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Abstract

Newton’s method is applied to the minimization of a compotslly expensive objective function. Various
methods for computing the exact Hessian are examined, Iycaaipint-based methods and the hyper-dual method.
The hyper-dual number method still requir®$N?) function evaluations to compute the exact Hessian durinh ea
optimization iteration. The adjoint-based methods aluiegO(N) evaluations. In particular, the fastest method is
the direct-adjoint method as it requirdé evaluations as opposed to the adjoint-adjoint and adgtinect methods
which both require2 N evaluations. Applications to a boundary-value problempmaesented.

Index Terms

Second derivative, Hessian, adjoint, direct, hyper-doptimization

I. INTRODUCTION

EWTON'S method is a powerful optimization algorithm whichwell known to converge quadratically upon

the root of the gradient of a given objective function. Thavaback of this method, however, is the calculation
of the second derivative matrix of the objective functionHgssian. When the objective function is computationally
expensive to evaluate, the adjoint method is suitable topcenits gradient. Such expensive function evaluations
may, for example, depend on some nonlinear partial diffeabequation such as those enountered in aerodynamics
[7], [22]. with this gradient information, steepest-destcer conjugate-gradient algorithms can then be applied to
the optimization problem; however, convergence will oftenslow [9].

Quasi-Newton methods will successively approximate thesié@ matrix with either Broyden-Fletcher-Goldfarb-

Shanno (BFGS) or Davidon-Fletcher-Powell (DFP) updated} {ghich can dramatically improve convergence.
However, this enhanced convergence is dependent on thedareh algorithm used to find the optimal step in the
search direction; this translates to an increased numbgmation evaluations to satisfy the first Wolfe condition

and gradient evaluations to satisfy the second Wolfe cmmdit

The goal of this paper is to examine various methods usedrteeriaally compute the Hessian matrix. Approximate
methods include finite difference or complex-step techesd0],[15]. Johnson also presents a method of computing
second derivatives with the Fast-Fourier Transforin [8]agixmethods include the use of hyper-dual numbers
[21,[31,[4],[B].[6] which requiresO(N?) function evaluations. Papadimitriou and Giannakogloutgra adjoint and
direct methods for exactly computing the Hessian malri].[This paper largely follows the methods presented by
the latter authors with the exception that the direct-dineethod is not examined since it requi@§N?) equivalent
function evaluations. Instead, the adjoint-adjoint, adjalirect and direct-adjoint methods are presented agdhie
provide theexact Hessian inO(N) equivalent function evaluations. The hyper-dual methoal$s presented since

it is a fair comparison to the adjoint-based methods for astimg exact Hessians.

The function, here, is obtained from discretizing a linedfedential equation. The theory presented in Section
2, however, is more generally derived for nonlinear systefmsquations. A few terms, notably the second-order
partial derivatives of the residual equation, vanish ind¢hse of a linear operator.
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[I. COMPUTING THE HESSIAN MATRIX
A. Motivation
Suppose we want to solve the unconstrained optimizatiobl@no

min  F(u(x),x) Q)
whereu € RM is the vector of state variables, obtained from a system/olinear or nonlinear equations,
Rm(u(x),x) =0 m € [1, M] (2

andx € RY is the vector of design variables. Newton’s method requihes computation of the gradient and
Hessian of the objective function. The components of theligrd, g € RY, are given by
dfr OF  OF duy
dr; Owz;  Ouy dx;
The entries of the Hessiak] € RV*Y, are given by

kell,M] 3)

¢r _ _OPF  PF du  &F du
dz;dz; B Ox;0x;  Ox;O0uy dr;  dupdz; dz;

h@j =
d*F  duy du,, OF d*uy

dupdu,, dz; dz;  Juy dz;dz;

A Newton-based optimization algorithm can be performed pglating the design vector at each iteration as
xt = xt + Ax! (5)

k,me[l,M] (4)

where Ax! is obtained by solving
H'Ax' = —g! (6)

In the steepest descent method, the Hessian reverts balk 16 ¥ N identity matrix. In quasi-Newton methods,
the Hessian is updated with a rank-one outer product at eptimi@ation iteration. Here, we will explore some
methods for computing the exact Hessian.

B. Adjoint and direct methods for computing gradients

The adjoint and direct methods for computing exact gradien¢ a prerequisite for the adjoint and direct methods
for computing exact Hessians and deserve a brief introolucBefore deriving these methods, first consider the
first and second total derivatives of the primal residualicwtare also equal to zero:

dR, OR, OR, duy

dz; - ox; * Ouy, dx; =0 kon € (1, M] (7)

R, _ PRy PRy dup  O*Rn duy

dz;dzx; B O0z;0r;  Ox;O0uy dx;  Ouplz; dx;
2R, duy du,, OR, d?ug

—— = k 1,M] (8

OugOuy, dr; dx; Ouy, dr;dz; 0 ym,n € [1,M] - (8)

In the adjoint formulation, a multiple of efl(7) is added tp(&) to produce an augmented functiorial,The terms

in this functional are then rearranged so that the sertsitdfi the solution vector on the design variables,/dx,
is removed from the gradient computation. Denote the nlidtims+ € R ; the adjoint equation becomes

oF OR
¥ _ m o _
R, = Dy + U Dy 0 k,m € [1, M] 9)
The gradient of the functional is computed from
dZ OF ORm
— = Y= 1,N 10
d:vi (91'1 + w (91'1 me [ ] ( )
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The advantage of the adjoint method lies in the fact that amlg system solution is required to obtain thus
providing an inexpensive method for computing the gradient

The direct method involvesirectly computing di/dx € RM* from eq.{T) and substituting it into €gl(3). The
term OR/0x is an M x N matrix which means there a®¥ right-hand sides to accompany eaéh unknown
sensitivity vector, resulting iV system solutions. The direct method is unsuitable for alsinbjective function;
however, it becomes practical if the number of objectivecfions exceeds the number of design variables, in which
case the computeduddx sensitivity matrix can be recycled during the gradient catapion. Although only one
objective function is used in this paper, the direct methad e used efficiently when computing the Hessian, as
will be shown later.

C. Adjoint-Adjoint method
The first method to compute the Hessian matrix extends theeaséidjoint formulation by introducing new adjoint
variables and is referred to as the adjoint-adjoint mettr@ilowing [14], the original Hessian is augmented with
two adjoint matriceu € RN*M andv € RV*M as
o’z o’z dR., dRY
dxide o dIleCj l i ™, € [1’ M] (11)

After taking derivatives of the primal and adjoint systenfiquations with respect to thg" design variable, this
twice-augmented functional becomes

o’z PF oy P Rom o ORm PF
= m i,m Vin
dz;dz;  Oz;0x; 0x;0x; i, Oz, 7 Oun 0z
- 0*R.,, n 0*F o 0*R,, . 6Rm+yl 0*F o 0’R,, duy
“n maunaxj Ox;0uy, ™ Ox; Oug, Hi;m Ouy, U Oy, O, ST Y Ouge dz;
dvy, [ ORm ORm,
+ d:cj ( 8:171 + 1/17n8—%) k,m,n S [1,M] (12)
Since we do not want to computergdx nor dip/dx € RM*Y we can selecit andv such that
ORm, ORm, .
Vi’”a—un__ 8;31 m,né[l,M] ZE[I,N] (13)
and
ORm, 0’F 0*R., 0*F 0’*R,, )
:ui,m 8Uk - _3xi3uk - wm(?JhaUk - Vi,nm - Vi,nz/]mm kaman S [LM] (S [LN] (14)

Eq.(13) is first solved fow which is equivalent taV system solutions; notice the left-hand side is once again
the Jacobian of the primal equations, specifically the passd matrix for linear systems. Subsequently[et.(14)
is solved for theN rows of i, accumulating anotheW system solutions. The total number of system solutions is
thus2N + 1 (recall we need one for the original adjoint vector) in théoad-adjoint formulation. The Hessian
can be computed from

&’z PF PRy, R O F PR,

dz;dz; - 0x;0z; T Ym 0x;0x; + Him Oz, T ¥in Oun 0z T Vin¥m Oun0x;

Operation count: We will not include the operation count involved in solving.@3) since it is simplyNV
system solutions and is counted separately. The operationtén constructing the right-hand sides of kgl.(14) is
dominated by the term containing the second-order devivaii the residual with respect to the state variables. This
term is looped over three indices, accumulatddd® (both adjoint variable multiplications) operations forchav;
for a total of O(NM?). The computation of each entry in the Hessian is dominatethbymixed second-order
partial derivative of the residual, costirig\/? operations. OnlyN (N + 1)/2 components of the Hessian need to
be computed because of symmetry; the operation count ofifigrthe Hessian is stilO(N2M?).

hij =

m,n € [1,M] (15)



D. Adjoint-Direct method

Instead of introducing two new sets of adjoint vectors, aersdifferentiating the simply-augmented objective
function with respect ta:;. Eachi, j entry is given by

d*F  0%F N O*F  duy, Ly I*Ry, oy O*Rom duy Ao, ORp,

dr;dv;  Ox;0x;  Ox;0uy dz; " 0x;0m; " Ox;0uy dx; - dx; O

The trick now comes in computingyd, /dz;. We can use the total derivative of the adjoint equation \wétspect
to «;, directly, to obtain the desired vectors.

dpy, ORp, _ 9*F B O*F %_ PR _ PR %

dz; Ouy B Oun0z;  Ounluy dx; m@unaxj ™ OupOug dz;
There areN right-hand side vectors which translatesfosystem solutions. Since this method relies on initally
computing di/dx (direct method),N system solutions have already been performed along withaoldéional

solution for the adjoint vectorp. The total number of system solutions is thHeN + 1 similar to the adjoint-adjoint
method. The Hessian matrix is then evaluated froni_eh.(16).

kome[1,M]  (16)

k,m,ne[l,M] iell,N] (17)

Operation count: When forming the right-hand side of dq.[17), the operatioont is dominated by the
second-order partial derivative of the resiudal with respe the state variables. This term is index okem, n and
accumulate@ M3 operations per solve) (N M?) total. Subsequently, the Hessian computation is again el
by the mixed partial derivative of the residual. This termmtins two multiplications, accumulatirg//? operations
for a total of O(N2M?) for the entire Hessian.

We have now seen two methods for computing the Hessian maitix 2V + 1 system solutions. An obvious
guestion arises: can we do better?

E. Direct-Adjoint method

The direct-adjoint method assumes the sensitivity vectors, d/dx, have been computed with the direct method
mentioned above. Papadimitriou and Giannakogdlou [14] dedimew augmented cost functional as

2 2 2
dEZdF Anan (18)
dIleCj dedIJ dIleCj
Substituting egd.{4) andl(8) yields
&L 9°F o PRy O°F  duy dun,
dr;dr;  Oz;0x; "0x;0x;  OupOuy, dr; dr;
+ZZJ O?*R,, duy du,, 0*F % ~ O?R, dﬂ 9*F % <~ O*R, duyg
" OOy, da; dz; O0x;0uy, dx; " O Ou, dz; = Ouplx; dx; ”aukaxj dz;
OF - R\ d*u
+ (3—1% +’l/1na—u]€) dxidxj [k,m,n] S [1,M] (19)
This time we would like to avoid computingzdk/dxidxj. We can do so by forcing
~ ORp oF
— = — k, 1, M 20
bt =g [knle L] (20)

which is exactly the same as €d.(9), requiring only one aystelution. Each, 5 entry in the Hessian is then given
by

&L 9°F o PRy O°F dugduy 9 PRy dug dupy  9PF duy
dz;dz; - 0x;0z; naxif)xj OupOup, dr; dz; " OOy, da; dz; = Oz;O0uy dx;
92 2 a2
+1/1n 0 'R,n duk 0°F duk 0 Rn duk [k,m,n] c [1,M] (21)

ox;Ouy, @ Ou,Ox; dx; n@ukaxj dz;



Since N system solutions were required to obtain/dx, the total number of system solutions required in the
direct-adjoint approach i& + 1. The operation count, however, is compromised by the thwepd overk, m,n
which amount toO(M?) for each entry, giving a combine@(N?2M?3) for the entire Hessian. In general, these
systems arise from discretizing a linear or nonlinear phdifferential equation which lead to lightly coupled
equations (sparse matrix in the case of a linear system),Tihueal applications the operation count of the matrix
multiplications may not be too worrisome; the computatlast is often dominated by the system solutions. In
addition, Papadimitriou and Giannakoglou report omittsogne of these expensive computations without drastically
compromising the accuracy of the second derivatives [14g impact of this claim, however, should be problem-
dependent.

F. Hyper-dual numbers

Some researchers advocate the use of the complex-stepdrtetiiompute first derivatives. The advantage of this
method is that first derivatives can be computed with seaodér accuracy, with one additional function call and

without any subtractive cancellation errors[10]. The dismtage, however, is that the resulting solver must be
capable of handling complex numbers, hence increasing pleeation count of a system solution. The first and

second derivatives of a complex function can be approxichbye

df _ Imag(f (z + ih)]

5 h +O(h?) (22)
d*f _ 2(f(z) — Re[f(x +ih)])
o = 5 + O(h?) (23)

Notice that the second derivative is susceptible to sutiwecancellation errors.

Jeffrey Fike introduced hyper-dual numbers, originallkéfjuats,” which can, similar to the complex-step method,
be used to compute second derivatives. A hyper-dual nundrgains four components,

T =20+ €T; + €25 + €,€T4; (24)

where ¢? = e? = (ei€j)* = 0 bute;, €, €;; # 0. The Taylor series expansion for a hyper-dual perturbation

h = hie; + hje; truncates after the second derivative siage= ¢; = 0; therefore,

_ df df & f
f((E + h) = f(l') + hlaEZ + h]aej + hlh_] @6163 (25)
Hyper-dual numbers can also be used to compute first dergatExtracting the; ande; of the above expansion
gives
df . eipart of [f(SC + hie; + hjEj)]

R 26
or
df ejpart of [f(SC =+ hiﬁi —+ hjEj)]
bl (27)
dx hj
Extracting thee;e; component off (z + h) yields the exact second derivative,
af _ cie;part of [f(z + hie; + hje;)] (28)
dIQ hlhj
For a function of several variables, the first and secondgatérivatives are given by
ﬁ _ e;part of [f($ + hie; + hjéj)] (29)
ox; hq
o 9 t of hie; + h
_f — 6.7par 0 [f(l' + i€ + .76.7)] (30)

8Ij hj



and

an . eiejpart of [f(SC + hie; + h,jEj)]
N hih;

8,%1'(9.%']'
Note that forV design variables, onlyv/2 additional function evaluations are required since E§s.62d [30) can
be used to compute first derivatives with respect to diffedeisign variables with the same function evaluation. The
second derivative, on the other hand, requi¥sfunction evaluations; however, this can be reduced {ov +1)/2
if the symmetry ofH is exploited.

(31)

In contrast to the complex-step method, Fike’s hyper-duahlmer method allows first and second derivatives to be
computedxactly. This phenomenon is shown in Fid. 1 where the hyper-dual adetlutperforms both the complex
step method and finite differences for the computation obsdderivatives.
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(a) Error in first derivative (b) Error in second derivative

Fig. 1. Comparison of errors in computing first and secondvaiires ofe® atz = 7

Operation count: Although the computational savings and exactness of therhgpal number method are
impressive, one should recall that adding (subtracting) iyper-dual numbers requires 4 floating-point operations
and multiplying (dividing) requires nine additional optoas [B]; the details of these operations can be found in
[4]. Although the gradient and Hessian can be computed gxaith an acceptable number of function calls, the
cost of each function call increases dramatically. An eXengp the operation count needed to solve a tridiagonal
system of equations of hyper-dual numbers is given in theefdjx.

G. Summary

Let's now summarize the different methods for computingeekéessians. In Tablé |, the number of system solutions,
intermediate operations and operations required for cactitg the Hessian are given for each method. The number
of intermediate operations refers to the operation courfibiming the right-hand side vectors for the intermediate
adjoint or direct solutions before computing the Hessidme €ost of forming the gradient is omitted because the
focus, here, is on computing the Hessian. In all cases, henvan adjoint-based method can be used independently
of the Hessian computation to form the gradient.

TABLE |
SUMMARY OF THE FOUR METHODS FOR COMPUTINGHESSIANS

Method System solutiong Intermediate operations Hessian operations
Adjoint-adjoint 2N O(NM?3) O(N*M?)
Adjoint-direct 2N O(NM?3) O(N?M?)
Direct-adjoint N - O(N?M?3)
Hyper-dual N(N+1)/2 - hyper-dual operationg




IIl. NUMERICAL EXPERIMENTS

In this section, the Hessian obtained from all four methodls e compared and used to solve optimization
problems. In all cases, the differential equation studiea imix between Poisson’s equation and the Helmholtz
equation (with spatially varying wavenumber); the bougdalue problem for the case of homogeneous Dirichlet
conditions is

d*u

o =) wel1,  u0)=ul)=0 (32)
where~(z) is referred to as a source (or sink) distribution. A secorgkofinite-difference discretization is used
to solve for the solution: at each of theV grid points. Each of théV residual equations thus appears as

Up—1 . i Un+1 _
A2 + up, (% AzQ) + A2 } =0 n € [1,N] (33)

with the exception of the first and last rows. Here, the faydunction is set tof (z) = 2? for some integey. The
goal of the optimization is to find a discrete representatiby € RV to minimize the error between the computed
u and some target distribution,

Rn:fn_|:

min
¥

N
> (i = uig)? (34)
i=1

N~

wherew is obtained from the solution a¥ linear equations given by eg.(33), or
R=b—-—Au=0 (35)

The target distributiony,, is chosen to be

(=) AT PR . (36)
T T+ T e D+ 2)

for some integer. This form for the target solution was chosen because itvallfor a few interesting cases to be
studied, notably whep = ¢ andp # ¢. Also note the matrix resulting from discretizing €ql(3&)tiidiagonal. For
the case of real numbers, the structuredofloes not matter because MATLAB’s backslash operator is tesedlve
the system of equations. When solving the system for the chaehyper-dual perturbation, MATLAB’s internal
solver cannot be used. Thus, a simple tridiagonal solvewHq specifically written to handle hyper-dual numbers
which can be shown to require seven times the operations ealanumber solution (please see the Appendix).

A Cael:p=g=8, N=12

Whenp = g, the optimization problem can be stated in words as folldivel the source distributiony(z), so
that the numerical solution becomes the analytic solutidthout any source distributiony(z) = 0. If we used

an excessive amount of grid points (or a small enogghthe numerical solution would be exactly the analytic
solution and we should get(z) = 0. However, let's use a small number of design variabMss= 12, so that there

is a noticeable amount of error between the numerical amgtganalytic) solutions. The design variables are set
to v(z) = 1 as the initial guess. Two depictions of the Hessian at thiairdesign point are shown in Figl 2. In
Fig.[2(a), each Hessian entry is plotted with an outer loogr dhre row indices and an inner loop over the column
indices. The values obtained from all four methods are indgagreement with each other. Fig. 2(b) depicts the
Hessian obtained from the direct-adjoint method with /ihe entry in the bottom left corner; observe the symmetry
about a diagonal drawn from the bottom left corner to the upigit corner.
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Fig. 2. Hessian plot at initial design point for the case- ¢ = 8, N = 12

The optimization problem was solved with each of the fourhmds used to compute the exact Hessians[Fig. 3 shows
the convergence behaviour of all four methods. Notice thahenethod exhibits the expected quadratic convergence
characteristic of Newton’s method. Also, it was observed the adjoint-adjoint and adjoint-direct methods prodice
identical Hessians at each iteration; however, thesetsligiffered from the Hessian obtained with the direct-aaljo
method. This difference can be explained as follows. Réhalldiscretization of the differential equation introdsice
error in the computed solution. Since the adjoint methode his solved discretely using the same representation
of the linear differential operator, the adjoint solutidseif is also approximate. Since both the adjoint-adjont a
adjoint-direct methods requiV function evaluations during each iteration, they introglmcore numerical error

in the computed Hessian, whereas the direct-adjoint mepieofibrms only N evaluations and can be expected to
introduce less error. Equivalently, the Hessian from threatiadjoint method differed slightly from that obtained
with the hyper-dual method. Again, this is explained by tlegfient function evaluations performed by the hyper-
dual method which all introduce numerical error based ondikeretization of the differential equation.
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Fig. 3. Convergence of the optimization algorithm with thi#fedent methods to compute the Hessian for the gaseq = 8, N = 12

All methods converge on the target solution after approtéfyasix optimization iterations. Some methods were
more costly than others. The adjoint-based methods weextaéimely quick whereas the hyper-dual method suffered
from the additional operations needed for addition and iplidation required by the tridiagonal solver. Although

the speed of the hyper-dual solver is perhaps limited by fgeeific implementation, it nonetheless dramatically



increases the time needed for one function evaluation, makimpractical. Unfortunately, an optimized hyper-dual
linear solver has yet to be developed so speed comparisehdWATLAB’s backslash operator are meaningless.
However, a comment will be made about speed: the full opition with any of the adjoint-based methods
converged on the order of seconds whereas the hyper-duatipgtion converged in about 6 minutes for this
problem. The initial, final and target solutions are showrFig.[4(a); the optimal source distribution is given in
Fig.[4(b).
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B. Casell: p=3,g=8, N =23

Let's now apply the different methods with a larger numbedesign variables N = 23 was as high as | could
patiently go while waiting for the hyper-dual solver to cdetp) whenp £ ¢q. We cannot physically describe the
optimization problem as in the previous subsection; we cdy loope the algorithm with each of the Hessians finds
the optimal source distribution for the arbitrary targelution. Instead of plotting all Hessian entries, Fig. 5(a)
shows the entries along the diagonal of the Hessian at thalidesign point;y(z) = 1. Once again, all derivatives
obtained with the four methods are in excellent agreementil& to the previous case, observe the symmetry in
the Hessian in Fid.15(b).
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Fig. 5. Hessian plot at initial design point for the case- 3,¢q = 8, N = 23



The quadratic behaviour of Newton’s method is well-obsérire the convergence of the gradient and function
values as shown in Fi§] 6. Once again, the adjoint-adjoidtadjoint-direct methods produced identical Hessians
at each iteration which differed slightly from the directj@nt method. However, this difference was observed to
be smaller than the previous case which is explained by ttreased number of grid points, giving a more accurate
primal and adjoint solution.
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Fig. 6. Convergence of the optimization algorithm with th#edent methods to compute the Hessian for the qgase3, ¢ =8, N = 23

The histories of the solution and source distribution arewshin Fig.[7 which demonstrate how quickly the
algorithm converges with Newton’s method. The steps dugagh iteration, however, are quite aggressive and
sometimes overshoot the optimal set of design variableso Abte that doubling the number of design variables
led to more than twice the time for the hyper-dual implemgotato complete; with 23 design variables, the
hyper-dual optimization algorithm finished in 14 minutegdm, these are just to get a feel for the numbers — my
hyper-dual code is not optimized).
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C. Case lll: Comparison with Quasi-Newton Method

The previous cases demonstrate the accelerated convergkaa optimization algorithm when the exact Hessian
is computed. Although this is perhaps not a fair comparis@h the exact Hessian methods, let's see how well a
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guasi-Newton method compares with the direct-adjoint weti his adjoint-based method was selected because it
performed very well and required the fewest number of famctvaluations ¥ + 1 total per optimization cycle).
The method is compared with MATLABEmM nunc which uses the BFGS algorithm for medium scale problems.
Instead of plotting the convergence history for each cyElg, [8 depicts the convergence over the equivalent
number of function evaluations, which is perhaps a fairengarison between the two methods. Notice that the
direct-adjoint method still outperforms the quasi-Newtoathod over equivalent function evaluations. The BFGS
method used 16 major iterations to convergence; howevperformed 576 function evaluations which means the
line search method was the primary source of function cBigadimitriou and Giannakoglou report similar results
in their airfoil reconstruction studies: the exact Newtoethods converged quicker than quasi-Newton methods
over equivalent Navier-Stokes flow solutions|[14].

—— Direct-Adjoint

_‘—\—\_\_\_ ——BFGS

-101

-151

Log of Function Value

L L L L L
100 200 300 400 500
Function Evaluations

Fig. 8. Convergence comparison between direct-adjointBF@S method for the cage= 3, ¢ =8, N =23

IV. CONCLUSION

This paper has examined the various methods used to examthpute the Hessian of an expensive objective
function. The exactness of each method (adjoint-adjoidjpiat-direct, direct-adjoint, hyper-dual) was shown
through examples of an optimization problem in which theeotiye function was evaluated from the solution to a
linear system of equations. The methods, however, shouldnderstood as exact within the discretization of the
differential equation which influences the linear systemother words, methods that usedy function evaluations
(adjoint-adjoint, adjoint-direct) produced identical $$&ans but slightly differed from the Hessians obtainednfro
methods that usedy evaluations (direct-adjoint) Qv (N +1)/2 evalutions (hyper-dual). The best method is clearly
the direct-adjoint method as this requires the fewest nurab&unction evaluations. The hyper-dual method is not
very effective and suffers from the increased computationat of a single function evaluation; in addition, it
requiresN (N + 1)/2 function evaluations to obtain the exact Hessian. Findhg direct-adjoint method was
compared with a quasi-Newton method (BFGS) over equivdlemttion evaluations. The Hessian obtained with
the direct-adjoint method provided faster convergencspitie incurringN additional function evaluations for the
Hessian. Although this behaviour may be desirable, the BR@8&od may be more suitable to certain problems
with a much larger number of design variables. Storing thesida as well as the intermediate matrices needed in
the adjoint-based methods can become very memory-ineensivsuch cases, the limited-memory BFGS method
may be a more suitable option.
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APPENDIX
FLOATING-POINT OPERATIONS FOR HYPERDUAL TRIDIAGONAL SOLVER

The Thomas algorithm for solving a tridiagonal system ofatns:
a;Ti—1 + bix; + cxip1 = d; 1=1,...,N (37)
is a special case of Gaussian eliminatioh [1]. The algorithmgiven below
cp(1) = c(1)/b(1);
dp(1) = d(1)/b(1);

% Forwar ds sweep

for i=2:N
den =b(i) -cp(i-1)*a(i);
cp(i) = c(i)/den;
dp(i) = (d(i) -dp(i-1)*a(i))/den;
end

% Backwar ds sweep

X(N) = dp(N);
for i=N-1:-1:1

x(i) =dp(i) -cp(i)*x(i+l);
end

For the forward sweep, we have 4 multiplications (divisjoasd two additions (subtractions) for each row. The
backward sweep creates one additional addition and migHipdn per row. The total number of additions is then
3(N — 1); the total number of multiplications (N — 1) 4+ 2 which becomesN — 6 floating-point operations.

In the case of hyper-dual numbers, one hyper-dual additianstates to 4 floating-point operations and one
multiplication translates to 9 floating-point operatiofitius the total operation count for a hyper-dual tridiagonal
solver using the Thomas algorithm4s 3(N —1) +9- (5(N — 1) +2) = 57N — 39 which is approximately seven
times the operation count of a real-number solve.
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