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Abstract

The field of ocean wave energy is very diverse in terms of design. It is the purpose of
this work to model the energy conversion characteristics of a circular cylinder set to
oscillate in gentle ocean waves. A semi-analytical eigenfunction expansion method is
used to compute the hydrodynamic forces on the body. The fluid potentials and normal
velocities are matched at the boundary separating the internal region beneath the floating
cylinder (or above it if the cylinder is submerged) and the external region which includes

the rest of the fluid.

Three different configurations will be considered. The first is the case of a buoy that is
constrained to oscillate in heave by a concentric pole fixed to the seafloor. The pole can
be used to lower the buoy during a storm or can be the tower of an offshore wind turbine.
Results in monochromatic waves shed light on the effect of the pole size on the
hydrodynamic forces acting on the cylinder and on the power output of a linear power
takeoff mechanism. The power output from irregular stochastic sea waves is also
discussed. The results show that the effect of the pole is to increase the power output at
high frequencies. Furthermore, the same power output can be achieved at some
frequency for a given pole size by choosing the appropriate buoy size. In irregular waves,
numerical results presented for the power indicate that the pole can be advantageous for
certain geometries. An increased power per unit mass is also observed. The results can be

used to design the buoy to achieve optimum performance.

The second configuration to be discussed is the case of a cable-moored buoy set to
oscillate in the vertical plane. Again a linear model is used to assess the power output
from regular and irregular waves. Power is extracted from both the heave and pitch
modes while particular attention is given to the effect of the pitch mode and to help
answer the question of how beneficial it maybe to employ the added degrees of freedom.
The results show that the share of pitch power is most notable at high frequencies when
the heave power decreases sharply. The results also highlight the effects of some

parameters such as the buoy radius, height and floatation level on the power output. The



power per unit mass in irregular waves (directly related to cost) is found to admit a

maximum at a fixed buoy height-to-radius ratio.

The third configuration of interest is the case when the sea bottom-mounted cylinder is
completely submerged with water. This is a simplified model of the so called Archimedes
Wave Swing device used to extract wave energy. The work studies the effect of an added
internal mass-spring system on the general performance of the device. The idea is to
make the exterior cover of the device almost stationary to protect from wear while
moving all the energy to the internal mass. The results show the difficulty of achieving

that goal and therefore the ineffectiveness of the idea.

Finally, the work tackles some of the numerical aspects of the problems at hand;
mainly the speed of convergence of the Fourier series and how to make use of the
Richardson Extrapolation method to speed convergence. A general comparison of the

three configurations and conclusions are included.
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Chapter 1 General Introduction

With the advance of civilization, our need for energy is always on the rise. The
problem is that our major current supplies of energy come from fossil fuels which are
both non sustainable energy wise and planet wise. Nontraditional resources such as
renewable or nuclear sources, therefore, become more attractive to consider. One of the

promising renewable technologies is ocean wave energy extraction.

The ocean represents a huge potential of untapped energy. It is estimated that the
ocean stores enough energy to meet the demands of the whole world several times [1].
With the highest potential compared to the other ocean energy [2] and even some other
renewable technologies [3], ocean wave energy should be seriously developed to meet
today’s and tomorrow’s energy needs. The infancy of the technologies present, as
compared to solar or wind, is a strong motive to look into this sustainable eco-friendly

solution to our needs.

As Abu Dhabi, through Masdar, aspires to become a leader in the renewable energy
field, all renewable resources should be considered. Wave energy is an important field
that is gaining interest in Western Europe and more recently in the US. Although the
coasts of Abu Dhabi are not very attractive with regards to exploiting their wave
resources, researching in the field pushes the country forward towards becoming a
knowledge exporting country. Many people are willing to buy this knowledge once
available. The moderate resources should not be a drawback to starting any wave projects
in Abu Dhabi; in the end, it is the aim of research to develop devices that are economical
in places like Abu Dhabi. Assessment of the resources available should be easy as most
of the information needed is available from experience with building the breakwaters or
from the oil drilling operations offshore. Many of the world coasts have similar wave

resources to Abu Dhabi and any breakthrough here will be highly appreciated elsewhere.



1.1 From the Literature

Renewable energy research has so far mainly focused on wind, solar, geothermal and
biofuels. The best energy policy must focus on all types of renewable including ocean
energy. Energy from the ocean is both clean and abundant. It fits exactly into the
definition of renewable and sustainable energy. It is up to us to figure out what is the best
way to harness this resource. There are four major forms of energy present in the ocean

that are mainly under investigation. These are:

1. Wave energy which represents the energy content in waves that form because of
the wind interaction with the surface. Several techniques have been developed to
convert it into a more useful form of energy.

2. Tidal energy which represents the potential energy accumulated during the high
tide and dissipated during the low tide and which cycles approximately every 12
hours. This increase in potential is then used to drive a hydro-turbine as in the
case of traditional hydropower [4]. This technique has the advantage of being
highly predictable.

3. Ocean thermal energy which is the use of the temperature gradient across the
ocean depth to drive a conventional power cycle. This temperature gradient is
usually low but a mere 20° C are enough to drive the cycle. This is accomplished
by ocean thermal energy conversion (OTEC) techniques. It is estimated that up to
10000 GW of energy practical to exploit from OTEC is possible offshore in the
world’s oceans [2].

4. Ocean current energy is that kinetic form present in the motion of the ocean

currents. It makes use of this motion to drive turbines similar to wind turbines.

We focus on the first type which also offers the highest potential of available energy
[2]. The concept of a wave is simple. A wave is an oscillation in some quantity and how
this oscillation propagates. For ocean waves, the oscillation is a feature of the fluid
displacement. Crucial to the existence of a wave is the presence of restoring forces. To
make an electric oscillator, both a capacitor and an inductor are required to “push” the

current back and forth. The inertial and the spring forces of a mechanical oscillator



transfer the energy in between causing the oscillatory behavior of the system. For ocean
waves, the restoring force is gravity (hence the name gravity waves) which is literally
pushing the fluid against the buoyant force. When these waves initiate at the surface, we
call them surface gravity waves or simply surface waves [5]. Surface waves are the main

resource used for wave energy conversion.

Ocean waves form as a result of the interaction of wind with the water surface.
Therefore, they can be regarded as an indirect form of solar energy. The energy from the
sun concentrates in the form of air motion forming wind that has a higher energy
potential per unit area than solar. The wind energy then concentrates forming water
waves which have an even higher potential. It is this high concentration of energy
potential that makes wave energy attractive. More energy can be extracted from a given
area which means smaller and less expensive equipment. Ocean waves are also known to
be unpredictable in general; a trait carried over from wind. Waves are more consistent
than wind though because when the wind stops blowing, waves still surge across the

ocecan.

The energy in waves is generally measured in terms of power per unit length (kW/m)
of wave crest. Sites with annual average values between 20 and 70 kW/m are considered
as good deployment places for wave energy projects. Places like western Europe are rich
in the wave resource, but places in the southern hemisphere, where lower seasonal
variations occur, like South America, Africa or Australia are considered to be the best

sites for extracting energy [6].

It is estimated that the power potential that hits the coasts of the world is of the order
of 1 TW [7]. Many wave energy converters (WEC’s) were proposed to harness this type
of energy [6][8]. The highly efficient Salter Duck was the device that triggered interest in
ocean wave energy [9]. Its rounded backside limits the formation of transmitted waves,
theoretically allowing complete energy extraction. Efficiencies as high as 80% have been
achieved in the lab but the performance was not as good in the open ocean. An important
category of the devices available is the oscillating water columns which use the
difference in air pressure caused by the oscillation of the waves to drive a Wells

unidirectional turbine [6]. Many other devices exist as well such as Pelamis which was
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the first device to be connected to the grid and the Archimedes Wave Swing (AWS)
which has already been implemented on a 2 MW scale. These are exceptions though as
wave devices found it difficult to move from the stage of theoretical and numerical
modeling to experimentation largely due to difficulty of implementation and lack of

funding.

Proper classification of WEC’s is essential for design and standardization. In
particular, floating WEC’s can be classified into three categories: point absorbers,
terminators and attenuators. This classification is based on the geometrical scales of the
devices and on their orientation with respect to the incoming waves. Terminators and
attenuators have one length scale much larger than the other. The difference is that the
terminators are oriented perpendicular to the wave propagation blocking the incoming
waves while attenuators are oriented parallel to the direction of wave propagation
attenuating the wave as it passes along. Point absorbers, which we restrict our focus on,
have their length scales much smaller than the wavelength of the incoming waves which
makes them seem like a point from the wave perspective [10]. These were first
considered by Budal and Falnes in [11]. These are likely to be the most economical

among the WEC’s [12].

Circular cylindrical buoys form an important category of point absorbers. They are
important from a practical point of view and they are an obvious choice for theoretical
studies because of their simplicity. These buoys resemble circular platforms in the ocean
and use can be made of the analysis done on these platforms. Essential to determine the
power extracted by any WEC is to estimate the resulting hydrodynamic forces. These
forces result from the interaction with the incoming waves and from the oscillation of the
body itself in the fluid. We call these forces the excitation and radiation forces
respectively. Linear theory allows solving for these forces separately making the problem
much easier to handle. The science of computing these forces is a major track of modern

hydrodynamics.

The first type of forces considered results from the body oscillation itself. As the buoy
oscillates in the absence of any incident waves, it radiates energy away in the form of

waves. Solving for the governing fluid potential in this case is called the radiation
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problem and the resulting forces on the body are called the radiation forces. For the buoy
considered in this work, the radiation problem has been studied in [13] and [14] using the
classical eigenfunction expansion method in the frequency domain. These forces are
usually represented in the form of an added mass-acceleration product and a damping
coefficient-velocity product in the frequency domain or convolution integrals in the time
domain. Numerical methods such as the FEM are usually used to compute these forces
for complicated geometries or for fully nonlinear problems [15]. The buoy has also been
studied numerically in [16][17] but in general, numerical methods are not as accurate,
they require more time and are more difficult to program compared to analytical

techniques [18].

The diffraction problem involves the forces on the buoy due to the incoming and
scattered waves when the buoy is held stationary. In cases when the body is small in
size, diffraction is insignificant and the force component resulting from the scattered
waves can be neglected. This is a direct result of the point absorber theory [19]. The
remaining component, a result of the incident wave only, is termed the Froude-Krylov
force. This is very convenient in situations where it applies as the diffraction problem
need not be solved anymore. For a general body, scattered waves must be considered. For
the cases presented in this work for example, this was solved analytically in [20][21] and
numerically in [22][23] . The general problem of a buoy excited by an incident wave is
the result of the superposition of the radiation and diffraction potentials. A dynamic
balance of forces on the buoy allows computing the displacements and velocities of the
body. The power output relation follows. This has been studied numerically in [24] for

infinite water depth.

It is of interest to study cylindrical buoys because of their simple geometries and
common usages in ocean technologies. Many variations are possible and a rigorous
treatment requires the analysis of each case separately. Particularly for wave energy
conversion, these variations may indeed have profound influence on the performance. It
is the purpose of this work to study some of these variations when used for power

conversion. Different motivations lead to interest in analyzing the cases presented here.



Many WECs, such as the Norwegian heaving buoy [6], employ a spar to support the
floating body. This motivates studying the effect of this spar on the power absorption
characteristics of the system. In the case we present, the spar can have many usages. It
may be a substitute for mooring or could be used to lower the device during a storm. It
could be further used to store the power takeoff (PTO) equipment or even more exotically
represent the tower of an offshore wind turbine-WEC hybrid system. This will be the

motivation for the first case studied in this work.

A body can have up to six independent degrees of freedom in 3D space. For a body
lying in a fluid, these are usually termed surge, sway and heave for the translational
modes of motion along the three coordinate axes and roll, pitch and yaw for the rotational
modes about these axes [19]. For a body symmetric about a vertical axis like a circular
cylinder, there is no appreciable difference between the surge and sway motions and
between the roll and pitch rotations. In the absence of viscosity, the yaw motion causes
no variation in the fluid field and is of no interest. This makes the analysis of these bodies
easier as fewer modes have to be considered. For the cylinder in our case, it is interesting
to know how much more power can be extracted by employing the added pitch degree of

freedom. This motivates the second design considered in this thesis.

The third device of interest is the AWS. It consists of two main submerged parts: the
stationary part called the silo and the oscillating part called the floater [10]. The concept
is simple; when a wave crest passes over the device, a gas that is trapped inside the silo is
compressed as the floater moves down in response to the increased hydrostatic pressure.
The reverse happens during a wave trough and the expanding gas pushes the floater
upward. This oscillatory motion of the floater is used to run a linear electric generator
which produces electricity. The AWS has also been studied thoroughly and in fact a 2
MW prototype has already been tested close to the Portuguese coast [10]. A frequency
domain analysis of the device was performed in [25] and then a time domain approach
followed in [26]. The experimental results of the device testing can be found in [27]. The
AWS is also the first WEC device to employ a linear generator. This has been the subject

of a lot of research since its development [28].



For linear problems, the analysis inevitably starts with regular waves; that is, waves
propagating with a single frequency. These monochromatic waves are good models to
naturally occurring fully developed waves called swells [5]. This consideration, by itself,
is not very representative of natural conditions of interest, although it is important from a
theoretical standpoint. It is the beauty of linear problems that allows computing the power
output from multiple frequencies by simply summing the contributions from each
frequency. This condition fails to be the case in nonlinear problems, as the individual
waves corresponding to the different frequencies interact to form new waves with new
frequencies, which up to the second order, are sums and differences of the individual
frequencies [29][30]. That means that new waves are created and the energy available is
redistributed among the present waves. This situation may be of importance to wave
energy problems because body responses are affected by mooring schemes and natural
frequencies of the system may be significantly different from that of the body itself. In
fact, resonance, which is the condition when the wave frequency matches the dynamic
system natural frequency, may occur at the sum or difference frequency making the linear

analysis inadequate.

In linear problems, natural conditions are modeled so that all positive frequencies are
permitted, and the concept of a power spectrum becomes handy. A spectrum is similar to
a probability density function for the power content of the waves. When the power
transfer function (power from unit amplitude monochromatic waves) is weighted by this
spectrum and integrated over the frequency range of interest, the total power is obtained.
Spectrums are in general directional, which means that the power available depends on
the direction of the incident waves. For the axisymmetric cases considered here,
directionality is unimportant and need not be considered. Waves that are modeled by

some statistical distribution are usually termed irregular waves.

Generally speaking, the forces on the PTOs are nonlinear and their treatment requires
a time domain analysis (see [31]). The hydrodynamic forces from linear theory are still
used though. For simplicity and to keep our analysis within the frequency domain, the
PTOs are modeled by linear translational and rotational dashpots for the heave and pitch

modes respectively. The PTO can also be designed to alter the motion of the buoy into a



more suitable manner. This follows from the fact that practical sizes of these buoys tend
to have natural frequencies that are higher than those present naturally in the waves. The
theory of WEC’s requires the near matching of these two frequencies to achieve optimal
and economical performance. By proper design, a PTO can be used to lower the natural
frequency of a body. Equations of motion, such as those that will be presented in this
text, indicate that negative springiness values may be necessary to reach that goal; a
result that is not very practical to implement except by elaborate control methods. Control
of WEC’s is usually called phase control because it forces the oscillation velocity to be in
phase with the wave force. Different kinds of control strategies were developed [32]. One
important method is called latching because it acts to keep the device stationary in place
for a short while and releases it so as to achieve the same phase of oscillation as the wave
force. This has been found to be difficult in practice and requires prediction of the wave

amplitudes some short while into the future because the system is not causal [19].

The general statement of the problem at hand is to model wave energy extraction
devices and to point to the design areas that can make these devices more efficient, cost
effective and reliable. The basic WEC element that is considered is a vertical truncated
circular cylinder oscillating in water of finite depth. Three different modifications of this
basic element are considered. The first is a floating cylinder that oscillates in heave about
a fixed pole. The effect of the pole causes changes to the power absorption characteristics
of the device and a thorough understanding of its effect is needed. The second
modification allows the floating cylinder to move in the heave and pitch modes
simultaneously. These two modes are uncoupled, as we will see, and therefore a definite
increase of power is expected. The third modification is meant to model the well known
Archimedes Wave Swing which is a submerged device. An improvement of the work of
the device is thought possible by introducing an internal mass that alters the dynamics as
a whole. The device is designed so that its external structure oscillates with minimum

amplitude as all the power is moved to the internal mass.

The objective of this work is to study the different designs of wave energy converters
mentioned and to form a suitable model that represents them. The model will help

understand the physics of wave converters and will aid the designer to choose the most



suitable geometries that best suit his or her requirements. These will usually be to yield
the maximum power absorption or the maximum power density. The study will only
tackle the mechanical behavior of the devices and will not consider the details of the

electric generators or electric distribution systems that are used.

The thesis is divided into this introduction and four main parts. The first part will talk
about the buoy supported by the pole and will study the effect of this pole on the
hydrodynamics (Chapter 2) and on the power output of the device in regular and irregular
waves (Chapter 3). The second part is dedicated to the analysis of the multi degree of
freedom system with a special emphasis on the role of the pitch mode on the power
extraction. The hydrodynamics of the heave and surge modes are discussed in part one of
this work and in the literature. Only the analysis for the pitch mode is presented (Chapter
4). The power output from regular and irregular waves follows (Chapter 5) with a
discussion on the role of the pitch mode and its viability as compared to the solely
heaving case. The third part will discuss the model of the AWS, the imposed constraints
and the power output from regular waves (Chapter 6). A comparison with the floating
buoy is also included. The last part will include an account of the numerical aspects of
the work that is common to all devices (Chapter 7), and a conclusion that recaps all the
work and discusses the advantages of employing each design with a suggestion of

possible future work (Chapter 8).



Part 1 The Pole Supported Heaving Buoy
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Chapter 2 Hydrodynamics of the Heave Mode

The first wave energy converter (WEC) that will be considered here is a floating buoy
oscillating in water of constant depth. The buoy is supported by a fixed concentric pole
which restricts the buoy motion to heave. Floating buoys have long been considered for
the possibility of extracting energy from waves. Masuda developed navigation buoys that
run on wave energy by driving compressed air into a turbine [33]. This was later called

the floating oscillating water column (for more information see [6]).

This chapter mainly deals with the analysis of the hydrodynamic problem related to

first configuration considered here henceforth referred to as the heaving buoy.

www.metbuoy.com

Figure 2-1: A photo of a typical buoy used for meteorological data collection from a company called Marine Data Service

2.1 Problem Description

The buoy that is considered in this work is circular cylindrical in shape with a draft
that is shorter than the water depth. The motion is further constrained to heave by

employing a circular pole that is concentric with the buoy and that extends to the ocean
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bottom (figure 2-2). The pole is used as a fixed mooring that can be used to store the
power takeoff and other auxiliary equipment away from the harsh ocean environment.
Furthermore, the pole can be a model to the mast of an offshore wind turbine in a wind-
wave hybrid system. It can be shown that this arrangement can be reasonably economical
[34]. Obviously there are some advantages of employing this pole. The real question is,
what is the effect of the pole on the performance of the device and how does it compare
with the case when the pole is absent? This chapter and the next will attempt to answer

these questions.
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Figure 2-2: Schematic diagram of the buoy-pole system defining the different system parameters and the direction of wave
propagation
We would like to estimate the power that can be extracted from such a system or
arrangement. To compute the power, the forces on the device and its reaction to the
incoming waves must be known. We first make some assumptions that are very common
in the study of surface waves to simplify the problem. The fluid is considered to be
incompressible and inviscid, which is a good approximation to sea water especially if the

speeds involved are small. Furthermore, it follows from the continuity and momentum
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equations that if the fluid is irrotational (has a zero vorticity) at an instant, it continues to
be so afterwards [19]. That leads us to the assumption that the fluid is irrotational.
Friction losses in the mechanisms are also considered to be negligible. To make the
problem linear, only small amplitude oscillations and incident waves are considered. The
boundary conditions are therefore simple and to a first order approximation, only mean
values of the buoy position and the free surface need to be considered. The linearized
Bernoulli equation can thus be applied at the surface to lead to a simple free surface

condition.

These assumptions enable us to model the flow as a potential flow, that is, the velocity
field at any point can be conveniently represented by the gradient of a scalar potential
function ¢. It follows from the continuity equation that ¢ is governed by the Laplace

equation. Cylindrical coordinates will be used because of the geometry of the problem.

In the absence of any incident wave and as the buoy oscillates by the action of an
external agent, it radiates waves in all directions. Solving for the potential in this case is
termed the radiation problem. The result is the radiation potential ¢". It is also governed
by Laplace’s equation. This potential is important as it leads to the forces on the buoy
because of the reaction of the fluid. On the other hand when the buoy is held stationary in
the presence of the incoming wave, forces result on the buoy because of the diffraction of
the waves and these forces must be absorbed by the supporting agent. They are called the
excitation forces. The problem of solving for the potential function is called the
diffraction problem. The result is the summation of the incident wave potential ¢! (which
is known a priori) and the scattered potential ¢°. In a real situation, the incident wave is
scattered by the presence of the buoy and waves are also radiated because of its
oscillatory motion. The resulting potential will therefore include the combined effects of
both radiation and diffraction. However, since the problem is linear, the total potential is

just the summation of the individual potentials:

=9 +¢°+¢". 2.1)

This fact makes the problem easier to handle as each potential can be solved for

separately. We further assume that the velocity potential ¢ varies sinusoidally with time
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as ¢ = Re{q[A)(r, z, G)e‘i“’t} and we non-dimensionalize length parameters using the

depth h such that:
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The velocity of the buoy is therefore sinusoidal as well and is given by:
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The over bars will be dropped hereafter. For both the radiation and diffraction problems,
the potential amplitude function can be separated into two regions, the first for r > a (the
exterior region) and the other one below the cylinder for b < r < a (the interior region).
The two resulting potentials are denoted by ¢, and ¢; respectively. Separation of

variables is used to solve for these two functions.

The incident wave is assumed to be unidirectional propagating in the positive x
direction. The corresponding free surface displacement can be represented by (see [35]

for a derivation):

{ = {yel™* = ¢, Z €,iPJ,(mor)cos(ph) . (2.2)
p=0

Here {, is the constant wave amplitude, m, is the wavenumber and €, is the Jacobi

symbol defined to be 1 for p = 0 and 2 for p > 0. The Laplace equation:
9%p 10 9% 192%¢
¢ 19,09 109 2.3)
or? ror 0z®> 1?0672

applies with the last term dropped for the axisymmetric radiation problem. The boundary

conditions needed include the linear free surface condition
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a_qS _wh | =0, (2.4)
0z g et
which is the combination of the two kinematic and dynamic conditions required to model
the surface [5]. This condition is applied at the average surface position at z = 1 as the
displacement is considered to be negligibly small and a first order approximation will
suffice. The no flux conditions state that no fluid can penetrate the floating body, the pole

or the bottom surface of the ocean:

o
= =0 (2.5)
z=0
6¢3 =0 d<z<1
E = ( SZs ), (26)
r=a
9 ~
99 =0 (0<z<ad). (2.7)
or r=b

Slipping (nonzero velocities tangent to the body surfaces) is allowed in our model since
viscosity is considered negligible. In the normal direction, the velocity of the fluid must
be the same as that of the buoy so the condition on the buoy bottom must be:

d¢ N

oz| _. = 1. (2.8)
This velocity is set to zero for the diffraction problem. Finally, both problems must
satisfy the radiation condition at infinity. This is the condition that waves must radiate in
the direction away from the body (outgoing waves) and not into the body. For our

problem, it can be represented formally by the requirement that [5]:

lim ! <a_¢_ 'm0<;3> =0. (2.9)

r—0oo mgyr or

In what follows, we solve for the hydrodynamic coefficients (§2.2) and then for the

excitation force (§2.3).
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2.2 The Heave Radiation Problem

First, let us consider the radiation problem. This problem is axisymmetric which
makes it easier to solve as compared to the scattering problem. This is the situation when
the buoy oscillates in the water while there is no incoming wave intervention. As the
buoy oscillates, it radiates (creates) waves. These waves are energy carriers and therefore
the process is that of transferring the energy of the buoy away from the system and
distributing it throughout the fluid. No viscous dissipation is assumed to be present and
therefore all energy is lost by radiation. To make the analysis simpler, the buoy is
assumed to oscillate with small amplitude. This assumption allows average values to be
used for the position of the body. The errors are insignificant. Potential theory is

applicable and the equations to solve are the Laplace equation and Bernoulli’s equation.

The question to ask at this point is how much and in what way does this pole affect the
radiation forces on the cylindrical body. The aim now is to solve the boundary value

problem defined by (2.3-9).

2.2.1 Theory

As was mentioned before, the potential amplitude function is separated into exterior
and interior regions and the two resulting potentials are denoted by ¢, and ¢;
respectively. Each of the two potentials is governed by equation (2.3) (after losing the 8

dependence term). Furthermore, ¢; satisfies conditions (2.5, 7, 8) and
bil _, = el _ (2.10)
while ¢, must satisfy (2.4-6, 2.9) and

d¢be
or
r=a

0<z<d). 2.11)
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@; has to satisfy one inhomogeneous condition (2.8). It can therefore be expressed as the

sum of a homogeneous solution ¢, and a particular solution ¢3p such that:

bi=bn+ ¢y (2.12)
Both these potentials satisfy the Laplace equation (2.3) and the following boundary

conditions. Starting with d3p:

a0,
Ezzo—(), (2.13)
0,
o . =0, (2.14)
96
ﬂ = ﬁ'b ] (2.15)
dz yed
and ¢, must satisfy:
98
% =0, (2.16)
z z=0&d
On
- =0, :
ar . (2.17)
bnl._, = (e =)l _, - (2.18)

By inserting a trial function of the form (]Sp = Az? + Br? + CInr into (2.3) and applying

(2.13-15), a particular solution is given by:

2

s _ W, T
by 2d<Z 2+blnr>. (2.19)

Now the homogeneous solution can be solved using the method of separation of the

variables. Assume the following form:

bn = P()E(2). (2.20)

Inserting (2.20) into (2.3) and rearranging:
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%+%=—%. (2.21)

As usual, the right side and the left side are independent and are each equal to a constant

A2. That is
£ 4+ A28 =0, (2.22)
2" +r’ — A2r2yY =0, (2.23)

Furthermore, from (2.16), the following conditions must be satisfied:

f'|z=o&d =0. (2.24)

This gives a set of solutions or eigenfunctions of the form:

& =cos(Apz), (n=0,12..). (2.25)

The set of eigenvalues A,, are given by

= (2.26)

For n = 0 the equation (2.23) becomes:

Y +ryY' =0, (2.27)

and the solution of this equation is of the form:

Yog=cilnr+c,. (2.28)

For n > 1, the solution for (2.23) is:

Y, = Aly(A,7) + BKy(A,7), (2.29)

where I and K, are the modified Bessel functions of zero order and of the first and

second kinds respectively and A and B are arbitrary constants. From (2.17),
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Y'lr=p =0, (2.30)

which results in a solution of the form:

1 (n=0),

_ I'y(Ab ,
(=3 ) — ﬁxo(anr) n>0). (2.31)

The homogeneous solution now can be written as:

LN ¥
= — AnZ) . .
bn Z a, @ cos(4,,2) (2.32)
n=0
Here, a,, are Fourier constants. To solve for these constants, apply (2.18):
Bul,_y =) tncosnn) = (Be =), (2.33)
n=0

Making use of the orthogonality properties of the cosine functions in (2.33):

@ d
Z a, j cos(A,z)cos(A,,2)dz
n=1 0

(2.34)
d
= f (pe — ¢p)|r=a cos(Ap2)dz .
0
This simplifies to:
€n (¢, .
a, = Ef (be = bp)| _ cos(An2) dz
° ) (2.35)
€ -
= E" i ¢)e|r=a cos(A,z)dz — a,,”,
such that €, is the Jacobi symbol and,
d
. €n -
' == : ¢p|r=a cos(1,2) dz . (2.36)

Now moving to solve for the external potential function, separation of variables is

again to be used:
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¢ = R(NZ(2). (2.37)

Substituting (2.37) into (2.3) and taking the constant (—m?) to be negative this time (both

cases yield the same result but it is clearer by taking the constant to be negative) :
Z"—-m?*Z =0, (2.38)

r’R" + 7R+ m?r’R =0. (2.39)

Taking into consideration the boundary condition (2.5), the solution of (2.38) can be

written as:

Z = Acosh(mz). (2.40)

Applying condition (2.4) yields the following dispersion relation:

mtanhm =v, (2.41)
w?h
V=—--. (2.42)
g

Equation (2.41) has only one real positive solution my and an infinite number of
solutions im;, (k = 1) that can be solved for numerically. The functions given by (2.40)
are orthogonal functions and form a complete set. Since 4 is arbitrary, it can be chosen to

yield a normalized inner product of the functions such that:

cosh(myz) 1 sinh(2m,)
_ =—4+—— (k=0),
( \/WO 0 2 + 4m0 ( )
Zy(2) = (2.43)
cos(myz) 1 sin(2my)
— N, ==+ (k=1),
/Nk 2 4‘mk
1
f 2u(DZ(2)dz = 6., (2.44)
0

where &y is the Kronecker delta.
For k = 0, (2.39) becomes 72R,"" + 7Ry’ + my?r?Ry = 0.
For k > 1, (2.39) becomes 72R,"" + TRy’ — m;;>r?Ry = 0.

20



The solution for these equations is given by

R — {Ho(mor) (k =0),
7 Ky(mr) (k> 0),

(2.45)
where H, = ], + iY}, is the zeroth order Hankel function of the first kind. It represents the
outgoing propagating mode of the external potential. The second linearly independent
solution (which is the zero order Hankel function of the second kind) is dropped out in
this case since it does not satisfy the radiation condition. K,(m;r) is the zeroth order
modified Bessel function of the second kind. The second linearly independent solution
(which is the zero order modified Bessel function of the first kind) is again dropped out

since it is not finite as r — oo. The solution for the potential of the external region is

therefore given by:

be= ) MeR(DZ(2). (2.46)
k=0

The last equation represents the sum of a propagating wave (the first term k = 0) and an
infinite number of evanescent waves (k > 1) that die out with increasing distance.

Conditions (2. 6) and (2.11) must be satisfied. That is:

~ oo 0 (d <z< 1) ,
aa(l;e = Z AxR(@)Zy(2) = 0¢i(a,2) 0<y<d (2.47)
rea Eco —Qp,  (0=z<d).
Making use of the orthogonal properties of the Z;, functions:
had 1 d a$
ZAkR”‘(a)f Zy(2)Zi(z)dz =f a—l‘ Zij(z)dz . (2.48)
k=0 0 0 9=
The terms where k # j drop out on the left side and what is left is:
1 (%0¢,
Ay = = j LR Z,(z)dz + A, , 2.49
k Rk(a) 0 or o k k ( )
1 [%d¢
AL =— f L Z,(2)dz. 2.50
7Ry (a)), or N . (2.50)

Using (2.32), equation (2.49) becomes:
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1 Ynlr=a

Ay == a Cor + Ay, 2.51
“ T RE@ Ly ) A 230
n=0
Here the coupling coefficient Cy,, is given by:
d
Crk =f cos(1,z) Z,(z)dz . (2.52)
0

Now going back to equation (2.35), and inserting the external potential (2.46):

€
@, = F”Z AR(a@) Cop — " (2.53)
k=0

Finally, (2.51) is inserted into (2.53) to yield the system of equations:

a, = enjaj + gn, (2.54)

s

J=0
ETL i w‘; |r=a Rk (a)
== CiC .
en] d - l)bn(a) R}/{(a) jk“nk » (2 55)
Gn C * *
Gn =D AR(@) G =ty (256)

==
I

0

This system can be truncated at any number of terms depending on the accuracy of the
solutions required. Convergence is treated thoroughly in Chapter 7. This approach is

equivalent to a Galerkin method.

2.2.2 Radiation Coefficients

Now the case under consideration involves oscillation in heave only. For unit
velocity, the radiation damping B33 and added mass M35 are given by the integration of

the pressure over S, the surface area of the cylinder [13]:

1)
CUM33 + iB33 = _O)p ff d)%ds . (2'57)
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The subscript 33 follow from the generalized impedance matrix [19], and it indicates that
only heave is considered in this case. Inserting the non-dimensional terms on the right

(and dropping the over bars again):
Msy; + lB (I)
733 T *733/ % 33/ H ' S .

Considering the external and internal regions separately, the integral becomes:

M33+lB33/a) fznf rdi(r,d) ¢( d)d"rde

_ajznj bo(a 6¢>e )dde.

The second integral is identically zero because of boundary condition (2.6). The first

integral can be split according to (2.12) and after inserting (2.8):

a a
=2 bn(r,d)dr + 2 b, (r, d)dr .
=2 b+ 2 [ g, (rar

Using (2.19) and (2.32), the parameters can be written in dimensionless form as:

o8] o8]

2
Uzz + id33 = a_z an, (D™p; + Z a, (=1)"R,
n=0 n=0
2 2 2
((a — b?) (d—— 2 ;319 ) (2.58)

b2
+ - (a’lna — b%In b)) )

a
%(T)
Yy, = 2.59
"= @ (2.59)
where we define:
M2z 4+ iBy:/w
fizs + id3z = Mgz ¥ B3s/0 (2.60)

npa3
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2.2.3 Results and Discussion

A Matlab code was built to solve all the equations at hand. The code computes the
roots of the dispersion relationship (2.41) and then solves the system defined by (2.54-
56). The solution is the coefficient terms a,. With these coefficients available, it is
possible to evaluate the potential at any point in the fluid. It is therefore possible to
compute the velocity field or the displacement field or even the pressure (using the

Bernoulli equation) at any point.

The radiation parameters are then computed using (2.58). Following Yeung’s example
[13], the added mass and damping coefficient are divided by the radius and plotted

against the wave number-radius product. The results are shown in the following figures:

7 14 ‘
— b/a=0
124 ——0.25 |
6 ] —— 05

Figure 2-3: The radiation added mass (left) and damping (right) coefficients for the buoy-pole system at a/h = 0.2 and

H/a = 0.5 showing clearly the effect of the pole on the radiation loads on the buoy
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Figure 2-4: The radiation added mass (left) and damping (right) coefficients for the buoy-pole system at a/h = 0.2 and
H/a = 1 showing clearly the effect of the pole on the radiation loads on the buoy

—b/a=0
——0.25 j
— 05

Figure 2-5: The radiation added mass (left) and damping (right) coefficients for the buoy-pole system at a/h = 0.5 and
H/a = 0.5 showing clearly the effect of the pole on the radiation loads on the buoy

25



—b/a=0
——0.25 j
— 05

Figure 2-6: The radiation added mass (left) and damping (right) coefficients for the buoy-pole system at a/h = 0.5 and
H/a = 1 showing clearly the effect of the pole on the radiation loads on the buoy
These results are found to match Yeung’s results exactly (for the case when b/a = 0).
This assures the validity of these results. It can be seen from the results that the effect of
the pole is to decrease the added mass and the damping coefficient. The larger the radius

of the pole compared to the radius of the buoy is, the larger is that effect.

One more point to notice is that the damping coefficient to radius ratio always starts
from a fixed value. For b/a = 0 for example, it starts from near 0.8 (it will be shown
later that this value is actually m/4 and that the reason for this follows from the Haskind

relationship presented in Chapter 3).

2.3 The Heave Diffraction Problem

The diffraction problem can be considered to be the reverse process of the radiation
problem. While the latter begins by the oscillation of the body which generates waves
that radiate away from the body, the former involves upcoming waves that cause the
otherwise stationary body to oscillate. One would therefore expect that the analysis for
both case to be similar and in fact it is. The only differences are the different forcing
agents and the directionality involved as the incoming wave proceeds in a specific

direction. The aim of the diffraction analysis is to get the magnitudes of the forces acting
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on the buoy as it is subjected to the incoming wave. This is a crucial part of the design of
offshore platforms or wave energy converters. In our case, the force is important in order
to calculate the power that can be extracted from the incident wave. The analysis

proceeds in the same manner as for the radiation problem. The assumptions are the same.

We saw in the previous section how the presence of the pole decreases the magnitude
of the radiation forces on the floating body. This was mainly because of the decreasing
bottom area of the buoy. We might assume similar results for all other forces as well.
Therefore, does the pole have the same effect in terms of the diffraction forces? This
section will help shed some light on that. Again potential theory is applicable and the

governing equation is Laplace’s.

2.3.1 Theory

Equations (2.3-9) must again be satisfied. The buoy is stationary in this case and the
velocity must be set to zero in (2.8). Again the potentials of the external and internal
regions are denoted by ¢, and ¢; respectively. Each of these two potentials is governed
by equation (2.3). In addition to conditions (2.5, 7), ¢; must satisfy the following

boundary conditions:

% = 0, (2.61)
%i;i = 0, (2.62)
%i;i = 0, (2.63)
bil _ = el _, - (2.64)

Conditions (2.62, 63) follow from the symmetry of the buoy. The conditions for the

potential of the external region are (2.4, 5, and 6) and:
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9.
5 =0, (2.65)
O=m
0b| _,
99 |o, (2.66)
69’53 aci)\i
= — <z <
ol o (0<z<d). (2.67)
r=a r=a

Finally, it must satisfy the radiation condition. The internal potential problem can be

solved using separation of variables and, after applying (2.5) and (2.63), the resulting

form is:
¢ = P(r)cos(Az)cos(ph) . (2.68)
From (2.61) and (2.62),
Pon = Wpu (1) cos(A,2) cos(ph), (2.69)
Ap="Fandp=012... (2.70)

The potential is the summation of the resulting potentials in (2.69). Treating each

function individually then v,,,, is governed by:

P2+ TP — (12 + p? )by = 0. 2.71)

For p,n = 0 only a constant (which can be taken to be 1) satisfies (2.7).

For n = 0 and p # 0 equation (2.71) becomes of the form:

720 + TPpo = D*Ppo = 0, (2.72)

which has the solution:

PYpo =P +b*Pr7P, (2.73)

Forn # 0,
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Wom = Al (AnT)KL (Ab) — Al (A b) Ky (At . (2.74)

I,, and K, are the modified Bessel functions of pt" order and of the first and second kinds

respectively. The solutions presented satisfy (2.7) directly. The internal potential is now

given (in a more suitable form) by:

()
(oz z Apn€pn pn ———cos(4,2) cos(ph). (2.75)
Ypn(a)
p=0n=
Here €, is defined as:
€€
Epn = 2’;;‘. (2.76)

Condition (2.64) must be satisfied as well and by using the orthogonality property,

1 - -
Apn = (_f f ¢e|r=a cos(4,z) cos(pf) dbdz . (2.77)
00

The external potential is the sum of the potentials of the incident wave and the

scattered wave. These are given respectively by (following the example in [20]):

[ee)

~ Z
Pl =-¢, kZO €xi* 1] (myr) cos(kB) %, (2.78)
B =00 ) ) AiRi(r) cos(k0) 74(2), (2.79)
=0 k=0

such that Z; are given in (2.43) and the wavenumbers my are solutions of (2.41). The

functions Ry ;(r) that satisfy the Laplace equation (2.3) and the radiation condition are

Hy(mer) j=0,
Rij(r) = {Kk(m]-r) j>0,

where Hy, and K, are the k" order first kind Hankel and second kind modified Bessel

(2.80)

functions respectively. The external potential is then written in the form:
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o0

Be = ~G0 ) &l** 1y (mor) cos (ko)

k=0

Zo(2)
Zy(1)

Oii/l 0s(k8) "jg ;Z( ).

j=0 k=0

(2.81)

The last equation represents the sum of a propagating wave (j = 0) and an infinite
number of evanescent waves (j > 0). The equation also includes the effect of the
incident wave which constitutes the source term in this case. Conditions (2.6) and (2.67)

must be satisfied. That is:

a&)e agi)] AN k]( )
= — A
or | or | + (OZ Z k Cos(kO) =5 Ry;(a a) Zj(2)
r=a r=a j=0 k=0
0 d<z<1), (2.82)
=<9d¢;(a,z6
¢l(—z) (0 <z< d) .
or
The unknown coefficients are then given by:
R ( ) 2m dad;
. € Ryjla f f i
A + Ay = ——— —_— Zi(z) cos(k@) dzd8 (2.83)
kTR T 2mg, Ry;(a) J ) or| _. "
R ( ) 2w 1 a¢31
= - Z; ko , 2.84
Y~ 2ng Ry @) ) (@) costk0) dzdf 259

where €, is the Jacobi symbol. Now inserting the value of the internal potential function

from (2.75) and integrating,

k] (a) l/)I/cn (a)

A + A Epp———=Cr i Qe -
“ ki Rk]( )n=0 kn¢kn(a) nJ e

(2.85)

The coupling coefficient C,,; was defined in (2.52). Inserting the value of the external

potential (2.81) into (2.77) and simplifying then,

. 21 -
Uy — @y = G—Z Ay;Crj (2.86)
p =
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d 2
1 ~
Uy = (—f f ¢’|T_a cos(A,z) cos(pB) dOdz . (2.87)
0
00

Finally inserting (2.85) into (2.86),

Apn = Z epnii + Gpn » (2.88)
N By (@) ¥y (@)
— CiC,i,
epn Z d R (a) l/)pz(a) lj“nj (2.89)
27‘[ .
9pn = T A an + apn - (2.90)
p

j=

These three equations represent a system of equations in the unknowns @, to be solved.

2.3.2 Forces on the Cylinder

The dimensional pressure at any point in the fluid is given by the real part of

p(r,0,z)e™ "t and p is given by Bernoulli’s equation as:

A

prhZ =ip(r,0,2), (2.91)
where p is the density of the fluid. The force in the vertical direction on the buoy is given

by the real part of Fe~““t . Here (all terms on the left are dimensional)

FD
ph‘*a)2

[oe)

p=0

—Ljnjard) (r,d,8)dr do

2T a

ApnEpn €OS(Ay d)ff ¢ ()cos(pH)drdG (2.92)
pn

Ms

S
I
o

= —2ind, AonEon €OS(And) Yy,

s

n=0
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and Y, was defined in (2.59). If the buoyancy force B is taken to be (all parameters

dimensional),

B =n(a® = b*){opg , (2.93)

then the dimensionless complex force amplitude in the vertical direction is then given by:

L
B a?— b?

: (2.94)

€
> D o s
n=0
where v is defined in (2.42). Since only ay, are required for the vertical force, then the

system (2.88-90) to be solved reduces to:

[ee]
Hon = Z €oni%1 + Gon »

L (2.95)
C €] Ro](a) Yo (@)

e L O i 2.96

o Z d Ry; (@) Pou(a) U™ (2.96)

Jon = _ZHZABanj + aSn' (2.97)

j=0

2.3.3 Results and Discussion

Again a Matlab Code was implemented to solve these equations. The code is used to
solve for the roots of the dispersion relation (2.41) and then solves the system of
equations defined by (2.95-97). The solution is the coefficients a, . With these
coefficients available, it is possible to evaluate the potential at any point in the fluid. It is
therefore possible to compute the velocity field or the displacement field or even the
pressure (using the Bernoulli equation) at any point. The vertical force amplitude and
phase can then be easily computed from (2.92, 94). The results of the simulation for some

selected cases are presented here:
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Figure 2-7: The diffraction vertical force amplitude (left) and phase divided by m (right) for the buoy-pole system at a/h =
0.2 and H/a = 0.5 showing clearly the effect of the pole on the excitation loads on the buoy
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Figure 2-8: The diffraction vertical force amplitude (left) and phase divided by 7 (right) for the buoy-pole system at a/h =
0.2 and H/a = 1 showing clearly the effect of the pole on the excitation loads on the buoy
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Figure 2-9: The diffraction vertical force amplitude (left) and phase divided by m (right) for the buoy-pole system at a/h =
0.5 and H/a = 0.5 showing clearly the effect of the pole on the excitation loads on the buoy
1 ‘ 1
—b/a=0 F"
——0.25
0.8F — 05 ||
0.5F 1
0.6F 1 -
2 g
—0 :‘ -
w £
041 1 -
0.2r 1
0 1 1 1 1 I
4

Figure 2-10: The diffraction vertical force amplitude (left) and phase divided by m (right) for the buoy-pole system at a/h =
0.5 and H/a = 1 showing clearly the effect of the pole on the excitation loads on the buoy
The results for the case when b/a = 0 were found to match Garret’s results [21] for both
the amplitude and the phase. This assures the validity of the approach which is slightly

different from the formulation used by that author.

The first point to note about the results is that the force amplitude and phase barely
witness any change as the pole radius increases. This does not mean that the forces are
the same in that case though because the normalization used is the buoyant force from
(2.93) which depends on the pole radius. In fact, the forces are found to decrease as the

pole radius increases, especially at the lower frequencies. It is therefore appropriate to
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assume that the vertical force on the cylinder, in the pole absence or presence, is of the
order of magnitude of the buoyant force at low frequencies reaching almost half the
buoyancy at mya = 0.5. In fact, the normalized force depends mostly on the frequency
with a slight increase for flat buoys at high frequencies. Another point to note is that the
force is equal to the buoyant force when the incoming wave has zero frequency. This is to
be expected since the incoming wave acts as a step function in this case and the only
force acting is the buoyant force. A final conclusion about the force is that it is seen to

decrease with frequency to attain an asymptotic limit of zero at high frequencies.

The phase divided by 7 is plotted in the right hand figures above. An extremely slight
change in the phase can be observed for the different b/a ratios considered as well as for

the different geometries. This phase starts from zero, which means it is in phase with the
incident wave ([19]). It then tends towards - mya + in as given by Garret [21] which is

for the limiting case of a long cylinder. The phase can be said to depend solely on the
frequency of the incoming wave. The jump in the phase value is just to remain within the
range of [—m, m]. Otherwise, the curve is completely continuous and continues in the

same direction.

2.3.4 The Haskind Relation

Although the work done so far is enough to move to the power analysis, more
verification of the results is needed to proceed with confidence. It is here that the Haskind
relation comes in to play. The Haskind relation allows calculating the excitation force on
the bottom of the buoy from knowledge of the hydrodynamic coefficients. This
eliminates the need to solve for the diffraction problem. It can also be used the other way

around to get the hydrodynamic coefficients from knowledge of the excitation force.

Up to this point, we compared our work with the work of others and identical results

were obtained. However, no link between the results of radiation and diffraction is certain
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yet. If the Haskind relation is satisfied, then if either work is correct, the other must be so

as well. From [19], the Haskind relation for a heaving body is given by,

a)k|ﬁD|2

_ wrl (2.98)
7 2pg2De?

B33 is the damping resistance and |F,| is the amplitude of the excitation force in the

w? \* w?
D =myh|1- ( > +— (2.99)
gmy gmy

is the depth function and in accordance with our previous definitions (§ 2.2) Bs; is,

vertical direction. Here,

333 = T[wpa3/133 ) (2.100)

where A33 is the dimensionless damping coefficient. Therefore,

Ap12
|FP| 2233 v? v
2a2 702 = A \ 1~ 22 T 22 ) (2.101)
mca*{5pcg na mgy 2h?  my*h

and using v = myh tanh(myh) from the dispersion relationship (2.41), then

IF°|" @ 24a
B2 @ —-bh2 7w

tanh(myh
(1 — tanh(myh)? + (—°)> . (2.102)
moh

Once verified, this relation can be used in our code to compute the excitation force
directly with the radiation analysis which would save much of the computational effort
(especially later on). In fact, the results produced from this relation were seen to match

those from the diffraction problem. We can be sure now that our work is fine.

An interesting point to notice about the relation is that it explains the behavior noted
previously for the damping coefficient to radius ratio. The ratio was found to start from
m/4 when b/a =0 and less than that as the latter increases. This applies to all

geometries. Equation (2.102) can also be written as:

N mya

|FD|2 a 224 Moax 2 tanh(T)

W TEr 1 - tanh (—==) +—pg" (2.103)
a

36



For a finite radius value, as mya tends to zero, the left hand term tends to 1 (This fact
was previously explained and can be readily seen from Figures (2-7 to 2-10) while the

right hand term in the brackets tends to 2. The relation simply becomes:

A
A3 _ T (2.104)
a 4

This is exactly the value observed in figures 2-3 to 2-6.

2.4 Appendices

Appendix 2.A
Evaluation of Different Expressions from Chapter 2
These are the expressions presented in Chapter 2 and not fully evaluated for brevity.

From (2.36),

a?
a,t = (z -t b?1In a) cos(1,z) dz

((1 a* b2 ~
_j(g—m+2dzlna>u (n=0), (2.A.1)
S| L _2d(=D"

l(ln = (TI,T)Z u (Tl > O)

From (2.50),

4 = f enwa@w

Ry (a)
1 4 (b? sinh(myd)
( ) mo/Ny
;i(bz _ )sin(mkd)
a —mkm

(k = 0), (2.A.2)

(k> 0).

From (2.52),
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d
Crik =f cos(1,z) Z,, (z)dz
0

( (—1)"sinh(myd) k= 0)

(T AR

(—=1)™sin(md)

— (k> 0).
\(1 B (mkd) )m" v Nk
From (2.59), forn = 0,
a aZ bZ
Yo = f rdr=———, (2.A.4a)
o ], 2 2
and forn > 0
1 j“ < I'y(A,b) >
= r|Io(A,r) — ——=<K,(1,,7) | dr
= ga@ by T\ T Ry o)
(2.A.4b)
_ ill(ina)Kl(Anb) - Il(Anb)Kl(/lna)
An Io(Aqa) K1 (Ab) + 1I; (A, D)Ko (Ana)
From (2.84),
Rij(a) /N
= —€i* YL / : 2.A5
Ak] ekl ]k(moa) R;{](a) mo Sinh(mo) 0j ( )
where &, is the Kronecker delta function. Equation (2.98) therefore reduces to:
gOTl = _ZHABOCHO + a();n . (2.A.4)
Finally from (2.87),
Upn
- z
=— €xi* 1 (mya) cos(kO) (,) cos(4,2) cos(pO) dbdz
% f j 0 Z AR Zy(1) n (2.A.5)
00 k=0
v No
= —2miP*1 ] (ppa) ———C,; .
PO b sinh(pg) ™
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Chapter 3 Power Output from Regular and Irregular

Waves

The diffraction and radiation problems are just special cases of the general behavior of
a body in water. The former makes no account of any radiated waves while the latter
makes no account of any incident waves. A real situation will most probably include
both, and a wave energy converter will inevitably absorb and radiate waves. All the
analysis performed up to this point is just a preparation to be able to compute the power
extracted by the heaving cylinder. At the end, it is only the power produced that is the
useful outcome and is what we really care about. This chapter starts by computing the
power output of our buoy at a fixed frequency of the incident wave. This is the analysis
of the dynamics in regular waves. The chapter ends by extending the analysis to the more

general irregular waves.

3.1 Power Output from a Single Wave

The analysis of the power absorption characteristics of a wave energy converter in
regular waves is not very representative of real sea conditions. However, experiments in
the lab are usually performed using a fixed frequency source. Furthermore, the study of
the dynamics in regular waves is the first step for the study in irregular waves. These
facts make the former a necessary step of the analysis. This section answers the question
of how much power conversion can be achieved using the proposed system and

assumptions. We start with a summation of forces on the buoy which can be written as:

(M35 + M)U + (B33 + ¢)U + SU = FP, (3.1)

where B33 and M3 are the radiation damping coefficient and added mass introduced in
Chapter 2. M is the mass of the buoy, c is the damping of the power takeoff mechanism

(PTO) and SU is the buoyancy force and is equal to pgAU where A is the cross sectional
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of the buoy in the vertical direction. Finally, F? is the vertical excitation force caused by

the incoming wave on the buoy.

The excitation force varies sinusoidally in regular waves and is given by FP =
Re(FPe~@t) (and the displacement is also sinusoidal given by U = Re(Ue~'“*) because

the system is linear), then the equation reduces to:

[(S — w?(M33 + M)) — iw(B33 +¢)]U = FP. (3.2)

The power is the product of the force and velocity. We have to differentiate here
between the delivered power P,, the radiated power P, and the useful power P which is

the power extracted by the PTO and is given by:

1 1
P=P—-P = ERe(FDﬁ*) — 53331212*, (3.3)

where i = —iwU is the complex amplitude of the velocity and * indicates complex
conjugate. All these powers are time averaged. This further reduces to ([19])
1 c|FP |2

— 1 N2 —
P—§c|u| =3 Sz (3.4)
(C + B33)2 + (O)M + O)M33 _5)

This equation allows the calculation of the power from knowledge of the diffraction
force, the hydrodynamic coefficients and the specifications of the buoy. Introducing these

parameters in dimensionless form:

Bsz. ¢ _ ra 3.5
wpra® 33 e (3.5)
M33)M
nad - Hawh (3.6)
S
— ..A
wzpn_ag No » (37)
£D
N o
wa§opg

Here, A35 and p35 are the hydrodynamic parameters that were the outcome of the analysis

of the radiation problem presented in section 2.2 while ¢ is the dimensionless amplitude
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of the diffraction force from section 2.3. The rest of the parameters here are defined in

this manner for convenience. The power is now given by:

_mgpg*a Ac0?

P )
20 (Ac +233)% + (U + pzz — 7764)2

(3.9)

This equation is used to calculate the power output from our device. If we use the

shallow water velocity V; = ,/ gh then the power is given in dimensionless form as:

P a Ao

%(gpl/f VU (e + A33)% + (u + a3 —ng)?

(3.10)

The dimensionless power is written in this form to ensure that only the power varies on

the right side of the equation as the radius or the frequency varies on the left side.

One of the most important outcomes of our analysis is the power density which is
defined to be the power output we are getting per unit mass of device. Since capital cost
is directly associated with mass, this indicator shows how much power we are getting per

unit currency spent initially as an investment. The power density can be written as:

p/M 1 02
(31/53/(2;13) par\Nv (Ag + A33)2 + (U + psz — 7761)2 .

The maximum displacement of the buoy is an important indicator of how valid our

3.11)

linear assumption is. For the model to be valid, the displacement should be small
compared to the other length parameters (wave amplitude, ocean depth ...) in the
problem. We consider that a displacement of the order of magnitude of the wave
amplitude is acceptable. That is why we use this amplitude to write the maximum

displacement in dimensionless form:

o] 1 o
S AV (A + A33)% + (u + pzz — 0>
The only remaining parameter is A, the damping of the PTO. The damping of the

(3.12)

PTO is chosen so as to yield the highest power value and is given by:

Ae = 1+ Gut sy — (.13)
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The specific frequency that causes resonance may be misinterpreted to be when
U+ uzz —ny =0 and (3.10) gives the result well known in electric circuits that the
power absorbed is maximized when the damping of the device (the load) is equivalent to

the radiation damping (the source resistance). The power in this case is simply given by:

P a o’
W BN (3.14)
However, because the power has the extra frequency term (1/4/v) in (3.10), we do not
expect to get the maximum power at that point. The results show that the peak power is
achieved at lower frequencies. Before moving to the results, however, here is some

insightful information describing our device.

3.1.1 Complementary Information

The energy flux per unit crest width of the incoming wave is defined to be [19]:

1 272
j=-P9 “p (3.15)
4 w

where D is the depth function introduced in equation (2.99). Furthermore, by substituting
the definitions (3.5) and (3.8) in equation (2.98), the Haskind relation can be written as:

2DA
o2 =33 (3.16)
mmya
Using the last two equations and (3.10) then,
P 42334
meW = mg— 337¢ (3.17)

J B (A33 + Ac)? + (4 + pzs — ng)?’
where W is the capture width (also called the absorption width) of the buoy [9]. It
measures the width of an incoming wave whose energy is equal to that absorbed by the
buoy. The maximum value that (3.17) can attain is exactly unity, which occurs when the

expression u + fz3 — g = 0 is satisfied and when the PTO damping is equivalent to the
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radiation damping. For our cylindrical buoy, the mass is equal to the mass of the

displaced water:

M = pr(h — d)(a? — b?), (3.18)

(2 d 1 b 3.19
(695 o

The buoyancy force can be expressed as:

Therefore,

S = pgn(a? — b?), (3.20)
Therefore from (3.7),
a1 b?
Mo == 1—5 : (3.21)

The added mass and damping are the results of our previous analysis and the PTO

damping is given by (3.13). Now we are ready to compute the power.

3.1.2 Results and Discussion

The previous equations (3.10-12) were used to calculate the power, power density and
displacement of the buoy. The results are presented in dimensionless form as defined by
those equations for selected values of frequencies and radii. Each of the figures represents
the results for one draft to buoy radius ratio and includes the results for three different
frequencies varied over a range of radii values (Figures 3-1 to 3-3) or three different radii

varied over a range of frequency values(Figures 3-4 to 3-6).
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Figure 3-2: Plots of the power output (row 1), the power density (row 2), and the maximum displacement (row 3) as a function of the
buoy radius (represented by mya) for three different values of b/a and dimensionless wavenumbers m, at H/a
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Figure 3-4: Plots of the power output (row 1), the power density (row 2), and the maximum displacement (row 3) as a function of the
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Figure 3-6: Plots of the power output (row 1), the power density (row 2), and the maximum displacement (row 3) as a function of the
frequency (represented by mgya) for three different values of b/a and a/h at H/a
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Referring to figures 3-1 to 3-3, by varying the radius, we can tell that there is an optimum
radius for each frequency that achieves the highest power (where resonance occurs). As the
frequency increases, the value of this radius doesn’t seem to change much although the
corresponding power values were found to drop significantly (possibly because of the drop in the
energy flux). A local maximum for the power density is found to occur at this same radius. This
is especially true for slender buoys. Surprisingly, the effect of the spar is simply to shift the
power peaks, with no change in their values, to higher radii. Another effect to be noted is the
slight increase in power density for larger buoys. The reason for that is the otherwise dead
volume of the buoy that is replaced by the spar. This fact makes it possible to design for the same
power rating, with the spar present, by simply changing the geometry. The penalty, as always, is
the slightly higher displacement amplitudes. It is worth mentioning that the flatter the buoy is,

the wider it has to be to resonate.

The radii of figures 3-4 to 3-6 were chosen so as to ensure that the buoy draft is less than the
ocean depth. Here, the effect of the spar is to decrease the power and power density for the lower
and mid-range frequencies and increase them for the higher range (a fact that we could not see
from figures 3-1 to 3-3). The displacement seems to follow the behavior of the power density
which is to be expected. It is interesting to note the presence of two maxima for the power and
power density for small buoys. The increasing slenderness of the buoy causes an increase in the
peak power accompanied by a narrowing of the power and power density curves and therefore

limiting the power absorption capabilities of the device.

There remains one unanswered question: What are the optimum size parameters that result in
the maximum power output and power density characteristics of the system? In order to obtain
these values, a simple direct search algorithm to locate the optimum values seems the reasonable
answer when a closed form semi-analytical solution is available. With the resolution used, the
results were more like a noisy signal superimposed on a smooth curve. Higher resolutions were
not possible because of the computational time required. The search was restricted to the ranges:

=[0.1,2] , b/a = [0,0.5], and d = [0.1,0.9] .

47



For the problem of getting the optimum parameters that maximize the power, localized
simulations for narrow frequency bandwidths showed that the noisy nature is inherent in the
problem itself and is not the result of lower resolutions. In fact, a sensitivity analysis for the
parameters showed that very small changes in the power resulted when relatively larger changes
were made to the parameters. For that reason, it was safe to curve-fit the results instead. The
power values of the fits were then found to be equal to the theoretical maximums. This fact
confirms that they are optimum. The fits have the additional property of providing stable power

values for the reason mentioned earlier.

——a
—— b/aH
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04r-

0.2

(=]

Figure 3-7: The buoy radius a/h, pole radius b/a and floatation d/h parameters optimized for maximum power at a given wavenumber

of the incident wave

The problem of getting the optimum parameters that maximize the power density was more
difficult. The reason is that in general, high power densities are accompanied by very high
displacements. To stay within limits of linear theory and practicality, search was limited to
values that resulted in displacements lower than 2.
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Figure 3-8: The maximum power output possible using the optimal parameters of @, b/a and d and its corresponding power density and

displacement plots

The results for the maximum power in Figure 3-7 show a gradual decrease of the optimum
buoy radius and draft with increasing wavenumber. That is, the optimum size of the buoy is
decreasing. To understand why that is happening, we have to go back to the idea of resonance.
There is a specific shape and size of the buoy that has inherent oscillatory properties that render
it in phase with the incoming wave. As the frequency increases (and therefore the wavelength
decreases) similarity tells us that the size of the buoy should decrease as well to form a
minimized image of the lower frequency situation. The question here is then, since the frequency
is increasing in a linear manner, why isn’t the geometry decreasing linearly as well? That’s
because other factors have influential effects as well. The body is now smaller as compared to
the ocean depth which changes the image of the diffraction field for the incoming wave.
Furthermore, although the wavenumber increases linearly, the power available for extraction
changes in a nonlinear manner. The curve fits for the power problem are in terms of x = mgyh as

an independent variable and were found to be:

a = 0.005464x> — 0.0843x* + 0.4731x3 — 1.063x? + 0.2569x
+ 1.969,

b 0.6196x° — 4.169x* + 9.336x3 — 6.449x% + 1.657x — 0.1325
B x° —6.181x* 4+ 10.78x3 + 4.402x? — 10.13x + 3.194 '

(3.22)

(3.23)
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_ 14320x3 — 4545x% + 361.6x + 1234
~ x* + 16350x3 — 4058x2 — 2546x + 10200 (3.24)
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Figure 3-9: The buoy radius a/h, pole radius b/a and floatation d/h parameters optimized for maximum power density at a given

wavenumber of the incident wave
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Figure 3-10: The maximum power density possible using the optimal parameters of a, b/a and d and its corresponding power density
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The parameters optimized for maximum power per unit mass are rather constant for most
of the range of frequencies considered. These are the values that lead to the lowest mass of the
buoy. At the higher frequencies (myh = 3.8), a discontinuity in the value of the optimum pole
radius is very clear. This is not to be considered erroneous though, as optimum values may
experience such discontinuities. The reason for that is that power per unit mass is a surface
function of geometry and it might have values higher than others in certain places which refrain
to be so at other places. This fact is confirmed when we look at the power per unit mass curve
which looks more like two smooth curves attached at the discontinuity area (notice the
discontinuity in the buoy bottom depth value as well). If any of these two curves is extended,

then lower values result. A note to point in this case is the low power values achieved.

3.2 Power Output from a Wave Spectrum

We further proceed to study the behavior of our device in real sea conditions. Up till now,
only monochromatic waves were considered but in the ocean (and within the limits of linear
theory), the wave is at any time a superposition of many different frequencies. These are called
random waves. What is the effect of the pole on the output in irregular waves? The answer to this

important question is vital for designing this system or even considering it in the first place.

The power in this case is given by:

P = j OOZP(w)E (w)dw, (3.25)
0

where E (w) is the so called energy spectrum. It represents the energy content of each frequency.
The power term in this equation is for a unit amplitude incident wave. For simplicity, we choose
a Pierson-Moskowitz spectrum which is an empirical relation usually used to represent fully

developed waves in deep water [19]. It can be expressed as:

E(w) = i%sz (%)4 exp {— Z (&)4} . (3.26)
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Here H, is the significant wave height defined to be the average of the highest 1/3 of the wave
heights while w,, is the frequency at the peak value of the spectrum. The energy frequency for

random waves is defined as w, = 21 /T, such that:
2 E(w)dw

_ 3.27
Te = [E(w)dw (327

is the energy period [36]. The procedure in this case is to tune the buoy radius (in the absence of
the spar) to the energy frequency, optimize the PTO damping at that radius for the different
geometries, fixing these values for different frequencies and then performing the integration over
the whole spectral range using (3.25). This forms a basis of comparison to assess the effect of the

spar.

We want to capture the real situation as much as possible. That is, to get a sense of the ranges
of power we are talking about. That is why dimensional values will be considered. Furthermore,
to be sure the results are valid, it is important to ensure that the buoy will neither leave the water
surface nor hit the ocean bottom. Otherwise, the problem becomes highly nonlinear and the
analysis done will be invalid. We assume that the buoy will not leave the water surface if the

following condition is met:

H— Umax > (max , (3-28)

where H is the buoy draft, U,,,, is the maximum buoy displacement and {,,,,, is the highest
incident wave amplitude. This guarantees the validity of the analysis even when the buoy is at
maximum amplitude upward and the incoming wave of highest amplitude is at a trough. Here we
assume that the highest wave height (twice the amplitude) is twice the significant wave height
[37]. Furthermore, since the water depth is finite, we need to make sure that the buoy does not hit

the sea floor by ensuring the following condition is satisfied:

H+Upge < h. (3.29)

Here h is the water depth. The buoy maximum displacement can be approximated using
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Upax = foo2|(7(w)|2 E(w)dw, (3.30)
0

where |U(w)]| is buoy displacement amplitude due to unit-amplitude incident wave. The 2 factor

follows from the definition of E'(w).

The results are presented in Figures 3-11 to 3-13. The conditions (3.28-29) are already
accounted for in the figures. This work has been already been published in the World Renewable

Energy Congress (WREC XI) in Abu Dhabi [38].

3.2.1 Results and Discussion

Computations are carried out for a significant wave height of 4 meters (typical of the North
Atlantic region rich in the wave resource). For the Pierson—Moskowitz spectrum, this
corresponds to a peak frequency of w, = 0.63(rad/sec), making use of the following relation

[39]:

w, = 0.4/g/H; . (3.31)

From (3.26-27), the energy frequency is w, = 0.73 (rad/sec) for our case. Two water depths
of 20 and 50 meters are considered. The energy flux is the power carried per meter of the

incident wave front. It is given by:

J= pgf E(w)cy(w, h)dw, (3.32)
0

where ¢4 (w, h) is the group velocity in water of finite depth h. The corresponding energy fluxes

are 77(kW/m) and 72(kW/m) for the chosen depths respectively when the sea water density p is
taken to be 1025 (kg/m?).

The integral (3.25) is evaluated using the trapezoidal rule. Since this is an approximation, it is
important to make sure to choose a large enough frequency interval so that the integrand almost

vanishes on both sides.
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In Figure 3-11, the power (top graphs) and power density (bottom graphs) curves are presented
as a function of the draft to buoy radius ration H/a and for three different pole radius to buoy
radius values b/a. The same results were plotted in Figure 3-13 with b/a on the x-axis and for
different H/a values. The procedure to reach these power characteristics was described earlier
in this section. The optimum radius for the case of spar absence (b/a = 0) and the optimum
damping coefficients (characteristics of the power takeoff system) for the different geometries
are presented in Figure 3-12. The optimal damping coefficient is plotted in the second row
where an enlarged plot of the higher range of the figure (H/a > 1.5) is included. The maximum

displacement from equation (3.30) is also shown in that figure.
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Figure 3-11: Power (row 1) and power density (row 2) plots for a floating buoy in real sea conditions as a function of H/a at two water

depths of h = 20 m (left) and h = 50 m (right) for three different b/a values
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3-13: Power (row 1) and power density (row 2) plots for a floating buoy in real sea conditions as a function of b/a at two water depths of

20 m (left) and h=50 m (right) for four different H/a values

h=

As shown in Figures 3-11 and 3-13, the effect of the pole radius is to decrease the power
55

for flat buoys (small H/a values) in general. The decrease in power diminishes, however, as the



buoy becomes more slender (large H/a). In fact, for very slender buoys, a power increase can be
perceived. This is mostly pronounced in deeper water. This is quite an advantage when
employing the pole. These figures also suggest that, with the proper choice of buoy geometry,
the same amount of power can be achieved by employing the pole. The real advantage comes
when we consider the power density. It is clear from Figure 3-13 that the power density
increases only slightly as b/a increases from the lower end of the range. However, as b/a
becomes bigger, the increase becomes dramatic and much higher power densities can be
achieved by having the pole, a fact very evident in Figure 3-11. It is clear that the optimum

radius and optimum damping values decrease fast and then slower as H/a increases.

Looking at the maximum displacements of the buoy from Figure 3-12, it is evident that the
effect of the pole is to decrease the displacements. The decrease is even larger as the buoy
becomes more slender. This may be partly due to the fact that the buoy is not exactly tuned to the

energy period when the pole is present for reasons mentioned earlier.

3.3 Conclusion

This part of the thesis studied the power absorption characteristics of a truncated vertical
cylinder supported by a concentric spar that is fixed to the ocean bottom. Potential flow, small
amplitude oscillations of the buoy and the incident wave and a linear dashpot to model the PTO
were assumed. The linear problem was treated in the frequency domain to solve for the
hydrodynamic added mass and damping and the excitation force using the eigenfunction
expansion method. The potentials of the region underneath the cylinder and outside were found
by matching pressure and normal velocity at their interface. The power, power density and
displacement amplitude were presented in dimensionless form for selected values of frequency
and buoy radius. For a fixed frequency, the results show that the effect of the pole is to achieve
the same power values as the case when the pole is absent but for wider buoys. An interesting
result is that higher peak power density values can be achieved by employing the pole for certain
geometries. The optimum geometrical parameters that achieve the highest power and power

density values were also presented.
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The work was then extended to random waves. A Pierson—Moskowitz spectrum, which
describes irregular waves well enough, was assumed and use was made of the power from the
previous results to compute the total power absorbed by the device from random waves. For each
draft to buoy radius ratio, the radius of the buoy without the pole was tuned to the energy period
to yield the highest power. The same radius is used for the case when the pole is present. The
optimal PTO damping for each case is then fixed for the whole frequency range. A set of results
for the power absorbed and the power density of the optimized buoy are then presented as a
function of the buoy draft to buoy radius values and the pole radius to buoy radius values for two
water depths. The optimum radii and damping coefficients and the maximum displacements

were also presented.

Numerical results show how adding a pole to support the buoy affects the power absorption
characteristics of the system in irregular waves. The effect of the added element is to decrease
the power absorbed for flat buoys, something seen to diminish as the buoy becomes more regular
in shape and eventually a slight increase in power is actually observed for slender buoys. This is
more pronounced in deeper water. On the other hand, the effect of the pole on the power density
is completely different. The power density was found to be higher when the pole is present, a
fact that is subtle for small pole radii but becomes quite evident for large ones. The amplitudes of
oscillation were also found to be lower when the pole is present, especially for slender buoys.
The results presented thus far provide a valuable starting point for designing experiments to

validate these results as well as to design similar wave energy converters.
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Part 2 The Multi DOF Cylinder
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Chapter 4 Hydrodynamics of the Pitch Mode

The second wave energy converter that will be discussed is again a floating buoy oscillating
in water of constant depth. This time, the restriction on the buoy motion is relaxed as it is
allowed to oscillate in a vertical plane. The orientation of that plane is unimportant since the
body is axisymmetric about the z-axis. Studying the system when the incident wave is oriented

along the x-direction will suffice. The buoy is moored using a tension cable.

This chapter mainly deals with the analysis of the hydrodynamic problem related to second
configuration considered in this work. Since the pitch mode is the center of the discussions in

this part of the thesis, the device here will be referred to as the pitching cylinder.

4.1 Problem Description

It is a well known fact (see Falnes [19]) that the theoretical maximum power that can be
absorbed from an axisymmetric body oscillating in heave or pitch only is limited by the energy
transport per unit frontage of the incident wave divided by the wave number. This maximum
becomes three times higher when the modes: surge, heave and pitch are allowed. It might seem
advantageous to employ all three modes simultaneously in a wave energy converter. This does
not have to be the case as the power extracted is mostly less than the theoretical maximum unless
some control strategy is considered [40]. In general, it is difficult to implement a controller [41]
and in its absence, it is difficult to tell for a generic body whether allowing more degrees of

freedom will help. So when is it advantageous to do that and when is it not?

It is the purpose of this work to show how much more power is actually extracted by
employing the added modes to a vertical truncated circular cylindrical body in shallow water.
The body considered is connected to the ocean bottom using a loose mooring cable which allows
the body to oscillate about the ocean bottom (Figure 4-1). The coordinate system used is situated
at the center of rotation at the bottom with the vertical z-axis pointing upwards and the positive

x-axis is in the direction of wave propagation. Power is extracted from the heave and pitch
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modes using two power takeoff mechanisms (PTOs). For simplicity and to keep our analysis
within the frequency domain, the PTOs are modeled by linear translational and rotational

dashpots for the heave and pitch modes placed along the cable and on the center of rotation

respectively.
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Figure 4-1: Schematic diagram of the Multi DOF System defining the different system parameters and the direction of wave propagation

We want to estimate the power that can be extracted by using such a device. To compute the
power, the forces on the device and its reaction to the incoming waves must be known. The
analysis for the hydrodynamics of the heave mode was presented in Chapter 2 and will not be
repeated here. The surge mode was analyzed in [13]. Therefore, only the pitch problem will
require a solution. Here the same assumptions used in part one are repeated. Namely, the fluid is
considered to be incompressible and inviscid, irrotational and incompressible. Friction losses are
also considered to be negligible. To make the problem linear, only small amplitude oscillations
and incident waves are considered. The boundary conditions are therefore simple and to a first
order approximation, only mean values of the buoy position and the free surface need to be
considered. The linearized Bernoulli equation can thus be applied at the surface to lead to a

simple free surface condition.
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These assumptions enable us to model the flow as a potential flow, that is, the velocity field
at any point can be conveniently represented by the gradient of a scalar potential function ¢. It
follows from the continuity equation that ¢ is governed by the Laplace equation. Cylindrical

coordinates will be used because of the geometry of the problem.

The resulting potential will therefore include the combined effects of both radiation and
diffraction. However, since the problem is linear, the total potential is just the summation of the

individual potentials (the same notation of part one will be used):

p=¢' +o°+¢". (4.1
This fact makes the problem easier to handle as each potential can be solved for separately. We
further assume that the velocity potential ¢ varies sinusoidally with time as
¢ = Re{cf) (r,z, G)e‘i“’t} and we non-dimensionalize length parameters and the potentials using

depth and frequency as before.

For both the radiation and scattering problems, the potential amplitude function can be
separated into two regions, the first for r > a (the exterior region) and the other one below the
cylinder for r < a (the interior region). The two resulting potentials are denoted by ¢, and @;

respectively. Separation of variables is used to solve for these two functions.

The incident wave is assumed to be unidirectional propagating in the positive x direction. The

corresponding free surface displacement can again be represented by:

§ = 5oe™o¥ =8y ) &Py (mgr)cos(ph) . 42)
p=0
The boundary conditions needed include the linear free surface condition
¢ w?h ..
—¢ -— =0, (4.3)
0z g et

applied at the average surface position at z =1 as the displacement is considered to be

negligibly small. The no flux conditions at the bottom surface of the ocean apply:
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o9

F =0, (4.4)
z

Slipping (nonzero velocities tangent to the body surfaces) is allowed since viscosity is
considered negligible. In the normal direction, the velocity of the fluid must be the same as that
of the buoy. This is zero for the diffraction problem. Finally, both problems must satisfy the

radiation condition at infinity [5]:

lim
T—00 mOT'

b -
(a—‘f - 'mogb) =0. (4.5)

In what follows, we attempt to solve for the hydrodynamic coefficients (§4.2) and then for the

excitation force (§4.3).

4.2 The Pitch Radiation Problem

The pitch radiation problem is very similar to the heave problem previously discussed. The
only difference lies in the body boundary conditions. The condition at the buoy bottom just
yields a new particular solution while the condition on the side will be part of the matching

approximation at the interface of the internal and external regions.

4.2.1 Theory

Assume the velocity potential is of the form ¢ = Re{up<]3(r, z)e~““tcos(h) where u, is the

pitch velocity amplitude. Besides the no flux condition at the bottom (4.4), ¢; must satisfy:

o __,
0z |,_, (4.6)
which means that the fluid velocity is equal to the buoy velocity at the buoy bottom and the

matching condition:
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(4.7)

¢, must satisfy the free surface condition (4.3), the no flux condition (4.4) at the ocean bottom as

well as:

b
ar

=z (d<z<1),
(4.8)

which again means that the fluid velocity equals the buoy velocity at its side, and another

matching condition

0 e
or
r=

_ 99

T or
a

0<z<d). (4.9)

r=a

Finally, it must satisfy the radiation condition. We start by solving for the internal potential
function ¢;. ¢; has to satisfy one inhomogeneous condition (4.6) and therefore it can be

expressed as the sum of a homogeneous solution ¢, and a particular solution cﬁp such that:

bi=bn+ oy (4.10)
By definition, ¢3p satisfies (4.4) and (4.6) and ¢, must satisfy:

~

d
(ff" =0, 4.11)
z z=0&d
Pnlog= (Be—&)l_,- (4.12)
A particular solution is given by:
5, = (z2r T 4.13
¢y = >d z°r 7 ) (4.13)

Now the homogeneous solution can be solved using the method of separation of the variables as

before. Assume the following form:

bn =P (Mén(2) . (4.14)

This gives a set of eigenfunctions of the form:
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ép=cos(A,z) (n=0,1.2..), (4.15)

and eigenvalues 4, given by:

Ap =—. (4.16)
The function y,, must be finite at r = 0. This yields a solution of the form:

r (n=0),

Yn(r) = {Il(lnr) (n>0). (4.17)
The homogeneous solution can therefore be written in the convenient form:
LN ¥
= AnZ) . .
bn Z an @ cos(1,2) (4.18)
n=0
In this equation, a,, are the Fourier coefficients. To solve for these constants, apply (4.12):
d
€n - i
=) |, _, c0s(An2) dz — ay’, (4.19)
such that €, is the Jacobi symbol and,
d
., €En ~
== 0 b, |r=a cos(A,z) dz . (4.20)
Now moving to solve for the external potential function, if we assume
be = R (1) Z(2), (4.21)
then the functions Ry (r)will be given by:
_ Hl(mor) (k = 0)r
R = {K1(mk7”) (k > 0), (422)

where H; and Kjis the first kind Hankel and second kind modified Bessel functions respectively.
The depth functions Z,(z) were introduced in (2.43). The solution for the potential of the
external region is therefore written conveniently as:

Ry (1)

. = ;Akmzk(z). (4.23)
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The last equation represents the sum of a propagating wave (the term with k = 0) and an infinite

number of evanescent waves (k > 1). Conditions (4.8) and (4.9) must be satisfied. That is:

-~ o d¢;
d¢ — 0<z<d)),
are = Z ArZy(z) =1 or | __ (4.24)
r=a k=0 z d<z<1).
Making use of the orthogonal properties of the Z;, functions:
d 0 iny
A = f 9n| 4 (dz+ AL (4.25)
o Or | _
r=a
Here A}, is given by:
d a(’ﬁp
A4y = f —|  Zy(2)dz+ Zp, (4.26)
o Or| _
r=a
1
Zp = f zZy(z)dz . (4.27)
d
Making use of (4.18), (4.25) becomes:
A, = MC + A;, (4.28)
k n wn(a) nk k- .

n=0
The coupling coefficient C,,;, was defined in (2.52). Now going back to equation (4.19), and

inserting the results for the external potential (4.23):

&N, Re(@ *
an, = 7” e Core — Q" - (4.29)
k=0
Finally, (4.28) is inserted into (4.29) to yield,
A = Z enjdj + Sy, (4.30)
j=0

eTl lp]"'r:a Rk(a)

=0 2@ Rta) T @30
€, o ., Ri(a) i}
s, = F”Z ARt cay G 4.32)
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This system can be truncated at any number of terms depending on the accuracy of the solutions

required. The coefficients A; can then be computed using (4.28).

4.2.2 Radiation Coefficients

Now the case under question involves oscillation in pitch. For unit velocity, if Bss is the

pitch damping coefficient and Mss is the corresponding added moment of inertia then:

M55 + iB55/(J) Aa(’ﬁ P
= — — ) 4.33
T jfd) I cos(8)%dS (4.33)

Here the integral is over S, the surface area of the cylinder and i = v—1 . Considering the

external and internal regions separately, the integral becomes:

M55 + iBSS/w

cos(0)? drd@

(4.34)

cos(6)? dzdo

1

=-7 j;)aquSi(r, d)dr — naj;i z¢.(a,z)dz .

Use of conditions (4.6) and (4.8) was made. The first integral can be split according to (4.10).

The resulting integral is:

nph®

= —farzcﬁp(r, d)dr — farzcﬁf‘(r, d)dr (4.35)
0 0

1
—afd z¢.(a,z)dz .

Using (4.13) and (4.18):
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M55 + iBSS/w

-
Uss + 1455 Tpa3h?
B 6ad? — a3 1w i
“\Tsa /)~ EZO W (=1)"Yn (4.36)
n=

1 Rea) .

UMES Oarz z:—ggdr, (4.37)

and Zy, is defined in (4.27).

4.2.3 Results and Discussion

Using Matlab, the system (4.30-32) can be solved and then the radiation coefficients can be
computed from (4.36) for specified values of a,d and m,. Some results are presented for

selected values of radii a and distance to sea floor d (Figures 3.2 to 3-5).
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Figure 4-2: The radiation pitch added mass (left) and damping (right) coefficients for the pitching buoy system at a/h = 0.2 and for

four floatation levels

The results show that the damping coefficient starts from 0 at low frequencies, increases and
then drops to zero again at high frequencies. This is somewhat different from the results for the

heave radiation where the damping has a nonzero fixed value at zero frequency. It was stated
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earlier that the theoretical maximum power extraction is achieved when the PTO damping
coefficient is equal to the radiation damping coefficient presented. These results indicate that this
PTO optimal damping must be zero at high and low frequencies which in turn forces the power
extracted to be zero at these points. This indicates the presence of an optimal frequency where
the maximum power can be converted; a fact we have seen from the results of the previous

section (Figures 3-4, 6).

0.5 ‘
——d=0.3
045} e 05
04l —0.75
— - 09
0.35} E
0.3} 1
Boasr { 8
£ -
0.2} },f ) ~— 1
\
0.15} / ~ ]
/ T~
01} / N
0.05 / T ]
s
0 £~ | | | | | |
4 0 05 1 15 2 25 3 35 4

Figure 4-3: The radiation pitch added mass (left) and damping (right) coefficients for the pitching buoy system at a/h = 0.5 and for

four floatation levels
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Figure 4-4: The radiation pitch added mass (left) and damping (right) coefficients for the pitching buoy system at a/h = 1 and for four

floatation levels

The added mass starts from a finite point at low frequency (in contrast to the heave mode) and

reaches a constant value at higher frequencies. The qualitative behavior is similar to the results in
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[13] where the difference is the position of the center of rotation. The author of that paper also
pointed out to the fact that the sway damping maximum occurs at mya~1.2 at all times. The
results for pitch (or roll) are fairly similar in the cases presented here but are more complicated in
general. The results show a decrease of the values of the coefficients with the increasing radius a

and floatation level d but that is mainly due to the dimensionalization scheme considered.

4.3 The Pitch Diffraction Problem

As stated earlier, the diffraction problem deals with solving for the diffraction loads on a
fixed body (at least within linear theory). For the case considered, we are interested in the torque
on the buoy about the y-axis. We saw from the Haskind relation in part 1 how the vertical force
is proportional to the square root of the radiation damping coefficient. We know that such a
simple relation is possible for the asymmetric pitch problem. Therefore we expect the torque to
adopt the same qualitative behavior as the pitch radiation damping coefficients in Figures (4-2,

4). In this section, the diffraction problem is solved and the mentioned torque is computed.

4.3.1 Theory

The solution for the velocity potential is the same as that of (§ 2.3). Here, it is presented in a
slightly different more compact form. The Laplace equation is to be solved. Assume that ¢
varies sinusoidally with time, then it can be represented as ¢ = Re(qg(r, Z,H)e‘i“’t). The

complex amplitude of the free surface elevation due to the incident wave was given in (4.2).

For the diffraction problem, since there are no inhomogeneous terms in the boundary
conditions, no particular solution is needed. In this case, the internal potential ¢; satisfies the no
flux conditions (4.11) at the ocean and buoy bottom and the matching condition (4.7). The
external potential, on the other hand is a summation of the diffracted and the incident wave

potentials. It satisfies the free surface condition (4.3), the no flux condition (4.4), a matching
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condition (4.9) as well as the radiation condition (4.5). Furthermore, the fluid must not penetrate

the buoy side such that:

Cel =0 @szs1). (438)

Because this problem is directional in nature, symmetry considerations dictate the conditions:

0P,

—0 =0, (4.39)
6=0,

0Pe

= =0. (4.40)
60=0,

The resulting form of the internal potential is a summation of the functions:

cﬁm = Ypn(r) cos(4,,z) cos(ph), (4.41)

Ap =nm/dandp =0,1,2 ... (4.42)

The modal functions 1, are given by:
_{r n=0 4.43
Uon = {2y m >0’ @)
where [, is the modified Bessel functions of pt" order and of the first kind. The solutions

presented were chosen to be finite at r = 0. The internal potential is now given (in a more

suitable form) by:

N AN Ppu (1)
o = 4o ;) nzzo ApnEpn ll)zn(a) cos(4,z) cos(pB). (4.44)
- 4.45
= 2nd (4.45)

and {, is the incident wave amplitude. Condition (4.7) must be satisfied as well which leads to:

d 2m
1 -
Uy = (—f f ¢e|r=a cos(A,,z) cos(ph) dOdz . (4.46)
0
00
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The external potential is the sum of the potentials of the incident wave (4.2) and the diffracted

wave written conveniently as:

o)

b = —o Z exi** 1 (J (mgr)

k=0

Jr(moa) Zy(2)
- mHk(mOr)) cos(k6) Zi)

+ 4, z Z Aj R’”( ) 7;(2) cos(k6).

== (@™’

Here Z;(z) are given in (2.43). The functions Ry ;(r) that satisfy the radiation condition or are

(4.47)

finite at an infinite distance from the body are given in (2.80).

Conditions (4.9) and (4.38) must be satisfied:

={, i i Ay;Z;(z) cos(k6)

A

= j=0 k=0
d<z<1), (4.48)
6 a,z 6
¢ ( ) 0<z<d).
The unknown coefficients are then given by:
2 d
adh
Ayj = Zj(z) cos(kB) dzd® . (4.49)
2n(0
Now inserting the value of the internal potentlal function from (4.44) and integrating,
k(@
Akj — l/)kn( ) (450)

Ek —C 124%
L )

where the coupling coefficient C,,; was defined in (2.52). Inserting the value of the external

potential (4.47) into (4.46) and simplifying then,

. 2 p](a)
14 =0
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4iP

Ay = ——Cpo - 4.52
P = o) Zg(D) ™ (+52)
Here, use of the Wronskian relation is made:
, , 2i
Jx(moa)H, (mya) — Jr,(moa) H(mya) = Ta (4.53)
Finally inserting (4.50) into (4.51),
Apn = Z epnipl + Apn (4.54)
NG Ry (@) U (@)
e — C,iCpi. 4.55
o Z d Ry (@ (@) 433

This is a system of equations in the unknowns a,,,, that needs to be solved.

4.3.2 Torques on the Cylinder

The torque on the buoy about the y axis is the real part of Te 't where T is a complex
amplitude which has contributions from a side torque T and a bottom torque T}, given by an

integration of the fluid pressure on the body surface. Starting with the side torque:

2T 1

s laf fche cos(@) dz do , (4.56)

ph5w2

Inserting the expression for the external potential from (4.47) and using the relation (4.53):
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A~

Ts . —4i ZO(Z)
ph3w2(0a_lafz aH, (moa) ) Zy(1)

— nz Aljﬁ#?z(z) dz (4.57)
7=0

—( : )Z*—iniA Ryla) ).
aH;(moa)Zo(1)) ™ L YRy (@

Z; was defined in (4.27). Finally, it is written as:

T, B 4v 7 iviA Ryj(a) 7
Ba  \ma®H;(moa)Z;(1))™° a* & YRy @ (4.58)
]:
where B is the buoyancy force B = mpa?g{,. The bottom torque is

/\

2w a
f f (r,d,0)cos(6)dr do
00

ph5w2
(4.59)
i{, §
= 70 A€ (=)™ 1y,
n=0
where ,, was defined in (4.37). In terms of buoyancy:

T, v X )

Ba na3d . alnen(_l)n-ﬂlpn : (4-60)
n=

Since only a;,, are required to solve for the vertical force, then the system to solve reduces from

(4.54-55) to one system in ay,.

4.3.3 Results and Discussion

The torque amplitude and phase results obtained are plotted in Figures (4-5, 6, and 7) for the
three radius values of 0.2, 0.5 and 1. The results are qualitatively similar to those in [21] in terms
of amplitude and phase. The amplitude rises from no torque at zero frequency to a maximum

and then down to zero at a large enough frequency. This is in accordance with the results for the

73



pitch damping coefficients in Figures 4-2 to 4-4. The torque is seen to lag the wave by /2 (or is
in phase with the negative wave slope) at zero frequency. This follows from the fact that fluid
particles move in circular trajectories and their horizontal motion is 90° out of phase with the
vertical motion. The torque is expected to have the phase of the horizontal forces. Again the

jump of 27 in the phase is just to keep the values within the range [—m, 7).
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Figure 4-5: The excitation torque amplitude (left) and phase divided by 7 (right) for the pitching buoy system at a/h = 0.2 and for four

floatation levels Excitation

1.8 T 1

Figure 4-6: The excitation torque amplitude (left) and phase divided by 7 (right) for the pitching buoy system at a/h = 0.5 and for four

floatation levels Excitation
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TSIBa

Figure 4-7: The excitation torque amplitude (left) and phase divided by m (right) for the pitching buoy system at a/h = 1 and for four

floatation levels Excitation

4.3.4 The Haskind Relation

The results for the torque look reasonable, but further verification is required to make sure
that no mistake was done. The Haskind relation can be used to compute the pitch excitation
moment from a knowledge of the pitch potential derived in section 4.2. By comparing the results
from this relation to those from the diffraction problem, verification of the results is possible.
Furthermore, the Haskind relation provides a means that does not require solving the whole
diffraction problem to obtain the wave loads, which saves lots of computational effort given that
the radiation problem is already solved. The external pitch radiation potential for unit velocity is

given by:

24, Zy(z) cos(6)
Mo (H$Y (moa) — HY (moa) )

¢s cos(0) = Hl(l)(mor)

4.61)

_ i 24y Ki(myr)Z(2) cos(6)
£ my, (Ko(mya) + K,(mpa))

In the limit of infinite distance from the body, the series above dies out exponentially and the far

field form is:
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R emor 1
lim ¢p5 = A* cosh(mz) +0 (;) , (4.62)
T—00

Vr
* ZAO/(mO V NO) 2 —i3m/4
A" = D D e . (4.63)
(Hy ' (mga) — H, " (mgya)) /™Mo
The potential gradient radial component in the far field becomes:
0 iny 1 eimor
rh—>r2>a_r5 = A" cosh(mz) (imo - Z) = (4.64)
@' is the incident wave velocity potential given by:
g51 l(O cosh(m,2) eimorcos(8) (4.65)
m, sinh(mg)
Its gradient component in the radial direction is also needed and is given by:
|

ar ~ % sinh(my)

Now, if T is the excitation torque then the Haskind relation states that:

T |0 _ 0!
WIhSp zhs ff( %05 ~ ¢s a¢>605(9)dz4- (4.67)

Here the integration is over an imaginary cylindrical surface with infinite radius. F2 is the fifth

component of the generalized force vector and corresponds to the pitch torque from the
diffraction problem. The vertical force in Chapter 2 would have been called F? corresponding to

heave. For our case, the relation simplifies to (keeping in mind the limit):

27 g}
= _lf f <¢I%—¢35 6¢ )rcos(@) dodz

:T1+T2,

(4.68)

Using (4.64-65) and integrating over depth, the first part of the above integral becomes:
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R 1 p2m R a(’ﬁs
T, = —if f (d)’—)rcos(e) dodz
o Jo or

_ bl (T, “69)
~ mgsinh(my) 0 vr{img

_ l) COS(@) eimor(1+cos(0))d9 )
2r

The second term in the parenthesis drops out in the limit. Using (4.63, 66), T, becomes:

R YT
T, = ij j ((]55 —)rcos(@) dfdz
o Jo or

_ iGpA™Ny
- sinh(my)

(4.70)
f \/—COS(H)Z (elmor(1+cos(9)))d0

Adding these and using the method of stationary phase [5]:

T —i{yA* Ny (2T ;
_ mqgr(1+cos(0))
Zh%p ~ sinh(my) j;) Vrcos(08) (1 — cos(B))e do

@.71)
 2iQA°N, |21 ix
~ sinh(m,) e '

Finally inserting the value of A* from (4.63),

T 8vAy+/N,
I _ ~ N . 4.72)
Ba  ma3mZ(H," (mya) — H,” (mea))sinh(my)

The results from this relation and from the diffraction problem were found to match perfectly.

4.4 Surge-Pitch Coupling Coefficients

We now move to solve for the coupling hydrodynamic coefficients, namely Ms; = M;5 and
Bs; = B between the surge and the pitch modes only since heave is independent of the other

motions. Here,
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Msq + iBsq/w

. =
Usy T 14sg Tphd?
1 1 r2m 6¢31
= —— R 2
a3nLL ¢s Em _ cos(0)“ adfdz (4.73)
1 (L. 1 Re(a) .
:—Efdd)S(a,Z)dZ:—EZAk%Fk,
k=0
1
Iy =f Zy(2)dz. (4.74)
d

Here are some of the results that are qualitatively very similar to those of the pitch radiation

problem.

Figure 4-8: The pitch-surge coupling added mass (left) and damping coefficient (right) for the pitching buoy system at a/h = 0.2 and for

four floatation levels Excitation
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Figure 4-9: The pitch-surge coupling added mass (left) and damping coefficient (right) for the pitching buoy system at a/h = 0.5 and for

four floatation levels Excitation
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Figure 4-10: The pitch-surge coupling added mass (left) and damping coefficient (right) for the pitching buoy system at a/h = 1 and for

four floatation levels Excitation

4.5 Appendices

Appendix 4.A
Evaluation of Different Expressions from Chapter 4

These are the expressions presented in Chapter 4 and not fully evaluated for brevity.
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From (4.20),

d 3
S L
" ==~ 24 (Z a 4)cos(Anz) dz

3
{(_% N g_d (n=0), “.A.1)
1 2a(-Dn
_7a( ,12) (n>0)
From (4.27),

Z

mZ I, (cosh(myd) — myd sinh(myd) — cosh(mg) + mq sinh(mg) (k = 0),

3
my

(4.A.
(cos(my) + my sin(my,) — cos(md) — myd sin(m;d)) (k> 0).
kmzzc\/ Ny
From (4.26),
. -1 3,
Ay = >d (z k. Vi (2)dz + Z, . (4.A3)
Fork =0,
Ay = j (z% — Eaz)cosh(moz)dz + 7
2d+/N, 4

-1 <(4m(2)d2 — 3a?m3 + 8) sinh(myd) — 8myd cosh(mod)> 7

8d./N, 0

_ 16mod cosh(myd) + 8m3d sinh(m,) — 8m0d cosh(mgy) — (12m3d? — 3m3a? + 8)smh(m0d)

And for k > 0,
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3
A}, = j 2 ——a®)cos(myz)dz + Z;;
k=g N, (z 1 )cos(myz) k
-1 ((4mkd2 — 3a?m} — 8) sin(myd) + 8m,d cos(mkd)) e
8d. /N, m} "
_ —16myd cos(m;d) + 8mid sin(my) + 8myd cos(my) — (12mid? — 3mja® — 8)sin(my.d)
8mkd Nk .
From (4.37),
ar3 a3
—dr =7 (n=0),
f 21 (/1n7”) _ a’L,(1,a) (n > 0) (4.A.4)
— = n :
Uy " )~ kG
From (4.52),
) 8,/ Ny
al, = . . 4.A.5)
amg (H (mga) — H (moa))smh(mo)
Finally from (4.74),
sinh(m,) — sinh(myd
(sinh(m,) (med) (k = 0),
e Mo/ No (4.A.6)
ke | sin(m;,) — sin(m; d) o
(k> 0).
k My N
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Chapter 5 Power Output from Regular and Irregular Waves

The previous chapter studied the hydrodynamics of a cylinder pitching in the vertical plane
about an axis perpendicular to that plane and passing through the origin. The chapter also studied
the torque caused by an incident wave about that same axis when the body is held stationary. The
parameters of the pitch problem are therefore available. Those of the heave problem were
discussed in part one of this work while those of the surge problem can be found in the literature
([13][21]). The required elements to solve for the power are now in hand. This chapter deals
with the power output of the buoy that is oscillating in surge, heave and pitch. It is very
important to consider in advance how beneficial it may be to employ these added modes. As
stated earlier, a statistical distribution is the closest theoretical approximation of real conditions.
It is therefore desirable to know the power output of a WEC in such a simulated sea state. So
how does our system perform in irregular waves? The chapter starts by presenting the dynamic
equations of motion and the equation of the power output from regular waves. It also presents the
power output of the device in irregular waves described by a Pierson-Moskowitz spectrum. The
chapter ends with a comparison of this configuration with the case when motion is restricted to
heave. In fact, the theme of the chapter is more about the power contribution from the pitch

mode and how viable that is.

5.1 Power Output from a Single Wave

As stated earlier, evaluating the power from regular waves has a theoretical as well as
experimental significance. For linear problems, the first step in computing the power from
irregular waves must start with the power output from regular waves. The body under
consideration is symmetric about the vertical axis and an analysis of its motion in a plane will
suffice to compute the power. The problem dynamic force balance can simply be stated by (taken

from [5]):
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2

d2U du b
(M+M3)F+BaE+CU=F +F. (5.1)

Here,

U = [Uy, Us, Us]". (5.2)

U; is the displacement in the i direction (surge, heave and pitch). The mass matrix M is:

M 0 Mz,
M =[ 0 M —Mx,, |, (5.3)
Mz, —Mx, IL,+I,

where M is the buoy mass, x,, and z,, are the coordinates of the center of mass and I, + I, 1s
the mass moment of inertia about the y-axis (axis of rotation). The double subscript notation
denotes the second moment with the subscript value to be the moment arm. The hydrodynamic

added mass and damping matrices are given by:

My, 0 My,
M? = 0 M33 0 ) (54)
M51 0 M55

By 0 Bigs
B*=|0 B3 0 (5.5)
Bs; 0 Bss
The stiffness matrix is:
0 0 0
c=|0 pgA —pgly . (5.6)
0 —pglf pgUd +1])—Mgzy

Here A is the buoy cross section piercing the water surface, while V is the submerged volume of

the body. The excitation force vector FP is:

FP = [FP,F?,F]. (5.7)

F is the external force vector which includes forces from the power takeoff mechanisms and

mooring line. Let H be the buoy height (not draft) then,

83



M = pra®*H = pAH, (5.8)

Xm =0,
H
[zm =d+—-. (59)

2
If V; is the total volume of the buoy (not just the submerged part):

Ly +1,, = f(xz + z%)dm = pff (x? + z?)dV,

d+H
f f f (r? cos(8)? + z*)rdfdrdz (5.10)

2
=M +Hd+d2 ¢
3 4 )

a r2m
4 = jdi = f j r?cos(8)d@dr =0, (5.11)
0o Jo
a 2w 4
A _ 294 — 2 _Ta
I, = | x*dA = (rcos(0))*rdodr = 7 (5.12)
0o Jo
1 ra p2m naz
1Y = deV = j f j zrdfdrdz = — (1 — d?). (5.13)
a Jo Jo 2

Now, all the parameters that needed to solve for the displacement are ready. The matrix equation

(5.1), in the frequency domain, becomes:

{—~w?*(M+M?) + C— iwB?}U =FP + F . (5.14)

We consider the forces from two power takeoff mechanisms, one acting on the heave
oscillation and the other on the pitch oscillation. These are modeled as linear dashpots. The
mooring cable also exerts some tension on the buoy and can be modeled by a spring for
simplicity. The external force vector can therefore be written in terms of the displacement vector

P

U as:

0 0 0
F=—10 k;—iwcs 0 |U=-FU, (5.15)
0 0 _i(l)CS

Simply written:
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KU = {—w?(M + M?) + C — iwB? + F}U = FP . (5.16)

Here, the matrix K is given by:

K

[ M +M11 0 MZm +M15 —|

0 M +M _M 0
— —(1)2 33 (1)2
12 +1))— Mgz (5.17)
| Mz, + Ms, 0 Lex + Iz + Mss — P Ui ;2) J =
B4 0 Bys

—iw| 0 B3z +c3 0 .

Define the following dimensionless parameters:

Zm, FP,FP FP/n

ngT' fufs fs = w2pradl,

By1, B33, ¢3,¢5,Bs1/h, Bss/h2
wpra?

M1, 33,43, A5, A51, Ass =

)

M, M, 4, M33, M, /h, Mss /h?
pra3

U, 111, 433, Us1, Us5 =

A — (pgA): k3 + — Ixx + Izz A —
No,» M3 wzpn_ag ) Nxx Nzz pn_aghz ) n nanghz/g i

where {, is the amplitude of the incident wave. The equations of motion can be finally

summarized:
k¢ = f, (5.18)
ut pag 0 ue,, + His
K=— 0 #+H33_7764_713 0
1em + Usy 0 Mxx + Nzz + Uss — N — Ny + 10, /v (5.19)
)'11 0 115

- l 0 ).33 + A3 0 )
Asq 0 Ass + Asg

85



Uy Us Us 1"
= (R ot S —5] (5.20)
¢ = [61 63 ¢s] [(0,60,(0”1 :
f=larsfhl". (5.21)
The useful power extracted from the mechanisms is:
1 20712 4 1 217712
P=§c3w |Us| +505w |Us|*, (5.22)
If we use the shallow water velocity
v, = Jhy, (5.23)
The power expression becomes
’ :v3/25_13(/13|§3|2+15|§5|2)- 5.24
T V3(2 ( . )
7 PVs So

The right hand side is related to the frequency and the radius through the power only. For power

per unit mass, I suggest,

P av3/?
MV3ZZ/2h3) ~ (1—d)

If we write k = [Kl- j] such that (i,j) = (1,3,5) then the displacements are given by:

(Aslgsl® + Aslgsl?) (5.25)

_ [sKis — fiKss _f3 _ [sKi1 — fiKss
1= A e : (5.26)
K15Ks1 — K11Ks5 K33 K1sK51 — K11Kss
The heave displacement amplitude is simply:
i Il
o312 = |=| = T -, (5.27)
K33 (1 + pszs —n5 —n3)? + (A33 + 13)

and using the fact that A5; = 4,5 and pus; = pys, the pitch displacement amplitude can be written

as:

fsk11 — fiKs1 a

K15K51 — K11Ks55

lgs| =

)

- 5.28
\/(ﬁ + A1145)? + (V + As(u + #11))2 28
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a = |fs(u+ puy —iry1) — filuom + psy — idsy)|, (5.29)

B = (uom + t15)? — A%s — (U + p11) Max + Nz + Hhss — Nigx — Ny + HOm/V)
+ /111/155 )

(5.30)

Y = —2A51(UOm + U15) + Ass(p + pq1)
+ A1 (Mx + Mzz + Uss — Nix — N5 + pom/v) .

a, 3, and y are real and do not depend on As.

(5.31)

We need to optimize for 13, A3, A5 for each wave number m,. Now, 13 and A3 appear in the

first term of the power equation only. Their optimum values are easily obtained to be:

naPt =+ pss — nd, (5.32)
Agpt = \/(M + Usz — Ny —M3)? + A3 (5.33)

Similarly, A5 appears in the second term only. Setting the gradient of that to zero and

manipulating the resulting equation reduces nicely to:

ﬁZ + )/2
AP = | - (5.34)
Al + (e + 1)

Equations (5.24, 25) can be used to compute the power and power density of the device in

question. To maximize the power output, the optimal values of the design parameters (5.32-34)

should be used.

5.2 Power Output from a Wave Spectrum

Because of the symmetry of the body, the power output from a regular wave is independent of
the incident wave direction of propagation. For that reason, we assume that a non-directional

Pierson-Moskowitz (PM) spectrum can describe the real sea state. That is given in [19]:

5 HZ v 5vp
Ew(a))zﬁzﬁexp —Z; . (535)
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Here H, is the significant wave height of the sea state, v = w?h/g is the dimensionless
frequency squared, and v, is its value at the peak of the spectrum. The total power produced

from this random sea is given by:

p, = f " 2B, ()P (@)dw

57 * V2 5vp (5.36)
—§H§pv3f a3< —77 €Xp (_Z_>> (Asl63/

+ Asl¢51%) dv,
where P(w) is the power transfer function, i.e. the power in (5.22) for a unit wave amplitude. For

the (PM) spectrum, the significant wave height is related to the peak frequency by (see [39]):

b 0.1615g (537)
S wg .

and (5.36) can then be written in dimensionless form as:
©o 3 2

P 00128 [ o (slesl? + Asles P exp [~ 22 ) a 5.38

th i U3/2 3163 51Cs exp 4 12 v. ( . )

The power density can be presented in the form:

hP _ 00128 (®.a oo 58
MVS3_7T(1—d) o 'U3/2( 3|g3| + 5|C5| )exp _Z_z v. (539)

5.3 Results and Discussion

For the case of regular waves, the power and power density (power per unit mass) were
computed in dimensionless form for the case when there is no tension in the spring (n; = 0)
because the optimal radii that correspond to the ngpt values were found too big (and probably
uneconomical) to be realistic or representative of real implementations. The case of having a
slack mooring is also quite common in real applications and usually costs less to use. The buoy
height H does not affect the power from heave but is a significant parameter that determines the

mass distribution and therefore affects the pitch power.
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Figure 5-1: Power (row 1), power density (row 2) and % pitch contribution to power (row 3) plots in regular waves for a fixed d=0.5 as a
function of wavenumber for three buoy radii a/h and three H/a values (The fourth curve, denoted by H, represents the power output of

the heave mode only)

The first row of Figure (5-1) displays the useful power output of the buoy (5.24) against the
frequency (represented by mya) of the incident monochromatic wave. The different curves in
each subfigure represent the chosen buoy height to radius ratios /a ; i.e. the aspect ratio of the
buoy. The power output from the heave mode only is also included for comparison. The three
columns represent different radii of the device. The second row shows the power density curves
from (5.25) and the third row displays the percentage of the total power that results from
including the pitch degree of freedom. For brevity, only the cases for one floatation level

(d = 0.5) are presented.
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Power Density

100

% Pitch Power

Figure 5-2: Power (row 1), power density (row 2) and % pitch contribution to power (row 3) plots in regular waves for a fixed d=0.5 as a
function of a/h for three wavenumbers moh and three H/a values (The fourth curve, denoted by H, represents the power output of the
heave mode only)

Within the operating range of each buoy, the added power from the pitch mode is not as
significant as that from the heave mode in general. However, a significant gain can be achieved
with larger radius and flatter buoys (when the radius is fixed). Most notable from the power
curves is the presence of an optimal frequency for power absorption, the increase of output with
buoy radius, and a widening of the spectrum as the buoy becomes flatter. The change of the
shape of the buoy has the effect of shifting the peak power frequency, especially for the larger
buoys. The power density curves have the same shape and characteristics as the power curves
with the exception that the power density levels decrease with an increasing radius. This is
because the increase of power associated with the increase in radius is overshadowed by the
increasing mass which changes as a?. The third row of the figure shows that most of the
contribution from the pitch mode appears at the higher frequencies. This is mainly because the
power from the heave mode decreases markedly at higher frequencies. This indicates that our
multiple DOF arrangement might be more suitable in areas with high frequency waves. In fact,
the change in the percentage of pitch power is so abrupt that it might not be economical to

employ this system in a low wave frequency area.
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Figure 5-3: Power (row 1), power density (row 2) and % pitch contribution to power (row 3) plots in regular waves for a fixed H/a =1
as a function of wavenumber for three buoy radii a/h and three d/h values

Figure (5-2) displays the same information as in (5-1), varying the radius on the x-axis
instead, and for three fixed wave numbers. The power curves confirm our previous statement
that the power increases with the increasing buoy radius. However, this is not entirely true at
high frequencies. An optimal radius for power extraction exists. The effect of the pitch mode is
clearly manifested at larger radii with a significant power increase for the shorter buoys. Worthy
to mention is the presence of two peaks for the power curves at high frequencies. The power

density is seen to decrease as the buoy radius increases confirming our previous statement.

The last figure (5-3) is meant to show the effect of varying the floatation level d (i.e. the
weight) of a buoy of the same size over a wide frequency range. The figure shows that the
parameter d is very significant in determining the power output. The deeper the buoy is installed,
the lower and more left shifted is the peak power and the wider is the bandwidth. The interesting
presence of two power peaks can be seen for smaller and lighter buoys. Here, account is taken of
the fact that these buoys must remain floating at all times. In terms of power density, it is clear
that the light buoys are dominant in general. The effect of the submergence on the pitch power is

very significant especially at higher frequencies.
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With regards to irregular waves, the procedure that we followed is:

1. For specified v, , H/a , and d values, the optimum buoy radius and PTO characteristics

that maximize power output are found (assuming no tension in the mooring cable).

2. The power spectrum is computed for those parameters.

3. The integral in Equation (5.38) is evaluated using the trapezoidal rule and this would

represent the dimensionless power from irregular waves.

We considered two peak frequencies (v, = 0.75, 1) that are within the useful range of natural

wave characteristics. Furthermore, the frequency range is chosen to be wide enough to make the

integrand in (5.38) converge.

Power

-

Power Density

o
3

Figure 5-4: Power and power density plots for irregular waves as a function of floatation d for two peak frequencies v, and three values

of H/a

Figure (5-4) is a plot of the power and power density curves for the two peak frequencies

considered as a function of the floatation level d. Each subfigure displays the results for three

chosen height-to-radius ratios of 0.5, 1 and 1.5. The plots show the superiority of flat and light

buoys as compared to the others in terms of power output. The maxima and minima observed in

mid-range of d in the figure are mainly due to the changing optimal radius values in these ranges

which severely alters the integrand in (5.38). The power density results are more interesting
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showing the presence of an optimal floatation level where that density is maximized. This is

again mainly due to the small optimal radius at that point.

Figure (5-5) complements Figure (5-4) by showing the corresponding optimal parameters of
buoy radius and PTO damping values. The optimal radius is limited in the search to an upper

value of 3 which shows in Figure 5-5 at high d values.

Optimal Radius

Optimal Heave Damper

-
o

Optimal Pitch Damper

Figure 5-5: Optimal buoy radius (row 1) and PTO heave (row 2) and pitch (row 3) dampers for maximum power extraction from

irregular waves as a function of the floatation d for two peak frequencies v, and three values of H/a

5.4 Conclusion

In this chapter and the previous one, the case of a cylinder oscillating in surge, heave and
pitch was considered and analyzed. The hydrodynamic forces on the cylinder were computed and
used to determine the power output of the cylinder from two power takeoff mechanisms in
regular and irregular waves. The analysis stressed the effect of the pitch mode on the amount of

power extracted.
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The results in regular waves indicate that the contribution from the pitch mode is highest at
high frequencies and high radii. This is mainly because the heave power drops sharply at these
specifications. For a given submergence level, shorter buoys were found to produce the most
power and an optimal radius for power extraction exists. The effect of increasing the
submergence of the buoy (increasing its density) is to shift the now higher peak power to lower
frequencies and to limit the bandwidth. This can have major implications in random seas. The
results for irregular waves indicate that flatter and lighter bodies perform the best in terms of
power production. The power density results indicate a contrary behavior peaking for slender
buoys that are more submerged mainly because of the low optimal radii required for these

bodies.

Comparing the power results with those of a cylinder restricted to heave, we can tell that
employing the added pitch mode can be useful in areas with a concentration of high frequency
waves. This is usually associated with a high peak frequency of the spectrum which means that
this system is most suitable in areas of generally poor wave resource having low significant wave

heights as indicated by the relation (5.37).
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Part 3 The Archimedes Wave Swing with an

Internal Oscillator
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Chapter 6 Dynamics and Power Output of the AWS

The third wave energy converter that will be discussed here is the so called Archimedes Wave
Swing (referred to by AWS further on). The AWS is a type of submerged wave and tidal energy
converter. In this text, we focus on the wave conversion functionality only. The principle of
operation of the AWS is quite simple. The device consists of two main parts. The fixed base is
called the silo and the moving part is called the floater [10]. In a real situation, the silo would be
moored to sea floor and therefore can move in pitch. For simplicity however, we consider the
silo to be fixed to the sea bottom and that the floater can only move in heave. The chamber

separating the silo and the floater is usually filled with air.

http://my.fit.edu

Upper part moves

Non moving

Conceot of the AWS

Figure 6-1: Schematic showing the AWS principle of operation showing the internal parts and the different phases of the device under a

wave trough and crest
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When a wave crest passes above the device, the increasing pressure of the water above pushes
the floater downward compressing the air trapped inside. As the wave crest changes to a trough,
the decreasing pressure above becomes insufficient to sustain the pressure of the air inside. The
gas expands pulling the floater upwards. The cycle then is repeated in a similar manner. This
oscillatory motion of the floater is then transmitted to the arm of a linear electric generator to
produce electricity. It is interesting to note that the AWS was the first device to employ such a

generator.

The AWS is not a new concept and its modeling is not something new. The contribution of
this thesis to the device is to assess the effect of an added internal mass spring system inside the
air chamber. The rationale behind it follows from earthquake engineering. Buildings in areas
where seismic action is common are usually designed to withstand the earthquakes. One such
design involves adding a mass spring system inside the building. When the earthquake hits, the
vibration is mostly absorbed by the internal system and the building only oscillates with
minimum amplitude. Using that idea for the AWS, we can design the device so that the floater
becomes almost stationary in the water like the building in our analogy (decreasing the
probability of wear and the need for maintenance) and the energy will be transmitted to the

internal mass which lies safely away from the salty water.

We want to estimate the power that can be extracted by using such a device. To compute the
power, the forces on the device and its reaction to the incoming waves must be known. We make
the same assumptions that we did for the floating buoy in order to simplify the problem. Namely,
the fluid is considered to be incompressible inviscid, and irrotational. Friction losses are also
considered to be negligible. To make the problem linear, only small amplitude oscillations and
incident waves are considered. The boundary conditions are therefore simple and to a first order
approximation, only mean values of the buoy position and the free surface need to be considered.
The linearized Bernoulli equation can thus be applied at the surface to lead to a simple free

surface condition.

These assumptions enable us to model the flow as a potential flow, that is, the velocity field at
any point can be conveniently represented by the gradient of a scalar potential function ¢. It
follows from the continuity equation that ¢ is governed by the Laplace equation. Cylindrical

coordinates will be used because of the geometry of the problem.
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Figure 6-2: Schematic diagram of the AWS with a internal mass-spring system showing the definitions of the different dimensions and
parameters used in the text

The radiation and diffraction problems were discussed in detail previously and again we need
to solve these problems to attain the power absorbed by our new device. The radiation potential
is ¢, and the diffraction potential is ¢p; as defined previously. Both are governed by Laplace’s
equation. The first is used to get the forces on the AWS resulting from the radiated waves while
the second is used to get the forces resulting from the incoming wave. In a real situation, the
incident wave is scattered by the presence of the buoy and waves are also radiated because of its
oscillatory motion. The resulting potential will therefore include the combined effects of both
radiation and diffraction. However, since the problem is linear, the total potential is just the
summation of the individual potentials as in (5.1). This fact makes the problem easier to handle

as each potential can be solved for separately. We further assume that the velocity potential ¢
can be represented by ¢ = Re{qs(r, Z, 9)e‘i‘"t}, and we non-dimensionalize as in the previous

chapters. For length parameters, here, 7,z and a have the same definitions as for the floating
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buoy case. In this case, H is the draft of the cylinder and d = h — H is the length of the fluid

region above the cylinder.

Again, for both the radiation and scattering problems, the potential amplitude function can be
separated into two regions, the first for r > a (the exterior region) and the other one above the
cylinder for r < a (the interior region). The two resulting potentials are denoted by ¢, and @;
respectively. Separation of variables is used to solve for these two functions in the same manner

as was done for the floating buoy.

The incident wave is assumed to be unidirectional propagating in the positive x direction and
the free surface displacement is given in (5.2). The Laplace equation applies with the last term
dropped for the axi-symmetric radiation problem. The boundary conditions needed again include
the linearized free surface condition, the no flux conditions on the bottom of the ocean and on the
side of the body and the inhomogeneous condition in the normal direction at the top of the body.

Finally, the potential must satisfy the radiation condition at infinity:

In what follows, we attempt to solve for the radiation coefficients (§ 6.1) and then for the
excitation force (§ 6.2) and finally we group the results to compute the power produced by the

buoy (§ 6.3).

6.1 The Radiation Problem

The radiation problem has already been treated in detail for the floating buoy. The aim of
solving this problem is to obtain the forces that act on the body as energy, in the form of waves,
radiates away. The result is the complex amplitude of the force which is best viewed as the
summation of a damping coefficient (the real part) and an added mass (the imaginary part). The
same idea follows for the AWS which is modeled as a submerged circular cylinder. The analysis

follows in the same manner as before and the assumptions are basically the same.
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6.1.1 Theory

As for previous analysis, it is convenient to write the potential as the sum of a homogeneous
potential ¢, and a particular one (]Sp. Both of these functions satisfy the axi-symmetric Laplace
equation and the relevant boundary conditions. Note that the free surface condition must be
satisfied by the internal potential function as well as the external one in this case. For these
potentials and for the time being, let’s use a new coordinate system (denoted by a prime) whose

origin is on the center of the upper surface of the cylinder and is related to the global system by:

{Z’=Z—H, ©6.1)

r'=r.
This will facilitate the analysis later on. In the new system, Laplace’s equation is invariant:
9%2¢p 10¢ 0%¢
¢, 109 07¢_ (6.2)
or? ror 0z'?

and the boundary conditions become (remember (2.12)):

93
% =1, (6.3)
zr=0
0p, w?h .
z g Z=d
for the particular solution and:
On
g =0, (6.5)
z1=0
a(’ﬁh th ~
Pk —¢>h> =0, (6.6)
( 0z g Jed
QBhlr:a = (QBe - gBP)lr:a ) (6.7)

for the homogeneous solution. By inserting a function of the form ¢3p = Az' + B into the

governing equation and applying (6.3-4), a particular solution is given by:

~

¢p=ﬁ<z'+%—d>, 6.8)
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w?h
v=—-. (6.9)
9

Now the homogeneous solution can be solved using the method of separation of the variables. It

can be written in the form:

LN ™
b= ans () (6.10)
(a
where the components are given by:

{cosh(loz’) Iy _d  sinh(22,d)

— 2R = 0),
(’)—4 [ A " 6.11
tn(2) = cos(1,2") y _d  sin(22,d) 0 (6.11)
T Mt 020

such that Ay and i4,, are solutions of the dispersion relation:

Atanh(Ad) = v, (6.12)

and ¥, (7) are defined as:

(1) = {{Z&g (6.13)

In this equation, J, and I, are zeroth order Bessel and Modified Bessel functions of the first kind.

Finally, a,, are constants. Matching the potentials at the common boundary to both regions:

¢h|r=a = nzzoanfn(z) = ((pe - d)p)'r:a . (6.14)
which leads to:
1 ~
0= | B,y Wz = 615
1 ~
a," = f ¢p|r=a ¢.(z—H)dz. (6.16)
H

The external potential can be written in the form:
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~ C Ry (7)
be —;Akmzk@, (6.17)

where Ry (r) are defined in (2.45), Z,(2z) in (2.43) and the eigenvalues m, and im;, needed in
these functions are solutions of (2.41). The last equation represents the sum of a propagating
wave (the first term k = 0) and an infinite number of evanescent waves (k = 1) that die out at
an infinite distance. Matching potential gradients (normal velocities) at the common boundary

and using the no flux condition at the body side:

a$ [ 0 (0 <z< H) ,
e _ Z PN
= ) A4Zi(2) = {3¢(a,2) (6.18)
67" rea — T (H <z< 1) .
This yields:
L On .
A = f —_ Zy(z)dz + Ay, (6.19)
y or| _
r=a
19 ny
A = f 9|y (ndz=0, (6.20)
y Or | _
r=a
since the particular solution is independent of the radial coordinate. Inserting (6.10) into (6.19):
S Yhlrea
A = —_— , .
k a an wn(a) nk (621)
n=0
where the coupling coefficient C,, is defined as:
1
Cok = f én(z—H)Zi(2)dz. (6.22)
H
Inserting (6.17) into (6.15):
- Ry (a
@, = Z g @ (6.23)
= Rk(a)
=0
Finally, (6.21) is inserted into (6.23) to yield,
o, = Z eni; — ", (6.24)
j=0
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%Ir o Re(@)
I = £,9,(@) Rila)

This system can be truncated at any number of terms depending on the accuracy of the solutions

(6.25)

required.

6.1.2 Radiation Coefficients

Now the case under question involves only the heaving action and the radiation coefficients

can be obtained in a manner similar to that of (§ 2.2.2). For unit velocity:

Ms3 + lBg3/a) ff d)—dS (6.26)

Here the integration is over S the surface area of the cylinder. Considering the external and
internal regions separately and making use of the body boundary conditions, the integral

becomes:

——% = —2]0 rén(r,d)dr — 2]0 T, (r, d)dr . (6.27)

Using (6.8) and (6.10) results in (returning to the over bar notation)

_ Mss + iBas/w 2 WL 1.1 -
/133+w33=—3=—_—32 an——:(——d), (6.28)
mpa a’ L /M, a\v

l/)n(T)
- (6.29)
=) @

6.1.3 Results and Discussion

These are the results for the damping coefficient and added mass for some chosen cases.
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Figure 6-3: Radiation damping (left) and added mass (right) coefficients for the AWS as a function of wavenumber for a = 0.5 and

three H/a values
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Figure 6-4: Radiation damping (left) and added mass (right) coefficients for the AWS as a function of wavenumber for a = 1 and three
H/a values

The results show a similar behavior to those of the floating buoy. Higher forces are observed for

slender buoys. Particularly interesting besides the minimum of the added mass, which we already

encountered in the floating buoy case, is the presence of a local maximum or an inflection point.

This is quite clear for slender bodies at which the added mass can also be slightly negative for a

certain frequency range but this is typical of submerged bodies close to the surface [42].
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6.2 The Diffraction Problem

One more time, the diffraction problem for the submerged body must be solved to obtain the
power output. Will we obtain similar results to the buoy case as well? There must be some

difference caused by submergence. The procedure is the same.

6.2.1 Theory

Using the same auxiliary coordinate system introduced in the previous section and
nondimensionalizing in the same manner, the same conditions used for the radiation problem are
still applicable with the body velocity set to zero and with the addition of conditions that
maintain symmetry such as those in (5.62, 63, 65 and 66). The incident wave is still given by

(5.2). The Laplace equation still applies in the form:

0*¢ 19¢ 09*¢ 19%P
0%¢ 199 ¢ LA (6.30)
orz ' ror  9z? 12002
The internal potential is found to be of the form:
Ypn (1)
=7 ZZ Il e () cos(ph) 6.31
0 pn 2T _!’bpn( ) Tl( ) p ( )

p=0n=

where &,,(z") was defined in (6.11) and the radial modal function is defined as:

.]p (/107')’
Ypn = {Ip(/lnr), (6.32)
where A,, are the eigenvalues satisfying (6.12). Applying the potential matching condition (6.7)
yields:
. d2m
=z f j Pl _, &n(2") cos(pB) dodz'. (6.33)
00

The external potential is the sum of the potentials of the incident wave and the scattered wave.

It is given in the form:
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[o e}

P = 0o Z € it (]k(mor)

k=0

— Hy(mor)

Ji(moa) >ZO(Z) 0s(k0) (6.34)

H},(moa) ) Zy(1)

k]( )
+(OZZ i 2an( R 2@ cos k),

j=0 k=
where the depth dependent modal functions were given in (2.43) and the radial ones are defined

in (2.80). Matching the normal velocities at the interface of both regions then:

2t 1
1 09;
A =— j f 99 Z;(2) cos(k) dzdf . (6.35)
$o or| _
0 H r=a
Now inserting the value of the internal potential function,

lpkn(a)
ll)kn() Cnjen

where the coupling coefficient C,; was defined in (6.22). Inserting the value of the external

Apj = (6.36)

potential into (6.33) and simplifying yields:

Rpj(a) .
ZA,,] R (@) i o (6.37)
j=0
d 2m 0
a;n = _ff Z Ekikﬂ <]k(moa)
o o0 k=0 (638)
Jx(mpa) ) Zy(2)
— H,(mya) — ——cos(k6) &,(z") cos(ph) dédz'.
MY mea) ) Zo (1) n P
Finally inserting (6.36) into (6.37),
Apn = Z epnilpr + Apn (6.39)
1=0
Rpj(a) Eb;;l(a)

ey = ) ~F o 6.40
P 2Ry (@ (@) (6.40)

These are systems of equations in the unknowns a,,, that need to be solved.
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6.2.2 Forces on the Cylinder

The force in the vertical direction on the buoy is given by the real part of FPe ™'t and

2T a

ph4w2 - —lf frd) (r.d, 0)dr df = —L(OZ aOn (6.41)

where 1, was defined in (6.29). Although the buoyant force is independent of wave amplitude

for a submerged device, the form presented in Section (2.3) is still used and the force is written

as:

d i lp/ T*l
—_—= Ao — (6.42)
2 on
B mat |4 B
Since only a,, are required to get the vertical force, then the system to solve reduces to:
Oon = Z €oni@o1 + Aon (6.43)
1=0
RO} (@) Py, (a)
e ; — (;;C 6.44
= LRy (@ por@) (49

6.2.3 Results and Discussion

These are the results for the vertical force amplitude and phase (divided by m) for some

chosen cases.
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Figure 6-5: Diffraction force amplitude (left) and phase divided by 7 (right) for the AWS as a function of wavenumber for a = 0.5 and

three H/a values
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Figure 6-6: Diffraction force amplitude (left) and phase divided by 7 (right) for the AWS as a function of wavenumber for a = 1 and
three H/a values

The results in this case again are similar to those for the floating buoy with the exception of
nodes appearing at certain frequencies where the force reverses its sign. This explains the sudden
jump in the phase by m at the corresponding wavenumbers. These results were found to match
those in [22] with the difference that the phase is the negative of the one presented in that paper.
The reason for that is still unclear but the results here are reproduced by the Haskind relation in
the next section and identical results to these were obtained. Nonetheless, the phase sign will be
irrelevant as we will see in the upcoming sections as the power merely depends on the force
amplitude. An interesting observation is the high force amplitudes that slender bodies can
achieve at certain frequencies (forming an amplitude peak that goes above one buoyancy term B)

as compared to the floating body where such a behavior was not observed.
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Off course the Haskind relation can still be used and a form such as that given in (2.98) can
be used. Alternatively, a derivation similar to that in section 4.3.4 can be done as well to obtain

information about the phase as well.

6.3 Power Output from a Single Wave

The aim of this section is to study how effective it is to employ the internal oscillator we
talked about. To do that, the first subsection (6.3.1) studies the AWS without an internal
oscillator and presents the power output from that system which is then used as a control system

for comparison with the oscillator complemented system in subsection (6.3.2).

6.3.1 The AWS with no Internal Oscillator

When the internal oscillator is absent and at steady state, the power output of the device
(assuming a linear dashpot as a model for the PTO) is given by:
1 ||’

p=- , (6.45)
2 (C + B33)2 + (O)M + O)M33 - kl/a))z

where k,is a springiness constant used to approximate the effect of the internal gas and the rest
of the variables are defined as before. The same dimensionless definitions will be retained with

the additional k; = w?pma®n, to represent the spring constant. The relevant outputs then

become:
p A|f1?
— 332 ,
%pr(g (Ac + 233)% + (U + p3z — 11)? (6.46)
P v Aclf P
MVZ33/(2h3) o (A + A33)% + (U + pgz —ng)?’ (6.47)
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AN If]

1] = = : (6.48)
Go Qe +233)% + (u+ pzz — n1)?
where f is the dimensionless excitation force (defined just after (5.17)).
The optimal value of the PTO damper that maximizes (6.46) is easily found to be:
Agpt = \/Ags + (U + p3z —m)? (6.49)

The gas springiness can be adjusted as well by changing the equilibrium gas pressure. Ideally,

this results in an optimal value:

NPt =+ pas (6.50)

This expression may be difficult to achieve in practice because of physical limitations.
Furthermore, the design may involve no gas or a gas-spring combination to act as a restoring
force. If the optimal spring value is too low, it may be impossible to implement such a spring
because the initial compression under the action of the floater weight may cause the spring to
collapse. It is therefore desirable to find the minimum spring value that is possible. At
equilibrium and in the absence of any waves, a force balance on the floater includes the weight,

buoyancy and gas spring forces:

—Mg + ma’pgH — k;A, =0, (6.51)

where A; is the initial displacement of the floater taken to be positive when the spring is
expanded. If we let y be the specific gravity of the body (at least on average), the expression

(6.51) can be equivalently written as:

1
6, =—(1—y), 6.52
N101 W_L( X) ( )

where 6; = A;/H . This shows that the spring is expanded initially if the body is less dense than
the water. It follows from the definition of y that = yH/a . We would like to limit this initial

displacement to a maximum fraction [; of the body height so that:

<1, (6.53)

H

The acceptable value of the spring constant is then bounded by the relation:
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11— x|
M2 (6.54)
1

If the optimal spring value (6.50) fails to meet this criterion, then it must be rejected and the
problem becomes a constraint optimization problem. Generally speaking, the optimal value of 1,
is whatever makes (i + u33 —17)? a minimum so that if the value given by (6.50) fails, the
optimal value would result by satisfying an equality constraint in (6.54) instead. The result of
this analysis is shown in Figure (6-7) for a chosen constraint of [; = 0.1 or an initial
displacement of 10% of the body height. Also shown in the figure is the theoretical maximum

power that can be achieved for this heaving body and is given by:

Prax 1 <m(2) —vmg + v)
i :
ijsgfg 2m

Vvmg

Power

Figure 6-7: Plots of the power output of the AWS without an internal oscillator at a = 1 and I, = 0.1 as a function of wavenumber and

for two values of H/a with the theoretical maximum power output also shown

The effect of the conditions is clearly marked as the power deviates from its theoretical
maximum (particularly at low frequencies). Although for the case when y = 1, the right side of
(6.54) becomes null, this condition may still be violated if the optimal springiness is negative
which is the case when the added mass is sufficiently negative in magnitude. This causes the
slightly suboptimal performance for the body with H/a = 0.75 to appear in the second plot of
Figure (6-7). What follows is the case of the same body but with an internal oscillator. This

figure will be used to compare with the results of the new case to be discussed.
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6.3.2 The AWS with an Internal Oscillator

Now let’s consider the case when a second mass is free to move in the system. An internal
mass spring system is supplemented to the system in an effort to make the general performance
better. The idea is that an added degree of freedom should provide more flexibility in the system
design. It is possible to fix the internal system to oscillate at an angle to the vertical axis. This
provides more space for the oscillation allowing softer springs to be used. However, it has the
disadvantage of transmitting only part of the force from the wave to internal mass (sort of a
cosine loss) where the power will be extracted. Furthermore, this system is difficult to implement
and shall not be pursued any further. The mass will thus be constrained to vertical oscillation.
This problem involves the use of two springs: one that models the gas and the other links the
mass of the floater to the internal oscillator. With two degrees of freedom present, the dynamic

balance of forces on the system now reads:

{(k1 + kg = 0 (My + Mss) — iwB33)0s = ko0 = FP, (6.56)

_kzﬁl + (kz - (UZML - lwc)ﬁz == O .
Here, My and M; are the masses of the floater and internal oscillator while U, and U, are their
displacements respectively. k, is the constant of the spring holding the oscillator in place. Notice

that the PTO is hooked to the internal mass. If we use the mass distribution ratio:

MM
Xm = M M, + M, (6.57)
then (6.56) can be written in dimensionless form:
{ (a —id33)6 — TIZC_Z =f, (6.58)
—M261 + (M2 — xmit — idc)52 =0,
where we define:
a=ny+1n, — (1 — xpi — Uss. (6.59)

This system of equations can be easily solved with the result:
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(M2 — xmp — i)

¢ = - - f
! (M2 — xmp — id)(a — idz3) — 77% (6.60)
0 )
G2 = . : . 2 f .
(M2 — xmp —id)(a — id33) — 13

Now the system at hand has many undetermined coefficients and we would like to set some
constraints over these parameters. The point of adding the internal oscillator was to limit the

motion of the floater ¢;. It is therefore required to find the value of n, that maximizes:

2 = L (6.61)
S1 \/(772 — X2 + A2 .
This is found to be:
2 + /12
n, = ()(Mﬂ) c . (6.62)

AmH
With the choice of the mass distribution and the specific gravity of the body, the coupling spring

constant is specified. The equations for the displacement amplitudes are:

o2 = (2 — xmi)® + A2 12
! (@2 = xmi) — AcAzs —15)2 + (A33(m2 — xmp) + Aca)? ' (6.63)
l621? = i 12
\ (a(mz — xmi) — Acdss —n3)? + (A33(z — xmp) + 1)
The power is extracted from the motion of the internal mass now and is given by:
P @ v An3|f 12
= ) .64
%pl/f(g (a(mz — xmtt) — Achzs —13)% + (Aas(n2 — xmp) + A.@)? (6.64)
while the power density is:
P _ v322m3If 12 /u (6.65)
MVZE5/(2h3)  (a(my — xmi) — AcAszs —15)? + (U332 — xmp) + Aca)?’
The optimal value for n; that maximizes (6.64) is seen to be:
2
2 (2 — xmt)
N7t = (L= K+ pigs =1y + o —CF (6.66)

(M2 — xmM)? + 2%’

The optimal damping value turns out to be:
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qove _ N @002 = i) =03 + W35 (n2 — xmp)?
‘ Jaz + A3,

Equations (6.62, 66 & 67) need to be solved simultaneously. It turns out that they are not so

(6.67)

coupled and they admit 3 different closed form solutions. Check Appendix 6.B for a solution of

these equations.

Again we have to make sure the initial displacement of the springs is small enough. Starting

with the dynamic balance at equilibrium:

{_Mfg +ma’pgH — kA — k(A —A3) =0, (6.68)
_Mlg + kZ(Al - Az) = 0 .
In dimensionless form:
1-1 = xmx
161 +12(6; — 62) = - ,
va (6.69)
n2(61 — &) = AmX .
va
Solving for the displacements:
1-x
( 01 = nva ’
6.70
{ _1-x xmx (6.70)

% =Sz ~nva
mva nava

We would like to limit the absolute values of these displacements to [; and [,. The first relation

simply leads to:

|1 —xl
> ) 6.71
n = l,va ( )

The second can be written as:
XmX
=16, — 6| < |61 + 16,1 <1+ 1, )

-~ |6, 1l < 1611 + 1631 1 2 (6.72)
xmlxl (6.73)

=W yva
If n, and n, fail to meet either of the constraints (6.71, 73), the failing constraints will be
treated as equalities to ensure optimal performance that meets all conditions. These constraints

will be referred to as conditions 1 and 2 respectively. Four cases arise depending on whether
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each of the constraints is satisfied or not. For the case when both conditions are satisfied, we can
proceed to compute the power directly. For all other cases, we must set one or both conditions to

equality.

heck if n;
satisfies

(671) and if
1, satisfies
(6.73).

No

Yes for both
conditions

Two trials
Continue to are
compute the power necessary

Set (6.71) to Set (6.73) to
equality equality
|
Solve (6.62,67) Solve (6.66,67)
for each of 3 solutions for each 3 solutions

satisfies
(6.71)

satisfies
(6.73)

No No
Set (6.73) to Set (6.71) to
equality equality
Compute A, Compute A,
using (6.67) using (6.67)

Figure 6-8: Flowchart for the algorithm which decides on the AWS characteristic spring constants
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Up to three solutions may arise for equations (6.62, 66 & 67) depending on the presence of
complex solutions. For each real solution, we should proceed as in Figure 6-8.

We would like to use the result which yields the higher displacement ratio. Depending on
that, the output of the two trials at the orange star in Figure 6-8 should be compared and
whichever is higher must be chosen. Now we can compare the outputs for the three solutions (i.e.
3 processes like the one in the figure) and make a choice of the parameters accordingly. It turns
out that achieving a high displacement ratio (>> 1) is not possible in practice for all the possible
solutions. The ratio does not vary significantly from unity. This is clearly shown in figure 6-9.

The legend in the top row can be used for the power and power density plots.

0.5

Power

0.5

Power Density

o

] | ——¢,atH@=05| | |
—+—0.75
—, atH/a=0.5||

w

-

Max Displacements
N

o

o
NS
ij

Figure 6-9: Plots for power (row 1), power density (row 2), and displacements (row 3) of the floater and internal mass of the AWS at
a=1,x,=0.5andl; =, = 0.1 as a function of wavenumber and for three y and two H/a values with the theoretical maximum

power output also shown

This figure clearly shows the effect of the applied conditions on the decline of the power as
compared to the theoretical limit (also shown in the power plot). This decline is also partly due to
the fact that we are not using the optimal value for 1, as set by equation (6.62). This effect is
most pronounced at the higher edge of the bandwidth and the low frequency effect is entirely due

to the conditions (mainly (6.71) which can also be seen in Figure (6-7)). This fact is quite evident
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for the case when y = 1 when the conditions do not apply unless the optimal spring values are
negative. The mass distribution ration y,, was found to have a limited effect on the performance,
basically making the condition (6.73) more difficult to satisfy. The reduction in power due to this
condition can be seen in the jump of the power curves in Figure (6-9). The power output for the
body with an internal oscillator is obviously less (though not much) than that by oscillator free

counterpart.

6.4 Conclusion

In this chapter, the case of the Archimedes Wave Swing (AWS), which is a submerged wave
energy converter, was studied. The contribution included the effect of an added internal
oscillator that was supposed to modify the dynamics of the system so as to reduce the motion of
the external cover and extract energy from the internal system instead. The hydrodynamic forces
were computed using the methods of the previous chapters and were reported in the form of
plots. The most interesting observation about the excitation forces is the presence of nodes where
the force complex amplitude diminishes to zero and reverses polarity. This will causes a sudden

jump in the phase angle by a value of .

The power output of a model device that is not coupled to an internal system was then
presented to use as a basis for comparison. The results clearly indicate the effect of the condition,
which was set on the internal spring, on the power output. The condition limits the power output

at low frequencies and pulls it below its maximum limit.

The main results of the chapter concerned the performance of the AWS with an internal mass-
spring system. The intention was to design the system so as to limit the external movement of the
device and to, as much as possible, restrain this motion to the internal oscillator. Although the
system was optimized to perform according to plan, the results indicate great difficulty in
achieving this goal. The power output is slightly less than that for the case with no internal mass.
The distribution of mass between the external floater and the internal system is seen to have little
impact on the general performance having some advantage when more mass is located in the

floater (y,, < 1).
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Probably one of the key observations of this work is the convenience of designing the body so
as to have a density close to that of the fluid density (y = 1). The buoyancy force in this case
balances the mass of the system and the initial forces on the springs are negligible. This relieves
the system from much of the constraints set on the spring characteristics and optimal values can

be used in practice. This appreciably changes the power outcome, especially at low frequencies.

6.5 Appendices

Appendix 6.A

Evaluation of Different Expressions from Chapter 6

These are the expressions presented in Chapter 4 and not fully evaluated for brevity.

From (6.16),
( j‘d ( 1 ) cosh(1,2") o
i (27 +-—d)|——"dz' =—— ((n=0),
v M /12,/1\/[
@, = ! ° 0 0 (6.A.1)

i Lﬁ fod (z’ 41 d) costnz) v _ (n>0),

)

where the dispersion relation (6.12) was used.

From (6.22),
( jl cosh(1¢(z — H)) cosh(mz) p —1 mgysinh(myH)
= 7 = ,
o0 H \/M()NO 1/1\401\[0 m(z) _A%
C jl cosh(Ay(z — H)) cos(my,z) p —1 my sin(mgH)
k= zZ = )
< o Mol Mol mic + s 6.A.1
c fl cos(1,,(z — H)) cosh(mgz) p —1 mgsinh(myH) o
= Z = )
" My Ny JM.N, m§+7%
c fl cos(A,,(z — H)) cos(myz) p -1  mysin(m,H)
= Z = )
"y JM N, [M.N, mZ—A2
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where the dispersion relations (6.12) and (2.41) were used.

From (6.29),
J1(Aoa)
I jr] Ardr—— (n=0),
i yoao ) Jy TN = 3 G
" a I;(Ana) (6.A.2)
llo(/l )f oGar)dr = -1 G (0> 0).
The Wronskian relation was given in (4.53):
, , 2i
Ji(moa)Hy (moa) — Ji,(moa)Hy (mya) = Ta
If we use that in (6.38),
[o0) d 2m
= f f 2l Z0(2) (k6 02" cos(pd) dbdz’
Apn = 2 el (moa) Z,(1) cos &a.(Z2") cos(p z
=00 0 (6.A.3)
B 4iPCpp
aHy(mya)Zy(1)’
o = —4 NOCnO
" = am2H, (moa)sinh(mg) (6.A.4)
Appendix 6.B
Solution of equations (6.62, 66 & 67)
The equations mentioned can be simplified in the following manner:
Case 1: All 3 equations
2 + /12
, = Qmit) + A (6.B.1)

AmU
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5 (M2 — Xl
(M2 — xmm)? + 22’ (6.B.2)

m ==+ sz —1n, +

V@@, — xup) =122 + 22;(n2 — xun)?

A. = , (6.B.3)
‘ Jaz+ A3,
with a given in (6.59) by:
a=n;+n,— A= xpmH— sz - (6.B.4)
These equations can be rewritten in the form:
An, = A* + A2, (6.B.5)
ni(mz — A)? + A2 + n,(n — A)* + 1,22 (6.B.6)
= B(n, —A)* + B2+ 15, — A),
/13(“2 + /1§3) = (a(n, —A4) — 77% 2+ /1%3(772 — A)?, (6.B.7)
where we define the known constants:
A= xup,
6.B.8
{B=(1—)(M)H+H33- ( )

If we expand (6.B.6) and substitute (6.B.5) in where possible, the equation can be factored in the

form:

(. —B)(3 — An,) = 0, (6.B.9)

which has 3 solutions. The solution 7, = 0 is obviously rejected and the solution 1, = A leads to

A = 0 from (6.B.5) and is rejected as well. We can therefore conclude that:

n, = B. (6.B.10)

That substituted into (6.B.4) and the result substituted into (6.B.7) and using (6.B.5) leads to:

123 — (24 + 225 /AN, + 3n,0%, — 2422, = 0. (6.B.11)
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This is a third order polynomial whose solution is easily found. Three solutions arise, and for

each of those, (6.B.5) gives a corresponding solution for A, (only the positive answer is taken) so

that these solutions can be written as:

n == xmu+ sz,

N N2 =2)Xul,
Ae = Xul -
( n == xmu+ sz,
1y = )%3 - /133\//1§3 — (2xmp)?
S, = ? 2XmH ’
A2 A
A= j% == M5 — @) = Qi)
( n == xmu+ sz,
n, = A3 + 334/ 235 — (2xui)?
S, = ? 2XmH ’

Case 2: Equations (6.66, 67)

From (6.B.6, 7),

A _ A§3 /133 2 2 2
c = 7 + 7 A3z — Cxmt)* — (mi)* -

2
—A
2 =—(n2—A)2+"2("2—),

/15(“2 + /133) = (a(n, —A) — TI%)Z + /153(772 — A)?,

Substituting (6.B.15) into (6.B.16) and simplifying leads to:
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Cini +Dini +Eyny +FL =0, (6.B.17)
C, = —2A4% + 4n,A — 212, (6.B.18)

D, = (64% — 12n,A + 612)B — 61m,A% + 924 — 353, (6.B.19)

+ (12n,A% — 18n2A + 613)B — 6n2A% + 6134
) 12 nz 2 n2 n2 (6.B.20)
— N2,

Fi = ((24% — 4n24 + 2n3)B — 2, A% + 303 A — n3) A3,
+ (242 — 41,A + 2n3)B3
+ (—61,4% + 92 A — 3n3)B? (6.B.21)
+ (6n2A%2 —6n3A+1n3)B — 2n3A%2 + n3A.

The polynomial has three solutions (complex solutions are to be rejected) and three values for A,
follow from (6.B.15).

Case 3: Equations (6.62, 67)
An, = A% + 12, (6.B.22)

/13(“2 + /1§3) = (a(n, —A4) — 77%)2 + A%s(nz — A)?, (6.B.23)

If we simply insert (6.B.22) and (6.B.4) into (6.B.23) and simplify then we obtain:

An3 + Con3 + Doy +E, =0, (6.B.24)

C, = —A33 — B?> + 2n,B — 4AB — 2A? + 4n,A — n?,
D, = 34235 + 3AB? + 4A%B — 61,AB — 4n,A% + 3n?A, (6.B.25)
E, = —2A%)3; — 2A?B? + 4n,A*B — 2n?A?,
which is a third order polynomial that has three distinct solutions and can be solved easily.

Three values for A, follow from (6.B.22).
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Part 4 Numerical Aspects and Conclusion
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Chapter 7 Some Numerical Aspects

It is somewhat straightforward to code the solutions for the problems presented. However,
some numerical problems may arise either because of machine limitations (especially in
computing limiting values) and because of the nature of the problem itself. It is the purpose of
this chapter to clarify the procedures needed to achieve a reliable program. Here, we deal with
various numerical aspects such as convergence, precision and limits. The pitch and coupled
surge-pitch radiation problems are considered here for demonstration. The qualitative behavior

of the results applies equally well in the other problems.

7.1 Error and Convergence

To deal with convergence, let us first define an appropriate error value. Instead of analyzing
each parameter by itself, let us use the absolute value of these parameters (the absolute value of

the impedance). From (4.36, 73), this is given by the infinite series:

NS = |pss + idss|

6ad* — a? 1< -
) @ D

= (7.1)
1 Re(a)
_EZA"R,;(a)Z"

k=0
1 Re(a)
- § Ao~ T
2 [
a e Ry (a)

In practice, both series will be truncated after a big enough number of terms N. Therefore we

A = |psy +iksy| = . (7.2)

define:

_|/6ad? - a? 12 Ciye 1§:A Ri(a) .
B 48d a3 L0 ¥n a? “R; (a)“*|

n=0 k=0

(7.3)
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1 Re(@)
a
A3 = ——E Ap ===l (7.4)
N a? P “Ri(a) "

Now if we consider that A%O is a good approximation to A%/ (j = 1,5), then we can use it to
define the % error values:

Ef,j — |Ai{)0 _Ailjl

5]
Atoo

x 100, (7.5)

These error values were found to decay approximately as a function of 1/N? (this was found to

be a better fit than an exponential decay) if the oscillations were neglected. They can be fitted

asj

into rational functions of the form ——————
bst2+C5jN+d5j

. The following figures show some examples of

the variation of Afvj as a function of N and how it converges to Ai{)o (first row) and the variation

of the error E :,j and its curve fit as a function of N on a log plot to better present the small error

values (second row).

0.1825 ; ; ; ; ; 0.11

0.182

0.106

0.1815

0.104

0.181 : 0.102

T

55 f [A--_C A 51
EN H T EN

——Best Fit|] ——Best Fit

Figure 7-1: Solution convergence (row 1) and error decay (row 2, log plot) as a function of the number of harmonics used for the pitch

(left) and coupled pitch-surge (right) problems at my = 2,a =1 andd = 0.75
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Figure 7-2: Solution convergence (row 1) and error decay (row 2, log plot) as a function of the number of harmonics used for the pitch

(left) and coupled pitch-surge (right) problems at my = 1.5,a=1and d = 0.75

In the limit of high N values, the error will then tend to as;/(bs; N 2. The parameter that

determines the speed of convergence of the series is As; = as;/bs;. We estimate the value of A5;

from the curve fits and plot it against the radius a and for some values of d and m, in Figures 7-

3, 7-4 and 7-5.

7.2 Richardson Extrapolation

The series at hand obviously converge very fast. Nonetheless, if extensive computations of

many cases are needed such as in the case of computing the power from irregular waves, it is

worthwhile to look into convergence acceleration methods. These require a smaller number of

harmonic terms to achieve a certain precision and therefore require far less computational effort.

A technique called the Richardson Extrapolation is handy in this case and is simple to

implement. The first Richardson Extrapolate of Ai,j is the series defined as:
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5) 5j
. Ay —A
N N/2
0 =AY " /z (7.6)
where only even values for N are considered. Using this as an approximation to the series A%/
requires less harmonics to reach a certain precision. We show that by some examples, but first
we define the % error values:
5j 5j
55/ — |A100 —Qy |

N 5
100

x 100, (7.7)

The error from the regular summation E If,j decays exponentially as we showed before.
Therefore it is only reasonable to expect a modest improvement using the Richrdson

approximants. A plot of these errors as a function of the number of harmonics used shows that

clearly:
10° - £551] \ __ g5
9 N 0 “\\ N
55 100L . 510
\ N \ N
\
\
107} ‘\\ : —
\
1 \\\
\ 107+ \

10 \,,\ \K

Figure 7-3: Richardson error enhancement compared to regular summation at my = 1, a = 0.5 and d = 0.5 for the pitch (left) and

coupled pitch-surge (right) problems

Although the decrease in error is very modest when using this method, the computational
effort required to reach a certain precision is far less than simple summation. This method will

therefore be adopted in the computations. It is worthy to point out though that in some cases, the

error le\,j may be alternating in magnitude with £ ,?,j as N increases (Figure 7-5).
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Figure 7-4: Richardson error enhancement compared to regular summation at my = 1, a = 0.5 and d = 0. 75 for the pitch (left) and
coupled pitch-surge (right) problems
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Figure 7-5: Richardson error enhancement compared to regular summation at my = 1, a = 1 and d = 0.5 for the pitch (left) and

coupled pitch-surge (right) problems

7.3 Choosing the Number of Required Harmonics

An important question to ask when running the program is how many terms should be kept in
the series given by (7-3, 4) or any similar equations? That is, what is the suitable value for N?
Choosing a smaller than needed value means imprecise results while choosing a larger than

needed value may be very expensive. To gain some insight, we consider what values of N are
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required to achieve a specified precision for each case. Certainly we expect these values to
depend on the specified geometry of the problem. Advanced work might even go into forming a
model for the dependence of N on the geometry and then use that model in the code. Although
this is fairly simple as a linear model will do just fine, we shall not go that far and will only

consider using a fixed value.

Let us say we want the errors E :,j and Zf,j to be less than 0.1%, then for each value of my, a
and d, we would like to know the required value of N. Alternatively, a tolerance value for Ai,j

and QISVj may be set as a basis instead of the error. Table 7-1 shows the number of harmonics
required to achieve the required precision. In this table, Ns; represents the number of harmonics
required for direct summation while Ny, represents those required when using the Richardson
Extrapolation. The results show the advantage of using the Richardson extrapolation method.
The mean Nss in this table is 7.69 while the mean Nsg, i1s 5.91 and the mean Ng; is 9.55 while

that of Nsq,- is 6.28, which represents a reduction of computational effort.

Had we decided to choose an error of 0.01% instead, the results and mean values would have
clearly shown the advantage of using the Richardson extrapolation. In that case, the mean Ngs is
37.6 while the mean Nsg,- is 20.7 and the mean Nsq is 28.6 while that of Nsq,- is 17.4, which
represents a significant reduction of computational effort when considering that the

computational time is expected to be of the order of N2.

We can also note that a higher number of harmonics is required at the corners of the shaded
4x4 blocks (both white and dark ones) where this number may go up to 30 terms for extreme
cases when the body is small in size (a/d < 1) or when the body is very big in size (a/d > 1).
This is possibly because of the relatively short variation lengths available rendering the potential
less smooth and therefore requiring a larger number of harmonics. The fastest convergence is
seen at the lower ends of a and d. Finally, the maximum numbers Ngs, Nss,, Ng; and Ngq,- that
might be required are 30, 18, 29 and 14 respectively. If these maximums were to be used for all
computations to ensure a bounded error, the computational expense would be considerably lower

using the series acceleration scheme.
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Table 7-1: Required number of harmonics to achieve 0. 1% error while using and not using Richardson extrapolation and for different

a, d and m values for the pitch and the coupled pitch-surge problems

a

y d 051 |15} 2 |05 1 (15| 2 (05| 1 (15| 2 |05 1 |15]| 2
02| 3 5 11 | 12 2 6 8 8 3 10 | 12 | 12 | 4 2 8 8
04| 5 1 1 5 4 2 4 4 11 2 10 | 11 | 4 4 8 8
0.6 | 11 2 2 1 6 2 2 2 17 | 6 1 9 10 | 4 2 2
08| 19 | 3 3 3 12 | 4 4 2 29 | 13 3 4 14 | 8 4 6
02| 2 1 15 | 21 2 2 8 12 3 10 | 12 | 12 2 8 8 8
04| 6 3 1 8 4 4 2 6 11 2 10 | 10 | 4 4 8 8
0.6 | 12 1 4 2 6 2 2 2 17 | 7 1 7 10 | 4 2 2
08| 19 | 3 4 3 10 | 2 4 4 129|114 6 2 14 | 10 | 2 4
02| 2 1 22 | 27 | 4 6 12 | 18 3 10 | 11 | 11 | 4 8 8 2
04| 4 5 6 16 | 4 4 6 14 | 10 | 2 8 10 | 4 6 8 8
0.6 | 11 2 4 5 6 6 2 2 17 | 7 2 2 10 | 4 6 6
08| 19 | 3 4 3 10 | 2 6 4 1 29|14 | 8 6 14 | 10 | 4 2
02| 2 10 | 27 | 30 | 4 8 18 | 18 | 2 10 | 12 | 14 | 4 8 2 2
04| 3 5 15 | 22 | 4 4 8 14 | 9 2 10 | 8 4 6 8 8
06| 10 | 2 1 12 | 4 8 2 10 | 17 | 6 3 2 6 4 8 8
08| 19 2 4 2 10 | 6 6 4 129|114 9 8 14 | 10 | 4 8

Table 7-2 shows the mean harmonic values for each frequency separately. What we notice

from the table is that the number of required harmonics almost always increases with frequency.

The variation is more pronounced for the pitch problem.

Table 7-2: Averaged number of harmonics required for each value of m,

N55r

Nsq
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We can notice a pattern if we average for each d value instead in Table 7-3. The number of
harmonics required is higher at the high and low limits of d because of the extreme case effect

mentioned earlier. Averaging over a seems to produce similar results; although not as clear.

Table 7-3: Averaged number of harmonics required for each value of d

11.9375
6.625 5.5 7.875 5.5
5.125 4 7.5625 | 5.5
7.0625 | 5.625 | 12.094 8

7.4 Limiting Cases

Since we are dealing with modified Bessel functions, one might face problems with the
limiting cases of these functions when running the program. For example, the ratio Ry (a) /R (a)

from (7.1) is defined using:

H®P (mer) (k= 0),

(7.8)
K,(mgr) (k> 0).

Ri(r) = {

The function K; (m,a) decays to zero exponentially when a is large and so does its derivative.
This causes a numerical problem as the program faces the ratio of two numbers close to zero.

Instead, we can use the limiting form of this function at a large radius. Using the fact that:

. n -—
6111_1{1;1O K,(mya) = amea e~ ke (7.9)
Then the ratio converges to:
. Ki(mya) T —K;(mya) -1
lim ———= — (7.10)

- = lim = -
a-e Ki(mya) a—’m%(Ko(mka)+K2(mka)) my

Similarly, the limiting forms of the following ratios used in (4.31, 37) for instance is:
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pj(a) . Lka) y %(Io(/lka) + I,(Aa)) _,

lim = lim = lim ) (7.11)

a—o l/)j(a) a-w [j(Aga)  a-eo I;(Axa) ,

L(Aga)  a?
li P = lima?——"—=— 7.12
= A ) A (7.12)
using the fact that:
eka (1-2n)(1+ 2n)

lim I,(1 a)=—<1+ ) 7.13
ame K \2mAa 8Ara (7.13)

This has been found to be quite effective.

7.5 Finding the Roots of the Dispersion Relation

The dispersion relation was introduced in (2.41). For the evanescent modes, this relation is:

my tan(my) — v = 0. (7.14)

This causes some problems if a regular root finding routine is used because the tangent function
has discontinuities at the points (2n + 1)r/2 and Matlab considers the points of discontinuities
as zeros. Therefore these will be included with the roots. Instead, the root search must be carried
out in the intervals in between (half of the interval actually were a single root lies). If a root
finding routine is not available, one can simply take the minimum of the absolute value of the

function in each interval which is approximately where the zero crossing point is.

7.6 Checking for the Quality of the Matching

Matching the potentials and normal velocities at the interface of the internal and external
regions is done using a Galerkin method. This is an approximation off course as only the
integrals of these potentials and velocities are truly matched. We would like to have an idea of

how good is this approximation. A significant deviation from perfect matching may mean
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inaccurate results for the forces and ultimately for the power output. So how good is the

matching using this method?

Figures 7-6 and 7-7 present two cases that clearly show the quality of the matching method
used. The potentials are found to match almost perfectly for z < d, even for a small number of
harmonics which is quite remarkable. This is important as the pressure is proportional to the
potentials. The velocities are seen to match well but somewhat not as much. The external

velocity tends to equal z in a well behaved manner for z > d.

The overshoots that appear in the velocity plots at z = d are the result of the so called Gibbs
phenomenon which arises when harmonic components of a function are summed. These are
inevitable in this case because of the sudden change occurring at the buoy edges; the edge
effects. The Gibbs phenomenon is found to be more severe at higher frequencies (the matching is

slightly better though) or at higher buoy radii. The increase of the overshoot with N is typical.
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Figure 7-6: Matching the potentials (column 1) and normal velocities (column 2) for the pitch case witha =1,d =0.5,my =1asa

function of the altitude z showing the effect of the number of harmonics (15 harmonics in row 1 and 50 in row 2)
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Figure 7-7: Matching the potentials (column 1) and normal velocities (column 2) for the pitch case witha =1,d = 0.75,my =1 asa

function of the altitude z showing the effect of the number of harmonics (15 harmonics in row 1 and 50 in row 2)
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Chapter 8 Conclusion

This work dealt with the analysis of three different configurations of a basic element wave
energy converter. The element is a truncated circular cylinder in water of finite depth. A
frequency domain matched eigenfunction expansion procedure developed by Yeung [13] was
extended to compute the hydrodynamic forces on the bodies of interest. The work studied the
possibilities of extracting energy from the different configurations and possible improvements in

terms of cost and performance.

The first part assessed the effect of a circular pole concentric to a floating cylinder on the
wave power extraction characteristics of the system. For a fixed frequency, the results show that
the same power values can be achieved with the absence or presence of the pole by simply
increasing the radius of the buoy for the latter case. An interesting result is that higher peak
power density values that are possible by employing the pole for certain buoy radii and drafts.
The optimum geometrical parameters that achieve the highest power and power density values
were also presented. The pole effect was also studied in irregular waves. In those conditions, the
power density was found to be higher when the pole is present, a fact that is subtle for small pole
radii but becomes quite evident for large ones. This is because of the mass that was replaced by
the comparably massless pole indicating the substantial amount of “dead mass” being used in
floating point absorbers. The power does decrease with the increasing pole thickness but the
volume of the buoy decreases faster. The results presented thus far provide a valuable starting
point for designing experiments to validate these results as well as to design similar wave energy

converters.

The second part of the work had the goal of showing to what extent the power output is
increased when the pitch mode is allowed. The results in regular wave indicate that the
contribution from the pitch mode is highest at high incident wave frequencies and buoy radii
where the heave power drops sharply. For a given submergence level, shorter buoys were found
to produce more power while increasing the submergence (density) of the buoy shifts the peak
power to lower frequencies, increases this peak and narrows the operable spectrum. The results
for irregular waves indicate that flatter and lighter bodies perform better in terms of power

extracted (theoretically at least). The power density results indicate a contrary behavior peaking
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for slender buoys that are more submerged mainly because of the low optimal radii required in

these situations.

Comparing the power results with those of a cylinder restricted to heave, we can tell that
employing the added pitch mode can be useful in areas with a concentration of high frequency
waves. This is usually associated with a high peak frequency of the spectrum which means that
this system is most suitable in areas generally poor with the wave resource having low
significant wave heights as indicated by the relation. Both, considering the added pole of part
one or the pitch mode of part two, have the effect of increasing the power density of the buoy
which will definitely decrease its capital cost. However, the cost of the pole itself or the added
PTO equipment required in either case and their installation costs need to be considered as well.

The information provided in the text is a helpful starting point for any design initiative.

The third part of this thesis dealt with the case of the Archimedes Wave Swing (AWS) and
the effect of an added internal mass-spring system on its general performance. The goal was to
make use of the added degree of freedom to design the system in a way so that the motion of the
external floater is reduced and all the energy absorbed is transmitted to the internal mass. The
results indicate that this is not possible to achieve and, at best, the two motions in question are of
the same order. This is because of the difficulty of transmitting energy from the waves to the
internal oscillator without significantly moving the external frame. The power output was
compared with the case when the oscillator was absent and a small decrease in power resulted for
the former case. This is mainly because of the constraints set on the springs used in the design;
two for the case with internal mass instead of one. This shows that there is no real improvement
associated with the scheme as it is. The system can be optimized to produce maximum power
though and higher power outputs may potentially result as compared to the one mass system

even with the added constraints. This matter is not pursued here though.

The effect of distributing the masses in a different manner (which is a design parameter) was
found to have little effect being more beneficial as the internal mass becomes smaller, i.e. as it
tends to the case without the oscillator inside. The results did show, however, that a significant
enhancement to the performance (particularly at low frequencies) can be achieved by designing

the system to have an average density close to that of the fluid.
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It is interesting to note that the power output results for the AWS (Figure 6-9) compare quite
well with those for the floating buoy (Figure 5-1 for instance). This shows the great potential for
this device which is completely submerged and is therefore less vulnerable to storms. It is
important to point out as well that for the cases when the density of the AWS system is close to
that of the fluid, higher power outputs can be achieved as compared to the floating buoy at low
frequencies. We have to remember, however, that slack mooring was assumed for the floating
buoy which limits the power output to the values presented. Had the right spring been used, the

theoretical maximum could have been achieved. This is difficult in practice though.

The work in Chapter 7 was an account of the numerical characteristics of the solutions or of
the problems that may arise when implementing those solutions in computer codes. The case of
the radiation forces of the multi DOF cylinder was considered. The convergence of the different
series solutions was very good and can be modeled to be exponential. Use of the convergence
acceleration method called Richardson Extrapolation was shown to significantly reduce the
computational effort required. The work also tackled some of the problems that arise such as
limiting values of the series components. The quality of the solution presented was reflected in
the degree of matching of the potentials and normal velocities at the interface of the two regions

considered and it was found to be quite satisfactory.

Future work includes diverse matters that still need to be considered. The individual effects
of the radiation and diffraction forces on the general outcome are important when considering the
sensitivity of the power extracted on the changes of these forces. These changes may arise
because of the imperfections of the body shape, nonlinear effects and extreme conditions or
geometries were linear models usually fail. Experimental results are needed to confirm any
findings presented here and to provide real life proof of how efficient these models can be. Off
course better models for the power takeoff mechanisms can be developed than the simple linear
ones used here. Finally, the effect of second order forces and moments may be important and the

routine to calculate these needs to be developed for the cases presented.
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