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Experimental summary

• radius 4% smaller  than previous

• Rydberg is known to 12 figures

• QED effects insufficient??

• Puzzle- why muon H different than e H?

Pulsed laser spectroscopy

LETTERS

The size of the proton
Randolf Pohl1, Aldo Antognini1, François Nez2, Fernando D. Amaro3, François Biraben2, João M. R. Cardoso3,
Daniel S. Covita3,4, Andreas Dax5, Satish Dhawan5, Luis M. P. Fernandes3, Adolf Giesen6{, Thomas Graf6,
Theodor W. Hänsch1, Paul Indelicato2, Lucile Julien2, Cheng-Yang Kao7, Paul Knowles8, Eric-Olivier Le Bigot2,
Yi-Wei Liu7, José A. M. Lopes3, Livia Ludhova8, Cristina M. B. Monteiro3, Françoise Mulhauser8{, Tobias Nebel1,
Paul Rabinowitz9, Joaquim M. F. dos Santos3, Lukas A. Schaller8, Karsten Schuhmann10, Catherine Schwob2,
David Taqqu11, João F. C. A. Veloso4 & Franz Kottmann12

The proton is the primary building block of the visible Universe,
butmany of its properties—such as its charge radius and its anom-
alousmagneticmoment—arenotwell understood. The root-mean-
square charge radius, rp, has been determinedwith an accuracy of 2
per cent (at best) by electron–proton scattering experiments1,2. The
presentmost accurate value of rp (with an uncertainty of 1 per cent)
is given by the CODATA compilation of physical constants3. This
value is based mainly on precision spectroscopy of atomic
hydrogen4–7 and calculations of bound-state quantum electrody-
namics (QED; refs 8, 9). The accuracy of rp as deduced from elec-
tron–proton scattering limits the testing of bound-state QED in
atomic hydrogen as well as the determination of the Rydberg
constant (currently the most accurately measured fundamental
physical constant3). An attractive means to improve the accuracy
in themeasurementof rp is providedbymuonichydrogen (a proton
orbited by a negative muon); its much smaller Bohr radius com-
pared to ordinary atomic hydrogen causes enhancement of effects
related to the finite size of theproton. Inparticular, theLamb shift10

(the energy difference between the 2S1/2 and 2P1/2 states) is affected
by as much as 2 per cent. Here we use pulsed laser spectroscopy to
measure amuonic Lamb shift of 49,881.88(76)GHz.On the basis of
present calculations11–15 of fine and hyperfine splittings and QED
terms, we find rp5 0.84184(67) fm, which differs by 5.0 standard
deviations from the CODATA value3 of 0.8768(69) fm. Our result
implies that either the Rydberg constant has to be shifted by
2110 kHz/c (4.9 standard deviations), or the calculations of the
QED effects in atomic hydrogen or muonic hydrogen atoms are
insufficient.

Bound-state QED was initiated in 1947 when a subtle difference
between the binding energies of the 2S1/2 and 2P1/2 states of H atoms
was established, denoted as the Lamb shift10. It is dominated by
purely radiative effects8, such as ‘self energy’ and ‘vacuum polariza-
tion’. More recently, precision optical spectroscopy of H atoms4–7

and the corresponding calculations8,9 have improved tremendously
and reached a point where the proton size (expressed by its root-

mean-square charge radius, rp~

!!!!!!!!!!
r2p

D Er
) is the limiting factor when

comparing experiment with theory16.
The CODATA value3 of rp5 0.8768(69) fm is extracted mainly

fromH atom spectroscopy and thus relies on bound-state QED (here
and elsewhere numbers in parenthesis indicate the 1 s.d. uncertainty

of the trailing digits of the given number). AnH-independent but less
precise value of rp5 0.897(18) fm was obtained in a recent reanalysis
of electron-scattering experiments1,2.

A much better determination of the proton radius is possible by
measuring the Lamb shift in muonic hydrogen (mp, an atom formed
by a proton, p, and a negative muon, m2). The muon is about 200
times heavier than the electron. The atomic Bohr radius is corre-
spondingly about 200 times smaller in mp than in H. Effects of the
finite size of the proton on the muonic S states are thus enhanced. S
states are shifted because the muon’s wavefunction at the location of
the proton is non-zero. In contrast, P states are not significantly
shifted. The total predicted 2SF~1

1=2 {2PF~2
3=2 energy difference, DẼ,

in muonic hydrogen is the sum of radiative, recoil, and proton struc-
ture contributions, and the fine and hyperfine splittings for our par-
ticular transition, and it is given8,11–15 by

D~EE~209:9779 49! "{5:2262 r2pz0:0347 r3p meV !1"

where rp~

!!!!!!!!!!
r2p

D Er
is given in fm. A detailed derivation of equation

(1) is given in Supplementary Information.
The first term in equation (1) is dominated by vacuum polariza-

tion, which causes the 2S states to be more tightly bound than the 2P
states (Fig. 1). The mp fine and hyperfine splittings (due to spin–orbit
and spin–spin interactions) are an order of magnitude smaller than
the Lamb shift (Fig. 1c). The uncertainty of 0.0049meV in DẼ is
dominated by the proton polarizability term13 of 0.015(4)meV.
The second and third terms in equation (1) are the finite size con-
tributions. They amount to 1.8% of DẼ, two orders of magnitude
more than for H.

For more than forty years, a measurement of the mp Lamb shift has
been considered one of the fundamental experiments in atomic spec-
troscopy, but only recent progress in muon beams and laser techno-
logy made such an experiment feasible. We report the first successful
measurement of the mp Lamb shift. The energy difference between the
2SF~1

1=2 and 2PF~2
3=2 states of mp atoms has been determined bymeans of

pulsed laser spectroscopy at wavelengths around 6.01mm. This
transition was chosen because it gives the largest signal of all six
allowed optical 2S–2P transitions. All transitions are spectrally well
separated.

The experiment was performed at the pE5 beam-line of the proton
accelerator at the Paul Scherrer Institute (PSI) in Switzerland. We

1Max-Planck-Institut für Quantenoptik, 85748 Garching, Germany. 2Laboratoire Kastler Brossel, École Normale Supérieure, CNRS, and Université P. et M. Curie-Paris 6, 75252 Paris,
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Possible resolutions

• Experiment is wrong

• muon interacts differently than electron

• QED bound states calculations slightly wrong 

• our effect

Carroll, Thomas, Rafelski, Miller, Non-Perturbative Relativistic Calculation 
  [arXiv:1104.2971 [physics.atom-ph]]. finds NO  relevant effect

un i v er s i ty o f mel bourn e c s sm , u n i v er s i ty o f ade l a i d e

The Experiment
Muonic Hydrogen

“The 1S-2S transition in H has been measured to

34 Hz, that is, 1.4! 10!14 relative accuracy.

Only an error of about 1,700 times the quoted

experimental uncertainty could account for our

observed discrepancy.”

J. Carroll — Proton Radius Puzzle — Slide 13

electron?

Tuesday, July 26, 2011



Experimental analysis

Extract the proton radius from the transition energy,

compare measured ! to the following sum of contributions:

!=206.2949(32) meV -One measured number

! = 206.0573(45) ! 5.2262r2
p + 0.0347r3

p meV

three computed numbers

To explain puzzle:

increase 206.0573 meV by 0.31 meV= 3.1"10!10 MeV

Tuesday, July 26, 2011
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SUPPLEMENTARY INFORMATIONdoi: 10.1038/nature09250

Lamb
shift:

vacuum 
polarization
many, many 

terms

We want factor of 20

Pohl’s Table of calculations
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Why proton polarization?

2

of momentum q = p! ! p.as:

!µ(p!, p) = !µ
NF1(!q2) + F1(!q2)F (!q2)Oµ

a,b,c (2)

Oµ
a =

(p + p!)µ

2M
["+(p!)

(p · !N ! M)

M
+

(p! · !N ! M)

M
"+(p)]

Oµ
b = ((p2 ! M2)/M2 + (p!

2
! M2)/M2)!µ

N

Oµ
c = "+(p!)!µ

N

(p · !N ! M)

M
+

(p! · !N ! M)

M
!µ

N"+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(!q2)
is empirically well represented as a dipole F1(!q2) = (1!
q2/"2)"2, (" = 840 MeV) for the values of !q2 " Q2 > 0
of up to about 1 GeV2 needed here. F (!q2) is an o#-
shell form factor, and "+(p) = (p · !N + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the o#-shell form factor F (!q2) to vanish at
q2 = 0. This means that the charge of the o#-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (!q2) =
!"q2/b2

(1 ! q2/!"2)1+!
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
o# its mass shell. At large values of |q2|, F has the same
fall-o# as F1, if # = 0. We take !" = " here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of o#-shell e#ects to on-shell ef-

fects, R # (p·"N"M)
M " q2

b2 , (|q2| $ "2) is constrained by
a variety of nuclear phenomena such as the EMC e#ect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · !N ! M)/M # 0.05, so "q2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the e#ect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by di#erence be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (# 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R # (p · !N ! M)2/M , and the natural value of "q2/b2

is of order 2.
The lowest order term in which the nucleon is su$-

ciently o#-shell in a muonic atom for this correction to
produce a significant e#ect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

!

P

! ! k

P

!

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the o!-shell nucleon.

interference between one on-shell and one o#-shell part
of the vertex function. The change in the invariant am-
plitude, MO! , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MO! =
e4

2M2

"
d4k

(2$)4
F 2

1 (!k2)F (!k2)

(k2 + i%)2
(4)

%(!µ
N (2p + k)# + !#

N (2p + k)µ)

%

#
!µ

(l · ! ! k · ! + m)

k2 ! 2l · k + i%
!# + !#

(l · ! + k · ! + m)

k2 + 2l · k + i%
!µ

$
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the o#-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator !µ

N!#
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ k#/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 & !ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0&(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |%2S(0)|2,
where %2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|%2S(0)|2 = ('mr)3/(8$), with the lepton-proton re-

proton structure e!ects ! "(0)2 ! !3

su#cient e!ect for µH too big for eH

Polarization graph " lepton mass m, e!ect ! !5m4 OK

But Pachuchi:  0.015 meV,   what’s wrong ?

m2

Tuesday, July 26, 2011



The Controversy- our effect is 20 times that of Pachucki, 
Martynenko...  Carlson & Vanderhaeghan 

Conventional approach ! Pachucki

!E " !5m3
R

d4q

q4 T µ"lµ"(m)

T µ" is forward virtual-photon proton scattering amplitude,

lµ"(m) is lepton-tensor

T µ"(q, P ) = #i
R

d4xeiq·x$P |T (jµ(x)j"(0)|P %

T µ"(q, P ) = #(gµ" # · · ·)T1 + (P µ # · · ·)(P " # · · ·)T2

Im(T1,2) " W1,2 Measured structure functions

Cauchy plus data & answers –rock solid (?)

2

of momentum q = p! ! p.as:

!µ(p!, p) = !µ
NF1(!q2) + F1(!q2)F (!q2)Oµ

a,b,c (2)

Oµ
a =

(p + p!)µ

2M
["+(p!)

(p · !N ! M)

M
+

(p! · !N ! M)

M
"+(p)]

Oµ
b = ((p2 ! M2)/M2 + (p!

2
! M2)/M2)!µ

N

Oµ
c = "+(p!)!µ

N

(p · !N ! M)

M
+

(p! · !N ! M)

M
!µ

N"+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(!q2)
is empirically well represented as a dipole F1(!q2) = (1!
q2/"2)"2, (" = 840 MeV) for the values of !q2 " Q2 > 0
of up to about 1 GeV2 needed here. F (!q2) is an o#-
shell form factor, and "+(p) = (p · !N + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the o#-shell form factor F (!q2) to vanish at
q2 = 0. This means that the charge of the o#-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (!q2) =
!"q2/b2

(1 ! q2/!"2)1+!
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
o# its mass shell. At large values of |q2|, F has the same
fall-o# as F1, if # = 0. We take !" = " here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of o#-shell e#ects to on-shell ef-

fects, R # (p·"N"M)
M " q2

b2 , (|q2| $ "2) is constrained by
a variety of nuclear phenomena such as the EMC e#ect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · !N ! M)/M # 0.05, so "q2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the e#ect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by di#erence be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (# 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R # (p · !N ! M)2/M , and the natural value of "q2/b2

is of order 2.
The lowest order term in which the nucleon is su$-

ciently o#-shell in a muonic atom for this correction to
produce a significant e#ect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

!

P

! ! k

P

!

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the o!-shell nucleon.

interference between one on-shell and one o#-shell part
of the vertex function. The change in the invariant am-
plitude, MO! , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MO! =
e4

2M2

"
d4k

(2$)4
F 2

1 (!k2)F (!k2)

(k2 + i%)2
(4)

%(!µ
N (2p + k)# + !#

N (2p + k)µ)

%

#
!µ

(l · ! ! k · ! + m)

k2 ! 2l · k + i%
!# + !#

(l · ! + k · ! + m)

k2 + 2l · k + i%
!µ

$
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the o#-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator !µ

N!#
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ k#/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 & !ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0&(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |%2S(0)|2,
where %2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|%2S(0)|2 = ('mr)3/(8$), with the lepton-proton re-

          +crossed photons

1101.5965
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Features 

• need subtracted dispersion relation for T1

• subtraction function (q0 = 0, all q2) totally 
unknown

•  Insert complete sets of states in

!i
R

d4xeiq·x"P |T (jµ(x)j!(0)|P #

nucleon term treated as a Feynman diagram

Totally ambiguous because nucleon is not an elementary 
Dirac particle

needed because must remove iteration of potential that occurs by solving wave eqn

F2   is not zero
Wrong to use Feyman propagator to represent intermediate 

states of composite fermions -Brodsky Primack 1969
Tuesday, July 26, 2011



• You get different answers using the forms 
related by Gordon

!µ
1(P, q) = !µF1(!q2) + i"µ#q#

2M
F2(!q2)

!µ
2(P, q) = !µ(F1(!q2) + F2(!q2)) ! (2P+q)µ

2M
F2(!q2)

!µ
3(p, q) = (2P+q)µ

2M
F1(!q2)+i"µ#q#

2M
(F1(!q2)+F2(!q2)        )

Calculation of Born diagram is ambiguous, difference between using  

forms  1 and 2 gives 0.4 meV- need another method

Compton 
scattering

J.L. Powell first proton Compton calculation, PR75,32(1949) 
“

Hill & Paz 1101.5965  similar worries
Tuesday, July 26, 2011



Our idea I-proton is not an 
elementary Dirac particle

• bound proton is off its mass shell

• form factor contains terms containing

• ``virtuality” terms important for EMC effect, 
Strikman Frankfurt, Kulagin, Petti

p · ! !M, p2 !M2 Inverse propagator

• Old idea-Zemach in 50’s + many, use  free proton form factors in atoms ??

• Bincer 1960 Naus & Koch PRC36, 2459(1987)- complete (half-on) vertex

         function has 4 invariant functions

• Ball Chiu vertex QED why not?

      Tuesday, July 26, 2011



Our idea II-specifics

Basically one strength parameter

2

of momentum q = p! ! p.as:

!µ(p!, p) = !µ
NF1(!q2) + F1(!q2)F (!q2)Oµ

a,b,c (2)

Oµ
a =

(p + p!)µ

2M
["+(p!)

(p · !N ! M)

M
+

(p! · !N ! M)

M
"+(p)]

Oµ
b = ((p2 ! M2)/M2 + (p!

2
! M2)/M2)!µ

N

Oµ
c = "+(p!)!µ

N

(p · !N ! M)

M
+

(p! · !N ! M)

M
!µ

N"+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(!q2)
is empirically well represented as a dipole F1(!q2) = (1!
q2/"2)"2, (" = 840 MeV) for the values of !q2 " Q2 > 0
of up to about 1 GeV2 needed here. F (!q2) is an o#-
shell form factor, and "+(p) = (p · !N + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the o#-shell form factor F (!q2) to vanish at
q2 = 0. This means that the charge of the o#-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (!q2) =
!"q2/b2

(1 ! q2/!"2)1+!
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
o# its mass shell. At large values of |q2|, F has the same
fall-o# as F1, if # = 0. We take !" = " here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of o#-shell e#ects to on-shell ef-

fects, R # (p·"N"M)
M " q2

b2 , (|q2| $ "2) is constrained by
a variety of nuclear phenomena such as the EMC e#ect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · !N ! M)/M # 0.05, so "q2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the e#ect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by di#erence be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (# 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R # (p · !N ! M)2/M , and the natural value of "q2/b2

is of order 2.
The lowest order term in which the nucleon is su$-

ciently o#-shell in a muonic atom for this correction to
produce a significant e#ect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

!

P

! ! k

P

!

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the o!-shell nucleon.

interference between one on-shell and one o#-shell part
of the vertex function. The change in the invariant am-
plitude, MO! , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MO! =
e4

2M2

"
d4k

(2$)4
F 2

1 (!k2)F (!k2)

(k2 + i%)2
(4)

%(!µ
N (2p + k)# + !#

N (2p + k)µ)

%

#
!µ

(l · ! ! k · ! + m)

k2 ! 2l · k + i%
!# + !#

(l · ! + k · ! + m)

k2 + 2l · k + i%
!µ

$
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the o#-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator !µ

N!#
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ k#/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 & !ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0&(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |%2S(0)|2,
where %2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|%2S(0)|2 = ('mr)3/(8$), with the lepton-proton re-

parameters !/b2, !̃ =! , " = 0

!µ(p!, p) = !µ
NF1("q2) + F1("q2)F ("q2)Oµ

a,b,c

Oµ
a =

(p + p!)µ

2M
["+(p!)

(p · !N " M)

M
+

(p! · !N " M)

M
"+(p)]

Oµ
b = ((p2 " M2)/M2 + (p!2 " M2)/M2)!µ

N

Oµ
c = "+(p!)!µ

N

(p · !N " M)

M
+

(p! · !N " M)

M
!µ

N"+(p)

q = p! ! p

F(0)=0, 
off-shell proton charge = proton charge  

gauge invariance
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Cartoon of calculation
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Results

• 2 photon exchange term in ep scattering

• gamma, Z exchange in PV ep scattering

• virtual Compton scattering

• ....  idea is testable

3

duced mass, mr. The result

!2S|V |2S" =
#!5m3

r

M2

8

"
#

mM

b2
FL(m) ,

FL(m) $
1

$

!
!

0

"
(x + $)/x # 1

(1 + x2)5+!
xdx , (5)

(where $ $ 4m2/!2) shows a new contribution to the
Lamb shift, proportional to m4 and therefore negligible
for electronic hydrogen. Using Oµ

a leads to a vanishing
hyperfine HFS splitting because the operator %µ

N is odd
unless µ = 0.

We next seek values of the model parameters #, b, &
of Eq. (3), chosen to reproduce the value of the needed
energy shift of 0.31 meV with a value of # of order unity.
Numerical evaluation, using & = 0, #! = !, shows that

#

b2
=

2

(79MeV)2
(6)

leads to 0.31 meV. If & is changed substantially from 0
to 1 the required value of #would be increased by about
10%. If our mechanism increases the muonic Lamb shift
by 0.31 meV, the change in the electronic H Lamb shift
for the 2S-state is about 9 Hz, significantly below the
current uncertainty in both theory and experiment [3].
Should some other e"ect account for part of the proton
radius puzzle, the value of #/b2 would be decreased. We
also caution that other systems in which one might aim
to test this e"ect could show sensitivity to the value of &
or !̃ in Eq. (3).

The other operators appearing in Eq. (2) yield similar
results when used to evaluate Mo! . Using Ob, gives a
term of the T2 form with a Lamb shift twice that of Oa,
and also a HFS term that is about -1/6 of its Lamb shift,
so the value of #/b2 would be decreased by 3/5. The use
of Oc, gives a term of the T1 form and the same Lamb
shift as Oa, as well as a HFS term that is -1.7 times its
Lamb shift. In this case, the value of #/b2 would be about
- 3/2 times that of Eq. (6). The HFSs are small enough
to be well within current experimental and theoretical
limits for electronic hydrogen. Thus each operator leads
to a reasonable explanation of the proton radius puzzle.

It is necessary to comment on the di"erence between
our approach, which yields a relevant proton polarization
e"ect, and others [36], [37] which do not. The latter use
a current-conserving representation of the virtual-photon
proton scattering amplitude in terms of two unmeasur-
able scalar functions, T1,2. Dispersion relations are used
to relate T1,2 to their measured imaginary parts. How-
ever, terms with intermediate nucleon states are treated

by evaluating Feynman diagrams. This allows the re-
moval of an infrared divergence by subtracting the first
iteration of the e"ective potential that appears in the
wave function. But the Feynman diagrams involve o"-
shell nucleons, so that their evaluation for composite par-
ticles must be ambiguous. For example, using two di"er-
ent forms of the on-shell electromagnetic vertex function,
related by using the Gordon identity, leads to results that
di"er. This ambiguity in obtaining T1,2 is removed in our
approach by postulating Eq. (2) and evaluating its con-
sequences. Note also that in order to evaluate the term
involving T1 using a dispersion relation one must intro-
duce a subtraction function, T1(0, q2). This is uncon-
strained by prior data [35] because the value of 'L/'T at
( = % is not determined [38]. Pachucki [36], in Eq.(31),
assumes a form proportional to q2 (see our Eq. (3)) times
the very small proton magnetic polarizability. However
we are aware of no published derivation of this result.

In conclusion, we have shown that a simple o"-shell
correction to the photon-proton vertex, which arises nat-
urally in quantum field theory and is of natural size and
consistent with gauge invariance, is capable of resolv-
ing the discrepancy between the extraction of the proton
charge radius from Lamb shift measurements in muonic
and electronic hydrogen. O"-shell e"ects of the proton
form factor were an explicit concern of both Zemach [6]
and Grotch & Yennie [7]. However, it is only with the re-
markable improvement in experimental precision recently
achieved [1] that it has become of practical importance.
Within the field of nuclear physics there is great inter-
est in the role that the modification of nucleon structure
in-medium may play in nuclear structure [39, 40]. We
stress that the e"ect postulated here can be investigated
in lepton-nucleus scattering via the binding e"ects of the
nucleon, as well as by lepton-proton scattering in arenas
where two photon (or %, Z) e"ects are relevant.

Acknowledgments:

This research was supported by the United States
Department of Energy, (GAM) grant FG02-97ER41014;
(JR) grant DE-FG02-04ER41318; (JDC, in part) con-
tract DE-AC05-06OR23177 (under which Je"erson Sci-
ence Associates, LLC, operates Je"erson Lab), and by
the Australian Research Council and the University of
Adelaide (AWT, JDC). GAM and JR gratefully acknowl-
edge the support and hospitality of the University of
Adelaide while the project was undertaken. We thank
M. C. Birse, J. A. McGovern, R. Pohl, and T. Walcher
for useful discussions.

[1] R. Pohl et al., Nature 466, 213 (2010).
[2] P. J. Mohr, B. N. Taylor, and D. B. Newell, Rev. Mod.

Phys. 80, 633 (2008).

[3] M. I. Eides, H. Grotch and V. A. Shelyuto, Phys. Rept.
342, 63 (2001).

[4] J. L. Friar, Annals Phys. 122, 151 (1979).

This value gives entire discrepancy, 
could be 1/2 as much.   Big or small?
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(where $ $ 4m2/!2) shows a new contribution to the
Lamb shift, proportional to m4 and therefore negligible
for electronic hydrogen. Using Oµ

a leads to a vanishing
hyperfine HFS splitting because the operator %µ

N is odd
unless µ = 0.

We next seek values of the model parameters #, b, &
of Eq. (3), chosen to reproduce the value of the needed
energy shift of 0.31 meV with a value of # of order unity.
Numerical evaluation, using & = 0, #! = !, shows that

#

b2
=

2

(79MeV)2
(6)

leads to 0.31 meV. If & is changed substantially from 0
to 1 the required value of #would be increased by about
10%. If our mechanism increases the muonic Lamb shift
by 0.31 meV, the change in the electronic H Lamb shift
for the 2S-state is about 9 Hz, significantly below the
current uncertainty in both theory and experiment [3].
Should some other e"ect account for part of the proton
radius puzzle, the value of #/b2 would be decreased. We
also caution that other systems in which one might aim
to test this e"ect could show sensitivity to the value of &
or !̃ in Eq. (3).

The other operators appearing in Eq. (2) yield similar
results when used to evaluate Mo! . Using Ob, gives a
term of the T2 form with a Lamb shift twice that of Oa,
and also a HFS term that is about -1/6 of its Lamb shift,
so the value of #/b2 would be decreased by 3/5. The use
of Oc, gives a term of the T1 form and the same Lamb
shift as Oa, as well as a HFS term that is -1.7 times its
Lamb shift. In this case, the value of #/b2 would be about
- 3/2 times that of Eq. (6). The HFSs are small enough
to be well within current experimental and theoretical
limits for electronic hydrogen. Thus each operator leads
to a reasonable explanation of the proton radius puzzle.

It is necessary to comment on the di"erence between
our approach, which yields a relevant proton polarization
e"ect, and others [36], [37] which do not. The latter use
a current-conserving representation of the virtual-photon
proton scattering amplitude in terms of two unmeasur-
able scalar functions, T1,2. Dispersion relations are used
to relate T1,2 to their measured imaginary parts. How-
ever, terms with intermediate nucleon states are treated

by evaluating Feynman diagrams. This allows the re-
moval of an infrared divergence by subtracting the first
iteration of the e"ective potential that appears in the
wave function. But the Feynman diagrams involve o"-
shell nucleons, so that their evaluation for composite par-
ticles must be ambiguous. For example, using two di"er-
ent forms of the on-shell electromagnetic vertex function,
related by using the Gordon identity, leads to results that
di"er. This ambiguity in obtaining T1,2 is removed in our
approach by postulating Eq. (2) and evaluating its con-
sequences. Note also that in order to evaluate the term
involving T1 using a dispersion relation one must intro-
duce a subtraction function, T1(0, q2). This is uncon-
strained by prior data [35] because the value of 'L/'T at
( = % is not determined [38]. Pachucki [36], in Eq.(31),
assumes a form proportional to q2 (see our Eq. (3)) times
the very small proton magnetic polarizability. However
we are aware of no published derivation of this result.

In conclusion, we have shown that a simple o"-shell
correction to the photon-proton vertex, which arises nat-
urally in quantum field theory and is of natural size and
consistent with gauge invariance, is capable of resolv-
ing the discrepancy between the extraction of the proton
charge radius from Lamb shift measurements in muonic
and electronic hydrogen. O"-shell e"ects of the proton
form factor were an explicit concern of both Zemach [6]
and Grotch & Yennie [7]. However, it is only with the re-
markable improvement in experimental precision recently
achieved [1] that it has become of practical importance.
Within the field of nuclear physics there is great inter-
est in the role that the modification of nucleon structure
in-medium may play in nuclear structure [39, 40]. We
stress that the e"ect postulated here can be investigated
in lepton-nucleus scattering via the binding e"ects of the
nucleon, as well as by lepton-proton scattering in arenas
where two photon (or %, Z) e"ects are relevant.
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FL(m) is almost independent of lepton mass
E!ect ! m4, absent in hydrogen

Estimate ratio of correction to quasielastic scattering
Pretty big ~15%, right up against limits 

There is no hyperfine shift

!3, m3
r from wave function at origin

!2 m from diagram evaluation
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Summary
• There is a puzzle with the proton radius

• Effects of off shell proton (contact 
interaction) can remove discrepancy 
without spoiling electron hydrogen 

• previous calculations of proton polarizability 
missed our effect because proton is not an 
elementary Dirac particle- F2 is not zero

• Effect is testable in other arenas
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Spares follow
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Support from Hill & Paz 1101.5965

• Feynman diagram for Born term is Sticking 
In Form Factor Model (SIFF)-``not derived 
from a well-defined local field theory”

• more serious problem the  subtraction 
function lacks theoretical control,  goes 
as 1/Q2 not 1/Q4 . Eqn used by Pachucki 
and CV not derived from first principles, 
uncertainly at least a factor of 10 higher 
than estimated
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Our idea II-mechanism

• γ

2

of momentum q = p! ! p.as:

!µ(p!, p) = !µ
NF1(!q2) + F1(!q2)F (!q2)Oµ

a,b,c (2)

Oµ
a =

(p + p!)µ

2M
["+(p!)

(p · !N ! M)

M
+

(p! · !N ! M)

M
"+(p)]

Oµ
b = ((p2 ! M2)/M2 + (p!

2
! M2)/M2)!µ

N

Oµ
c = "+(p!)!µ

N

(p · !N ! M)

M
+

(p! · !N ! M)

M
!µ

N"+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(!q2)
is empirically well represented as a dipole F1(!q2) = (1!
q2/"2)"2, (" = 840 MeV) for the values of !q2 " Q2 > 0
of up to about 1 GeV2 needed here. F (!q2) is an o#-
shell form factor, and "+(p) = (p · !N + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the o#-shell form factor F (!q2) to vanish at
q2 = 0. This means that the charge of the o#-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (!q2) =
!"q2/b2

(1 ! q2/!"2)1+!
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
o# its mass shell. At large values of |q2|, F has the same
fall-o# as F1, if # = 0. We take !" = " here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of o#-shell e#ects to on-shell ef-

fects, R # (p·"N"M)
M " q2

b2 , (|q2| $ "2) is constrained by
a variety of nuclear phenomena such as the EMC e#ect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · !N ! M)/M # 0.05, so "q2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the e#ect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by di#erence be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (# 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R # (p · !N ! M)2/M , and the natural value of "q2/b2

is of order 2.
The lowest order term in which the nucleon is su$-

ciently o#-shell in a muonic atom for this correction to
produce a significant e#ect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

!

P

! ! k

P

!

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the o!-shell nucleon.

interference between one on-shell and one o#-shell part
of the vertex function. The change in the invariant am-
plitude, MO! , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MO! =
e4

2M2

"
d4k

(2$)4
F 2

1 (!k2)F (!k2)

(k2 + i%)2
(4)

%(!µ
N (2p + k)# + !#

N (2p + k)µ)

%

#
!µ

(l · ! ! k · ! + m)

k2 ! 2l · k + i%
!# + !#

(l · ! + k · ! + m)

k2 + 2l · k + i%
!µ

$
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the o#-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator !µ

N!#
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ k#/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 & !ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0&(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |%2S(0)|2,
where %2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|%2S(0)|2 = ('mr)3/(8$), with the lepton-proton re-

lepton

proton

off-mass shell proton-
inverse Feynman propagator cancels Feynman 

propagator: makes contact interaction

proton

electromagnetic  vertex function parameters unknown
calculation is exploratory 
needs off-shell form factor  

Plus crossed photon
graph

! !

F (!q2), F (0) = 0 charge and current conservation
unknown strength
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Electron-proton interaction in atoms

•

S-states only

                    rp is not the proton radius

Coon and Bawin

Phys. Rev. C 60, 025207 (1999

Proton current

Jµ = ū(p!)
“

!µF1("q2) + i"µ#

2M q#F2("q2)
”

u(p), q # p! " p

non-relativistic limit J0 $ GE(q2) = F1(q
2) " q

2

4M2F2(q
2)

!Vc(r) = 4$%
R d3qeiq·r

(2$)3q2 (GE(q2) " 1), GE(q2) " 1 % 1 " q
2r2

p/6

r2
p/6: negative slope of GE, not proton radius

!VC(r) % "2$%
3 &(r)r2

p, !E = &'S|!VC|'S' = 2
3$%|'S(0)|2r2

p

Karplus, Klein, Schwinger
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Interpretation of Sachs - GE(Q2) is Fourier transform of 

charge density      WRONG

Correct non-relativistic:
wave function  invariant under Galilean 
transformation

-

Relativistic :  wave function is frame 
dependent. Final wave function is 

boosted: initial and final states differ 
there is no Ψ*Ψ
Interpretation of Sachs FF is wrong
Need relativistic treatment

GE(!q 2) =
!

d3r"(r)ei!q·!r !
!

d3r"(r)(1" !q 2r2/6 + · · · )
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muon electron
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!b2" =
2
3
r2
p #

2
3

1.79
M2

Proton radius

21

Old non-covariant way !3D(r) = 4"
R q2dq

(2")3
GE(|#q|2)sin |#qr|

|#q|r , 3 vector #q

r2
p = !r2

p" =
R

d3r r2!(r) = #1
6

dGE(|#q|2)

d|#q|2
||#q|2=0

Correct way !(b) =
R Q dQ

(2") F1(Q
2)J0(Qb), a true density, Q invariant

!b2" =
R

d2b b2!(b) = #1
4

dF1(Q2)

dQ2 |Q=0

b2 is an honest moment

GE(Q2) = F1(Q
2) # Q2

4M2F2(Q
2) $ !b2" = 2

3r
2
p + 2.79

M2
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Not real radius
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Low energy muonic atom 
sees proton more closely
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