
Chapter 3 Exercises: SolutionsAndrew Landahl12/12/97Answers in Brief (for the impatient)3.1 a) NaM� is a Kraus operator for the identity superoperator I.b) My�M� =PaMy�NyaNaM� =Pa(NaM�)yNaM�= (Pa ��a��a�)1 = 
��1:c) (b) implies M� / M� for each �; �; so the Kraus decomposition hasonly one term and is hence unitary.3.2 N4 �N23.3 a) Q�hm!2x2 = 10�18 s (fast)b) Q�hm!2x2 �h!kBT = 10�31 s (really fast)3.4 a) N0 =p1� p21; N1 =pp2�3b) U = 0BBB@ q2�2p2�p 0 �ei'q p2�pq p4�2p 1p2 ei'q1�p2�pq p4�2p �1p2 ei'q1�p2�p 1CCCA ; ' is free.c) N0 =p1� "p2 1; N1 =p "p2 �3d) �decoh = "�scatt3.5 a) ~P 7! [(1� p)P1; (1� p)P2; P3]b) ~P 7! [p1� pP1;p1� pP2; P3 + p(1� P3)]c) ~P 7! [(1� p)P1; (1� 2p)P2; (1� p)P3]3.6 a) @tX = ��2~� � r~X; X(~�; t) = X(~�e��t=2; 0); ~� � (�; ��)b) �cat(t) = 12 � 1 h�1 j�2ih�2 j�1i 1 �(1�e��t) in time-varying �j�1e��t=2ij�2e��t=2i�basis.O�-diagonal terms decay at a rate proportional to e�j�1��2j2 �2 t1



3.1 Invertibility of Superoperatorsa) Let M be a superoperator and suppose M has a superoperator left inversesuch that N �M = I. By the Kraus Representation Theorem, M and N haveoperator-sum representations:M(�) = X� M��My�N (�) = Xa Na�NyaX� My�M� =Xa NyaNa = 1:Moreover, the operator-sum representation for their composition is express-ible in terms of the operators Rfa�g = NaM�:Xa� Rfa�g�Ryfa�g = Xa� NaM�� (NaM�)y= Xa� NaM��My�Nya= N �M(�)Xa� Ryfa�gRfa�g = Xa� (NaM�)yNaM�= Xa� My�NyaNaM�= X� My�  Xa NyaNa!M�= 1However, since N �M = I, the operators Rfa�g must also be the Krausoperators for the identity superoperator, which has the trivial representationI(�) = 1�1y: Since the most general ambiguity of the Kraus operators is arotation by a unitary matrix, it follows that NaM� = �a�1, where �a� is anelement of a unitary matrix andPa� j�a�j2= 1 by normalization of the columnsof the unitary matrix.b) By insertion of the identityPaNyaNa = 1 and the relation NaM� = �a�1from part (a), we obtain the desired result:My�M� = Xa My�NyaNaM�= Xa (NaM�)yNaM�2



= (Xa ��a��a�)1= 
��1:c) From part (b) we know that My�M� = 
��1. It su�ces to show that thisimplies that all the M operators are proportional to one another, since thenthe Kraus decomposition has only one term, which by normalization must beunitary.Because we are only considering nonzero operators, we know that 
�� 6= 0:Thus detMy�M� = det 
��1detMy� detM� = �
���n(detM�)� detM� 6= 0detM� 6= 0Therefore each of the M� must be invertible and in particular we �ndMy�M� = 
��1My� = 
��M�1� :From this it follows that all theM operators are proportional to one another:My�M� = 
��1M�My�M� = 
��M�M� �
��M�1� �M� = 
��M�M� = 
��
��M� :3.2 How Many Superoperators?We saw in class that there are three equivalent ways of stating that $ is asuperoperator:1.) $ takes density matrices to density matrices.2.) $ is a completely positive linear map which preserves the hermiticity andtrace of its arguments.3.) $ has an operator-sum representation.3



One should be able to count the number of degrees of freedom for $ usingany one of these pictures. I shall only outline approaches using pictures (1) and(3) here. In each of the approaches I take � to be an N � N density operatorwhich completely describes a mixed state (i.e. an ensemble of pure states) in aHilbert space of dimension N .The density matrix � is a unit-trace Hermitian matrix and therefore hasN2 � 1 free parameters. However it is wrong to think of $ as just a \jumbling-up" of these parameters. The basis for � is actually N2-dimensional, and � maybe written as � = 12 �1+ ~� � ~��, where the �i are N2 � 1 linearly independentbasis matrices. Written this way, we see that $ is free to not only \jumble-up" the � matrices by changing ~�, but also can map the identity to a linearcombination of 1 and ~�:$ �121� = 12 �1+ ~� � ~�� for some ~�:The number of free parameters in this counting is then �N2 � 1�2 parametersfor the mapping of ~� and N2 � 1 parameters for the a�ne shift of 1, resultingin a total count of �N2 � 1�2 +N2 � 1 = N4 � N2 real parameters.If you are not convinced about the existence of the a�ne shift, see how theorigin of the Bloch sphere shifts under the action of the amplitude-dampingchannel in problem 5b.Since $ has an operator-sum representation, we may write it as$(�) =X� M��My�where eachM� 2 GL(N; C) has 2N2 real parameters. There are N2 linearlyindependent matrices in GL(N; C), which means that, prima facie, $ has atmost 2N2 �N2� = N4 real parameters.The M� matrices must also satisfy the normalization conditionX� My�M� = 1:This only imposes N2 additional constraints since the Hermitian conjugateof this equation is identical. Finally, we saw in class that the most generalambiguity in the speci�cation of the M� matrices is a unitary reshu�ing of theoperators: M� ! U��M�Since there are at most N2 M� matrices, U�� 2 U �N2� has N4 real param-eters. Therefore we �nd that $ has at most 2N4 � N2 � N4 = N4 � N2 realparameters.In either counting, we �nd that $ has at most N4 � N2 real parameters.4



3.3 How Fast is Decoherence?a) The equation of motion for a damped simple harmonic oscillator ism�x + b _x+ !2x = 0:For small damping we expect the mean energy of the oscillator to decayexponentially: hE(t)i = E0e� bm t:Thus the amplitude of the oscillations should decay like e� b2m t. From classi-cal mechanics or elsewhere, we recall that the quality factor for small dampingis de�ned as Q = 2�� Total EnergyEnergy loss/period�= !(b=m) :In class we found that decoherence is well-modeled by the phase-dampingchannel. From the master equation for this channel, we discovered that theo�-diagonal terms of the density matrix in the coherent-state basis decay as�nm(t) = �nm(0)e� �2 jn�mj2twhere � is the scattering rate for a single particle in the oscillator withits environment. This form for the decay suggests that we interpret � as thecoe�cient of an e�ective radiative damping force with a quality factorQ = !� :The time it takes for a system to decohere is, to order-of-magnitude, thetime it takes for its o�-diagonal terms to decay to 1=e of their original values:tdecoh = 2� jn�mj2 :The cat state we are given in the problem is not expressed in the coherent-state basis. However, for a highly localized Gaussian wave packet, we expectthe eigenstate of the annihilation operator to be roughly proportional to theeigenstate of the bx operator:ba = rm!2�h �bx� im! bp�hbai = rm!2�h �hbxi � im! hbpi�= rm!2�h x5



We therefore expect the exponent of the o�-diagonal density matrix elementsto be on the order of: jn �mj2 = m!2�h jx� (�x)j2= 2m!x2�hWe now have all the ingredients to calculate the decoherence time for thependulum: tdecoh = 2� jn�mj2= 2Q�h! (2m!x2)= Q�hm!2x2= 109 � 10�34 J s�110�3 kg � 1 s�2 � 10�4 m2= 10�18 sb) At zero temperature, all energy levels of the oscillator were coupled tothe ground state of the environment. At �nite temperature, n = kT�h! states ofthe environment are available for coupling. Thus, to order-of-magnitude, thedecay rate is n times faster. The time for decoherence should correspondinglydiminish by this factor:tdecoh(T ) = �h!kT tdecoh(0)= 10�34 J s�1 � 1 s�110�23 J K�1 � 102 K � 10�18 s= 10�31 sThe moral: Decoherence is fast! It is one of the fastest physical processeswe know of to date.3.4 Phase Dampinga) By inspection we see that M0, M1, and M2 depend only on two linearlyindependent matrices (1 and �3), which suggests that an operator-sum repre-sentation using only two Kraus operators is possible. (In fact any time a setof Kraus operators depends on n linearly independent matrices we can �nd arepresentation with n operators.)Let's see explicitly how the M operators act on a general density matrix �:� ! M0�My0 +M1�My1 +M2�My2= (1� p) � + p4 (1+ �3) � (1+ �3) + p4 (1� �3) � (1� �3)= �1� p2�� + p2�3��3: 6



This form suggests we takeN0 = r1� p21N1 = rp2�3as our Kraus operators for the channel. Indeed, N0 and N1 satisfy Ny0N0+Ny1N1 = 1, and hence are properly normalized as well.b) The relation M� = U�aNa results in the following set of equations forthe components of U�a:p1� p1 = U00�r1� p21�+ U01�rp2�3�rp4 (1+ �3) = U10�r1� p21�+ U11�rp2�3�rp4 (1� �3) = U20�r1� p21�+ U21�rp2�3�Matching terms using the linear independence of 1 and �3 yields:U00 =q2�2p2�p U01 = 0U10 =q p4�2p U11 =q12U20 =q p4�2p U21 = �q12All we have left to do is unitarily complete the matrix U by requiring thatall the rows and columns of U be orthonormal to one another:jU00j2 + jU01j2 + jU02j2 = 1 =) U02 = ei�r p2� pjU10j2 + jU11j2 + jU12j2 = 1 =) U12 = ei'r1� p2� pjU20j2 + jU21j2 + jU22j2 = 1 =) U22 = ei r1� p2� pU�01U02 + U�11U12 + U�21U22 = 0 =) ei('� ) = 0) ' =  U�00U02 + U�10U12 + U�20U22 = 0 =) ei� = ei'There are no remaining constraints, so there is an overall phase ambiguity(N2 = 0 can't have a well-de�ned phase!):U = 0BBB@ q2�2p2�p 0 �ei'q p2�pq p4�2p q12 ei'q1�p2�pq p4�2p �q12 ei'q1�p2�p 1CCCA7



c) The Kraus operators for a channel having a unitary representation UAEare de�ned to be: M� � h�E jUAE j0Eiwhere the j�iE are orthogonal states of the environment. We can forman orthonormal basis for the environment out of fj0iE ; j
0iE ; j
1iEg in severalways. Applying the Gram-Schmidt process to this set is one method, but insteadI shall choose a basis which captures the symmetry between j
0iE and j
1iE :j�iE = ��p2 (j
0iE � j
1iE)h� j�i = 1) j��j2 (1� h
0 j
1i) = 1) �� =s 11� (1� ")Relative to this basis, the Kraus operators areM0 = h0E jUAE j0Ei= p1� p1M� = h�E jUAE j0Ei= r p1� (1� ") � 1� (1� ") 00 � (1� (1� ")) �= pp (1� (1� "))� 1 00 �1 �These do not look like phase-damping channel operators, but we could rotatethem into three operators which do. Better yet, we can rotate the operatorsinto two operators which look like phase damping operators. As in part (a), weexamine the action of these operators on a general � to �nd these two operators:� ! M0�My0 +M+�My+ +M��My�= (1� p) � + p (2� ")2 � + p"2 �3��3= �1� p"2 � �+ p"2 �3��3N0 = r1� p"2 1N1 = rp"2 �38



In this form it is manifest that these Kraus operators are for a phase-dampingchannel having probability "p of decohering with its environment. Note that as" ! 1 we recover the phase damping channel of part (a), and as " ! 0 thephase damping vanishes because the state of A no longer induces conditionaldynamics on how the environment scatters from it.d) If the channel in (c) describes a single photon scattering, we have �scatt =p�t. But decoherence only occurs when the environment can distinguish thescattering outcomes, so �decoh = "p�t. Therefore we �nd that:�decoh = "�scatt:3.5 Decoherence on the Bloch Spherea) Under the action of the phase-damping channel, � = 12 �1+ ~P � ~�� evolvesas: (using the M� operators from problem 3.4)� ! M0�My0 +M1�My1 +M2�My2= (1� p) � + p4 (1+ �3) � (1+ �3) + p4 (1� �3) � (1� �3)= �1� p2�� + p2�3��3= �1� p2�� + p2 �12 �1+ �3 �~P � ~���3��= �1� p2�� + p2 �12 �1� ~P � ~�+2P3�3��= 12 h�1� p2 + p2�1+ �1� p2 � p2� ~P � ~�+pP3�3i= 12 h1+ (1� p) ~P � ~�+pP3�3i= 12 [1+ ((1� p)P1; (1� p)P2; P3)]Thus we see that the action of the phase-damping channel is to contract theBloch sphere to a prolate spheroid about the z{axis. The preferential treatmentof the z{direction indicates that the phase-damping channel acts in a preferredbasis.b) Under the action of the amplitude-damping channel, � evolves as:� ! M0�My0 +M1�My1= 12 �� 1 00 p1� p ��1+ ~P � ~��� 1 00 p1� p ��+12 �� 0 pp0 0 ��1+ ~P � ~��� 0 0pp 0 ��= 12 �� 1 00 p1� p �� 1 + P3 P1 � iP2P1 + iP2 1� P3 �� 1 00 p1� p ��9



+12 �� 0 pp0 0 �� 1 + P3 P1 � iP2P1 + iP2 1� P3 �� 0 0pp 0 ��= 12 � 1 + P3 + p� pP3 P1 � iP2p(1� p)p(1� p) (P1 + iP2) 1� P3 � p+ pP3 �= 12 h1+ �p1� pP1; p1� pP2; P3 + p(1� P3)� � ~�iThus we see that the action of the amplitude-damping channel is to contractthe Bloch sphere into an oblate spheroid about the z{axis and shift it upwards.c) Under the action of the \two-Pauli" channel, � evolves as:� ! M0�My0 +M1�My1 +M2�My2= (1� p) �+ p2�1��1 + p2�3��3= (1� p) �+ p2 �12 �1+ �1 �~P � ~���1�+ 12 �1+ �3 �~P � ~���3��= (1� p) �+ p2 �1�12 ~P � ~�+P1�1 � 12 ~P � ~�+P3�3�= 12 h(1� p+ p)1+ (1� p� p) ~P � ~�+p~P �~��pP2�2i= 12 [1+((1 � p)P1; (1� 2p)P2; (1� p)P3) � ~�]Thus we see that the action of the two-Pauli channel is to contract the Blochsphere into an oblate spheroid about the y{axis for p < 12 and to an invertedprolate spheroid about the y{axis for p > 12 .3.6 Decoherence of the damned oscillatora) Consider the time derivative of X:_X = Tr h _�I(t)e�aye���ai= � Tr ��a�Iay � 12aya�I � 12�Iaya� e�aye���a�To simplify this expression, we wish to bring the second two terms in thetrace into the same form as the �rst one (in an attempt to cancel them as bestas possible). We may do this by using the cyclic property of the trace and thecommutation relations for the annihilation and creation operators:�a; ay� = 1ha;e�ayi = �a; ay� @@ay �e�ay� = �e�ayhe���a; ayi = @@a �e���a��a; ay� = ���e���a:10



Applying these manipulations to _X we �nd:_X = � Tr ��a�Iay � 12a�I �ay � ���� 12 (a + �) �Iay� e�aye���a�= �2 Tr h���Ie�ayae���a � ��Iaye�aye���aiWe may pull the extra annihilation an creation operators back into the ex-ponentials by use of the derivatives@@�� e���a = �ae���a@@�e�ay = aye�ayso that we obtain a PDE for X:_X = ��2 Tr ����Ie�ay @@�� �e���a�+ ��I @@� �e�ay� e���a�= ��2 �� @@��Tr h�Ie�aye���ai� �2 � @@�Tr h�Ie�aye���ai= ��2 � �� @X@�� + �@X@� � :I have been somewhat cavalier here in commuting the operations of di�eren-tiation and trace. For the present purposes I shall assume all relevant functionsare uniformly continuous so that this commutation is allowed.If we use the chain rule, we may rewrite this as a linear PDE:_X = ��2 � @X@ ln�� + @X@ ln�� :For this linear PDE, it is natural to assume that the solution depends onlylinearly upon its arguments:X = X (� ln�� + � ln�+ 
t) :Substituting this ansatz into the PDE, we �nd that the coe�cients are re-lated: 
 = ��2 (�+ �) :This relation gives us the scaling law we seek:X �~�; t� = X �� ln�� + � ln�� �2 (�+ �) t�= X �� ln��e� �2 t + � ln�e� �2 t�= X �~�0; 0�11



~�0 �~�;�; t� = ~�e��2 tb) Before beginning, I should mention that this cat is not only not normalin the everyday sense, but also in the Born interpretation sense as well. Toproperly normalize the cat, we need \bra-cat ket-cat" to be unity:jcati = Np2 (j�1i+ j�2i)hcat jcati = jN j22 (h�1 j�1i + h�1 j�2i+ h�2 j�1i+ h�2 j�2i) = 1Rather than going further into the details of normalizing the cat at thispoint, which would be distracting, I shall simply note that there should be anormalization factor in front of the cat.The results of part (a) tell us how to relate a trace of the cat and an operatorat time t to the trace at time t = 0. However, the operator in the traceis the \displacement" operator (see, e.g. Peres) D� = e�aye���a which takesone coherent state to another. Since any observable for the oscillator may beexpanded in these shift operators, knowing how the action of the shift operatorson the cat evolves with time completely speci�es the time evolution of the cat.More speci�cally, part (a) tells us that:Tr hjcat(0)i hcat(0)j e�0aye��0�ai = Tr h�cat(t)e�aye���aiIn general, �cat(t) does not have to be a pure state (in fact we will �nd itwon't be), but for the time being let us imagine that it is. This enables us toturn the traces into expectation values. Aided by the inner product betweencoherent states h� j�i = e����(j�j2+j�j2)=2= e� 12 (j�j2+j�j2�2Re(���))ei Im(���)= e� 12 j���j2ei Im(���)we �nd thathcat(t)j e�aye���a jcat(t)i = hcat(0)j e�0aye��0�a jcat(0)i0BB@ e���1(t)����1(t)+e���2(t)����2(t)+h�1(t) j�2(t)i e���1 (t)����2(t)+h�2(t) j�1(t)i e���2(t)����1(t) 1CCA = 0BBB@ e(���1����1)e��t=2+e(���2����2)e��t=2+h�1 j�2i e(���1����2)e��t=2+h�2 j�1i e(���2����1)e��t=2 1CCCA :These terms could almost be brought into agreement by assuming time evo-lution takes pure states into pure states, but this causes the o�-diagonal terms12



to mismatch: j�1;2i 7! ����1;2e��t=2Ee�aye���a ����1;2e��t=2E = e(���1;2����1;2)e��t=2 ����1;2e��t=2ED�1;2e��t=2 ����2;1e��t=2E = h�2 j�1ie��t 6= h�2 j�1iTo correct for this o�-diagonal mismatch, we must demand that the o�-diagonal terms of the cat decay more rapidly than the diagonal components,even as the basis for the coherent states is decaying. This leads to the fullmixed-state evolution:j�1i h�1j 7! ����1e��t=2E D�1e��t=2���j�2i h�2j 7! ����2e��t=2E D�2e��t=2���j�1i h�2j 7! h�1 j�2i(1�e��t) ����1e��t=2E D�2e��t=2���j�2i h�1j 7! h�2 j�1i(1�e��t) ����2e��t=2E D�1e��t=2���Thus our cat evolves into something more diagonal:jcat(0)i hcat(0)j 7! jN j22  1 h�1 j�2i(1�e��t)h�2 j�1i(1�e��t) 1 != jN j22 h1+ e� 12 j�1��2j2(1�e�t) (�x cos �21(t) + �y sin �21(t))iwhere the density matrix above is expressed in the time-varying basis �j�1e��t=2ij�2e��t=2i�and the rotation angle �21(t) is de�ned as �21(t) = Im(��2�1)(1� e��t).If we are only considering the decay of the o�-diagonal terms, we may ignorethe phase �21(t). For times t� 1=�, the basis states stay roughly the same:j�1(t)i �= �����1�1� �t2 ���= j�1i ;and the amplitudes of the o�-diagonal terms decay exponentially with time:e� 12 j�1��2j2(1�e�t) �= e� 12 j�1��2 j2(1�(1��t))�= e��t2 j�1��2j213


