) + d23A

��
, (6)

0 = Σ [2d+(d3Σ) + 2d3(d+Σ) + 3F �d+Σ] + Σ2 [d+(F
�) + d3(A

�) + 4d3(d+B)− 2d+(d3B)]

+ 3Σ (Σd3B + 2d3Σ) d+B − 4(d3Σ)d+Σ , (7)
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2

where, for any function h(v, z, r), h� ≡ ∂rh and

d+h ≡ ∂vh+ 1
2A ∂rh , d3h ≡ ∂zh− F ∂rh . (3)

Note that h� is a directional derivative along infalling ra-
dial null geodesics, d+h is a derivative along outgoing
radial null geodesics, and d3h is a derivative in the lon-
gitudinal direction orthogonal to both radial geodesics.

Near the boundary, Einstein’s equations may be solved
with a power series expansion in r. After requiring that
the boundary geometry be Minkowski space, solutions
have the form

A = r
2
�
1 +

2ξ

r
+

ξ2−2∂vξ

r2
+

a4

r4
+O(r−5)

�
, (4a)

F = ∂zξ +
f2

r2
+O(r−3) . (4b)

B =
b4

r4
+O(r−5) , (4c)

Σ = r + ξ +O(r−7) , (4d)

The coefficient ξ is a gauge dependent parameter which
encodes the residual diffeomorphism invariance of the
metric. The coefficients a4, b4 and f2 are sensitive to
the entire bulk geometry, but must satisfy

∂va4 = − 4
3 ∂zf2 , ∂vf2 = −∂z(

1
4a4 + 2b4) . (5)

These coefficients contain the information which, under
the holographic mapping of gauge/gravity duality, de-
termines the field theory stress-energy tensor Tµν [16].

Defining E ≡ 2π2

N2
c
T 00, P⊥ ≡ 2π2

N2
c
T⊥⊥, S ≡ 2π2

N2
c
T 0z, and

P� ≡ 2π2

N2
c
T zz, one finds

E = − 3
4a4 , P⊥ = − 1

4a4 + b4 , (6a)

S = −f2 , P� = − 1
4a4 − 2b4 . (6b)

Eqs. (5) and (6) imply ∂µTµν = 0 and Tµ
µ = 0.

Numerics.— Our equations (2) have a natural nested
linear structure which is extremely helpful in solving for
the fields and their time derivatives on some v = const.
null slice. Given B, Eq. (2a) may be integrated in r to
find Σ. With B and Σ known, Eq. (2b) may be integrated
to find F . With B, Σ and F known, Eq. (2d) may be
integrated to find d+Σ. With B, Σ, F and d+Σ known,
Eq. (2e) may be integrated to find d+B. Last, with B, Σ,
F , d+Σ and d+B known, Eq. (2c) may be integrated to
find A. At this point, one can compute the field velocity
∂vB = d+B − 1

2AB�, evolve B forward in time to the
next time step, and repeat the process.

In this scheme, each nested equation is a linear ODE
for the field being determined, and may be integrated in
r at fixed v and z. The requisite radial boundary condi-
tions follow from the asymptotic expansions (4). Con-
sequently, the initial data required to solve Einstein’s
equations consist of the function B plus the expansion
coefficients a4 and f2 — all specified at some constant v

— and the gauge parameter ξ specified at all times. Val-
ues of a4 and f2 on future time slices, needed as boundary
conditions for the radial equations, are determined by in-
tegrating the continuity relations (5) forward in time.
We note that Eqs. (2f) and (2g) are only needed when

deriving the series expansions (4) and the continuity con-
ditions (5). Therefore, in the above scheme for solving
Einstein’s equations, they are effectively implemented as
boundary conditions. Indeed, the Bianchi identities im-
ply that Eqs. (2f) and (2g) are boundary constraints; if
they hold at one value of r then the other Einstein equa-
tions guarantee that they hold at all values of r.
An important practical matter is fixing the computa-

tional domain in r. If an event horizon exists, then one
may excise the geometry inside the horizon as this region
is causally disconnected from the geometry outside the
horizon. Furthermore, one must excise the geometry to
avoid singularities behind the horizon [17]. To perform
the excision, one first identifies the location of an appar-
ent horizon (an outermost marginally trapped surface)
which, if it exists, must lie inside an event horizon [18].
For initial conditions consisting of colliding gravitational
waves discussed in the next section, the apparent hori-
zon always exists — even before the collision — and has
the topology of a plane. Consequently, one may fix the
residual diffeomorphism invariance by requiring the ap-
parent horizon position to lie at a fixed radial position,
r = 1. The defining conditions for the apparent horizon
then imply that fields at r = 1 must satisfy

0 = 3Σ2
d+Σ− ∂z(F Σ e

2B) + 3
2F

2 Σ�
e
2B

, (7)

which is implemented as a boundary condition to deter-
mine ξ and its evolution. Horizon excision is performed
by restricting the computational domain to r ∈ [1,∞].
Another issue is the presence of a singular point at

r = ∞ in the equations (2). To deal with this, we chose
to discretize Einstein’s equations using pseudospectral
methods [19]. We represent the radial dependence of all
functions as a series in Chebyshev polynomials and the
z-dependence as a Fourier series, so the z-direction is pe-
riodically compactified. With these basis functions, the
computational domain may extend all the way to r = ∞,
where boundary conditions can be directly imposed.
When computing the time derivative ∂vB, we add to it

an additional term − 1
3a

3∂4
zB, where a is the grid spacing

in the z-direction. This term vanishes in the continuum
limit and serves to damp short wavelength modes which
can be excited by spectral aliasing [19]. With this modi-
fication to ∂vB, we evolve B, a4, and f2 forward in time
with the third-order Adams-Bashforth method.
Initial data.— We want our initial data to describe two

well-separated planar shocks, with finite thickness and
energy density, moving toward each other. An analytic
solution describing a single planar shock moving in the
∓z direction may be easily found in Fefferman-Graham
coordinates and reads [14],

ds
2 = r

2[−dx+dx− + dx2
⊥] +

1

r2
[dr2 + h(x±) dx

2
±] , (8)
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residual diffeomorphism invariance by requiring the ap-
parent horizon position to lie at a fixed radial position,
r = 1. The defining conditions for the apparent horizon
then imply that fields at r = 1 must satisfy

0 = 3Σ2
d+Σ− ∂z(F Σ e

2B) + 3
2F

2 Σ�
e
2B

, (7)

which is implemented as a boundary condition to deter-
mine ξ and its evolution. Horizon excision is performed
by restricting the computational domain to r ∈ [1,∞].
Another issue is the presence of a singular point at

r = ∞ in the equations (2). To deal with this, we chose
to discretize Einstein’s equations using pseudospectral
methods [19]. We represent the radial dependence of all
functions as a series in Chebyshev polynomials and the
z-dependence as a Fourier series, so the z-direction is pe-
riodically compactified. With these basis functions, the
computational domain may extend all the way to r = ∞,
where boundary conditions can be directly imposed.
When computing the time derivative ∂vB, we add to it

an additional term − 1
3a

3∂4
zB, where a is the grid spacing

in the z-direction. This term vanishes in the continuum
limit and serves to damp short wavelength modes which
can be excited by spectral aliasing [19]. With this modi-
fication to ∂vB, we evolve B, a4, and f2 forward in time
with the third-order Adams-Bashforth method.
Initial data.— We want our initial data to describe two

well-separated planar shocks, with finite thickness and
energy density, moving toward each other. An analytic
solution describing a single planar shock moving in the
∓z direction may be easily found in Fefferman-Graham
coordinates and reads [14],

ds
2 = r

2[−dx+dx− + dx2
⊥] +

1

r2
[dr2 + h(x±) dx

2
±] , (8)

What are the required boundary conditions?

Solve Einstein with series expansion in r:

Field theory stress:

Required initial data:

B, a4 f2 at v = constant and ξ at all v.
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