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Answers in Brief (for the impatient)
3.1 a) N,;M, is a Kraus operator for the identity superoperator 7.
b) MIM,, =37, MININ.M, =3 (N.M,)'N.M,

= (Za AZVAGN)]‘ = Pyyul'
c¢) (b) implies M, x M, for each u,v, so the Kraus decomposition has
only one term and is hence unitary.

3.2 N* - N?
3.3 a) mfjﬁﬂ = 107185 (fast)

b) S _hw — 10=31g (really fast)

mw2z? kgT —

3.4 a) No:x/l—%l,le\/gdg

2—2p _ i p
2—p 0 € 2—p
_ p 1 i [l=p :
b) U= = 7 © 7 h ,  1s free.
P =L e [lop
4-2p /2 2—p
_ TP _ /%P
C) No— 1—71,]\71— 70’3

d) Ticcon = elscars
3.5 a) P [(1—=p)P1, (1 —p)Ps, Ps]

b) P [\/T=pPi,/T=pPs, Ps+ p(1 — P3)]
3.6 a) X =-LX.V-X; XX 1) = X(Xe T2,0); X=(), ")
(1-e~T)
1 « « . . . ozle_m/2
b) p...(t) = %( (s 1) { 11| 2) ) in time-varying (Ia2€_m/2§)
basis.

Off-diagonal terms decay at a rate proportional to e~lon—azl* 5t



3.1 Invertibility of Superoperators

a) Let M be a superoperator and suppose M has a superoperator left inverse
such that Ao M = Z. By the Kraus Representation Theorem, M and N have
operator-sum representations:

M(p) = Y MupM]
u
> NupN]

> MM, =) NIN,=1.
u a

Moreover, the operator-sum representation for their composition is express-
ible in terms of the operators Ryq,; = NoMy:
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However, since N’ o M = Z, the operators Ry,,; must also be the Kraus
operators for the identity superoperator, which has the trivial representation
Z(p) = 1p1t. Since the most general ambiguity of the Kraus operators is a
rotation by a unitary matrix, it follows that N,M, = A,,1, where A, is an
element of a unitary matrix and 3 |Aqu |” = 1 by normalization of the columns
of the unitary matrix.

b) By insertion of the identity " NIN, = 1 and the relation N.M, = A1
from part (a), we obtain the desired result:

MIM, = > MININ,M,

a
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(Z /\ZV/\GN)]‘

= 71/#1'

¢) From part (b) we know that M{M,, = v,,,1. It suffices to show that this
implies that all the M operators are proportional to one another, since then
the Kraus decomposition has only one term, which by normalization must be
unitary.

Because we are only considering nonzero operators, we know that v, # 0.
Thus

det MLMM = dety,,1
det ML detM, = (’yw)
(det M,)"detM, # 0
detM, # 0

Therefore each of the M, must be invertible and in particular we find
i _
MuMu = 'ywl
t -1
M, = 7.,M,.

From this 1t follows that all the M operators are proportional to one another:

MIM, = 7,1
M,MIM, = 7,,M,
M, ('YVVM;l)MM = Pyl/uMV
M, = 1M,

Yow

3.2 How Many Superoperators?

We saw in class that there are three equivalent ways of stating that $ is a
superoperator:
1.) $ takes density matrices to density matrices.

2.) $ is a completely positive linear map which preserves the hermiticity and
trace of its arguments.

3.) $ has an operator-sum representation.



One should be able to count the number of degrees of freedom for $ using
any one of these pictures. I shall only outline approaches using pictures (1) and
(3) here. In each of the approaches I take p to be an N x N density operator
which completely describes a mixed state (i.e. an ensemble of pure states) in a
Hilbert space of dimension N.

The density matrix p is a unit-trace Hermitian matrix and therefore has
N? — 1 free parameters. However it is wrong to think of § as just a “jumbling-
up” of these parameters. The basis for p is actually N2-dimensional, and p may

be written as p = % (1 +a- X), where the A; are N2 — 1 linearly independent
basis matrices. Written this way, we see that $ is free to not only “jumble-

up” the A matrices by changing @, but also can map the identity to a linear
combination of 1 and A:

$(41) =14 (1+BX) for some 3.

The number of free parameters in this counting is then (N2 — 1) ’ parameters
for the mapping of Xand N2 -1 parameters for the affine shift of 1, resulting
in a total count of (N2 — 1)2 + N? - 1= N*— N? real parameters.

If you are not convinced about the existence of the affine shift, see how the
origin of the Bloch sphere shifts under the action of the amplitude-damping
channel in problem 5b.

Since $ has an operator-sum representation, we may write it as

$(p) =) M,pM],

1

where each M, € GL(N,C) has 2N? real parameters. There are N? linearly
independent matrices in GL(N,C), which means that, prima facie, § has at
most 2?2 (NZ) = N*? real parameters.

The M, matrices must also satisfy the normalization condition

> MM, =1.
u

This only imposes N? additional constraints since the Hermitian conjugate
of this equation is identical. Finally, we saw in class that the most general
ambiguity in the specification of the M, matrices is a unitary reshuffling of the
operators:

M, —-U.M,

Since there are at most N? M, matrices, U,, € U (NZ) has N* real param-
eters. Therefore we find that $ has at most 2N* — N2 — N* = N* — N? real
parameters.

In either counting, we find that $ has at most N* — N? real parameters.



3.3 How Fast is Decoherence?
a) The equation of motion for a damped simple harmonic oscillator is
mi + bi +w?z = 0.

For small damping we expect the mean energy of the oscillator to decay
exponentially:

(E(1)) = Ege™w".

Thus the amplitude of the oscillations should decay like e~ !, From classi-
cal mechanics or elsewhere, we recall that the quality factor for small damping

is defined as
Total Energy
= 2
@ i (Energy loss/period)

w

(b/m)’

In class we found that decoherence is well-modeled by the phase-damping
channel. From the master equation for this channel, we discovered that the
off-diagonal terms of the density matrix in the coherent-state basis decay as

—Lin—m|?
Pram() = pm(0)e™ 27

where I' 1s the scattering rate for a single particle in the oscillator with
its environment. This form for the decay suggests that we interpret I' as the
coefficient of an effective radiative damping force with a quality factor

w
Q:f'

The time it takes for a system to decohere is, to order-of-magnitude, the
time it takes for its off-diagonal terms to decay to 1/e of their original values:

2

tgeecoh = —5 -
eco F|n_m|2

The cat state we are given in the problem is not expressed in the coherent-
state basis. However, for a highly localized Gaussian wave packet, we expect
the eigenstate of the annihilation operator to be roughly proportional to the
eigenstate of the Z operator:



We therefore expect the exponent of the off-diagonal density matrix elements
to be on the order of:

2 2
-mf? = 22 (=)
2mwe

h

We now have all the ingredients to calculate the decoherence time for the
pendulum:

2
'|n—m|?
2Qh
w (2mwe?)

Qh

mw?x?

10910734 J ¢~1
10-3 kg - 1872104 m?

tdecoh

= 107"%s
b) At zero temperature, all energy levels of the oscillator were coupled to
the ground state of the environment. At finite temperature, n = % states of

the environment are available for coupling. Thus, to order-of-magnitude, the
decay rate is n times faster. The time for decoherence should correspondingly
diminish by this factor:

hw
tdecoh(T) = ﬁtdecoh(o)
10734 J g1 . 1571
— 1 —18
0-®JRT 100K 08

= 1073 s

The moral: Decoherence is fast! It is one of the fastest physical processes
we know of to date.

3.4 Phase Damping

a) By inspection we see that Mg, My, and My depend only on two linearly
independent matrices (1 and e3), which suggests that an operator-sum repre-
sentation using only two Kraus operators is possible. (In fact any time a set
of Kraus operators depends on n linearly independent matrices we can find a
representation with n operators.)

Let’s see explicitly how the M operators act on a general density matrix p:

p — MopM} + M;pM! + M,y pM]

= (1=p)p+5(L+aa)p(l+0s)+ 5 (1-0aa)p(1-0)
= (1 — g) p+ gagpag.



This form suggests we take

N, = 1/1-%1
L.
2 3

as our Kraus operators for the channel. Indeed, Ny and Ny satisfy NBNO +

Ny

NJ{Nl =1, and hence are properly normalized as well.

b) The relation M, = U,,N, results in the following set of equations for

the components of U,,:
o (B o )
ﬂ(l +o3) = Uy (Hl) + Uty (ﬂoﬁ)
o (T 8) e )

Matching terms using the linear independence of 1 and o3 yields:
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Upo = /322 U =0

2—p

— P - /1
Uio = 1—2p Un = \/;
_ P _ 1
Uso = /3255 U2z1=—4/3

All we have left to do is unitarily complete the matrix U by requiring that
all the rows and columns of U be orthonormal to one another:
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|U00|2-|-|U01|2-|-|U02|2 1= Up=¢

|U10|2+|U11|2+|U12|2 = 1:>U12:eiw

|U20|2+|U21|2+|U22|2 12U22:6iw

N | =] ro| =] B
I‘II‘I I =
=i =

U \Ups + U Urs + UsUss = 0=V =0=p=14
UgoUps + UggUia 4+ UsgUss = 0 == ¢ = ¢

There are no remaining constraints, so there 1s an overall phase ambiguity
(N3 = 0 can’t have a well-defined phase!):

2—2p _eie [ p
2—p 2—p

_ p i [l=p
U= I—2p € —p



¢) The Kraus operators for a channel having a unitary representation Usg
are defined to be:

My, = (ug|Uar [0p)
where the |u), are orthogonal states of the environment. We can form
an orthonormal basis for the environment out of {|0) 5, |vo) g, [71) g} in several

ways. Applying the Gram-Schmidt process to this set is one method, but instead
I shall choose a basis which captures the symmetry between |vq) 5 and |y,) g

) = ‘“—ji (o) % 1))

(Fl£) =1
= |O‘i|2 (Ix{yoly1)) =1
1
= a4 = m

Relative to this basis, the Kraus operators are

My = {(0g|Uag|0g)
= 1-pl1
Mi = (xp|Uae|0g)

P (11(1—5) 0 )
1+(1—¢) 0 +(1+(1—¢))

- (g L )

These do not look like phase-damping channel operators, but we could rotate
them into three operators which do. Better yet, we can rotate the operators
into two operators which look like phase damping operators. As in part (a), we
examine the action of these operators on a general p to find these two operators:

p — MopM}+ M pML + M_pME

2—¢ €
= (1—p)p+l¥p+%03p03
£ £
- (1-5) 0 Lo
£
Ng = ,/1—%1
£
N1 = %0'3

oo



In this form it is manifest that these Kraus operators are for a phase-damping
channel having probability ¢p of decohering with its environment. Note that as
¢ — 1 we recover the phase damping channel of part (a), and as ¢ — 0 the
phase damping vanishes because the state of A no longer induces conditional
dynamics on how the environment scatters from it.

d) If the channel in (¢) describes a single photon scattering, we have T'seq¢ =
pAt. But decoherence only occurs when the environment can distinguish the
scattering outcomes, 80 ['g.cop, = epAt. Therefore we find that:

Liceon = €l'scart-

3.5 Decoherence on the Bloch Sphere

a) Under the action of the phase-damping channel, p = % (1 +P. 6") evolves
as: (using the M, operators from problem 3.4)

p — MopM} + M;pM! + M,y pM]
= (1=pp+5(A+os)p(l+os)+ 5 (1-0o5)p(l—03)

[(1—£+£)1+(1—£—§)I3~&+pP303]
[1 +(1-p) P 6"—|—pP30'3]
= FA+(A=-p)P, (1=-p)P2, P3)]

Thus we see that the action of the phase-damping channel is to contract the
Bloch sphere to a prolate spheroid about the z—axis. The preferential treatment
of the z—direction indicates that the phase-damping channel acts in a preferred
basis.

b) Under the action of the amplitude-damping channel, p evolves as:

p — MopM! 4+ M, pM!

(1+7-7) ( \31‘9 8)]

(0 ) ) (5 4]
)
U e Al | G|



+1 0 \/ﬁ 1—|—P3 P1 ZP2 0 0
2 0 0 P 4+iP 1- P vp 0
( 1—|—P —|—p pPg P1 iPZ'\/ )
V(1 =p)(PL+iPy) 1—P3—P+pP3

[1+ (\/1 PP, /1= pPy, Ps+p(1— Pg)) .&]

Thus we see that the action of the amplitude-damping channel is to contract
the Bloch sphere into an oblate spheroid about the z—axis and shift it upwards.

¢) Under the action of the “two-Pauli” channel, p evolves as:
p — MopM} + M;pM! + MypM]

= (1—p)p+§0'1p0'1+§0'3P0'3

1 5 1 -
= -npt b (1o (Fed) o) + 5 (1400 (P 6) )|
1= 15
(1- )p-l—g 1--P . G+Pio— =P &+Psos
272 2
1 = — g
3 [(1 —p+p) I+ -p-—p) P cr+pP~0—ponz]
1 —
5 (L =p)Pr, (L =2p) P2, (1 = p)P3) - 5]

Thus we see that the action of the two-Pauli channel is to contract the Bloch
sphere into an oblate spheroid about the y—axis for p < % and to an inverted
prolate spheroid about the y—axis for p > %

3.6 Decoherence of the damned oscillator

a) Consider the time derivative of X:
X = Tr [pl(t)eAaTe_A*a]

1 1 .
rTr [(apIaT — §aTapI — §pIaTa) eral > a]

To simplify this expression, we wish to bring the second two terms in the
trace into the same form as the first one (in an attempt to cancel them as best
as possible). We may do this by using the cyclic property of the trace and the
commutation relations for the annihilation and creation operators:

[a,aT] =1
|:a’e>\aT:| = [aa] ai‘r (e,\a‘r) — yeral
[e‘k*a,aT] = 68_31 (e_xfa) [a,aT] = _MeMa,

10



Applying these manipulations to X we find:

X

1 1 «
I Tr [(apIaT — 580 (al =A%) — 3 (a+ ) pIaT) erale=A a]
r « .
= 3 Tr [/\*pIeAaTae_A a— /\pIaTeAaTe_A a]

We may pull the extra annihilation an creation operators back into the ex-
ponentials by use of the derivatives

LR
%ekaT — afera
so that we obtain a PDE for X:
£ g e e () g ()
_ _g /\*%Tr [p[e)\aTe—)\*a] _ g /\%Tr [p[e)\aTe—)\*a]
L)

I have been somewhat cavalier here in commuting the operations of differen-
tiation and trace. For the present purposes I shall assume all relevant functions
are uniformly continuous so that this commutation is allowed.

If we use the chain rule, we may rewrite this as a linear PDE:

P O S
=72\ g Tama )

For this linear PDE, it is natural to assume that the solution depends only
linearly upon its arguments:

X=X (alnX" +3In X +41).

Substituting this ansatz into the PDE, we find that the coefficients are re-
lated:

'y:—g(a—l—ﬁ).

This relation gives us the scaling law we seek:

X (X,t) - X (aln/\*—l—ﬁln/\— g(a—i—ﬁ)t)

X (a In \e™ 2! + B1n /\e_%t)

- X (X',o)

11
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A (X, F,t) = Xe~ 3t

b) Before beginning, T should mention that this cat is not only not normal
in the everyday sense, but also in the Born interpretation sense as well. To
properly normalize the cat, we need “bra-cat ket-cat” to be unity:

jcat) = %(Im) + o))

YR

5~ (o far) + (a1 Jaz) +{as |ar) + (a2 Jaz)) = 1

(cat |eat)

Rather than going further into the details of normalizing the cat at this
point, which would be distracting, I shall simply note that there should be a
normalization factor in front of the cat.

The results of part (a) tell us how to relate a trace of the cat and an operator
at time ¢ to the trace at time ¢ = 0. However, the operator in the trace
is the “displacement” operator (see, e.g. Peres) D) = e e=A"a which takes
one coherent state to another. Since any observable for the oscillator may be
expanded in these shift operators, knowing how the action of the shift operators
on the cat evolves with time completely specifies the time evolution of the cat.

More specifically, part (a) tells us that:

Tr [|eat(0)) (cat(0)|e>‘laT6_>‘l*a] =Tr [pr(t)e™ e

In general, p,..(t) does not have to be a pure state (in fact we will find it
won’t be), but for the time being let us imagine that it is. This enables us to
turn the traces into expectation values. Aided by the inner product between
coherent states

(a]8) = e B=(lal?+181%)/2
— o~ s(lal?+8* ~2Re(a” 8)) ;i Im(a" §)

— - ila=pl® ilm(a"p)

we find that
(cat(t)] ghalg—A"a leat(t)) = {cat(0)] eAale=Aa leat(0))
ekat(t)_k*al(t)_i_ e()\oz’{—)\*al)e_m/Q_i_
6>\a;(t)_>\*a2(t)+ B e(AOz;—A*Ozg)e_Ft/2+
<a1(t) |a2(t)> ekal(t)—k az(t)_|_ <a1 |a2> e(ka’{—k*cw)e_“”_i_

(as(t) Jay(t)) Ao () =ATau(t) e(Aa;_k*al)e_m/Q

(a2 fe)

These terms could almost be brought into agreement by assuming time evo-
lution takes pure states into pure states, but this causes the off-diagonal terms

12



to mismatch:

vy 2) ‘Oél,ze_n/2>

Aaf —A*a al,Ze_Ft/2> — 6()\0/1’)2—)\*ozl,Q)e_Ft/2

[ [

Oz1,26_rt/2>
—I't
<Oz1726_rt/2 ‘azyle_rt/2> = <Oz2 |Oz1>€ ;é <Oé2 |a1>

To correct for this off-diagonal mismatch, we must demand that the off-
diagonal terms of the cat decay more rapidly than the diagonal components,
even as the basis for the coherent states is decaying. This leads to the full
mixed-state evolution:

|a1> <a1| — ‘ale—Ft/2> <a16—Ft/2‘
log) (aa| — ‘Oéze_rt/2> <Oé26_rt/2‘
>(1—e—“) ale—Ft/2> <a26—Ft/2‘

aze—Ft/2> <a16—Ft/2‘

lag) (2] = (ay |az

>(1—€_Ft)

lag) (1] = (a2 |ay

Thus our cat evolves into something more diagonal:

IN[? 1 (o Jaz)17¢7)
cat(0)) {cat(0 —_ — _rt
O e () 1
2
= % [1 + e~ Flor—a|?(1-eT) (04 cosl21(t) + oy sin 921(t))]

|a1€_m/2>)

where the density matrix above is expressed in the time-varying basis (|a eress)
2

and the rotation angle 02, (t) is defined as 62 (¢) = Im(ajaq)(1 — e 1Y).
If we are only considering the decay of the off-diagonal terms, we may ignore
the phase f21(¢). TFor times t < 1/T', the basis states stay roughly the same:

(1)

|O[1> ;

en () =

o~

and the amplitudes of the off-diagonal terms decay exponentially with time:

_%|a1—a2|2(1—em)

R

. o~ Hlar—aa(1-(1-T1))

—%|oz1—oz2|2

R

(&
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