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S. Hernández-Gómez,1, 2, 3 S. Gherardini,1, 3, 4 N. Staudenmaier,1, 2, ∗ F. Poggiali,1, 2, † M.

Campisi,5, 2, 6 A. Trombettoni,4, 7 F. S. Cataliotti,1, 3 P. Cappellaro,8 and N. Fabbri1, 3, ‡

1European Laboratory for Non-linear Spectroscopy (LENS),
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Engineered dynamical maps that combine not only coherent, but also unital and dissipative
transformations of quantum states, have demonstrated a number of technological applications, and
promise to be a beneficial tool also in quantum thermodynamic processes. Here, we exploit control
of a spin qutrit to investigate energy exchange fluctuations of an open quantum system. The
qutrit engineer dynamics can be understood as an autonomous feedback process, where random
measurement events condition the subsequent dissipative evolution. To analyze this dynamical
process, we introduce a generalization of the Sagawa-Ueda-Tasaki relation for dissipative dynamics
and verify it experimentally. Not only we characterize the efficacy of the autonomous feedback
protocol, but also find that the characteristic function of energy variations G(η) becomes insensitive
to the process details at a single specific value of its argument. This allows us to demonstrate that a
fluctuation theorem of the Jarzynski type holds for this general dissipative feedback dynamics, while
previous relations were limited to unital dynamics. Moreover, in addition to the feedback efficacy,
we find a witness of unitality associated with the fixed point of the dynamics.

I. INTRODUCTION

The interaction of a quantum system with its envi-
ronment has often a detrimental effect, inducing deco-
herence and information losses [1]. However, a proper
control and design of the system-environment coupling
via the combination of coherent and non-unitary opera-
tions is a fundamental resource for quantum information
processing [2, 3], quantum simulation [4], quantum sens-
ing [5–7], and quantum thermodynamics [8–10]. Dissipa-
tive operations—achieved e.g. by means of optical pump-
ing, dark states, or through the quantum Zeno effect—
can be used to produce quantum states of interest such as
non-equilibrium steady states, strongly correlated states,
or to prepare and stabilize robust phases and entangle-
ment [11–15]. A relevant feature of dissipative dynamics
is the appearance of stationary states, non necessarily in
thermal equilibrium [16, 17], as a generalization of ther-
malization processes. Moreover, among non-unitary op-
erations, measurement lies at the core of the relationship
between thermodynamics and information. Quantum
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projective measurements contribute as a purely quantum
component to heat exchange [18, 19], and enable feed-
back mechanisms acting on the system dynamics. Feed-
back mechanisms, where information is converted into
usable energy[20, 21] by a so-called Maxwell’s demon [22–
24], play a crucial role in the investigation of quantum
information thermodynamics and may find applications
in information-powered quantum refrigerator or heat en-
gine [25, 26], quantum heat transport [27], quantum com-
putation and error correction [28], and metrology [29].

Information and energy exchanges of an open quantum
system with its environment inherently involve fluctua-
tions. Quantum measurements, randomizing the system
evolution, introduce quantum energy fluctuations, which
impact the observable distribution obtained by averaging
over many quantum trajectories [30, 31]. These fluctu-
ations can drive the quantum system towards novel—
often out-of-equilibrium—dynamical regimes that could
not be otherwise achieved. Quantum fluctuation rela-
tions (QFR) [32, 33] provide a powerful framework to
characterize such energy fluctuations in thermodynamic
processes.

Experimental investigations of quantum fluctuation re-
lations have been recently conducted on different plat-
forms, including single trapped ions [34, 35], NMR sys-
tems [36, 37], atom chip [38], superconducting qubits [39],
Nitrogen-Vacancy (NV) centers in diamond [40], and en-
tangled photon pairs [41]. These studies cover closed
system dynamics [34–36, 38, 39], and certain open dy-
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FIG. 1. (a,b) Scheme of the spin system S in the presence of a green laser. Upon interaction with a laser pulse, the spin is
subject to a quantum measurement (Qm) of Sz, and dissipation (QD) towards the mS = 0 spin projection. This irreversible
dissipation is analogous to put the system in contact with an out-of-equilibrium reservoir R. Since the interaction between
the system and the reservoir is conditioned by the application of a quantum measurement, the dissipation acts as an intrinsic
feedback mechanism. The unitary part of the dynamics is defined by the Hamiltonian H, with eigenstates |Ei〉, i = 1, 2, 3.
(c) Protocol to measure energy conditional probabilities. The stochastic-dissipative map M is a combination of a train of NL

equidistant short laser pulses and a continuous driving under the Hamiltonian H that can be either HNV or Hmw (see text).
The total time of the experiment tfin = NLτ is defined in terms of the number of laser pulses and the time τ between them.
The laser pulse duration tL is negligible with respect to the continuous driving. The gates Gi : |0〉 → |Ei〉 and G−1

j : |Ej〉 → |0〉
enable to prepare and readout the Hamiltonian eigenstates, respectively, by exploiting the optical properties of the NV center.

namics [35, 37, 40, 41] where micro-reversibility may not
be satisfied.

A unified framework to describe energy fluctuations
in quantum systems under controllable feedback mech-
anisms, including non-unitary (even non-unital) opera-
tions, is still missing. Here, we explore this open is-
sue both experimentally and theoretically. We realize
an autonomous dissipative Maxwell demon with a spin
qutrit formed by a Nitrogen-Vacancy (NV) center in dia-
mond at room temperature, and we investigate its purely
quantum (non-Gibbsian) energy fluctuations. The intrin-
sic feedback mechanism acting on a dissipative dynam-
ics is achieved by performing random measurements fol-
lowed by conditioned and tunable optical pumping. The
resulting dynamics generates non-thermal steady states
in the energy basis, independent of the initial state.
We thus set up a formalism that includes both infor-
mation and quantum energy fluctuations for dissipative
Maxwell demons. In the case of conditioned unitary evo-
lutions, the Sagawa-Ueda-Tasaki (SUT) relation estab-
lishes a fundamental connection between the thermody-
namic properties of non-equilibrium quantum processes
and information-theoretic quantities, evaluated by mea-
suring and manipulating the system [22, 42–44]. Our

work generalizes the SUT relation to conditioned dissi-
pative dynamics, verifying it experimentally by measur-
ing the energy change statistics of the spin qutrit. We
also find, both theoretically and experimentally, that the
characteristic function G(η) of energy changes—where η
defines the energy scale—becomes insensitive to the pro-
cess details and time independent, at a single specific
value η∗ of its argument. Thus, an effective Jarzynski-
like fluctuation theorem holds, despite lack of unitality of
the qutrit evolution. Indeed, we find that the very quan-
tity η∗—only dependent on the initial state and the final
steady-state of the qutrit—provides information on the
lack of unitality of the thermodynamic process, similarly
to the efficacy of the feedback mechanism [27, 45, 46].

II. FEEDBACK-CONTROLLED DISSIPATIVE
DYNAMICS

We now describe the intrinsic-feedback dissipative dy-
namics realized with a diamond spin qutrit, and we model
it in terms of a Lindbladian master equation.

The negatively-charged NV center, a quantum defect
comprising a substitutional nitrogen atom next to a va-
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cancy in the diamond lattice, forms an electronic spin
triplet S = 1 in its orbital ground state. The intrin-
sic electron spin-spin interaction separates in energy the
state |mS = 0〉 from the degenerate |mS = ±1〉 (where
|mS〉 are the eigenstates of the spin operator Sz along
the NV symmetry axis z), while an applied magnetic
field B aligned along z removes the degeneracy of the
electronic spin states |±1〉, and leads to the formation
of a three-level system. Each of the three states |mS〉 is
further split into hyperfine sublevels due to coupling to
the NV 14N nuclear spin I = 1 [47], however we restrict
our analysis to the hyperfine subspace with nuclear spin
projection mI = +1, since the other states are depleted
as a part of the initialization procedure and then are out
of resonance in the following experiments, thus not con-
tributing to the spin dynamics.

The spin qutrit is coherently driven by bichromatic
on-resonant microwave radiation, with frequency com-
ponents ω±1. The spin dynamics under the continuous
double driving is described by the Hamiltonian H(t) =
HNV + ω [cos(ω+1t) |+1〉〈0|+ cos(ω−1t) |−1〉〈0|+ h.c.],
where ω is the driving Rabi frequency. When ω vanishes,
this reduces to the intrinsic spin Hamiltonian

HNV = ∆S2
z + γeBSz , (1)

where ∆ ' 2.87 GHz is the zero-field-splitting, and γe is
the NV gyromagnetic ratio. When the microwave driving
is on, with ω±1 = ∆± γeB, in the rotating-wave approx-
imation the spin Hamiltonian simplifies as follows:

Hmw = ωSx. (2)

We performed different experiments while using each of
the two Hamiltonians [Eq. (1) and (2)] to determine the
unitary part of dissipative maps, and the energy basis in
which fluctuations are evaluated.

On top of the unitary evolution, the system is inter-
mittently opened by means of its interaction with a train
of short laser pulses, as illustrated in Fig. 1(a-b). Al-
though laser pulses are equidistant, photon absorption
events follow a binomial random distribution in time,
due to the finite photon absorption probability (pa < 1).
While a long laser pulse would produce a complete op-
tical pumping in the |0〉 state [48], the interaction with
a short laser pulse—as used here—can be simply mod-
eled as follows: If photons are not absorbed, the state
of the system is unperturbed; if a photon is absorbed,
the system is subjected to a projective measurement in
the Sz-basis [49] accompanied by optical pumping of the
spin towards the state |mS = 0〉. In other words, the op-
tical pumping induces irreversible dissipation on the spin
system. Thus, the interaction between the three-level
system (3LS) and a short laser pulse can be described by
a positive operator-valued measure (POVM) followed by
a dissipation operator conditioned on the POVM result.

The combined effect of unitary evolution, POVMs, and
dissipation result in a quantum dissipative map M that
involves an intrinsic feedback mechanism. The feedback-
controlled dissipative mapM, applied to the spin qutrit,

can be decomposed as a sequence of blocks, each rep-
resenting the unitary evolution U ≡ e−iτH followed by
the interaction of the system with a short laser pulse. In
the superoperator formalism [50], the unitary evolution
of a given density matrix ρ is described as col[UρU†] =
U col[ρ], where col[ρ] denotes the vectorization of ρ, ob-
tained by stacking the columns of ρ to form a ‘column’
vector, and U ≡ exp(−iτ(H⊗13×3−13×3⊗H∗)) with ⊗
representing the Kronecker product. On the other hand,
the interaction with a single short laser pulse of duration
tL transforms a density matrix ρ into A col[ρ], where the
Liouville superoperator A is formally written as

A ≡
4∑
j=1

Djmj . (3)

In Eq. (S4), mj is the j-th (j = 1, . . . , 4) measurement
superoperator associated with the POVM (see Eqs. (A3)
in Appendix A) and Dj is the dissipation operator that
depends on the result of the POVM:

Dj =

{
1119×9, if j = 4

L, otherwise
(4)

where the Lindbladian superoperator L models the irre-
versible optical pumping. More details about this model
are given in Appendix A.

Here, it is worth noting that the action of the dis-
sipation operator is conditioned on the result of the
previously-applied POVM. Thus, this mechanism effec-
tively realizes an autonomous Maxwell demon, whose ac-
tion is defined by the specific photodynamics of the NV
center. Overall, the effect of the feedback-controlled dis-
sipative map M, after NL laser pulses, is thus modeled
asM[ρ]→ BNL col[ρ], where B is the superoperator that
describes a single block of the dynamics

B ≡ AU . (5)

The study of energy variation fluctuations induced by the
map M is the central issue of this article.

III. ENERGY FLUCTUATIONS
MEASUREMENT

We characterize the quantum (non-thermal) energy
fluctuations of the NV spin induced by the dissipative
map M in two independent experiments:

1. Coherent double driving and short laser pulses.
The unitary part of the map M is ruled by the
Hamiltonian Hmw defined in Eq. (2), with eigen-
states |E1〉 = |−ω〉, |E2〉 = |∅〉, and |E3〉 = |+ω〉,
where |±ω〉 ≡ 1

2

(
|−1〉 ±

√
2 |0〉+ |1〉

)
, and |∅〉 ≡

1√
2

(|−1〉 − |1〉).

2. Undriven spin, subject to short laser pulses. The
spin Hamiltonian is HNV with eigenstates |E1〉 =
|0〉, |E2〉 = |−1〉, and |E3〉 = |+1〉.
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The effect of the mapM on the spin energy is charac-
terized by measuring the energy jump probabilities, i.e.,
the conditional probabilities associated with the energy
variation in a given time interval. The protocol used to
measure conditional probabilities, as depicted in Fig. 1(c)
consists in the following steps:

a) Initialize the system into one of the Hamiltonian
eigenstates, say |Ei〉;

b) Evolve the system under the mapM up to time tfin;

c) Read out the probability of the spin to be in the
Hamiltonian eigenstate |Ej〉 at final time tfin;

d) Repeat the procedure for each initial and final
Hamiltonian eigenstates.

A. Spin initialization and readout

The NV spin is initially prepared in the spin qutrit
Hamitonian eigenstate |Ei〉. The starting point of
the initialization is a thermal spin mixture ρ =∑
mS ,mI

|mS ,mI〉〈mS ,mI | within the 9 × 9 space de-
scribed by the hyperfine manifold within orbital ground
state. The quantum gate G0 prepares the hyperfine
state |mS ,mI〉 = |0, 1〉 (see Fig. 1). First, a long laser
pulse populate the hyperfine manifod |0,mI〉 without ini-
tializing the nitrogen nuclear spin due to the relatively
weak magnetic bias field (B ' 100 MHz/γe). This is
followed by electronic (hyperfine-selective) and nuclear
spin operations that deplete the nuclear spin projections
mI = {0,−1}, as described in the Supplemental Mate-
rial at [URL will be inserted by publisher]. Pure electron
spin states in the energy basis (|Ei〉) are then prepared
by applying opportune two-level-system quantum gates
(Gi, in Fig. 1) realized by means of nuclear spin selective
monochromatic microwave pulses resonant with the elec-
tronic transitions |0〉 → |+1〉 or |0〉 → |−1〉 as described
in Appendix B.

After a spin evolution under the dissipative map M,
the spin state readout is performed by exploiting the dif-
ference in the NV center photoluminescence (PL) inten-
sity, among state |0〉 and states |±1〉, upon illumination
with green laser light. To measure the probability of the
spin to be measured in each of the three Hamiltonian
eigenstates |Ej〉 at the end of the protocol, that eigen-
state is projected into the Sz eigenstate |0〉 (quantum
gate G−1

j in Fig. 1), then the PL intensity is recorded.

The description of the gates Gi and G−1
j for each of the

initial and final eigenstates can be found in Appendix B.
Since the readout process is destructive, each experiment
is composed by three different runs, where the probabil-
ity of each of the three eigenstates is recorded. Due to
limited diamond PL collection efficiency and to photon
shot noise, each experiment is repeated ∼ 106 times.

Notice that the duration of each realization of the ex-
periment is much shorter than the nuclear spin lifetime
so that the three-dimensional hyperfine spin subspace is
well defined for the whole experiment duration.

B. Conditional probabilities

The conditional probabilities Pj|i associated with en-
ergy jumps from the initial (|Ei〉) to the final (|Ej〉) eigen-
states are shown in Fig. 2, as a function of the number
of laser pulses NL applied before performing the readout.
The experimental data are shown together with the the-
oretical model of the dynamics, described in Sec. II. The
experimental results show that the conditional probabil-
ities Pj|i tend to a single constant value in the long-time
regime (large NL). In other words, the spin state asymp-
totically approaches a steady state in the energy basis
(SSE) that does not depend on the initial state, thus con-
firming the dissipative nature of the mapM. In the case
of H = HNV [Fig. 2(b)], the asymptotic state is ρ∞NV =∑+1
`=−1 p

∞
` |`〉〈`|, with populations, obtained from the ex-

perimental data, p∞+1 = (−0.01 ± 0.01), p∞0 = (1.01 ±
0.01), and p∞−1 = (0.00 ± 0.01). The protocol is equiva-
lent to an initialization procedure into ρ∞NV = |0〉〈0|. On
the other hand, if H = Hmw [Fig. 2(a)], the asymptotic
state significantly differ from |0〉 = 1√

2
(|+ω〉 − |−ω〉).

Although the interaction with each laser pulse pushes the
system towards |0〉, the unitary evolution modifies the
density operator populations in the Sz basis, thus chang-
ing the SSE at large times. In such case, the asymptotic
state is ρ∞mw =

∑+ω
`=−ω p

∞
` |`〉〈`|, with populations, ob-

tained from the experimental data, p∞+ω = (0.41± 0.01),
p∞∅ = (0.20 ± 0.02), and p∞−ω = (0.40 ± 0.01), as shown
in Fig. 2(a).

C. Energy variation distribution

For an initial thermal state, measuring the conditional
probabilities Pj|i gives access to the statistics of ∆E

P∆E ≡ Prob(∆E) =
∑
i,j

δ(∆E −∆Ej,i)Pj|iPi (6)

where ∆Ej,i ≡ Ej − Ei and Pi is the probability to ob-
tain Ei as a result of the energy measurement of an ini-
tial thermal state. In contrast with the usual two-point
measurement (TPM) protocol [51], where Pi is measured
by performing an energy projective measurement on the
initial state, we initialize the spin into each of the eigen-
states of the Hamiltonian [Sec. III], and we obtain mixed
(equilibrium) states as statistical mixture of the eigen-
states with probabilities Pi as weight factors. Our proto-
col gives equivalent results to a TPM protocol, owing to
the large number of experimental realizations, [40, 52],
while overcoming the difficulties to prepare an initial
thermal state. Moreover, the protocol removes possible
experimental errors inherent in the first energy measure-
ment, and allows to use one single set of measurements
to study different initial states.

Once provided the energy variation distribution P∆E ,
the characteristic function G(η) ≡ 〈eiu∆E〉u=iη of P∆E
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FIG. 2. Probability Pj|i of measuring the state |Ej〉 after applying the map M to the state |Ei〉 as a function of the number
of laser pulses NL, where |Ei〉 and |Ej〉 represent each of the eigenstates of the 3LS Hamiltonian (a) Hmw and (b) HNV. In
both cases, the duration of the laser pulses is tL = 41 ns, and the time between pulses is τ = 424 ns. Each panel corresponds
to a different initial eigenstate: (a) {|+ω〉 , |∅〉 , |−ω〉} and (b) {|+1〉 , |0〉 , |−1〉}. The markers with errorbars represent the
experimental data, and each solid line corresponds to the calculation performed with the theoretical model of the map M, as
described in Sec. II. Experimental error bars are mainly due to photon shot noise.

can be experimentally computed as

G(η) =
∑
i,j

e−η∆Ej,iPj|iPi . (7)

IV. DISSIPATIVE SAGAWA-UEDA-TASAKI
RELATION

In our context, QFR [33] provide a powerful frame-
work to characterize fluctuations of energy by inspect-
ing its characteristic function. The quantum fluctua-
tion relation for dynamics under measurements and feed-
back control, also known as the quantum Sagawa-Ueda-
Tasaki (SUT) relation, was originally proposed for pro-
tocols where specific unitary operations are applied to
the quantum system depending on the outcomes of a se-
quence of projective measurements [42, 43]. Here, we
propose an extension of the quantum SUT relation to
the case in which POVMs are performed instead of pro-
jective measurements, and the dynamics after the mea-
surements are described by completely positive trace-
preserving (CPTP) maps, conditioned on the result of
the POVMs, instead of unitary operators.

The protocol is the following: An n-dimensional quan-
tum system evolves under the Hamiltonian H0; then, a
POVM is performed on the system. The quantum mea-
surement is defined by a set of positive semidefinite op-

erators Π1, ...Πn′ such that
∑n′

k=1 Πk = 1n×n. According
to a feedback mechanism, the measurement outcome k
determines the CPTP map Φk under which the system
continues to evolve. Since Φk is a CPTP map, we can
define the superoperator propagator Φk such that the
evolution of a generic density matrix ρ is described as
col[Φk[ρ]] = Φk col [ρ] [50]. Hence, the complete feed-
back map MΦ transforms the density matrix ρ into

col[MΦ[ρ]] =

n′∑
k=1

ΦkΠkU0 col[ρ], (8)

where U0 = exp(−it(H0⊗1n×n−1n×n⊗H∗0 )) is the su-
peroperator that describes the unitary evolution before
the POVM, and Πk ≡ Πk ⊗ Πk represents the action
of the measurement operators on the quantum system.
As in the original SUT relation, a TPM measurement
scheme is used to characterize the statistics of the en-
ergy variation, by initializing the quantum system in the
thermal state ρth. As a result, the characteristic func-
tion of the energy variation is equal to a parameter γ
that represents the efficacy of the feedback mechanism:

G(β) = γ ≡
n′∑
k=1

Trn×n

[
Π†kΦ

†
k col[ρth

f ]
]
, (9)

where β is the inverse temperature of the initial thermal
state, ρth

f is a thermal state at the final time of the TPM
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protocol, the symbol † denotes conjugate-transpose, and
Trn×n[col[·]] ≡ Tr[·]. The efficacy of a feedback mecha-
nism defines the amount of energy that can be extracted
from the system, depending on the value of γ (see also
Sec. VI). The mathematical proof of Eq. (9) can be found
in Appendix C (see Corrollary 1 ). The proof is based on
the fact that the mapMΦ is itself a CPTP map, meaning
that Eq. (9) is a particular case of the general quantum
fluctuation relation for CPTP maps [43, 45, 53–56]. It
is worth observing that Eq. (9) reduces to the original
quantum SUT relation [42] in the particular case where
the intermediate quantum measurements are projective
and Φk are unitary evolution operators. Moreover, if Φk
are unital CPTP maps, then Φ†k is trace preserving [50],
hence γ = 1 [53, 54] for any time-independent Hamilto-
nian. In contrast, for non-unital maps where microre-
versibility is not satisfied, the value of γ can be different
from 1 and, in general, involves non trace-preserving op-

erators Φ†k.

Equations (8) and (9) refer to a feedback opera-
tion on the quantum system enabled by applying a
single POVM measurement, and they can be simpli-

fied by defining BΦ ≡
∑n′

k=1 ΦkΠk that leads to γ =

Trn×n[B†Φ col[ρth]]. Therefore, extending the protocol to
the scenario where measurements and feedback are ap-
plied repeatedly is quite straightforward: After N rep-

etitions γ = Trn×n[(B†Φ)N col[ρth]]. Expressing γ in
this way significantly simplifies its computation, because
it removes the requirement to calculate every possible
quantum trajectory originated by the system dynamics;
compare for example with Refs. [27, 42]. This advan-
tage may be significant since the number of trajecto-
ries scales exponentially with the number of measure-
ments. In addition, for any CPTP dissipative map,
whereby the system asymptotically reaches the single
SSE col[ρ∞] ≡ limN→∞(BΦ)N col[ρ], for a generic ini-
tial state ρ, we can write the asymptotic value of γ as
(see also Corollary 2 in Appendix C)

γ∞ ≡ lim
t→∞

γ = n〈ρ∞, ρth〉hs (10)

where 〈ρ1, ρ2〉hs ≡ Tr[ρ†1ρ2] denotes the Hilbert-Schmidt
inner product, and n is the dimension of the quantum
system. Remarkably, the quantity in Eq. (10) can be
measured experimentally, even for non-unital maps.

Experimentally, we have studied the non-unital quan-
tum dissipative map M affecting a three level spin sys-
tem, as described in Sec. II. We have independently mea-
sured the characteristic function G(β) and the value of
γ∞. The results are shown in Fig. 3(a-b). The agree-
ment between G(β) and γ∞ represents the experimen-
tal verification of the generalized SUT fluctuation re-
lation [Eq. (9)], in the SSE regime, for an open three-
level system under quantum (non-thermalizing) dissipa-
tive dynamics conditioned by POVM quantum measure-
ments. Let us observe that the theoretical model of the
mapM [Sec. II] allows us to calculate the efficacy γ also

in the transient regime, as

γ = Tr3×3

[
(B†)NL col[ρth]

]
(11)

with B defined in Eq. (5). Here, it is worth noting that

the ‘backwards’ superoperator B† is not trace preserving,
a clear sign of the non-reversibility associated with the
dissipative process [27]. In the transient regime, the val-
ues of γ [Eq. (11)] were compared with the experimental
values of the characteristic function G(β), as a function
of the number of laser pulses. As shown in Fig. 3(a-b),
there is an excellent agreement between the two quanti-
ties. This leads us to conclude that the dynamics of the
system is very well described by an autonomous feedback
mechanism.

In the specific case of H = HNV, where the Hamilto-
nian commutes with the POVM operators and with the
dissipative operator, we can derive an analytic expression
for the efficacy γ defined in Eq. (11) as

γ = µNL + 3(1− µNL)eβF (12)

where F ≡ −β−1 lnZ is the initial free energy of the sys-
tem, with Z ≡

∑1
k=−1 e

−βEi , and µ ≡ 1 − pdpa ∈ [0, 1]
defines the probability for the system to not be sub-
jected to feedback. We also recall that pa denotes the
laser pulse absorption probability, and pd ≡ (1 − e−tLΓ)
is the dissipation probability for the interaction with a
single laser pulse (see appendix A). The mathematical
proof of Eq. (12) is given in the Supplemental Material
at [URL will be inserted by publisher]. As one would
expect, γ = 1 if pa = 0 (closed quantum system), or in
case of pure projective measurements without dissipation
e−tLΓ = 1 (no feedback). In addition, since Z < 3 for
β 6= 0, Eq. (12) implies that γ > 1. Hence, if H = HNV,
energy extraction from the system is always possible for
the open dynamical case with feedback. As final remark,
notice that γ in Eq. (12) is defined in terms of macro-
scopic quantities – it does not depend on the trajectories
followed by the system. In the inset of Fig. 3(b), we show
the behavior of the asymptotic value of γ∞ = 3eβF ob-
tained from Eq. (12) in the SSE regime, as a function of
the inverse initial temperature β. This result is in agree-
ment with Eq. (10) for the asymptotic state ρ∞NV = |0〉〈0|.

V. FLUCTUATION RELATION FOR
STATIONARY STEADY STATES

While classical fluctuation relations remarkably con-
nect out-of-equilibrium quantities to equilibrium proper-
ties of the system [32], in QFR the characteristic function
often depend on the details of the process [33]. In this
section, we investigate the conditions under which the
characteristic function of energy G(η) is constant, and
thus independent of the system dynamics in the tran-
sient regime. Specifically, we aim at finding the values of
an energy scale factor η∗ that allows the equality

G(η∗) = 1 (13)
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FIG. 3. Energy variation statistics in terms of the number of laser pulses for a 3LS under the stochastic-dissipative map M.
(a,c) The continuous coherent driving of the 3LS is defined by the Hamiltonian Hmw and the value of the inverse temperature of
the initial state is β = 3/E+ω. (b,d) Same as (a,c) but for a Hamiltonian HNV, and an inverse temperature of the initial state
β = 0.297/E+1. (a,b) Experimental verification of the generalized quantum Sagawa-Ueda-Tasaki relation (9). Blue circles
represent the measured values of the characteristic function G(β), the black continuous line denotes the theoretical estimation
of γ [Eq. (11)], and the green area marks the experimental value of γ∞ [Eq. (10)]. Inset: Asymptotic value of γ as a function
of the initial inverse temperature β. The blue cross is associated with the value of β used for the experimental data in (b).
(c,d) Experimental verification of the fluctuation relation G(η∗) = 1. The values of η∗ ' 2.838/E+ω (c), and η∗ = 0 (d), for
which this QFR is satisfied are extracted using the algebraic relation formally discussed in Supplemental Material at [URL will
be inserted by publisher]. Inset: η∗−β as a function of β, in the case of H = Hmw, showing that the relation between η∗ and β
is not linear. The blue cross is associated with the value of β used for the experimental data in (c). Notice that, for H = HNV

the only solution is the trivial one η∗ = 0, for any β.

in the SSE regime, for a generic (out-of-equilibrium)
quantum system under dissipation. Afterwards, we verify
experimentally the validity of such relation.

As mentioned before, dissipative dynamics brings the
system into a SSE, i.e., a state for which, on average, the
open system does not exchange energy with the external
environment, despite the active presence of interaction
dynamics (indeed, the quantum system is not closed).
Therefore, in the SSE regime, the mean energy value of
the system is time independent. However, for values of
η chosen without a specific criterion, G(η) is not equal
to one, and its value depends on the choice of the initial
state of the system and on the parameters involved in its
dynamical evolution. An example of this was shown in
the previous section [Sec. IV] where η = β leads to the
relation 〈exp(−β∆E)〉 = 3 Tr[ρ∞ρth] in the SSE regime.
Instead, as proven in the Appendix D for a generic finite
dimensional system, there exists a unique value of the
scale energy factor η∗ such that Eq. (13) is satisfied. This
is a direct consequence of the presence of the dissipative

channel. Moreover, dissipation brings the system into
a SSE that is independent of the initial state, meaning
that the energy variation probabilities can be factorized

Pj,i = P̃jPi. Thus, the value of η∗ depends only on the
initial and asymptotic states of the system. Only in the
limit case where the asymptotic state is thermal with
inverse temperature β∞, the value of the energy scale
factor is η∗ = ∆β ≡ β − β∞ assuming that also the ini-
tial state is thermal with inverse temperature β. In such
case, equation (13) corresponds to the exchange fluctu-
ation relation for a quantum system under thermalizing
dynamics [57, 58], or under effective thermalizing dynam-
ics [40].

After the last energy measurement, the quantum sys-
tem reaches, on average, a non-Gibbsian mixed state.
This means that the effects of the dissipative channel on
the analyzed 3LS may not be modeled by the effective
interaction of the system with a thermal reservoir. How-
ever, also in this case, the validity of Eq. (13) is expected
to hold in the SSE regime. Once the asymptotic state
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is known, the unique constant value of η∗ can be de-
termined by numerically solving an algebraic equation.
In this regard, refer to Supplemental Material at [URL
will be inserted by publisher] for details on the algebraic
method to obtain η∗. Remarkably, for an initial thermal
state with inverse temperature β, equation (13) holds
also for transient times, as it is shown experimentally in
Fig. 3(c-d). Here, it is worth mentioning that, by ex-
pressing η∗ as a function of β, a non-linear relation is
obtained [inset of Fig. 3 (c)]. This means that the quan-
tity η∗ − β depends on both the initial and asymptotic
states, and therefore cannot be associated, in general,
with an inverse temperature.

VI. NON-UNITALITY OF A QUANTUM
DISSIPATIVE MAP

As already known, the value of G(β) can be used as a
witness of non-unitality of open quantum maps [27, 45,
46]. Here, starting from the fluctuation relations studied
in sections IV and V, we show that also γ∞ 6= 1 or η∗ 6= β
(when β 6= 0) are sufficient conditions for non-unitality.
In addition, we connect these parameters to the possibil-
ity of extracting energy from the system mediated by the
autonomous feedback mechanism.

For an n-dimensional quantum system under the
generic dissipative map Φd with a unique fixed point ρ∞

that is asymptotically achieved for any initial state, we
first demonstrate the following statements:

Φd unital
(1)

⇔ ρ∞ =
1
n

(2)

⇒ γ∞ = 1
(3)

⇔ η∗ = β . (14)

We prove the validity of each of the three statements
separately, under the hypothesis that β 6= 0 [59]. The

validity of the statement
(1)

⇔ is based on the assumption
that Φd is a dissipative map with a unique fixed point
ρ∞, which is reached asymptotically and does not depend
on the initial state. Hence, the definition of unitality,
Φd[ 1

n ] = 1
n , can be satisfied only when ρ∞ = 1

n . Instead,

the validity of the statement
(2)

⇒ is ensured by the equal-

ity (10), while the statement
(3)

⇔ is a consequence of the
uniqueness of the energy scale factor η∗ 6= 0 that satisfies
G(η∗) = 1, as demonstrated in Appendix D. Accordingly,
either η∗ 6= β or γ∞ 6= 1 are sufficient conditions for
the non-unitality of a dissipative map with unique fixed
point.

Let us comment on the physical meaning of equa-
tion (14). It is important to stress that γ∞ = 1
does not necessarily imply ρ∞ = 1

n . By writing the
asymptotic state after the second energy measurement,
ρ∞, according to its spectral decomposition, i.e., ρ∞ =∑n−1
k=0 |Ek〉〈Ek| p∞k , it can be easily shown that

γ∞ = 1⇔
n−1∑
k=1

(
p∞k −

1

n

)(
e−βE0 − e−βEk

)
= 0 . (15)

FIG. 4. Values of (η∗−β), scaled by the energy of the system
with Hamiltonian H = Hmw, as a function of the asymptotic
state populations. In this plot, each point represents a differ-
ent asymptotic state of the generic quantum dissipative map
Φd. The white cross represents a completely mixed asymp-
totic state for a 3LS, corresponding to the only case in which
the map is unital. In addition, the subspace of thermalizing
dynamics is indicated by the white dashed line, denoting that
the asymptotic state is a thermal state with inverse tempera-
ture β∞. Instead, the black line corresponds to the subspace
of states for which η∗ = β (i.e., γ∞ = 1) that is described by

the equation p∞−ω = 1
3

+ (p∞+ω − 1
3
)e−βω/2 (see also Eq. (15)).

Note that the inverse temperature of the initial state is fixed,
β = 3/ω. Finally, the red cross denotes the asymptotic state
measured in our experiment, for which (η∗ − β)ω ' 0.162.
The latter implies that the map M (with H = Hmw) is non-
unital.

Clearly, the state ρ∞ = 1
n is a solution of equation (15),

but it is not the only one. An example of this is shown
in Fig. 4, where (η∗ − β)ω is plotted as a function of two
populations of the asymptotic state for a 3LS with Hamil-
tonian H = Hmw (as in our experiments). In such figure,
the black solid line represents all the asymptotic states
for which η∗ = β, i.e., γ∞ = 1 given the link among γ∞

and η∗ in Eq. (14). Such values of the asymptotic state
do not allow to make statements about neither the non-
unitality degree of the dissipative map nor the possibility
to extract energy from the system. This can be done, in-
stead, in all the other configurations of ρ∞ (not lying on
the black solid line), where the map is non-unital and the
autonomous Maxwell demon prevents or enables the pos-
sibility to extract energy from the system depending on
the sign of γ∞−1 [27]. Remarkably, a stronger condition
is provided by the sign of η∗: By applying the Jensen’s
inequality on Eq. (13), such that η∗〈∆E〉 ≥ 0, energy is
extracted from the system when η∗ < 0, and is ceded to
the system otherwise (η∗ > 0).

VII. CONCLUSIONS

In conclusion, we have used the electronic spin qutrit
associated to an NV center in diamond at room temper-
ature to realize an autonomous dissipative Maxwell de-
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mon, and we have experimentally and theoretically char-
acterized its purely quantum (non-Gibbsian) energy fluc-
tuations.

The conditioned dissipative spin qutrit dynamics con-
sists in a non-unitary part originated by the interaction
with a train of short laser pulses, which provide random
measurements followed by conditioned dissipation, and
in a unitary part set by a time-independent continuous
driving Hamiltonian. Asymptotically, the spin qutrit ap-
proaches a non-Gibbsian steady state in the energy ba-
sis, independent of the initial state, and determined by
the value of the commutator between the Hamiltonian
and the spin operator Sz (in which basis the dissipation
operator is diagonal). Exploiting the POVM formalism
to model the interaction of the NV spin qutrit with the
short laser pulses, we have shown that the application of
stochastically intermittent dissipative (Lindbladian) op-
erators is effectively described by an intrinsic feedback
process.

In this setting, measurement and feedback mechanisms
actively condition the onset, over time, of dissipative dy-
namics with distinct features. This can be interpreted
as the action of a quantum Maxwell demon that changes
the open dynamics of the quantum system depending
on which measurement operator occurs in a sequence of
POVMs. The demon can be effectively considered as be-
ing autonomous, since the feedback mechanism is inher-
ent in the photodynamics of the NV spin interacting with
a properly-tuned train of laser pulses. As other Maxwell
demons, the thermodynamics of an autonomous dissipa-
tive Maxwell demon is well-described by means of fluctu-
ation relations; here, we show that the best description
of a quantum dissipative demon is through an appropri-
ate generalization of the Sagawa-Ueda-Tasaki formalism
for feedback processes. Our study of the energy change
statistics of the qutrit verifies for the first time, experi-
mentally and theoretically, the Sagawa-Ueda-Tasaki re-
lation in a scenario of conditioned dissipative dynamics.
Moreover, as expected, we recover that the asymptotic
value γ∞ provides information on non-unitality of the
process also in our experimental case study.

In addition, we demonstrate that for the specific dy-
namics of our system, the characteristic function G(η) of
energy changes becomes independent of the process de-
tails, at a single specific value η∗ of its argument. This
may suggest that the dissipative quantum mapM stems
from a Markovian process. We show that, for a quan-
tum dynamics that leads to an asymptotic non-Gibbsian
state, the energy scale factor η∗ cannot be interpreted as
a (pseudo)temperature, but it depends only on the initial
state and on the final steady-state. Notably, this demon-
strates an effective fluctuation theorem of the Jarzynski
type, which holds despite lack of unitality of the spin evo-
lution. Moreover, we have shown that also the quantity
η∗ is a witness of non-unitality for dissipative (and, more
broadly, open) quantum maps with a unique fixed point.

Our results pave the way for the use of NV centers
in diamond to further investigate open quantum system

dynamics and thermodynamics. In particular, by ap-
plying cyclic interactions with the non-thermal reservoir,
it has been conjectured the possibility to create a non-
Gibbsian quantum heat engine [60], where quantum cor-
relations affect the total amount of heat during the inter-
action processes. In addition, the proposed experimen-
tal protocol to measure energy variation statistics can
be adjusted to one-time measurements schemes [61–63]
or to quasi-probability measurements [64] with the aim
to investigate the role of coherence in energy exchange
mechanisms, with the final goal of understanding the
effects of genuine quantum features in thermodynamic
variables. Moreover, other forms of quantum fluctua-
tion relations based on observables that do not commute
with the system Hamiltonian may be measured to ex-
plore quantum synchronization [65], and the relation of
the latter with quantum mutual information and with
entanglement between the quantum system and its dis-
sipative environment. Such kind of studies could also be
exploited to realize multipartite entangled systems [66]
formed by single NV electronic spins and nuclear spins
inside the diamond. Indeed, the high degree of control
and long coherence time for such complex spin systems
would represent a very useful test-bed for the relation of
quantum information and quantum thermodynamics at
the nanoscale.

Appendix A: Short laser pulses interaction as
POVM

The interaction between the NV center and a green
laser pulse can be modeled by means of a master equation
that involves orbital states not mentioned in the main
text. The details about this interaction have been exten-
sively studied, one can refer for example to Refs. [40, 49].
For the purposes of this work, i.e., to measure the statis-
tics of energy variation in a quantum three level system,
this interaction is modeled as a POVM followed by dissi-
pation, as described below. In the following description,
we ignore the coherent evolution of the system state be-
cause the Rabi periods associated with the unitary evo-
lution of the system are much longer than the duration
of a single short laser pulse.

The interaction of the 3LS with a short laser pulse is
modeled as follows: If the laser pulse is not absorbed,
the state of the system remains unchanged and there is
no dissipation. If the laser pulse is absorbed, the system
is subject to a quantum projective measurement in the
Sz basis, hence projecting its state into one of the spin
states. Then, the system is subject to a dissipative op-
erator, modeled by means of a Lindbladian master equa-
tion. We will use the formalism described in Ref. [50] for
superoperators represented as N2 ×N2 matrices, where
N = 3 is the dimension of the Hilbert space of the 3LS.
According to this formalism, a given density matrix ρ
that interacts with a laser pulse of duration tL is trans-
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formed into

col[ρ(tL)] = A col[ρ] (A1)

where col[ρ] denotes the result of stacking the columns
of ρ to form a ‘column’ vector, and the superoperator
A models the mean effect of a single short laser pulse.
Taking into account all the possible outcomes of this in-
teraction, A is written as

A ≡
4∑
j=1

Djmj (A2)

where mj ≡ mj ⊗mj is one of the measurement super-
operator associated with the POVM {m1,m2,m3,m4}
with

m1 ≡
√
pa |−1〉〈−1| (A3a)

m2 ≡
√
pa |0〉〈0| (A3b)

m3 ≡
√
pa |+1〉〈+1| (A3c)

m4 ≡
√

(1− pa)13×3, (A3d)

such that
∑4
j=1mjm

†
j = 13×3, and Dj represents the

action of a superoperator contitioned to the result of the
POVM:

Dj =

{
1119×9, if j = 4

L, otherwise
(A4)

with

L ≡ exp

(
tL

1∑
`=0

L∗` ⊗ L` −
1

2
13×3 ⊗ L†`L`

−1

2
(L†`L`)

∗ ⊗ 13×3

)
(A5)

where (·)∗ denotes complex conjugate, ⊗ denotes Kro-
necker product, and L` are the Lindblad jump operators
{L0, L1} ≡ {

√
Γ |0〉〈+1| ,

√
Γ |0〉〈−1|}, describing the dis-

sipation towards the state |0〉. In Eq. (A2), the term
for j = 4 corresponds to the case where the laser pulse
is not absorbed, while the other three terms model the
absorption of a single laser pulse. The Lindbladian dissi-
pative super-operator L is defined in terms of the product
between the effective decay rate and the laser duration
ΓtL, which dictates the strength of the dissipation that
brings the system towards |0〉; the dissipation probabil-
ity is pd ≡ (1 − e−ΓtL). The explicit expression of L
can be found in the Supplemental Material at [URL will
be inserted by publisher]. Using short laser pulses with
tL = 41 ns, we experimentally characterized the strength
of this decay rate resulting in a value such that ΓtL ' 1/2.
It is important to mention that, given the effective na-
ture of this model, the value of Γ might vary for different
NV centers and under different experimental conditions.

Notice that for a long laser pulse (tLΓ� 1) any given
state ρ is transformed into L col[ρ] = col[|0〉〈0|], which is

consistent with the usual protocol employed to optically
initialize the electronic spin state.

Notice also that, in the hypothetical limit where pd =
0, then no dissipation will occur (L = 1119×9) and conce-
quently Dj = 1119×9.

Appendix B: Hamiltonian eigenstate preparation
and final readout gates

As shown in Fig. 1, the preparation of the Hamiltonian
initial eigenstate requires the application of the quantum

gate G
(i)
i : |0〉 → |Ei〉, while the readout of the eigenstate

|Ej〉 requires a second quantum gate, i.e., G−1
j : |Ej〉 →

|0〉. In this section we describe these gates for each of the
possible states |Ei〉 and |Ej〉.

There are two possibilities for preparing the Hamil-
tonian eigenstates. One is with a double-driving mi-
crowave (MW) gate driving transitions between |0〉 and
|±1〉, and the other is with two MW pulses applied sub-
sequently to transfer parts of the population from |0〉
to |−1〉 and |+1〉 separately. In our experimental setup
we have opted for the latter method due to easier han-
dling of the MW operations. To induce the transition
|0〉 → |∅〉 ≡ 1√

2
(|−1〉 − |+1〉), the population in |0〉

has to be transferred in equal parts to |±1〉 where both
parts have an opposite phase. This is achieved by ap-
plying a π/2-pulse that transfers half of the population
to |−1〉, and subsequently applying a π-pulse to trans-
fer the remaining population in |0〉 to |+1〉. To ob-
tain the correct phase between the |±1〉, it is required
that the phase of both pulses is π/2 (or −π/2), as
one can verify by calculation. Also the preparation of
|±ω〉 ≡ 1

2

(
|−1〉 ±

√
2 |0〉+ |+1〉

)
works in a very similar

way. A π/3-pulse has to be applied to transfer one quar-
ter of the population to |−1〉 and, then, an arccos(1/3)-
pulse transfers another one quarter of population from
|0〉 to |+1〉. Calculation shows that the phases of the
MWs have to be ∓π/2 and ±π/2, respectively for the
first and second MW, if we aim to prepare |±ω〉.

The second quantum gate G−1
j ≡ G†j applies the re-

versed process with respect to the preparation one. Thus

G
(j)
2 is obtained by performing the operations of the state

preparation in reversed order and assigning to the imple-
mented MW pulses an opposite phase.

Appendix C: Derivation of the dissipative SUT
relation

In this Appendix, we first demonstrate the validity of
the general QFR, for an n-level quantum system under
a completely-positive trace-preserving (CPTP) map Φ.
We recall that the validity of the general QFR for CPTP
map has been proved before [45, 53, 54, 56]. Then we
demonstrate the validity of Eq. (9), as a corollary of the
previous proof. Finally, we demonstrate the validity of
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the dissipative SUT relation for a dissipative map with a
unique fixed point.

Assuming a two-point-measurement scheme, the sys-
tem energy is measured at the beginning of the proto-
col, then the system evolves under a CPTP map, and
finally its energy is measured again. The Hamiltonian
of the system can be decomposed in terms of the energy
eigenstates that define the projectors Pi ≡ |Ei〉〈Ei|. In
agreement with the superoperator formalism [50] used in
Appendix A, the state after an ideal energy measurement
is given by col[PiρPi] = Pi col[ρ], where Pi ≡ Pi ⊗ Pi.
Therefore, the joint probability to obtain Ei in the first
energy measurement, and Ef in the final one, is written
as

Pf,i = Trn×n[Pf J Pi col[ρth]] (C1)

where ρth is the initial thermal state, Trn×n[col[·]] ≡
Tr[·], and J is the superoperator propagator associated
with the CPTP map Φ. The characteristic function
G(β) ≡ 〈e−β∆E〉 of the energy variation distribution can
be then written as

G(β) =

n∑
i,f=1

Pf,ie
−β(Ef−Ei). (C2)

By expressing the initial thermal state as ρth ≡∑n
k=1 Pke−βEk/Z with Z ≡

∑n
k=1 e

−βEk , we obtain the
following:

G(β) =

n∑
i,f=1

Pf,ie
−β(Ef−Ei)

=

n∑
i,f,k=1

Trn×n[Pf J Pi col[Pk]]e−β(Ef−Ei+Ek)/Z

=

n∑
f,k=1

Trn×n[Pf J col[Pk]]e−β(Ef )/Z (C3)

where we have used the equality Pi col[Pk] =
col[Pi Pk Pi] = col[Pk]δk,i with δk,i the Kronecker delta.
On the other hand, we know that Trn×n[Pf col[ρ]] =
(col[Pf ])† col[ρ], for any given density matrix ρ. Hence,
from Eq. (C3) we get

G(β) =

n∑
f,k=1

(col[Pf ])†J col[Pk]e−β(Ef )/Z

=

n∑
f,k=1

(J col[Pk])
†

col[Pf ]e−β(Ef )/Z

=

n∑
f,k=1

(col[Pk])†J † col[Pf ]e−β(Ef )/Z

=

n∑
k=1

Trn×n[PkJ † col[ρth
f ]] (C4)

= Trn×n[J † col[ρth
f ]], (C5)

where ρth
f denotes the thermal state at inverse tempera-

ture β taking the system Hamiltonian at the time instant
in which the second energy measurement of the TPM pro-
tocol is performed. Equation (C5) concludes the proof.

Corollary 1: Let us assume that the quantum sys-
tem is under the feedback mapMΦ described in Sec. IV.
Given the fact that MΦ is formed by a combination of
a POVM followed by CPTP maps, it is easy to prove
that the map MΦ is itself a CPTP map, such that

col[MΦ[ρ]] = J Φ col[ρ], with J Φ ≡
∑n′

k=1 ΦkΠkU0.
Therefore, using Eq. (C5) we obtain that G(β) = γ =

Trn×n[
∑n′

k=1 Π†kΦ
†
k col[ρth]], hence proving the validity

of Eq. (9).
Corollary 2: Assuming that the CPTP map is a dis-

sipative map Φd with a unique fixed point ρ∞, then we
can write limt→∞J col[Pk] = col[ρ∞], for every value
of k ∈ {1, . . . , n}. Hence, from Eq. (C4) one gets
γ∞ ≡ limt→∞ γ = nTr[ρ∞ρth].

Note that, in the particular case of the dissipative map
M used in during our experiments, J = BNL , which
describes the effect of the dissipative map after NL laser
pulses.

Appendix D: Energy steady state regime enabling
fluctuation relations

Now, we discuss the connection between the station-
ary state SSE of an arbitrary quantum system and
the existence of a unique finite and time-independent
value of η∗, obeying the fluctuation relation G(η∗) ≡
〈exp (−η∗∆E)〉 = 1 for any time instant t of a quantum
dissipative process. A sketch of the formal derivation of
this result is presented below.

As a first step, we show that the equality G(η) = 1
is fulfilled only for two values of η, namely η = 0 (triv-
ial solution), and η 6= 0 with η finite real number. This
result stems directly from the convexity of the charac-
teristic function G(η) =

∑
i,j Pj|iPie

−η∆Ei,j with respect

to the energy scale η [67, 68], where ∆Ei,j ≡ Ej − Ei,
Pi denotes the probability of measuring Ei at the begin-
ning of the protocol, Pj|i is the conditional probability
of measuring Ej at the end of the protocol, and the sum∑
i,j is performed over all the possible initial i and final

j measured energies. It is worth noting that these proba-
bilities define the probability distribution P∆E of Eq. (6)
in the main text. Thus, being convex, G(η) is a twice dif-
ferentiable real-valued function with positive concavity.
Then, one needs to verify the validity of the following
two conditions: (i) η = 0 is a zero of g(η) ≡ G(η)−1 = 0;
(ii) the minimum value of g(η) is equal or smaller than
zero. Indeed, if both these conditions hold, then g(η) has
only another zero η 6= 0, since G(η) and g(η) are func-
tions with positive concavity. Condition (i) is straight-
forwardly verified, as η = 0 is the trivial solution of the
fluctuation relation G(η) = 1. Instead, to verify the va-
lidity of condition (ii), one has to check if the derivative
∂g(η)/∂η evaluated in η = 0 is different from zero for
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all system parameters, except for special cases. One has
that

∂g(η)

∂η

∣∣∣∣
η=0

= −〈E∞〉+ 〈Ein〉, (D1)

which is zero if and only if 〈E∞〉 = 〈Ein〉, namely if the
initial and final mean energy values are the same. This
happens when the effects of the presence of the dissipa-
tive channel are negligible, e.g., when the steady state
reached by the system is thermal with the same temper-
ature than the initial thermal state, i.e., β∞ = β. This
confirms that the minimum value of G(η) – convex func-
tion – is necessarily equal or smaller than 1 that implies
the existence of a unique value of η different from zero,
obeying the fluctuation relation G(η) = 1.

As a second step, let us demonstrate that, for any dis-
sipative quantum dynamics, the steady state regime im-
plies that the unique finite zero of G(η) only depends on
the initial and the stationary states. In doing this, let us
assume that the quantum system is at the steady state.
In this regard, notice that the energy steady state is at-
tained when the current state of the system, solution of
the dynamical equation of motion, has constant energy
and does not depend on the initial state. This condition
can be translated in a property of 〈exp(−η∆E)〉. In the
SSE regime, the conditional probabilities Pj|i are invari-
ant with respect to the initially measured energy value,
with the result that

Pj|1 = Pj|2 = . . . = Pj|n ≡ P̃j (D2)

for any j, with n denoting the dimension of the quan-
tum system. By assuming the validity of Eq. (D2),
〈exp(−η∆E)〉 can be decomposed as

〈exp(−η∆E)〉 =
∑
i

Pie
ηEi

∑
j

P̃je
−ηEj

= Tr
[
eηHρ0

]
Tr
[
e−ηHρ∞

]
(D3)

that is still a convex function with respect to η. Thus,
there exists a unique value of η different from zero that
verifies the equality 〈exp(−η∆E)〉 = 1. From the decom-
position of Eq. (D3), one can state that η depends only

on the set of probabilities {Pi} and {P̃j}, corresponding
to the initial and the stationary states, and on the system
energy values.

Corollary: If the dissipation is such that the asymp-
totic state is a completely mixed state, then η = β is
the non trivial solution of g(η) = 0. This can be easily

proven by making the substitution η = β and P̃j = 1/n
in Eq. (D3).

As a final remark, note that if we would define g(η, a) ≡
G(η)−a, with a being a real and positive number not nec-
essarily equal to 1, the value η = 0 is not longer solution
of g(η, a) = 0. Therefore, if g(η, a) = 0 has only two
solutions in η, only a = 1 guarantees the existence of a
unique non-trivial solution η. Note also that a = 1 is

the appropriate physical choice for the exchange fluctua-
tion relation in arbitrary quantum systems governed by a
time-independent Hamiltonian, which do not entails any
free-energy variation, irrespective of possible dissipative
processes.
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SUPPLEMENTAL MATERIAL

1. Nitrogen nuclear spin initialization

The electronic spin of the NV center is intrinsically coupled to the nuclear spin of the nitrogen atom. The NV
center we work with is coupled to a 14N atom with nuclear spin I = 1. For that reason each of the electronic
spin levels is split into three hyperfine sub-levels for the nuclear spin projections mI = 0,±1. In order to obtain a
genuine three-level system of the electronic spin, we polarize the nuclear spin in the mI = −1 projection. This is
done with a sequence of selective microwave and radio-frequency π-pulses, as illustrated schematically in Figure S1.
We assume to have as initial state a completely mixed state involving the nine hyperfine sublevels, although this
polarizing protocol is adequate for any initial state. The NV center electronic spin is initialized into the mS = 0
state by means of a long laser pulse. The external magnetic field is far away from the excited-state level anti-crossing
(ESLAC) [47, 69], hence the nuclear spin is unaffected by the interaction with laser pulses. From now on we adopt
the notation |mS ,mI〉 to describe a state of the joint system. In the first step, the population of |0, 1〉 is transferred
to |1, 1〉 by a controlled-NOT operation on the electronic spin (selective MW π-pulse) and subsequently transferred
to |1, 0〉 by a controlled-NOT operation on the nuclear spin (selective RF π-pulse). Then a long laser pulse pumps the
population to |0, 0〉 while leaving unchanged the population that was already in the mS = 0 level. Analogously, in a
second step the resulting population in |0, 0〉 is transferred to |0,−1〉 passing through |1, 0〉 and |1,−1〉. Among the
possibilities of initializing a different mI using different controlled-NOT operations, we have chosen the described one
as it gave the best polarization result. We have measured an initialization fidelity of 79%, measured with a standard
electron spin resonance (ESR) experiment, Figure S2.

As a part of the nuclear spin remains in the undesired mI = 0,+1 a normalization of the measured fluorescence
has to be done that is different from the standard references of mS = 0 and mS = ±1 where the nuclear spin is not
relevant. For that reason spin-lock measurements after the initialization gates for the Hamiltonian eigenstates (see
Appendix B of the main text) have been done. In this way the correct function of the initialization gates is proven
and the fluorescence references for the correct normalization are obtained.

Note that in the presence of a relatively weak magnetic bias field (B ' 100 MHz/γe), as used in our experiments,
the nitrogen nuclear spin lifetime is expected to be of the order of milliseconds [70, 71], much longer than a single
experimental realization (∼ 10 µs).

2. Lindbladian dissipation super-operator

As also described in the Appendix A of the main text, the interaction between the NV center and a green laser
pulse can modeled as a POVM followed by a dissipation operator, and, overall, the dynamics of the open quantum
system can be described by a master equation in Lindblad form. In this section, we will explicitly provide the
expression of this Lindbladian dissipation operator.

For this purpose, from now on we will express operators in their matrix representation (with respect to the Sz-basis),
such that

|−1〉〈−1| =

0 0 0
0 0 0
0 0 1

 ; |0〉〈0| =

0 0 0
0 1 0
0 0 0

 ; |+1〉〈+1| =

1 0 0
0 0 0
0 0 0

 . (S1)

In addition, we will use indistinguishably the term matrix or operator, unless otherwise specified, and we will adopt
the formalism described in Ref. [50] for superoperators represented by N2×N2 matrices, where N = 3 is the dimension
of the quantum system’s Hilbert space.

In this formalism, the Lindbladian dissipation super-operator (defined in Appendix A) is written as

L(tL) =



e−tLΓ 0 0 0 0 0 0 0 0
0 e−tLΓ/2 0 0 0 0 0 0 0
0 0 e−tLΓ 0 0 0 0 0 0
0 0 0 e−tLΓ/2 0 0 0 0 0

1− e−tLΓ 0 0 0 1 0 0 0 1− e−tLΓ

0 0 0 0 0 e−tLΓ/2 0 0 0
0 0 0 0 0 0 e−tLΓ 0 0
0 0 0 0 0 0 0 e−tLΓ/2 0
0 0 0 0 0 0 0 0 e−tLΓ


(S2)
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FIG. S1. Scheme for nuclear spin initialization of the 14N nucleus. (a) Initially the population is distributed among
the mI = 0,±1. (b, c) With selective MW and RF pulses the population is first transferred from mI = +1 to mI = 0 and
then to mI = −1 to initialize/polarize the nuclear spin. The laser is used to pump population in mS = 1 back to mS = 0. (d)
Pulse protocol for the initialization process.

16% 5% 79%

FIG. S2. Nitrogen nuclear spin polarization. Results from an electron spin resonance (ESR) experiment performed
immediately after the nuclear spin polarization protocol.

where tL denotes the laser duration, and Γ is an effective decay rate. Using laser pulses with tL = 41 ns, we
characterized that the effective decay rate equals Γ ∼ 12.2 MHz.

3. Analytic γ in the case of H = HNV

As explained in the main text, the effect of applying a single laser pulse can be described by the superoperator

A ≡
4∑
j=1

Djmj . (S3)

This superoperator can be computed explicitly from the definitions of Dj and mj [see also Appendix A in main
text]. In this regard, by introducing the auxiliary matrices

A1 ≡



1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1


; A2 ≡



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


; A3 ≡ 19×9 −A1 ,
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it holds that

A = µA1 + (1− µ)A2 + A3(1− pabs), (S4)

where

µ ≡ 1− (1− e−tLΓ)pabs . (S5)

It is no surprising that, if pabs = 0, then A(pabs=0) = 19×9. On the other hand, if pabs = 1, then the POVM is actually

a quantum projective measurement in the Sz-basis. This is the reason why A(pabs=1) = e−tLΓA1 + (1 − e−tLΓ)A2

is practically equal to the Lindbladian dissipation super-operator L [Eq. (S2)], but without the terms involving
coherences that is a signature of have applied a quantum projective measurement. Moreover, another special case
occurs when e−tLΓ = 1, namely the case without dissipation, where Eq. (S4) can be rewritten as A = A1pabs +
19×9(1 − pabs) that identifies the mean effect of applying a quantum projective measurement of Sz with probability
pabs.

On the other hand, by taking H = HNV, the unitary evolution of the system is described by the following superop-
erator:

U(τ) ≡ exp(−iτ(H⊗ 13×3 − 13×3 ⊗H))

=



1 0 0 0 0 0 0 0 0
0 e+ 0 0 0 0 0 0 0
0 0 e+

e−
0 0 0 0 0 0

0 0 0 1
e+

0 0 0 0 0

0 0 0 0 1 0 0 0 0
0 0 0 0 0 1

e−
0 0 0

0 0 0 0 0 0 e−
e+

0 0

0 0 0 0 0 0 0 e− 0
0 0 0 0 0 0 0 0 1


,

where e± ≡ e−iτE±1 . Therefore, B ≡ AU can be written as

B = µA1 + (1− µ)A2 + U1(τ)(1− pabs) (S6)

with U1(τ) ≡ U(τ)−A1. Writing B as in Eq. (S6) is very useful, because the following properties hold:

A2
i = Ai for i ∈ {1, 2, 3}

A1A3 = A3A1 = A2A3 = A3A2 = 09×9

A1A2 = A2A1 = A2

(U1(τ))n = U1(nτ)

AiU1(τ) = U1(τ)Ai = 09×9 for i ∈ {1, 2},

thus implying that

BNL = µNLA1 + (1− µNL)A2 + U1(NLτ)(1− pabs)
NL . (S7)

Moreover, being in the case of H = HNV, a thermal state ρth can be written according to the superoperators
formalism [50] in the following way:

col(ρth) =
1

Z
col

e−βE+1 0 0
0 1 0
0 0 e−βE−1

 =
1

Z



e−βE+1

0
0
0
1
0
0
0

e−βE−1
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where Z ≡
∑1
k=−1 e

−βEi . Hence, as final calculation, by exploiting that A†1 col(ρth) = (U1(NLτ))† col(ρth) = col(ρth),

and A†2 col(ρth) = col(13×3)/Z, the use of Eq. (S7) allows us to obtain an analytic expression for γ, namely

γ = Tr3×3[(B†)NL col[ρth]]

= µNL +
3

Z
(1− µNL) . (S8)

Let us observe that, apart the special cases mentioned before,

lim
NL→∞

µNL = 0 ,

meaning that

lim
NL→∞

γ =
3

Z
. (S9)

4. An algebraic recipe to get η∗ with experimental data

Let us consider a 3LS initialized in the thermal state ρth ≡ exp(−βH)/Zβ with Zβ ≡ Tr[exp(−βH)]. By diagonal-
izing the system Hamiltonian as H =

∑
iEi|Ei〉〈Ei|, the initial thermal initial state is equal to

ρth =
∑
i

e−βEi

Zβ
|Ei〉〈Ei| =

∑
i

Pi|Ei〉〈Ei|

where Pi ≡ exp(−βEi)/Zβ .
Then, let us introduce the mean value of the exponentiated energy variation ∆E, i.e.,

〈exp(−η∆E)〉 =
∑
i,j

PiPj|ie
−η(Ej−Ei), (S10)

which strictly depends on the energy scaling factor η. Note that the average 〈exp(−η∆E)〉 is defined by the sets
{Pi} and {Pj|i}, corresponding respectively to the probabilities to measure the initial energies of the system and the
conditional probabilities to get Ej at the end of the procedure after have measured Ei.

In the SSE regime, as described in the main text, the conditional probabilities Pj|i does not depend upon the
initially measured energies Ei. This entails that

Pj|1 = Pj|2 = Pj|3 ≡ P̃j (S11)

for any j such that

〈exp(−η∆E)〉 =
∑
i,j

PiP̃je
−η(Ej−Ei) , (S12)

whereby the quantum state ρfin after the application of the 2nd energy projective measurement of the TPM measure-

ment protocol is a mixed state, not necessarily thermal but completely described by the probabilities P̃j , namely

ρfin =
∑
j

P̃j |Ej〉〈Ej |.

Now, to make our derivation compatible with the experimental setup and in particular with the case of H = Hmw,
we assume that the energy values are symmetric around zero, and, for the sake of brevity, we call E1 = −E, E2 = 0
and E3 = E, with E constant value (in the experiment E = h̄ω/2). In this way, by means of the substitution

x ≡ eη
∗E ⇐⇒ η∗ =

1

E
lnx , (S13)

the equation ∑
i,j

PiP̃je
−η∗(Ej−Ei) = 1
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can be rewritten as the following polynomial equation:

(x− 1)
(
P1P̃3 x

3 + (P1P̃2 + P1P̃3 + P2P̃3)x2 − (P2P̃1 + P3P̃1 + P3P̃2)x− P3P̃1

)
= 0 (S14)

Clearly, Eq. (S14) contains the trivial solution x = 1, i.e., η∗ = 0, while solving the third-order algebraic equation

P1P̃3 x
3 + (P1P̃2 + P1P̃3 + P2P̃3)x2 − (P2P̃1 + P3P̃1 + P3P̃2)x = P3P̃1 (S15)

provides us the other value of η∗ 6= 0 that obeys the fluctuation relation G(η∗) = 1. In this regard, it is worth noting
that, by applying the well-known Routh-Hurwitz criterion to the polynomial (S15), we can also prove that just only
root of Eq. (S15) has positive real part. Indeed, according to the Routh-Hurwitz criterion, we recall that to each
variation (permanence) of the sign of the coefficients of the first column of the Routh table corresponds to a root
of the polynomial with a positive (negative) real part. In our case, there are always 2 sign-permanences and only 1

variation, for any possible value of the probabilities Pi and P̃j . Being η∗ ∝ lnx, only the unique solution x 6= 0 with
positive real part is physical, thus providing us the (unique) non-trivial energy scaling factor η∗ such that G(η∗) = 1.

Non-equilibrium steady-state condition fulfilled by η∗

Here, let us provide some more insights on the interpretation of η∗, and the condition that it has to fulfill by
imposing the validity of the equality G(η∗) = 1.

For this purpose, each probability P̃j is decomposed in the product of two contributions: One is thermal and is
associated to the inverse temperature βfin, while the other is a correction term that accounts for the (geometric)
distance λ concerning ρfin from being thermal [72]. Specifically, given the set {Ej} of the system energies after the

application of the measurement protocol, P̃j can be written as

P̃1 =
e−βfinE1eλ(E2−E3)2

Zβfin
(λ)

; P̃2 =
e−βfinE2eλ(E3−E1)2

Zβfin
(λ)

; P̃3 =
e−βfinE3eλ(E1−E2)2

Zβfin
(λ)

, (S16)

where

Zβfin
(λ) = exp(−βfinA+ 2λB), with A =

∑
j

Ej and B =
∑
j

E2
j − E1E2 − E2E3 − E3E1,

denotes the corresponding discrete partition function. It is worth noting that the probabilities P̃1, P̃2 and P̃3 =

1 − P̃1 − P̃2 are written as a function of two free-parameters. Thus, known the energies Ej and experimentally

obtained the values of the probabilities P̃j with j = 1, 2, 3, βfin and λ can be derived by means of standard non-linear
regression techniques.

Now, let us consider that H = Hmw, which is the more involved one among the cases we have analyzed so far. In
accordance with the experimental setup, the energies can be assumed symmetric around zero, as even shown above.
In this way, by substituting the relations of Eq. (S16) into Eq. (S12) and imposing G(η∗) = 1, after simple calculations
we can end up in the following equality that corresponds to a non-equilibrium steady-state condition for the analysed
open 3LS:

ZβZβfin
+ C(λ) (3− Zβ+βfin

) = C(λ)
(
Z(β−βfin)−2η∗ + Zβfin+η∗

)
+ C(λ)4Zβ−η∗ (S17)

where

C(λ) = eλE
2

; Zβ−η∗ =

1∑
k=−1

e−kE(β−η∗);

Zβfin+η∗ =

1∑
k=−1

e−kE(βfin+η∗); Z(β−βfin)−2η∗ =

1∑
k=−1

e−kE((β−βfin)−2η∗).

Let us observe that η∗ = 0 is always solution of Eq. (S17) for any value of λ, while for λ = 0 the non-trivial solution
η∗ of Eq. (S17) is η∗ = β − βfin in perfect agreement with the Jarzynski-Wójcik relation [57]. Instead, for a value of
λ 6= 0, Eq. (S17) is numerically solved as a function of η, whereby the non-trivial solution η∗ is provided by the real
and positive value of η obeying the energy exchange fluctuation relation 〈exp(−η∗∆E)〉 = 1.
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