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1 INTRODUCTION TC  "1 INTRODUCTION" \l 2 
The heat transfer problem in buildings centers around the solution of the heat conduction equation. Almost all computational schemes assume one-dimensional heat transfer for which:




Given that this differential equation can be solved, a conductive, radiative, and convective heat balance can be computed for interior and exterior surfaces and for the room air volume. In addition to the effects of climate, this heat balance must include energy inputs from people, lights, and equipment, and from the space heating and cooling system.

Existing methods for predicting space loads differ in their approach to solving the heat conduction equation. Gupta, et al 1971, have conveniently divided these methods into three general classes: (1) numerical methods, (2) harmonic methods, and (3) response factor methods.

Numerical methods use lumped parameter approximations to the heat conduction equation and were originally implemented using resistor-capacitor circuits on analog computers; however, digital computer methods now predominate, and both space and time derivatives are approximated as finite differences. As is always the case with finite difference techniques, accuracy, cost, and model stability are all functions of number of nodes, the time step used, and the solution method chosen. Numerical techniques have the advantages of being conceptually simple and able to handle both linear or nonlinear boundary conditions.

Harmonic methods can be used to solve the heat conduction equation if the boundary conditions are represented as periodic functions. (Climate can be reasonably approximated by a limited number of coefficients of a Fourier series; see Hittle 1979). These methods require that the building heat transfer parameters, including convection coefficients, be constant with time and that radiant heat transfer be linearized.

Mackey and Wright 1944 and 1946a  first used harmonic methods to calculate the heat gains through building walls and roofs which separated a room having a fixed constant temperature from a sinusoidally varying outdoor temperature. Walls and roofs were characterized by a decrement factor and a lag factor for the diurnal frequency and its harmonics. (The method was intended for design day calculations only.) Mackey and Wright 1946b also devised the so called sol-air temperature, which allowed solar energy impinging on opaque surfaces to be accounted for as an equivalent convective flux. Van Gorcum 1951, Muncey and Spencer 1966 and 1969, Pipes 1957, Gupta 1971, Sonderegger 1977, and others have contributed to the enhancement of harmonic methods for space load prediction.

Response factor methods, which represent yet a third approach to solving the heat conduction equation, are in widespread use in the United States and Canada. The major advantages of these methods are that they are not numerical in the sense of finite differences techniques, and they do not require that the heat conduction boundary conditions be periodic and linear.

For constant thermophysical properties, the principle of superposition can be applied to solving the heat conduction equation. Consider the following hypothetical experiment. Suppose that a one dimensional wall is initially at uniform temperature T0 and that the outside surface of the wall is suddenly raised to a temperature one unit above the initial temperature, while the inside surface is maintained at T0. The resulting heat flux at the inside surface will vary with time, as shown qualitatively below. Note that if the outside wall temperature had been raised by two units instead of one, the response (heat flux versus time) would simply be twice that shown. Similarly, the response to a series of step changes in outside surface temperature occurring at different times is obtained by adding the responses resulting from each step change. By representing the outside surface temperature as a series of positive and negative step changes of appropriate magnitude (rectangular pulses), the flux caused by any arbitrary temperature variation can be determined if the flux resulting from a unit step change is known.



The earliest methods for determining a multilayered slab's heat flux response to a unit step temperature change were numerical (Nessi and Nissole 1967, Brisken and Reque 1956). That is, for a given wall or roof section, the response was determined once by solving the lumped parameter resistor-capacitor analog, yielding a set of so-called response factors. Thereafter, any flux was determined by applying the response factors to the actual temperature profile as approximated by rectangular pulses. These methods were extended (by analogy to electrical networks) so that the step response of entire rooms could be determined.

Stephenson and Mitalis 1967, Mitalis and Stephenson 1967 and 1968, and Kusuda 1969 made important improvements in the response factor method by approximating temperature as overlapping triangular pulses (equivalent to a trapezoidal temperature profile approximation) and by treating the multilayered slab by exact analysis rather than by lumped parameter methods. The approach consists of taking the Laplace transform of the heat conduction equation and boundary conditions and solving the equation in the Laplace domain. The required boundary condition matching at the interface of intermediate layers of a multilayered slab yields (in the Laplace domain) an overall transfer function for a multilayered slab. After multiplying the transfer function by the Laplace transform of the triangular temperature pulse, the inverse transform is calculated by numerically solving for roots of the characteristic equation and summing the residues at each of these poles. Carrying out this procedure for heat flow in both directions yields three one-column matrices -- [X], [Y], and [Z] -- called response factors that relate heat flow to surface temperature according to the following formula:




Note that as j increases, the response factors converge to a common ratio. This fact and other algebraic manipulations developed by Peavy 1978 allow surface heat fluxes to be calculated, using current surface temperatures and a modest number (fewer than 20) of surface temperature and surface flux histories. Chapter 2 provides a thorough exposition of response factor methods for solving transient multilayered slab heat conduction problems.

This response factor conduction model is recomended in the ASHRAE Handbook of Fundamentals as the method of choice for calculating air-conditioning loads and is used as part of hour-by-hour load-predicting programs such as BLAST, TARP, and DOE-2 (see BLAST 1992, Walton 1983).

2 ONE-DIMENSIONAL HEAT CONDUCTION THROUGH MULTILAYERED SLABS TC  "2 ONE-DIMENSIONAL HEAT CONDUCTION THROUGH MULTILAYERED SLABS" \l 2 
The Heat Conduction Equation TC  "The Heat Conduction Equation" \l 3 
Heat conduction through a one-dimensional homogeneous slab is governed by the following second-order partial differential equation (see Figure 1):







[Eq 1]

The heat flux at any position x and time t is given by:










[Eq 2]

In both the above relations, k, , and Cp were assumed to be constant.



Figure 1.  One-dimensional homogeneous slab. TC  "Figure 1.  One-dimensional homogeneous slab." \l 1 
A common approach to the solution of the above equations is to use the Laplace transform, which is defined for any transformable function f(t) as:









[Eq 3]

where s is a complex number. The utility of the Laplace transform stems from the following property:









[Eq 4]

Hence, the Laplace transform of Equation 1 transforms this partial differential equation into an ordinary differential equation:










[Eq 5]

where we have assumed that T(x,0) = 0. The solution of this transformed differential equation is:







[Eq 6]

The transform of Equation 2 is:











[Eq 7]

where we have again assumed that T(x,0) = 0.  On differentiation of Equation 6 with respect to x and substitution into Equation 7, we have:





[Eq 8]

If we now consider only the temperature and heat flux at the surfaces of the slab (at x = 0 and x =  where  is the thickness of the slab in meters), we can write from Equations 6 and 8:












[Eq 9]












[Eq 10]








[Eq 11]






[Eq 12]

where T1(s) = T(0,s) which is the transform of the temperature at surface 1

           q1(s) = q(0,s), which is the transform of the flux at surface 1

           T2(s) and q2(s) are corresponding transforms of temperature and flux at surface 2 (i.e., T(l, s) and q(l, s)).

We may now specify any two of T1(s), q1(s), T2(s), or q2(s) as boundary conditions (transforms of the appropriate time-dependent boundary conditions) to complete the solution. While the physical problem will dictate which boundary conditions are known, we will temporarily assume that both T2(s) and q2(s) are known. Proceeding with this assumption, we can use Equations 11 and 12 to find A and B in terms of the physical constants of the slab and the Laplace transform parameter, s:









[Eq 13]








[Eq l4]

A few algebraic manipulations and hyperbolic trigonometric identities yield:






[Eq 15]
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[Eq 16]

Substituting for A and B in Equations 9 and 10 yields the required solution in the Laplace domain:





[Eq 17]





[Eq l8]

For notational convenience, we may now define new variables as follows:





where A(s) and B(s) should not be confused with A and B used previously. With these new variables, Equations 17 and 18 become:







[Eq 19]









[Eq 20]

Note that these two equations can be solved for any two unknowns in terms of the two knowns that arise from the physical boundary conditions of the problem. For example, if the transforms of temperature variation with time are known for both surfaces, then the fluxes are:







[Eq 21]







[Eq 22]

At least in theory, if Laplace transforms exist for the two required boundary conditions, the unknown fluxes or temperatures can be determined by finding the inverse Laplace transforms of equations like 19, 20, 21, or 22.

We may now extend the treatment of one-dimensional heat flow to include multilayered slabs. Notice that Equations 19 and 20 describe the transform of heat flow and temperature on one surface in terms of the transform of the heat flow and temperature on the other surface. We can rewrite these equations in matrix form as:









[Eq 23]

Suppose now that we have a two-layer slab (see Figure 2), where T1(s) and q1(s) are the transforms of temperature and flux at the inner surface of slab 1, and T2(s) and q2(s) refer to the interface between slabs 1 and 2.  T3(s) and q3(s) refer to the outer surface, surface 3. We may treat each slab individually and apply Equation 23 to each. Noting that surface 2 is both the “outside” of slab 1 and the “inside” of slab 2, we have for slab 1:









[Eq 24]

and for slab 2:









[Eq 25]

where





are all dependent on the properties of slab 1 and the Laplace transform variable, s. A2(s), B2(s), C2(s), and D2(s) are similarly defined based on the properties of slab 2.



Figure 2. One-dimensional two-layer slab. TC  "Figure 2. One-dimensional two-layer slab." \l 1 
We may now simply substitute the right-hand side of Equation 25 for

 in Equation 24, yielding:







[Eq 26]

The recursive extension of Equation 26 to an n-layered slab is now obvious:





[Eq 27]

This fundamental equation permits the calculations of the so-called “transmission matrix,” defined as:




[Eq 28]

With A(s), B(s), C(s), and D(s) now redefined as elements of the above overall transmission matrix, the multilayered slab problem takes the same form as that of a single-layer slab. Equations 19, 20, 21, and 22, for example, can be written for a multilayered slab as:









[Eq 29]








[Eq 30]

While Equations 29 and 30 are conceptually simple, their practical use is mathematically tedious for all but the simplest cases. We will therefore first consider single-layer slab applications and then extend these results to multilayered slabs.

Before proceeding with an example, let us note some of the properties of the transmission matrix for a single-layer slab.



[Eq 31]

We can also write this matrix in terms of the thermal resistance, R1, and thermal capacitance per unit area, C1 (not to be confused with C1(s) above) defined as follows:








[Eq 32]







[Eq 33]

Notice that 

.  Thus, the single-layer transmission matrix becomes:



  
[Eq 34]

The determinant of this matrix is 

.   The multilayered slab transmission matrix therefore also has in determinant of one. Also, as the capacitance of the material goes to zero  

.  

 can be expanded to reveal its limit as C1 goes to zero.



 [Eq 35]

As C1 goes to zero, 

.  Thus, for a lightweight slab:










[Eq 36]

This means that air layers or other light material can be routinely included in the calculation of the multilayered transmission matrix.

Let us now consider the case of a single layer exposed on one side to a temperature “ramp” while the temperature on the other side is fixed. This case is of practical interest, because an arbitrary surface temperature variation can be approximated by a series of such ramps with alternating positive and negative slopes. Figures 3 and 4 show how three ramps can be used to form a triangular pulse and how overlapping triangular pulses form a trapezoidal approximation to an arbitrary surface temperature.



Figure 3.  The triangular pulse as the sum of three ramps. TC  "Figure 3.  The triangular pulse as the sum of three ramps." \l 1 


Figure 4.  Overlapping triangular pulses as an approximation to a continuous function. TC  "Figure 4.  Overlapping triangular pulses as an approximation to a continuous function." \l 1 
The Laplace transform of a ramp with unit slope is 

.  Hence, if this transformed boundary condition is applied to side 2 of a single-layer slab while the temperature on side 1 is held at zero, Equation 30 becomes:









[Eq 37]

If we are interested in the conductive flux at surface 1 due to the ramp boundary condition on surface 2, we have:







[Eq 38]

The inverse Laplace transform yields flux variation at surface 1 as a function of time.







[Eq 39]

Applying the general formula for finding inverse Laplace transforms, we have:











[Eq 40]

where j =

 and a is a positive real number. From complex variable theory, the above integral is equal to the sum of the residues at the poles of q1(s)est.  Poles are points where s assumes a value so as to make q1(s)est undefined. In our case, any time the denominator of the right side of Equation 38 is zero, the function is undefined. Hence, poles exist at s = 0 and at 

 or 

, where n = 1,2,3 Notice that the second-order pole at zero is due to 

, the boundary condition, and that 

 does not represent a pole at zero, since, as we have already shown, 

.  All other poles lie on the negative real axis in the s-plane.

The residue at s = 0 is (see Churchill and Brown 1974 for details of residue calculation methods):







[Eq 41] 

The residues at 

 are





[Eq 42]

Now, 


Thus,










[Eq 43]

Summing all residues, we have:








[Eq 44]

which is the conductive heat flux at surface 1 at time t due to a ramp temperature increase of unit slope applied to surface 2 at time zero while maintaining surface 1 at zero temperature.

We are now ready to calculate the flux due to the triangular pulse of Figure 3. The flux at time d is:







[Eq 45]

where we have simply replaced t by  in Equation 41 and replaced the unit ramp with a ramp of slope T/. At t = 2 both ramp 1 and ramp 2 of Figure 3 contribute to the flux. The contribution of ramp 1 is:






[Eq 46]

Ramp 2 starts at time  and has a slope of -2T/. Hence, its contribution to the flux is:





[Eq 47]

The principles of superposition allow us to add these two contributions to yield:





[Eq 48]

Applying the same procedures for t = 3 and including the effect of ramp 3, which starts at 2 and has a slope of T/, we have:





[Eq 49]

Similarly, for any incremental time, m where m is greater than or equal to 3:





[Eq 50]

Equations 45, 48, and 50 can be used together to calculate the flux at surface 1. Figure 5 illustrates typical variations in flux with time for a heavy and light slab subjected to a triangular pulse starting at t =0.  Note that flux is defined to be positive if it flows in the positive x direction; hence q1 is the heat flux out of surface 1.  

Suppose now that we wish to calculate the conductive flux at surface 1 due to a change in the temperature of surface 1 itself, while surface 2 is held at constant temperature.  Following the same procedure of approximating the temperature as a series of ramps, Equation 30 becomes: 









[Eq 51]

Substituting for D1(s) and B1(s) yields the counter part of Equation 38: 







[Eq 52]



Figure 5a.  Heat flux (solid line) at surface one due to a triangular temperature pulse (dashed line) at surface two for a heavy slab. TC  "Figure 5a.  Heat flux (solid line) at surface one due to a triangular temperature pulse (dashed line) at surface two for a heavy slab." \l 1 


Figure 5b.  Heat flux (solid line) at surface one due to a triangular temperature pulse (dashed line) at surface two for a light slab. TC  "Figure 5b.  Heat flux (solid line) at surface one due to a triangular temperature pulse (dashed line) at surface two for a light slab." \l 1 
The poles of this function are again at s=0 and 

. Applying the inverse Laplace transform formula and the residue theorem as before, we have:





[Eq 53]






[Eq 54]

The counterpart to Equation 44 is therefore:









[Eq 55]

which is the conductive heat flux at surface 1 at time t due to a ramp temperature increase of unit slope applied to surface 1 at time zero while maintaining surface 2 at zero temperature.

The flux due to a triangular pulse applied to surface 1 is obtained in the same manner as the derivation of Equations 45 through 50. Hence:








[Eq 56]






[Eq 57]






[Eq 58]

Applying these equations produces Figure 6, the counterpart to Figure 5, showing variations in conductive flux surface at 1 when a triangular temperature pulse is applied to surface 1 (surface 2 is at zero temperature).



Figure 6a.  Heat flux (solid line) at surface one due to a triangular pulse (dashed line) at surface one for a heavy slab. TC  "Figure 6a.  Heat flux (solid line) at surface one due to a triangular pulse (dashed line) at surface one for a heavy slab." \l 1 


Figure 6b.  Heat flux (solid line) at surface one due to a triangular pulse (dashed line) at surface one for a light slab. TC  "Figure 6b.  Heat flux (solid line) at surface one due to a triangular pulse (dashed line) at surface one for a light slab." \l 1 
Response Factors TC  "Response Factors" \l 3 
Let us abbreviate Equations 56, 57, and 58 by defining the following variables (in some literature, X1, X2, X3,... are defined starting with the subscript zero, i.e. X0, X1, X2,...):









[Eq 59]








[Eq 60]







[Eq 61]

Next we abbreviate Equations 45, 48, and 50 by defining the following variables.








[Eq 62]








[Eq 63]






[Eq 64]

Notice that we have introduced a sign change in defining Y1, Y2, and Ym.  We may now apply the superposition principles to find the conductive flux at surface 1 due to the combined effect of a triangular pulse of height Ti applied to the inside surface (surface 1) and a triangular pulse of height T0  applied at the outside surface (surface 2), where both pulses start at time zero (their apex is at t=d). 










[Eq 65]










[Eq 66]








[Eq 67]

Remembering that q1 is the flux in the positive direction, the above equations define the flux leaving surface 1 due to conduction.

By simply changing our point of reference, we can write an equation for the flux leaving surface 1 in terms of present and past surface temperature pulses. Suppose we are sitting at a point in time coincident with the apex of inside and outside triangular temperature pulses of height Ti ,t and To,t, respectively. Part of the flux leaving surface 1 is due to the upward part of the ramps with slopes Ti ,t/ and To,t/. This contribution is:










[Eq 68]

Another contribution is due to two of the three ramps which make up the pulse centered at t-1 (time is in units of ).  This contribution is:










[Eq 69]

Similarly, all three ramps of the pulses centered at t-2 contribute to the flux at t as do the ramps making up the pulses at t-3, t-4, t-5, and so on. The sum of all these contributions gives the flux leaving surface 1:








[Eq 70]

The infinite series of Xs and Ys above forms two parts of a set of three series known as X, Y, Z response factors. Although we have only shown how X and Y response factors are calculated for a single layer slab, they are equally well defined for multilayered slabs. Repeating Equation 30 will help make their definition clear.








[Eq 71]

The X series of response factors is defined as the inverse Laplace transform of the quantity D(s)/B(s) times the Laplace transform of a triangular pulse of unit height. We have already shown that this pulse is made up of three ramps, which leads to a three-part form for the required inverse transform. If, for notational convenience, we define the transform of the pulse as P(s),* we can formally define the set of X response factors as:









[Eq 72]

This series is sometimes referred to as the set of internal response factors, since it represents the flux response of the inside surface to changes in inside surface temperature.

The Y series of response factors is defined as:









[Eq 72]

This series is sometimes referred to as the set of cross response factors, since it characterizes both the flux response of the inside surface to outside temperature variation and the flux response of the outside surface to inside temperature variation.

Finally, the Z series of response factors is defined as:









[Eq 74]

This series is sometimes referred to as the set of external response factors, since it represents the flux response of the outside surface to changes in the outside surface temperature. For a single-layer slab or a symmetric multilayered slab, A(s) = D(s) and therefore, Zm = Xm.  In all other cases they are not equal.

With this definition of the Z response factor series, we can develop an equation for qn+1(t), the outside flux, in exactly the same way we derived Equation 70. The final result is:







[Eq 75]

This is the positive X-directed flux at the outside surface. It is therefore the conductive flux into the outside surface.

We now take note of the complexity involved in finding response factors for a multilayered slab. Equations 72, 73, and 74 have a deceivingly simple form. However, for a multilayered slab, each of the terms A(s), B(s), C(s), and D(s) represents complicated sums and products of hyperbolic functions of s and the properties of each layer. Recall particularly that we must find the poles of the various Laplace transformed expressions in order to find the inverse transforms. Since B(s) is in the denominator of each response factor expression, we must find the roots of B(s) = 0 in order to find the required poles. The problem is complicated even for a two-layered slab for which:














[Eq 76]

We are quickly forced to rely on numerical techniques to find the roots of B(s). All of these techniques, however, require that we try various values of s in the appropriate expression for B(s) until we find s such that B(s) = 0. Each time we change the value of s we must perform the matrix multiplication necessary to calculate each element of the transmission matrix (see Equation 28).  Furthermore (theoretically), an infinite number of roots must be found. (As a practical matter, we may need to find 20 or more, depending on the properties of the layers in the slab.)  Even after the roots are found, we must find the derivative of B(s) with respect to s evaluated at each of the roots (analogously to Equations 42 and 54).  For a multilayered slab, we must carry out a series of matrix manipulations for each root as we apply the chain rule to find the required derivatives.  Finally, for each mth response factor, we must carry out the sum of the exponential series illustrated by the right-hand sides of Equations 59 through 64. Again, in theory, there is an infinite number of X, Y, and Z response factors.  In practice, 20 or more response factors may be required to calculate heat flow through heavy masonry walls accurately.

As a practical matter, the calculation of response factors for multilayered slabs requires the use of a computer.

We now conclude our discussion of response factors by presenting the general formula for calculating each term for a multilayered slab.

First, let -n be the nth root of B(s) = 0.  The X response factor series is:






[Eq 77]





[Eq 78]








[Eq 79]



.

The Y response factor series is:





[Eq 80]





[Eq 81]









[Eq 82]

The Z response factor series is:






[Eq 83]




[Eq 84]









[Eq 85]

The derivatives of A(s), B(s), D(s) are found by applying the chain rule as follows: 





[Eq 86]

Finally, we note two properties of response factors which are important in their calculation and use. First, the sum of each of the X, Y, or Z series is equal to the U value of the composite slab (U = 1/[R1 + R2 + R3 ...Rn]).  The steady-state limiting case requires these sums to be the U value as seen by Equations 70 and 75. In Equation 75, for example, if both Ti and T0 are constant with time, then:








[Eq 87]

Hence,











[Eq 88]

Similarly, from Equation 70:












Eq 89]

This has proved to be a useful check in calculating response factors.  In fact, this check revealed a disturbing characteristic of the behavior of B(s) for certain multilayered walls.  In some case, the roots of B(s) = 0 are very close together.  Numerical methods for solving for these roots look for a sign change in B(s) as s is varied to bracket the root.  If the roots of B(s) = 0 are close together, the root finding scheme could "step over" both roots unless the step size for incrementing s is unrealistically small.  If roots are missed, then the sum of the response factor series does not equal the U value of the wall. Fortunately, it can be shown that there is a root of A(s) = 0 between each root of B(s) = 0.  By keeping track of sign changes in A(s) as well as B(s) it is possible to use a fairly large step size for incrementing s without missing roots of B(s) = 0 (see Hittle and Bishop, 1983).

The second useful property of response factors is that later terms in each series are made up exclusively of exponential functions (see Equations 79, 82, and 85). Furthermore, each of these terms is of diminishing importance, since the roots of B(s) = 0 are sequentially more negative. We will make immediate use of this property in defining conduction transfer functions.

Conduction Transfer Functions TC  "Conduction Transfer Functions" \l 3 
If we now carefully examine the response factor equations, we see that the higher-order terms have the same basic form. For the Y response factor, for example:



 





[Eq 90]

We can write this equation as:








[Eq 91]

Recall that n is the index of the roots of B(s) = 0, all of which lie on the negative real axis and which increase in absolute value as n increases. For a heavy single-layer slab with R1 = 0.4 m2 - 0K/W and C1 = 704000 J/m2 - 0K, the roots of B(s) = 0 are shown below, along with -n, n and gn for  =3600 sec.

	n
	Roots of B(s)=0

or -n
	-n
	n
	gn

	1
	    -3.50 x 10-5
	-0.126
	0.8815
	    +0.7166

	2
	  -14.02 x 10-5
	-0.505
	0.6037
	    -4.270

	3
	  -31.54 x 10-5
	-1.136
	0.3212
	    19.66

	4
	  -56.08 x 10-5
	-2.019
	0.1328
	 -105.6

	5
	  -87.62 x 10-5
	-3.154
	0.0427
	   798.0

	6
	-126.17 x 10-5
	-4.542
	0.0106
	-9500.7 


Notice that for m = 20, g1120 = .0575, but g2220 = -.00018 and g3320  0.0000.  Hence for m ≥ 20, Ym g11m .  Similarly, for m = 10,  g1110 = 0.2030,  g2210 = -0.274 but g3320 = 0.00023 and g4410  0.0000 Hence, for 10  m 20, Ym is approximately equal to the contribution caused by the two largest roots, i.e., Ym  g11m  + g22m . The general pattern is clear. For large m, only l1 is important. As m decreases, l2, then l3, then l4 and so on, become important. 1 takes its value from the root of B(s) = 0 which is nearest the origin, 2 from the next nearest root, and so on. While our example is for a single-layer slab, it is but a special case of this general behavior of later terms in the response factor series for multilayered slabs.

We now make use of the above expressions to reduce the number of response factors needed to calculate heat flux.  Consider the case where the heat flow at the inside surface is to be calculated under varying outside surface temperature, while the inside surface is at zero temperature.











[Eq 92]

If, for m greater than or equal to some m', Ym  g11m, we may write, for times t and t-1:






[Eq 93]




[Eq 94]

We can multiply qi,t-1 by 1 and subtract the result from qi,t . After collecting coefficients, we have:




[Eq 95]

Notice that the coefficients for all temperatures preceding T0,t-m'+1 (i.e., T0,t-m', T0,t-m'-1, T0,t-m'-2, ...) are zero. We may therefore define a finite series of first-order conduction transfer coefficients or first-order conduction transfer function as follows:












[Eq 96]









[Eq 97]

We may now rearrange Equation 95 as:









[Eq 98]

Applying the same procedure for X and Z response factors yields first-order X and Z conduction transfer functions:












[Eq 99]









[Eq l00]












[Eq 101]









[Eq 102]

The counterparts to Equations 70 and 75 then become:







[Eq 103]







[Eq 104]

1 is often termed the “common ratio” since, for large m, it equals the ratio of successive terms in the response factor series (i.e., Ym+1/Ym).  It is neither necessary nor advisable, however, to calculate 1 as the ratio of successive terms, since 1 is known from calculations which precede the final step used to calculate response factors.  It is also not necessary to decide, a priori, on a value for m'.  Instead, a reasonable procedure is to calculate response factors until their values are some very small fraction of the overall U value for the multilayered slab.  Conduction transfer functions can then be calculated and the series may be truncated when the mth conduction transfer function is some very small fraction of the U value times (1-1).  Figure 7 shows a plot of the results of such a procedure for the Y conduction transfer function, using the heavy, single-layer slab of our previous example.  The upper solid line shows the Y response factors, and the upper dashed line shows the first-order conduction transfer function.



Figure 7.  Y conduction transfer functions for single-layered slab. TC  "Figure 7.  Y conduction transfer functions for single-layered slab." \l 1 
The lower solid and dashed lines of Figure 7 are second- and third-order conduction transfer functions, a logical extension of first-order conduction transfer functions. In going from response factors to first-order conduction transfer functions, we have accounted for the effects of all response factors from m' to infinity in one flux history term and removed the effects of 1 from the remaining conduction transfer functions. We are left with first- order conduction transfer functions whose later terms (as mm') are now dominated by 2. We now remove the effect of 2 in a completely analogous way. The necessary sample equation, similar to Equation 95, is:






[Eq 105]

where m'' is the point after which Y1,m  g22m.  Second-order conduction transfer functions can now be defined completely analogously to first-order conduction transfer functions as can third-, fourth-, or kth-order transfer functions.
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The counterparts to Equations 103 and 104 for second-order conduction transfer functions are:





[Eq 112]




[Eq l13]

For kth-order conduction transfer functions, we have






[Eq 114]






[Eq 115]

where M is the value of m, above which the kth conduction transfer function is proportional to km.  Fm values are flux history coefficients defined as follows:












[Eq 116]
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[Eq l19] 

For k = 4, for example (fourth-order conduction transfer functions):










[Eq 120]
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[Eq 122]











[Eq 123]

The practical value of conduction transfer functions and a general scheme for determining the order of the transfer function to use are both illustrated by Figure 7.  First, we see that by using one flux history term, we can use about 20 temperature history terms instead of about 50. Thus, to calculate fluxes using first-order conduction transfer functions, we must perform about 86 multiplications and additions and keep track of about 40 temperature and flux histories, compared to about 200 multiplications and additions and about 98 temperature histories if we had used response factors. For second-order transfer functions, about 10 past temperatures are required, along with two past fluxes (46 operations and 22 histories). For third-order, about eight past temperatures are needed, along with three past fluxes (42 operation and 20 histories). Obviously, the reduction in the number of terms required is diminishing at this point, but we have already reduced the needed calculations and storage to about 20 percent of what would be required if we had used response factors directly. Our efforts would be half of what would be required with first-order conduction transfer functions.

If, in the example shown in Figure 7, we proceed to fourth- or fifth- or higher-order transfer functions, we will first simply trade one pair of past temperatures for a pair of past fluxes. Soon, however, the number of flux terms required will increase more rapidly than the reduction in the number of required temperature histories. In the limit, we will need an infinite number of flux terms, along with the current temperature. The selection of the appropriate number and order of conduction transfer function coefficients to use for a given wall section has been addressed by Mitalis 1978, and by Peavy 1978 and Walton. (The mathematical development of the procedures used by Mitalis, Kusuda, and Peavy are fundamentally identical.)

To determine the appropriate number of terms for kth-order conduction transfer functions, we recall that for zero-order conduction transfer functions (i.e., response factors), the sum of the coefficients of the infinite X, Y or Z series equals the U value. For first-order conduction transfer functions,








[Eq 124]

(approximately). Similarly, for second-order conduction transfer functions,







[Eq 125]

In general,








[Eq 126]

M can be determined by requiring that the sum of the first M terms of each of the X, Y, or Z conduction transfer functions be equal to a large fraction (say 99 percent) of the right side of Equation 126.

Two approaches for determining k -- the order of the transfer functions -- have been proposed. Mitalis suggests that the order of the conduction transfer functions should be one less than M (i.e., k = M-1).*   Extensive tabulations of conduction transfer functions of order k = M-1 can be found in past ASHRAE Handbook of Fundamentals. Values are now available on computer disk from ASHRAE.  Peavy 1978 suggests that k need be no larger than 5 for common (even massive) walls, roofs, and floors. Using 5 as an upper limit, Walton suggests that first values of X, Y, and Z conduction transfer function coefficients be calculated for all six possible orders (i.e., M = 1, k = 0, 1, 2, 3, 4, and 5; then M = 2, k = 0, 1, 2, 3, 4, and 5, and so on). Each time M is incremented, the test of Equation 126 is applied for successively increasing values of k. (As a refinement, we note that the test need only be made for k<M.) As soon as Equation 126 is satisfied to the required precision, k and M are both known. Figure 8 shows a flow diagram of the process. For a given precision, Walton's procedure yields the smallest possible set of conduction transfer functions and, therefore, results in the minimum number of calculations when flux calculations are made using the conduction transfer functions.

Applications TC  "Applications" \l 3 
Response factors are in load calculation and energy analysis algorithms in two distinct ways.  When heat balance load calculation schemes are used, a heat balance calculation is performed on the inside and outside surface of all walls, roof, and floors.  In this case, the response factors or conduction transfer functions are used to calculate conduction from one surface to the other surface.
In the so-called room weighting factor approach to calculating loads, "heat fluxes" are related to air conditioning loads through weighting factors.  This method requires that the combined radiative and convective resistance of the inside surface of each wall, roof or floor be included in the response factor calculations. 



Figure 8.  Procedure for determining the order of conduction transfer functions TC  "Figure 8.  Procedure for determining the order of conduction transfer functions" \l 1 
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* The Laplace transform of a triangular pulse of unit height and base 2 is:





� EMBED "Equation" "Word Object2" \* mergeformat  ���





We could equally well have found the inverse of � EMBED "Equation" "Word Object3" \* mergeformat  ��� instead of � EMBED "Equation" "Word Object4" \* mergeformat  ���.


* This approach is a natural consequence of Mitalis' use of the Z transform (not to be confused with the Z conduction transfer function) and polynomial arithmetic.  It does not necessarily lead to a minimum number of coefficients for a given precision requirement.
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