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Les a u t e u r s  u t i l i s e n t  les p r i n c i p e s  de l a  thermodynamique des  
processus  i r r g v e r s i b l e s  pour ana lyse r  l a  t ransmiss ion  de 
c h a l e u r  3 t r a v e r s  l e s  i s o l a n t s  t h e r m i q u e s  secs. 11s 
cons idbren t  l e  f l u x  de  cha l eu r  comme l a  combinaison des  modes 
de  t r a n s f e r t  de cha l eu r  p a r  conduct ion e t  p a r  rayonnement, e t  
i l s  en t i r e n t  des  Squat ions ph'enom6nologiques. Les mesures 
r g a l i s i k s  en  l a b o r a t o i r e  l e u r  permet ten t  de de te rminer  l e  f l u x  
d e  cha l eu r  t r a v e r s a n t  un spscimen d ' i s o l a n t  en f i b r e  de v e r r e  
pour v e r i f i e r  l a  v a l i d i t 6  d e  c e t t e  mgthode. 11s formulent  une 
expresshon p rgc i san t  l a  dgpendance de la  c o n d u c t i b i l i t g  
t h e r m i q u e  a p p a r e n t e  d e  l ' i s o l a n t  sec 3 l ' b g a r d  d e  l a  
tempgrature.  Les donnges expgrimentales  concernant un panneau 
de  cgramique s o n t  b ien  reprGsent6es p a r  l ' e x p r e s s i o n  d'une 
gamme de temperature  de  800 K. Les a u t e u r s  proposent une 
ex t ens ion  de l a  mgthode th 'eorique pour d g c r i r e  l e  t r a n s p o r t  
s i m l t a n g  de cha l eu r  et d thumidi t6  3 t r a v e r s  l ' i s o l a n t  
thermique. 
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ABSTRACT 

Heat Transport Through Thermal Insulation: An 
Application of the Principles of Thermodynamics of 

Irreversible Processes 

M. K. KUMARAN and 0 .  G. STEPHENSON 
Building Services Section 

Institute for Research in Construction 
National Research Council Canada 

Ottawa, Canada, K I A  OR6 

The p r i n c i p l e s  of i r r e v e r s i b l e  thermodynamics a r e  
used t o  i n t e r p r e t  h e a t  t r a n s f e r  through dry  thermal  
i n s u l a t i o n .  The h e a t  f l u x  is  t r e a t e d  a s  coupled 
conduct ive  and r a d i a t i v e  modes of h e a t  t r a n s f e r  and 
phenomenological equa t ions  a r e  accordingly  der ived.  
Laboratory measurements of h e a t  f l u x  through a  specimen 
of g l a s s  f i b r e  i n s u l a t i o n  a r e  used t o  check t h e  
v a l i d i t y  of t h e  approach. An expres s ion  i s  de r ived  f o r  
t he  temperature  dependence of t h e  apparent  thermal  
conduc t iv i ty  of dry  thermal  i n s u l a t i o n .  The 
exper imenta l  d a t a  f o r  a  ceramic board a r e  w e l l  
r ep resen ted  by t h e  expres s ion  f o r  a  temperature  range 
of 800 K. An ex tens ion  of t h e  t h e o r e t i c a l  method t o  
d e s c r i b e  s imul taneous  h e a t  and mois ture  t r a n s p o r t  
through thermal i n s u l a t i o n  is  suggested. 

where (c) i s  t h e  temperature  g r a d i e n t  i n  t h e  d i r e c t i o n  
dx 

of t h e  hea t  t r a n s f e r  and (A')  and (A") a r e  
p r o p o r t i o n a l i t y  cons tan t s  t h a t  d e s c r i b e  conductive 
( s o l i d  + gas )  and r a d i a t i v e  modes of h e a t  t r a n s f e r ,  
r e s p e c t i v e l y .  The use  of Four i e r  r e l a t i o n  and 
Rosseland's approximation, t oge the r  wi th  t h e  theory of 
i r r e v e r s i b l e  p rocesses  (T.I.P.) (1-6) can provide  a  
method t o  look a t  t h e  i n t e r a c t i o n  between conductive 
and r a d i a t i v e  modes of h e a t  t r a n s f e r  i n  thermal  
i n s u l a t i o n .  This paper desc r ibes  such an  a p p l i c a t i o n  
of T.I.P. t o  h e a t  t r a n s f e r  through thermal i n s u l a t i o n . '  
A three-term express ion  is  de r ived  f o r  t h e  h e a t  f l u x  
through t h e  i n s u l a t i o n .  One term r e p r e s e n t s  t h e  
conductive p a r t ,  t h e  second, t h e  r a d i a t i v e  p a r t  and t h e  
t h i r d .  t h e  i n t e r a c t i o n  between t h e  two Darts.  

KEY WORDS The b a s i c  p o s t u l a t e s  of T.I.P. a r e :  
1 )  The r a t e  (0) of ent ropy product ion pe r  u n i t  volume 

Heat t r a n s f e r ,  thermal i n s u l a t i o n ,  thermodynamics i s  g iven by t h e  sum of t h e  products  of f l u x e s  ( J i )  

of i r r e v e r s i b l e  p rocesses ,  r a t e  of ent ropy product ion,  and a s s o c i a t e d  f o r c e s  ( I $ ~ )  i .e .  

phenomenological equa t ions ,  moisture.  
0 = C Jiei ( 3 )  

INTRODUCTION i 

Heat is  t r a n s f e r r e d  through dry  thermal  i n s u l a t i o n  
by a  combination of conduction and r a d i a t i o n .  Models 
descr ibed i n  t h e  l i t e r a t u r e  i n t e r p r e t  t h e  hea t  t r a n s f e r  
a s  t h e  sum of s o l i d  conduction, gas  conduction and 
r a d i a t i o n .  I n  eng inee r ing  a p p l i c a t i o n s ,  t h e  

, i n t e r a c t i o n  between conduction and r a d i a t i o n  i s  u s u a l l y  
neg lec t ed  and t h e  apparent  thermal  conduc t iv i ty  
(Aapparent) of a  thermal  i n s u l a t i o n  is  w r i t t e n  as 

where (As) is  t h e  c o n t r i b u t i o n  from s o l i d  conduction, 
(A ) from gas  conduction and (Ar) from r a d i a t i o n .  

g  These models use  Four i e r  r e l a t i o n  and Rosseland 
approximation t o  w r i t e  expres s ions  f o r  t h e  h e a t  f l u x  
(9) a s  

2)  The components of t h e  f l u x  a r e  l i n e a r  func t ions  of 
t h e  components of f o r c e s  and a r e  g iven by 
phenomenological equa t ions  as 

where t h e  c o e f f i c i e n t s  Lik a r e  c a l l e d  
phenomenological c o e f f i c i e n t s .  

3 )  The c r o s s  phenomenological c o e f f i c i e n t s ,  s u b j e c t  t o  
c e r t a i n  mathematical r e s t r i c t i o n s ,  obey t h e  Onsager 
r e c i p r o c a l  r e l a t i o n s  (g) i .e .  

L . .  = L.  
1J  ~i (5)  
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Thus f o r  an  i r r e v e r s i b l e  process ,  a s s o c i a t e d  w i t h  
two s imul taneous  f l u x e s ,  J1 and J2 

where and @2 a r e  t h e  f o r c e s  corresponding t o  J1 
and J2, r e s p e c t i v e l y  and 

Heat Transpor t  and Entropy Product ion 
The en t ropy  f l u x  through any m a t e r i a l  is: 

The d i r e c t i o n  of t h e  S vec to r  is t h e  same a s  t h e  
d i r e c t i o n  of t h e  hea t  f l u x  (q) ,  s i n c e  t h e  temperature  
(T) is  a s c a l a r .  I f  we make t h e  x a x i s  p a r a l l e l  t o  t h e  
ent ropy and h e a t  f l u x  v e c t o r s ,  t h e  d e r i v a t i v e  is  

dx 

d S = l . * - q  .dT. - 
dx T dx T2 dx 

( 9 )  

The second term of Eq. (9)  is t h e  r a t e  a t  which 
entropy i s  being produced i n  u n i t  volume of t h e  
m a t e r i a l ;  i.e., 

When h e a t  i s  t r a n s f e r r e d  by conduct ion,  

Thus f o r  h e a t  conduction, from Eqs. ( 3 ) ,  ( 4 ) ,  (10) 
and (11) 

I f  t h e  hea t  is  t r a n s f e r r e d  by r a d i a t i o n  

qr - T3 dT 
dx 

(14) 

( t h i s  is  t h e  Rosseland approximation f o r  thermal 
r a d i a t i o n ) .  In  t h i s  c a s e  

When hea t  conduction and h e a t  t r a n s f e r  by r a d i a t i o n  
occur  t o g e t h e r ,  t h e  f l u x  and f o r c e  v e c t o r s  have two 
components, and t h e  phenomenological equa t ion  t h a t  
i n t e r r e l a t e s  t h e s e  components becomes: 

where a ,  b and c a r e  t h e  phenomenological 
c o e f f i c i e n t s .  

S ince  qc  and qr a r e  i n  t h e  same d i r e c t i o n ,  they 
may be added a l g e b r a i c a l l y  t o  o b t a i n  t h e  t o t a l  h e a t  
f l u x  

The f i r s t  te rm i n  t h e  b racke t  g i v e s  t h e  conductive p a r t  
of t h e  h e a t  t r a n s f e r ,  t h e  t h i r d  term, t h e  r a d i a t i v e  
p a r t  and t h e  second term, t h e  i n t e r a c t i v e  p a r t .  This  
i n d i c a t e s  t h a t  t h e  apparent  fv$rmal c o n d u c t i v i t y  should  
be  a q u a d r a t i c  f u n c t i o n  of T . 

The o b j e c t i v e  of t h i s  paper  is t o  check t h i s  
hypothes is .  

A TEST OF THE HYPOTHESIS 

The form of t h e  temperature  dependence of t h e  
appa ren t  thermal  conduc t iv i ty  t h a t  i s  i n d i c a t e d  by 
Eq. (18) can be checked by measuring t h e  t o t a l  r a t e  of 
h e a t  f low through semi- t ransparent  m a t e r i a l s .  It i s  
convenient t o  d e f i n e  a q u a n t i t y  Q a s  

Then dx = ( a  + 2 b e ~ l . '  + c.T3) dT dx (20) 

Hence from (18)  and (20).  

t hen  dQ q = - - .  
dx 

(21) 

I f  one measures t h e , t o t a l  h e a t  f l u x  (q1-2) through 
a sample of t h i ckness  t ,  when t h e  s u r f a c e s  a r e  kep t  a t  
T1 and T2, 

S imi l a r  equa t ions  can be w r i t t e n  when t h e  s u r f a c e s  a r e  
maintained a t  T3 and T,,, T5 and T6, e t c .  These 
equa t ions  can be combined i n t o  a matr ix  form 

b and solved f o r  5 , - and 2 . 
t t  t 



Test  Specimens l a b o r a t o r i e s  i n  Canada and t h e  United S t a t e s  (10). 
Two t e s t  specimens were prepared from a s h e e t  of These d a t a  a r e  i n  t h e  form of t h e  apparent  thermal 

medium dens i ty  g l a s s  f i b e r  board produced by Johns conduc t iv i ty  a t  f o u r  mean temperatures  ranging from 
Manville Co. f o r  t h e  Nat ional  Bureau of Standards ,  533 K t o  1363 K. These d a t a  were f i t t e d  by a q u a d r a t i c  
Washington, D.C. The average dens i ty  of t h e  sample was i n  ~ 1 . ~ .  Table 2 g i v e s  t h e s e  d a t a  and t h e  va lues  of 
51 kg*m-j. Specimens were cu t  and placed i n  wooden a ,  b and c t h a t  were der ived from them, and shows t h e  
frames. The dimensions of t h e  specimens were 58.42 x c a l c u l a t e d  va lues  of t h e  apparent  thermal conduct ivi ty .  
58.57 x 2.64 cm. The two specimens weighed 461.2 g and The q u a d r a t i c  i n  T ~ * ~  r e p r e s e n t s  t h e  d a t a  very w e l l  
461.3 g, and were i d e n t i c a l  i n  a l l  o t h e r  r e spec t s .  over t h i s  r e l a t i v e l y  wide range of temperatures.  The 
These specimens were d r i e d  i n  an oven a t  323 K f o r  one va lues  of t h e  c o e f f i c i e n t s  a ,  b, and c depend on t h e  
week and then  they were mounted on a 60 cm guarded ho t  n a t u r e  of t h e  m a t e r i a l ,  and may a l s o  depend on t h e  
p l a t e  apparatus  b u i l t  according t o  ASTM s p e c i f i c a t i o n s  e m i s s i v i t y  of t h e  bounding s u r f a c e s  and t h e  th ickness  
(2). Steady s t a t e  measurements were made a t  t e n  of t h e  sample. Measurements on s i m i l a r  samples of 
d i f f e r e n t  s e t s  of boundary temperatures.  d i f f e r e n t  th i cknesses  a r e  needed t o  check on t h e s e  

p o s s i b i l i t i e s .  These r e s u l t s  show, however, t h a t  t h e s e  
EXPERIMENTAL RESULTS c h a r a c t e r i s t i c  c o e f f i c i e n t s  a r e  n o t  func t ions  of 

temperature o r  temperature g r a d i e n t ,  and t h a t  t h e  
The t e s t  r e s u l t s  and t h e  der ived va lues  of a ,  b a n a l y s i s  based on T.I.P. i s  v a l i d  f o r  t h i s  type  of 

and c a r e  given i n  Table 1, a long wi th  values  of h e a t  i n s u l a t i o n  ma te r i a l .  The i n t e r a c t i o n  between t h e  hea t  
f l u x  ca lcu la ted  us ing these  values  of a ,  b and c and conduction and r a d i a t i o n  i s  taken i n t o  account wi thout  
t h e  boundary temperatures  f o r  t h e  va r ious  t e s t s .  The having t o  e s t a b l i s h  t h e  temperature d i s t r i b u t i o n  
s tandard dev ia t ion  between t h e  measured and ca lcu la ted  through t h e  ma te r i a l .  
va lues  of hea t  f l u x  i s  0.04 W/m2 when t h e  f l u x  ranged 
from 23.4 t o  52.6 w/m2. Table 2 

Table 1 The apparent thermal conduc t iv i ty  (happarent) of 
a ceramic board a t  d i f f e r e n t  temperatures.  

Heat flow through a dry sample of medium dens i ty  g l a s s  
f i b e r  i n s u l a t i o n  (51 kg*m-3); T1 and T2 a r e  s u r f a c e  
tempertures  and q1-2 is  t h e  hea t  f l u x  T 

'apparent (W/meK) 

(K) Measured Calculated* 

41-2 
533 0.073 0.073 

Measured Calculated* 2 ) 2) w/m2 w/m2 813 0.114 0.113 

293.92 273.97 23.47 23.43 1088 0.189 0.189 

303.11 283.16 24.24 24.29 1363 0.312 0.311 

312.63 293.48 24.21 24.24 a = 5.40 x W/m-K 
b = 1.92 x w / ~ * K ~ . ~  

322.08 303.25 24.75 24.78 c = 9.40 x 10-I W/m*K4 

331.61 313.62 24.72 24.66 *'apparent = a + 2 b ~ l . ~  + c T~ 

343.13 323.3,, 28.47 28.43 An Extension t o  Heat Transfer  Through Moist Mate r i a l s  
The p r i n c i p a l  advantage of t h e  TIP approach i s  

354.02 333.88 30.21 30.24 t h a t  it can be extended t o  inc lude  a d d i t i o n a l  
components i n  t h e  f l u x  vector .  An enclosed porous 

363.46 343.21 31.65 31.66 system t h a t  has  moist  m a t e r i a l  ad jacen t  t o  a warm 
boundary w i l l  have vapour flowing from t h e  warm reg ion  

314.22 286.33 34.90 34.93 t o  t h e  coo le r  region.  The hea t  f l u x  (qv)  a s s o c i a t e d  
wi th  t h i s  vapour flow can be r ep resen ted  a s ,  

333.61 293.86 52.61 52.60 
dPV dT 

a = 1.896 x W/m-K 
q v = - k ( h * - ) -  

dT dx 
b = 1.764 x 10-7 ~ / r n * K ~ . ~  
c = 4.520 x 10-lo w / ~ * K ~  where k = vapour permeabi l i ty  of t h e  m a t e r i a l ,  
t = 26.4 mm h = enthalpy of s a t u r a t e d  vapour a t  T, 

Pv = s a t u r a t i o n  vapour p ressu re  of water a t  T. 
2b (T2.5- T$.5) *ql-2 = 5 (Ti-T2) + - 

t 2.5t dPv 
Around 300 K t h e  product h c a n  be approximated by 

+ 5 (T: - T;) A.~15*4. 1 
dT 

4 t 

As t h e  NRC guarded ho t  p l a t e  apparatus  i s  l i m i t e d  lThis  approximation has  been der ived from t a b u l a t e d  
t o  temperatures  between 273 K and 365 K, t h e  v a l i d i t y  va lues  of enthalpy and vapour p ressu re  of water a t  
of Eq. (16) could only be e s t a b l i s h e d  over t h i s  l imi ted  s a t u r a t i o n  vs  temperature.  These d a t a  a r e  publ ished 
range of temperature.  However, some high temperature  i n  ASHRAE Handbook of Fundamentals, 1985, Ch. 6, 
d a t a  were a v a i l a b l e  from a s e t  of round-robin Table 2: p. 6.6. 
measurements made on a ceramic m a t e r i a l  by seven 



This means t h a t  t h e  f l u x  ( J v )  should be 

The phenomenological equat ion f o r  h e a t  t r a n s p o r t  by 
conduction, r a d i a t i o n  and mois ture  migra t ion  becomes 

The c o e f f i c i e n t s  a ,  b and c can be determined from 
t e s t s  on a d ry  sample and t h e  c o e f f i c i e n t s  d, e and f 
from a d d i t i o n a l  t e s t s  on a moist  sample of t h e  same 
mate r i a l .  Of course ,  t h e  c o q o n e n t  qv of hea t  f l u x  
w i l l  only occur when t h e r e  i s  mois ture  i n  t h e  warm 
p a r t s , o f  t h e  ma te r i a l .  As soon a s  a l l  t h e  mois ture  has  
migrated t o  t h e  c o l d e s t  r eg ion ,  t h e  mois ture  f l u x  and 
assoc ia ted  h e a t  f l u x  w i l l  s top ;  t h e  conduction and 
r a d i a t i o n  w i l l  cont inue a s  long a s  a temperature  
g rad ien t  e x i s t s .  

e -  

CONCLUSION 

The p o s t u l a t e s  of t h e  Thermodynamics of 
I r r e v e r s i b l e  Processes  s i m p l i f y  t h e  a n a l y s i s  of h e a t  
t r a n s f e r  i n  s i t u a t i o n s  where more than  one mode of hea t  
t r a n s f e r  occurs.  This  approach t a k e s  account of energy 
s h i f t i n g  from one mode of t r a n s p o r t  t o  another  w i t h i n  
t h e  m a t e r i a l  wi thout  having t o  determine t h e  
temperature d i s t r i b u t i o n  through t h e  ma te r i a l .  The 
approach, which has  been shown t o  be a p p l i c a b l e  t o  h e a t  
t r a n s f e r  through thermal i n s u l a t i o n ,  may a l s o  be 
a p p l i c a b l e  t o  h e a t  t r a n s p o r t  through semi-transparent 
gases  i n  t h e  combustion chambers of furnaces  and 
i n t e r n a l  combustion engines.  

It appears  t h a t  t h e  i n t e r a c t i o n  between conductive 
and r a d i a t i v e  modes of hea t  t r a n s f e r  amounts t o  
approximately 6% of t h e  h e a t  f l u x  through t h e  two 
specimens, f o r  t h e  range of temperature r epor ted  i n  
t h i s  paper. Fur ther  t e s t i n g  i s  needed t o  check t h e  
v a l i d i t y  of Eq. (27) when mois ture  migrat ion 
c o n t r i b u t e s  t o  t h e  h e a t  t r a n s p o r t  through porous 
ma te r i a l s .  The cu r ren t  s tudy has demonstrated t h a t  h e a t  
t r a n s p o r t  through a semi-transparent medium l i k e  g l a s s  
f i b e r  i n s u l a t i o n  can be ca lcu la ted  by us ing  t h r e e  
c o e f f i c i e n t s  t h a t  c h a r a c t e r i z e  t h e  ma te r i a l .  The 
va lues  of t h e s e  c h a r a c t e r i s t i c  c o e f f i c i e n t s  can be 
determined from measurements of t h e  t o t a l  hea t  flow 
through a sample of t h e  m a t e r i a l  wi th  va r ious  
combinations of t h e  boundary temperatures.  These 
c h a r a c t e r i s t i c  c o e f f i c i e n t s  appear t o  be independent of 
temperature  over  a wide range. In  t h i s  r e s p e c t ,  they 
a r e  p r e f e r a b l e  t o  t h e  value  of t h e  apparent  thermal  
conduc t iv i ty ,  which i s  a func t ion  of temperature.  The 
apparent  thermal conduc t iv i ty  can be c a l c u l a t e d  f o r  any 
va lue  of mean temperature when t h e  va lues  of t h e  
c h a r a c t e r i s t i c  c o e f f i c i e n t s  a r e  known. 
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