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ABSTRACT

A study is made of the possibllitles of obtaining information
about the surface geometry and motion of an alrcraft in flight, by
suitable analysis of mlicrowave radar return signals, for the
ultimate purpose of recognizing different types of aircraft. 1In
Chapter 1 1t 18 shown that the maximum information deducible by
microwave radar concerning the surface geometry 1s contailned in the
projected positions and intensities of the highlight areas. The
thesls 1is therefore primarily a study of methods for determining
the highlight distributlon from the received radar signals.

In Chapter 2 it 1s shown that, for distant aircraft, the
projected highlight distribution is given approximately by the
Fourler transform of the received radar field over an aperture,
and that the approximation can be made as exact as desired by
letting the wavelength approach zero. It 1s also shown that the
Fourier transform of the square of the amplitude of the received
field ylelds the autocorrelation of the projected distribution. A
method of computing the distribution from its autocorrelation 1is
presented in an appendix.

The design of multirecelver radar systems for determining a
one-dimensional projection of the highlights, and 1ts autocorrelation,
i1s studied in Chapter 3, and the possibility of detecting random
alrcraft motion, vibrations and propeller rotation with these systems
is considered.

In Chapter 4 it 18 shown for a conventional radar that the
short-time Fourier transform of the received doppler signal ylelds
a "relative" one-dimensional highlight distribution, while the
transform of the amplitude squared gives its autocorrelation, as
before. It 1s predicted that random motions and vibrations should
be clearly observable with conventional radars, but that propeller
rotation may mask the highlight distribution.

Estimates of maximum permissible radar wavelengths for obtaining
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prescribed standards of highlight resclution are made 1n Chapter 5.

It 1s estimated that good resolution is obtalnable with a conventional
radar operating at a wavelength of 2 or 5> millimeters, while the

same standard of resolvability may be possible with multireceiver
radars at 5 or 6 millimeters.

Chapters 6 and 7 present an experimental analysis of 5 centimeter
radar data taken with a conventional radar, which shows that 3
centimeters lies approximately at the upper edge of the wavelength
region in which resolution 1s possible. Thils result serves as a
partial check on the validity of the proceding theory.

The important results of the thesls are summarized in Chapter 8,
along with suggestions for further research.

Thesis Supervisor: H. J. Zimmermann
Title: Associate Professor cf Electrical Engineering
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CHAPTER 1 i

BASIC CONCEPTS OF THE RESEARCH

1,1 Motivation of the Research. Summary of Objeetives

It is well known that at microwavelengths the amplitude of
the radar echo from an aircraft fluctuates rapidly, and that the
rate of fluctuation increases as the wavelength 1s decreased. A
rough explanation of this phenomenon is that the received echo is

the sum of electromagnetic waves reflected from various parts of

the aireraft surface, so that its amplitude (i.e., envelope)
depends on the phases as well as the amplitudes of the component
waves. The phase of each wave 1s determined by the wavelength
and by the length of the two-way path from the transmitter to a
particular point on the aircraft surface and back to the receiver.
Specifically, a phase shift of (%F . AR) results from a path
length alteration of AR, where A 18 the wavelength. With a
wavelength of three centimeters (and considering an aircraft of
nominal size), a fraction of a degree of aspect change may alter
the path length of a component wave by a wavelength or more. Such
a change may result in a majJor varlation in echo amplitude.

A plot of the echo amplitude as a function of ailrcraft aspect
1s commonly referred to as a back-scattering pattern. A typical
back-scattering pattern, taken with a ten-centimeter radar and
plotted in polar coordinates, is illustrated in Fig. 6.31 of
reference (1) .* The figure indlcates that a 360° polar plot does
not adequately show all of the fine detail in the pattern.

* Numbers inparenthess refer to numbered references in the

bibliography.
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Figure 13> of this théélé exhibits linear plots of echo amplitude
as a function of time for a three-centimeter radar, and for
different types of aircraft. A rough scale of aspect angle in
degrees 1s included under each plot. These plots, which are
sample reproductions of data obtained by J. B. Angell in the
course of a doctoral rescarch at the Research Laboratory of
Electronics (2) , indicate that different types of aircraft produce
noticeably different echo waveform structure. An obvious example
of this difference, observable in PFig. 15, is that the echo
fluctuations from a large aireraft (B-29) are much more rapid
than those from a small one (AT-6). Another noticeable difference
occurs in the left-hand portions of the waveforms for the C-U6

and B-26 aireraft, which are of roughly similar size. The C-Ub6
echo has a much more ecomplex structure in this region than has
that of the B-26., Purther differences, which are discussed in
Chapter 7, will become evident to the reader upon detailed
examination of the waveforms,

The presence of distinctive waveform characteristies in the
three-centimeter echo data led the author to believe that they
might provide a means of distinguishing between different types
of aircraft. The initial task undertaken as part of the thesls
research was an endeavor to analyze the Angell records in order
to uncover or accentuate distinguishing features, for the purpose
of achleving alreraft identification. As the work progressed,
this initial motivation developed into a specific set of objectives,
which are outlined below.

The theme of the investigation 18 based on the fact that, in

the mierowave region, the radar echo is composed solely of




reflections from the highiight areas on the aireraft surface.

These are the regions that would appear mush brighter than the
remaining surface area if an aircraft were 1lluminated by a
searchlight beam on a clear night. It is therefore evident thut
the highlight configuration (1.e., the relative positions of the
highlight areas and their reflected intensities) contains the

total information that 1s available to a miercvwave radar concerning
the surface geometry of an aireraft. This fact suggzests that a
study of the possibility of identifying aireraft by radar may be
divided into twoc phases: to find methods by which highlight
configurationscan be determined from radar echo analysis; and to
determine the extent to which highlight configurations provide means
for distinguishing between different aircraft types. It wae
decided to confine the research exclusively to the first phase,
since an adequate coverage of both phases would have protracted

the work unduly.

Our primary objective is therefore to conduct a theoretical
study of the possibility of determining highlight configurations
by microwave radar, and to test the theoretical conclusions by
experimental analysis of radar echo data. An 1initial theoretical
objective is to show that the highlight configuration can be
obtained approximately by a "finite" Fourler transform of the
scattered field over a small aspect interval. This will be
followed by a detailed examination of the conditions under whieh
the transform ylelds the highlight distribution to some prescribed
degree of accuracy. One result of the theoretical study will be
the proposal of a new multireceiver radar system for partially

determining instantaneous highlight configurations. A thorough
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inveatigation of the capébilities of a cohventional radar with
regard to highlight determination wlll then be made.

As a collateral result, these studies will indicate to what
extent a sequence of instantaneous highlight distributions can
yield information concerning the random motion of an alreraft
(yaw and the like) and the character of both propeller modulation
and significant nonrigid structural vibrations. The possibility
of counting the number of aireraft in a formation through highlight
evaluation will also be consldered.

The experimental obJjectives are to determine the extent to
which highlight configurations are revealed through analysis of
the three-centimeter data recorded by Angell, and also to search
for other distinguishing features of echoes that may have been
overlooked by the theory. The main tools of the experimental
work.will be a short-time spectrum analyzer and a short-time

probability distribution analyzer.

1.2 Previous Studies of Target Recognition by Radar

The approach to air¢raft recognition through the determination
of highlight configurations is quite different from most previous
attacks on the problem of target 1dent1:;cation by radar. The
following short review summarizes tﬁe known work 1n this field.

One of the first efforts to achleve ailrcraft recognition by
radar was made during World War II at the Radiation Laboratory,
M.I.T., under the name "Project Sambo" (3) . This project
attempted to recognize aireraft by the charaeter of the propeller
modulation pressent in the echo. Spectral analyses of‘received

envelope waveforms were made gine the fundamental blade
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frequency and the presence of significant harmenies. An essential
difference between project Sambo and the present research is that
the former looked only for those spectral components generated Ly
propeller rotation, while cthe latter i1s interested in the complete
spectrum produced by reflections from all parts of the aireraft
surface, It will be shown subsequently that when the target is
illuminated by a conventional radar the spectral components cf
propeller modulation may mask those produced by highlight
reflections from the remainder of the alireraft. For our purposes,
therefore, propeller modulation is detrimental.

Among more recent studies are two that attempt to recognize
different types of terrain by airborne radar. One, undertaken
by Philco (&) , performed an autocorrelation analysis on echoes
from sandy, rccky, and wooded terrains, It was found that no
outstanding differnces between terrain types were uncovered by
this analysis. The other, whieh 18 being carried out by the
Franklin Institute Laboratories (5) , plans to subject terrain
echoes to spectral, autocorrelation, and probabllity distribution
analyses, In its theoretical approach the latter group has derived
a Fourler transform relation between the received echo and a
hypothesized "terrain reflectivity" function whiecl. 1t 1s hoped
will exhibit distinetive characteristics for differant terrains.
At the time of writing, the experimental findings of this group
were not avallable.

Another approaeh to aircraft recognition, earried out at the
Linecoln Laboratory, M.I.T. (6) , involves aural monitoring of"

echoes. This work indicates that the ear 18 able to recognize

5.
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characteristics of echozfiﬁotuations that may not be readily
detectable by other means, particularly propeller modulation
characteristics. In a slightly different field, several projects
have been or are being conducted (7) (8) (9) for the purpose of
an accurate evaluation of radar cross sections of alreraft at
various aspects. In the eourse of these studlies a large amount
of echo waveform data has been accumulated, and a careful
examination of these data may reveal distinctive features.

Finally, a number of theoretical analyses of "glint" or
"wander" noise in aireraft{ tracking radar systems have been made
(2)(10), primarily for the purpose of predicting spectra of the
received waveforms. The usual type of aircraft model which 1s
postulated in this theory consists of a very large number (ideally
an infinite number) of independent scatterers. In addition,; a
two-point scattering model has been analyzed (2). The approach
bears some similarity to ours, sinece we are concerned with a model
consisting of discrete highlight areas. However, thelr procedure,
which prescribes the number of scatterers in advance, is an
unacceptable‘baaia for our approach, in which this number is one
of the unknown quantities to be determined by the analysis.

In summary, it may be sald that none of the aircraft studies
mentioned above have considered the problem of determining highlight
configurations. The theoretical treatment which 18 most similar
to ours 18 that of the PFranklin Research Institute. Their terrain
reflectivity funetion, although continuous rather than discrete,
1s e¢losely analogous to our highlight distribution. Also, they
show that the reflectivity function is related to the echo field

by a Fourier integral transform, Which is basic to our studies
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as well.

1.3 Approach to the Highlight Concept Through the Theory of

Diffracticn

The hizghlight concept has been briefly introduced, but a
better understanding of it 1is required, since it plays the key
role in the researeh. For example, we wish to know under what
conditions the concept 1s valid, and to find methods of determinling
the amplitude and phase of the fleld returned from each highlight,
Since the definition of highlight areas results from an approximate
treatment the electromagnetic diffraction problem we shall briefly
discuss the theory of diffraction as applied to back scattering*
from aireraft.

From the viewpolnt of electromagnetie theory, the radar echo
18 identified with the back scattered fleld generated by a
distribution of currents on the aircraft surface, the latter
being induced by the incident field from the radar transmitter.

The exact relation between the scattered field and the induced

current distribution may bhe expressed as a vector integral equation*j%

which however cannot be solved under general conditions since the

current distribution is unknown. Under restricted conditions the

vector equation reduces to a much siﬁpler scalar equation, namely

the Kirchhoff-Huygens diffraction formula of physical opties. The
conditions which validate the scalar formula permit the surface

current distribution to be specified in terms of the incident fileld,

* The back scattered field is that part of the scattered field
which returns to the radar.

** Reference (1) , section 6.2, equation (31).
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thus making 1ts solution possible. The valldating conditions
are:

(1) The radii of curvature of the alrcraft surfaces are

greater than approximately one wavelength.

(11) The distance from the radar to the aircraft is very
large compared to the aircraft dimensions.

For the case of back scattering, the Kirchhoff-Huygens

formula 1s*

1 .

Hy = #5HO / (m,-7) e I%T a3 (1)

S

where HS 18 the complex scattered field at point P, Ho 1s the
amplitude of the incident field, S is the scattering surface,
3 O 18 an origin in the scatterer, ﬁs is a unit vector along PO,
n 1s the unit normal to the surface element dS, k 18 = 2; , and

r 1s the distance from P to dS, as shown in Filg. 1.

ds
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Although Eq. (1) is simbl§ in appearance, it is not easy to
integrate except for elementary geometries such as planes and
quadric surfaces.

When the wavelength is very much shorter than the radil of
curvature of the surface, a further approximation can be made
which allows Eq. (1) to be reduced to a very simple form. The
reduction 18 achieved by applying the principle of stationary
phase*, as follows, In the immediate neighborhood of those points
on the surface whose normals are in the direction of the radar,
the distance r (see Fig. 1) 18 nearly constant. Hence the
integrand of (1) assumes essentially stationary values in these
neighbtorhoods, while on the remainder of the surface both its
real and imaginary parts oscillate rapidly about zero (provided
the wavelength is short enough), due to the presence of the phase
term exp(Jj2kr) . The osecillating integrand makes the net value
of the integral zero over these regions. Thus the back scattered
field 1s determined by the contributions from the neighborhoods
of the stationary points only. These points will be called high-
light points hereafter, because their neighborhoods are the high-
light areas already discussed. The points numbered 1, 2 and 5 in
Fig. 1 are highlight polnts with respect to P.

Upon applying the principle of stationary phase, Eq. (1)

reduces to

- - - = W @ - - - EE M @ e e @ o» W @ e e e & = e & - = - - - e us -

* Reference (11) , section 4.7.
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where K 1s the amplitude of the field returned from the mth
highlight point, r, 1s the distance from this point to the radar,
and the summation 13 over all the highlights. Note that (2)
specifies both the phases and the amplitudes of the component
fields arriving at the radar receiver. Purthermore, the stationary
phase computation shows that Km is proportional to

1/2

“im Tom ] (3)
(r1m + R)(an + R)

where R 18 defined in Fig. 1, and ™m and Top, are the principal
radii of curvature of the surface at the mth highlight point.
Normally R 18 >> T1m? Top» 8° that (3) reduces approximately
to &[*in Ten ] V2.

Note that at wavelengths which are short enough to Justify
the stationary phase approximation it is also permissible to use
the ray-tracing methods of geometrical optiecs to compute the
amplitude returned from each highlight area*., In fact, one can
arrive at formula (3) by ray-tracing methods more readily than by
the stationary phase analysis., The amplitudes of multiple
reflections can also be computed by ray-tracing. It 1s probable
that the most complicated multiple reflections encountered in
aireraft i1llumination are double reflections, which can occur at
the Junctions of eomponent surfaces, such as the wing and fuselage.

We observe that formula (3) is independent of wavelength, and
is rigorously appliecable only in the limit of zero wavelength., It

* Reference (11) , section 4.4,

I i




would be useful to have at least a ¢rude eriterion for determining ‘
when (3) becomes untenable at some speciried (finite) wavelength., =

Such a eriterion is forthecoming through the concept of Presnel

Zones, which clarifies the manner in which the back-scattered

waves from regions outside the highlight areas ecaneel each other.

The concept also provides an approximate means of specifying the

shape and size of each highlight area. From assumption (ii),

it follows that the incident and back-scattered fields are essentially
planar in the vieinity of the seattering surface, the planes of

é; constant phase being parallel to the tangent plane at any high-

| light point Q, as shown in Pig. 2. The annular surface regions
between adjacent planes whose spacing i3 A/4 are called Fresnel

half-wave zones,

S FIRST FRESNEL
ZONE

TANGENT PLANE

PLANES SEPARATED
BY \/4

; FIGURE 2
] Fresnel Zones in the Neighborhood of a
: Highlight Point
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because the length offfﬁé two-way path traversed by a back-
scattered wave changes by A/2 from one zone to the next. Hence
the contributions to the back-scattered field from adjacent
zones, which are approximately equal in amplitude, are opposite
in phase and therefore almost exactly ecancel. If a total of m

zones 18 illuminated, it ean be shown* that the resulting bask-

81+8
2

the contributions of the firat and nth zones. Generally, 8, is

scattered field 1s approximately ( n), where 8; and 8 are
very much smaller than By and so can be ignored. Thus the back-
scattered field 1s determined almost completely by the energy
returned from the first Fresnel zone, and we may think of its
boundary as defining the highlight area in question. Obviously,
this 1s an artifiecial boundary because the cancellation process
does not suddenly begin there; but it provides the beat available
definition of the shape and size of a highlight area.

It 18 evident from Fig. 2 that the size of the first Fresnel
zone varies monotonlically with the flatness of the surface in
the vielnity of the highlight point. We would therefore expect
the intensity of the highlight reflection to be proportional to

the radil of curvature at the highlight point, and this 1s confirmed

by formula (3). In cases where one or both of the principal radii

of curvature approach infinity, such as for almost planar or
c¢ylindrical surfaces, the zones will become very extended in one

or more directions, and only one or two of them may be present in

their entirety. The cancellation of waves from adjacent zones will

1T
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then be incompiete and formula (3) becomes invalid. Of course,
it also breaks down when the radil of curvature become small,

such as at sharp points and edges. In the extreme cases of ;
large and small curvatures it is generally necessary to resort 7

to Eq. (1) for computing the scattered field accurately.

However, as the wavelength i1s decreased formula (3) applies
with increasing accuracy in the reglions of extreme curvature, as
well as for the intermediate regions. At millimeter wavelengths,
to which the theory of this thesis most usefully applies, it is
believed that the stationary phase concept holds with acceptable
accuracy for most viewing aspeets of typical modern aircraft.
Aceordingly, we shall use Eq. (2) as the basis of the theory.

To check the validity of our assumption, a comprehensive study of

the surface geometry of various representative types of aircraft
would be required. Other investigators (references (13) through

(17) ) have considered the validity of the approximations given

above for particular surface geometries, and their work lends support

to our bellief that the highlight point model 18 an adequate cne

for this research.

l.4 Comparison of Visual and Microwave Viewing cf Aircraft _

Since iight 18 electromagnetic energy whose wavelength 1is -
certainly short enough to satisfy the simplifying approximations :
of section 1.), we might expect light scattering to exhibit many
of the effects observed with microwave radar. However, there are
four factors that assist visual observation and are partially or
totally unavallable to radar. They are: atmospheric scattering,

diffuse reflection, color recognition, and resolving possibilities.

13.



We shall ccnsider thelr-ﬁiéﬂiriéﬁnce in turn.

In daytime, light energy which rseaches the eye from an
ajreraft is incident on the latter from all directions in space
because of atmospheric scattering. Thus we can see the complete
aircraft outline rather than just the highlight areas. This
situation 13 in direet econtrast to the radar situation, where
1llumination is provided from a single direction. Furthermore,
alrcraft surfaces are not perfectly smooth, and irregularities
whose dimensions are of the order of'light wavelengths, or greater,
will produce diffuse rather than ideally specular reflection.
Surface irregularities therefore assiat in rvriewing complete
outlines, since diffuse reflection results in a more uniform
distribution of surface illumination. At microwavelengths, diffuse
reflections are probably negligible because the ratio of surface
roughness dimension to wavelength 18 small., Next, the fact that
light 1s composed of a wide range of wavelengths permits the eye
to distinguish color, a factor that may appreciably assist in
visual aircraft recognition. Radar illumination, of course, does
not have this facility, not only because it iz essentially
monochromatie, but also because the selective absorption phenomenon
which causes surfaces to exhibit coior effects is characteristic
of light wavelengths only.

Finally, light wavelengths are so short that resolution of
surface detall 1s possible with the use of optical systems of
convenient size, even for distant obJjects. For example, the
Rayleligh eriterion of resolution which 1s used in physical optics
states that, to resolve two points subtending an angle & , the

required lens diameter i8 D = 1.22 « Thus to resolve two

14,
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points spaced five feet apafﬁ ht a distance of ten miles, a lens
diameter of 0.30% inches is required when yellow light is used.

In comparlison, at a microwavelength of five millimeters, the

required lens#* diameter for the same resolution is 215 feet.

A major practical problem at millimeter wavelengths 1s that
posed by the need of a large and complex antenna system to obtain
the angular resolution cited in the preceding example (i.e., about
20 seconds of are). Ignoring for the moment the problem of size,
congtder what compllications are 1nhefent in an antenna system
which can resolve highlighta. In a present-day radar employing
a lens antenna, the resolution 1s not nearly adequate to separate
the highlights, thus all the back-scattered energy is brought together
at a single focal point in the image plane of the lens, where it is
detected by a single recelving element such as a horn or dipole.
When resolution is sufficient to observe individual highlights,
however, the single receiving element must be replaced by a
matrix of receiving elements (each with its individual receiving
channel), covering a portion of the image plane. Elements of the
matrix perform the same function as that of the grains of emulsion
in a photographic film, or the rods and cones that comprise the
retina of the eye. An additional cohplication 1s that the various
types of aberrations that are present to some degree in any lens
would be less tolerable in a high-resolution system than in present-

day microwave lenses. To keep the aberrations within tolerable

limits would place additional stringent requirements on the design "

of the system. | g
-

* We are supposing here that a lens receiving antenna is used.
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Thus, in view of its size And”complexity, the development

FERFAERE L ST

of a radar lens system for determining highlight configurations
appears beyond the realm of practicabllity at present. A much

simpler method of achieving the same result is proposed in this

thesis., It is based on the fact that the electromagnetic field
over the image plane of a lens 1s approximately the Fourier

transform of the field over the lens aperture. This suggests

the possibility of replacing the lens and its assoclated matrix

of receivers in the image plane by a.receiving matrix in the

lens plane and a Fouriler transform computer which operates on the
output of this matrix. Actually, a one-dimensional matrix is more
feaslible than a two-dimensional one, although it 1s capable of
determining only a one-dimensional projection of the highlight
distribution., Details of a proposed one-dimensional system are
given in Chapter 3. In Chapter 2 we shall develop the approximate

Fourier transform relation in detail, in order to determine the

accuracy with which 1s permits the computaticn of the highlight
configuration, and to establish the design requirements which the
proposed multireceiver radar must fulfill.

Chapter 4 treats the possibility of determining highlight

ey

distributions with a conventional radar, and concludes that a one-

dimensional "relative projected distribution" can be obtailned.

Chapter 5 considers the effect of aircraft motion on highlight i
resolution and presents a method of determining the maximum -
permissible wavelength for obtaining a specified degree of e

resolution for a given percentage of the time. Chapters 6 and 7 -

are concerned with the experimental phase of the thesis. Descriptions
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of the data to be analyzed, the methods of analysis, and the
analyzing equipments appear in Chapter 6. The resulte of the
experimental analysis are presented in Chapter 7. Chapter 8

includes a summary of the thesis results, and suggestions for

further research. Appendices A and B present a description of

equipment circultry and a method of computing projected highlight

distributions from thelr auntocorrelation functions.

-~ g -
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CHAPTER 2

Deveiopment of t{he Fourler Transform Relation Between the

Aperturcy Fleld and the Highlight Distribution

The main obJjectives of this chapter are: to develop the
approximate Fourier trarsform relation between the field over
an aperture and the highlight distribution, to study the conditions
that govern the accuracy of this relation, and to derive a similar
relation between the square of the amplitude of the aperture field
and the autocorrelation of the projected highlight distribution.
In connection with this last objective, a method 18 presented
in Appendix B for obtaining the projected highlight configuration
from its autocorrelation function. The fact that this can be done
under suitable circumstances 1s important because i1t will be shown
in Chapter 3> that a radar system capable of evaluating the auto-
correlation 1s a practical feasibllity, while one capable of
evaluating the configuration directly does not appear feasible at
present. As an introduction to the Fourier transform in the radar

situaticn, let us consider how it arises in an optical systenm.

2.1 Fourier Transform Relation in an Optical System

We wish to show that the field over the image plane of a
lens 1is approximately the Fourier transform of the field over the
lens aperture, for distant objeets subtending small angles with
the optical axis of the lens. One way of showing this is based
on the faect that the focussing action of a lens produces a field
distribution over the image plane whiech is identieal to the
Fraunhofer (far-field) diffraction pattern of the incident 1light

18.




fleld over the lens apéftdre. The Kirchhoff-Huygens formula,
Eq. (1), Chapter 1, may therefore be used to evaluate the image
plane field, and in this application it can be shown to reducc
to a Fourler transform reslation. However, we shall arrive at
the result in a somewhat more heuristic manner by zhowing that
the angular distribution of sources 1s the Fourier transform of
the fleld over the lens aperture. It then follows that, since
the image 1is ideally a replica of the source, it likewise must
be related to the aperture field by 5 Fourier transformation.

Pigure 3(a) shows an optieal system in which (-A, A) 1s the
lens aperture, PR is the optical axis of the lens, and (-B, B)
1s the image plane; Q is a distant point source whose principal
ray, QPI, makes angle 61 with PR, The bundle of rays from Q,
which are essentially parallel, since Q is far away, are.brought
to a focus at I. The surfaces of constant phase are planar above
the lens and spherical below it.

Assuming the incldent fleld to be simple harmonic in time,
it follows that the spatial field distribution along (-A, A) is
sinusoldal. By conslidering two wavefronts spaced A apart, as in
Fig. 3(b), 1t is evident that the space wavelength of the
sinusoidal distribution along (-A, A) is approximately A/ 0,
if 61 is small. The corresponding space frequency is therefore

6,/ A, B0 that at some particular instant of time the aperture
fleld distribution is given by sin[2¥ (6,/A) x] , where x is
distance measured from the origin P. If we introduce a new length
measure 8 (= x/A), the expression becomes sin (21513), which is

completely equivalent to the time domain sinusoid sin (21r1t).

SR
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Illustration of the Fourier Transform Relation in an Optical

System.




Thus 51 is the space frequency when the unit of length is the
wavelength,
If 6 1is the angle of incidence of rays arriving from distant

sources, the point source in the direction of Q may be represented

functionally by an impulse ocecurring at 0 = b 1° Now 1t 1s
well known in Fourier transform theory that the transform of

an impulse occurring at fl in the frequency domain 18 the
sinusoid s8in (21f1t) in the time domain, Thus the transform

of an impulse occurring at angle of incidence 61 is the sinusoid
sin (2» 518). But this is the aperture fleld distribution which
was calculated above, so the desired Fouriler transform relation
i1s established.

Ideally, the image should be an exact replica of the source,
except for an inversion about the optical axis. It is a familiar
fact that perfect imaging is not obtainable because of the finite
81ze of the lens aperture, which results in diffraction effects that
spread the images slightly. If a rectangular lens is used, the
image of a point source has (sin x)/x distribution in the image

plane. The (sin x)/x imaging of point sources 1s the basis of

the Rayleigh criterion of resolution which was introduced in
Chapter 1. This eriterion is derived in secection 5.6 of reference -

(18) . The particular image shape results from taking the Fourier

transform of the aperture field, as follows. If the aperture E.
field in complex form 1s represented by exp (-Jeaﬁls), then the ;
angular distribution of the image field 1is

A/\
I(6) = %; \j{\ exp(-Jztbls)-exp(JZIba) ds —
-A/\ -
= & sin[(56-6;)kal (&) .
L4 (6-61)kA —_

I —_



where k = 2%/A. The (sin x)/x function on the right-hand side
of Eq. (&) is centered at 6 = b 1+ It approaches an impulse
function as kA approaches infinity, since the separation between
its center pailr of zeros 1s given by Ab = 2¥/kA = A/A, which
approaches zero as A/A approaches infinity. Obviously, resolution
is improved by increasing A/A, and this may be done by increasing
the aperture, or decreasing the wavelength, or both. The quantity
A/\ 18 called the resolving power of\the lens, and perfect

resolution ecorresponds to A/A equal to infinity.

2.2 Fourier Transform Relation in a Radar System

The Fourier transform arises in the same manner in a radar
lens system as in an optical system, and the spreading of the
image due to the finite aperture 1s present in the radar case as
well. However, an additional factor contributes to deterioration
of the 1mage shape at the wavelengths and alrcraft distances that
are of interest to our studlies. The additional distortion arises
because the aperture size required for resolution at microwave-
lengths 1s large enough to subtend an appreciable angle at the
scatterer. The result 1s that the highlight configuration appears
8lightly different when observed from differnt points on the
aperture. The effect 18 illustrated in an exaggerated manner in
Fig. 4, where AB is the aperture, P i1s the radar transmitter
located at its center, and S is part of a scattering surface.
Consider the position of a highlight point Q as seen by receivers
located at P, A, and B. They do not sece the same highlight but
three different ones, located at Q, Q' and Q", respectively, the

latter being located so as to satisfy Snell's law of reflection
for rays emanating from P

22,
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Not only the position but also the amplitude returned from
each highlight depende on the point of observation on the
aperture because amplitude is a function of surface curvature,
whieh varies with highlight location. Thuasa the aperture fleld
distribution produced by an individual highlight 1s not truly

sinusoidal because both its space frequensy and amplitude vary

over the aperture. The image of a highlight under these conditions

will be more spread out than the (sin x)/x distribution which
results when the aperture is small enough sc that the source
appears the same at all points on 1it.

A further congequence of using an aperture which subtends
an appreciable angle at the scatterer 13 that the scattered
wavefronts must now be treated ae spherical rather then plane.
Therefore, to compute the highlight distribution as accurately
as possible, the Fourier transform must be applied to the

scattered field over a section of a spherical surface whose center

i8 the scatterer, rather than over a plane as assumed in the

3.
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optical theory.

This discussion shows that at long microwavelengths, for
which large apertures are required to obtain adequate resolving
power, the Fourier transform of the aperture field will yield a
poor replica of the highlight distribution because of significant
variation in the highlight configuration when viewed from different
polnts on the aperture. The way to eliminate this effect is to
make the aperture radius small, and if we are to maintain adequate
resolving power as well, the wavelength must also be made small.
Both of these requirements can be met simultaneously by making A
approach zero at least as fast as A approaches zero.

We shall now present the analysis of this and the preceding
section in a more rigorous manner, in order to bring out a number
of points not made apparent in the qualitative treatment, and to
introduce an adequate symbolism for quantities zmployed later in

the thesis.

2.9 A More Exacf Treatment of the Fourier Transform Relation

In this more rigorous treatment of the relation between the
aperture field and the highlight distribution, we shall use
different reference coordinates from those employed in section 2.1.
Specifically, the highlight configuration will be expressed in
terms of a coordinate frame whose origin 1s in the scatterer, and
positions on the aperture will be specified by angles measured
relative to one of the coordinate axes. Essentially, this means

that the scattered field is expressed as a function of airceraft

aspect. Egquation (2), Chapter 1, will be used as the fundamental

== 2.
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expréession for the scattered field. We shall show that it
reduces to a two-dimensional Fourler transform. Following this,

a one-dimensional form will be derived for the case in which the

recelving aperture is a line rather than an area. In this case

1t will be shown that the transformation yilelds approximately a
ocne-dimensional projection of the highlight configuration, and

that the approximaticn can be made as exast as we please by letting
both the aperture and the wavelength approasch zero in the proper
ratio.

Figure 5 (which 18 not drawn to secale) 1llustrates the
geometry underlying the present analysis., Point O is the center
of gravity of the scatterer, and P 1s the radar transmitter, whose
distance from O 18 R. ABCD is a plane rectangle centered on P
and perpendicular to OP. A'B'C'D' is a seection of a spherical
surface, formed by the intersection of the pyramid OABCD and the
sphere having center 0 and radius Ro' Oxyz 18 a rectangular
coordinate system whose x, y, and z axes are parallel to OP, BC
and CD, respectively. The mth highlight point on the scatterer
1s Q,, whose position vector with respect to O is Fﬁ (xm,ym,zm).

Let an arbitrary receiving point on A'B'C'D' be denoted by S,
whose position is specified by the angles 5 and v, subtended
between 03 and the xz and xy planes, respectively. Let the
boundaries of A'B'C'D' be specified by 6 = +V, 7y =4+ W,

The path length traversed by an electromagnetiec wave from

the transmitter to the mth highlight and back to S is (PQE + Q,S).

5 " " Ft

By making a series expansion of the exact expression for this
distance and retaining only the first-order terms, on the assumption
[~ 25.
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that © and y are << 1 radian, we obtain

(PG + QuS) = [2R, - 2x, - (v, 6 + 2.7 )] (5)

If expression (5) 1s substituted for the quantity 2rm in Eq. (1),
the latter ylelds the field received at S, which we now denote

by the symbol P:
M

F(B"’)'Z Km,eJk[%O-&m-(Ym6+zm7)](6)

where M 18 the total number of highlight points. If we assume

that the scattered fleld 1s measured instantaneously over the
aperture, then all the quantities in (6) are independent of time
even though the scatterer is moving. Thus the term eJX2Fo
represents a constant phase factor that may be omitted without
loss of generality.

To make apparent the formal Fourier integral relation between

the highlight distribution ard the scattered field, we shall suppose
temporarily that the highlights have a continuous volume density

distribution rather than a discrete point character. This n
assumption will not jeopardize the final result because at some -
later point in the analysis we can allow the continuous distribution |53

to approach a diserete distribution as closely as we like. Thus

Eq. (%) becomes F
oo .
P(b,y) = J(yt/aa(x,y,z) e~Jk(2x + y 6+ z7 ) dx dy dz (7)

— oo ‘ :
where a(x,y,z) is the volume density distribution of sources. It :-
is permissible to use infinite limits for the integration because ?
a(x,y,z) 18 zero everywhere outside the volume occupied by the -
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Now we integrate (7) with respect to x and obtain

o
F(B,7) = ff Aly,z) - e JEWFD+ 27) 49 4 (8)
—co

scatterer.

where
00

A(y,z) = fa(x,y,Z) . eIk 4y (9)

-~

It 18 seen that (8) has the form of a two-dimensional Pourier
transform, relating the complex aperture field F and the complex
distribution funetion A(y,z). The physical interpretation of

(9) is that A represents the projection of the volume distribution
of sources onto the yz plane, that is, onto the plane perpendicular
to the direction of incidenee. A(y,z) 18 complex because a phase
factor, e-Jka’ 1s associated with each element of the volume
distribution of sources.

Strictly speaking, (8) cannot be inverted to yleld A in terms
of F, because the Fourier inverse requires integration over
infinite ranges of 6 and 7 , whereas (8) is valid only for
values of 6 and 7 <« 1. However, by employing finite
integration 1imits, we obtain formally an approximate inversion
of (8): \'4

W
2 _
Aly,z) ~ K / a6 fp(a,-,) . Jk(yo+ zy) 4 (10)
[P 4

A further modification to (8) and (10) 1s required. Note that the
Fourier transform relation is not between the variable pairs

(5, ) and (y,2), since the factor k(= 2#/A) 1n the exponent

of the integrand must be absorbed into one or the other of these

pairs. We choose to associate k with ( 6,y ), and accordingly

28.




introduce the new varliables o = kb , p = ky. Equations (8) |
and (10) may now be rewritten in terms of (o¢, B) and (y, z) as ‘

follows:

00
F (¢, ) = ff A(y,z) - ¢ d(F<%+ 2B) 4y qz (11)

KV X
A (y,2) = 4_12 /dd f F (,p) » I+ 2P) 45 (12)
XY kW

where F (<, B) = F (6,7 )

Equations (11) and (12) represent the desired rorms of the Fourier
transform and its approximate inverse. We shall refer to these
approximate relations that involve finlte integration limits,

such as (10) and (12), as "finite Fourier transforms".

The analysis given above shows that a source distribution
cannot be uniquely determined from its distant scattered fleld
because a(x,y,z) 18 not uniquely determinable from A(y,z). That
18, any number of functions a(x,y,z) can be found which will yield
a given A(y,z) when substituted in the right-hand side of Eq. (9).
This ambiguity is not sericus in our situation; since we are
concerned with determining a number of discrete highlight areas
rather than a continuous volume distribution of sources. Considering
the nature of aircraft geometry, 1t 1s impossible for twc or more
highlights to have the same x coordinate, hence none will be
merged together by projection onto the yz plane. Therefore, the
ambiguity results only in a loss of the x coordinates of the
highlights; or, stated alternatively, the depth dimensaion of the
highlight configuration is indeterminate.




By setting 7 = O in the preceding analysis, we obtain
the special case of a one-dimensional aperture, namely, the arc
of the great eircle through P, parallel to B'C', and terminating
on A'B' and €'D', respectively (see Fig. 5). In this case

Eq. (7) becomes

(- =]
F(5) = /ff a(x,y,z) » e dK(2X +30) 4 4 az (13)
~ co

Now 1f we integrate with respect to x and ¥, and at the same time

replace kb by o , we obtaln

00
P (o) = f Ay) + I gy (1%)
%0
where
00
A(y) = JK;/” a(x,y,z) - ¢ KX ax qz (15)
and F(a) = F(5)

Equation (14) has the form of a one-dimensional Fourier transform
relating E.(ot) and A (y). The physical interpretation of (15)

is that A (y) represents the projection of the highlight distribution
onto the y axis; that 1s, onto a line parallel to the arc along

which the scattered field is measured. The approximate inverse

of (1l4) 1is
kV E
Aly) = -21—1, f F () » e¥% au (16)
-kV

Equations (14) and (16) are the cne-dimensional equivalents

of (11) and (12)., An additional degree of ambiguity has been -

introduced beeause the z coordinate of each highlight is now L
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unknown. Furthermore, all points with the same z coordinate will
project into a single point on the y axis. However, it is
expected that merging of highlight points in this manner will

not occur in many situations. For example, & radar which is
viewing a distant aireraft in level flight will lie near the
plane of the alrcraft wing. According to Fig. 5 the wing plane
will then be nearly coincident with the xy plane. Since the
shape of an aircraft is such that the highlight points are
concentrated in the wing plane, it is unlikely that more than

one point will lie on any line parallel to the z axis.

We now wish to show that the approximate equalities (12)
and (16) can be made as exact as we please by simultaneously
letting the aperture and the wavelength approach zero in such
a way that their ratio approaches infinity. We shall derive
this result for Eq. (16) only, since the same argument can be
extended directly to (12). Also, we shall confine attention to
a discrete source distribution, which 18 the case of practical
interest. For a scatterer composed of M highlight points,

EqQ. (13>) becomes

n

F(6)= F (&) = Z K, - e dne + pp) (17)

where Km and ym are the amplitude and projected position of the
mth highlight point and P = 2kx;. We must take into account
the phenomenon of highlight variation discussed in section 2.2.
This 1s done by making Km, Ym, and Pm funetions of 6 . 1If
the angular aperture interval, 2V, is made sufficiently small,

these three functions oan be represented by the first two terms

31.




Kpl0) ~ Ko + Kygd
Y(6) =~ Y+ ¥ 6 (18)

]
m(®) = ppo+ppod

' dKm( 6 )
Here K, and K, are abbreviations fer K (0) and [——3'5'_ o’

respectively; similar remarks apply to the remaining symbols.
Substituting Eq. (18) into Eq. (17), and then (17) into
(16), we obtain

M kV
M)~ Z —é: / (Ko + Km'o) ) exp{ J [(y"ymo"ym'oﬁ Jot
m=1 -kV

' (19)
“Pmo P mo 5-]}

Now ]5 f 1s < V in the aperture; therefore by choosing V

sufficiently small we can make [Kn'lo 5[ Lyt 6 | and [p;o 6|
as small as we like compared with Kmo’ Ymo and P mo? respectively.
Thus we can make the right-hand side of (19) approximate
M kv
Z __1;-#9_ f JL 3 - ypolet - p 01 -
m=1 ~kV

as closely as we wish. Integration of the above expression ylelds

-Jp e ) x
Aly) ~ Z { Kmo € mo [sin [(y ymo) kVJJ} (20)
v (v - vp)

m=]

Je.
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If we now let A and V abproach Zero In such a way that kV

= 27 (V/A) approaches infinity, Eq. (20) reduces to

M
-J
éimhgifg)] - E Kmo * Uy - ¥po) - ¢ o (21)
( “>00) —y

where u is the unit impulse function.

In words, Eq. (21) states that, in the 1imit, the computed
source distributlion consists of M discrete sources, the mth
source having amplitude Kmo’ projected position Ymo’ and relative
phase p .

Thus we have shown that the projected highlight distribution
can be evaluated as closely as desired by a Fourler transform of
the scattered field over a finite aperture, by makling both the
apertdre and the wavelength sufficlently small. The 1limiting
sltuation corresponds to perfect resolution. Of course, we cannot
reach this ideal, so 1t 1s desirable to determine the wavelength
at which a satisfactory degree of resolution can be achleved. We
shall take up this problem in Chapter 5, following the theory of

conventional radars, so that a more unified treatment can be gilven.

2.4 Highlight Information Derivable from the Amplitude of the

Scattered Field

The analysis of section 2.3 prescribes that the Fourier
transform operation is to be performed on the instantaneous
scattered fileld distribution. It would be useful to know what

can be deduced about the highlight configuration from the amplitude

B T
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(1.e., envelope) of the field only, since this is a much easier

gquantity to measure in practice. We shall first show that the
finite Fourler transform of the square of the amplitude yields
the space autocorrelation function of the projected highlight
distribution. Then we shall discuss the conditions under which
1t 1s possible to derive the projected distribution from its
autocorrelation funetion. A detailed study of the possibility
of doing this 1s presented in Apperdix B. The present analysis
will be eonfined to a one-dimensional aperture, but its extension
to two dimensions can be made without diffieulty.

The amplitude of the one-dimensional field is given by
I.E (o&)J . It 18 well known from time and frequency domaln
analysis that, if F(w) is the spectrum of a transient function
£(t), then [F(m)| ? 1s the spectrum of R(t'), where R(t') 1s
the autocorrelation function of f£(t). The analogy can be carried
over to :the present situaticn, for we can interpret ; (o) as
the spectrum of A(y), and therefore conclude that [; (06), 2 18
the spectrum of RA(y), where RA(y) 18 the autocorrelation of
A(y).* To derive R,(y) explicitly, we first take the square of
the modulus of Eq. (17), obtalning

M M

B Z Z KK - eI Lyme+ Pyl ILInet+ 0l (g

m=1 n=1

* To be more precise, some symbol other than y should be used

for the argument of the autocorrelation funetion, to distinguish

it from the argument of the primitive function. No c¢onfusion
should result, however.
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M M M-l

[Py [22 57 B2 w2y Y KK, coslly,-vpes ffil (29)

M=l m=2 nwl
(m> n)
The finite Fouriler transform of (23) 1is
M kV
2 Jyol
R, (y) = K f € de
aly) -
m=1 -kV
(24)
M M-l kV Iy
+ E Kfn f € cos [(ym'yn)"‘"' - FI)IJ Qo
4
m=2 n=1 -kV
(m >n)

Upon integration and rearrangement, (24) reduces to

M
LA
m=1

(25)

M M-l
. 1 - XV -
+ Z z KmKn{s n (Cy + (y,-¥,)] XV) ] eJ(pm Pn)

m=2 n=1 v[y+ (ym'yn):,

(m>mn)
sin (L - (y5-y,)] kV) —J(pm—pn’)}

* €
v[y - (yp-v,) ]

+

By proceeding to the limit as before, we obtain

o et Sy easb Ll e

25.




tim [ Ry(v)] = ( uly) - i K,°

: (kV —> 00
M M-1 ( )
IepPp
+ E E KmKn'{u L y+(ym-yn)] . €
m=2 n=1 (26)
(m >n)

-3py-py)
+ ouly-(yv)d - e o p“}

The interpretation of (26) 1s that RA(y) is composed of a
sum of unit impulse functions, located at y = O and at values of
y corresponding to the differences between the projected positions
of all pairs of highlight points. It is easy to verify that the
result obtained in (26) agrees with that derivable from the
familiar definition of an autocorrelation funection in terms of
1ts primitive function.

We now ask whether or not it is possible to determine the
projJected highlight distribution from its autocorrelation function.
Essentially the problem reduces to determining the values of a
set of numbers from the values of the differences between every
palr of these numbers. To see this, first observe that in practice
4 radar system would not evaluate the complex quantities A(y)
and RA(y), glven by Eqs. (20) and (25), respectively, but might
evaluate the moduli of these quantitles. If we assume that the
resolution 1s sufficiently good so that the (sin x)/x functions
in Egs. (20) or (25) do not overlap appreciably, it can be shown

that ]A(y)l and )RA(y)} are also given approximately by these

equations if we merely omit the exponential factors. Since these

36.
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factors represent inconséquential phase terms, their loss is
unimportant.

We note that I RA(y)l is a symmetrical function with
respect to y = 0; thus its positive part eontains all of ths

essential information. We shall denote it by IRA(y)I +, where

M M-l
N K 8in (0¥ - (5,v)T 60) (o
IRA(-V)}*" ~ z Z ¥ [y - (3= 5,03

m=2 n=1
(m>n)

Dropping the zero subseripts in (20), for uniformity, we have

M
lA(y)l _ Z K sin [ (v - vp) ¥V ] (28)
Y L4 (y - )

Equations (27) and (28) represent two setz of (sin x)4{ x functions,
and 1t 1s assumed that there 1s inappreciable overlap between
adJacent funetions in each set. Thus from plots of ,RA(y)]+

and [A(y)l we can determine the amplitude and the abscissa of

the peak of each (sin x)/x function. This Yilelds two sets of

number pairs
{lgn K s (ym - yn)}- and {% : ym} » Which we shall
denote by"{a)- and {b)‘ , respectively.
The problem of determining lA(y)I from IRA(y)‘ + 1is

therefore equivalent to deriving sef -{b} from set {a}-. :
Obviously the quantities ¥, can be determined only to within an =
additive constant because only differences between pairs of these

quantities are given. However, the additive constant 1s not

l . .



important since the ¥ s féé;ésent projected distances from an fl
arbitrary origin whose location 18 inconsequential. Thus we .
may choose one of the y s to be zero and evaluate the remaining
ones in terms of 1t,

The derivation of {b} from {a} appears trivial at
first sight, but 18 not so 1f we recognize that the identifying

subscripts m and n which are assoclated with each number in

set -{aJ— are not present in prasctice. They eculd be specified‘

in the preceding analysis because RA(y) was derived from an
assumed known A(y), whereas in the present situation A(y) is the
unknown to be evaluated from its autocorrelation. The solution

of this problem is considered fully in Appendix B, It is concluded
there that, provided all the quantities (ym - yn) are unequal,

] A(y), can be determined uniquely from lRA(Y)li- , except for

an indeterminacy in the sense of the derived set {ym} . A
graphical method for obtaining the solution is given in Appendix B.

It 18 further conjectured that a unique solution alsc exists when
not more than two of the quantities (ym - yﬁ) are equal.

The possibility of determining the primitive funection aniquely
from its autocorrelation depends on having all, or nearly all, of

the differences (ym - yn) unequal. This situation 18 most likely

to occur when there are few highlights present (say four or less),
and when these are distributed in an asymmetrical manner on the
alrcraft surface. It is bellieved that the distributions will
generally be asymmetric for aircraft aspects in the vicinity of
broadside. For head-on views, on the contrary, the highlights are -
likely to be symmetrically arranged about the center line of the

alreraft, with the result that a number of the differences will be




equal, However, if it is known that a head-on aspect is being
presented, this information may materially aseist in estimating
correctly the highlight distribution from its autocorrelation.
It 18 therefore concluded that in many eircumstances the auto-

correlation of the one-dimensional projection of the highlight

configuration will yleld nearly as much information concerning

the aircraft geometry as does the projected distribution itself.
This fact is important, since the design of a radar for determining
the autocorrelation is much simpler than that of a radar which
evaluates the distribution directly. The practical design

problems of both types of radars are dealt with in the next

chapter.




CHAPTER » ¢

DESIGN AND PERFORMANCE OF MULTIRECEIVER RADARS

We now wish to apply the theory of Chapter 2 to the problem
of designing radars which can measure respectively the projected
highlight configuraticn and its autocorrelation function. In

addition we shall eonsider the capabilities of such radars for

couniting alrcraft in a formation, and for ylelding information
concerning random motion of the airecraft, and the character of
propeller rotation and significant flexural vibrations. The

design study will show that a radar for e¢omputing highlight
distributions directly appears unfeasible at present, due to the
requirement of accurately measuring the phase of the scattered
field. However a radar which computes the autocorrelation funetion
appears practicable. The possibility of counting aircraft 1in
formation 18 also found to be good when the individual aircraft

are separated in azimuth. The possibility of detecting random

aireraft motion, propeller rotation and vibrations depends on the
extent to which these movements produce observable changes in the

sequence of instantaneous highlight configurations. .

2.1 Design of a Radar to Compute Highlight Distributions Directly.

It was briefly mentioned at the end of Chapter 1 that a radar

for computing highlight distributions would consist of a transmitter,

W

a matrix of receiving elements oceupying an aperture of adequate

8lze, and a Fourler transform computer. The transmitter 1s assumed
to be located at the center of the receiving aperture. The main

design parameters which must be specified are: size and shape of

4o.
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aperture, number and distribution of recelving elements, radar

r

wavelength, tolerances in receiver locations, amplitude and
phase stability of the receivers, and the nature of the Fourier
transform computer. We shall consider these requirements only

far enough to determine whether such a system appeara feasible.

A representative operational situation will be specifled in
order to arrive at numerical values for the design parameters.
Suppose it 18 desired to resolve highlights whose projected
spacing 1s > dpy, feet, when the aircraft is R feet from the
radar. Then dmin subtends angle & = (Eﬁiﬁ) radians at the
radar, and the Rayleigh criterion of resolution states that
b = % , where D is8 the aperture dimension. One more relation is
needed to determine both A and D, and it 1s provided by the
requirement that D be small enough to make highlight variations
over the aperture (a phenomenon discussed in section 2.2)
inappreciable. Determination of the maximum permissible value
of D for this purpose is difficult, and is discussed further in
Chapter 5. Suppose the aperture must not subtend an angle greater
than /A radians at the alreraft to satisfy this condition. Then
we have the second relation: D= R /A which determines D, and
A is then found from the Raylelgh criterion. or instance if we
choose the values: dpgn = 5 feet, R = 12 miles, A = l-degree =

4

5%5 radian, we cbtain: D -(12 29 280) 22 280 feet. Thus from
the Rayleigh criterion, A = (280)(——2——) = 0.0132 feet, or
12 x 5280

0.4 centimeters.
The number of receiving elements in the array must be

sufficlient to provide an adequate sampling of the instantaneous

recelved fleld, so that the entire field over the aperture can

hl.
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be re~onstructed from its values at the sampling points.
Referring to section 2.1, the recelved field is seen to comsist
essentially of a sum of sinusolds, the space wavelength of

each being determined by the incident angle of energy arriving
from the associated highlight point. The smalleat angle of
incidence which we must design for is equal to the angle
subtended between two highlights which are just resolvable,
namely 6., In section 2.1 1t was zhown that the corresponding
space wavelength 1s % , which 1is equal to the aperture dlameter
prescribed by the Rayleigh criterion for resolving power 6.

Now suppose the axis of the radar array 1s pointed toward
one edge of the alreraft, so that the angle between the nearest
highlight to this edge and the axis 18 6. Then the highlight
nearest the opposite edge subtends the largest angle of 1incidence
and therefore generates the shortest space wavelength across the

aperture. If the projected distance between the two outermost

highlights 1s dmax’ then the shortest space wavelength present

' a
in the aperture 1s (a 4 , R (aﬁig) D, and the number
max min max dmax
of these wavelengths across the aperture 1is a&(a———o. The sampling
min
thecry of frequency limited functions tells us that the sampling

points must be spaced not more than half the minimum space wave-
d

length apart, hence there must be at least Q(EEEE) receivers
min

across one dimension of the aperture. If in the present example

we let d . = 100 feet, then 2(l§9) = 67 receivers are required
across one side. The receliver separation 18 therefore %gg = 4 feet.

A point of interest is that the required number of receivers

d
depends only on the ratio (3555) and 1s therefore independent of
min

ailreraft distance kK. Also, the receiver separation required to

42,



resolve two points of fixed spacing dmin is directly proportional
to R. This suggests that an array with a fixed number of e
receivers, whose spacing can be varied in proportion to R, would

be desirable since it would maintain a prescribed resolution

dlnin independent of aircraft distance. Varlable receiver spacing
will also be found useful for counting ailrecraft in a formation.

We are now ready to discuss some of the practical difficulties
in the design of a multireceiver system, Flrst, to obtain a

planar projection of the highlight distribution we need a two-

dimensional aperture whose dimension may be of the order of
hundreds of feet per side. A vertical dimension of this magnitude
would be unwieldy if not prohibitive, and 1in addition a square
matrix would require (67)2 = 4500 receivers in the example
considered. We assume that it 1s impractical to meet these
requirements, and therefore shall confine attention to a
horizontal, one-dimensional aperture.

Secondly, each receiver must be capable of measuring the
instantaneous value of the received field strength. This 1s
equivalent to saying that it must measure both the amplitude
and phase of the received signal., The accuracy of the phase*
measurement should be of the order of %%8 radians. Such accuracy
places stringent design requirements on the linearity and phase

stability of the receiver amplifiers. In addltion 1t requires

that each receiving antenna cannot be permitted to undergo

* Thils is a relative phase measurement, one receiver in the
array being chosen to provide a phase reference.
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displacements greater than I%E parallel to the axie of the array.

At a wavelength of 0.4 centimeters this corresponds to a

1.6
f 1800

displacement o inches. When one considers that the array

extends for hundreds of feet, the difficulties involved in
obtaining the necessary structural rigidity appear formidable.
A third difficulty is that the receivers are required to

lie on the are of a circle of radius R rather than on a straight

line. The reason for this is best seen by referring to Eq. (5),
which expresses the length of the two way path from the transmitter
P to a receiver S. This expression 18 based on the assumption

that S lies on the surface of a sphere of radius R, If instead,

S were in the tangent plane to the spherical surface at P, then
the correct expression, to the firat order of 3mall quantities,

would be:

(Po + Q) = [2R - 20, - (v;0 + 2, 7) + 5 (6% 45D ] (29)

For typical parameter values 1t is found that the additional
term, %-(62 + 72), is at least of the same order of magnitude

as (ymb + zmy). But the presence of the additional term destroys
the Fourier transform relation betweep the scattered fleld and
the scurce distribution, since the kernel of the Fourler integral
involves & and y only through the linear form (ymﬁ + zmy). One
problem arising from the requirement to locate the receivers on

a circular arc is that the radius of the arc changes continuously

as the aircraft moves radially. It therefore appears that the
recelvers must be movable parallel to the array axis, so as to —
conform to the ehanging arec.

A final problew is the necessity of making the whole array

by,



trainable, to accuratély track the aircraft in azimuth, It is

evident from previous discussion that 1f the array axis wanders
off the aircraft appreciably, the space wavelengths comprising

the fleld across the aperture will become very short, with the

result that the conditions required to validate the sampling

theorem are destroyed. On the other hand the array axis must

not be allowed to fall between highlight points because, referring
to Fig. 5 of section 2.1, there 18 an ambiguity in determining

on whicl slde of the axlis the highlights lie. Thus a pair of
highlights subtending equal angles of inecidence on either side

of the axis cannot be distinguished since they produce the same

space wavelength in the aperture. This ambiguity can be avolded

by having the radar point at one edge of the aireraft, so that
all the highlights lle on the same side of the axis. This
requirement, coupled with that of not pointing too far off the
aircraft, means that tracking must be controlled to very close
tolerances, preferably to within t.l/h of the azimuthal angle
subtended by the aircraft at the radar. Even with this tracking

accuracy it would be necessary to use approximately 50 percent

2 s e et L s
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more receilvers than was estimated in the preceding example, in
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order not to violate the sampling condition.
The possibility of tracking with the above precision by

physically training such a large array appears questionable, so

it might be necessary to achieve steerability electronically, by
the insertion of continuously variable phase shifters in each E
receiver. Simultaneously, the receivers could effectively be -

positioned on an arc of changing radiuas by the injection of

e

45.




additional phase shifts. The total injectcd phase shift would
be such that the array appeared to confor:. to a circecular arc

of appropriate radius and pointing direction at all times.

The above discussion indicates that the requirement for precilse
phase measurement and phase control in the receivers, coupled
with close mechanical tolerances in receiver positions will
result in an extremely complex and costly equipment, assuming
that the requirements can be met by present day techniques, The
author's opinion 1s that the design problems are too formidable

to render such a system feasible &t present.

We have yet to discuss the design of the Fourier transform

computer which operates on the receiver outpruts. This will not
be gone into in detail; only the operations which the computer
has to perform will be outlined, since the realization of the
computer appears considerably simpler than the remainder of the
system. It was mentioned in section 2.4 that the modulus iA(y)\

of the complex projected distribution would be a desirable

function to evaluate in practice. It is obtained by taking

the square root of the sum of the squares of the real and imaginary

parts of A(y). The relations between the latter quantities and b
the real and imaginary parts of F(«<) are easily obtained if ol
F(ol) 18 first written in polar form: B

F«) = [Flw)] - &I Pl (30) -

On substituting expression (30) into equation (16) and taking

"3

the real part of both sides, we obtain:

SRR .
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Equation (31) states that Re [A(y)_] is the difference of
the Fourler cosine transform of Re [ F(«) | and the ‘Fourier sine
transform of Im [ f(ob)] . Similarly it can be shown that

Im [A(y)] is the sum of the Fourler sine transform of

Re [ ?(ob)] and the Fourier cosine transform of Im ['F(o(.).] .

It is therefore necessary to generate the Fourler cosine and
sine transforms of both the real and imaginaz;y parts of 'F—'(ol:) .
To generate the latter functions we must establish a phase reference,
since the phase of the scattered field is known only to an arbitrary
additive constant., Suppose the 1-f output signal from the receiver
located at P, Fig. 5, 18 selected as this reference. Then 1t 1is
possible to generate the desired real and imaginary parts of F
by applying simultaneously the 1-f outputs from receivers located
at P and at a variable point S, to two separate phase sensitive
detecting circuits. The detalls of performing these operations
are not suffieclently relevant to warrant inclusion here. In
summary, it is evident that a fairly complex computing operation
18 required to determine the projected highlight distribution,

Since it necessitates the evaluation of four Fouriler integral

47.
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transforms., However the'opefatioﬁs-iﬁvolved appear to be

realizable with fairly conventional circuits,

J.2 Deslgn of a Radar to Compute the Autocorrelation of

Highlight Distrihutions.

The design requirements for a radar which computes the

autocorrelation of the projected distribution are much less

stringent than those discussed in the preceding section, primarily
because the need to measure phase 1s dispensed with, As a result
the tolerance in positioning receivers is greatly relaxed, also

it 18 no longer necessary to have the radar accurately track

the aireraft. Finally, the Fourier transform computer is

required to evaluate only two functions instead of four.

The following parameters are not appreciably changed
however: wavelength, aperture dimension, and number of receivers
in the array. This 1s because we still wish to obtain the same
highlight resolution as before, for the same aircraft distances.
Also the phenomenon of highlight variation with aspect 1s
unchanged, therefore the aperture dimension D is evaluated on
the same basis as previously. Closer study indicates that
somewhat better highlight resolution'may be desired in the
bpresent situation, because the autocorrelation function 1s
comprised of differences between pairs of projected highlight
positions, and 1t is possible for the difference between two
such differences to be less than d n° Thie possibility is uot

mi
likely to ocour frequently since the number of highlight points

is generally small, particularly at broadside aspects. Of course

at headon aspects one can have equality of two or more differences

48.
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due to symmetry, but in this case no degree of resolution %

will separate them. We shall therefore assume the same

resolution requirement as before, and consequently the same

fg value for (;EEE), which determines the number of receivers.
' min

;E As previously we assume that only a one-dimensional array is

practicable,
It 18 readily seen that the receivers need not now be

positioned accurately with regard to motion parallel to the

array axis, because only the amplitude of the received field

is being measured, and this does not change significantly over
several feet in the direction of the airecraft. Thus it is not
necessary for the receivers to conform to a circular arc, a
straight line array being satisfactory. This conclusion can be
verified quantitatively by writing down the expression for F(b)
When the recelvers are .. . a straight line, which, from Eqs. (29)

and (17) is seen to be:

M
vdps?2 -3(y kb + p_)
F(6) = (¢ Jk3R0T) | E K, e @ n (32) 5
m=] :
| . H~
The amplitude of the received field is obtained from ‘F(b){ B
and the latter is derived by multiplying the right hand side of ¥
Eq. (32) by i1ts conjugate complex mate. This operation replaces -
the factor outside the summation slgn by unity, and the resulting i
expression is therefore the same as that for the receilvers on a
g
circular arc. )
;]
Receiver positioning parallel to the line of receivers 1is
not exacting either, as long as movements are confined to a .
B
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small fraction (say %U th) of the inter-receiver spacing.

Since the latter was 4 feet in the example of sectlon 3.1, a

movement of + 1 1inch in this direction would be permisaible,
and this accuracy ocould be maintained over the length of the

array without difficulty.

Finally, c¢lose tracking of the alrcraft 1is no longer
necessary, because the autocorrelation funetion 1s composed
only of differences between projected highlight positions and
18 i1ndependent of absolute displacements. Thus 1t 1s independent
of the pointing direction of the array axis, to within limits
specified below, since the pointing direction determines the
absolute projected positions of the highlighta., Also there 1is
no need to include additional receivers in the array to allow
for aimoff, as was necessary in the phase measuring radar, again
because we are not concerned with absolute projected positions.
It will be seen that the array axis can be pointed away
from the alireraft by as much as 30 degrees without affecting the
radar performance appreciably. This 18 because the amplitude
(1.e., envelope) of each receiver output is essentially equal
to that which would be measured if the recelver were pro jected
onto a line perpendicular to the direction of the aircraft. Thus
if the angle between the array axis and the alrcraft 1s x, the

recelver spacing is effectively diminished by the factor cos x,

and resolution is similarly reduced. Since cos x has decreased

L

to only 0.87 when x = 30 degrees, the loss in resolution for
this amount of aimoff 1s not great.
The only stringent design requirement to be met 1s that all

the receivers have a hi

barep
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degree of amplitude linearity, otherwise
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the measured pattern shape will be distorted. A means for o

et e e e Ak

rapid comparative calibration of receivers 1s also necessary

IR T

unless gain stabllities are of a high order. The same standard

of amplitude performance is of course required of the phase

measuring radar as well. It 1s believed that the amplitude

requirement 1s within present day equipment capabllities.
Finally 1t 13 noted that the Fourler transform computer
need perform only two integral tranaformations in the present

case., Specifically, we wish to compute IRA(y)I , whose

useful portion 1is IRA(y)] + (see Eq. (27), section 2.4). The
procedure 18 to form the square root of the sum of the squares

of the real and imaginary parts of RA(y), and 1t can be shown

in a straightforward manner that Re [:RA(y)J is the Pourier

— 2
cosine transform of l F(et)] ", while Im [:RA(y)] is the Fourier

SEFFEUEE SERIA N SRR

sine transform of Ifﬁt)) 2.

Ll

We therefore conclude that a multireceiver radar for
Eﬁé measuring the autocorrelation is practicable, despite the

4 necessity of using a long array. While a trainable array is

@ desirable, a fixed array can produce useful results for targets
within + 30 degrees of the array axis. Also, the use cof variable

recelver spacing to malntaln a 7ixed resolution dmin despite

B T DR RO Y Py A

change in aircraft distance appears feasible in thils system, due
| % to the relaxed requirements on accurate receiver positioning.
; In the next section it will be shown that varlable recelver

spacing 1s particularly useful for the purpose 0. counting

L -—?@qm.__

ailrcraft in a formation.

2.3 Possibility of Counting Aireraft in a Formation.

Obviously the preseding techniques for decermining projected
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highlight distributions are appliecable to several aircraft in

formation as well as to individual aireraft. If the aircraft

are sufficiently separated in azimuthal angle, each would be
distinguishable as a separate group of highlight points and it
will be easy to count the number present. However, 1f the

aircraft are in a radial line, or are arrayed vertically, theilr

highlight points will tend to merge and counting wlll become
difficult*, To fulfill the counting application most satisfactorlly,

i1t would be desirable to make the receiver spacing variliable, to
permit the resolving power of the radar to be adjusted in an
optimum manner to various degrees of spread of the viewed
formation,

For example, suppose the formation is a loose one, so that
there 18 appreciable azimuthal separation between individual
aircraft. This implies a large spread of highlights, resulting
in short space wavelengths in the receiving aperture. Hénce

we shall require a small recelver spacing in order to satisfy

the conditions of the sampling theorem. At the same time, the
resolution requirement will be relaxed because our obJjective is
merely to count the number of aireraft and not to distinguish
highlight points on the individual aircrart. Obviously only
enough resolution will be required to make each aircraft appear
as a resolvable point. For both reasons therefore, we wish to

reduce the spread of the receiving array.

* We are assuming a horizontal one-dimensional array in this
discussion.
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Conversely, if the aireraft are in tight formation, so that

there 18 overiapping of the highlight points of individual
aircraft, 1t will be noesible to Iincrease the receiver spacing
because the maximum space wavelength in the aperture is

reduced. At the same time we shall want to resolve highlight
points on the individual aircraft, since this should assist in
estimating numbers when overlap occurs. Thus we wish to inereacc
the array length in order to improve resolution.

To summarize, when counting aircraft at a given distance,
the requirement 1s to contract the array when the formation is
spread out {in azimuth) and expand it when the formation 1is
tight. Thus we conelude that the facility of variable receiver
spacing 18 useful for both the applications of resclving

highlights on individual aircraft and for ecounting numbers when

several aircraft are present.

3.4 Detection of Random Motion, Vibrations, and Propeller

Rotaticn.

The possibility of detecting random motion of an aireraft
in flight, as well as flexural vibrations and propeller rotation,
arises from the faect that a continuous sequence of projected
highlight distributions can be generated and presented for
visual inspection. Since an instantaneous highlight distribution
can be computed for every received radar pulse, the number of
distributions computable per second can equal the pulse repetition
frequency of the radar, which may be of the order of 500 to 1000
pulses per seeond.

The three types of motion under discussion will be observable

in the sequence of ﬁiiilight dfstributions insofar as they produce
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observable changes in'Q fhe; thenfetlécted amplitudes or positions
of the highlights. Normally, none cof the motions are likely to
cause highiight positions to change by more than two or three
feet, so this movement may be discernible only occasionally since

we have assumed that resolution will not be better than about

three feet. However they may cause appreciable changes in
highlight amplitudes. Propeller rotation is likely to show up
best in this regard, particularly for headon views, because
highlights located on engine nacelles or leading wing edges will
be periodically blanked out as the propeller blades pass in
front of them. If this effect 18 pronounced it will permit the
estimation of blade frequency as well as the number of propellers.
The most pronounced random motion of an aireraft is roll,
whose peak-to-peak amplitude may be 5 to 10 degrees in some

alreraft types. It will be seen from the experimental results

of Chapter 7 that aspect changes of this magnitude usually

result in marked changes in highlight amplitudes, and so should

be detectable. For most aircraft however the rms values of

aspect change due to random motion are of the order of one degree

or less, 80 we would expect to detect these motions only when -

atmospheric turbulence is appreciable. -
Flexural vibrations are usually of small amplitude, and

are not expected to be detectable in general. However, there -

are some alrcraft types, such as the B-47, in which wing flexure

can result in wing tip displacements of several feet, and so

produce observable variations. TUnusual characteristics such as

this should therefore assist in identifying some aircraft types.

5k,
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In the following-tﬁo chapters, which trezat the theory of
highlight resolution with conventional radars, we shall see
that the types of motion discussed here are more likely to be
detectable in the conventional case, because angular rate of
change of aspect is then a major factor 1n determining the
shape of the computed highlight distribution. Therefore rapid
motions such as vibrations and propeller rotation, which impart
large rates of aspect change to some highlights, may be expected

to produce clearly observable effects.

55.




"~ CHAPTER

THE PARTIAL DETERMINATION OF HIGHLIGHT DISTRIBUTIONS BY

CONVENTIONAL RADARS

The purpose of this chapter is to study the possibilities
of determining highlight configurations with a conventional
radar. By this we mean a radar consisting of a single receiver
coincident in location with its transmitter. It will be shown
that the received signal and the scattering sources are again
related approximately by a Fourier transform. However, due to
the limited capabilities of the conventional radar as compared
to a multireceiver radar, it cannot determine the projected
highlight distribution unambiguously. The maln limitation 1s
that it is able to measure the scattered fleld at only one
peint at any given instant, in contrast to the multireceiver
system which measures the fleld over a finite angular interval
instantaneously. For the conventional radar to obtain
measurements over an angular interval, the aireraft must change
aspect relative to it, Alternatively the radar may move
around the aircraft, but this is nof the usual situatilon and
we shall assume in what follows that only the aircraft moves.

Thus an ambiguity arises, because the sequence of aspects
presented by the aircraft 1s not precisly known. Stated 1n
another way, the conventional radar measures the scattered field
as a function of time, and the relation between time and alrcraf't
aspect 1s unknown. Therefore at best, only a "relative" projected

distribution is obtainable and the absolute projected spacing

of the uilghlights remains unknown. With the conventional radar

™ B




only a one-dimensional pro ection can be determined, and the
direction of projection changes continuously slnce 1t depends
on the instantaneous angular velocity of the aircraft. Flexural
vibrations of the aireraft may drastically reduce the ability
to resolve highlight points, and may even distort the computed
highlight distribution beyond recognition. In contrast,
vibrations neither affect resolution nor introduce distortlon
in a multireceiver system, because the latter determines the
distribution from an instantaneous spatial measurement, so
that the aireraft is effectively frozen in position during the
measurement.

To make the above statements more prec¢ise and meaningful,
we need to study the kinematics of aircraft motion, and this
is done in section 4.1. In section 4.2 the approximate Fourier
transform is derived; it is a "short-time" transform rather than
a finite space transform. Next, practical problems 1in evaiuating
the relative projJected distribution are discussed. In the
concluding section the possibilities of counting alrcraft, and
of detecting random motions, vibrations and propeller rotation,

are considered.

4,1 The Kinematies of Aireraft Motion Pertinent to Conventional

Radar Measurements,

The kinematical framework will be made sufficiently broad

to take into account flexural vibrations. Although this materlally

complicates the analysis, it appears necessary to include vibration

effects because the spread of the computed highlight distribution

is proportional to the rate of change of aircraft aspect. Alrcraft

"
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surfaces which vibraté rébidly, even though the vibraition

amplitude 1s not large, may impart significant rates of aspect

change to. treir associated highlights., This results 1n both

smearing of the highlights and their displacement relative to

one another, with a consequent deterioration of the computed
configuration.

| The motlion of an aircraft in flight 1s a combination of
the following factors: (a) purposeful fiight maneuvers:

(b) random yaw, roll and pitch; (¢) non-rigid vibrations. For
the purpose of analyzing highlight point behavior, it i1s more
useful to consider the motion to be composed of the following

two components, as 18 customarily done in kinematical studies.
(1) A pure translatiocnal motion, specified by the trajectory

of the center of gravity.

(2) A rotational motion about the center of gravity.

Component (1) may be divided into two subcomponents:

(1.1) The component parallel to the line joining the radar and

the scatterer, commonly called the radial component.

(1.2) The component perpendicular to (1.1), commonly called

the transverse component. '

Components (1.2) and (2) produce variation of the airecruft aspect

relative to the radar, whereas component (1.1) does not. Since

aspect change 18 necessary in order for the receiver to record

a finite portion of the scattered pattern, components (1.2) and

(2) are of primary interest to us. Component (1.1) 18 of

secondary interest, as it determines only the doppler frequency

of' the returned signal.

In kinematical studies of ri~id body motion, component (2)

|
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18 specified by a single angular velocity vector. In our case
we must account for change of aspect caused by component (1.2)
as well. Therefore we shall specify an angular velocity vector,

w r 2 which 18 not the usual one of kinematics but also
accounts for aspect changes produced by (1.2). In addition, we
must take into account the effects of non-rigid vibratlons.
Since these may cause different parts of the alrcraft frame to
be displaced in different directions, an additional set of
angular veloclty vectors must be specified, one corresponding
to each part of the aircraft which generates a highlight point.
Let i‘m be the vector which accounts for the flexural motion
of the m th highlight. The total rotatlonal motion of this point
relative to the radar is therefore completely specified by a
vector G.m = (;1'+ F'm).

Figure 6, which is not to scale, 1llustrates the geometry

pertinent to the problem. The rectangular coordinate system
Oxyz 1s fixed relative to the scatterer*, whose center of gravity
is 0, Let T~ be the position vector of the m th highlight

m

point Q . Let the rectangular components of Fﬁ be (w w__,

mx’ “my
"mz)’ and let 51 be the unit vector along the x axis.

To simplify the discussion, assume temporarily that O is
fixed in space. This implies that the aircraft has zero trans-
lational velocity, and merely rotates about its center of gravity.

Since relative motion only is significant, let us now interpret

Note that this differs from the coordinate frame in Fig. 5,

where the axes were not fixed either with respect to the
scatterer or the ground.
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FIGURE 6

Geometry Pertaining to the Equivalent Trajectory

of a Conventional Radar.
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the aircraft rotation 5; Aﬁ;equifalent motion of the radar
while the aircraft remalins staticnary. With this interpretation,
the radar appears to move along a curve on a spherical surface
of radius R and center 0. Strictly speakling, the equivalent
radar trajJectory is not a single curve but a set of curves, one
corresponding to each angular velocity vector Wﬁ. These paths
all oscillate about a mean path, namely that corresponding to
ir , which 18 the hypothetical path travelled by the radar 1if
non-rigid vibrations were entlrely absent. Let C  denote the
curve corresponding to iﬁ, and let Sm be the position of the
radar on this curve at time t. Let Pm be the position at time
t = 0. We shall suppose, without loss of generality, that the
x axis of the coordinate system passes through Pm*. Finally,
let Bﬁ be the unit vector tangent to C  at point S_, and let Eﬁ
be the unit vector along OS,. From the laws of kinematics 1t
follows that the vector velocity of Sm is:

vm--(wmx?)gm)--ﬂ(\?mxim)

Since Vﬁ is tangent to C , it 1s parallel to Bﬁ, so we may wWrite

alternatively:

v,=-R | W x3a | 5 =-RHB b (33)

where €., = |W, * a,| , 18 the angular rate of rotation

of the 1ine OS_ about 0. Thus &

rate of change of aspect of the m th highlight surface relative

It 1s implied here that M different coordinate systems are used,
one for each highlight surface; and the x axis of the m th
coordinate system passes through P_. The center of gravity of
the aircraft is common to all M aygtems.

13 seen to be the instantaneous

61.




to the radar.

Next it is necessary to evaluate the path length traversed
by the radar signal returned from Qm at time t, namely 2 Sm Qm‘
By expanding the exact expression for length Sm Qm in a series

and retaining only the first order terms, we obtain:
Sp Y = [ R - Xp - (ym O * Zn 7m):] (34)

where R = OSm, and 6m and Tm 2re the angles which OSm makes with
the xz and yz planes respectively. 1In deriving Eq. (34) it is
assumed that ﬁm and T are & ] radian. Because of highlight
variation with aspect, as discussed in sectlon 2.2, Xpr Yy and
z, are functions of 5m and Tm? whieh in turn are functions of t.
The restriction that R 18 constant 18 now removed, so that R is
also a function of t. For small values of t we may expand (34)

in a Taylor series about t = 0, and retain the first few terms

only. The result is:

2
t
Sp Qp = (pmo + Py b+ P T 0) (35)
where:
Pmo = Bo = Xpo
Pm1 = Ry - (ymoamo + zmo7mo)
- 56 5y o 2
pm2 Ro (xmo + 2ym°) 6mo
S (36)
7
+ 2(ypo + Zno) ®mo "mo
7y Yy o2
+ ot 2zmo) 7mo

* (Y0%mo * Zmo”mo’
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The zero subseripts in Eq. indicate that the assoclated
quantitles are to be evaluated at t = 0. The superscript dots
denote differentiation with respezt to t, while & and y super-

scripts denote partial differentiatlion with respect to these

variables, For example, xgg = l:azgxm; ;] .
285
t =0

In deriving expression (36), we made use of the relationa:
5o = Tmo = 0, and xgo = x;o = 0, The first ywo are obvious
8ince Sm liee on the x axis when t = 0. The second two imply
that when the angle between OSm and OPm is differentilially small,
the x coordinate of the m th highlight point does not change for
an incremental change in ﬁm Cr ¥ This eonclusion 1s reached
by noting that, since the scatterer is very far from the radar,
the directions of both the 1incldent and reflected energy are
nearly parallel to the x axis. Therefore to satisfy Snell's
law, the m th highlight must be located so that its tangent
plane is perpendicular to the x axis. Since an incremental
change in aspect causes the highlight to move parallel to 1its
tangent plane, there 1s no resulting change in 1its x coordinate.

It is important to give a physlcal interpretation to Pnl in
(36), since this quantity will form the kernel of the desired
Fourler transform. The term ﬁo Je the radial veloclty of the
center of gravity of the aircraft at t = 0, and when multiplied
by 2k = %1 » Ylelds the doppler frequency of the alrcraft. With

regard to the term - (y + zmo;mo)’ we note that

mo°’mo
Op = Yz
. (37)
Ta= - ¥
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Ymo(Mnz)o = Zmo(¥my)o | » which can

so this term becomes -

readily be shown to equal the mixed triple product

r

- LT (;ﬁo X 511] . The latter can be interpreted as

the product of 'eho and the projection of r on Bﬁo‘ If

this projection is denoted by (rmo)bm, then:

Pm1 ®* Ro = @ mo (rmo)bm (58)

Expression (38) for p will be useful when we come to interpret

ml
the physical significansée of the short-time Fourler transform.

4,2 Derivation and Interpretation of the Short-Time Fourier

Transform in the Conventional Case.

The analysis of this section 1s analogous to that presented
in section 2.3. Its main purpose is to show that the short-time
Fourier transform of the received signal ylelds approximately
a relative projected distribution of the highlights, and that the
approximation can be made as exact as we please by letting both
the time interval of integration T, and the wavelength, approach
zero, In addition we shall show that the short-time transform
of the square of the envelope of the received signal gives
approximately the autocorrelation of the reliative proJjected
distribution.

We begin by writing down the complex expression for the

received signal, analogous to Eq. (6). It 1is:

M
F(alx--——) 5mr 710 ) 7m) - ;(t) = kaej2k(stm) (39)
m=1
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where S, Q 1s given in terms of & 7 by Eq. (34), or as a
Taylor series expansion in time by Eq. (35). We shall use
the latter expreselon because a zonventional radar measures
i the received signal as & function of time only, the aspect
b angles being unknown. At the same time we replace Km by 1its

i Taylor expansion, and (39) becomes:

f% F(¢) = EZ: {:(Kmo + limo t+ 5%2 t2 4 - - - ~-).
' J2k(pmo+pm1t+%pm2t2+———~)}
% €

BT T Tt e T e S

Now let us decompose each of the quantities Pro? Pm1?

into two parts as follows:

Sl

Pmo = Ro - Pmo

b *
Pp1 = BRg - Py (41)

[ X ] '
Ppp = Ry = Ppo

where the starred symbols are defined by relations (36). The

purpose of the above decomposition 18 to geparate the contributions

produced by the radial motion of the aircraft center of gravity
from those produced by rotation of the aircraft relative to the

radar. By using relation (M1l), Eq. (40) may be written:

- Jo(R.+R_t+ %R t2+ ——--- )
F (t) = {e o o 2 %o }x (k2)

2

| ZM J2k(p D b5 Dot
{ [(K +].(m t+1§mt2+--~). € mo”“ml m2
i mo o 2 "mo

A m=1
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We may drcp the constant phase factor € O without loss of
generality, and the remaining term outside the summation sign
Bqt 1m0

may be written g + - - ~--)

» Where w, = 2k(R bt + 5 Ryt
is the inatantaneous doppler frequency of the center of gravity

of the aircraft at time t. 3 will be referred to frequently

as the mean doppler frequency of the recelved slignal. Now define
a derived signal F#*(t) by:
, St
P*(t) = F(t)-e = 9 (53)
Equationa (4#2) and (42) yleld:

JQk(pmot + pmlt + Epmzt + - -—{](44)

F*(t) = Z[_(xmo+ fcmot+—--)-e

m=1

Next denote 2k pd& by w__, and the short-time Pourier

mo
transform of F*(t) by I@nl,——-~3 mM). The transform of Eq. (44)
T
is then:
M . F
— -J2kp .
R (0,7, oy) = 7 E { e T ¥ (K, + Kot +---7)
m=1 _T
2 (45)

T
c “m “’mo) lcpm2 dt}

where:

® = 2k(y6mo + zimo); m=1, 2, -~~~ ~, M, (46)

The quantities I and.cum are seen to have the dimensions of
frequency. Consequently the funetion K, which has previously

been termed the relative projected highlight distributlon, may

I
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be mors appropriatelyﬁfeférred to as'the short-time spectrum
of the received signal. The signifiqance of the M independent
frequency variables in the argument of A will be clarified
shortly.

Now as T approaches zero, the terms ﬁmo T and kpm; T2
become <K K o, and (@p - w_.) T respectively. Hence the

right hand side of equation (45) approaches:

T
M 2 ( Ve
-12kp_* »_ -w
}5 E {e J2Pno f K, eJ m.mo dt} (%7)
T
-2

m=1

Integration of (47) ylelde:

M
T
- -j2kp_* -
A(ml,““, “’M)"’E {Kmo € I8 Pno 31"{'(00"‘ wmo) %] (u8)

¥ [(wm - u)mo) 2

mm=1

The right hand side of Eq. (48) comprises a sum of Elﬁ—i-runctions,

the center frequency of the m th function being w All these

mo*
functions have the same half power bandwidth given by:

2%

Ao = 3 (#9)

An apparent inconsisteney is observed in connection with
result (49), because the half-power bandwidth becomes infinite
as T approaches zero, thus making it appear that resolution will
deteriorate rather than improve as T 18 decreased. This conclusion

is superficial however, because resolution is determined by the

ratio of bandwidth to center frequency rather than by bandwidth

67.
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alone, and the resolution 18 increased by decreasing this ratio.
To ensure a decrease 1t 1s necessary that the center frequenciesn

grow faster than the bandwidth as T approaches zero. In terms

of A and T, the ratio 1s:

2%
A® - T i}' A 1 0
(wmo) [m () (mei) (50)

Hence any desired degree of resolution can be obtained by letting
A approach zero more rapidly than T. A similar situation arose
in the analysis of Chapter 2, where A was required to approach
zero more rapidly than V. (See remarks immediately following

Eq. (20).) In the present case the effect of the limiting
operation 18 to make the frequency spread of the short-time
spectrum I'(wl,—---, wy) infinitely great. Obviously practical
limitations will set an upper bound on the spectral spread wnich
computing equipment can aecommcdate.

The appearance of the M independent frequency varlables
10" " 7 7o mM) results because we have assumed that each
highlight surface can move independently due to flexural vibration.
Hence the transformation of Eq. (45) 1s actually performed with
respect to M different coordinate systems, one corresponding
to each highlight surface. To be absolutely precise, identifying
superseripts should be appended to the varlables y, z, appearing
in Eq. (46), to show that they are associated with the m th

coordinate frame, They were omitted to avold overcomplicating

the notation.

Now consider the special case where flexural vibrations
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are absent. All angular velocity vectors iﬁ reduce to ﬁf, and
all curves Cm reduce tc a common curve C, on which the radar

has position S at time t, the tangent vector to S being b.

Furthermore, the angular rate of change of aspect, -eh, reduces

to én 80 the equation:

®mo = ekého (rmo)bm (51)

which 1s derived from Eqs. (38), (hl), and the definition of w_,

reduces to:

w = 2k éo (Ppo)y (52)

Finally bm and Tm reduce to 6 and y respectively and the M
frequency variables (wl,—'— - -, wM) become replaced by a common

variable w, = 2k (yéo + z ;o). Therefore Eq. (48) becomes:

M
T
— -J2kp % sin [_(w - wmo) -—2-]
K (w) = 2 Igno € . 7 (53)
=1 ' 1[((0 - “’mo) 'E-]
Equation (52) indicates that the center frequency of 5

mo
the m th 513—5- funetion is proportional to the projected

distance (rmo)b of the m th highlight point from the aircraft h
center of gravity, the projection being onto a line through the
center of gravity and parallel to b. o is also proportional

to the angular rate of change of aspect éB' Provided Ei remains
constant in magnitude and direction both-éa and (rho)b will be
constant, and the center frequencies of the 51%45 functions

Will remain stationary. However their spacing cannot yield the

/ o




absolute projected positions of the highlights because both—@b {;
and the direction of b are unknown. At most we can only say 5
that the center frequencies are spaced proportionately to the

projected positions of the highlights. In the more general

case where vibrations are present, each highlight can move
independently, with a resulting significant motion of the 53%—5
humps relative to one another. Consequently the short-time
frequency spectrum may not even provide an accurate measure of

the relative projected positions in this situation.

The above discussion indicates that there may be considerably
less highlight information obtalnable from a conventional radar
than from a multireceiver radar. In particular 1if the alrcraft
rate of change of aspect becomes zero, the short-time spectrum
collapses into the origin. This may oceur for radial flight

courses when random yaw and roll is negligible. The optimum

type of flight maneuver for purposes of highlight resolution

i8 one in which the aireraft rotates at a eonstant rate about
a fixed axis. This type of motion will be referred to subsequently P
as ideal target motion.

We conclude this section with a brlef discussion of the

highlight information obtainable from the amplitude of the ?
received signal in the conventional case. Analogous to the ’ E
result in section 2.4, the short-time Fourler transform of i
the amplitude squared yields the autocorrelation of the short- .

time spectrum. Denoting the autocorrelation of Kme)* by
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Fesult may be derived:

M T
in w
= - 2 8 m 2
Rylog) = _S_ ,{Kmo @, _}
=]

M M-1
sin |:(mnf" (mmo' wno)) %J J(pa'pm)
v 2.2 KmoKno{ gt @oo- 00)) "€

m=2 n=l
(m > n)

RA(mm), the following

\ . sin [(mm- (@ 0= ©po)) %J. G-J(Pm"Pn')ﬁ

(wm' Tmmo" wno) )

(54)

Equation (54%) 18 identical in form to Eq. (25) for RA(y), and is
again obtained on the assumption that there 18 no appreciable
overlap of the 51—;:—5- functions. It also assumes that no two

of the difference frequencies (‘”mo - wno) are equal.

The possibility of eomputing the short-time spectrum from
1ts autocorrelation, whieh was discussed in section 2.4,exists in
the present case as well, and the computation procedure 1s the
same as in the previous case. That '18, ve would form ’RA(wm) ] K
which ylelds the set { K K, 3 (o - mn)} , and from it derive
the set {Km s wm} , which in turn ylelds [K(mm)l. This
possibility 1s again useful, because in the next sectlon we shall
see that operational limitations may prevent us from obtaining

IK(wm)] directly, whereas there 1s no operational limitation
in obtaining ,RA(mm)’ .

k.3 Practical Problems in Obtaining the Relative Projected

Distribution.

In this section we discuss the evaluation of ‘ I(wm)| and
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t RA(wm)l in practice;w Iﬁ will be shown that the latter function
¢an be readily determined under essentially all operational
conditions, but not the former. The diffieulty 1s that I@nm)

is the short-time transform of the received signal after removal
of the mean doppler frequency, and under some operaticnal
conditions it 1s not possible to extract the mean doppler

without partially destroying the information-bearing portion
cf the signal.

To be more explicit, F(t) represents the received signal
with only the r-f carrier removed, but with the mean doppler
frequoncymd 8till included. However K@nm) wans obtalned from
£#(t), which in turn was derived from F(t) by removal of the
doppler term. (See Eq. (43).) F(t) 1s commonly referred to
as the doppler signal, and to obtain it a doppler radar* 1is
required.

The conditions under which F*(t) cannot be successfully
extracted from F(t) are seen upon examining the spectral

character of the latter function. In general it consists of a

continuous spectrum centered approximately on the mean doppler

frequency. The spectral sidebands are produced in part by ths

random rotational motion of the highlight points about the center

of gravity. However even if rotational motion were completely

absent, residual sidebands would remain if the radial velocity

of the aireraft i1s not constant. If veloelty varlations are

A doppler radar is simply one in which facility is provided
for removing the transmitter carrier frequency from the
received signal, thus yielding F(t).

T2.
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sufficlently violent 1Aﬁnafﬂf;,}the spectral bandwidth due to
these variations may be an appreciable percentage of the
spectral spread caused by rotational motion.

In practice, the only method of separating the components
due to radial and rotational motion 18 by frequency discrimiration.
Obviously, if the two spectra overlap appreciably, it will not
be possible to separate them in terms of frequency without
partlally destroying both. The radial component can be success-
fully removed from F(t) only when its spectrum 1s much narrower
than the spectrum due to rotational motion. This implies that
F*(t) 1s determinable only under operational conditions for which
the aircraft acceleration and 1ts higher derivatives are not
excesslve,

An additional complication 1s that the ecenter frequenciles
of the §i¥_§. functions in K“%m)’ namely (wyq,~ ~ 7 7, Wy,) may
nct all be positive. Consider for example a two-engined aircraft
approaching at a constant radial velocity, and at the same time
rotating with a constant angular veloclty about a vertical axis.
The highlight on one nacelle will have a greater radial velocity
han the center of gravity, while that cn the other nacelle will
have a smaller velocity. Hence the two spectral humps in E(t)
due to reflections from the nacelles are symmetrically located
above and below the mean doppler frequency. Upon forming F*(t)
by removal of the mean doppler, the low frequency hump will be
folded baek into the positive frequeney region by mirror imaging

about the zero frequency axis. This is undesirable because it

destroys the spatial ordering of the highlights and also impairs

resolution.

8 73.
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The way to avoid the 'foldiing fct ig translate PF#(t)
in frequency, onto a fixed frequency carrier. This effectlvely
changes each ®eo to (wmo + wo), where the carrier ®, must be
large enough to make every (wmo + wo) positive. It 18 interesting
to note that this folding effect is precisely analogous to a
phenomenon observed in section 3.1 1in connection with multireceiver
radars. There an ambiguity arose as to which side of the array
axis the highlights were on when the axis polnted between them,
and it was possible to eliminate the ambigulty by having the
axlis always point vo one side of the highlight distribution.
Analogously the present ambigulty is eliminated by ensuring
that the frequencies (wlo W, m T T, Wy + wo) all lie to
one side of the frequency origin.
The necessity of removing the mean doppler when computing
K(wm) does not arise when RA(wm) is to be computed, since we
use only the envelope of the received signal in the latter case.
The truth of this statement can be seen by observing, from
Eq. (43), that | F(t)] = |F#(t)l. This means that the envelope
is independent of the mean doppler frequency, 80 ﬁA(wm) can be
determined without restriction on the type of alrcraft motion,
Finally it 1is observed that the short-time Fourler transforms
are computed in the same manner as for a multirecelver system.
Thus, in the case of a doppler radar, I'K(wm)’ 18 formed by
taking the square root of the sum of the squares of Re [ K(w_)]
and Im [K(wm)]. These in turn are derived from Re [F*(t)]
and Im [P*(t)] in the same way that Re [A(y)___l and Im [A(y)]
were derived from Re [F(oé)_—l and Im ['F(oé)) in section 3.1,

Th.



Thus four Fourler transforms are involved. Similarly | ﬁk(wm)[
is formed by taking the square root of the sum of the squares
of Re [R’A(wm)] and Im [ﬁA(wm)] , the latter being equal
respectively to the Fourier cosine and Fourier sine transforms
of ] F(t)l 2, Hence only two transformations are involved,

as was the case in deriving [RA(y)I in section 3.2.

k.4 Counting Aireraft, and the Effects of Random Motion,

Vibrations, and Propeller Rotation.

The possibility of counting aircraft in a formation 1s
generally not as good for a conventional radar as for a multi-
receiver radar, because the former can resolve individual
aircraft only on the basis of frequency. Specifically, the
spectrum of the doppler signal F(t) from a single aircraft
centers about the doppler frequency of its center of gravity.
Hence 1f a number of aircraft in formation all have precisely
the same radlul veloeltles, thelr spectra wlill be nearly
coincldent and resolution will be virtually impossible. It 1is
only when the aircraft are maneuvering relative to each other
that the mean dopplers are likely to differ enough to separate

the spectra and permit counting. This is 1n contrast to the

multirecelver case, where resolution is carried out with respect

to azimuth angle and 1s independent of the aircraft motion.
The experimental data of Chapter 8 include an example of
two alrcraft flying in close formation. The return signal
Indicates that thelr spectra overlapped most of the time, but
occaslonally one maneuvered relative to the other sufficiently

to separate them in frequency and reveal the presence of two

75.
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aircraft. Thus one>§énﬁéibect to achleve counting occasionally
with a conventlional radar, particularly if the number of
aircraft 1s small,

The random motion of a single aircraft will generally
be most clearly revealed when the mean rate of change of
aspect 18 zero and the rcll and yaw motions are appreciable.
For example, when an aircraft is on a radial course and is
yawing, the entire spectrum will expand and contract along the
frequency axis in rhythm with the yaw rate. Since rates will
vary from zerc up to several degrees per second, the effect on
the spectrum should be plainly visible, and in fact should
permit the measurement of instantaneous yaw rates. In contrast
we recall that rates have no effect on the measurements of a
multireceiver radar, therefore we expect random motions to show
up much more e¢learly in the conventlional case. We would also
expect flexural vibrations to be readily apparent in the latter
case, because angular rates imparted to highlights by vibrations
are likely to be appreciable. Furthermor:, since vibrations
cause the spectral humps to move relative to each other, they
should be clearly distinguishable from yawing and roiling, in
which the alrcraft acts as a rigid body ar.d causes all the humps
to move in synchronism,

Finally, vibrations may produce such large highlight
accelerations as to result in broadening of the spectral humps,

to the extent that their humplike appearance is destroyed.* Since

Sgg C:apter 5 for a detalled description of the broadening
effect.
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marked vibratlons are likely to occur occasionally rather than
continuously, 1t should be possible to observe thelr appearances
by either the sudden spreadiang or the relative movement of the
affected spectral humps.

Propeller rotation may be considered as an extreme case
of non-rigid vibrations. However, highlights may be affected
by propellers in two distinct ways. First, highlights on the
blades are rotated at blade frequency. Secondly, highlights on the
fuselage near the blades may be obscured periodically as the blades
pass in front of them. Both categories of highlights can be
expected to undergo rapid amplitude modulation, since the
fundamental blade frcquency is 40 c¢/see or higher, thus causing
appreciable broadening of the corresponding spectral humps. In
addition the highlights on the blades impart violent frequency
modulation to their reflected signals, which probably results

in total deterioration of the spectral humps. That 18, the

spectrum of the blade reflections 18 expected to resemble that
of broadband random nolse.

Therefore we conclude that propeller rotation will markedly
reduce the possibility of resolving highlights, particularly at
headon aspects. The experimental work shows that within about
30 degrees of broadside, highlight points are essentially free
of propeller modulation, so that highlight resolution 1s posslble
at these aspects. It is again remarked that the resolving ability
of multireceiver radars 18 unaffected by propeller rotation,
due tc their ability to compute the highlight distribution from

an instantaneous measurement.
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CHAPTER 5

DERIVATION OF MAXIMUM ALLOWABLE WAVELENGTHS FOR PRESCRIBED

RESOLUTION

The theory of Chapters 2 and 4 has shown that the finite

and short-time Fourler transforms of the received fleld are

sums of 51%—5

integrating time respectively are short enough so that highlight

functions, provided the aperture dimension and

amplitudes and positions are nearly constant over these intervals.

In particular our use of the Rayleigh criterion of resolution
has been based on the assumption of negligible highlight
variation., We now wish to determine the way in which highlight
variations over the integrating interval modify the ideal 51%—5
response, in order to evaluate their deteriorating effeci on
highlight resolution. By adapting the Rayleigh criterion to the
modified response shapes, we may obtain realistic estimates of
the degree of resolution obtainable at millimeter and centimeter
wavelengths.

Specifically we wish to evaluate the maximum permissible
wavelength for whieh highlights having a projected spacing dmin
can be resolved a given percentage of the time, taking into
account both highlight variations and ailrcraft motion. The

problem must be treated on a statistical basis, because the

character of highlight variations and aircraft motion, which

are the factors governing the instantaneous resolution, can only
be specified statistically. In the case of a multireceiver radar,

highlight variation is the only effect to be considered, whereas
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for a conventional ra&ﬁr gifcraft motion must be taken into
account as well. In the special case of i1deal alrcraft motion,
that is, a constant rate of rotation about a fixed axls 1n the
absence of vibrations, the resolving capabilitiles of a conventional
radar become about as good as those of a multireceiver radar.
Therefore we shall initially derive a formula for the maxlimum
permissible wavelength which includes the effects of alircraft
motion and vibrations, and this will adequately cover the
conventional case. Subsequently the multireceiver radar will
be treated as a special case of this formula, in which the
random motion of the alrcraft 1s replaced by the ideal motlon.

We shall make one restricting theoretical assumption, namely

that the highlight amplitude variations cause inappreciable

8in x

X responses compared with that caused

deterlioration of the
by position variations. This assumption turns out to be a
reasonable one in the case of a conventional radar, but 1s
somewhat inadequate in the case of a multireceiver radar. It

1s made for convenience, since the requisite theory applicable
to position variations alone has been treated in the literature,
but has not been worked out when amplitude changes occur

simultaneously, and we do not wish to embark upon such an

analysis here.

5.1 Derivation of a General Formula for the Maximum Permissible

Wavelength,

The maximum wavelength, A for which the probability 1s

max’

q that a pair of highlight points having projected spacing dmin

can be resolved, depends on the following factors: the value of
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d the resolution cfiteribh adopted, the statistics of the

min’
aircraft motion, and the statistics of the highlight variations
as a function of aspect. The resolution criterion will again be
the Rayleigh ceriterion, which states that two highlights are

just resolvable when the corresponding spectral humps (which

8in x
x

their half power points. The statistics of aircraft motion

in general will have degenerate shapes) intersect at

refer specifically to the statistics of the aspect angles 6m,

Tm and their derivatives, these angles being defined in section 4.1.
The statistics of the highlight variations refer to those of Km,

Ym and Zm> considered as functions of 6m and m®

The first task 1s to determine how the spectral humps

sin x

depart from the X

shape when the interval of integratlon

in Eq. (45), section 4,2, 18 not small enough to make expression
(47) an adequate approximation. The latter expression represents
the integral of a sine wave over the interval T, but in the more
exact expression (Eq. (45)), the sine wave has both amplitude

and frequency modulation superimposed, due to the presence of

the additional terms ﬁmot, kpﬁ%t, and higher order terms. These
additional terms are produced by the combined effects of highlight
variation as a function of aspect, and aspect variation as a

function of time,

Consider the signal received from a representative highlight

point. On dropping the identifying subscript m, the component
of the real part of F*(t) generated by this highlight is (see
Eq. (u4b):
o he * » 1 2
£(t) = (Ko + Kt + —==) . cos[-T (po + Pt + 5 Pyt +——-)] (55)
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Upon introducing the concept of instantaneous frequency,

Eq. (55) may be written:
£(t) = (K, + ﬁot +--) - cos[:i% p; + 23f, t + g; Eiota +-f] (56)

where fio - % p; is the instantaneous frequency at t = o, and

}10 = % p; is the rate of change of frequency at t = o, and so
forth.

Next consider how the short-time transform of Eq. (56) would
be generated in practice. The basic procedure 1is to apply £(t)
to either a single tunable filter or to a bank of identical
fixed-frequency filters whose center frequencies are uniformly
spaced 80 that their responses intersect at their half-powef’
points. The filter response shape 1s 1deally a 512—5 Tunction

whose bandwidth Af 18 related to the integrating time T by:
1
f F—
A 7 (57)

We shall assume that a bank of filters 18 employed, so that the
complete short-time spectrum is generated simultaneously. It

follows from sampling theory that half-power point spacing of

sin x
x

the entire spectrum from the sampled values. A spectrum analyzer

filters 1s Just close enough to permlt reconstruction of

of this type 1s functionally similar to the "sound spectrograph"
which has been used for analyzing speech sounds 1n acoustlcal
research (19).

Although f(t) contains all higher derivatives of the
instantaneous frequency, it can be shown that for short enough

T, the instantaneous rate of change of frequency, r1,~(also

called the frequency sweep rate) 1s the major one in determining
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the deterioration of éhé
this fact is omitted. Therefore consider the nature of the
spectrum analyzer response when a linearly frequency-modulated
signal is applied. If the frequency sweep rate is very slow,
the filter responses can be predicted from quasi-static
considerations, that is, the shape of the spectrum will cloeely
approximate the static filter shape, and the height of 1ts peak
will be proportional to the amplitude of the f-m input slgnal.

Thus the output of the spectrum analyzer will appear as a 512 X

hump which slides along the frequency axis in synchronism with
the instantaneous applied frequency.

However, as the frequency sweep rate 1s increased the
spectral hump will become broader and reduced in amplitude, and
will lag behind the instantaneous appllied frequency. Finally
when the sweep rate i1s sufficlently high, the response departs
from the statiec shape entirely and becomes highly extended and
osecillatory. Under these conditions the Rayleigh criterion of
resolution breakd down, since the distinctive humplike nature
18 lost and the half-power points cannot be defined. It will

therefore be necessary to specify a limiting departure from the

in x
x

virtually impossible.

ta

shape beyond which we shall consider resolution to be

In the following quantitative analysis we shall assume that
the response of a 53245 filter to an f-m input 1is essentially
the same as that of a simple RLC filter. The theory of the
latter case 18 presented in detail in reference (20), which

includes curves showing the filter response for various values
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of the applied sweep rate. Let the instantaneous bandwidth
of the broadened spectral humps be denoted by zsfa, and
let B denote the 1limiting degree of broadening for which

resolution is considered just possible., That is, the limiting
bandwidth 18 given by:

(Af)puax = B - AT (58)

where Af 18 the static fillter bandwidth. For the simple RLC
filter, reference (20) indicates that B 1is approximately equal

to two, A further result for the RLC circult 1s that the rate
of frequency sweep required to obtaln a specifled degree of
broadening 1s proportional to the square of the gtatic bandwidth.
For instance, 1f the specified degree of broadening 1s the
1imiting value B, then the relation 1s:

(F)g = o (Af£)2 (59)

where o/ is a constant, and (f.’i)B denotes the frequency sweep
rate required to produce bfoadening B. This result can be shown
to hold for any tuned filter; the value of of depends on the
particular type of filter. For an RLC circuit is found (20)
that when B = 2, o= ),

Let A;fi be the instantaneous frequency separation between
spectral humps corresponding to highlight points whose projected
spacing 1is dmin’ It is evident that these two points can be
resolved when A f'1 is greater than the hump bandwidth Af.‘a,
provided that Af, 18 not greater than B - AT, (For otherwise

resolution 1s essentially impossible.) The problem therefore

reduces to finding the value of A .., and the ecorresponding value
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of T, such that the pfoﬁahility of simultaneously having
Afa < Afi and Afaé B- Af, is q. It will be

convenient in what follows to denote the ratic (%} by L.

Therefore, in more coaclse notaticn, the requirement 1s to

determine Am and L sueh that:

q=Prob. [ A < Af, 3 Af £ Af_< B-Ar] (60)

For brevity we introduce the varliables, u, v and w, defined

u=Afy v=2A- Af; 3 W=D Afa (61)
In terms of the new variables, (60) may be written:
q=Prob.[ W € v.; L € w < BLj (62)

In Eq. (62) we used the result that:

A - Af = L (63)
which follows directly from Eq. (57) and the definition of L.
f
It can be deduced from Eq. (59) that the ratiof a a) 1s
$ Af
constant whensver the ratio [ : 1 z] is constant. Hence
(Af)
we conclude that a functional relation of the form
Af £,
a g[ 1 2] (64)
Ar (Af)

exists, where the form of the function g depends on the type of -
filter. By inserting A in appropriate places on both sides of B
Eq. (64), we obtain

w o= L. gf( (65) :
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It ean be shown that g is & monotonic function of its argument.

Therefore (65) has a single-valued inverse, namely:
2
L W
u= I (@ (66)
where h 18 a monotonic functlon.
Now let W(v,w) denote the Jolnt probability density
distribution of v and w. Then Eq. (60) can te expressed in

the integral form:
BL 00

q = g/ﬁ dw ‘J/ﬂ W(v,w) dv (67)

L w

By making use of the functional relation between u and w, as

expressed by (65) and (66), we may write (67) as:

2
Lx - h(B) 00
q = u/ﬁ du b)(\ W(u,v) av (68)
Au
0 L -
8(;5)

where W(u,v) 18 the joint probability distribution of u and v.

Upon integration, (67) ylelds a relation of the form:
q= G(A’ L, B) (69)

which, for prescribed values of q and B, represents a curve 1in
the (A, L) plane. This means that there 18 more than one pailr
of values (A, L) which satisfy Eq. (60). The maximum admissible
value of A, and the corresponding L value, are determined by the

point on this curve which maximizes A.
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It should be noté&:fﬁat Ei; (60) actually snsures that
the probability of resolutlon 1s at least q. This 18 because
it does not take into account those occasions when the condition:
( Afa < Afi 3 Af, > B . ATf) holds. On at least
some of these occasions resolution will be possible 1in practice.
Hence the value of A .. as determined by (60) should be slightly
pesasimistic. That 18, we shall expeect to achleve a slightly
higher value of q in practice than that specifled in the
calculation. In the next section we shall apply the preceding
theory to obtaln representative values of A for various values

max
of q.

5.2 Calculation of Permissible Wavelengths for a Conventional

Radar.
The purpose of this section 1s to derive quantitative

estimates of xm and L for various values of q, for the case of

ax
a conventional radar, when hypothetical statistics are preseribed

for the aireraft motion and highlight point behavlior. The results

will be highly approximate because there 1is not nearly enough
empirical data avallable from which to determine the required
statistics.

Specifically, the problem is to integrate the right hand
side of Eq. (68). Thus we require explicit expressions for the
functions W(u,v), g(l%) and h(g). In order to obtain a solution
of (68) in elosed fogm, we shall arbitrarily assume that u and v
are statistically independent, and that their individual
probability distributions are given by the following simple

functions.
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-k-u

W(u) = kl € 1

u, v = 0 (70)
-k,v

W(v) = ks € 2
where kl and k2 are constants to be selected later. The data
which are presented in reference (20) indicate that, for an

RLC filter, g 1s closely approximated by the followlng linear

relation:

L . g(%%) - L + v (71)

The inverse solution of (71) ylelds:

h(g) =6 (B - 1) (72)

We shall assume that the results for an RLC filter apply

satisfactorily to a 53%}35— filter. As stated previously, the

RLC results indiecate that an appropriate value of B is two. On

IR o

N T AR I

substituting the above quantities into Eq. (68) and integrating,

we obtain: o

kal -kﬁL -kQL - A
q (1 + EEIE) = (€ ) (1 - € c € ) (73)

Seimialol oo

For a given value of q, EqQq. (75) represents a curve in the

i (A, L) plane, whose general shape is shown in Figure 7.

k
i
4

i
3
4
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General Shape of the (A, L) Curve for a (Given q.

FIGURE 7

It intersects the L axis at L = O and at L = L = %{—2 . 1n (%).
An accurate plot of the above curve for representative values
of kl and k2 shows that the abscissa of the maximum point 1s
given approximately by L = %— Lo‘ On substituting this value

into (73), we obtain the following equation for Mpax®

L . 8 ln(%-) e
P Apax “3p N_._
(Q)B- « (1 + =[1 - 3. max _:) Th
( m%'_)) [ (a) € (74)
k2
where p = [k—fI. (75)

Since p and A appear only in the combination (p}\m) in (74),
it 18 useful to solve for this quantity as a function of ¢. The

results are plotted in Figure 8. This graph permits the

evaluation of Apax for specified values of q and p, but only for
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the exponential statistics hypothesized in Eq. (70). Numerical
values may be obtalned as soon as we specilfy kl and k2. To
choose realistic values for the latter quantitles, 1t 1s necessary

to attach a physical significance to them. It 1s readlly shown

from (70) that:

Prob. (u 6:%1) = Prob. (v s.%z) = (1 - %) = 0,67 (70)

Thus the reciprocals of kl and ke respectively represent the
values of u and v for which the probabllity that the varliables
are less than these values 1is 0.63.

Next, we must express u and v in terms of the highlight
point positions and the parameters specifylng the aircraft motion.

From Eqs. (61), (56), (41), and (36), it follows that:

o ) &

62 + 2 (y7 + 2°) by

+ (277 + 227) ¥° 4 (yb + z;)}' (77)

v=Ae Af, =2 Ap; = 2 AY * 6 + Az - 7) P

The ldentifying subscript m, and the time subscript o, have

been omitted throughout (77), since we are now focussing attention
on the average behavior of a representative highlight point

having coordinates (x, y, z). Also Ay and Az respectively
represent the differences in the y and z coordinates of two

representative points whose proJjected separation 1s d

min.




It may be worth remarking here that it 1s theoretically
possible to compute W(u, v) from relations (77), provided the
Jolnt distribution of all the variables appearing on the right
hand sides in (77) 18 known. This set of variables will be

referred to as the "primary variables". At present the

empirical data necessary to construct the primary distribution
are virtually nonexistent, and it would be a major project to
obtain them. The ancillary problem of cemputing W(u, v) from
the primary joint distribution would no doubt require a large
digital computer, sirce 1t could not be performed analytically.

Consequently the best we can do here 1s to choose values of the

primary variables which seem to be in accord with the meager
information available. We shall then assume that the values

so selected, when substituted into (77), will yield values of

u and v which are equal to %i and %2 respectively. It 1is
evident that the proposed method for evaluating k1 and k2 is
very crude, therefore the resulting estimates of lmax cannot be
consldered too significant.

The values of the angular rate and acceleration variables
which are quoted below are based on measurements of random
aircraft motion supplied by the Instrumentation Laboratory, M.I.T.,
and the National Advisory Committee for Aeronautics. The numbers

are representative of situations in which aspect change 1is

caused primarily by yaw and roll rather than by purposeful flight
maneuvers. The variables assoclated with the motions of the :
highlight points as a function of aspect were estimated from the !EL
geometry of typical aireraft surfaces. The following set of

values has been selected as typlcal.
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5 = 5 = 3%- radian/second

B = 4 = % radian/(second)2

AY = Az = 3 feet (78)

Yy = Z = 40 feet

yﬁ -y = 2 = ¥ = 50 feet/radian

x° = x77 = 30 feet/(radian)2

On substituting these values into (77), we obtain: El_ = 21;
1
i—— = % . Herice p =~ 120. For the above value of p we obtain

2
the following table of values of Amax for three values of q,
by reading points from the curve in Fig. 8. We also include

the corresponding values of L and T,

q Anax L(=§ Lo) | T(= A—“}?‘- )
0.20 0.03> feet ~ 1.0 cm, 0.43 0.078 sec.
0.50 0.0045 " =~ 1,3 mm, 0,184 0.024 "
0.80C 0.00033 " =~ 0,1 mm, 0.059 0.0056 "

TABLE T

The table indicates that the wavelength decreases very raplidly
as the probability of resolution 18 increased. It also indicates
that wavelengths of not more than a few millimeters are required
for reasonably good resolution.

It 1s useful to have a more intuitive idea of how the

important parameters contribute in determining the value of Ama.x'

sy




In this regard it 1s !!gily shown from the above equationa that,

for fixed q, A depends on the minimum resolving distance,

max
the rate of change of acpect and the aspect acceleration,

approximately as follows.

2
d "2
oC min ©
7\ma.x [ 'ﬁ‘ :) (79)

Thus, doubling either the minimum resolving distance, or the

rate of change of aspect, increases A by a factor of four.

max
Equation (79) is true only when the aspect acceleration is
appreciable. This 1s 8o when yaw, roll and piteh are the prinecipal
contributors to aspect change, but not true when the airoraft is
turning at a constant rate which 1is large compared with yaw and
roll rates, In such cases %; may be appreciably smaller than

& and we must resort to the exact formulae, given by Eq. (77).

In closing this sectlon, some remarks are in order concerning
the effect of non-rigid vibrations on the value of xmax. The
preceding calculatlions have been based tacitly on the assumption
of rigid body motion. The effect of vibrations can be partlally
acocounted for by choosing appropriate values for the angular rate
and acceleration variables in (77).  For example, if two highlight
points whose proJjJected separation is dmin undergo a common
sinusoidal vibration of angular amplitude A and angular frequency

w, the average rate of change of aspect lmparted to them 1s %ﬂn,

and the average aspeet acceleration is %Ana. Suppose the angular

motion of this pair of points 18 confined to the plane of the

variable 6, so that: 6 - 2 2

2o, B = 1an

5 ,» and ; = ;'- 0.
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Consider two specific cases:

(1) A = I%U radian =~ 0.57°; ® = 10 rad./sec. = 1.6 cps.
(11) A = E%U radian =~ 0.14°; ® = 40 rad./sec.~ 6.4 cps.

Case (1) may be representative of a wing vibration and case

(11) of a body vibration. The assoclated values of & and. 6 are:

)

=
.
L]

(1) 6 = 35 5 b = 3
2

we
o
]

Substitution of these values, along with those of the remaining
parameters as specified in (78), into (77), we obtailn the following

values of p:
Case (1): p = 450 3 Ccase (11): p = 1780.

Hence the computed values of Am will be respectively 3.7 and

ax
14.8 times smaller than those given in Table I, for corresponding

values of G, The above analysis therefore indicates that
vibrations can produce a marked deterioration in resolution
when using a conventional radar. As pointed out previously,

they cause no deterioration 1n multireceliver sysetems.

5.2 Calculation of Permissible Wavelengths for a Multirecelver

Radar.

Equation (74) will yield approximate results in the case of
a multirecelver radar if the alrcraft motion is taken to be 1ideal.
This 1s true because 1deal motion 1s equivalent to holding the
alrcraft fixed and moving the radar receiver around 1t on a great
clrcle segment of radius R, at a constant angular rate. During
time T the receiver will trace out an arc which we can identify

With the arc occupled by a one-dimensional multireceiver array.

ok.




Furthermore, successiQéﬂsamplea of the recelved field recorded
by the moving radar can be ldentiflied with the flelds measured
by the individual receivers of the multirecelver rzdar.

The only difference between the two cases is that in the
conventional case the transmitter moves along the arc coincidentally
with the recelver while in the multireceiver case the transmitter
remains at the center of the are. This results in somewhat less
_ ’ highlight variation across the arc 1n the latter case, hence the
E : specialization of the preceding theory to the multirecelver radar
é A should predict permissible wavelengths which are somewhat low,
However this 18 not a sericus error in view of the other short-
comings of the theory.

When the aireraft motion 1s ideal, the variables 7, y and b
in Egs. (77) become zero. We have assumed here that the alrcraft

‘ ﬁ axis of rotation 1s oriented so that only the angle 6 changes

while y 1s identically zero. Equations(77) therefore reduce to:

-4; u = 2 (x66 + 2 ya) 62

(80)

; v = 2 Ay - b

_E %08 4 2 4® -

¥ and p 1s given by [:__—-—___IE:] , Which 18 1ndependent. of & as

5% 2(avy)

E it should be. Using the parameter values given in (78), we obtain:
%i = 0.29 ; %é = 0.20 , which ylelds p = 7. In this case

the values of Amax are 17 times greater than those in Table I,

for corresponding q values. Consequently i1t appears that

reasonable highlight resolution should be obtalned with 3 centimeter
wavelengths when the aircraft motion 1s the ideal type. This
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conclusion must be heavilyVQuhliéied however, for we recall that
the theory of this and the previous section is based on the
assumption that the amplitude variations of the highlight
reflections are negligible., We shall now show, in a rather
qualitative manner, that the effect of amplitude variation 1is

to produce smaller values of A than those predicted here,

max
provided the integration time is long enough.

The reasoning will be clarified by further consideratlon
of the preceding numerical examples. In the example of this
section, the computed value of T is 0.82 seconds when q = 0.5.
Also, the rate of change of aspect was specifled to be %6 radian/
sec., therefore the aircraft changes its aspect about 1.6 degrees
during the integration time. In the first example, Table I
indicates that T = 0,024 seconds for q = 0.5, corresponding to
an aspect change of less than %6th degree. Experimental data
which are exhibited in Chapter 8 show that highlight point
amplitudes can change markedly over a degree or two of aspeect,
but inappreciably in %6th degree. Therefore when the integrating
time 1is short enough, it is Justifiable to ignore amplitude
variations. This implies that the foregolng theory 1s reasonably
adequate when predicting values of xmax of not more than a few
millimeters, but cannot be relied upon when the predicted values
are of the order of a centimeter or more.

To summarize, it 1s concluded that at wavelengths of less
than 2 or 3 millimeters, highlight resolution with a conventional
radar should be adequate in a large number of operational

sltuations, and the same quality of resolution should be obtalnable

with a multireceiver radap.for wavelengths as long as 5 or 6 milli-
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meters. The reader 8 ge éuuiée'keep in mind the tentative
nature of these estimates, due both to thg approximate nature
of the theory and to the glaring deficlency of experimental
data, upon which the reliability of numerical results largely
depends. A truly satisfactory check on the above wavelength
estimates can be provided only by radar measurements made at
wavelengths of a few millimeters. Silnce the experimental
results to be described in Chapter 8 were obtained from 3
centimeter data, they do not provide a conclusive test of the

theory. However, some significance may be attributed to these

experimental results.
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CHAPTER 6

DESCRIPTIONS OF EXPERIMENTAL DATA, METHODS OF ANALYSIS,

AND EQUIPMENT

The experimental phase of the research had two objectlves.
The first was to obtaln a check on the theoretical conclusions
of the preceding chapters, and was directed specifically toward
determining the degree of resolvability of highlight points at
a particular radar wavelength, using a conventional radar. The
second was to search for other characteristics of the radar
signal which may have been overlooked in the theoretical treatment,
and which may assist in distingulshing physical characteristics
of alrecraft.

The radar data which were subjected to experimental analysis
consisted of a econsiderable quantity of 3 centimeter measurements
taken by J. B. Angell (2), formerly of this laboratory. It would

- have been desirable to perform the experimental work on data taken

at millimeter wavelengths, in order to obtaln a more adequate
test of the theory. However the 5 centimeter records were the
only ones at hand having the requisite quality, and the acquisition
of shorter wavelength data would ha#e been a major undertaking,
particularly since the necessary radar equipment was not immediately
available.

In the following two sections we shall discuss the character-
1stics of the experimental data, the methods of analysis, and
the results which we expect to obtain by applying these methods. ‘
The final section briefly describes the design of the analyzing

equipments. A more detalesk d08¢ription of the associated .
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circultry is deferred to Appendi:: A,

6.1 Description of the Experimental Data.

For convenience a brilef desceription of the Angell records
18 given here; complete details will be found in section 3.12

of reference (2). They were obtained using a conventlonal

pulse radar, which however incorporated two receivers fed by
separate horn antennas, rigidly mounted with a five foot spacing.
The received signals were recorded on magnetlic tape, in the form
of wide-band frequeney modulation. Two types of signals were
recorded simultaneously during each aircraft run, namely the
énvelope of the detected pulses at the output of one of the
receivers, and the instantaneous phase difference betwcen the
1-f outputs of the two receiving channels, multiplied by target
range. The latter quantity 1s a measure of the instantaneous
position of an equivalent single point reflector replacing the
actual highlight configuration, and is therefore referred to as
"wander of the apparent radar center", or more briefly as "wander".
Both types of data were recorded for three standard flight
courses and for various types of aircraft. These courses were:
(a) A radial course, with flights both toward and away from the

radar. The maximum and minimum ranges were approximately 4 and

13 miles. )
(b) A ecircular course of radius 1 mile, whose center was ’
approximately 2% miles from the radar.

(e) A passing course whose polint of nearest approach to radar

was 1% miles.

The aircraft altitudes ranged between 1500 and 2500 feet, and
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speeds between 1350 and 170 knots for‘pfépeller driven aircraft.
In addition radial runs were taken on a Jet aircraft, and
finally, recordings were taken for two navy T.B.M. aircraft
in formation, for both the radial and passing courses. The
alrcraft types which were employed in the single alrcraft
flights were: AT-6, AT-11 (S.N.B.), C-46, B-26, B-29 and F-84.

During the recording of these data, slow acting (4 second
time constant) automatic gain control circuits were operative 1in
both receivers. In addition, capacitive coupling was used in
the recording amplifiers, thus establishing a lower half power
point for the overall recording equipment of between %U and % eps.
The upper half power point of the equipment was around 80 e¢ps.,
with a sharp fall-off in response above this frequency. Due to
the fact that the d-¢ and low frequeney components were removed
from the data, it was impossible to generate the square of the
envelope of the received signal from the envelope records.

About midway through the thesis research the desirabllity
of analyzing doppler signal data (in order to compute the
relative projected distribution directly) was recognized. A
doppler c-w radar was avallable at the laboratory for the purpose,
however certain aneillary equipment'was alno required. The
development and construction of the ancillary equipment was not
completed in time to provide doppler records for the experimental

program,

6.2 Methods of Analysis.

The two major types of analyses which were performed on the
recorded data were a short-time spectral analysis and a short;

time probability distnibut‘pneagalysxs. The desirability of
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short-time, as opposed to long-time, analysis, has already

been made clear in the theoretical treatment. Although the
study of the short-time spectra and probability distributlons
provided information concerning the structure of the data which
was not immediately evident 1n the unprocessed waveforms, 1t

was found that visual inspeetion of the latter was in general
the most effective means of detecting the presence highlight
points. Accordingly, th2 photographs of the analyzed data which
appear in Chapter 7 are acecompanied by photographs of the
corresponding unprocessed waveforms.

Assistanee in the search for multi-point character was
provided by a target simulator equipment, built by J. W. Graham
of this Laboratory. The target simulator included facilities
for generating idealized multl-point target signals, the number
of points being adjustable from two to six. By an ideal multi-

point target we mean one which 1is turning at a constant rate about

a filxed axis, and whose highlight points have fixed amplitudes
and positions, at least over several integrating intervals T.
The simulator also generated the envelope, envelope squared and
wander waveforms of the 1deal multi-point signal. Comparison of
the waveforms generated by the simulator with those appearing in
the recorded data materially assiéted in the search for multi-
point character in the latter.

J¢ has been shown that the short-time spectrum of the square
of the envelope 1s the autocorrelation of the relative projected
highlight distribution. Since envelope squared waveforms were

not available, we would like to know what can be determined
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concerning the highliéﬁf‘diéﬁribution from the available records,
namely the envelope and wander waveforms, Tc do this we must
study the functional expressions for these quantities. The
wander waveforms obtalned by Angell are represented by the
function R sin ¢, where ?9 18 the 1nstantaneous phase difference
between the two recelving channels and R is the target range.
The conditions of measurement ensured that ¢ was <& 1 radilan
most of the time, so the above quantity closely approximated R? .
In terms of reflections from the individual highlighta, the
expresslions for thé envelope and wander functions are immediately
obtalnable from the theory of Chapter 4. For example, the real
doppler signal recelved at point O, midway between the two

receiving horns 1s:

Re [j'?o(t)] = ;E:: K, cos (wdt - Hy) (81)

m=]

where w4 18 the doppler frequency, and, referring to Eqs. (36)
and (31),

T - 2 (x + B+ z
= (x + ¥ B, ¢

To a close approximation the dopﬁler signals recelved in the

two channels, which we denote by a and b, are:

M
Re [T“a(t)] = Z Ky 008 (w4t +u + %Gm)
m=1
M (82)
Re [f‘b(t)] = Z K, cos (a)dt + pp - %-e-m)
m= s '

{ ™




. n
where -Gm ~ YR As before, Im is the proJected position

of the m th highlight point, the line of projection belng

{
i
|
i
4
'

j* shown readlly that the envelopes of the signals received in

it
o
-

parallel to the line Joining the receiving horns. It can be

channels a and b are:

Kow consider the spectra of these functions for the case of the

M M M-l ’]E'
Z T - 6
! Fa(t)} =[ K'2" te - Z KiKp cos (- up, + _LE‘ %)
m=l B=2 n=1l (83)
(m>n)
M M M-1 1
: O -0 15
,Fb(t)l B[Z§+2ZZ K K, cos (”'m'“n'_’é' nzlg
g m=1 m=2 n=1
| (m>n)
and further, that the expression for wander 1is:
5 .
E: R sin = R- —_— .
: F [Ipa‘ . [Fb,] (84)
M Mo M-l
}: o+ O
[_' KI?\ 8in ‘e'm + 2 Z E &nKn sin(um - u,m - _m_.._2__n.ﬂ
~ m=ml m=2 n=1
(m>n)

_ ideal miltipcint target defined above. In this case both Km and {}m e
‘ are constants, while M is a linear function of time, hence the

doppler signals and the squares of the envelopes are seen to be ¥
sums of sine waves. The envelope has a more complicated spectrum
however, since the square root operation introduces harmonics v

of all orders, and these tend to obscure the fundamental components. s
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To determine what the deterlorating effect is likely to be,
conslder an ideal target consisting of two points with equal
amplitudes. The corresponding envelope squared has the form

(1 + cos u), and the Fourler series for its square root 1is:

1
[1 + cos u:lg = g—;zé.(l + % cos u - %3 co8s 21 + %5 cos 3u + —--)
(85)

The amplitude of the second harmouic is %th of the fundamental

amplitude, hence its energy is only %Bth of that of the fundamental,
Since our spectrum analyzer generates the energy spectrum (l.e. -
the magnitude squared of the short-time Fourier transform), it
follows that the extraneous harmonic content resulting from
operating on the envelope instead of its square 1s almost negligible,.
Consequently highlight resolution should not be markedly impaired
thereby.

Next consider what useful information the wander waveform
can yleld. Referring to Eq. (84), the last bracket on the right
hand side contains a sum of sine waves whose spectrum is of the
deslired type. However the preceding bracket contains the
reciprocal of the product of two envelcopes. The Fourier series
expansion of the reciprocal is difficult to derive, but approximate
calculations show that its harmoﬁic content 1s high. The Fourier
Series of the produet of the two brackets includes, 1in addition,
all the harmonics produced by cross product terms of the Fourier
Series of the 1ndividual brackets. Consequently the possibility
of resoclving highlight points by spectral analysis of wander
waveforms 1s expected to be small. This expectation is verified

by the experimental analysis.

104,




The physical 1ntefpretat10n of wander, namely that it
represents the instantaneous apparent center of reflection of
the aireraft, suggested at an early stage of the thesis that
the probability distribution of the wander waveform might yield
information concerning the complexity of the aircraft geometry.
It was also thought that the probability distribution of the
envelope wculd provide an estimate ot the number of highlight
points present, even under conditions where a speetral analysis
failed to resolve them. Accordingly a theoretical study of the
probability distributions of envelop=, envelope 8quared, and
wander was undertaken. The details are not important enough to
record here, hence only the general conclusions are mentioned,

It should be noted that there 1s no satisfactory theory
for determining the short-time probability distributions, which
are of primary interest to us. On the assumption of a statlonary
process however, the long-time statistics of the envelope and
its square have been evaluated in the case where the phases of
the signals from the individual highlight points are uniformly
and randomly distributed, and the amplitudes are constant. It
is in fact the classical random walk problem in two dimensions
(21). The most detalled treatment of this problem which has
come to the author's attention is reference (22), where a
probability distribution of amplitudes as well as phases 1is
postulated. The results of these works show that the probablility
distribution of envelope approaches a Rayleigh distribution as
the number of points, M, increases, and is very closely Rayleigh

when M = 6, Indeed the shape of the distribution does not vary
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markedly with M when the lafter is greater than four.

The derivation of the probability distribution of wandsr
18 much more complicated than that of envelope, and has not
been solved. One must therefore resort to experimental means
to obtain it, and for this purpose the wander waveforms
generated by the Target Simulator were applied to the Distribution
Analyzer, The results indicate that the probabillity distributions
of wander rapidly approach a limiting form when the number of
points 18 increased beyond three. Hence the wander distributions
are slightly less useful than those of the envelope as far as
counting highlights 1s concerned. It 1s concluded that the
short-time probabllity distributions might be of value in
counting highlights when not more than four are present, however
it does nct appear that they will yield information concerning
relative highlight positions or amplitudes.

6.3 Description of the Analyzing Equipments.

A primary objective which governed the design of the two
short-time analyzers was that they should be capable of generating
the complete short-time spectra and probability distributions
of the input waveforms as cuntinuous functions of time. This
requirement necessitated the design of somewhat more complex
equipment than those needed to perform the more customary long-
time analyses. The author was greatly assisted in the development
of these equipments by B. Easter and S. Margolls, who were
Jointly responsible for the design of the distribution analyzer.
Brlef descriptions of the overall design and functloning of both
analyzers will now be presented. Detailed block diagrams, and
descriptions of various oireuits, are relegated to Appendix A,
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i 6.31 Short-Time Spect;ﬁﬁ'Anallger. 8
A photograph of the short-time spectrum analyzer appears |

in Fig. 20, Appendix A. A partial block diagram is shown in

Fig. 9. Since this equipment consists of ten identical channels,

only one channel 1is detailed in Fig. 9. Egch channel has a

transfer function similar to that of a symmetrical band-pass

filter. The center frequencies of these filters can be adjusted
stepwise, with increments as small as % cps., anywhere 1in the
range from 1 to 80 cps., and filter bandwidths cen be set to

any one of the following four values: 1, 2, 4 and 6 cps. The
center frequenciles and bandwidths are set so that the skirts

of adjacent filters intersect at their half power points.

e

The waveform to be analyzed 1s applied simultaneously to

PRI

ErES S

the ten filter inputs. The ter outputs then give a measure of
the instantaneous magnitude of the energy 1n the input waveform

which 1s centered respectively at each of the ten center

PR EERA PP DY Rt

frequencies. The output from each channel 1s passed through an

RC filter, which permits further integration if desired. The

R

time constant of these integrators i1s adjustable from %E second

to several seconds in ten steps. Normally this unit was used to
"elean up" noise on the output waveforms from the filter channels,

rather than to provide purposeful integration. It was therefopg

T H W

left on the minimum integrating time setting for practically all

measurements.

The outputs are then presented simultaneously on an
¢3cllloscope, by means of a sequential sampling circuit. This '

device takes a 90 microsecond pulse sample of each of the ten
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channels 1n a fixed order, at a repetition rate of about 600 cphs.,
Tr.e sampled data are added and applled to the vertical plates
of the scope, while the horizontal scope sweep 18 synchronized
to the sampler sweep. The scope presentation thus shows ten
pulses side by side. The abscissa of the center of each pulse
represents the center frequency of the corresponding filter,

It 1s evident that only a portion of the total frequency
spectrum of the random waveform can be displayed at any one
time. For example, a bandwidth of 40 cps. can be displayed
if the filter center frequencies are spaced 4 cps., apart. This
corresponds to a frequency resolution of 4 eps. If a resolution
of 1lepsils desired, then a bandwidth of only 10 cps can be
analyzed at once. 1In this regard, the equipment faills to fulfill
the original design requirement of permitting the complete
spectrum to be analyzed at one time. An additional ten ch.annels
would be necessary in order to cover the major part of the
spectrum for the filter bandwidths usually employed, namely 2 cps
and 4 cps. This would have required four additional racks of
equipment however, thus resulting in prohibitive size and complexity.

Referring again to Fig. 9, the method of achieving a band-
pass fllter response may be explained as follows. The input
waveform, denoted by f(t), i1s multiplied with the quadrature
outputs of an osclllator, whose frequency determines the center
frequency of the equivalent filter. The two products thus
obtained are passed through identical RC integrators, whose time
constant determines the equivalent filter bandwidth of the
channel. The outputs of the integrators are actually exponentially

weighted integrals of the input products, and closely resemble
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sine and cosine Fourier transforms of f£(t). These quantitiles
are then squared and added, the sum function representing
the instantaneous magnitude of the energy components in £(t)

which are centered about the oscillator frequency.

6.32 Short-Time Distribution Analyzer.

A photograph of the probability distribution analyzer
appears 1in Plg. 22, Appendix A. An overall block diagram
18 shown in Fig. 10. This equipment consists of 24 channels,
thus permitting the peak-to-peak amplitude of the input
waveform to be divided into 23 horizontal slices. The slicing
brocess 1s carried out by flip-flops acting as fixed level
selectors. The output of any one channel is a sequence of
pulses of fixed amplitude, but irregular width and spacing,
a pulse being present whenever the input waveform lies in the
slice in question. The 23 channel outputs are then passed
through RC filters, sampled sequentially, added, znd displayed
on a scope in the same manner as for the spectrum analyzer.
The presentation 18 a histogram of 23 pulses, the abscissa of
each pulse representing the center of the corresponding amplitude
slice of the input waveform. The height of each pulse 1s
proportional to the average time which the waveform spends
in the corresponding slice. The averaging time can be varied

in steps from % second to 8 seconds.

6.33 Remarks Concerning Short-Time Integration.

It should be noted that in both the analyzers the short-
time integration is performed by simple RC filters. It is well

known that this type of integration produces an exponentially
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weighted time average of the inpuf function over all past time.
All the preceding theoretical work has assumed that 1deal
short-time integration was employed, that is, a uniformly
welghted time average of the input function was taken over

a finite interval T. The static filter response shape
corresponding to ideal short-time integration is a Elﬁ—ﬁ-functionu
It 1s probable that RC integration is inferior to ideal integration,
as far as the resolution of highlight points 18 concerned. This
i3 because the highlight configuration may change appreclably
from one second to the next, due to aspect changes of the
aircraft. Hence one wishes to avold an averaging proccess which
tails off gradually into past time, hence tending to intermix

the characteristics of successive highlight arrangements. The
result of intermixing will be to partially submerge the nature

of any particular configuraticn of highlights,

The use of RC rather than ideal integration 1n the analyzers
was dictated largely by necessity, since the syntheals of an
ideal integrator involves relatively complex circuits.
Specifically, the transfer function of the ideal integrator
cannot be realized exactly, and the synthesis of a reasonably
adequate approximation involves at least three pole pairs and
three zero pairs, In addition, since we are interested in
Integrating times of the order of a second, 1t 1s almost
mandatory to carry out the synthesis using active RC circults
with feedback. The synthesis of such circuits is at present a
largely unexplored field. Some effort was devoted to the

development of an ideal integrator during the course of the

1l2.
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research, but a satisfactory - was not achleved in time

to be incorporated in the equipment.
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" CHAPTER

EXPERIMENTAL RESULTS

We may briefly summarize the maln results of the experimental
work as follows. First, the prediction made in Chapter 5 that
highlight resolution 1s possible for only a small percentage
of the time at J centimeters 18 confirmed. However, the
experimental finding that highlights are resolvable on at least
some occasions at this wavelength leads to the conclusion that
3 centimeters lies on the upper edge of the region for which
resolution 1s a practical reality. This result is sufficlently
encouraging to warrant further experimental research 1in the
millimeter band when the necessary radar equipment becomes
avallable.

Secondly, the experimental studlies did not reveal any
significant new procedures for determining distinctive physical

characteristics of alrcraft beyond those covered by the theory.

However it was found that the best single method for distingulshing

between aircraft types was through a visual study of the unprocessed,

or "raw", envelope waveforms. The probable reason that the raw
waveforms ylelded more information than did the short-time
analyses 1s that the wavelength was not short enough to bring

out the full potentialities of the latter. In particular the
unprocessed envelope waveforms of broadside aspects of the various
alrcraft showed sufficient differences to permit distinction
between some aircraft types. Although these distinguishing
characteristics undoubtedly resulted from differences in highlight

polnt configurations and beh@yiop, it 18 to be noted that the
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differences were evident even though the highlights were not
generally resolvable by spectral analysis.

Before discussing the results of analysis of the Angell

data, it wlll be useful to consider some short-time probability
distribution analyses of 1ldeal target waveforms generated by

the target simulator.

7.1 Probability Distributions of Target Simulator Waveforms.

The target simulator was capable of simulating two types
of alrcraft motion. The first 1s the ideal motion consisting
of a constant rate of change of aspect with no additional
random motions or vibratlons superimposed. The second i1s a
more reallistlc type, consisting of random yawing about a constant
mean aspect. Four our purpose it 1is more useful to examine
the ideal motion, since the theory has indicated that only under
1deal conditions are we likely to obtain significant highlight
resolution at > centimeters.

A number of pilctures of ideal target data are presented
in Figs. 11 and 12. They include pictures of both the raw
waveforms and the corresponding probability distributions
generated by the short-time distribution analyzer. Short-time
spectra are not exhibited since they are not particularly
significant 1n the 1ideal target case. Figure 11, which 1s a

reprint from another report, shows samples of two, three and

four point target waveforms, for both envelope and wander signals,

and thelr corresponding probability distributions. In this case

the integrating time of the dlstribution analyzer was 8 seconds,

8o that the distributions are essentially long-time, or stationary
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ones. The raw waveforﬁéfﬁeéé rédbrded by a dual head Brush
pen recorder. The upper pen record is the envelope waveform
and the lower 1is the wander, 1n each of the three examples.,
The relatlve amplitudes and épacings of the highlight points
are 1ndicated on the pen recordings. For instancze, the
amplitudes in the four point example are 1n the ratio

1 -1-0.,4% -0.4%. The right hand edges of the probabllity
distributions correspond to the upper edges of the waveforms.
The distributions of wander appear to che left of the envelope
distributions.

It will be noted that the shapes of the envelope distributions
are significantly different for the three cases shown. It will
be seen later (Fig. 12) that differences are not so marked when
more than four points are present. The distributlions of wander
are seen to approach a narrow, symmetrical peak as the number
of points is increased. The wander distributions for more than
four points are almost 1dentical to that for four points. The
wander waveforms are obviously more spikellke than the envelope
waveforms, which 1ndlcates that their spectra have relatively
higher harmonie content. This fact was previously noted in
section 6.2.

It 1s useful to recall the nature of the spectral content
of these waveforms, which was discussed in Chapter 6. It was
shown, for example, that the spectrum of the envelope squared
consists of the difference frequencies between all pairs of
highlight points. There are therefore %(M)(M-l) frequencies

for an M point target. As was mentioned in section 6.2, the

harmonic content which is introduced by generating the envelope
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from its square 1is nog great. Referring to the envelope
waveforms in Fig., 11, the single difference frequency is
readily apparent in the two point example, and the Qpree
difference frequencies can be discerned in the three point
example. It 1s generally impossible to distinguish éix
separate frequencies in the fovr point example however.

Six more examples of simulated envelope data are exhilblted
in Fig. 12. Here the 1ntegrating time of the dlstribution
analyzer was two seconds, which was the most commonly used
value for the short-time distributicna. The photographs of
the distributions were taken on 35 mm. film, at a rate of one
a second. The film speed was not the same for all examples.

It ranged from g inch per second in the two lower examplea to
one inch per second 1n one of the middle examples. The paper
speed of the pen recorder was one inch per second, so that the
time scales of the waveforms and the distributions are in rough
correspondence. The lower edges of the distributions correspond
to the lower edges of the waveforms. The top two examples are
envelopes of ideal three point targets, the middle two are four
point, while the bottom two are envelopes of a six polnt target
and Gausslian noise respectively. The half power bandwidth of
the Gaussian nolse before detection was approximately 25 cps.
The upper line of figures under each picture indicates the

ratio of amplitudes of the highlight points, while the lower
line indicates their frequencies, one being arbitrarily designated
as zero frequency. The differences between frequencles are

proportional to the projected separations of the highlight points.




~ =T

[ R

SN L S

"3-POINT | — | — 1 3-POINT | — 12— |
0—5.2—14C/SEC 0 — 5.2— 14G/SEC

4- POINT l— 1 — 2—1  4-POINT  1l— | —1 — 1.
0 — 28— 6.2—I5C/SEC 0— 28— 62— I5C/SEC

; o R u& RN
S T B G

6-POINT - I— l i ARROW BAND GAUSSIAN

|

4-6.2-122-19C/SEC NOISE

FIGURE 12. PURTHER SIMULATED WAVEFORMS AND SHORT-TIME
PROBABILITY DIS‘I‘RIBI:ITIONS.

| ¥4



e

Specifically, the frequency difference between two highlights

REERE A

# 18 Af = 72\— Ay - ©, where Ay 18 their projected separation

KRt

and-é—is the rate of change of aspect, which in the ideal case
1 the same for every polnt. The frequencies used in the
slmulated data are representative of operational conditions
at 5 centimeters. For example letting Yy = 20 feet and
& = %5 radlan/sec., then Af = (6%T) (%%) = 10 eps.

Certaln features of the probability distributions and
waveforms of Flg. 12 are of interest. First it 1s seen that
an alteration in the amplitude ratios changes the shape of
the three point distribution significantly, but has much less
effect on the four point distributions. Also, for a given
number of points, the appearance of the waveform is markedly
influenced by a change in the amplitude ratios, and, although
not 1llustrated here, by a change in relative frequencies as
_‘ well. This means that it 1s not always a simple matter to
> i l1dentify the number of points present from the distributions
| or the waveforms themselves. Next, it 1s noted that the shape

is very similar to that

of the probability distribution of a six point envelope/of
narrow-band Gaussian noise. The latter is ideally a Rayleigh
distribution. The distribution of five point data 1s intermediate
between that of four and six point, 80 is not shown. The final
fact to note 18 that there are noticeable variations between
consecutive probability distribution pilctures corresponding to
a particular waveform. These variations are even more marked

when the frequency differences are nearly integral multiples

of one another. Such shape variations are to be expected,

-time rather than long-time
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averages here,

The above brief plcture of results obtained by the simulator
will be sufficlent to indlcate its value as an aid to ildentifying
multli-point character in the real data. We shall turn next to a
discusslon of the general characteristics of the recorded data,
and shall later present some typical examples of multi-point

behavior.

7.2 General Characteristics of the Experimental Data.

The purpose of this section 1s to discuss the main features
of the recorded waveforms. It will be pointed out that certain
portions of the data are of much greater value than others in
revealing multi-point character. It will also be shown that,
under restricted conditions, the unprocessed envelope waveforms
are sufficiently distinctive to permit one to distinguish between
different aircraft types.

Previously we concluded that resolution possibilities are
best when aircraft motlon approximates the ideal motion referred
to previously, and when propeller modulation is absent. We also
concluded that envelope data are of more value than wander data
in revealing multi-point character. These conclusions are borne
out by the experimental studies. Envelope and wander waveforms
for all of the three types of flight courses described in
section 6.1 were recorded on paper for visual inspection, and
were also processed by the two analyzers. It was found that the
return signals for the radial course were nondescript in
appearance, and heavily masked by propeller modulation. In

contrast, the ecircular courses Wwere expected to yleld fairly
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ideal data over that poftion of the course for which the aircraft
were nearest to the radar, thus presenting a "turning broadside”
agspect. This expectancy wa3 based on the fact that the average
rate of change of aspect for this portion of the circular course
was about five degrees per second, which is appreciably higher
than the expected average rates of yaw and roll. Unfortunately
the quality of the recorded signals for the circular courses

was too poor to be usable, 1In all except one case. Consequently
these waveforms could not be used for comparative purposes.

The data for the passing courses were all of good quality
however, so attention was focuszed on a comparative study of
these. Slnce propeller modulation was generally negligible
within + 25 degrees of broadside, only data within these 1limits
were analyzed. As 1t is customary to measure azimuthal angles
starting from the nose of the alircraft, the region of interest
18 therefore the interval 65 to 115 degrees, Calculations show
that the maximum rate of change of aspect on the passing courses
was about 1% degrees per second, which occurred when the aircraft
aspect was 90 degrees. This rate 1s of the same order as the
expected average roll rate. Consequently roll (and yaw) caused
greater departures from ideal motion on the passing courses
than on the circular courses, indicating that the latter data
were to be preferred, had they been of acceptable quality.

Figure 13 exhibits the envelope waveform of a typiecal
passing run for each of the five propeller driven aircraft.

The waveforms are ordered in the figure so that the top one

corresponds to the largest aircraft measured, the aircraft size

decreasing as one proceeds to the bottom of the figure. A time
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scale in seconds 1s recorded abbvé.eééﬁuwaveform, while a scale
of azimuth angle is recorded below each. The azimuth scale is
extremely crude because careful records of instantaneous aspect
were not kept. Consequently the aspect had to be reconstructed
from meager records of alrcraft range versus time. Moreover,
the pllots were not asked to fly precise straight line courses,
so that heading corrections of as much as ten degrees may have
been made during flight. For these reasong the probable error
in the azimuth figure 18 of the order of + five degrees.

The distinctive characteristics in these waveforms which
are pointed out below were found to appear consistently in
every one of the six or eight passing runs which were recorded
for each aireraft. The outstanding characteristics are as
follows.

(1) B-29, The envelope waveform of this ailrcraft contains the
most variations per unit aspect angle for two reasons. It is
the largest of the five alircraft, and it has the most complex
geometry. (It 1s the only four engined one of the group.) 1In
the azimuth interval 70 to 90 degrees i1ts waveform appears to
exhibit primarily four point character. This 1s followed by
two point character in the region 95 to 98 degrees, and later
by three point character in the interval 103 to 107 degrees.
(11) C-46. One of the distinctive characters of the return
from this aircraft is the appearance of quiescent regions in
the interval 70 to 90 degrees. These are probably produced by
the predominance of a single highlight point, whose envelope

would be ideally a constant if its amplitude were constant.
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The region from 90 to 100 degrees 1s characterized by rather
degenerate two point behavior, and thils is followed by a marked
increase in waveform complexity between 102 and 108 degrees,
considered to be mainly four point behavior. None of the other
aircraft exhibited this complex waveform at aspects beyond

90 degrees.

(111) B-26. This waveform exhibits predominantly two point
behavior throughout, but particularly in the interval 95 to 115
degrees. There 18 also a short interval which is dominated by
a single point, at about 90 degrees.

(1v) AT-11 and AT-6. These two waveforms are the most alike

of the five, and are therefore considered together. The AT-11
waveform exhlblits predominantly two point character, mixed with
three point from 70 to 110 degrees. The AT-6 waveform 1s also
mainly two and three polnt, but of a more degenerate character.
In addition, the AT-6 shows a marked predominance of single
point behavior between 92 and 100 degrees. This feature provides
the primary means of distinguishing 1t from the AT-11.

Upon first inspectlng the waveforms of Fig. 15, the reader's
reaction may be that the point character delineated above 1s not
immediately obvious. It is undoubtedly true that an extended
study of the waveforms is necessary in order to readily perceive
the essential multi-point characteristics. It 1s also true
that the ability to distinguish between the aireraft types from
these waveforms 1s in large measure due to the fact that the
flights of all five alrcraft were essentially identical with

respect to 3peed, helght and course relative to the radar. Thus
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approximately the same‘ﬂnuupwul‘or dsseét was presented by

each type, and approximately on the same time scale. Ancther
assisting factor was that a large aspect interval, namely 50
degrees, was compared 1n each case. If a much smaller interval

had been availlable for comparison, the distinetive characteristics

of each aircraft type would not be so evident. In view of the
above remarks, undue significance should not be attached to

the identification possibilities noted here. However the
essential conclusion ls that distinctive differences in highlight
configurations do exist, and can be observed under favorable
flight conditions. The distinctiveness should of course be
enhanced as the radar wavelength is decreased and the highlight

character becomes more clearly delineated.

T.> Examples oi Multl-Point Behavior, and Other Results.

We now consider specific waveform samples which exhibit

multi-point character, in order to evaluate the effectiveness

of the short-time spectral and probability distribution analyses
in aiding highlight identification. In addition, some miscellaneous
results of interest are discussed.

Five examples of multi-point waveforms are shown in Fig. 14
to 17 inclusive. Two cases of tﬁo point behavior are shown in
Fig. 14, a three point example appears in Fig. 15, while
Figs. 16 and 17 are cases of predominantly four point behavior.
In all these figures, time scales in seconds are included so
that specific features in the unprocessed waveforms may be
identified with those of the short-time spectra and probability
distributions, -
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Figure 14 shows two point data from a B-29 and a B-26.
The integrating time of the distribution analyzer for the B-29
example was one second, and the pictures were taken at a rate

of two per second. The shape of the distributions should be

conmpared with that of the simulated two point sample in Fig. 11.
The main difference 1is that the B-29 distributions tend to
approach zero rather than a finite level on the low amplitude
side of the envelope. This 18 because the valleys in the B-29
waveforms are not all 1n line as'they are in the simulated two
point envelope. The B-26 example i1s included in order to
1llustrate the single splke in the short-time spectrum, corresponding ;
to the difference frequency between the two highlight polints.

In thls example the spectrum analyzer was set up to cover the
frequency band 4 to 22 cps, in two cps steps. The pictures were
taken at a rate of three per seecond. The low frequency end of

the spectra occurs at the upper edge of the photographs. The

reversed sense of the spectra is due to the fact that the output

of the spectrum analyzer produced downward deflections on the -
oscillosecope which was photographed. It is sesn from the speastra F
that, at time 30 seconds, the frequency spike 1s centered at .

about 16 ecps. A ecount of the number of valleys in the waveform,
over a one second time interval (from 29% to 30% seconds) confirms
the analyzer's frequency measurements.
The three point example from Fig. 15 is also taken from a .
B-29 flight. The integrating time of the distribution analyzer
was one second, as before. The spectrum analyzer was set to

cover the band 10 to 46 eps in four cps steps. The piectures were
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taken at rates of two and six pef second for the probability
distributions and spectra respectively. As 1n the previous
figure, the low frequency end of the spectra 1s uppermost.
Although‘the waveform exhibits crude three point behavior
throughout 1ts entire length, the clearest three point behavior
occurs between times 56 and 57 seconds. The probability
distributions corresponding to this portion are the fourth
and fifth plctures from the beginning of the strip. These are
very simllar in shape to the distributions appearing in the
upper right hand photograph 1n Fig. 12. The corresponding
simulated and real waveforms are also quite similar.

From a visual inspection of the waveform of Fig. 15, coupled
with an application of the theory of Chapter 4, it is deduced
that the three fundamental difference frequencies in the section
56 to 57 seconds are 4, 16 and 20 cps. These values are arrived
at as follows. There are seen to be 4 slow beats and 20 fast
beats in this one second time interval. The amplitude of the
fast beat 1s almost three times that of the slow beat. These
facts fit 1n with the assumption that the highlight points have
relative amplitudes 1 - % - 1, and relative frequencies
O -4 - 20 eps. The correspondihg difference frequenciles are
therefore (4 - 0) = 4 eps, (20 - 4) = 16 eps, and (20 - 0) - 20 cps.,
and the corresponding spectral amplitudes are (1 x %) = % »
(1 x %) = % and (1 x 1) = 1,

We now enquire whether the short-time spectra confirm the
above frequency estimates. There is seen to be a fairly broad

hump in the one second time interval in question. The peak of
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the hump occurs between 1B and 20 cps. éEvidently it is produced
by the 16 and 20 cps. compcnents together, the latter being the
dominant one because of 1ts larger amplitude. The analyzer was

unable to resolve the two components 1n this case. Since the

analyzer's frequency band was set to cover 10 to 46 cps in this !
example, the four cps component therefore does not appear. The

spectrum which appears at time 57% seconds should be ignored,

i *ﬁ because it includes spurious responses caused by temporary

3 _
@E overload of the spectrum analyzer. The conditions under which
; this equipment can be overloaded are discussed 1n Appendix A.

Figure 16 exhibits a sample of four point data, again from

EE R O TR R

a B-29 flight. On comparing the envelope waveform with those

R S ENRE R R SR B

generated by the simulator, one might conclude that the number

of highlight points present 18 between four and six. However

the probability distributions which appear at times 33, 333

and 34 seconds are definitely four point in shape, as will be
seen on comparison with the four polnt distributions in Fig. 12.
In this example, therefore, the probability distribution ylelds
a better estimate of the number of highlights than does the

waveform. The band covered by the spectrum analyzer is again

10 to 46 cps. A study of the spéctra indicates that highlight

resolution 1s not generally successful in this case. For if

RIS Y

resolution were adequate, we would expect to see six difference

=
A%

‘?:—‘- Py

frequencles when four highlights are present. The closest

approach to this number occurs at times 3)% and 33% seconds,

5

¥

AR E

when four peaks are visible. There is a similar amount of

activity in the neighborhood of 35 seconds, while at 34 seconds

S Ay

two peaks are predominant. It 1s to be noted that a glven
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spectral pattern rare!!'ldsts mére tﬁan two consecutive pictures,
or % second. This corresponds to an aspect change of approximately
% degree, which may appear to imply that the highlight config-
uration can change abpreciably for % degree change of aspect.
One should be cautious about drawing such a conclusion from the
spectral patterns however, because 1t 1s difflcult to correlate
the variations in the highlight configuration with the transient
response which they induce in the filters comprising the analyzer.

Another four polnt example, taken from a C-46 flight,
appears in Fig. 17. The integrating time of the distributlon
analyzer was two seconds, and one picture per Bécond was taken.
The spectrum analyzer covered the band 4 to 22 cps, in two cps
steps. Three spectral pictures per second were taken. All the
distribution shapes are seen to be reasornably close to the
ideal four point shapes which appear in Fig. 12. As 1n the
preceding example, the spectra do not exhlbit the expected six
peaks. It 1s of course posslible that some of the frequency
components lle outside the band being analyzed. As before,
there 18 usually an appreciable change in spectral shapes over
successilve % second intervals. However there 1s occasional
evidence of frequency components'with longer persistence than
this. For example, a splke at 22 cps (at the lower edge in
the pictures) 1s seen to persist from 68% seconds to 69% seconds.

The primary conclusions which are drawn from the above
study are as follows:
(1) The presence of two and three highlight polnts 1s falrly

easlly recognized at 3 centimeters, both from the unprocessed
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envelope waveforms and“from the probability distributions.

Spectral analysis lnvariably exhibits an appropriate spike

in the twce point case, and can sometimes resolve apikes in

the three point case.

(11) When four highlights are present, it is virtually

impossible to determine the number from the unprocessed wave-

form, because of 1ts complexity. The shape of the probabllity

distribution provides the most reliable means of estimating the

number in this case. The spectrum evidently does not yield

adequate resolution for four points.

(111) While no examples of more than four points were detected

in the data, it 138 belleved that highlight resclution and

cocunting would not be successful for envelope data at 3 centimeters.
To conclude this section, two additional results of interest

are mentioned. The first 1s a comparison of the spectra of

envelope and wander waveforms. The purpose of the comparison

1s to confirm the theoretical prediction that the wander spectrum

has a greater harmonic content than the envelope spectrum,

thus making it less suitable for resolving highlights. Figure 18

presents simultaneous recordings of envelope and wander wave-

forms, and their assoclated speétra, for a circular flight by

an AT-11 aircraft. The aspect 1s near broadqide, so that the

waveform has predominantly two point character. The analyzer

covered the band 10 to U6 cps in four cps steps. Due to a

Ssense reversal which inadvertently occurred in producing the

contact print of the envelope spectra, the upper edge of this

print corresponds to the high frequency end of the spectrun.
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The print of the wander spectra has fﬁ;ﬂsame sense as the
previous pictures however, namely the upper edge . corresponds
to the low end of the spectrum. With this fact in mind, 1t
13 seen that the main peak in the envelope spectra occurs at
about 22 cps for most of the pictures, and there is no appreciable
evidence of second harmonic. In contrast, the corresponding
peak in the wander spectra 1s not always present, and when
present, is generally less well defined, mainly due to the
appearance of appreclable energles at neighboring frequenciles.
Also, the second harmonlc of 22 c¢ps appears in a number of the
wander spectra. It is particularly evident 1in those ocecurring
at tlimes 53%, 532 and 54 seconds, and appears to a lesser
extent 1n all the spectra between 54 and 55 seconds.

The second result of interest 1s the return signal from
two aircraft in formation. Figure 19 presents a small section
from a passing run of two T.B.M. aircraft, in which one was
flying directly behind the other. There is inevitably a small
amount of relative maneuvering of aircraft in a formation,
which produces doppler difference frequencies in the envelope
waveform. In the example shown, a high pasg filter was used
to eliminate most of the spectral energy lying below 15 cps,
in order to accentuate the doprler beat frequency between the
tﬁo alrcraft. The spectrum analyzer covered the band 18 to 72 cps
in six eps steps, and pictures were taken at a rate of six per
second. The doppler difference frequency 1is seen to be about
20 cps at time 51% Seconds, and increases to 70 c¢ps at 54 seconds.

It remains in the reglion of 60 to 75 eps until 56 seconds, and
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then decreases again. Rétes of change of frequency of 50 cps
per second are observed to occur, and it 1s seen that the
specfrum analyzer follows the changes in a reasonably adequate
manner. Sudden changes in the amplitude of the waveform

cause some broadening of the spectra. An outstanding example

of this occurs at time 56% seconds. In general 1t was found

impossible to observe the multi-point character of the
individual aircraft when they were in formation., This 1s to
be expected because, with a conventional radar it is impossibhle
to obtain azimuthal resolution of the highlight points of
separate aircraft, as can be done with a multireceiver radar.
In addition to the work described above, at least two
other types of experimental analysis were attempted, but these
did not yleld useful results., One was a zero crossing analysis
of the envelope waveforms of the passing runs. Another was to
apply corresponding envelope and wander waveforms respectively
to the horizontal and vertical plates of a long persistence
cathode ray tube, in order to detect correlation between these
two waveforms. The probable reason for the failure of this
experiment 1s that the two waveforms in question were recorded
on separate tapes, hence 1t was'impossible to achieve a sufficient
degree of time synchronization between them to bring out the

expected correlation effects.

In summary, the experimental work has shown that multi-point
behavior 1s apparent at a wavelength of 3 centimeters, and that r
highllght resolution by spectral analysis is achievable in sone

circumstances, The results also indicate that the return signals
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from different alrcraft types are sufficiently distinctive

to permit them to be distingulshed under favorable operationail
conditions. If 5 centlimeter doppler data had been available
for analysis, i1t is likely that the possibllities of highlight

resolution would have shown to better advantage than was the £

case with the envelope waveforms,
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SUMMARY, AND SUGGESTIONS FOR FURTHER RESEARCH

8.1 Summary of the Main Results.

i QE We have been studying ways to obtain information concerning
the surface geometry and motion of aircraft in flight by

‘5 suitable analysis of mic¢rowave radar return signals, the

B e sand e B e i

ultimate obJective being to recognize various aircraft types.
The first step of the research was the realization that at
mlcrowavelengths, the total information concerning the geometry
and motion 1s contained in the sequence of instantaneous high-
1ight conflgurations. Hence the problem of ailrcraft recognition
by radar can be divided into two phases; the first is to find
methods of determining highlight configurations, and the second
1s to evaluate the possibility of distinguilshing aircraft types

from these configurations. The thesis research was confined

entirely to the first phase.

For distant aircraft, we next showed that the projected

highlight distribution is given approximately by the Fourier
transform of the received field over an aperture. (Chapter 2). .

This result 18 not particularly briginal, since it has been

known for some time in optical theory that the field over the
image plane of a lens 1s the Fourier transform of the field
over the lens aperture. The main contribution here was the
recognition that the phenomenon of highlight variation versus
aspect angle invalidates the Fourler relation at longer wave-

lengths and prevents determination of the highlight distribution.

The obvious way of minimizing this undesirable effect is to
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make the aperture sufficieﬁtly'sﬁéli 56 £hat highlight poaitions
and intensities are essentially eonstant over it. This in

turn requires use of a short wavelength in order to maintain

the ratio of aperture dimensicn tc wavelength sufficlently

large to provide adequate highlight resolution. As a loglcal
deduction f'rom the above considerations, it was proved that

the projected highlight distribution can be obtained as exactly as
desired from the Fourler transform of the received field, by
letting both the aperture dimension and the wavelength approach
zZero,

Next, the Fourler transform relation was used as the Dasis
of design proposals for multireceiver radar systems which determine
one-dimensional projections of the highlights (Chapter 3). It
was concluded that a system for determining the projected
distribution directly is not feasible at present, but a system
for determining the autocorrelation was found practicable.
Derivation of the highlight distribution from its autocorrelation
was shown to be possible under suitable conditions (Appendix B),
thus enhancing the value of the latter system.

The possibilities of obtailning highlight information with
a conventional radar were thorodghly studied in Chapter 4, and
1t was shown that a "relative" one-dimensional projected
distribution, and its autocorrelation, could be determined.
Certain limitations to the operational conditions under which
the former function is obtainable were discussed, while the
latter function was seen to be derivable under all conditions.

Collaterally, consideration was given to the possibilities of
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determining the characteristies of raﬁdom aircraft motion,
flexural vibrations and propeller rotation at short micro-
wavelengths., It was concluded that the first two effects
would be more easlly detected with conventional radars, while
the latter would reveal its characteristics more clearly in
the multirecelver systems.

In Chapter 5 a method was presented for determining the
maximum permissible wavelength for the resolution of highlights
having a prescribed minimum spacing, when the effects of high-
light variation with aspect were taken into aceount. The
method was general enough to cover the case of a conventional
radar. It was shown later that the general results could be
specialized to apply to multireceiver s&stems. The wavelength
predictions were not accurate in the latter case however, due
to an approximation in the analysis which was unjustifiable
in the multireceiver situation. Numerical calculations indicated
that a wavelength of not more than 2 or 3 millimeters must be
used to obtain adequate resolution with a conventional Bystem,
It was estimated that similar resolution might be obtained at
5 to 6 millimeters with multireceiver systems.

The experimental work, whoée primary objective was to check
the above theory, consisted of analysis of 5 centimeter data.

It was found that highlight resolution was possible only very
occasionally at this wavelength, which is in agreemnent with the
theoretical predictions of Chapter 5. However the fact that
highlights could be resolved at all indicated that 5 centimeters

1s on the upper edge of the wavelength region in which resolution

1s practicable. Another signifleantvresult was that 1t was
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possible to distinguish several different alreraft types for

broadside viewing aspects, this despite the fact that highlight
resolution was far from adequate. The distinctive characteristics
of the return signals would undoubtedly have stood out more

clearly had the wavelength been appreciably shorter than

5 centimeters.

8.2 Suggestions for Further Research.

The most obvious requirement for further research is that
of obtalning more adequate experimental verification of the
theoretical results. It 1s most desirable that experiments
be carried out at millimeter wavelengths, where highlight
resolution 1s achlevable for a reasonable percentage of the
time. It is beileved that the use of a conventional radar at
about 5 millimeters will provide an adequate test of the theory
provided measurements are made on aircraft executing the
1dealized motion deseribed in section 5.3. To approximate
ideal motion, a suiltable flight course would be a cirecle whose
radlus 1is appreciably smaller than the distance from its center
to the radar. Non-turbulent atmospheric conditions would be
required, in order to minimize random motions and flexural
vibrations, and the bank angle should be kept as constant as

possible since sudden changes in the latter will impair the

desired constancy of rate of change of aspect. If good resolvabllity '

1s achleved with a conventional radar at 5 millimeters, equally
good performance would be ensured for a multireceiver radar

at this wavelength.

The possibility of recognizing different aircraft types
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from their highlight configurations déﬁende on whether the
latter differ significantly from one type to another for
~orresponding viewlng aspects. A slimple and yet reasonably
effective way of comparing highlight configurations is by
photographing highly polished ailrcraft models which are
illuminated by a narrow light beam in a darkened room. This
method will yleld the projected highlight positions accurately
as a functlion of aspect, and will also yleld good estimates of
highlight intensities 1n most cases, However, since there are
certain geometries for which the intensities are dependent upon
wavelength, care would have to be taken 1n estimating correct
values corresponding to a specific wavelength. In addition to
determining identification possibilities, the optical model
studies woulid yield much information concerning the dependence
of highlignt positions and amplitudes on aspect angle. It was
shown 1n section 5.2 that the statistics of these quantities
must be known in order to determine the maximum wavelength for
a given probabllity of resolving highlight points of prescribed
spacing.

There are two potential limitations to the practical value
of our theory which have not beén considered previously, and
it 1is probable that their effect can be assessed only by full
scale radar measurements at short microwavelengths. One 1s
due to the presence of irregularities on the aircraft surfaces.
The theoretical analysis has tacitly assumed perfectly smooth
surfaces, which implies that microwave reflections are perfectly

specular. Obviously the presence of irregularities will tend
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to cause diffuse refleccion, and ﬁhe:;£fect will become more
serious as the wavelength 1s decreased. This will result in
-éwsmearing out of the highlights, thus causing a deterioration
in rescluticn., The wavelength at which this effect becbmés
appreciable 1s difficult to estimate, and moreover may depend
markedly upon the partlicular type of alireraft. In this regard
it 18 noted that the modern trend is to smoother surfaces in
order to reduce drag and surface heating at high speeds.

The other possible limitation is due to the phenomenon of
atmospheric absorption and scattering at short microwavelengths.
The primary effect of this phenomenon would be to reduce the
overall level of the return signal below a usable value at
moderate and long aircraft ranges. It may also produce rapid
fading, which in turn could vitlate the resolving capabilities
of a conventional radar, but should have appreciably less

effect on a multireceiver system.
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APPENDIX A

EQUIPMENT DETAILS .

This appendix describes equipment In sufficient detaill to
indicate the functicns of 1ndividual circuits and the manner 1in
which those functions afe performed, Cilrcult diagrams are not
Included because circults are for the most part quite conventional.
Before discussing the two analyzers, a few words will be said

about the control equipment.

A.l1 Control Ejuipment.

The controlling units are concentrated in the left hand
rack of Fig. 20. They 1include a Magnecorder tape recorder, a
variable low frequency osclllator, an f-m demodulator, oscilloscope
and distribution panel. As mentioned i1n Chapter 6, the data on
the tape are 1n the form of wide-band frequency modulation, with
a center frequency of approximately 4000 eps. Thus the output
of the playback amplifier must first be passed through the f-m
demodulator. The demodulated signal 1s taken to the distribution
panel, and thence to the pre-amplifier/filter selector clrcuit,
at the bottom of the right hand rack in Fig. 20. The output of
this unit returns to a gain control on the distribution panel,
and 18 then distributed to the two analyzers, There 18 a second
f-m demodulator, amplifier and filter in the probability distribution
analyzer, in case 1t 1s desired to operate this equipment simul-
taneously with the spectrum analyzer,

The outputs from the two analyzers are brought out on the

distribution panel, which therefore forms a convenlent central
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polint for monitoring 1n§ﬁfg éhaldﬁtputs with the rack mounted
scope, Not shown in Fig. 20 1s a Dumont dual beam scope, which
was used for photographing the probabllity and spectral
distributions, Associated with 1t 1s a trace brightening circuit,
which permits the analyzer outputs to appear on the scope for
about 1 or 2 hundredths of a second, at uniformly spaced intervals
varlable from %th to 2 seconds. Such a circult 1s necessary
because the oscillograph camera ran the 35 mm. film at a
continuous rate, whereas 1t was deslired to obtain the effect of
frame-by-frame photography.

The variable low frequency oscilllator was used as a test
signal source for both the analyzers. Another useful plece of
test equipment, only partly visible to the left of the rack
mounted scope 1n Fig., 20 18 a Voltohmyst meter, which was used
to monitor dc voltage levels at various test points in the
spectrum analyzer. The remaining unit in the control rack is a

sequential sampler circult, which properly belongs to the spectrum

analyzer but could not he accommodated in the remaining racks.

A.,2 Short-Time Spectrum Analyzer.

Figure 21 provides the key to the physical layout of units
in the spectrum analyzer. Items N, P, Q and R furnish all the
power for the spectrum analyzer and a good deal of that required
for the distribution analyzer as well. Each Q unit contains two
400 cps supplles, each supply having a 400 ma capacity. The
voltages used in the spectrum analyzer are +300, +150, -100, -150 and
-500 volts. The associlated voltage regulators are contained in

the P panels, two per panel. The regulators use dry cell battery
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reference, have a 1oop g ¢ approximately 2500, and a stability
after warmup of i-I%U volt, Unit N 1s a voltage monitor,

which contains a standard cell and several precislon reslstance
dividers. The supply voltages are fed to thlis unit, where

they are divided down for comparison with the standard cell.

This permits the absolute values of the supply voltages to be

accurately maintalned over long perilods.

A.21 Low Frequency Oscillators.

A functional block diagram of one of the low frequency
oscillators (labelled A in Fig. 21) appears in Fig. 22. The
oscillations are produced by a feedback loop comprising a 6ACT
amplifier, a cathode follower and a twin T network in the feedback
path. The rejection frequency of the twln T determines the
oscillator frequency. The oscillator output amplitude 1is
stabilized by a slow acting AGC, which controls the grid blas of
a 6ACT7 AGC amplifier. The AGC circult contains a delay potentliometer,
a 6SN7 cathode follower, a diode averaging detector, a low-pass
filter and a second cathode follower. The delay control, in
conjunction with the diode, determines the oscillator amplitude
at which AGC action 1s initlated. The low-pass filter determines
the AGC time constant. Followlng the AGC amplifier 1s a 400 cps
twin T trap which eliminates 400 cps ripple, and an RC filter to
reduce second harmonic distortion. The half power point of this
filter 1s equal to the oscillator frequency. The quadrature
outputs are obtalned by simple 45 degree RC lead and lag circuits,
whose phase shifts are adjustable by a ganged potentiometer. The

output cathode followers can be switched either to the internal
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oscillator or to an extefﬁalﬂfest oééiiigégr (item F in Fig. 21).
The important design requirements for the low frequency
osciliator are that the harmonic¢ dlstortion be less than 2 percent,
the amplitude be maintained constant to within 5 percent, and
the de output levels remain constant to within %6th volt after
warmup. The distortion requirement i1s easlily satisfled provided
the gain around the oscilllator feedback loop 1is properly adjusted.
The AGC circuit ensures that the necessary amplitude stability
18 achleved, while the 6SL7 cathode followers maintain the output
dc levels to within approximately i_%5th volt after warmup. The
four circuits which are enclosed by broken lines in Fig. 22 are
mounted on a plug-in unit, since the values of the involved
components depend on the oscillator frequency. This permits any
oscillator panel to generate any of the frequencies in the range

covered by the plug-in units.

A,22 Channel Filter Circuit.

The most complex circuits of the spectrum analyzer are
contained in the chaunel filter panels (labelled B in Fig. 21).
The functional block dlagram of one of these panels appears in
Fig. 25. Referring to this dlagram, 1t 1s seen that the circuit
1s symmetrical with respect to the vertical center line, so that
only the circuits on the left side, and those on the center line,
will be described. Starting near the top left hand corner of
the figure, sin wAt represents a quadrature output from the
assocliated low frequenc& oscillator, and f(t) represents the
output waveform whose short-time spectrum 1s to be obtained. The

two voltages are applied to identical suppressed carrier modulators,
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whose carrier frequency-voltages,'cos wlt and cos wzt, have
frequencies of 150 and 200 KC respectively. The modulator

18 a conventional type in which the two halves of a 6ALS doubile

diode are connected in series between the plate and cathode

of a 6C4 phase splitter, and the modulating voltage i1s applied

from the Junction of the diodes to ground. Unwanted low frequency
components of the modulation process are removed by RC high-
pass filters, and the two suppressed carrier modulations are
added at the cathodes of 12AU7 cathode followers, the sum being
applied to the grid of a 6ACT.

By using about -3.3 volts bilas and a peak-to-peak signal of
not more than about 2 volts, the 6ACT @perates essentially as a
squarer. Thus its plate current contalns a term representing

the cross product of the two modulations, namely

[2 £(t) + sinw,t « cos wt - cos wzt]

and this quantity may be expressed as the sum of two modulations
whose mean frequencies are @”2 + wl) and (u)2 - wl) respectively.
The tuned plate circuit of the 6AC7 selects only the difference-
frequency suppressed carrier term, namely [f(t)~ sin mAt . coO8 m3£] ’
where w3 = (w2 - wl). The other tefms produced by the squaring
operation are eliminated by the tuned filter.

The next step 18 to synchronously demodulate the selected

term, and the method used here is to convert it to amplitude

modulation by adding a synchronous unmodulated carrier, A cos wjt.
The latter 1s generated by the circuilts on the center line of -
Fig., 25, which form the sum of cos wlt and cos wzt, square it 1in

a 6AU6, and select the difference frequency term by a tuned filter.
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The filter output is amblifiedAénaubé;séd through a 6J6 phase
splitter, whose outputs are then added to the suppressed carrier
term. The amplitude A of the added carriers must be appreciably
greater than the maximum value of l f(t). sin wAt so that the
depth of amplitude modulation remains well below 100 percent.

The two amplitude modulations are now applied to individual peak
diode detectors, which are connected 1in such a way as to produce
detected output voltages of opposite sign, namely —[ﬁ-f(t)-sin mAé]
and [A + f(t)e sin mAt:]. Addition of these quantities results 1n
rancellation of the carrier amplitude A and ylelds [21’(1:)° sin mAfﬂo
Although it 1s not necessary to use balanced detection here, 1t

has the merlt that the output 1s ideally independent of varlations
in A,

The sum of the detected outputs is then integrated by a
single stage RC low-pass filter, whose time constant determines
the bandwidth of the filter channel. The integrated voltage is
represented by gl(t) for brevity, the full expression being given
in Fig. 23. In the actual circuilt the summing and integration
are performed in a single clrcult,

A similar chain of operations 1s performed on the right hand
side of Fig. 23, the resulting integrated function being denoted
by g2(t) for brevity. The function of the remaining circults 1n
Flg.23 is to form the sum of the squares of 61 and Bo. Before
squaring, both of these functions are passed through sequentilal
sampler circults (labelled C in Fig. 21) in order to avold de
drift problems in the squarer output circuits. Thus {él(t)}

8

denotes the sampled equivalent of gl(t). The sampling rate 1s
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approximately 600 pulsééwbe; Leéond. Sampling at this point is
not shown in the simplified block diagram of Fig. 9 since it 1s
not theoretically essential to the operation of the analyzer.

The method of squaring 1s similar to that used for multiplying.
First -{gl(t) } i1s suppressed carrler modulated onto a 500 KC
carrier (denoteg by wu), and then passed through a 6AC7 which
acts essentially as a squarer. The low-pass RC filter in the 6ACT
plate circulit then removes all terms except-{gl(t)}- , which is
added to a similarly generated term {ée(t{} Their sum 1s
clamped positively by a 1N52 diode, and the output is taken from
a 6C4 cathode follower.

Since the output waveform 18 already sequentlally sampled,
1t could be added to the sampled outputs from the nine remalning
channel filters to produce the desired histogram display of the
short-time spectrum on an oscilloscope. However there 1s some
undesirable noise on the individual outputs, and its removal 1is
effected by peak detecting and post integrating each output in
panel I (Fig. 21). The post integration time constant 1s normally
somewhat shorter than that used in the channel filter circuilts.
The outputs from the post integrators are sequentlally sampled
a second time (in panel L, Fig. 21), added, and applied to an
oscilloscope.

The overall design requirement for the channel filter circult
was that 1t could be aligned to reproduce the specifiled functional
operations to an accuracy of better than + 10 percent over a range
of 27 db at the output, and should be stable enough to maintain

this alignment over an operating period of 1 or 2 hours. The
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equipment did not meet th; éféﬁiiify requirement, malnly due to

de drifts in the output stage of the multiplying circuilts. The
primary sources of instability were known, but time did not

permit them to be effectively corrected, and in any case the
circuit performance was Just adequate to ecarry out the experimental
work satisfactorily.

One characteristic of the channel filter circults was that
they were very sensitive to overload. Specifically, when the
quadrature outputs of the low-frequency oscillators were set at
6% volts peak-to-peak, the peak-to-peak values of the signal

waveform f£(t) could not exceed about 12 volts at the channel

filter input terminals without causing large spurlious responses

at the outputs of all channels. The reason for the sudden onset
of overload is that a number of the active circuits in each
channel were operated at high average signal levels, thus an
increase in level beyond the critical value drove a number of
tubes into distortion simultaneously. However, the maximum
operating level of the spectrum analyzer as a whole was determined
by the post integration circuits, whose cathode followers produced
appreciable limiting before overload of the channel fillters
occurred. It was therefore necessary to adjust the level of £(t)
at the beginning of each analyzer run such that its peak-swilngs

produced negligible 1limiting in the post integrator during the

run.

A.23 Sequential Samplér.

Two sequential samplers were used in the spectrum analyzer

and one in the probability distribution analyzer, and all used

ration will now be described.

L essentially the same circuits, who

|
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A sampler which is desf to éample N channels sequentially
conslists of (N + 2) one-shot pulse generators connected in a
ring, so that the trailing edge of the output pulse of the

nth generator triggers the (n + 1)st generator for any n, and
the (N + 2)nd generator triggers the first one. Thus the ring
continues to drive itself as soon as one of the generators is
pulsed. Figure 24(a) 1llustrates the ring operation,

With each of the first N generators 1s associated a dilode
switch which 1s closed for the pulse duration of the associated
-generator. The (N + 1)st and (N + 2)nd generators do not drive
switches, but merely produce dead time between each complete cycle
of the N switches, 1n order to provide a suitable display of the
N sampled channels on a scope. A trigger pulse, generated at the
end of the (N + 1)st pulse, causes the cathode ray tube spot to
start a new sweep. The timing sequence of the pulses 1s shown
in Fig. 24(b).

Each one-shot pulse generator consists of a screen-coupled
phantastron, a phase splitter and a pulse inverter, as shown in
Fig. 2k(c). The negative pulse from the pulse inverter of the
succeeding generator is differentiated, so that its trailing
edge produces & positive trigger pulse which is applied to the
suppressor of the 6AS6 phantastron., The pulse duration of the
pnantastron is determined by the time constant of an RC coupling
circult between 1its plate and grid. The resulting positive pulse
from the phantastron screen is applied to both the phase splitter
and the pulse inverter. Pulses of opposite polarity from the
former drive a bridge of 6ALS diodes into conduction at jJunctions
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a and b, while the siznal which 1s to be sampled 1s applled at

Junction ¢. The sampled output appears at Junction d.

A,24 Remarks on the Spectrum Analyzer Design.

The complexity of the spectrum analyzer arises largely from
the particular type of active filters employed in the channel
circuits. This type was used because 1t appeared to of fer the
only means of obtalning a set of filters whose center frequencles

and bandwidths could be accurately set to various prescribed

values, including a minimum bandwidth setting of % cps and an

accuracy in center frequency spacing of at least %U cps. As a

result of the experimental work it was found subsequently that 2 cps
was the smallest bandwidth required.
and more conventional design might have been possible, namely the
waveforms to be analyzed could have been translated in frequency
to 200 ecps, and a bank of filters covering the band 200 - 280 cps
(corresponding to O - 80 cps before translation) could then have
been used.

Since 2 cps 1s now the mlnimum required frequency separation,
a center frequency stabllity of % cps at 200 cps., or about 1 part
in 1000, would suffice for each fllter. Also the maximum flliter
Q would be about 222, or 125, which could be achleved at 200 cps
by toroids having a Q of 30, in conjJunction with Q multipllers.
These requirements can be met without great difficulty. Filter
bandwidths could be altered by changing the Q multiplying factor,
while adjustment of center frequency wculd require variable tuning
condensers.

The output of each rilter would be detected and then

sequentially sampled as before.
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The resulting simplification should be substantial. For
example the low-frequency oscillators and the dual circuits
(operating in phase quadrature) in the existing channel filters
would be eliminated. Elimination of the latter occurs because
1t 1is now no longer necessary to square and add quadrature
components to obtain the square of the spectral amplitude; in
the proposed circults this would be done by a simple square law
detector following each filter. If the spectral amplitude rather

than its square 1s desired, a llnear detector would be used

" instead.

A.3 Short-Time Distribution Analyzer.

The physical layout of units in the distribution analyzer
1s shown in' Fig. 25, and a detalled block diagram of one complete
slicing channel, denoted as the nth, appears 1in Fig. 26. The
broken lines in Fig. 26 indicate the physical grouping of
circuits in the analyzer, the upper case letters provliding cross-
reference between the units in the block diagram and the equipment
layout in the photograph. Referring to the block diagram, the
waveform f£(t) whieh is to be analyzed 1s passed through a varlable
gain amplifier followed by a fixed gain dec amplifier. The output
of the de amplifier is capacity coupled to 24 identical level
selector circuits. The purpose of the selectors and the immediately
following anti-coincidence circuits 1s to divide f(t) into 23
horizontal amplitude slices of equal width.

The voltage transfer characteristic of the level selectors
is shown in Fig. 27(a). It 1s essentially the characteristic of

a bistable flip-flop, whose state changes when its input voltage
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we shall hereafter refer to as

passes through -167 volt§; w c
the triggering voltage. For clarity we shall use the following
terminology. The level selector is said to be "operated" when

1t is triggered by a rising voltage at the selector input, and

to be "reset" when triggered by a falling voltage. Thus in the
region to the right of -167 volte in Fig. 27(a) the level selector
1s in the operated condition while to the left of -167 volts it

18 in the reset condlition. The level selector consists of a 12AU7
cathode follower, a 12AX7 dc amplifier, a 6SN7 bistable flip-flop
(sometimes called a Schmidt trigger circuilt), and a second cathode
follower.

The level selecting phase of the slicing process 13 performed
by setting the mean value of f(t) at 24 equally spaced voltages,
distributed above and below the triggering voltage. Since the
peak-to-peak amplitude of f£(t) 1s 115 volts at the selector inputs,
the spacing of the levels 1s l%% = 5 volts, so the qulescent
voltages of successive selector 1inputs are set 5 volte apart.

The quiescent voltages are obtalned from precision resistance
dividers connected between two supply voltages denoted as X and Y
in Fig. 26. The latter can be varied synchronously by ganged
potentiometers, such that (X - ¥) remwuins constant. If f(t)

makes equal peak swings about its mean value, as 1s the case if 1its
amplltude distribution 1is symmetrical about the mean, X and Y are
set so that the quiescent voltage of number one level selector

is -110 volts, while that of number 24 1s -225 volts., These

values differ by 115 volts, and are equally spaced above and below

the triggering voltage. If f(t) is asymmetrilically distributed

about its mean, the whole waveform is shifted by varying X and Y,
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to ensure that the totaigﬁcah- c—peak f;hge of the waveform
triggers all the level selectors. In the symmetrical case,
the qulescent voltage at the nth selector input 1s [-110—5(n—1i}
volts as indicated in Fig. 26.

The outputs of the nth and (n + 1)st level selectors are
combined in the nth antl-colncidence circuit, which produces
a poslitive output only when the nth level selector is 1in the
operated condition and the (n + 1)st level selector is in the
reset condition. For the remaining two conditions, namely both
selectors operated and both reset, the anti-coilncidence circuit
glves a negative output. Referring to Fig. 27(b), it 1s seen
that the shaded areas represent the times when the anti-coilncidence
output 1s positive, and these are the times when the i1nstantaneous
value of f{t) lies between [5(n -1) - 55] and [5n - 55] volts
at the selector inputs. Calling the region between these two
amplitude levels the nth amplitude slice, it follows that the
combined action of the nth and (n + 1)st level selectors and the
nth anti-colncidence circuit 1s to produce a positive output
pulse when f(t) lies in the nth slice, and negative otherwise,
as indicated in Fig. 27(c).

The anti-coincidence circuit consists of a 6SL7 de converter,
a 6AS6 coincidence gate and a 6SL7 dc amplifier. The output of
thenth selector is passed through the inverter and applied to
the suppressor grid of the 6AS6, while the (n + 1)st selector
output 1s applied directly to the 6AS6 control grid. The 6AS6
1s cut off unless both grids are positive, at which time its plate

goes negative. Thls causes the.6SL7 amplifier to cut off, so that

¢
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its plate goes positive,:broduc'ng he desired positive pulse.

The driver in Fig. 26 circult comprises a O3L7 cathode
follower and either a 6H6 or 6AL5 diode. The latter clips both
the positive and negative excursions of the appllied waveform,
so that the output assumes only the values O and +16 volts. The
integrator 18 the simple RC type, followed by a 12AU7 dc amplifier
and cathode follower. The cathode follower output 1s applied to
the sequential sampler along with the outputs from the 22 remaining
slicing channels,

In operation, the distribution analyzer was sufficlently
stable to maintain 1ts alignment within 5 percent for a period
of two or three hours after warmup. The only daily alignment
required was to adjust the galn and zero set potentiometers of
the de¢ amplifiers following the integrators. To facilitate this
procedure, a triangle wave generator was used, whose amplitude
distribution is 1deally flat between 1ts two peak values., First
the zero set controls were adjusted so that all the sampled outputs
were zero with no input to the analyzer, then the trilangle wave
was applied and the gain contrqls adjusted so that all chaannels
had the same output amplitude. About once a month 1t was necessary
to adjust the potentlometers at the level selector inputs so that
successlve level selectors iriggered for each 5 volt lncrement
in the amplitude of a test sine wave. The purpose of this adjustment -

18 to equalize the wldths of all the amplitude slices.
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EVALUATION OF THE PROJECTED DISTRIBUTION FROM ITS AUTOCORRELATION

We wish to consider in more detail the problem posed in
section 2.4, which is to determine fA(y)I from [RA(y) ‘ +
where these functions are given by Eqs. (28) and (27) respectively.
The problem has two parts. The first is to determine under what
conditions (if any) a unique solution exists. The second 1s
to evolve a method for finding the solution., At the time of
writing, the author has been unable to obtain a general solution
to the first part, It appears that a proof by induction should
be possible, but certaln steps 1in the proof are still missing.
However, a method of finding a solution has been evolved, ard
its application to numerous examples strongly indicates that
the solution 1s unlique under certain conditions. This method
wlll be described after the nature of the problem has been more
fully explained.

It was shown in section 2.4 that the problem reduces to
determining the set of number palrs {Km, ym} , Where m = 1,
2,-~ "=, M, from the set of number pairs {KmKn; Yy - yn} .
where m = 2, 3 ---, My n=1, 2,----, M-1; and m>n. For
brevity we shall denote KK by K, and (ym - yn) by a_ .

It 1s evident that the set { K,} can be determined only
after the set {ym} has becn determined. This 1s because
the members of the set {Kmn} are not given to us with the
identifying subscripts attached. They are merely a set of real
numbers, and we do not know which pair of subscripts to assoclate

wlth each until the set {ym} 1s known. When the latter set

g




1s determined, we can order 1t. Suppose the subscripts are

chosen so that the following rule of ordering is fulfilled.

y1<y2< y3<,'—“'"‘<ym_l < yM

From the above ordered set we can regenerate the set {jamn } R
and therefore determine the correct subscript palrs to associate
with each member of i-Kmn}' ., It is now a simple matter to

solve for each Km, since:
1

1
K 2
S LN

Knp

In the first expression, n and p are any subseripts such that
m n p, while in the second expression r and q are any

subseripts such that »r g m.

The crux of the problem 18 therefore to determine the set

{ ym}. from the set {.amn}' . Although we have been unable

to prove it in general, we believe that -{yhﬁ} is uniquely
derivable from  { am.n} provided the members of the latter set
are all different. It 1s also suspected that this result 1is

true when not more than two of the a., are equal. However

we shall confine attention to the case where none are equal,

It can readily be shown in this case that there are N = %(M)(Mul)
members of {jamni} . We know that there 1s at least one set
{'ym}-which is a solution to the problem, namely the set of
projected highlight positions which originally generated the

set {’amnj} . We therefore wish to show that there are no

other sets of M numbers which can renerate the same ?ramn}' We

i
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shall now show how to g;k;baﬁg céﬁéfrucéing a-{y} set froﬁ
the given {a_} set.

To clarify the procedure, introduce a new set of symbols
{ak} to replace {amn}' The new subseripts are to be

chosen so that the following rule of ordering is fulfilled.
a1<a2<a3<— -—--—-<a.N_1< 8y

It 1s evident that the difference (yM - ¥;) 18 = ay because

¥ and yy are the end polints of the array of projected high-
lights., It 1s also evident that y, may be chosen arbitrarily,
because the set {o‘k} determines only differences between
projected highlight positions, and not absolute values.
Therefore we shall choose yq = O. A l1little thought will also
show that the same set -(ak}-would result from either -{ym}-

or the set obtained by forming the mirror image of {jym} in
any plane perpendicular to the y axis. This 13 because the
operation of mirror imaging does not change any of the projected
distances between points. Hence there 1s an ambiguity in
determining the proJjected distribution from its eutocorrelation
function, in that we have lost the sense of ordering of the
projected points. For example, in computing the proJjected
highlight distribution from its autocorrelation function for

a broadside alrcraft aspect, we would not know which end of

the distribution to associate with the aircraft's nose, and
which end with the tail.

The procedure for deriving a . {&f} set may now be described.

From the ordered set {'ak]-, pick out all pairs (aJ, ak)
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53 ié‘;ﬁ 5 ay, and &, = (aN - aJ).

There will be at least (M-2) pairs which satlsfy these

defined as follows:

conditions, because there are (M-2) rewalning y's to be
determined*, and the m th y generates the following two

members of -{amn}-, among others:

4m = (v - yp) = 8,
and
aMm = (ym' ym) = [(yM - yl) = (ym - yl),] = (a'N‘ - aj) ak

We shall consider the case of exactly (M-2) such pairs, since

it 1s unlikeiy that there will be more than this. The remaining
(M-2) y's are to be selected one from each of the number palrs
(aJ, ak). For clarity we shall identify these number pairs

by adding superscripts thus: (aJp, akp), p=1, 2,-—~5 (M-2).

The p superscripts are chosen to satlisfy the ordering:

_____ M-2 1
a'k <.ay < - - <aJ o <("2'aN)
This ordering implies that
1 2 M-2 1
8 DA > - - - = - > 8, > (5 ay)

It 18 evident that we must choose Vo = ajl, due to the

rules of ordering. The remaining (M-3) y's can be chosen in

* ¥, and Yy are already determined, because ¥y 18 selected = O,
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any one of (2‘)M-3 ways. The procedure 1s to test the possibilities
in a systematic manner, until one 1s found that gencrates the

correct set {jakj}. For example, we could test all the sequences

for which y3 = a?, then all those for which y3 = aa, followed
by those for which y3 = ag, ete., the last two being the

sequences for which y3 = a?'z and aﬂ'2 respectively. The number

of sequences in each of these categories 1s (2)M'u, (2)”'5,
(2)1, (2)° and (2)° respectively. The method of testing a { ¥y}
sequence is to start avaluating the members of the {Ta}- set
corresponding to that sequence, and discarding 1t as soon as

a number 1s found which does not belong to the given set -{ak} .

The procedure will be illustrated by the following example

in which M=6. The given set {ak} is shown in Fig. 28. For
. simplicity we have chosen the members of -{ak}- to be integers,

as follows:
- {ak} (1» 2, 3, )'l" 5, 69 Ts 8’ 9, 10, 11, 12, 17, 189 21)

Examination of this set shows that the admissible palrs from
which (y2, Y35 Yy y5) must'be chosen are (a3, alu), (au, a13)’
(a9, a12) and (alo, all). The appropriate p superscripts to

be assoclated with these palrs are indicated in the figure. As
explained previously, Yo i1s to be chosen = a3. Hence we are
faced only with the choise of ¥, ¥y, and y;. There are o(6-3) _
23 = 8 possible choices, which are enumerated in tabular form

in the figure. Upon testing these cholces in the order indicated,
it 1s found that cholce No. 2 ylelds the correct set {ak},

while no other choice does. Choice No. 2 corresponds to the
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following complete set of y's: (0, 3, &, 9, 11, 21)

It 18 to be noted that we can find a set of more than
slx points which apparently generates the same {}a} set as
was given 1n the above example. For instance, 1f in addition
to the six y values cetermined above, we add y = 12, a quilck
check will show that this additlonal y generates no a's whose
values are different from the existing ones. The explanation
i1s that, strictly speaking, we have generated a different set,
say ‘{ét}/ s but several members of this set have the same
value. Hence {a}f and {é}- are equivalent insofar as
they contaln the same numbers. The above example confirms
the fact that a unlique solution does not exist unless all the
members of the corresponding {a } set are different, or unless

only two at most are equal.
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BINGRAPHICAL NOTE

Douglas Byron Armstrong was born on March 17, 1918, in
Toronto, Canada. The latter part of his primary schooling,
and his secondary education, were obtained at the University
of Toronto Schools. In 1936 he entered the Mathematics and
Physics course at the Univerasity of Toronto, specializing in
physics in the junior and senior years, and graduating with a
B.A. degree in 1940. He was enlisted as a radar officer in
the Canadian Naval Volunteer Reserve from August 1940 to
November 1945, and was on loan to the British navy during this
entire period.

He Jjoined the Canadian Marconi Company, Montreal, in
December 1945, where he was engaged in the design of radio
broadcast antenna arrays and in transmitter development. He
entered M.I.T. ae a full time research assistant and graduate
student in September 1948, and received the M.S. degree in
electrical engineering in February 1951, His work was in
connection with classified military projects. He Jjoined the
swltching research group at the Bell Telephone Laboratories,
Murray Hill, in December 1954,

He 18 a member of Sigma X1, and the Canadian Naval Radar

Officers' Association.
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