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We study experimentally a system comprised of linear chains of spin-1/2 nuclei that provides a test bed for
multibody dynamics and quantum-information processing. This system is a paradigm for a class of quantum-
information processing devices that can perform particular tasks even without universal control of the whole
quantum system. We investigate the extent of control achievable on the system with current experimental
apparatus and methods to gain information on the system state, when full tomography is not possible and in
any case highly inefficient.
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I. INTRODUCTION

The dynamics and control of complex quantum many-
body systems has elicited renewed interest within the field of
quantum-information science. Not only is there a need to
improve coherent control of an increasing number of qubits
to build a scalable quantum computer, but also new task-
oriented devices �such as quantum-information transport,
quantum cloning and simulation devices� constitute a new
paradigm for quantum-information processing �QIP�, in
which even a partial control over the system is enough to
accomplish the desired task. Of course, even for these de-
vices a precise knowledge of their dynamics is an indispens-
able ingredient, thus spurring new investigations and the de-
velopment of new tools for coherent control.

Here we study a physical system that presents a simpler
quantum dynamics because of its one-dimensional �1D� ge-
ometry, while still retaining the full complexity of many-
body dynamics. The system is a single crystal of fluorapatite
�FAp�, where we focus on the spin degrees of freedom of the
fluorine-19 nuclei. This spin system has already been studied
in the nuclear magnetic resonance �NMR� literature and pro-
posed for quantum computation.

The goals of this study are to investigate the extent of our
control of the system when the control Hamiltonians can
only act collectively on all the spins and to devise methods
for extracting information from the system when state to-
mography is not only inefficient, but also impossible because
we can only detect the collective magnetization. We do not
consider here issues of decoherence mechanisms and rates,
relying on the long coherence times of nuclear spins for per-
forming all experiments in the coherent regime. Decoherence
properties of quantum many-body systems are, however, a
very important area of study �1–3�, and preliminary results
regarding the system under investigation have already been
presented �4�.

In Sec. II we first show how we can push the limits of our
control when preparing a particular initial state, which is of
interest for some tasks such as quantum-information transfer
and quantum simulations �5�. Starting from the thermal equi-
librium state, we will show how to create a state where only
the two spins at the ends of the chain are polarized, while all
other spins are in the identity state. Also, this state is a first

step toward showing universal control of the system, as it has
been proved that collective control of a qubit chain plus con-
trol of the spins at the chain ends is enough for universal
control of the system �6,7�. In Sec. III we present the char-
acteristics of the physical system and the experimental appa-
ratus as well as the first indications that we successfully pre-
pared the desired state. We then explain in Sec. IV how we
can extract enough information from the detection of the
collective magnetization to verify the creation of this desired
initial state. The measurement is preceded by evolution un-
der a propagator engineered to let emerge the many-body
properties of the system. We use the technique of multiple
quantum coherence �MQC� �8� as a way to perform a partial
tomography of the system and gain further information on its
state. In particular, we take advantage of the lower dimen-
sionality of the system, which makes possible an analytical
description of the evolution. We finally present experimental
results in good agreement with the theoretical predictions,
thus proving the preparation of the desired state.

II. SELECTING THE SPINS AT THE EXTREMITIES OF
THE LINEAR CHAIN

There has been recently a remarkable interest in linear
chains of spins �9–13�, as well as their simulation through
atomic lattices �14�. The physical system we are interested in
�a crystal of fluorapatite� can be modeled by a linear chain of
spin-1/2 particles of a size �N�10� such that many-body
properties emerge. The system is put at room temperature in
a large magnetic field and is addressed through radio-
frequency �rf� pulses. The internal Hamiltonian of the system
in a frame rotating at the larmor frequency is given by the
secular part of the dipolar Hamiltonian

Hdip = �
ij

bij��z
i�z

j −
1

2
��x

i �x
j + �y

i �y
j �� , �1�

while external control is provided by the rf Hamiltonian

Hrf = �rf�t��
i

��x
i cos ��t� + �y

i sin ��t�� . �2�

The control is therefore collective; that is, we can only
address all the spins in the chain together: This limitation
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precludes universal control on the system. A recent scheme
for QIP �6,7� showed, however, that adding to the collective
control the ability to manipulate the spins at the chain ends
enables universal quantum computation. A step toward
achieving universal control would be to demonstrate at least
a partial addressability of an individual spin. To prove the
extent of our control of the system, we set up to prepare a
particular quantum state, in which only the spins at the ex-
tremities of the chain are polarized: �0=1+���z

1+�z
N� �notice

that this highly mixed state emerges from an ensemble aver-
age over many chains that are here considered as indepen-
dent and equivalent systems�. This state not only proves that
we can break the internal symmetry of the system, but is also
a useful state, for example, for quantum-information trans-
port �15�.

The spins at the extremities of the chain only have one
nearest neighbor to which they are strongly coupled. This
implies a different dynamics under the internal dipolar
Hamiltonian with respect to the other spins. Taking advan-
tage of this fact and complementing unitary control with in-
coherent control �16� will allow us to reach the desired state
with a high enough fidelity.

The spin system is initially at equilibrium, in the thermal
state; in the high-field, high-temperature limit this can be
very well approximated by the state �eq=�k=1

N �z
k �notice that

we ignore the large component proportional to the identity
since it does not evolve or contribute to the signal�. By ro-
tating the thermal equilibrium state to the transverse plane
��t=0+�=�k=1

N �x
k, the state is no longer an eigenstate of the

internal Hamiltonian and will therefore evolve. This evolu-
tion is usually recorded in the NMR free induction decay
�FID�. It is known that the apparent decay of the magnetiza-
tion masks a complex dynamics �17�, where nondetectable
many-body states are created from single-body magnetiza-
tion terms by dipolar Hamiltonian couplings. Due to the
fewer number of couplings to other spins, the first and last
spins have a slower dynamics �apparent decay� at short time.
�If we approximate the evolution of the polarization of each
single spin by a Gaussian decay, the decay rate is �2 times
smaller than for all the other spins.� It is thus possible to
select a particular time t1 at which, while the state of these
two spins is still mainly �x, all the other spins have evolved
to more complex multibody states. From the commutator ex-
pansions of the unitary evolution, we can calculate the ap-
proximate coefficients of the polarization ��x

k� terms for each
spin as a function of time and therefore select the time at
which �x

k	0, ∀ k�1,N, while 44% of the polarization of
the first and last spins is still conserved �since we are inter-
ested in the short-time regime, an expansion to the eighth
order gives an excellent approximation�. Except for very
short chains �three to four spins�, the polarization of all spins
k�2 is almost equal after this very short evolution and the
optimal time is nearly independent of the number of spins in
the chain, therefore allowing us to choose the time t1 even
without knowing the precise �average� number of spins in a
chain.

A second 	 /2 pulse will bring the magnetization of spins
1 and N to the longitudinal �z� axis, so that the density matrix
describing the system can be written as ��t1�=
��z

1+�z
N�

+��. To select only the first two terms, which are the desired
state, we can recur to a phase cycling scheme that selects
only terms that commute with the total magnetization along z
��k=1

N �z
k� such as population terms. Unfortunately, we have

not found a solution that also cancels out the zero-quantum
terms �that is, components of the density matrix with total
magnetic quantum number�0�. Even with this limitation, the
fidelity with the desired state is about 70% as calculated in
simulations; the larger errors are given by residual polariza-
tion on spins 2 and N−1 as well as correlated states of the
form �z

i��+
i−1�−

i+1+�−
i−1�+

i+1�.

III. EXPERIMENTAL SETUP

We performed experiments on a 300-MHz Bruker Avance
Spectrometer, with a homebuilt probe tuned to 282.4 MHz
for the observation of fluorine spins. The sample was a single
crystal of fluorapatite �Ca5�PO4�3F�. Apatites, either hy-
droxyapatites or fluorine-containing apatites �18,19�, have
been studied in NMR experiments because of their particular
geometry �20,21� and have also been proposed as a system to
implement QIP �22�. The fluorapatite crystallizes in the
hexagonal-dipyramidal crystal system, with cell dimensions
a=9.367 Å and c=6.884 Å and two formula units per cell.
The fluorine spins are arranged on linear chains along the c
direction, with distance between two atoms d=3.442 Å, and
six adjacent parallel chains at the distance D=9.367 Å. Since
the dipolar couplings decrease with the cube of the distance
between spins, the spin system can be considered a quasi-1D
system. In particular, by orienting the c axis of the crystal
along the z direction, the ratio of the cross-chain to in-chain
dipolar coupling is

b�

bin
=

1

2

d3

D3 	 0.0248. �3�

Although this crystal has a very good purity, as testified
by long relaxation times �T1
200 s�, the chains are inter-
rupted by defects and vacancies, which limit their length. If
we consider the short-time evolution only, the spins of dif-
ferent chains do not interact and behave as independent sys-
tems, while if we let the system evolve for a time long com-
pared to the cross-chain interactions, the approximation of
independent systems will fail. We will include the effects of
other chains and the distribution in chain length into the
environmental decoherence and only consider a single chain
as the system of interest.

We applied the pulse sequence presented in the previous
section:

�	

2
�




− t1 − �	

2
�


̄

, �4�

where the pulse axis 
 was phase cycled through y and x to
cancel the nonzero-quantum terms. The optimal time t1 for
the dipolar coupling strength of fluorapatite �about 8 kHz for
nearest-neighbor spins in chains aligned with the external
magnetic field� is given by t1=30.5 s.

In order to assess qualitatively the results of this se-
quence, we measured a spectrum of the system, after the
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preparation of the desired initial state, and compared it to the
thermal equilibrium spectrum �see Fig. 1�. In particular, it is
important to observe the state at short time, when the effects
of the desired initial state should be stronger; the solid echo
technique �23� was thus used, to avoid the dead time im-
posed by the electronics and the pulse ring-down �24�. While
this kind of measurement does not give a definite answer to
the question whether the polarization has been concentrated
on the extremities only, the qualitative differences in the
spectra measured are encouraging. In particular, we observe
that resolution of the three peaks observed in the thermal
state is much better �we obtain narrower lines� as expected
from a state in which fewer couplings are available, and
while the spectrum of the thermal state presents the charac-
teristic of a triplet �18,19� �the ratios of the integrated peak
intensities are 1:0.65:1.02� as expected for one spin coupling
strongly to two equivalent spins �as is the case if we consider
nearest neighbors only�, the spectrum for our state is closer
to a doublet �with integrated peak ratios 1:0.11:1.15�, reflect-
ing the fact that the spins at the chain extremities interact
strongly with only one spin.

IV. MULTIPLE QUANTUM COHERENCE AS A STATE
MEASUREMENT TOOL

Since the detection of magnetic resonance restricts the
observables to the collective transverse magnetization, it is
not possible to reconstruct the state of the system by
quantum-state tomography �25�. To assess the efficiency of
the state preparation scheme, we thus need a readout scheme
that reveals the signature of the particular initial state pre-
pared. By studying a more complex dynamics than the free
induction decay, we can obtain more accurate insight into the
state created. In particular, a sensitive probe of the dynamics
of a correlated many-spin system is the creation and evolu-
tion of quantum coherences.

A. Fermion operator solution to MQC dynamics

Quantum coherence refers to a state of a physical system
where the phase differences among the various constituents
of the wave function can lead to interferences. In particular,
quantum coherences often refer to a many-body system,
whose parties interact and therefore show a correlation, a
well-defined phase relationship. In NMR, coherences be-
tween two or more spins are usually called multiple-quantum
coherences. When the system is quantized along the z axis,
so that the Zeeman magnetic moment along z is a good quan-
tum number, a quantum coherence of order n is defined as
the transition between two states �m1 and �m2, such that the
difference of the magnetic moment along z of these states is
n: m1−m2�n. Multiple-quantum coherences of order n usu-
ally describe states like �m2�m1�, or elements in the density
matrix that correspond to a transition between these two
states �26,27�. The state �m2�m1� is also called a coherence
of order n. Diagonal density matrix terms are called popula-
tions and do not properly describe a coherence.

The observation of multiple-quantum coherences in NMR
started in the mid-1970s, as a method for unraveling com-
plex spectra, by filtering transitions based on the coherence
order involved �27�. More recently, these states have been
studied with respect to their decay time and effects of deco-
herence on them �1,4�, because of their connection to en-
tangled states. Multiple-quantum coherences are also the ba-
sis of proposed schemes for the full characterization of
complex many-spin states �28�: identifying the different co-
herence orders occurring in a state is the first step toward
quantum-state tomography.

Coherences can be created by the interplay of rf pulses
and free evolution periods, during which interactions among
spins occur. Multiple-pulse sequences create Hamiltonians
that can raise the coherence order of the system. One widely
used sequence �8,29�, for example, creates the double-
quantum Hamiltonian

HDQ = �
i,j

bij

2
��i

x� j
x − �i

y� j
y� = �

i,j
bij��i

+� j
+ + �i

−� j
−� , �5�

which raises the coherence orders in steps of 2 �thus, starting
from the thermal state, only even coherence order will be
created�. The growth of coherence orders has been the matter
of many investigations �17,30�, because of its relationship to
the system’s geometrical structure. Because of its complex-
ity, only stochastic models, based on the probability of occu-
pation of different coherent states, and semiclassical models
like the hopping model are available to describe this dynam-
ics. If we restrict the evolution to one-dimensional systems,
the growth of coherence is slowed down by the fewer cou-
plings among spins; if we further assume that only nearest-
neighbor couplings are present �and all equal to b�, the evo-
lution under the double-quantum Hamiltonian turns out to be
exactly solvable �31,32�. Experimentally, the nearest-
neighbor �NN� approximation is accurate for short times,
while for longer times, weaker couplings start to produce
appreciable corrections.

The most important characteristic of 1D MQC experi-
ments are the oscillations between zero- and double-quantum
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ωωωω (kHz)(kHz)(kHz)(kHz)

FIG. 1. �Color online� Comparison of the spectra when the po-
larization is retained by all spins in the chain �dashed line� and for
the excitation of the extremities only �solid line�. The full width at
half maximum is 	19 kHz and the distance between peaks
	8 kHz. The experimental data were obtained with sequence �4�
and a solid echo readout. The wait time t1 was t1=0.5 s for the
all-spin spectrum and 30.5 s for the chain-end excitation. A small
Teflon signal �from the tuning capacitors� can be seen in the end-
of-chain signal in the 10–20 kHz region.
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coherences at short times. It is this restriction of the acces-
sible Hilbert space �which is exact at any time in the NN
approximation� that makes the problem analytically trac-
table. As we will show in this section, these oscillations turn
out to be a signature of the initial state, so that they can help
us confirm experimentally the preparation of the initial state
desired. For comparison, we derive analytically �and then
measure experimentally� not only the MQC intensities for
the desired state �e�0�=�z

1+�z
N, but also for the thermal equi-

librium state ��0�=� j=1
N �z

j.
The analytical result is obtained by mapping the spin sys-

tem to spinless fermion operators �see the Appendix�:

cj = − �
k=1

j−1

��z
k�� j

−. �6�

The diagonalization of the double-quantum Hamiltonian
�31–33� is accomplished by a Bogoliubov canonical transfor-
mation to the operators dk �34�:

cj =
1

�N + 1
�
k=1

N

sin��j���kdk + d−k
† �, � =

	k

N + 1
, �7�

where �k�sgn�k�. The DQ Hamiltonian is then diagonalized
to

HDQ = − 2b�
k=1

N

cos ��dk
†dk + d−k

† d−k − 1� . �8�

We now express the two initial states in terms of Bogo-
liubov operators dk. The thermal state has a particularly com-
pact expression. Using first the spin-to-fermion mapping, we
have

��0� =
1

2�
j=1

N

� j
z = �

j=1

N �1

2
− cj

†cj� �9a�

=
N

2 �
k=1

N

�dkd−k − dk
†d−k

† � , �9b�

where in writing Eq. �9b� we used orthogonality relation-
ships for trigonometric functions �see Eqs. �A12� and �A13�
in the Appendix�.

Consider now the initial state �e�0�= 1
2 ��1

z +�N
z �. Because

we are not summing over all spins, it is no longer possible to
use the orthogonality relationships. This results in more
cumbersome double sums

�e�0� =
1

2
��1

z + �N
z � = 1 − �c1

†c1 + cN
† cN� �10a�

=1 −
1

N + 1�
k,h

Skh��kdk
† + d−k���hdh + d−h

† � ,

�10b�

where to simplify the notation we set Skh=sin���sin���
+sin�N��sin�N��.

The system evolves under the double-quantum Hamil-
tonian with a dynamics described by the propagator U�t�

=exp�2ib�k cos ��dk
†dk+d−k

† d−k��. We now define the eigen-
phases �k=2bt cos �. The thermal-state evolution is easily
calculated to be

��t� =
1

2�
k=1

N

�dkd−ke
2i�k − dk

†d−k
† e−2i�k� . �11�

In order to separate contributions from different coher-
ence orders, we transform back to fermion operators. To sim-
plify the calculations, we use the operators ak= ��kdk

+d−k
† � /�2, which represent the same coherence order as the

cj’s operators �the dk operators correspond instead to differ-
ent coherence orders, since they are combinations of lower-
ing and raising operators�. With some algebraic manipula-
tions, we have

�12�

The intensities Jn of each nth quantum coherence as mea-
sured in the MQC experiment is given by
Tr��UDQ��0�UDQ

† ��n��UDQ��zUDQ
† ��−n��. Notice that the con-

tribution of population terms to the zero-quantum signal can-
not be distinguished experimentally and will be therefore
included in both the analytical and experimental results.
Since in this case ��0�=��z, we have Jn=Tr���n���−n��. We
evaluate the trace of the fermion operators ak and ak

† in their
corresponding occupational number representation, so that
only terms like ak

†ak are diagonal and contribute to the trace
�see Eqs. �A16� and �A17� in the Appendix�. The normalized
MQC intensities for zero and double quanta are finally given
by: 1

J0 =
1

N
�

k

cos2�4bt cos k� , �13a�

J2 =
1

2N
�

k

sin2�4bt cos k� . �13b�

The evolution of the polarization on the extremities of the
chain is

�e�t� = 1 −
1

N + 1 �
k,h=1

N

Skh�dk
†e−i�k + d−ke

i�k�

��dhei�h + d−h
† e−i�h� . �14�

Again, we transform to fermion operators to distinguish con-
tributions from different coherence orders:

1Notice the discrepancy with the result in �31� which is due to
incorrect boundary conditions. We confirmed our results with nu-
merical calculations for short chains.
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�15�

As expected, also starting from the noncollective initial state
only zero- and double-quantum coherences are developed
�taking into account nearest-neighbor couplings only�.

The zero-quantum contribution to the signal is J0
e

=Tr��e
�0���0�� �with ��0��t� from Eq. �12��:

J0
e = − �

k

cos �kTr�ak
†ak −

1

2
�

+
1

�N + 1� �k,h,l
Skh cos �l cos��k + �h�Tr�ak

†ahal
†al�

+
1

�N + 1��k,l
Skk cos �l sin �k

2 Tr�ak
†ak −

1

2
� . �16�

Using the trace and trigonometric identities in the Appendix,
we find the normalized zero-quantum intensity

J0
e =

2

�N + 1��k

sin2���cos2�4bt cos �� . �17�

The double-quantum intensity J2
e is given by

J2
e = Tr��e

�2���−2�� =
1

�N + 1� �k,h,l
Skh sin �l

�
1

2
sin��k + �h�Tr�ah

†a−k
† ala−l� , �18�

which yields

J2
e =

1

�N + 1��k

sin2���sin2�4bt cos �� . �19�

These more complex expressions lead to a very different
behavior of the coherence intensities as shown in Fig. 2, so
that it is possible to distinguish even experimentally what the
initial condition of the system was.

B. Experimental results

We applied the pulse sequence �4� followed by a MQC-
experiment sequence. In particular, we used the 16-pulse se-
quence �29� �except for the three shorter time values, where
the 8-pulse sequence was used �8�� and a phase cycling with
increments of �=2	 /8 to select up to the fourth coherence
order, by repeating the experiment 16 times.

The time delay between pulses in the MQC sequence was
varied from 2 to 6.5 s, to increase the excitation time, as
well as the number of repetitions of the sequence itself �one
or two loops�, so that the evolution of the quantum coher-
ences were studied between the times of 37.6 and 354.4 s.

We compare the results obtained with the evolution for the
thermal equilibrium as initial state. In order to take into ac-
count the effects of imperfections in the pulse sequence, we
applied the pulse sequence as in �4� also to obtain the ther-
mal state, with a very short t1 time �t1=0.5 s�. In Fig. 3 we
show the dynamics of the zero- and double-quantum inten-
sities, normalized to have sum�1 to take into account the
signal decay for longer excitation times. We notice that the
four-quantum coherence intensity is not distinguishable from
the noise, indicating that the time scale is short enough for
the nearest-neighbor approximation to be valid to a good
extent �remember that the NN approximation predicts that
only zero- and double-quantum coherences are excited�.

The experimental results for the MQC oscillations starting
from the thermal state have been fitted to the theoretical
curve �13� for a single chain with nearest-neighbor couplings
only. The dipolar strength and the number of spins were the
fitting parameters. The results of this fitting were used to plot
the theoretical curve for the chain-end initial state �Eqs. �17�
and �19��. The concordance of the theoretical predictions
with the experimental data is very good, even if the state
created contains residual zero-quantum terms.

The best fitting of the experimental data in Fig. 3 to �13�
was found for a chain length of 11 spins. This result must be
taken with caution, since the chain length influences only the
long-time behavior of the MQC intensities, where other fac-
tors not taken into account in the simple analytical model
start to play an important role. In particular, the experimental
results for the chain ends indicate that there are either longer
chains or a distribution of short chains, with an odd and even
number of spins. Although the reason for the best fit at 11
spins could be simply due to a distribution of spin chains
around a mean of 11 spins, the low impurity content of the
crystal studied is not in agreement with this finding. We be-
lieve that a more plausible reason is the breakdown of the

0.050.050.050.05 0.100.100.100.10 0.150.150.150.15 0.200.200.200.20 0.250.250.250.25 0.300.300.300.30 0.350.350.350.35

0. 10. 10. 10. 1

0. 20. 20. 20. 2

0. 30. 30. 30. 3

0. 40. 40. 40. 4

0. 50. 50. 50. 5

0. 60. 60. 60. 6

0. 70. 70. 70. 7

0. 80. 80. 80. 8

MQC excitation time (ms)MQC excitation time (ms)MQC excitation time (ms)MQC excitation time (ms)

Ends of chain stateEnds of chain stateEnds of chain stateEnds of chain state

Equilibrium stateEquilibrium stateEquilibrium stateEquilibrium state

10 spins10 spins10 spins10 spins 11 spins11 spins11 spins11 spins

Zero-quantumZero-quantumZero-quantumZero-quantum

Double-quantumDouble-quantumDouble-quantumDouble-quantum

FIG. 2. �Color online� Zero- and double-quantum intensities as a
function of the evolution time under the double-quantum Hamil-
tonian. Nearest-neighbor couplings only are assumed, with equal
strength as given by the fitting to experimental data �see Fig. 3�. In
particular notice the clear differences in the behavior for the two
initial states. Also the even-odd spin number dependence of the
MQC intensities is interesting: while this tends to go to zero for
large number of spins in the collective initial-state case, this differ-
ence is observed even for very large number of spins for the other
initial state.
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model of isolated nearest-neighbor coupled spin chains.
Even if next-nearest-neighbor couplings and couplings to ad-
jacent chains are not strong enough yet to create four-
quantum coherences, they still modify the intensities of the
zero- and double-quantum coherences. Further experiments
would be needed to distinguish between these hypotheses.

V. CONCLUSIONS

We have studied a naturally occurring physical system, a
single crystal of FAp that presents linear chains of spin-1/2
particles. Since the physical characteristics of the system and
the experimental apparatus do not provide universal control
of the quantum spin system, we propose to use this system
not as a candidate quantum computer, but as a specific task-
oriented QIP device—for example, for quantum-state trans-

port or simulations. In particular, we have devised a scheme,
combining unitary and nonunitary control, for creating a par-
ticular state that breaks the natural symmetry of the system.
This state will allow us to study properties of state transport
along the chain as well as being an interesting initial state for
simulations. Furthermore, preparation of this state is a first
step toward universal control of the system, since full control
of the spins at the chain ends �in addition to collective con-
trol over all other spins� ensures universality.

In addition, we have investigated a tool for acquiring a
deeper knowledge of the state and dynamics of the system,
given the limitations in the readout procedures. Multiple-
quantum coherences allow us to gather more information on
the multibody aspects of the system than simple direct ob-
servation of the collective polarization. In particular, we used
analytical solutions in the limit of nearest-neighbor couplings
to interpret the experimental results which confirm the prepa-
ration of the desired state.

In conclusion, we have shown how even a quantum sys-
tem without universal control can be used to study physical
problems of interest in condensed-matter theory and
quantum-information science.
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APPENDIX: FERMION OPERATORS

Spin operators of the Pauli group can be mapped to fer-
mion operators, obeying the well-known anticommutation
relationships. This mapping is useful in describing the dy-
namics of various 1D models, since some Hamiltonians can
then be diagonalized analytically. In the following we de-
scribe a particular mapping that is suited for describing the
creation of MQC.

A mapping from spin to fermion operators goes back to
Jordan and Wigner �35�, who first transformed quantum spin
S=1/2 operators, which commute at different lattice sites,
into operators obeying a Clifford algebra �fermions�. This
transformation was used to map the one-dimensional Ising
model onto a spinless fermion model, which is exactly solv-
able. The Jordan-Wigner transformation has been recently
generalized to the cases of arbitrary spin S �36,37� and to 2D
spin systems �38�.

Given a set of spin-1
2 operators � j


, each defined at a lat-
tice site j, they obey the commutation relationship

�� j

,�k

�� = � j,ki� j
�, �A1�

where �
 ,� ,��= �x ,y ,z� and cyclic permutations of these in-
dices. The raising and lowering operators � j

±= �� j
x± i� j

y� /2
obey mixed commutation and anticommutation relationships,
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FIG. 3. �Color online� Experimental results. Top: the initial state
is the collective thermal state �k�z

k. The experimental points have
been fitted �solid line� to the theoretical curves for nearest-neighbor
coupling only, with the dipolar coupling as fitting parameter. The
number of spins was varied to find the best fit, which results in
being N=11 spins. Bottom: MQC intensities for the initial state
�0=�z

1+�z
N. Also plotted are the theory predictions for the same

dipolar coupling and 11 spins �solid line� or 10 spins �dotted line�.
The experimental behavior observed �a constant behavior also for
longer time� indicates that a simple model with 11 spin chains is not
an accurate description at longer times �see text�.
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which are not preserved under a unitary transformation. To
diagonalize the spin Hamiltonian we must thus use the
Jordan-Wigner transformations to map these operators onto
fermion operators cj and cj

†, obeying the canonical anticom-
mutation relationships

�cj
†,ck� = � j,k, �cj,ck� = �cj

†,ck
†� = 0, �A2�

where we adopted the notation �· , · � for anticommutators. A
basis for the Hilbert space of these operators is given by the
occupation number representation �n= �n1 ,n2 , . . . ,nN, where
nj = �0,1� is the occupation number at site j. The state �n can
be obtained from the vacuum state by

�n � �
j

�cj
†�nj�vac . �A3�

Then, the action of the fermion operators on such states is
given by

cj�n = �0, if nj = 0,

− �− 1�sj
n
�n� , otherwise,

�A4�

where �n� is the vector resulting when the jth entry of �n is
changed to 0 and sj

n=�k=1
j−1nk. Analogously,

cj
†�n = �0, if nj = 1,

− �− 1�sj
n
�n� , otherwise,

�A5�

where �n� is the vector resulting when the jth entry of �n is
changed to 1.

The mapping from spin to fermion operators can be ex-
pressed in several ways, the most intuitive being based on
identifying every basis vector �n in the occupation number
representation basis to the corresponding �n basis vector in
the computational basis for the spin operator Hilbert space.
Imposing this one-to-one correspondence on basis states and
taking into account the respective actions of spin and fer-
mion operators on their basis vectors, one obtains the map-
ping

cj = − �
k=1

j−1

�k
z� j

−, � j
− = − �

k=1

j−1

�1 − 2ck
†ck�cj ,

cj
† = − �

k=1

j−1

�k
z� j

+, � j
+ = − �

k=1

j−1

�1 − 2ck
†ck�cj

†. �A6�

Notice also that � j
z=1−2cj

†cj.
Consider now the double-quantum Hamiltonian with

equal couplings restricted to the nearest-neighbor spins:

HDQ = b�
j=1

N

� j
+� j+1

+ + � j
−� j+1

− . �A7�

We can express it in terms of the fermion operators as

HDQ = b�
j=1

N

�
l=1

j

�1 − 2cl
†cl�cj+1

† �
l=1

j−1

�1 − 2cl
†cl�cj

† + H.c.

= − b�
j=1

N

cj+1
† cj

† + cjcj+1 = C†B̂C , �A8�

where we introduced the vector C†= �c†c� and the matrix B̂:

B̂ = � 0 B

− B 0
�, B = − b��i,j+1 − �i,j−1� . �A9�

Notice that even if the mapping to fermion operators is non-
local, this quadratic Hamiltonian is mapped onto a local
Hamiltonian when one considers only nearest-neighbor cou-

plings. The matrix B̂ is orthogonal and can therefore be put
into diagonal form, with eigenvalues cos� 	k

N+1
�, k

=1,2 , . . . ,N, and eigenvectors D†= �d†d�. The diagonaliza-
tion is a canonical unitary �orthogonal� transformation �a Bo-
goliubov transformation� to a diagonal basis satisfying the
same anticommutation relationships �33�. To simplify the di-
agonalization we need to introduce also the negative modes
operators dk and correspondingly the fermion operators cj
�with j�0�, by extending the sum in �A8� from −N to N.

We can express the fermion operators cj in terms of the
Bogoliubov operators dk by the following orthogonal
relationship:

cj =
1

�N + 1
�
k=1

N

sin��j���kdk + d−k
† �, � =

	k

N + 1
,

�A10�

where �k=sgn�k�, ensuring the transformation is orthogonal
�this transformation is obtained by imposing the condition
that the resulting DQ Hamiltonian be diagonal�. Substituting
expression �A10� into Eq. �A8� we have

HDQ = − b �
k,h=1

N

���kdk + d−k
† ���hdh + d−h

† � + H.c.�

�
1

N + 1 �
j=−N

N

sin��j�sin���j + 1�� �A11�

�with �=	h / �N+1��. By using the orthogonality relation-
ships

1

N + 1 �
j=−N

N

sin�kj�sin�hj� = ��k,h − �k,−h� �A12�

and

�
j=−N

N

sin�kj�cos�hj� = 0, �A13�

we can simplify the Hamiltonian �A11�:
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HDQ = − 2b�
k=1

N

cos ��dk
†dk + d−k

† d−k − 1� . �A14�

We note that under this diagonal Hamiltonian, the operators
dk evolve as dk�t�=e−iHDQtdke

iHDQt=e−2ib cos �dk.
For convenience, we introduce also fermion operators ak,

which are useful in expressing the density matrix:

ak = ��kdk + d−k
† �/�2. �A15�

The following identities for the trace of fermion operators
have been used in the text to calculate the zero- and double-
quantum intensities:

Tr�ak
†ak� = 2N−1,

Tr�ah
†ahak�

† ak�� = �2N−2 for k � k�,

2N−1 for k = k�,
�A16�

Tr�ah
†a−k

† a−k�ah�� = �2N−2 for k = k�,h = h�,

− 2N−2 for k = − h�,h = − k�,

0 otherwise.

�A17�
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