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RisuMG 

C e t t e  n o t e  d e c r i t  l e s  methodes math'matiques q u ' u t i l i s e  l e  
programme i n f  ormatique "Room Thermal T rans fe r  Functions". Ce 
programme permet d e  c a l c u l e r  des  c o e f f i c i e n t s  d e  t ransmiss ion  Z 
pour l e  re f ro id issement ,  l e  chauffage e t  l e s  pr ' ed ic t ions  d e s  
tempsra tures  ambiantes d 'une p i k e .  1 2  programme comprend deux 
p a r t i e s :  clans l a  p r e m i k e ,  l e  c a l c u l  des  c o e f f i c i e n t s  de  
t ransmiss ion  Z d 5 t a i l l 5  e s t  bas5 s u r  une s ' e r ie  d e  29 equat ions  
du h i l a n  thermique de d i v e r s e s  su r f aces  de l a  piece. 

La d e u x i h e  p a r t i e  du programme u t i l i s e  l e s  c o e f f i c i e n t s  
calcul'es pa r  l a  premiere p a r t i e  du programme pour g6nerer  les 
fonc t ions  de  t ransmiss ion  de  l a  p i k e  pour chaque composant 
i n t e rvenan t  ( p a r  ex. l ' a p p o r t  d e  cha l eu r  s o l a i r e  e t  l ' a p p o r t  d e  
cha l eu r  provenant des  occupants). 11 permet Bgalement de  
produi re  p l u s i e u r s  approximations des  f  onct ions  q u i  s o n t  
r e p r b e n t ' e e s  p a r  un p e t i t  nombre d e  c o e f f i c i e n t s  d e  fonc t ion  d e  
t ransmiss ion  Z. 
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AHSTIblCT - The paper d e s c r i b e s  t h e  mathematical  methods ~ l s e d  i n  t h e  "Room Thermal T r a n s f e r  
!:rl;icti.nrls" computer program. T h i s  prosram c a l c u l a t e s  room Z - t r a n s f e r  f u n c t i o n  c o e f f i c i e n t s  f o r  
coo l i  n!;, hi?atin): and space-temps r a t ~ l r e  p re r l i c t lons .  The program c o n s i s t s  of two s e c t  ions :  i n  
~ h r e  f i r s t ,  c a l c ~ ~ l . a t i o n s  of d e t a i l e d  Z - t r a n s f e r  f l ~ n c t i o n s  a r e  based on a  s e t  of 29 h e a t  b a l a n c e  
t v ~ t ~ a t i o n s  f o r  tlio var lous  room e n c l o s r ~ r e  s ~ ~ r f a c e s .  

The second sec t io r l  of t h e  program :lses t h e  d e t a i l e d  f u n c t i o n s  c a l c u l a t e d  by t h e  f i r s t  s e c t i o n  
t:) ::r?rierate room t r a n s f e r  f u n c t i o n s  f o r  each  e x c i t a t i o n  component ( such  a s  s o l a r  h e a t  g a i n  and 
ii1?;11- z a i n  rrc11n n c c ~ ~ p a n t s ) .  Tt a l s o  g e n e r a t e s  s e v e r a l  approximations of t h e s e  f u n c t i o n s  t h a t  
. ~ r ( ~  r e ! ) r e s ~ i ~ l t e i i  by n s m a l l  number of Z - t r a n s f e r  f u n c t i o n  c o e f f i c i e n t s .  

'Tho= i ~icrl>:i?;c.d t ~ s o  of the  d i g i t a l  e l e c t r o n i c  
c o ~ n p u t ~ ? r  i l l  b.nyi~irc?ring o f f i c e s  h a s  provided t h e  
opportnni  Ly t o  :lcvelop new and Inore powerful 
comput:+tion;~l methods f o r  u s e  w i t h  t h e s e  machines. 
Thi:; is e s p e c i a l l y  t - r ~ l e  i n  t h e  a i r - c o n d i t i o n i n g  
~ l e s i g n  Ir i e l i l  where t h e  s imple  man~lal  methods 
("st t .ady-state"  load c : a l c ~ ~ l a t i o n s )  have been 
rep laced  hy new c a l c l ~ l a t i o n  procedures  c a p a b l e  of 
! ) red ie t ing  t h r  dynamic h e a t i n g  and c o o l i n g  l o a d s  
a s  w e l l  a s  t h e  annua l  energy requirement .  h e  
mi?tliotf f o r  c a l c i ~ l s t i n g  dynamic h e a t i n g  and c o o l i n g  
loar'.s i s  t h e  Z-transEer  f u n c t i o n  method d e s c r i b e d  
i n  t h e  ASHRAE Xandbook of ~undamentn1s . l  

The concept O F  t h e  Z-t.ransEer f u n c t i o n  i s  
h.?scrl 011 t h e  a s s ~ l m p t i o n  t h a t  t-he h e a t  t r a n s f e r  
!,recesses in :a room can he represen ted  by l i n e a r  
a1::ehraic and rlif F e r e n t i a l  e q u a t i o n s .  T h i s  
11rrrnits r ~ s c  of tlie s t ~ p e r p o s i t i o n  p r i n c i p l e ,  where 
t l i ~  d r i v i n g  f11ncti.on i s  r e p r e s e n t e d  a s  t h e  sum of 
;i s:?r ics  .)f s imple  p u l s e s ,  and tlie response  is t h e  
:sun O F  t h e  responses  t o  each pl l lse  c o n s i d e r e d  by 
i t s e l f  . 3 - ' 3  The r e l a t i o n s h i p  between a  u n i t  of  
i n p t ~ t  .and i r . 5  r esponse  i n  X-transform s p a c e  is 
deF i ried hy a Z - t r a n s f e r  f ~ ~ r ~ c t i o n .  

T f i  orr l r r  t o  c o r r e l a t e  the  room e x c i t a t i o n  
components (such a s  t h e  e n e r a  i n p u t  components oE 
s o l a r  r a d i a t i o n ,  light:: and n ~ ~ t d o o r  t empera ture )  
i s i  t h  tht, c o o l i  nz, each component r e q u i r e s  i t s  own 
% - t r a n s f e r  fur ict ion.  T h i s  is hecause each 
component h a s  a d i f f e r e n t  h e a t  t r a n s f e r  mechanism 
o r  t,~iLry path i n t o  a room. A p a r t i c ~ ~ l a r  room, 
thcr t i lorr? ,  h a s  a s  many Z - t r a n s f e r  f u n c t i o n s  a s  
t h e r e  :ire d i s t i n c t  h e a t  g a i n  components. Tn 
a d d i  t i n n ,  a  s p e c i a l  Z - t r a n s f e r  f111lct ton i s  needed 
t o  c o r r e l a t e  R u n i t  swing i n  room a i r  t empera ture  

wltli the  c o o l i n g  t h a t  must be provided by t h e  a i r  
c o n d i t i o n i n g  u n i t  ( i . e . ,  h e a t  e x t r a c t i o n ) .  

A major d i f f i c u l t y  i n  a p p l y i n g  t h e  2 - t r a n s f e r  
f l tnct  ion  method i s  t h e  d e t e r m i n a t i o n  of t h e  
f u n c t i o n s  themselves f o r  a  s p e c i f i c  room. A 
computer program e n t i t l e d  "Room Thermal T r a n s f e r  
Func t ions"  (G.P. N i t a l a s ;  t o  be publ i shed  a s  a  DBR 
Computer Program, N a t i o n a l  Research Counc i l  
Canada, Ottawa, 1983)  h a s  been w r i t t e n  t o  
c a l c u l a t e  room Z - t r a n s f e r  f u n c t i o n s .  The p r e s e n t  
paper g i v e s  t h e  mathematical  b a s i s  f o r  t h e s e  
c a l c u l a t i o n s  and d e s c r i b e s  a  method of s i m p l i f y i n g  
t h e  f u n c t i o n s  f o r  a p p l i c a t i o n  t o  s p e c i E i c  
p r o b l e m .  

IIETAILED ROOM 2-TRANSFER FUNC'PIONS 

P h y s i c a l  Model of Room 

The geometry of t h e  model room is shown i n  
Fig. 1 and t h e  numbering sys tem f o r  room s u r f a c e s  
is g iven  i n  Table  1. The model i n c o r p o r a t e s  most 
of t h e  p h y s i c a l  f e a t u r e s  commonly found i n  a n  
of f i c e  of a  m u l t i s t o r e y  commercial b u i l d i n g .  
f.loreover, i t  i n c o r p o r a t e s  p r o v i s i o n s  f o r  
s i m u l a t i n g  a  c e i l i n g  a i r  space  between t h e  f a l s e  
c e i l i n g  and t h e  f l o o r  s l a b  above, and f o r  
s i m ~ l l a t i n g  a  window w i t h  i n t e r i o r  and i n t e r p a n e  
s h a d i n g  dev ices .  For  l e s s  e l a b o r a t e  rooms, 
r e d ~ ~ n d a n t  model f e a t u r e s  can be d e l e t e d  by 
a s s i g n i n g  a p p r o p r i a t e  dimensions,  t h e r m a l  
p r o p e r t i e s  o r  c o e f f i c i e n t s .  

The model is  d i v i d e d  i n t o  a  f r o n t  and a  back 
s e c t i o n  s o  t h a t  non-symmetry ( such  a s  d i s t r i b u t i o n  
of s o l a r  r a d i a t i o n  on i n t e r i o r  room s l l r f a c e s  and 
h e a t  t r a n s f e r  through t h e  window) c a n  be  accounted  



Table  1 Numbering System of Room Envelope 
S u r f a c e s ,  A i r  Spaces and Window 
Components 

Surf  a c e  
Yumber 

~ l o o r  s l a b ,  upper ,  f r o n t  s u r f a c e  
F loor  s l a b ,  upper ,  back s u r f a c e  
C e i l i n g ,  lower, back s u r f  a c e  
C e i l i n g ,  lower, f r o n t  s u r f a c e  
p a r t i t i o n ,  r i g h t ,  back i n t e r i o r  

s u r f a c e  
P a r t i t i o n ,  r i g h t ,  f r o n t  i n t e r  Lor 

s u r f a c e  
P a r t i t i o n ,  l e f t ,  back i n t e r i o r  

s u r f  a c e  
P a r t i t i o n ,  l e f t ,  f r o n t  i n t e r i o r  

s u r f a c e  
C o r r i d o r  w a l l  i n t e r i o r  s u r f a c e  

S u r f a c e  
Number 

rot. .  I t  is .as:;urnpd t h a t  the room is surrounded on 
a11 s i d e s ,  oxcppt  t h e  o u t s i d e  and  c o r r i d o r  w a l l s ,  
by s i m i l a r  rooms so t h a t  t h e  average  h e a t  exchange 
between t h e  model room and t h e  s u r r o u n d i n g  r o o m  
Ls zero.  

D e s c r i p t i o n  

Window system i n t e r i o r  s u r f a c e  
E x t e r i o r  w a l l ,  below window, 

i n t e r i o r  s u r f a c e  
E x t e r i o r  w a l l ,  above window, 

i n t e r i o r  s u r f a c e  
E x t e r i o r  w a l l ,  r i g h t  of window, 

i n t e r i o r  s u r f a c e  
E x t e r i o r  w a l l ,  l e f t  of window, 

i n t e r i o r  s u r f a c e  
F u r n i t u r e  s u r f a c e  
I n t e r i o r  shade-g lass  pane a i r  

s p a c e  

All f ~ l r n i t u r o  i n  the  room is modeted by a 
s i n z l e  t h i n  s l a b  located c l o s e  t o  and p a r a l l e l  t n  
the rltmr s u r f a c e .  Tt ts assumed that the 
p r o j e c t e d  a r e a  oC t h e  F u r n i t u r e  on t h e  f l o o r  i s  
e q u a l  to h a l f  of t h e  t o t a l  s u r f a c e  af a 1 1  
F u r n i  t ~ i r e .  

Thermal Model of Room I Window i n t e r i o r  g l a s s  pane 
I n t e r p a n e  a i r  s p a c e  

The room thermal  system is d e s c r i b e d  by the 
bent h a l a n c e  e q u a t i o n s  € o r  each of t h e  room 
e n v ~ l o p e  s ~ l r f a c e s .  These combtoe the  thermal  
e h a r a c t ~ r i s  t i c s ,  geometry, s u r f a c e  e x c i t a t i o n  
cornponcn t s ,  s u r f a c e  and a i r  t empera tures  o f  t h e  
rrmln, and cooling provided  by t h e  a i r  c o n d i t i o n i n g  
~ ~ n j  t ( d r r i v a t f o n  o f  t h e s e  equations w i l l  be 
discussed i n  f o l l o w i n g  ~ e c t i o n s ) .  The set nF h e a t  
bnlancr* 19rlt1ations a re  represen ted  by t h e  m a t r i x  
l-qllat In11, 

I n t e r p a n e  shade 
Window e x t e r i o r  g l a s s  pane 
C e i l i n g ,  upper ,  f r o n t  s u r f a c e  
C e i l i n g ,  upper ,  back s u r f a c e  
C e i l i n g  plenum, f r o n t ,  a i r  s p a c e  
C e i l i n g  plenum, back , ,  a i r  s p a c e  
F loor  s l a b ,  lower f r o n t  s u r f a c e  
F l o o r  s l a b ,  lower back s u r f a c e  
C e i l i n g  plenum e x t e r i o r  w a l l ,  

i n t e r i o r  s u r f a c e  
C e i l i n g  plenum c o r r l d o r  w a l l ,  

i n t e r i o r  s u r f a c e  
Room a i r  

w l i e r ~  the elements of [Mj a r e  f u n c t i o n s  of room 
dimensions and t h e r m  1 c h a r a c t e r i s  t i c s  and t h e  
~ : t e m e n t s  of I G ] ~  are  Function6 of room excitation 
corrrponenls, t h e  past history o f  room envelope 
s u r f a c e  tempera ture  and the the rmal  
c h a r a c t e r i s t i c s  of the  room. The s u b s c r i p t  t 
i n d i c a t e s  time and [XIt  r e p r e s e n t s  unknown room 
t c m p r r a t t ~ r e s  and t h e  h e a t  e x t r a c t i o n ,  The 
s n l u t i o n  of e q u a t i o n  ( 1 )  is, 

# Outer  s u r f a c e  s o l - a i r  t empera ture  (0 ) used 
0,'' i n  p l a c e  ot  back s u r f a c e  temperature.  * Corridor a t r  t empera ture  (o,,~) used i n  p l a c e  

of back s u r f a c e  CemDerature. 
** F u r n i t u r e  t empera ture  (oI5,. ,)  used as i ts  own 

back s u r f a c e  tempera ture .  

where, 

Hi = l a s t  c lement  of [x] t+d, t h e  
c a l c u l a t e d  h e a t  e x t r a c t i o n  va lue  a t  t ime t + d, 
due t o  a  u n i t  e x c i t a t i o n  p u l s e ,  Ei a t  t ime t. 
S u b s c r i p t  n is  an i n t e k e r  and A is t ime i n t e r v a l .  

The computation by e q u a t i o n  ( 2 )  g e n e r a t e s  a  
s e t  of room response  f u n c t i o n s  of  t h e  form, 

4 t o t a l  of  34 room thermal  response  f u n c t i o n s  
are c a l c u l a t e d  f o r  26 u n i t  h e a t  Flux p u l s e s ,  s i x  
s u r f a c e  tempera ture  p u l s e s  and two c e i l f n q  plenum 
alr t e m p e r a t u r e  pulses. A s p e c i a l  f u n c t i o n  t h a t  
r e l a t e s  a i r  t empera ture  pu lae  and room heat  
e x t r a c t i o n  i s  a l s o  c a l c u l a t e d .  





Window System 

The h e a t  ba lance  e q u a t i o n s  f o r  t h e  window 
system a r e  s i m p l i f i e d  f o r m  of e q u a t i o n  (9 ) ;  t h e  
r a d i a n t  h e a t  f l u x  is  expressed  s imply a s ,  

where g i  = r a d i a t i o n  h e a t  t r a n s f e r  c o e f f i c i e n t  
f o r  a n  a i r  space  e n c l o s e d  by two p a r a l l e l  s u r f a c e s  
I and j ,  and t h e  thermal  r e s i s t a n c e  v a l u e s  of t h e  
g l a s s  panes and t h e  shades  a r e  n e g l i g i b l e .  Thus, 
t h e  s l ~ r f a c e  h e a t  ba lances  of a  window pane o r  a  
shade a r e  combined i n t o  a s i n g l e  h e a t  ba lance  
equa t ion .  

The h e a t  exchange between t h e  o u t s i d e  a i r  and 
t h e  e x t e r i o r  window pane i s  c a l c u l a t e d  by,  

" i , t  + R i , t  = Bi @O,t - % , t )  (11)  

where, 

0, = o u t s i d e  a i r  t empera ture  
Ri = combined o u t s i d e  s u r f a c e  h e a t  

t r a n s f e r  c o e f f i c i e n t .  

Ce i l ing-Floor  System 

The h e a t  ba lance  e q u a t i o n s  f o r  t h e  a i r  i n  t h e  
c e i l i n g  plenum and t h e  s u r f a c e s  of  t h e  d rop  
c e t l i n g ,  w a l l s  and f l o o r  above, which e n c l o s e  t h e  
space ,  a r e  a l s o  s i m p l i f i e d  forms of e q u a t i o n  (9) .  
I n  t h i s  c a s e ,  t h e  r a d i a n t  h e a t  t r a n s f e r  between 
s u r f  a c e s  is expressed  by,  

and i n  t h e  c a s e  of t h e  a i r  i n  t h e  c e i l i n g  plenum, 
t h e  h e a t  conduc t ion  te rm is  d e l e t e d  because  h e a t  
t r a n s f e r  by conduc t ion  i s  not involved  i n  t h i s  
h e a t  balance.  

Room A i r  

The h e a t  ba lance  f o r  t h e  room a i r  i s  

1 5  

X t  = 1 Ai h i  (Oi,t  - B a s t )  (13)  
i s 1  

where, 

Ai = a r e a  of room i n t e r i o r  s u r f a c e  i 
( i n c l u d i n g  f u r n i t u r e  s u r f a c e ) .  

Tn t h i s  c a s e ,  t h e  h e a t  e x t r a c t i o n  ( H ~ )  r a t h e r  t h a n  
tempera ture  ( 0  ) is taken  a s  t h e  unknown 
q u a n t i t y .  a ,  t 

An expanded form o f  e q u a t i o n  ( 1 )  i n  terms of  
eqclatlons (6) t o  (13) i s  g i v e n  i n  Appendix A. 

COMBINED ROOM Z-TRANSFEK FUNCTIONS 

The d e t a i l e d  s e t  of t r a n s f e r  f u n c t i o n s  K(Z) 
is cumbersome t o  u s e  f o r  room a i r - c o n d i t i o n i n g  
load c a l c u l a t i o n s .  For  example, t h e  c o o l i n g  
needed t o  m a i n t a i n  c o n s t a n t  a i r  t empera ture  

( C L ~  t )  due t o  d i f f u s e  s o l a r  r a d i a t i o n  t r a n s m i t t e d  
throAgh t h e  window (SdSt )  can be expressed  a s  
f o l l o w s  us ing  K(Z) f u n c t i o n s :  

where, 

Fd,i = r a t i o  of absorbed d i f f u s e  r a d i a t i o n  
by i n t e r i o r  s u r f a c e  i o v e r  t h e  
d i f f u s e  s o l a r  r a d i a t i o n  t r a n s m i t t e d  
through t h e  window. It is assumed 
t h a t  Fd,i is independent  of time. 

A s  shown by e q u a t i o n  (141, t h i s  c a l c u l a t i o n  
i n v o l v e s  many a r i t h m e t i c  o p e r a t i o n s  and 
c o e f f i c i e n t s .  The number of t h e s e  o p e r a t i o n s  can 
be reduced by u s i n g  combined Z - t r a n s f e r  f u n c t i o n  
C(Z). For  example, CLd,t can be expressed  a s  
fo l lows:  

where Yd,., i s  a  c o e f f i c i e n t  of combined 2 - t r a n s f e r  
f u n c t i o n  C(Z)d. 

The combined t r a n s f e r  f u n c t i o n  can be d e r i v e d  
by i n t e r c h a n g i n g  t h e  o r d e r  of summation i n  
equa t iop5(14)  and p r e c a l c u l a t i n g  t h e  c o e f f i c i e n t s  

Yd,., = F ,  H i  Thus, i n  g e n e r a l ,  t h e  

combine$-Z-transfer f u n c t i o n  f o r  t h e  room 
e x c i t a t i o n  component ( s , , ~ )  is c a l c u l a t e d  by: 

L  
C(ZIe = I Fe,, K(ZIi = + Ye,lz-l 

i=l 

where L is the total number of e u r f a c e  excltatione 
that make up the room e x c i t a t i o n  component 
, and Fe is a f r a c t i o n  of S t h a t  

e , t  
appears as suciace i e x c i t a t i o n  heat f l ux ,  

('e,iI 

The F,,* values are p a r t  of the  i n p u t  data to 
the  program. The ~ e l e c t i o n  of Pe f a c t o r s  may be 
qu i te  invo lved  and depends on the ' type of room 
e x c i t a r i o n  conponent. For exaraple, the P d , i  v a l u e  
f o r  dif fuse s o l a r  r a d i a t i o n  t r a n s m i t t e d  through a 
window may be t a k e n  as the geomet r ic  long-wave 
radiation i n t e r c h a n g e  f a c t o r s  between t h e  window 
and t h e  o t h e r  room s u r f a c e s .  

On t h e  o t h e r  hand, t h e  Fo,i f a c t o r s  f o r  
o u t s i d e  a i r  t empera ture  response a r e :  

where Ai = a r e a  of o u t s i d e  s u r f a c e  i, and 
L = t o t a l  number of  o u t s i d e  s u r f a c e s  under  

c o n s i d e r a t i o n .  



SIMPLIFLEI) ROOM Z-TRANSFER FUNCTIONS 

The d e t a i l e d  and combined t r a n s f e r  f u n c t i o n s  
a r e  unwieldy t o  u s e  i n  t h e  forms g i v e n  by 
equa t ions  ( 3 )  and (16) .  These forms t a k e  a  l a r g e  
number of c o e f f i c i e n t s  t o  d e f i n e  K(Z) and C(Z) 
and,  consequent ly ,  r e q u i r e  many numerical  
o p e r a t i o n s .  A r o u t i n e  h a s ,  t h e r e f o r e ,  been 
incorpora ted  i n t o  t h e  computer program (Room 
Thermal T r a n s f e r  F u n c t i o n s )  t o  e x p r e s s  C(2)  a s  a  
r a t i o  of two polynomials ,  a s  w e l l  a s  t o  g e n e r a t e  a  
s e t  of s i m p l i f i e d  f u n c t i o n s  of v a r y i n g  accuracy 
f o r  each combined room t r a n s f e r  f u n c t i o n ,  C(Z). 
I n  a d d i t i o n ,  t h e  frequency response  of each 
s i m p l i f i e d  f u n c t i o n  is c a l c u l a t e d  i n  o r d e r  t o  
check t h e  e r r o r  in t roduced  by s i m p l i f i c a t i o n .  

The combined Z- t rans fe r  f u n c t i o n s  g iven  by 
e q u a t i o n  (16)  can  be e x p r e s s e d  a s  a  r a t i o  of two 
polynomials i n  z- l :  

where p and d  a r e  2 - t r a n s f e r  f u n c t i o n  
c o e f f i c i e n t s  

D(2) and N(Z) C o e f f i c i e n t s  

The program c a l c u l a t e s  t h r e e  d i f f e r e n t  D(Z) 
polynomials  and, consequent ly ,  g e n e r a t e s  t h r e e  
d i E f e r e n t  forms of C(Z). 

The f a c t  t h a t  t h e  room thermal  response  t o  a  
u n i t  e x c i t a t i o n  i s  t h e  sum of e x p o n e n t i a l  (decay)  
 function^^'^ is used t o  c a l c u l a t e  D(Z) 
c o e f f l c l c n t s  a s  fol lows:  

Eor l a r g e  va lues  of n, 

Y 
-!EL = C R ~  ( c o n s t a n t )  

n  

Y.t' = CR2 ( c o n s t a n t )  
Vn 

where, V, = Y n  - CR1 Yn-1 

and 

W 
-!EL = C R ~  ( c o n s t a n t )  

Wn 

where, W n  = V n  - CR2 Vn-l. 

I n  t h e  c a s e  of a  room of l igh t -weigh t  
c o n s t r u c t i o n ,  t h e  thermal  decay i s  s o  r a p i d  t h a t  
CR (and even CR ) cannot  be determined f o r  a  t ime  
i n ? e r v a l  of one 6our. I n  t h e s e  c a s e s ,  t h e r e f o r e ,  
only t h e  a v a i l a b l e  C R ' s  a r e  used i n  t h e  f o l l o w i n g  
c a l c u l a t i o n s .  

Using t h e  CR f a c t o r s ,  t h e  Fol lowing t h r e e  
p a i r s  of D(Z) and N(Z) polynomials  a r e  
c a l c u l a t e d :  

These c a l c u l a t i o n s  g e n e r a t e  a  s e t  of e x a c t  
room t r a n s f e r  f u n c t i o n s  e x p r e s s e d  a s  a  r a t i o  of 
two polynomials .  

The t r a n s f e r  f u n c t i o n s  can be s i m p l i f i e d  
f u r t h e r  by n o t i n g  t h a t  N(Z) c o e f f i c i e n t s  d i m i n i s h  
a s  t h e  va lue  of n  i n c r e a s e s .  Thus, t h e  N(Z) 
polynomial  c a n  be t r u n c a t e d  t o  reduce  t h e  number 
of c o e f f i c i e n t s .  To p r e s e r v e  t h e  s t e a d y - s t a t e  
r e l a t i o n  of t h e  o r i g i n a l  f u n c t i o n ,  t h e  
c o e f f i c i e n t s  of t h e  d i s c a r d e d  p o r t i o n  of t h e  N(Z) 
polynomial  a r e  summed up  and added t o  t h e  l a s t  
c o e f f i c i e n t  i n  t h e  t r u n c a t e d  s e r i e s .  

To de te rmine  how t h e  t r u n c a t i o n  a f f e c t s  t h e  
accuracy  of room 2 - t r a n s f e r  f u n c t i o n s ,  t h e  
frequency responses  of both t h e  e x a c t  and 
t r u n c a t e d  f u n c t i o n s  c a n  be  c a l c u l a t e d .  

The frequency response  can be c a l c u l a t e d  by 
u s i n g  t h e  r e l a t i o n  ,' 

z - ~  = e-iwd = c o s  ( w d )  - i s i n  ( w d )  (19)  

where, 

w - 22,  t h e  a n g u l a r  v e l o c i t y  of t h e  s i n e  
P 

wave, 
P = p e r i o d  of t h e  s i n e  wave, and + i = (-1) . 

The comparison of t h e  frequency response  of t h e  
e x a c t  and t h e  t r u n c a t e d  f u n c t i o n s  w i l l  f a c i l i t a t e  
s e l e c t i o n  of s i m p l i f i e d  room t r a n s f e r  f u n c t i o n s .  

The f o r e g o i n g  e x p l a i n s  how t h e  f requency  
response  c a n  be  used  t o  s e l e c t  a  s e t  of s i m p l i f i e d  
room Z- t rans fe r  f u n c t i o n s  f o r  a  p a r t i c u l a r  
a p p l i c a t i o n  t o  p r o v i d e  t h e  d e s i r e d  accuracy  w i t h  
minimum computa t iona l  e f f o r t .  It s h o u l d  be n o t e d  
t h a t  t h e  t r a n s f e r  f u n c t i o n  i n  t h e  form 

can adequa te ly  c o r r e l a t e  room e x c i t a t i o n  and 
c o o l i n g  l o a d  f o r  most p r a c t i c a l  a i r - c o n d i t i o n i , n g  
c a l c u l a t i o n s .  For  t h i s  reason ,  t h e  2 - t r a n s f e r  
f u n c t i o n s  g i v e n  i n  t h e  ASHRAE Handbook of 
~ u n d m e n t a l s l  a r e  of t h i s  s imple  form. 



V a l i d i t y  of t h e  c a l c u l a t e d  2 - t r a n s f e r  
f u n c t i o n s  is dependent on how w e l l  t h e  f o l l o w i n g  
assumptions used t o  c o n s t r u c t  t h e  model r e p r e s e n t  
r e a l  c o n d i t i o n s  i n  a  bu i ld ing :  c o n s t a n t  
( i n v a r i a b l e )  s u r f a c e  convec t ion  h e a t  t r a n s f e r  
coef F l c l e n t u ,  one-dimensional h e a t  conduc t ion  
t h r o ~ ~ g h  t lie envelope (1.e. , three-dimensional  h e a t  
conduct Lon e f f e c t s  a t  c o r n e r s ,  beams and columns 
arc. n e g l e c t e d ) ,  ~ ~ n i f o r m  h e a t  f l u x  and tempera tures  
- 1 ~  the u ~ ~ r F a c e ~  OF t h e  var ious  e lements ,  s imple  
p h y q i r a l  and thermal  model of t h e  l u r n t s h i n g s ,  
room surrounded by s i m i l a r  rooms, uniform a i r  
temperature th roughout  t h e  room. 

A c l e a r  unders tand ing  of t h e  l i m i t a t i o n s  
impl ied  by t h e s e  assumptions i s ,  t h e r e f o r e ,  
e s s e n t i a l  when a p p l y i n g  t h e  room t r a n s f e r  
f u n c t i o n s  d e r i v e d  by t h e  model. 
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Appendix A 

Mat r ix  Equat ion [ M I - [ X I ,  = [ G ] ~  

For  c l a r i f i c a t i o n ,  t h e  m a t r i x  e q u a t i o n  i s  
expanded u s i n g  e q u a t i o n s  ( 6 )  t o  (13) .  T h i s  m a t r i x  
e q u a t i o n  is a group of f o u r  d i f f e r e n t  sets of 
e q u a t i o n s  t h a t  c o r r e l a t e  v a r i o u s  t empera tures  and 
h e a t  e x t r a c t i o n :  

Rows 1 t o  15 c o r r e l a t e  t empera tures  oP room 
e n c l o s u r e  i n t e r i o r  s u r f a c e s  and f u r n i t u r e  
s u r f a c e s .  
Rows 16 t o  20 c o r r e l a t e  t empera tures  of  w i n d w  
system 
Rows 21 t o  28 c o r r e l a t e  t empera tures  a t  c e i l i n g  
plenum. 
Row 29 c o r r e l a t e s  room a i r  t empera ture ,  i n t e r i o r  
s u r f a c e  tempera tures  and h e a t  e x t r a c t i o n  
r e q u i r e d  t o  m a i n t a i n  c o n s t a n t  room a i r  
temperature.  

The d i a g o n a l  e lements  of m a t r i x  [M] a r e  
n e g a t i v e  and a l l  o t h e r  e lements  a r e  p o s i t i v e .  
Many e lements  a r e  z e r o s ;  t h e  z e r o  e lements  
i n d i c a t e  i n d i r e c t  r e l a t i o n  between t h e  unknowns. 

For  p r e s e n t a t i o n  t h e  m a t r i x  [M] i s  
p a r t i t i o n e d  a s  fo l lows:  

where t h e  v e r t i c a l  and h o r i z o n t a l  p a r t i t i o n  l i n e s  
a r e  between 1 5 t h  and 1 6 t h  rws and 1 5 t h  and 1 6 t h  
columns, r e s p e c t i v e l y .  

Diagonal  e lements :  

M115,15 = - + g15 , j  + a15,0 + b 1 5 , ~ )  

1 5  
* E denotes  ( E g i ,  j - g i , i )  

j = l  

** M12,2 t o  M114,14 a r e  s i m i l a r  t o  M 1 l , l ,  e x c e p t  

for  M1lO,lO* 

A l l  o t h e r  e l e m e n t s  of [MI]  a r e  r a d i a t i o n  h e a t  
t r a n s f e r  c o e f f i c i e n t s ,  i . e . ,  M l i , j  = g i , j  
excep t  

b)Submatr ices  1 ~ 2 )  and 1 ~ 3 1  

A l l  [w] and [ ~ 3 ]  e lements  a r e  z e r o  e x c e p t :  



-. 

* G2 to Gg are similar to G1. 

** G12, G13 are similar to Gll. 

*** G 17 to Glg and G23 and G24 are similar 
to G16. 
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