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Abstract

The precise control of a system which behaves according to the principles of quantum
mechanics is an essential task in order to fully harness the unique properties of quan-
tum mechanics, such as superposition and entanglement, for practical applications.
Leveraging the quantum nature of the system would enable, for example, the imple-
mentation of quantum computation and quantum metrology. However, any realistic
quantum system is inevitably coupled to its environment. The interaction with its
surroundings irrevocably destroys the quantum nature of the system: mitigating de-
coherence is thus one of the central problems in quantum control. In this thesis, we
develop novel control methods to protect a qubit from decoherence by two distinct
approaches, and demonstrate them experimentally using the nitrogen-vacancy (NV)
center in diamond.

The first approach rests on an open-loop control scheme and is tailored to im-
prove quantum sensing tasks. We develop a continuous dynamical decoupling (CoDD)
method that allows us to tune the degree of protection from a dephasing environment.
Exploiting this flexibility, we show that the CoDD can be used to measure magnetic
fields with sensitivity comparable to existing methods, while providing superior ver-
satility in practical experimental settings. This protocol can adapt to various sensing
conditions that might occur in biological and materials science such as measurement
time and sensitive frequency.

The second approach exploits a coherent feedback protocol. We take advantage
of a long-lived nuclear spin as an ancillary spin to protect the qubit of interest from
decoherence. We show that the protocol protects the qubit as long as open-loop
dynamical decoupling control schemes and it can be used against more general types of
noise than the open-loop protocol. This method thus offers an alternative protocol to
protect the qubit from decoherence in quantum computation and quantum metrology.

Thesis Supervisor: Paola Cappellaro
Title: Esther and Harold E. Edgerton Associate Professor of Nuclear Science and
Engineering
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Chapter 1

Introduction

1.1 Control of Quantum Systems

The precise control of a system which behaves according to the principles of quan-

tum mechanics is an indispensable task in order to fully harness the uniqueness of

quantum mechanics, such as superposition and entanglement, for practical applica-

tions. Leveraging the quantum nature of the system would enable, for example,

the implementation of efficient computation (quantum computation) [132, 55] and

high-precision measurements (quantum metrology) [21, 50].

However, any realistic quantum system is inevitably coupled to its environment.

The interaction with its surroundings irrevocably destroys the coherent superposi-

tion of the system (decoherence) in course of time [158]. Mitigating decoherence is

one of the central problems in quantum control and as such it has been intensively

investigated.

A common scheme to protect the system from decoherence is dynamical decoupling

(DD), which has been first introduced in nuclear magnetic resonance (NMR) [61]

and essentially eliminates decoherence by modulating the slow-varying interaction

with the environment [143, 144]. While DD attains a great success in extending

coherence time, it fails against fast-varying (Markovian) noise that ultimately limits

the coherence time. Several schemes to overcome Markovian noise such as quantum

error correction (QEC) and decoherence free subspace (DFS) have been explored,
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however they require large overheads. On the other hand, with the goal of performing

quantum computation and quantum metrology, the system needs to be decoupled

from the environment while still being sensitive to the control field or the unknown

field to be estimated. Meeting these conflicting demands is a non-trivial task and has

not been fully explored and it is the unifying theme of this thesis work.

The criteria for an ideal platform capable of reaching the goal of quantum comput-

ing were clearly identified by David DiVicenzo [35]: (i) a system is a scalable physical

system with well-defined qubits i.e. two level systems encoding a bit of quantum in-

formation, (ii) the system is able to be initialized into a simple fiducial state, (iii) the

system exhibits a long coherence time, enabling implementation of multiple quantum

gate operations, (iv) a universal set of quantum gates (one-qubit gates and two-qubits

(C-NOT) gates) are implementable, (v) states of the specific qubit can be measured.

Many physical systems have been investigated as potential qubits. For example, ion-

ized (or neutral) atoms can be trapped by electromagnetic field (or optical lattice)

and controlled by microwave. While isolated atoms exhibit long coherence time (few

seconds), the controllability degrades as the system gets larger. On the other hand,

solid-state spin system, such as the phosphorus donors in silicon, hold promise for

scalability by exploiting full-fledged semiconductor fabrication techniques. While the

phosphorus spin can be coherently manipulated and read out by means of conven-

tional electron spin resonance (ESR) techniques, since the phosphorus lies close to

the conduction band, the phosphorus spin needs to be cooled down below few K to

suppress the thermal excitations, thereby limiting working conditions. Also, the ESR

measurement requires ensemble of spins and thus accessibility to single spin system

is difficult to achieve.

The nitrogen vacancy (NV) center in diamond is another promising platform of

quantum information as it can be isolated and readout individually while exhibiting

long coherence time even at room temperature. Also, its unique spin dependent

relaxation process from the optically excited state enables a polarization and readout

of the spin state. In addition, nuclear spins close-by to the NV center can be controlled

by the NV center and provide local quantum registers.
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In this thesis, we develop novel control methods to protect qubits from decoherence

by two distinct approaches. The first method rests on an open loop control scheme and

it is tailored to improve quantum sensing tasks. We develop a continuous dynamical

decoupling (CoDD) method which can be used to tune the degree of the protection

from an environment. Exploiting this flexibility, we show that the CoDD can be used

to measure magnetic fields with sensitivity comparable to existing methods while

providing superior flexibility in practical experimental settings e.g., measurement time

and frequency. This protocol can adapt to various sensing conditions that might

occur in biological science and materials science. The second method exploits a

coherent feedback protocol. We take advantage of a long-lived nuclear spin as an

ancillary spin to protect the qubit of interest from the decoherence. We show that

the protocol protects the qubit as long as the open loop control scheme and it can

be used against more general types of noise than the open-loop protocol covers. This

method thus offers an alternative protocol to protect the qubit from decoherence in

quantum computation and quantum metrology applications.

1.2 Overview of the Thesis

In chapter 2, spin qubit system in diamond is described. The former part of the chap-

ter 2 addresses the structure and properties of the NV center in diamond. Then, the

experimental methods to isolate, manipulate and measure a single NV center are de-

scribed along with experiment data. In the latter part, we investigate a polarization, a

coherent control and detection of a single nitrogen nuclear spin. Chapter 3 and 4 con-

tains the main result of this thesis. In chapter 3, we apply an open-loop control scheme

to enhance the sensitivity of the single spin magnetometry. Specifically, we consider

a continuous dynamical decoupling (e.g., rotary echo sequence) for sensing DC/AC

magnetic fields. We show that the continuous dynamical decoupling magnetometry

provides the comparable sensitivity for DC field while attaining better compromise

between the measurement time and the sensitivity. Also, for sensing the AC field, we

show that the continuous dynamical decoupling offers better sensitivity and compro-
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mise between bandwidth and sensitivity than pulsed dynamical decoupling does. In

the chapter 4, we implement a feedback control algorithm that protects an electronic

spin associated with the NV center in diamond against dephasing noise. We exploit a

long-lived nuclear spin qubit as an auxiliary system to implement a coherent feedback

scheme that achieves long protection time, while avoiding active decoupling control

on the protected qubit. We further explore an interesting trade-off between informa-

tion gain and decoherence protection, as measurement of the auxiliary qubit state

after the feedback algorithm voids the protection, even if the rest of the dynamics is

unchanged.
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Chapter 2

Spin Qubits in Diamond

2.1 Introduction

Diamond is a semiconductor with a wide band gap of 5.5 eV (225nm, UV). While

a perfect diamond should be transparent in a wide range, diamond hosts more than

than 100 color centers within its wide band gap and possess a unique optical property

which is used to classify diamonds [157]. The nitrogen-vacancy (NV) center is one

of the nitrogen-related color centers and a point defect which consists of the sub-

stitutional nitrogen-vacancy pair in diamond. The existence of the NV center was

firstly reported in 1965 by du Preez [40] by conducting an absorption measurements

of an irradiated diamond which contains large quantities of nitrogen. The symme-

try of the center (trigonal) was confirmed by photoluminescence measurement [27]

and uniaxial stress measurements [31]. The negative charge state and the electronic

structure of the NV cener based on molecular orbitals (MOs) were proposed through

electron spin resonance (ESR) measurements [93]. Thanks to advancement of single

molecule spectroscopy, the NV center was later individually addressed by scanning

confocal microscopy [56]. As it was found to be a stable single-photon source at room

temperature [87], it was subsequently applied to quantum optics experiments [12].

In addition, the electronic spin of the NV center exhibits long coherence time even at

room temperature as confirmed by optically-detected magnetic resonance (ODMR)

[74] and the NV center was recognized as a promising system for magnetometry [139]
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Figure 2-1: The nitrogen vacancy center in diamond. The NV center has the trigonal
symmetry of point group C3v in which its principal axis is along the crystallographic
⟨111⟩ direction.

and also a qubit for quantum information processing [153]x.

2.2 The Nitrogen Vacancy Center in Diamond

2.2.1 Orbital Structure

The electronic structure of the NV center is confirmed to be localized around the

vacancy site by ESR measurements [68, 69] and thus can be modelled by a molecular

orbital in which the wavefunction is given by a linear combination of atomic orbitals

(LCAO). The basis function of the molecular orbitals (MOs) is given by tetrahedrally

coordinated sp3 orbitals of dangling bonds of nearest three carbon atoms (ϕC1,2,3) and

the adjacent nitrogen atom (ϕN). 1 Ab initio calculation studies have determined a

number of MOs, their symmetry and energy ordering and confirmed that the LCAOs

of these basis function form three MOs in the band gap (a1, ex, ey) and one MO in

1The orbits of unsatisfied dangling electrons are not exactly given by the sp3 hybridization of
its each atomic orbitals. The orbit of the carbon atoms (ϕC1,2,3) possess a strong p-orbital nature
(p/s = 9.8) extending toward the vacancy site whereas that of the nitrogen (ϕN ) has a equal mixture
of the s-orbital and the p-orbital (p/s = 1.2) [47].
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the valence band (a′1) which are given by

a1 = ϕN , a
′
1 =

1√
3S1

(ϕC1 + ϕC2 + ϕC3 − 3βϕN)

ex =
1√
3S2

(−ϕC1 − ϕC2 + 2ϕC3), ey =
1

S2

(ϕC1 − ϕC2) (2.1)

where S1 =
√
1 + 2α− 3β2, S2 =

√
2− 2α, α = ⟨ϕC1 |ϕC2⟩, and β = ⟨ϕC3 |ϕN⟩ [47, 71].

Note that the orbits ex,y are degenerate and do not include the nitrogen dangling

bond. The NV center consists of six electrons in which two of them fill the a1 orbital

and do not contribute to observable properties. Thus, electronic configuration is

represented by a configuration of four electrons filling the a1, ex,y orbitals. Then, the

symmetry of the NV center (C3v) has to be considered to construct the electronic

structure. 2 The trigonal symmetry (C3v) has three irreducible representations 3

A1, A2, E and the electronic structure can be constructed by a direct product of

linear combination of these MOs and its spin function which belong to one of these

irreducible representations. 4 We consider the ground state electronic configuration

a21e
2 and the first excited configuration a1e3. Due to the exchange interaction of two

unpaired electrons, there exists the spin-triplet (S = 1) state and the spin-singlet

(S = 0) state. The ground state of the NV center is confirmed to be the spin-triplet

state indicated by the Hund’s rule and thus provides an effective spin.

2Symmetry elements of the NV center consist of 3-fold rotation symmetry around the [111] axis
with the addition of a mirror reflection plane parallel to the rotation axis ([111]). These elements
of the trigonal point group which are common in molecules (e.g. NH3) and defects in solids (e.g.
B-H in Si) are often represented by C3v in the Schönflies notation where Cn stands for n-fold cyclic
(rotational) symmetry and v stands for a (vertical) mirror plane containing a rotation axis.

3An irreducible representation of a point group is often described by the Mulliken symbols.
A/B stands for symmetric/anti-symmetric with respect to rotation around the principal axis (one
dimensional representation) while E stands for degenerate.

4The orbital and spin part can be constructed independently as long as they satisfy the symmetry
and this is based on the assumption that the spin-orbit coupling is not considered. This is found to
be the case in the ground state, but not in the excited state and then the spin-orbit coupling needs
to be included as a perturbation.
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Valence band

Conduction band

Figure 2-2: Molecular orbital models of the negatively charged NV center (six-electron
model). The figure shows the configuration of the ground state 3A2(a

2
1e

2). All of the
MOs are located far from conduction and valence bands and are well separated from
each other. These properties enable the spin decoupled from the thermal excitations
and optical transitions without ionization.

2.2.2 Spin Structures

So far, only coulomb potential in the local lattice and the orbital interactions (102 −

105GHz) are considered. In addition, the spin-orbit interaction and the spin-spin

interaction (MHz-GHz) need to be considered as a perturbation.

Ground triplet state 3A2

The ground state of the NV center is given by the electronic configuration 3A2(a
2
1e

2)

with the spin-triplet state and the orbital singlet. The small anisotropy of the g-

factor in the ground state implies that the spin-orbit coupling is negligible [43] and

thus the system can be described effectively only by the spin operators of two unpaired

electrons filling the ex,y orbitals. The dipole interaction between these two electrons

induces an energy splitting (2.87 GHz) between the ms = 0 and the ms = ±1 fine

structure levels which quantizes the NV system along the [111] axis. 5 The Hamilto-

5The full description of the zero field splitting is given by Hss = DxS
2
x + DyS

2
y + DzS

2
z where

Dx,y,z are the principal values of the fine structure tensor. Since it holds that Dx +Dy +Dz = 0
and S2

x + S2
y + S2

z = S(S + 1), the Hamiltonian of the zero-field splitting is reduced to

H = DS2
z + E(S2

x − S2
y)−

1

3
DS(S + 1) (2.2)

where D = 3/2Dz and E = (Dx − Dy)/2. The last term is usually dropped. The E term which
further splits ms = ±1 is due to the lack of inversion symmetry.
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Figure 2-3: The electronic structure of the NV center. It consists of a ground triplet
state (3A2(a

2
1e

2)), an excited triplet (3E(a1e3)) and two intermediate singlet states
(A1,

1E). The singlet state of the first excited MO configuration which exists above
3E is omitted. The gray wavy lines indicate non-radiative transition in which the
relaxation of the electron is driven by a local phonon mode whereas the colored lines
show radiative transition. In the transition between A1 and 1E, the radiative/non-
radiative relaxation progresses at the same time while the radiative relaxation is much
weaker than the other.

nian of the ground state NV center under a static magnetic field is given by

H = DS2
z + gµBBS (2.3)

where D ∼ 2.87 GHz is a zero-field splitting constant, B is a static magnetic field

typically applied along [111] , and ge = 2.0028 is the effective g-factor [69, 68]. The

ground state is quantized along the principal axis of the fine structure tensor, i.e.

[111] direction. Thus, the eigenstate is given by |ms⟩ where ms = 0,±1 indicate a

projective component of the total spin along [111]. The static magnetic field along

the crystal axis can lift up degeneracy in | ± 1⟩ by Zeeman interaction. (Fig.2-7(a))
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Excited triplet state 3E

The first excited state of the NV center is given by the electronic configuration
3E(a1e

3) with the spin-triplet state and, unlike the ground state, has an orbital dou-

blet consisting of two unpaired electrons occupying a1 and ex,y. The fine structure of

the excited state is experimentally confirmed to be very different for every NV center

at low temperature and this is ascribed to the orbital structure being very sensitive

to local strain which indeed splits the doubly degenerate orbitals [9]. However, at

room temperature, the phonon-related thermal excitations mix the orbital doublet

without affecting spin projection component and thus the orbitals are averaged out

into the singlet with zero orbital angular momentum [121]. This quenching of the

orbital angular momentum significantly simplifies the fine structure, enabling a model

of the spin Hamiltonian with few parameters which has no variations among the NV

centers.

Thus, the Hamiltonian of the excited triplet spin at zero field is given by

He = DeS
2
z + E(S2

x − S2
y) + λ∥LzSz + λ⊥(LxSx + LySy) (2.4)

where De = 1.42 GHz is the zero-field splitting, E(∼ MHz-GHz) is the fine structure

constant proportional to the local strain field [9, 46], and λ∥ = 4.4GHz and λ⊥ =

0.2GHz are the spin-orbit coupling constants [137]. The spin-orbit coupling in the

excited state plays a crucial role in intersystem crossing between the singlet and

the triplet states, leading to spin polarization and spin detection of the NV center

[98, 97]. The axial part of the spin-orbit coupling lifts the degeneracy of the spin

triplet E states, which is then splitted into three double degenerate states (Ex,y(ms =

±1), E1,2(0), A1(±1), A2(±1)) [9]. Then, the local strain E splits the degeneracy of A1

and A2. The non-axial part of the spin-orbit coupling induces an intersystem crossing

transition between states with the same irreducible representation [98]. Thus, only

part of the triplet excited state (A1(a1e
3)) is allowed to decay to the singlet state

(A1(a
2
1e

2)).
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Intermediate singlet state 1A1 and 1E

There exist two singlet states with energy between the ground and the first excited

states which both have the same orbital structure as the ground state. The energy

ordering of these two states had been in question for some time [99] and has been

recently determined [120]. The transition between these two states are mainly driven

by coupling to phonon vibrations associated with a weak infrared emission at 1042 nm

(1.19 eV/9597 cm−1) [119, 120]. The intermediate states are weakly connected to the

triplet ground and excited states via the spin-orbit coupling and phonon coupling and

this relaxation process preferably occurs at the excited states with ms = ±1, which

then relaxes into the ground state with ms = 0. Thus, the intermediate states play a

crucial role in polarizing the state of the NV center.

2.2.3 Charge State

It has been known that the NV center has different charge states which can be distin-

guished by their unique optical zero phonon lines, which directly refer to the electronic

transitions, characterized by the ZPL at 637nm (1.945 eV) for (NV−) and at 575 nm

(2.156eV) for (NV0). The charge state affects the electronic configuration which leads

to a different spin configuration. The negatively charged NV center (NV−) is formed

by six electrons in which five of them are provided by the dangling bonds of the near-

est carbons and nitrogen atom while the sixth electron is presumed to be donated

from a nearby substitutional nitrogen (P1 center) [93]. The neutral charge state

of the NV center is formed by five electrons and it is also photostable state. The

charge state depends on its transition energy with respect to the Fermi energy which

is determined by the local environment of the NV center, i.e. the existence of nearby

nitrogen donors. The NV− state has been observed to be turning into the neutral

state under various kinds of illuminations [146]. The charge states can be stabilized

and switched by manipulating the Fermi energy of the surface [54]. The switching of

the charge states can be applied for decoupling from magnetic noise of the environ-

ment [100] and diffraction-unlimited resolution microscopy [63]. The NV− exhibits
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attractive properties as quantum system since it can be initialized and readout as we

will explain later. Thus, in this thesis, we address only the negatively charged NV

center which is referred to as NV unless specified.

2.2.4 Optical Properties

Off-resonant illumination at 532 nm excites the ground state NV center to the first

excited state. After losing energy to vibrational (phonon) excitations, the state is

rearranged to 3E(a1e
3) and then decays into the ground state by spontaneous emission

of photons at 637 nm. At room temperature, the orbital part of the excited state

is thermally mixed and the spin projection is preserved like the ground state. Thus,

the rearrangement of the spin projection does not occur during the optical cycle. As

a result, this off-resonant illumination between the spin triplets completely conserves

the spin projection at room temperature. 6 However, spin-orbit coupling in the excited

state gives rise to intersystem crossing, i.e., transition between the triplet and the

singlet states. The intersystem crossing preferably (six times more likely [118])

occurs in the ms = ±1 manifolds in the excited state. The intersystem crossing

from the singlet to the ground triplet state occurs via coupling with phonons [97]

and experiment indicates that the spin preferably decays to ms = 0 state. This

spin-dependent and non-spin preserving relaxation process leads to polarization of

the spin state into the ms = 0 state (P ∼ 80%) after a few optical cycles [65]. The

incomplete polarization is ascribed to the non-spin preserving transition between the

two triplet states due to the spin-orbit coupling and a local strain [98]. In addition,

the transitions associated with the singlet states are not accompanied by emission of

photons because they are driven by the spin-orbit coupling and the electron-phonon

coupling. Since this non-radiative decay process depends on the initial spin state,

the spin state can be correlated with the subsequent emission of photons after optical

excitations. This spin-dependent fluorescence is fully exploited to distinguish the NV

6The excited state has an orbital branch which mixes the spin projection. At low temperature,
this level is clearly present and thus optical cycle is no longer spin-preserving. This leads to a
disappearance of the ESR signal of the excited state at low temperature [9]
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Figure 2-4: A scanning confocal microscope and its image of a single NV center.
The diamond sample attached to the scanning stage is shined by the excitation laser
at 532nm which is focused by the objective lens. The photoluminescence from the
NV center is collected by the same objective, isolated from the excitation light by
the dichroic mirror and then spatially filtered by the pinhole placed in front of the
detector. In the experiment, the intensity of fluorescence (the number of photons) is
measured as a function of positions of the scanning stage.

spin state in experiments.

2.3 Control of a Single NV Center

2.3.1 Optical Isolation of a Single NV Center

The optical properties of the NV center enables isolating a single NV center by fluo-

rescence microscopy in which photoluminescence from a sample under illumination is

monitored. In order to enhance the optical resolution in the sample depth direction,

a confocal imaging technique in which a pin-hole to eliminate light from the off-focal

plane is installed in front of a detector is employed (Fig.2-4). 7 A single NV center

7In confocal microscopy, the lateral resolution is also enhanced with respect to a wide-field mi-
croscopy, because the point spread function in the confocal case is the product of the point spread
functions of the illumination and the detection. The lateral resolution of the confocal microscope is
given by ∼ 0.61λ/(

√
2NA) where λ is a wavelength of the excitation light and NA is the numerical

aperture of a objective while the axial resolution is given by ∼ 2nλ/(NA2) where n is the refractive
index of the sample (n = 2.4 for diamond) [108].
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Figure 2-5: Photon correlation measurement. g(2)(0) < 1/2 indicates that the NV
center is an individual photon emitter .

can be isolated in a diamond sample with low NV center concentration. To decide if

the NV center is single or not, the intensity of the fluorescence and the spot size in

the confocal figures are checked. For more rigorous diagnosis, we exploit a property

of a single photon source which does not emit more than one photon at a time and

then we measure the correlation of a number of detected photons with a delay time

τ (g(2)(τ) = ⟨N(0)N(τ)⟨/⟨N2(0)⟩) which leads to g(2)(0) < 1/2 for the single NV

center.

2.3.2 Magnetic Resonance

The ground state NV center spin can be manipulated by magnetic resonance tech-

niques. Toward this purpose, in addition to a static magnetic field Bz along the [111]

axis, an oscillating magnetic field B1 with frequency ω is applied along the x direction.
8

Then, the Hamiltonian of the NV center is

H = DS2
z + gµBBzSz + 2gµBB1Sx cos(ωt) (2.5)

8The definition of the x direction in the lab frame is arbitrary as long as defined perpendicular
to the [111] axis because of the rotational symmetry of the NV center.
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where the oscillating field 9 strength B1 is much weaker than the transition frequency

(D± gµBBzSz). In order to obtain the time evolution of this time-dependent Hamil-

tonian, we describe the Hamiltonian in the frame rotating with frequency ω along the

quantization axis (the so-called "rotating frame") 10 by using the unitary transforma-

tion U(t) = exp(−iωSzt):

HR = U †(t)HU(t)− i
dU †(t)

dt
U(t) ∼ DS2

z + (gµBBz − ω)Sz + gµBB1Sx

=


D + gµBBz − ω 1√

2
gµBB1 0

1√
2
gµBB1 0 1√

2
gµBB1

0 1√
2
gµBB1 D − gµBBz + ω

 (2.6)

where in the first line we neglect the fast-varying component originating from the

counter rotating component of the oscillating field (Rotating wave approximation

(RWA)) because, given that ω ≪ gµBB1, the effect is averaged out in the relevant

time scale [29]. Assuming that ω is close to the resonant frequency between |0⟩ and

| + 1⟩, the transition between |0⟩ and |−1⟩ is neglected and the Hamiltonian HR is

then written as follows.

HR =
1

2
(D + gµBBz − ω)σz +

1√
2
gµBB1σx (2.7)

where σz and σx are the Pauli matrices. Then, the state initially being |0⟩ evolves

after an evolution during τ under HR becomes

exp(−iHRτ)U
†(t)|0⟩ =

{
cos(Ω′

eτ) + i
∆

2Ω′
e

sin(Ω′
eτ)

}
|0⟩ − i

Ωe√
2Ω′

e

sin(Ω′
eτ)|1⟩ (2.8)

where Ω′
e =

√
(∆/2)2 + (Ωe/

√
2)2 , Ωe = gµBB1 is the Rabi frequency and ∆ =

D+gµBBz−ω is the detuning from the resonant frequency. The transition probability

9Most of experiments of magnetic resonance employs linearly polarized fields rather than cir-
cularly polarized fields. The latter case is exactly solvable while it is difficult to generate in the
experiment.

10The rotating frame is commonly used in the Atomic physics and NMR/ESR communities [133, 1]
and is similar to the interaction picture in the Quantum mechanics which describes the Hamiltonian
in the frame of the non-perturbative part. [126].
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p(τ) is then given by

p(τ) = | ⟨1|U(t) exp(−iHRτ)U
†(t) |0⟩ |2

=
1

1 + ( ∆√
2Ωe

)2
sin2

(√
(
∆

2
)2 + (

Ωe√
2
)2τ

)
. (2.9)

The transition probability is maximized on resonance ∆ = 0 and suppressed when

far off-resonant (∆ ≫ Ω). Thus, the smaller driving power (Ωe) yields the narrower

excitation profile and vice versa. This property is exploited for the selective excitation

when the NV spin has several resonant frequencies due to the coupling to other

electronic or nuclear spins.

2.3.3 Optically Detected Magnetic Resonance

In order to determine the resonance line, we employ continuous wave optically de-

tected magnetic resonance (CW-ODMR). In the CW-ODMR measurement, the flu-

orescence is measured while a microwave (MW) field is continuously applied during

the optical excitation at 532 nm. (Fig.2-6(b)). When the MW field is on resonance,

the ms = 0 state is mixed with the ms = ±1 states, resulting in a reduction of

the fluorescence intensity. However, because of the overlap of the excitation and the

detection processes, the linewidth is broadened (∼ 10MHz) by the optical excitation

and long excitation duration (few ms) and the sensitivity is limited [145]. To sharpen

the linewidth, the excitation process is isolated from the detection process. In ad-

dition, to enhance the selectivity of the resonance lines, a pulse-shaped MW field

with a weak driving power is employed [39]. This pulsed optically detected magnetic

resonance (Pulsed-ODMR) technique attains much sharper line-width (few hundreds

kHz) depending on the power of the MW field and the best contrast is obtained when

the pulse length corresponds to a π rotation of the NV spin.

38



Figure 2-6: (a) Energy level of the ground state of the NV center. The ground state
is triple and the degeneracy is lifted up by the zero field splitting (D ∼ 2.87 GHz).
By applying a static magnetic field along the crystal axis ([111]), the degeneracy
between the ms = ±1 sublevels is also lifted up due to the Zeeman splitting. The
gray arrows show the allowed transitions in electron magnetic resonance (∆ms = ±1).
(b) Continuous-wave optically detected magnetic resonance (CW-ODMR) under the
magnetic field (∼ 10 G). The two peaks correspond to the transitions between |0⟩
and |±1⟩ sublevels and the splitting originates from the Zeeman interaction with the
external magnetic field (∼ 2γeB). The spetcral line is fitted by the Lorenzian curve.

2.3.4 Rabi Oscillations

After the resonant frequency is identified, the spin state can be coherently manipu-

lated by the oscillating MW field at the resonant frequency. By sweeping the length of

the resonant MW pulse, Rabi nutations between |0⟩ and |±1⟩ states can be observed

(Fig.2-7-(b)). From Eq.(2.8), a resonant MW pulse with a duration τ transforms the

initial state |0⟩ to superposition state of the two eigenstates cos(Ωeτ√
2
)|0⟩−i sin(Ωeτ√

2
)|1⟩,

where Ωe is the Rabi frequency describing the coupling strength of the spin to the

MW field. 11 On resonance (∆ = 0) yielding HR = Ωe√
2
σx, the operation is described

by Rθ = cos θσz − i sin θσx where θ = Ωe√
2
τ . Therefore, by adjusting the duration of

the resonant MW pulse, the rotation around the x (or y) axis can be implemented.

11Dynamics of a two level system can be geometrically understood in the vector model in the
Bloch sphere. In this model, transformation of the Rabi nutations corresponds to a rotation by an
angle θ(= Ωeτ) around an axis in x− y plane. A rotation axis is called a "phase" of a pulse which
can be tuned by the phase of the MW field. The phase of the first pulse can be chosen arbitrarily
and a phase needs to be considered only when more than two pulses are associated.
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   Laser 
(532 nm)

Photon counts
   (637~ nm)

MW
Pulse Sequence

Initialization Detection/Initialization

1μs

Signal

Detection/Initialization

Reference 1 Reference 2

Detection

   Addiabatic
transformation  

300ns

Figure 2-7: (a) Experimental procedure of pulse electron spin resonance. In each
experimental run, in an addition to a state after microwave (MW) pulses (S), the PL
from two eigenstates |0⟩(S0) and |+ 1⟩(S1) are also measured and used to normalize
the data by (S−S1)/(S0−S1) which directly indicates the population at the ms = 0
state. We transform the initial state |0⟩ to the |+1⟩ state by changing the frequency
of MW at the adiabatic rate. (b) Rabi nutations of a single NV center. The NV spin is
continuously driven by the MW. It shows a coherent oscillation between |0⟩ and |+1⟩.
(c) Ramsey fringes of the single NV center. The MW sequence is π/2−τ−π/2 where
τ is the free evolution time (Ramsey time). The NV center is coupled to a thermally
mixed nitrogen nuclear spin (I=1) which shifts the resonance line by the three-fold
hyperfine fields, as it can be confirmed as the three peaks in Fourier spectrum of this
signal (inset figure).

2.3.5 Ramsey Interferometry

More precise determination of the resonant frequency is attained by Ramsey inter-

ferometry [115]. In this measurement, we first create a superposition state of the NV

center, which subsequently evolves under the Hamiltonian in the rotating frame and

then measure the "coherence" 12 of the evolved state. The experimental procedure

of the Ramsey interferometry is π/2 − τ − π/2. The last π/2 pulse is to convert
12The coherence in quantum mechanics refers to a relative phase among distinct eigenstates. For

instance, in two-level system, a superposition state is given by α |0⟩+ βe−iθ |1⟩ where α, β ∈ C and
θ is the "coherence" of this state.
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the coherence into population difference which can be optically detected. Given the

frequency of the MW pulses, ω = D+gµB+∆ with a detuning ∆ , the signal S(τ,∆)

is calculated to be

S(τ,∆) = | ⟨0|U †(τ)Rπ/2e
−i∆(1/2+σz)τRπ/2U(τ) |0⟩]2 =

1

2

(
1− cos(

∆τ

2
)
)

(2.10)

The measured signal, called the Ramsey fringes in atomic physics or the free induc-

tion decay in EPR/NMR experiments, oscillates at the detuning ∆. Therefore, the

Fourier transform of the Ramsey fringes directly indicates the detuning from the true

resonant frequency. In addition, the Ramsey fringes show the loss of coherence (de-

phasing) by interactions with its magnetic environment. Dephasing is induced due to

a inhomogeneous magnetic field which shifts resonance line of the NV center by δ(t).

For example, in a typical experiment with the NV center, we repeat the experiment

5 × 105 times. In each experiment run, the NV center is subjected to an additional

static local field b which dynamically changes between experiments. In type IIa dia-

mond, which is devoid of substitutional nitrogen impurites, this inhomogeneous noise

b is mainly attributed to carbon nuclear spins in the lattice which rearrange their con-

figuration slower than a typical one experiment run time but faster than the whole

measurement time. Let b follow the Gaussian distribution with a zero mean and a

standard deviation σ, the measured signal S(τ) is given by the statistical average of

the Eq. 2.10 over δ:

S(τ) =
1√
2πσ

∫
dbS(τ,∆+ b)e−

b2

2σ2

=
1

2
− 1

2
⟨cos((b+∆)t

2
)⟩ = 1

2
− 1

2
e−σ2τ2/4 cos(

∆τ

2
). (2.11)
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The calculation is simplified by using a cumulant expansion [85]. 13 Thus, the Ramsey

fringes decays in a time scale T ⋆
2 = 4/σ2 ∼ 2− 3µs.

2.4 Nuclear Spins in Diamond

There are mainly two nuclear species with spins in diamond (Table 2.1). One is a

carbon atom in the lattice and 13C with 1.1 % natural abundance has a spin 1/2. The

other is a nitrogen atom and 14N and 15N have spin 1 and spin 1/2 respectively. The

nuclear spin can be distinguished by a hyperfine coupling with the NV center which

is measured by the pulsed-ESR measurements.(Fig.2-8)

Natural abundance (%) Total spin number Gyromagnetic ratio (kHz/G)
14N 99.63 1 0.307
15N 0.37 1/2 -0.431
13C 1.1 1/2 1.07

Table 2.1: Isotopes with nuclear spins in diamond.

The 13C nuclear spin spreads randomly over the diamond lattice. The 13C in

the vicinity of the NV center is strongly coupled [26] and thus can be coherently

controlled [138], while others generate a random noise at the site of the NV center,

leading to decoherence [102, 105]. The coupling nature between 13C nuclear spins

and the NV center depends on the location on the lattice and thus to find a 13C

with a desired coupling strength is probabilistic. On the other hand, the nitrogen is

a constituent of the NV center and coupled to the electronic spin in a well-defined

way. Especially, 14N with 99.6% natural abundance is mostly likely found in the NV

center. In the following section, we describe how to control a single 14N nuclear spin.

13Remind that the characteristic function ⟨eiξ⟩ of the Gaussian variables ξ is expand by only its
first and second Cumulants:

⟨eiξ⟩ = exp
(
i⟨ξ⟩ − ⟨ξ2⟩ − (⟨ξ⟩)2

2

)
. (2.12)

Thus, by taking a real part of the both side, we obtain: ⟨cos ξ⟩ = e−
σ2

2 cos(i⟨ξ⟩).
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Figure 2-8: Hyperfine structures of the pulse-CW ESR spectrum. (a)NV-14N (b)NV-
15N (c)NV-14N-13C

2.5 Control of a Single Nuclear Spin

2.5.1 The Nitrogen Nuclear Spin

The nitrogen atoms are main impurities in type I diamond and form several kinds of

point defects (e.g. N(P1 (or C) center), N-N(A center)).

A∥ [MHz] A⊥ [MHz] Q [MHz] Reference
14N GS -2.162±0.002 -2.70±0.07 -4.945 ±0.005 [134, 42]

ES (±)40 (±)40 - [136]
15N GS 3.03± 0.03 3.65± 0.03 NA [?]

ES (±)61 (±)61 NA [46]

Table 2.2: Hyperfine structure constants of the nitrogen nuclear spin. The constants
are well-determined in the ground state except the transverse coupling of 15N which
differs in experiments [46, 42, 114]. The accurate constants in the excited states
are still not available, but the strength is confirmed to be much stronger than in the
ground state due to the fact that the excited state has the a′1 orbital which extends
over the nitrogen atom site, leading to an enhancement of the Fermi contact term of
the hyperfine constant.

The nitrogen lies adjacent to the vacancy site and constitutes the electronic struc-

ture of the NV center. The 14N has a spin 1 and since it exists in the vicinity of the

NV center, it interacts strongly (MHz) with the NV spin via a hyperfine coupling.

The coupling can be exploited to control the nitrogen nuclear spin. The Hamiltonian

of the system composed of a single nitrogen nuclear spin and the NV spin (14N-NV)

is given by
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H = ∆S2
z + γeBSz +QI2z + γnBIz + A∥SzIz + A⊥(SxIx + SyIy), (2.13)

where S and I are the electron and nuclear spin-1 operators respectively. Q =

−4.945 MHz is the nuclear quadrupole interaction which is the interaction of a

quadrupole moment of the nuclei with the electric field gradient of the electrons,

leading to lift the degeneracy of the nuclear spin levels. This is the leading term of

the nuclear spin and quantizes the nuclear spin along the [111] direction which is then

chosen as the quantization axis of the nuclear spin. The two spins are coupled by

an isotropic hyperfine interaction with A = −2.15 MHz and a transverse component

B = −2.62 MHz. 14 The hyperfine coupling is mainly due to the Fermi contact term

and thus subjected to the electronic spin density at the nitrogen atom site. Thus, it

changes significantly in the excited state of the NV spin (Table.2.2). A magnetic field

B is applied along the NV crystal axis [111] to lift the degeneracy of the ms = ±1

level, yielding the electron and nuclear Zeeman frequencies γeB and γnB.

2.5.2 Polarization of the Nuclear Spins

Initializing nuclear spins is a prerequisite for using them as quantum resources. The

polarization of nuclear spins has been also studied as one of the central problems in

nuclear magnetic resonance because it limits the detection sensitivity. Dynamic nu-

clear polarization (DNP) is one approach to enhance the polarization of nuclear spins

by the larger polarization of electronic spins, which is transferred to the nuclear spins.

Similarly, here, we take advantage of the optically polarized NV spin to polarize the

nearby nitrogen nuclear spin. The exchange of the spin angular momentum (flip-flop

transition) can be driven by the transverse hyperfine coupling. However, it is forbid-

den because of the large energy mismatch between the electronic and nuclear spin.

Thanks to the zero-field splitting of the NV spin yielding the transition frequency

14In this thesis, we define a sign of D, γe positive while they are negative if we stick to the sign
of physical constants (e < 0). Then, γn is assigned a negative sign. The sign of A∥,⊥ and Q are
confirmed to be the same as that of γn [23, 43] and thus assigned a negative sign in this thesis.

44



between ms = 0,−1, D − γeB, setting a magnetic field close to De/γe ∼ 510 G

decreases the energy splitting and thus the rate of the flip-flop transition can be en-

hanced. While the flip-flop transition alone can not achieve polarization, by preparing

the polarized NV state, the directional transfer process takes place. In our experi-

ment, we use the hyperfine coupling in the excited state because the coupling strength

is much larger than in the ground state due to enhancement of the Fermi contact term

and in addition the polarization process is isolated from operations of controls of the

NV spin and the nuclear spin performed in the ground state. The Hamiltonian of the

excited state of the NV spin and the nuclear spin at zero strain is described by

He = DeS
2
z + γeBSz + A∥SzIz + A⊥(SxIx + SyIy) (2.14)

where all of orbital-related interactions are thermally mixed and averaged out and

the nuclear Zeeman interaction and the quadrupole interactions are negligible. We

consider only the ms = 0,−1 electronic manifolds which can be close to the level

crossing. Due to the transverse coupling, eigenstates of the Zeeman interactions are

mixed:

|ξ+⟩ = cos θ+|0,−1⟩+ sin θ+| − 1, 0⟩ (2.15)

|ξ−⟩ = sin θ−|0,−1⟩+ cos θ−| − 1, 0⟩ (2.16)

|η+⟩ = cosϕ+|0, 0⟩+ sinϕ+| − 1, 1⟩ (2.17)

|η−⟩ = sinϕ−|0, 0⟩+ cosϕ−| − 1, 1⟩ (2.18)

where

θ± = Tan−1[
−2A⊥

(De − γeB − A⊥)±
√

(De − γeB − A⊥)2 + 4A2
⊥
] (2.19)

ϕ± = Tan−1[
−2A⊥

(De − γeB + A⊥)±
√
(De − γeB + A⊥)2 + 4A2

⊥
]. (2.20)

The state mixing is maximized in the vicinity of the level anticrossing where De −

γeB ∼ 0 (at 510G).(See Fig.2-10) Due to the intersystem crossing process, the NV
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Figure 2-9: (a) The excited state of the NV-N system. The states connected by
the transverse hyperfine coupling avoid crossing. The transition between this coupled
states is strong in the vicinity of the anti-crossing point. (b) The Pulsed-CW spectrum
of the NV center. At low field, three peaks of the ESR signal indicates the thermally
mixed nitrogen nuclear spin. At magnetic field close to ESLAC, the nuclear spin is
polarized to mI = +1 state.

spin is populated in ms = 0 and when excited by the laser its spin state is preserved.

Assume for example that the state |0,−1⟩ is prepared in the excited state, due to

the hyperfine coupling, a transition to the |−1, 0⟩ state can occur with the transition

probability:

P−1→0(τ, B) = | ⟨−1, 0| e−iHeτ |0,−1⟩ |2

= |e−iξ+τ cos2 θ+ sin2 θ+ + e−iξ−τ cos2 θ− sin2 θ−|2

= cos2(

√
4A2

⊥ + (De − γeB)τ

2
)

A2
⊥

A2
⊥ + (De − γeB)2/4

. (2.21)

This process progresses incoherently since spontaneous emission and optical driving

occur in the similar time scale (∼MHz). P0→+1(B) can be obtained in the same

way. The dependence of the transition probability on the static magnetic field is

experimentally confirmed by the lattice relaxation of the nitrogen nuclear spin T1n

which is indeed governed by the flip-flop transition in the excited state during the

optical excitation [111]. The transition rate is maximized when a static field is close

to the level crossing (B ∼ De/gammae). This transition process in the excited state

continues until the nuclear spin state reaches the mI = +1 state. Thus, after a long

enough optical excitation, the NV-N system can be polarized into the |0,+1⟩ state.
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The polarization of the nitrogen nuclear spin can be confirmed by pulsed-ODMR

measurements (See fig.2-10(b)). This technique can be also used to polarize other

close-by carbon nuclear spins [147] and electronic spins (P1 centers) [64]. Also, the

flip-flip transition occurs from ms = 0 state to ms = −1 state which then decays via

the singlet state without an emission of photons and enhances the contrast of the

NV spin state [136]. On the other hand, population exchange with the nuclear spin

renders the relaxation process of the NV spin correlated with the nuclear spin state,

leading to a optical contrast among the nuclear spin states. This property can be

exploited to measure the nuclear spin state later (see chapter 4).

2.5.3 Coherent Control of the Nuclear spin

MW
(el.) 

   Laser 
(532 nm)

Mapping

Control sequence

(a)

RF
(nucl.)

Initialization Readout
(b)

RF frequency (MHz)

Figure 2-10: (a) Experimental sequence used to measure the nuclear 14N resonance
line. The first MW π pulse is used to drive the electronic spin state to the desired
manifold. The second MW π pulse is applied conditioned on the nuclear spin state,
leading to map the nuclear spin state to the electronic spin state which is then optically
detected. (b) Pulsed-ODMR for the nuclear 14N spin. The splitting is due to the
hyperfine coupling of the NV center.

Fast and reliable control of the nuclear spin is of great importance to use it as a

quantum memory or an ancillary qubit for quantum algorithms. The most common

way is to drive the spin by a resonant field by means of the nuclear magnetic resonance

(NMR) technique [133, 128]. An alternative scheme is to use the the electronic spin

as a spin actuator to drive the coupled nuclear spin via the anisotropic hyperfine

interaction [70] or to resort to the Landau-Zener (LZ) transition at the anti-level

crossing level [45]. For the nitrogen nuclear spin, since it does not have anisotropic
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hyperfine coupling and is strongly quantized by the quadrupole interaction, it does

not possess the resolvable anisotropic interaction at the aligned magnetic field. Thus,

it can not be driven by exploiting the interaction between the NV spin and the nuclear

spin [70]. Also, the LZ transition requires the specific setting in the magnetic field and

is not flexible. Here, we control the nitrogen nuclear spin by the direct radio-frequency

(RF) field driving because the transition probability is significantly enhanced by the

transverse hyperfine coupling [23] (see Appendix). The experimental procedure of

the control of the nuclear spin is found in Fig.2-10-(a). Firstly, the nuclear spin

state can be initialized to the state |0⟩e |+1⟩n by optical excitation at close to the

LAC level. Due to the hyperfine coupling (2.15 MHz) which is much stronger than a

typical driving rate (100∼10 kHz), the nuclear spin has a different resonant frequency

in each electronic manifold which can not be addressed at the same time. To read

out the nuclear spin, we map the nuclear spin state into the electronic spin state by

the selective MW pulse, even though there is the optical contrast among the nuclear

spin states. In order to identify the resonant frequency, we employ the pulsed-ODMR

measurement in which a frequency of a RF pulse is swept while the length of the pulse

is fixed. (See Fig.2-10(b)) Once the resonant frequency is identified, we measure the

nuclear Rabi oscillation (Fig.2-11).

2.5.4 Coherence Property of the Nuclear Spins

The 14N nuclear spin has the small gyromagnetic ratio with respect to the electronic

spin (γn/γe ∼ 1/9000) and thus interacts weakly with its magnetic environment,

leading to a long coherence time. However, it is coupled strongly to the NV spin via

the hyperfine interaction (A∥ = 2.15 MHz) and the NV center rearranges its spin state

by the spin lattice relaxation time T1e(∼ few ms), which limits the coherence time of

the nitrogen nuclear spin. The couplings to the NV spin and its relaxation creates

a random telegraph noise acting on the nuclear spin. Because of the strong coupling

(A∥T1e > 1), the random telegraph noise has Markovian nature [22, 24, 48, 11] and
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Figure 2-11: 14N Rabi oscillations at B = 450G, B1 ≈ 3.3G in the three NV manifold
(Red, solid line ms = 0. Black, dashed line, ms = −1. Gray, dotted line ms = +1).
Here the dots are the experimental results, while the lines are fitting curves of cosine
oscillations. The different baseline of the ms = −1 curve is due to small differences
in the fluorescence emission of different nuclear manifolds [73]. The difference in rabi
oscillation can be explained by considering Rabi enhancement effects (see Appendix).

thus conventional dynamical decoupling schemes (e.g., spin echo) are not effective. 15

15The similar case is found in the phosphorus nuclear spin (I = 1/2) in silicon. The coherence
time of the phosphorus nuclear spin is limited by the lattice relaxation of the donor electronic spin
(S = 1/2) T2n = 2T1e [107]. The nuclear-electronic interaction is eliminated by ionizing the donor
electron and the coherence time is significantly extended [125]. For the NV center, unlike Si:P
system, the ionized state NV0 still possesses a spin (S = 1/2) and interacts with the nitrogen
nuclear spin and thus this ionization technique is not directly applicable. However, by switching the
charge state of the NV center much faster than a coupling between the NV spin and a distant 13C
nuclear spin in the motional averaging regime in NMR, the coupling is effectively decoupled [100].
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Figure 2-12: 14N nuclear Ramsey fringes. We employ the sequence π/2 − τ − π/2,
where τ is a free evolution time. We measure a dephasing time of the nuclear spin
T ⋆
2n = 3.2 ms, which is limited by the NV electronic spin lattice relaxation process

(T1 = 4.5 ms, filled black circles and blue line)
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Chapter 3

Continuous Dynamical Decoupling

Magnetometry

3.1 Introduction

Sensing magnetic fields with nanoscale resolution is a pivotal issue in biological sci-

ence and materials science [10]. Detection of single atoms would enable unfolding

the structure and the interaction of proteins, which can’t be crystallized for X-ray

analysis.

Magnetic resonance imaging (MRI) is a widely used technique to detect a magnetic

field with resolution down to micrometer range. In MRI, to attain better signal-to-

noise ratio, a larger sample volume is required and thus, the resolution is fundamen-

tally limited by the sensitivity and can’t be enhanced into the realm of nano-scale

sensing.

A precursor in nano-scale magnetometry is magnetic resonance force microscopy

(MRFM) in which a probe (micro-cantilever) is scanned over a sample and a magnetic

field is read out by the detection of mechanical oscillations of a micro-cantilever

[123, 72]. The architecture of the scanning probe enables positioning close to the field

to be detected and thus achieves better resolution (90 nm) than the conventional MRI

and detection of single electronic spins has been achieved [123, 72]. However, MRFM

requires vacuum conditions at low temperature (mK) and thus can’t be adapted to
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ambient conditions of biological samples.

As an alternative nano-scale probe, solid-state qubits have emerged as promising

quantum sensors, as they can be fabricated in small volumes and brought close to

the field to be detected. Inspired by optically detected magnetic resonance exper-

iment on single spins [155, 154], a single molecule with fluorescence property was

proposed as a magnetic field probe [129, 25]. Most notably, nitrogen-vacancy (NV)

centers in nano-crystals of diamond [75] have been applied for high sensitivity de-

tection of magnetic [139, 101, 7] and electric fields [38] and could be used either

as nano-scale scanning tips [96] or even in-vivo due their small dimensions and low

cytotoxicity [103]. Unfortunately, solid-state qubits are also sensitive probes of their

environmental noise [18, 8, 156] and this leads to rapid signal decay, which limits

the sensor interrogation time and thus its sensitivity. In this chapter, we consider

magnetometry using the NV center spin as a probe and introduce a novel technique

to sense constant (DC) and alternating (AC) magnetic field.

3.2 Sensitivity of Single Spin Magnetometry

Here, we briefly describe the sensitivity of NV-based magnetometry using the NV

center. A static magnetic field to be estimated (δB) shifts the resonant frequency

by Zeeman energy (δω = γeδB). The standard way to detect the detuning of the

resonant frequency is Ramsey interferometry, which is widely implemented in atomic

or molecular systems for precision measurement of time [122]. First, prepare a super-

position state (|0⟩+ |1⟩)/
√
2 which is then evolved into |Ψ(δϕ)⟩ = (|0⟩+e−iδϕ |1⟩)/

√
2

where δϕ = δωτ with evolution time for Ramsey interferometry τ . Thus, the mag-

netic field is estimated by measuring the phase of the NV spin. The readout of the

NV spin state is done by the measurement of the fluorescence with finite contrast and

collection efficiency, which can be modeled by the measurement operator

M = n0 |0⟩ ⟨0|+ n1 |1⟩ ⟨1| (3.1)
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where n0,1 indicates the number of photons arriving at the detector during the mea-

surement time tM . n0,1 follows the poisson distribution : ⟨n0,1⟩ = N0,1,
⟨
n2
0,1

⟩
−

⟨n0,1⟩2 = N0,1, where N0,1 is the average photon number. In order to reduce the shot

noise, the measurement needs to be repeated N times, which reduces the uncertain-

ties by a factor 1/
√
N . Letting ρ(δϕ) = Rπ/2 |Ψ(δϕ)⟩ ⟨Ψ(δϕ)|R†

π/2 be a state to be

measured, the signal is given by

S(δϕ) =
⟨
Tr

[
Mρ(δϕ)

]⟩
=

1

2
(N0 +N1) +

1

2
(N1 −N0) cos(δωτ − θ). (3.2)

In order to maximize the sensitivity, we shift the phase of the last π/2 pulse by

θ = π/2 with respect to the first pulse. The measurement entails spin projection

noise and thus the uncertainty of the measurement is given by

∆S(δϕ)2 =
⟨
Tr

[
M2ρ(δϕ)

]⟩
−

⟨
Tr

[
Mρ(δϕ)

]2⟩
=

1

4

1√
N

⟨
(n1 − n0)

2
⟩
cos2(δωτ). (3.3)

The minimum detectable phase δϕmin is obtained by comparing the displacement of

the signal S(δϕ) from S(0) with uncertainties of measurement as follows

S(δϕmin)− S(0) ∼ ∂S

∂ϕ

∣∣∣∣
ϕ=0

δϕmin

=
1

2
∆S(δϕ) +

1

2
∆S(0) ∼ ∆S(0) (3.4)

where we assume that S(ϕ) has a non-zero first derivative and δϕ is small enough to

be approximated in the linear regime and, since the leading order of the uncertainty

of the signal is ∼ δϕ2, it holds true that ∆S(0) ∼ ∆S(δϕ). Thus, the minimum

detectable field is given by

δBmin =
1

γe
√
τ

∆S(0)
∂S
∂ϕ
|ϕ=0

=
1

γeτC
√
N

(3.5)
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where C represents inefficiency associated with optical measurements such as shot

noise, finite contrast, and collection efficiency : 1/C =
√

1 + (N0 +N1)/(N0 −N1)2.

The large mismatch of refractive index between air and diamond (n = 2.4) leads

to total internal reflection of fluorescence, resulting in a poor collection efficiency

(< 10%) even with a large N.A. (=1.49) objective lens. The collection efficiency can

be further improved by fabricating nano-wires or solid immersion lens yielding better

efficiency (> 40%).1 Also, the contrast can be enhanced by using a close-by nuclear

spin or mapping the spin state to different charge states of the NV center. To evaluate

the sensing method, we define the sensitivity

η = δBmin

√
Ttot =

1

γeC
√
τ

√
1 +

τd
τ

(3.6)

where Ttot = N(τ + τd) is the total measurement time consisting of the interrogation

time τ and the dead time τd, which is broken into the detection and initialization

time. The sensitivity can be improved by increasing the interrogation time τ which

is, however, limited by the decoherence of the spin probe. The probe coherence

typically decays as e−(τ/T )n where T is the spin decoherence time and n depends

on noise nature and filtering profile of control schemes [13, 33]. To optimize the

sensitivity, the compromise between the gain by reducing the shot noise 1/
√
τ and

the loss by decreasing the contrast of signal due to the decoherence e−(τ/T )n needs

to be considered and the best sensitivity is attained when τ = ( 1
2n
)1/nT . Thus, the

decoherence time restricts the measurement time with the best sensitivity and this

constraint makes Ramsey sequence less attractive because of short coherence time.

3.3 Continuous Dynamical Decoupling

Dynamical decoupling (DD) methods [20, 144, 142, 81, 13, 4] have been adopted to

prolong the coherence time of the sensor qubits [139, 32, 8, 113, 84]. The principle

of DD schemes rests on the spin echo sequence, which refocuses unwanted phase

1For ensemble measurement, the side collection scheme is also employed to enhance the collection
efficiency (anincreaseof ∼ 47%).
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accumulation due to a slow bath by reversing the system evolution with control

pulses. More complex DD sequences can in principle extend the coherence time

indefinitely, by increasing the number of pulses. Although DD techniques prevent

measuring constant, DC fields, they provide superior sensitivity to oscillating AC

fields, as they can increase the sensor coherence time by orders of magnitude. The

sensitivity is maximized by carefully matching the decoupling period to the AC field;

conversely, one can study the response of a decoupling scheme to fields of various

frequencies, thus mapping out their bandwidth. In practice, however, a large number

of imperfect, finite-width pulses provokes the accumulation of error and degrades DD

performance [81, 80, 149]. Thus, the refocusing power of pulsed DD techniques is

ultimately limited by pulse errors and bounds in the driving power.

Here we investigate an alternative strategy, based on continuous dynamical decou-

pling (CoDD), that has the potential to overcome these limitations. CoDD has been

first introduced in the context of NMR to mitigate pulse errors [17, 16] and it has

then led to many schemes, such as composite pulses [130, 89], dynamically corrected

gates [82] and optimized modulations [28, 41]. In general, phase and amplitude mod-

ulation of the continuous driving allows great flexibility and CoDD can achieve high

decoupling power [52].

We consider the problem of measuring a small external field, coupled to the sen-

sor by the Hamiltonian Hb = γb(t)Sz, where Sz is the spin operator of the quantum

sensor. For example, b(t) can be an external magnetic field and γ the spin’s gyro-

magnetic ratio. We use the sensitivity introduced in the previous section as a metric

to compare pulsed and continuous DD schemes and show how CoDD can offer an

advantage for some noise regimes. We consider two type of magnetic fields such as

DC and AC fields. For sensing DC field, we compare the Ramsey sequence with two

CoDD scheme (constant continuous driving(C) and Rotary Echo). For sensing AC

field, we consider two CoDD schemes, Rabi driving (either constant continuous driv-

ing (C) or spin locking (S)) and Rotary Echo (RE) [135, 2, 88], as their periodicity

allows an easier use for AC magnetometry (see Fig. 4-2); we further compare these

schemes to the simplest pulsed DD scheme, periodic dynamical decoupling (PDD).
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3.3.1 Rotary Echo

The rotary echo (RE) sequence was originally introduced in NMR in order to mitigate

an inhomogeneity of the driving field [135]. The RE sequence consists of a continuous

on-resonance driving field of constant amplitude Ω and phase inverted at periodic

intervals (see Fig. 4-2). RE is parametrized by the angle ϑ = ΩT/2, where T is

the sequence period. While RE has been specifically designed to refocus errors in

the driving field, for ϑ = 2πk the sequence also refocuses dephasing noise, with

performance depending on both k and the Rabi frequency Ω.

3.3.2 Dynamics under Rotary Echo

We consider the evolution of a sensor qubit under a sequence of θ-RE and in the

presence of an external magnetic field b(t) and then show how it can be applied for

other continuous decoupling magnetometry schemes. The Hamiltonian in the lab

frame is given by

H(t) = ΩSW(t)Sx + γeb(t)Sz (3.7)

where SW(t) is the square wave of period T = 2θ/Ω given by

SW(t) =
4

π

∞∑
n=1

1

(2n− 1)
sin[

2π(2n− 1)t

T
]

In order to analyze the dynamics under periodic perturbation, the Hamiltonian is

transformed into a time-dependent interaction frame defined by the driving terms (so-

called toggling frame) [60]. The transformation is completed by the unitary operation

U(t):

U(t) = T exp
(
− i

∫ t

0

ΩSW(t′)Sxdt
′
)
= exp

(
− i

∫ t

0

ΩSW(t′)Sxdt
′
)

= exp
(
− 4θi

π2

∞∑
n=1

1

(2n− 1)2
(1− cos[

2π(2n− 1)t

T
])Sx

)
= exp

(
− iθTW(t)Sx

)
= exp

(
− i

θ

π
arccos[cos(

2πt

T
)]Sx

)
(3.8)
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where T is a time-ordering operator and TW(t) is the triangular wave of period T

defined by

TW(t) =
1

2
− 4

π2

∞∑
n=1

1

(2n− 1)2
cos[

2π(2n− 1)t

T
].

Then, the Hamiltonian in the toggling frame H̃(t) is given by

H̃(t) = U †(t)H(t)U(t)− i
∂U †(t)

∂t
U(t)

= γeb(t)[cos(θTW(t))Sz + sin(θTW(t))Sy] (3.9)

In what follows, we compute the signal and sensitivity of DC and AC magnetometry

under RE, but similar derivations apply for other schemes.

3.4 DC Magnetometry

We consider a static magnetic field b(t) = b. Under the assumption that H̃(t) is

periodic with period T and the static field is small, the operator for stroboscopic

evolution can be approximated by employing the Magus expansion [95]

T exp
(
− i

∫ nT

0

H̃(t′)dt′
)

=

{
T exp

(
− i

∫ T

0

H̃(t′)dt′
)}n

∼
{
exp(−iHT )

}n

= exp(−iHnT ) (3.10)

where H is Average Hamiltonian [60, 59]) where first two orders are given by

H(1)
=

1

T

∫ T

0

H̃(t)dt =
2γeb

θ
sin(

θ

2
)
(
cos(

θ

2
)Sz + sin(

θ

2
)Sy

)
. (3.11)

and

H(2)
=

i

2T

∫ T

0

dt1

∫ t

0

dt2[H̃(t1), H̃(t2)]

=
−2(γeb)

2

T

∫ T

0

dt1

∫ t

0

dt2 sin(θ(TW(t1)− TW(t2)))Sx

= (
γeb

θ
)2(1− cos θ)Sx. (3.12)
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Figure 3-1: (a) The waveform of SW(t) and TW(t). (b) Integration domain for
calculations of the second order of Magnus expansion. TW(t1) and TW(t2) take
(2t1/T, 2t2/T ) in the domain △, (2−2t1/T, 2t2/T ) in the domain □, and (2−2t1/T, 2−
2t2/T ) in the domain ▲ respectively.

The effect of the second order is negligible when the static field to be measured is very

small. Then, the signal is well approximated by the first order of average Hamiltonian

S(nT ) = | ⟨0| e−iH1nT |0⟩ |2 = 1− sin2(
θ

2
) sin2

(γebnT | sin( θ2)|
2θ

)
. (3.13)

We can extend this formula to a general time t by adding a Rabi modulation term

cos(Ωt) as follows.

S(t) =
1

2
+

1

2
cos(Ωt)

(
1− sin2(

θ

2
) sin2

(γebt| sin( θ2)|
2θ

))
(3.14)

3.4.1 Sensitivity

The sensitivity of the DC magnetometry calculated for Eq.(3.6) is given by

ηRE =
1

C
√
τ ∂S(τ)

∂b
|b=0

=
θ

2γe sin
2(θ/2)

1√
τ
. (3.15)

Here, we neglect the decoherence of the NV spin and a dead time td which is a

good approximation when τ ≪ td. The scheme attains the best sensitivity ηRE ∼

1.38/γe/
√
τ at θ = 3π/4 which is comparable to the Ramsey sequence yielding ηRam =

1/γe/
√
τ . The sensitivity is ultimately limited by the spin decoherence. We model

the effect of the spin bath by a static gaussian noise with zero mean and a dispersion
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Figure 3-2: (a) Simulation of magnetomerty sensitivity of RE, Rabi and Ramsey
sequence. The sensitivity of the RE sequence can be tuned with half-echo rotation
angle θ. The Rabi magnetometry is limited by a driving power Ω (= 20 MHz for
simulation).

σ, resulting in a decay e−(τ/T ⋆
2 )

2 where T ⋆
2 is the dephasing time. The dephasing time

of the RE is given by T ⋆
2 = θ√

2σ| sin(θ/2)| while that of the Ramsey is given by T ⋆
2 =

√
2
σ

.

The RE enables adjusting the dephasing time by changing θ and thus offers more

flexibility in measurement time over the Ramsey sequence.

3.5 AC Magnetometry

We consider the evolution of a sensor qubit under a sequence of 2πk-RE and in

the presence of an external AC magnetic field of frequency ω and phase φ whose

magnitude b is to be sensed. 2 The Hamiltonian in the toggling frame H̃(t) is then

given by

H̃(t) = γeb cos(ωt+ φ)[cos(4πkt)Sz + SW(t) sin(4πkt)Sy] (3.16)

2The choice of θ = 2πk makes the Hamiltonian in the toggling frame relatively simple by noticing
that

cos(2πkTW(t)) = cos(4πkt), sin(2πkTW(t)) = SW(t) sin(4πkt)
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Figure 3-3: Pulse sequences for four AC magnetometry schemes: PDD (P), con-
stant driving (C), RE with optimal frequency (Ropt

k ) and spin-locking (S). Blue boxes
represent microwave driving, with phase (x and y) as indicated.

We consider only the cases where φ = 0 and ωT = 2mπ, with m an odd integer,

since as we show below this yields good sensitivities. Under this assumption H̃(t) is

periodic with period T and for small fields b the operator for stroboscopic evolution

can be approximated by the first order of the Magus expansion H(0)

H(0) ≈ 1

T

∫ T

0

H̃(t)dt = γeb Sy. (3.17)

When measuring AC field oscillating ω, the RE magnetometry allows adjusting two

parameters: the phase alteration cycle (T ) and the driving power (Ω) under the

constraints of T = 2mπ/ω and Ω = 4πk/T respectively.

3.5.1 Sensitivity

The phase acquired during the evolution is thus linear in the magnetic field b to be

measured. We note that this effect is true also for other RE angles ϑ; indeed, while

under a continuous irradiation (C) the magnetic field contributes only to second order

to the acquired phase, here the phase alternation of the driving field refocuses the

effect of Rabi oscillation, enhancing the contribution of the magnetic field. Thus, the

sensitivity of RE is superior to that of the constant modulation and comparable to
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that of PDD (or Ramsey for ϑ ̸= 2kπ [2]).

If the period of the magnetic field and the RE coincide (m = 1), we define ωlow =

Ω
2k

, which, for a fixed Ω, is easily adjustable by changing the echo angle 2πk. Setting

instead m = (2k − 1), we define ωopt = Ω(2k−1)
2k

, which yields b = 4bk/[π(4k − 1)]

and attains the best sensitivity of the method. The sensitivity, obtained as η(t) =

lim
b→0

∆S
| ∂S
∂b

|

√
t, where S is the signal and ∆S its shot-noise limited uncertainty, depends

on b, that is, on the averaging of the AC field over the sequence period due to the

DD modulation. b̄ is the Walsh coefficient associated with the DD modulation, if the

modulation sequence is a Walsh sequence [30]. We compare the performance of both

2πk-RE schemes to PDD (optimum ω = 2π/T , φ = π/2) and a constant modulation

with ω = Ω (see Fig. 4-2). We obtain for the schemes considered:

ηoptRk
= η 4k−1

2k
(3.18.a) ηP = η (3.18.b)

ηlowRk
= η 4k2−1

2k
(3.18.c) ηC = 4

π
η (3.18.d),

where η = π
2γC

√
t
, with C a parameter capturing inefficiencies in the sensor read-

out [139]. Here Rk labels a 2kπ-RE scheme, P the PDD scheme and C the constant

modulation (see Figure 4-2). A fourth operating scheme can be obtained by a “spin-

locking” sequence [116], where the spin is first rotated to the transverse plane before

applying a driving field in the same direction; choosing φ = 0 and ω = Ω yields the

same sensitivity as for the constant modulation, ηS=ηC , even when the driving phase

is inverted periodically.

We note that if the phase φ of the AC field is not optimized, the sensitivities are

reduced by a factor φ(φ), with φP = φC = csc(φ) and φRk
= secφ. If in addition

the phase of the AC field cannot be fixed, φ(φ) =
√
2 when considering the average

signal over many realizations.

These ideal sensitivities are degraded in the presence of noise and whenever the

frequency of the AC field is not matched to the DD period. In the following we analyze

these two contributions, showing that they lead to a sensitivity η → ηD(t)/W (ω),
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Figure 3-4: Bandwidth for AC magnetometry. We plot the weight functions W (ω)
that scale the phase acquired during DD magnetometry for AC fields of frequency ω.
Left: W (ω) for PDD (blue dotted), RE (k = 1, red thick) and constant driving (green,
thin line) for n = 2 cycles, expressing the frequency in terms of the sequence period.
We also plot the envelope of the passband decay for PDD (blue thin) and RE(red
thin), given by ∼ 1/ω and ∼ Ω2/|ω2 − Ω2| respectively. In the inset: we compare
the main peak for n = 1 (red, thick) and n = 10 (gray) for RE (k = 1) showing
the reduction in bandwidth. Right: we compare W (ω) for continuous driving (green)
and for RE with k = 1 (red, thick) and k = 4 (gray, dashed), plotting as a function
of ω in units of the Rabi frequency Ω. The thin lines represent the passband decay
envelopes for RE.

where D(t) describes the decay under DD sequences and W (ω) is the reduction in

the accumulated phase when the field frequency ω is suboptimal.

3.5.2 Frequency Response

Optimal sensitivities are obtained by carefully matching the period of the DD schemes

to the oscillating field. In practice, however, when field frequencies are either unknown

or known to a finite precision, it is of relevance to determine the bandwidth of the

scheme and the deviation from optimum sensitivities. We estimate the bandwidth

by calculating the phase accumulated by the sensor over the total interrogation time

t = nT , Bt =
∫ t

0
b(t)f(t)dt, and examining the frequency dependence of its absolute

value. For PDD, the filter function is fP (t) = SWP (t), the square wave with the period

of the modulation. For continuous driving schemes such as RE and Rabi, f(t) is the

strength of the toggling frame Hamiltonian. In particular, fRk
(t) = SW(t) sin(Ωt)
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yielding the weight function WRk
(ω) = |BRk

(ω)|/|BRk
(ωopt)|:

WRk
(ω)=

(4k − 1)/n∣∣∣(4k)2 − (
Tω
π

)2∣∣∣
∣∣∣∣sin(nTω) tan(Tω4

)∣∣∣∣ . (3.19)

WRk
has peaks (pass-bands) at ω = 2π(2(k + p)− 1)/T , where p is an integer sat-

isfying p ≥ 1 − k. The lowest pass-band occurs for p = 1 − k, corresponding to

ωlow = Ω/2k. The strongest peak is for p = 0 at ωopt. Subsequent periodic peaks

are attenuated from the symmetry point ω = Ω as ∼ Ω2

|ω2−Ω2| . The FWHM of the

optimum peak in WRk
(ω) decays as ≈ 7.58

2nT
, where 7.58 ≈ FWHM of the squared sinc

function, a result common to the other DD schemes.

A similar calculation for the accumulated phase during a PDD sequence indicates

the existence of peaks at ω = mπ/T , with m odd, whose intensity decays as 1/m.

This slower decay than for the RE pass-bands could be beneficial if the goal is to

detect fields of unknown frequencies. On the other hand, AC magnetometry under

continuous driving or spin locking could be used for frequency-selective detection

because WC(ω) has a unique peak at ω = 2π/T with FWHM on the same order of

that for RE. A comparison of the different weight functions is depicted in Fig. 3-4.

We note that while W (ω) describes the poor performance of DD schemes at de-

tecting AC fields with unmatched frequencies, this property could in turn be used

for frequency-selective measurements and even spectroscopy, by scanning the se-

quence period. While constant driving provides the best selectivity (canceling out

higher octaves), RE provides more flexibility by changing both the period time and

the angle 2πk, which allows more uniform noise cancellation. Similarly, noise spec-

troscopy [18, 8, 156] can be implemented with CoDD [58] and analyzed with a method,

close to the weight function, based on the filter function [13, 52], which describes the

DD sequence response to the noise.
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Figure 3-5: Sensitivity for AC magnetometry. We compare the magnetic field sensi-
tivity of a single NV center for PDD (left) and RE (k = 1 center; k = 4 right). We
assumed T2 = 500µs under OU noise (comparable to a 13C bath), yielding a decay
∝ e−T 3/(n2T 3

2 ), and a single readout with C = 0.03. A larger number of refocusing
cycles (with shorter periods) achieves better sensitivity, but can only detect higher
frequencies, as shown by the color of the curves (right bar, MHz).

3.6 Decoupling Performance and Robustness

The sensitivities in Eq. (3.18) are further limited by the signal decay D(t) under

the DD sequences. The achievable sensitivity is then a compromise between the

refocusing power of the sequence used and the frequency that it allows detecting

(Fig. 3-5). While the decay for pulsed DD has been widely studied, evolution under

continuous DD is more complex [36]. Here, we study the decoupling performance of

the continuous DD scheme against noises of nuclear spins in the diamond lattice.

3.6.1 Modeling of Nuclear Spin Bath

The decoherence of the NV center spin in high quality (electronic grade) sample is

attributed to carbon (13C ) nuclear spins (I = 1/2) with 1.1% natural abundance.[105]

The 13C nuclear spin is isolated from phonons of lattice environment 3, however is

weakly coupled to other 13C spins via dipole interactions and it rearranges its states

3For 13C spin, the phonon-electron coupling is quite weak and it leads to a long spin lattice
relaxation time (T1 ∼ 36) hours at room temperature [140].
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slowly 4. Then, it gives rise to a local field at the site of the NV center and leads

to the spin decoherence of the NV spin. Here, in order to evaluate the decoupling

performance of CoDD, we model the decoherence effect induced by 13C nuclear spins.

Then, the Hamiltonian of the single NV spin coupled to 13C nuclear spins in the

rotating frame is given by

H(t) = Ω SWk(t)Sx + Sz

∑
j

AjI
j +

∑
i>j

I iCijI
j (3.20)

where I is a spin operator of the 13C nuclear spin, A is the hyperfine coupling tensor

between the NV spin and the 13C nuclear spin, Cij is the dipole coupling tensor

between two 13C nuclear spins. Due to a large energy mismatch between the NV spin

and the nuclear spin, the coupling which does not conserve the energy of the NV spin

is dropped. Also, we neglect the nuclear Zeeman interaction. In the interaction frame

of the intra-bath coupling HB =
∑

i>j I
iCijI

j, the hyperfine coupling is described by

H(t) = ΩSWk(t)Sx + Szδ(t) where δ(t) =
∑

j Aje
−iHBtIjeiHBt. The full treatment

of dipolar-coupled nuclear spins is not accessible to analytical calculation or exact

numerical calculation. Instead, we describe the effect of 13C nuclear spin bath as a

Ornstein-Uhlenbeck (OU) process. The OU process has been used in the NMR/ESR

field to explain spectral diffusion [5, 83] and the decay of Rabi oscillation [36]. It

represents a phenomenological model in which the coupling strength δ(t) is given by a

sum of local fields (±Aj) generated by nuclear spins which rearrange their spin state

for a finite correlation time τc 5. Such δ(t) can be defined by noise with zero mean and

autocorrelation function G(τ) = σ2e−
τ
τc , with σ the dispersion of coupling strength

Aj.

4In natural diamond sample, the average distance between 13C nuclear spins is ∼ 0.8 nm, leading
to a coupling of 14.7 kHz.

5This model fails in capturing two-pair correlations or higher order correlation which is not
relevant in the natural diamond sample. The analytical treatment of two pair correlation can be
found in e.g., [34].
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3.6.2 Cumulant Expansion

The time evolution under the stochastic Hamiltonian can be computed by using a

cumulant expansion [86, 19, 44]. We can estimate the RE decay to first leading order

using the cumulant expansion. The signal decay can be calculated from the average

of the superoperator

⟨SRk
⟩ =

⟨
⟨0̂|T e−i

∫ t
0 Ĥdt′|0̂⟩

⟩
where we indicate by a hat the superoperators Â = A⊗ 1− 1⊗A, |0̂⟩ is a polarized

state in the Liouville space and T the time ordering operator. The basic idea of the

cumulant expansion is to express the stochastic average of time-ordered operators in

terms of cumulants

⟨
T e−i

∫ t
0 Ĥdt′

⟩
= exp [

∞∑
n=1

(−it)n

n!
Kn] ∼ exp [−iK1t−

t2

2
K2] (3.21)

with the first cumulant given by

K1 =
1

t

∫ t

0

⟨
Ĥ(t′)

⟩
dt′ (3.22)

and the second cumulant given by 6

K2 =
1

t2

(⟨
T
∫ t

0

dt1

∫ t

0

dt2Ĥ(t1)Ĥ(t2)

⟩
−

⟨∫ t

0

dtĤ(t)

⟩2 )
=

1

t2

(
2

∫ t

0

dt1

∫ t

1

dt2

⟨
Ĥ(t1)Ĥ(t2)

⟩
−

∫ t

0

dt1

∫ t

0

dt2

⟨
Ĥ(t1)Ĥ(t2)

⟩)
=

1

t2

(∫ t

0

dt1

∫ t

1

dt2

⟨
Ĥ(t1)Ĥ(t2)

⟩
−

∫ t

0

dt1

∫ t

t1

dt2

⟨
Ĥ(t1)Ĥ(t2)

⟩)
=

1

t2

∫ t

0

dt1

∫ t

1

dt2

⟨
[Ĥ(t1), Ĥ(t2)]

⟩
. (3.23)

6In the third line, we use∫ t

0

dt1

∫ t

t1

dt2

⟨
Ĥ(t1)Ĥ(t2)

⟩
=

∫ t

0

dt1

∫ t1

0

dt2

⟨
Ĥ(t1)Ĥ(t2)− [Ĥ(t1), Ĥ(t2)]

⟩
.
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In the toggling frame of the driving field, the stochastic Hamiltonian is

H̃(t) = δ(t)N(t) ≡ δ(t) [cos(Ωt)Sz + SW sin(Ωt)Sy] .

The first cumulant is given by

K1 =
1

t

∫ t

0

dt′ ⟨δ(t′)⟩N(t′) = 0 (3.24)

due to the assumption ⟨δ(t)⟩ = 0. The second cumulant for n cycles is K2 = n△ +

□
∑n

j=1(n− j)Gj [19], with Gj = e−
4kπj
Ωτc and

△ =

∫ 4kπ/Ω

0

dt1

∫ t1

0

dt2N̂(t1)N̂(t2)G(t1 − t2),

□ =

∫ 4kπ/Ω

0

dt1

∫ 2kπ/Ω

0

dt2N̂(t1)N̂(t2)G(t1 − t2).

The second cumulant can be written as

K2 =
α+ β

2
Ŝ2
z +

α− β

2
Ŝ2
y +

√
ζ2 − β2

2
(ŜyŜz + ŜzŜy), (3.25)

yielding the signal

⟨SRk
⟩ = 1

2

[
1 + e−α(cosh(ζ) +

β

ζ
sinh(ζ))

]

with

α = σ2T 2τce
−nT

τc(
e

T
2τc +1

)2

(16π2k2τ2c+T 2)2

[
2n

(
e

T
2τc + 1

)
2e

nT
τc

(
16π2k2Tτ 2c + 64π2k2τ 3c tanh

(
T
4τc

)
+ T 3

)
−8τce

(n+1)T
2τc

(
(T 2 − 16π2k2τ 2c ) + (16π2k2τ 2c + T 2) cosh

(
T
2τc

))
sinh

(
nT
2τc

)]
,

(3.26)

β = − 2σ2T 2τ2c e
−nT

τc(
e

T
2τc +1

)2

(16π2k2τ2c+T 2)2
×[

16π2k2τ 2c

(
e

T
2τc − 1

)(
e

nT
τc

(
(4n− 1)e

T
2τc + 4n+ 1

)
+ e

T
2τc − 1

)
+

T 2
(
e

T
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Figure 3-6: Sensitivity for AC magnetometry. We compare the achievable sensitivity
for constant driving (green, dash-dotted), PDD of n = 50 echoes (blue, dotted)
and RE (2π-RE, red, achieving the same sensitivity of PDD at a lower frequency
and 8π-RE, black, achieving better sensitivity than PDD at the same frequency).
The chosen cycle number is experimentally achievable in the NV center system [124,
113]. The period T is adjusted to match the bandwidth with the frequency of the
fields. We assumed T2 = 500µs under OU noise, yielding a super-exponential decay
∝ e−T 3/(n2T 3

2 ), and a readout with C = 0.03. The decay of the constant (Rabi) driving
was calculated following Ref. [36] for long τc. In addition, the dashed, thin lines
correspond to the optimal sensitivity at each frequency, obtained by optimizing the
cycle time n (here we assumed no driving or pulse errors).
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(3.28)

Consider for example a noise with long correlation time τc: In this limit, the

signal decays as ⟨SRk
(t)⟩ = e−(Γ2Rt)3/n2 , with Γ3

2R = 3σ2

8k2π2τc
. Numerical simulations

match well with these approximate analytical results for various noise regimes. The

refocusing power of RE can surpass that of pulsed schemes. Using a similar derivation

as above [86, 19], the decay under a PDD sequence is instead found to be ⟨SP (t)⟩ =

e−(Γ2P t)3/n2 , with Γ3
2P = 2σ2

3τc
for long correlation noise.

The longer coherence time under the RE sequence can be exploited either to reach
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a better sensitivity for a given frequency or to measure lower frequency fields at a given

sensitivity, as shown in Fig 3-6. The achievable improvement depends on the ratio of

the effective coherence time, τ = T2R/T2P , obtained from the two schemes. Because of

the improved refocusing of RE with respect to PDD, the sensitivity can be improved

for some noise regimes. In addition, RE-AC magnetometry provides the flexibility of

using larger angles (larger k) to allow for longer interrogation times (Fig 3-5) at lower

frequencies, which could be beneficial in practical cases in combination with repeated

readout schemes [111, 2].

3.6.3 Robustness against Fluctuations of Driving Field

We remark that besides the decay functions obtained above in the presence of de-

phasing noise, other sources of decay can arise from imperfect pulses or fluctuations

in the driving power. The sensitivity is thus limited not only by the coherence time,

but also by pulse errors or fluctuations in the driving field. Another notable feature

of the RE scheme is to improve the robustness to fluctuations of driving fields [135],

which limit the sensitivity of a constant driving scheme. Thus, RE magnetometry is

expected to achieve better overall sensitivities than a constant driving. In particular,

RE corrects for noise varying more slowly than the RE echo time, as it has been shown

experimentally [2]. Therefore, it completely refocuses the effect of static driving field

errors. In contrast, simple sequences such as PDD are sensitive even to static pulse

errors [149]. There exist however many strategies to correct for these errors, such

as XY4-type sequences [57] or composite pulses [89], a full comparison of the limits

due to imperfection in the control fields for all these schemes would be an interesting

extension of the work.

3.7 Conclusions

In conclusion, we analyzed a novel scheme for DC and AC magnetometry based on

continuous dynamical decoupling. While we focused on the simplest DD sequences,

we note that more complex driving, such as composite pulses [89], could achieve even
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better refocusing of driving field instability and inhomogeneity while still providing

comparable sensitivity to existing methods. To sense the DC field, CoDD provides a

comparable sensitivity to the Ramsey sequence while providing longer measurement

time. We further analyzed the response of AC magnetometry to fields of unknown

frequencies, finding that some CoDD schemes (such as continuous driving or spin

locking with alternating phases) are advantageous for spectroscopy. In addition, the

flexibility of CoDD schemes in modulating both phase and amplitude of the driving

field can provide practical advantages, yielding a better compromise between the DD

refocusing power and the frequencies of the field to be measured.
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Chapter 4

Coherent Feedback Protection

4.1 Introduction

Engineering desired operations on qubits subjected to the deleterious effects of their

environment is a critical task in quantum information processing [112] and quantum

simulation [91]. The most common approach is to rely on open-loop quantum con-

trol techniques, including optimal control algorithms, based on analytical [15, 79, 49]

or numerical [127, 78] solutions, Lyapunov design [148] and Hamiltonian engineer-

ing [3, 67]. An alternative strategy, inspired by the success of classical control, is

feedback control [152, 150]. Because of the complications introduced by quantum

measurements [37], closed-loop control is less pervasive in the quantum settings and

its experimental implementations have been mainly limited to quantum optics exper-

iments [151, 94, 62].

Here we implement a feedback control algorithm with a solid-state spin qubit

system associated with the Nitrogen Vacancy (NV) center in diamond, using coherent

feedback [92, 51, 109] to overcome limitations of measurement-based feedback. In

particular, we exploit coherent feedback to protect a qubit from dephasing noise,

using a second, long-lived qubit as an auxiliary system. In contrast to open-loop

dynamical decoupling (DD) techniques [144], the feedback scheme can protect the

qubit even against Markovian noise and for an arbitrary period of time (limited only

by the auxiliary qubit coherence time) and it is thus more closely related to QEC
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schemes [131, 77, 6]. Besides achieving long protection times, the feedback scheme

allows us to explore an interesting tradeoff between information gain and decoherence

protection, as measurement of the auxiliary qubit state after the feedback algorithm

voids the protection, even if the rest of the dynamics is unchanged.

We first describe the feedback-based protection algorithm and its experimental

implementation. We then present the experimental results, showing protection of

the spin qubit from dephasing noise, and compare the feedback scheme to alternative

strategies. Finally, we analyze the tradeoff between qubit protection and measurement

of the auxiliary qubit.

4.2 Coherent Feedback Protocol

To demonstrate a coherent feedback protocol with spin qubits, we choose one of

the simplest tasks, implementing the no-operation (NOOP) gate on the single qubit.

This implies canceling the effects of noise acting on the qubit during the gate time,

exploiting the action of an auxiliary qubit (ancilla). A simple, measurement-based

feedback scheme was proposed in [141]. Let |ϕ⟩q be the qubit state to be protected

and |ξ⟩b the initial state of the bath. We assume that the ancilla is not affected by

the bath, thus giving a free evolution Uqb(t)⊗ 1a (where we neglected the bath-only

evolution).

First, we prepare superposition state of the ancilla and entangle the qubit and the

ancilla by performing a conditional gate Uc.

(Uc ⊗ |1⟩ ⟨1|a) |ϕ⟩q
1√
2
(|0⟩a + |1⟩a) =

1√
2
(|ϕ⟩q |0⟩a + Uc |ϕ⟩q |1⟩a)

Then, the qubit evolves in the presence of the bath for a time t and subsequently the

conditional gate U †
c is employed:

(U †
c⊗|1⟩ ⟨1|a)Uqb(t)

1√
2
(|ϕ⟩q |0⟩a+Uc |ϕ⟩q |1⟩a) =

1√
2
(Uqb(t) |ϕ⟩q |0⟩a+U

†
cUqb(t)Uc |ϕ⟩q |1⟩a)

(4.1)
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Environment

Qubit

Ancilla

Figure 4-1: Single-bit feedback-based protection scheme. The qubit is protected
against noise from the environment. The protocol requires a well-isolated ancilla
system. The measurement is applied to the ancilla. Thanks to the deferred mea-
surement principle, the measurement part (shaded region) is replaced by coherent
feedback (controlled qubit gate).

Then, the Hadamard gate H is applied on the ancilla to obtain the state |Ψ(t)⟩

|Ψ(t)⟩ = 1√
2
(A+(t) |ϕ⟩q |0⟩a + A−(t) |ϕ⟩q |1⟩a) |ξ⟩b , (4.2)

where A±(t) = Uqb(t) ± U †
cUqb(t)Uc. The conditional gate Uc acting on the qubit is

designed such that A+ = 1q ⊗χ+
b (t) and A− = U †

q ⊗χ−
b (t), where χ±

b (t) are operators

acting on the bath only. The existence of the desired unitary Uc for qubits under

dephasing noise has been proved in Ref. [141]. The feedback protocol is completed by

measuring the auxiliary system and applying a correction operation Uq to the qubit

based on the measurement result. If the ancilla state is projected into |1⟩a, then the

state would be (U †
q ⊗χ−

b (t)) |ϕ⟩q |ξ⟩b and thus the correction gate Uq would be applied

to the qubit to correct the error. Otherwise, the resultant qubit state |ϕ⟩q χ
+
b (t) |ξ⟩b

would be intact and no correction gate would be needed.

The proposed scheme entails the measurement of the ancilla state, however, by

exploiting the entanglement between the qubit and the ancilla, we can circumvent

the measurement. Thanks to the principle of deferred measurements [151, 53] we

can replace these correction steps by coherent operations. The final state of the

combined system is then 1√
2
(χ+

b (t) |0⟩a + χ−
b (t) |1⟩a) |ϕ⟩q |ξ⟩b, which reveals how the

qubit state is completely decoupled from the bath effects, which are instead imposed

on the auxiliary qubit. We note that, while we implemented the NOOP gate in
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Figure 4-2: (a) Quantum circuit diagram of the feedback-based protection algo-
rithm. A coherent state of the qubit is prepared and read-out after the algorithm
by Hadamard gates. In between conditional-NOT gate, the qubit is subjected to
noise (and possibly unitary gates U). The ancilla measurement is replaced by coher-
ent feedback (shaded region). (b) Experimental implementation of the the feedback-
based protection algorithm with the NV spin system. In the diagram describing the
MW excitation, the sinusoidal lines refer to selective pulses acting on the mI = 1
manifold while the solid bars indicate non-selective pulses. The RF excitation de-
scribes selective pulse on the ms = 0 manifold. To implement a nonselective RF π/2
gate (dashed box) we embed a nonselective MW π pulse into the two consecutive
RF π/2 pulses. The controlled-rotation gate to the NV spin is implemented by free
evolution (tZ) under the hyperfine coupling.

the experiments, the scheme is in principle compatible with any gate that commutes

with Uc applied before the protecting time, thus potentially making this scheme more

flexible than DD techniques. Another advantage with respect to DD techniques is

that this scheme is valid independently of the characteristic time scale of the bath

and thus it can be used even in the presence of a Markovian bath.
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Figure 4-3: Left: Demonstration of the coherent feedback protection algorithm at
386G and 514G. The signal (normalized photoluminescence intensity, top panel) os-
cillates at the hyperfine coupling frequency, A = 2.16 MHz. The initial coherent
superposition state of the qubit is preserved for a time τ > 1 ms at 390 G, while we
observe a sharp decrease in the signal amplitude at 514 G, where the ancilla state is
partly measured. This is evident in the lower panels, where we compare the signal
(fidelity) at short (left) and long (right) times, for B = 390G (red dots) and 514G
(black square). To highlight the differences while taking into account different P.L.
intensities and normalizations in the two fields (see methods), we normalized all the
data so that at short times the signal has the same (maximum) contrast. Right panel:
Weak measurement experiment. Here we plot the signal after a short protection time
when applying a weak measurement of the ancilla. In the experiment, we vary the an-
cilla measurement strength by changing the angle of the last controlled phase rotation
gate.
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Figure 4-4: Comparison of the fidelity signal with (gray) and without (black) a π-
pulse on the qubit at B = 390 G (left) and 514 G (right). The upper plots show
signals measured at short protection time, τ < T ⋆

2e (0 − 2 µs) while the lower plots
show signals measured at longer times, τ > T ⋆

2e (20 − 22 µs). The data is fitted
(solid lines) with the model shown in the section 4.3. At the lower magnetic field
(left), the average of signals (red lines, obtained from the data fits) presents only
weak oscillations, indicating that at this field the measurement only carries very little
information about the ancilla state. For magnetic field close to the level anti-crossing,
the oscillation of the average signal is more pronounced and can be observed until
τ < T ⋆

2e, while it disappears at longer times. This is an indication that the ancillary
spin effectively decoheres on the T ⋆

2e scale as a result of the feedback algorithm.
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4.3 Modeling of Experiment

4.3.1 Hamiltonian of Qubit-Ancilla System

We experimentally demonstrate the algorithm described in Sec.4.2 this feedback-based

protection algorithm with a spin system associated with the Nitrogen Vacancy (NV)

center in diamond [93, 56]. Here we use an auxiliary qubit associated with the 14N

nuclear spin-1 of the NV center to protect the coherence of the NV electronic spin

against dephasing noise. The Hamiltonian of the electronic-nuclear spin system is

given by Eq. (2.13)

H = DeS
2
z + γeBSz +QI2z + γnBIz + A∥SzIz + A⊥(SxIx + SyIy), (4.3)

Due to the large quadrupole splitting (Q = −4.945 MHz), a transverse component

of the hyperfine coupling A⊥ = −2.62 MHz is neglected to first order [23, 134]. A

magnetic field is applied along the NV crystal axis [111] to lift the degeneracy of the

ms = ±1 level, yielding the electron and nuclear Zeeman frequencies γeB = ωe and

γnB = ωn. In the experiment we only use a subspace of the total system representing

a two-qubit system. For convenience, we choose the space spanned by the four lev-

els {|ms,mI⟩ = |0, 1⟩ , |0, 0⟩ , |−1, 1⟩ , |−1, 0⟩} which are mapped to the logical qubit

states as follows:|0, 1⟩ → |1⟩e |1⟩n , |0, 0⟩ → |1⟩e |0⟩n , |−1, 1⟩ → |0⟩e |1⟩n , |−1, 0⟩ →

|0⟩e |0⟩n . The effective Hamiltonian can then be simplified by using spin-1/2 opera-

tors (Pauli matrices) and transforming to a rotating frame at the resonant frequency

of the qubit (∆− ωe) and the ancilla (ωn +Q):

H′ =
A

4
(−σe

z + σn
z − σe

zσ
n
z ). (4.4)

In high-purity samples, decoherence processes of the electronic spin can be mainly

attributed to a bath of spin-1/2 13C nuclei (1.1% natural abundance) in the lattice.

Then, the total Hamiltonian is given by Htot. = H′ +Hec +Hc where Hc is the bath

Hamiltonian, while Hec denotes the interaction Hamiltonian between the electronic

77



spin and the 13C bath, yielding a short dephasing time T ⋆
2e ∼ 4µs. We can neglect the

interaction between the bath and the ancillary spin, which couples very weakly to any

source of magnetic field noise; indeed the much longer coherence time of the 14N spin,

T ⋆
2n ∼ 5 ms, is limited by the NV electronic spin relaxation and not by the 13C bath.

Because the noise is dephasing in nature, the feedback-based protection algorithm

requires the control gate to be Uc = σe
x (Pauli-X gate), yielding A+ = 1q ⊗χ+

E(t) and

A− = σe
z ⊗ χ−

E(t). Then, the correction gate should be Uq = σe
z (Pauli-Z gate).

4.3.2 Time Evolution under Markovian Spin Bath

In order to understand the action of the feedback-based protection algorithm and

obtain insights on the limit of its performance, we model the time evolution of the

qubit subjected to a spin bath. While in the experiment the actual spin bath has

non-Markovian nature, we can employ the simpler model of a Markovian bath, which

yields an easier analytical solution, since the results are similar up to a different

exponential behavior.

In the model, we consider dephasing of the qubit and ancilla, and the lattice re-

laxation of the qubit, characterized by the time scales T ⋆
2e, T ⋆

2n and T1e respectively.

Letting ρ be a state of the qubit and the ancilla, the time evolution under the Marko-

vian environment is determined by the Lindblad equation [90]:

d

dt
ρ = i[ρ,H] +

∑
k

(LkρL
†
k −

1

2
ρL†

kLk −
1

2
L†

kLkρ), (4.5)

where L1 =
√

1
2T ⋆

2e
σe
z, L2 =

√
1

T1e
σe
+, L3 =

√
1

T1e
σe
− and L4 =

√
1

2T ⋆
2n
σe
n. Given an

initial state ρ0 = |0⟩ ⟨0|e ⊗ |1⟩ ⟨1|n, the state after the NOOP gate is given by

ρ(τ) = 1
4
1− 1

4
e
− τ

T1e cos2(Aτ
2
)
[
e
−( 1

4T∗
2e

+ 1
4T∗

2n
)τ
σn
z + e

− τ
4T∗

2n σe
z + e

− τ
4T∗

2e σe
zσ

n
z

]
+

1
8
e
−( 1

T1e
+ 1

4T∗
2e

+ 1
4T∗

2n
)τ
sin(Aτ)(σn

x − σe
xσ

n
x) +

1
8
e
−( 1

T1e
+ 1

4T∗
2n

)τ
sin(Aτ)(−σe

y + σe
yσ

n
y )+

1
8
e
−( 1

T1e
+ 1

4T∗
2e

)τ
sin(Aτ)(−σe

zσ
n
x + σe

yσ
n
z )−

1
4
e
− τ

T1e sin2(Aτ
2
)
[
e
−( 1

4T∗
2e

+ 1
4T∗

2n
)τ
σe
xσ

n
z + e

− τ
4T∗

2n σe
zσ

n
y + e

− τ
4T∗

2e σe
yσ

n
x

]
(4.6)
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where τ is the protection time. Here, we assume the implementation of perfect gate

operations and neglect the time evolution during gate operations.

4.3.3 Measurement of the Qubit State

Measurement of the NV spin state is achieved by monitoring the photoluminescence

(PL) under laser excitation at 532 nm. Thanks to spin-dependent photo-dynamics in

the excited state, the PL intensity is correlated with the NV electronic spin popula-

tion. In an addition, at magnetic fields close to the excited state level anticrossing,

the PL intensity becomes modulated by the nuclear spin state as well, due to the

strong hyperfine coupling between the electronic and the nuclear spins in the ex-

cited state [110, 73]. Thus the observable in the experiment can be modeled by the

operator:

M = n1,1 |1, 1⟩ ⟨1, 1|+ n1,0 |1, 0⟩ ⟨1, 0|+ n0,1 |0, 1⟩ ⟨0, 1|+ n0,0 |0, 0⟩ ⟨0, 0| (4.7)

where the set of {nij} are Poisson-distributed stochastic variables denoting the total

number of photons detected during the measurement time (300 ns). Here we neglect

the ms = +1 and mI = +1 states that are never populated in the experiment. In

order to reduce photon shot noise, we repeat the measurements 5 × 105 times. The

raw PL signal S at each measured point of the sequence is normalized by the PL

collected from the states (|1, 1⟩ and |0, 1⟩ ), yielding the normalized signal S

S̄ =
Tr {Mρ} − ⟨n0,1⟩
⟨n1,1⟩ − ⟨n0,1⟩

= Tr
{
M̄ρ

}
(4.8)

where we define the normalized measurement operator M̄ :

M =


1 0 0 0

0 1− ϵ 0 0

0 0 0 0

0 0 0 −η

 , (4.9)
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where ϵ = (⟨n1,1⟩ − ⟨n1,0⟩)/(⟨n1,1⟩ − ⟨n0,1⟩) and η = (⟨n0,1⟩ − ⟨n0,0⟩)/(⟨n1,1⟩ − ⟨n0,1⟩)

describe the optical distinguishability of the nuclear spin states in each electronic

manifold. Processes driven by the strong hyperfine coupling in the excited state of

the NV spin become important when the applied static magnetic field is close to

the excited state avoided crossing [136]. Population exchange with the nuclear spin

renders the relaxation process of the NV spin correlated with the nuclear spin state,

leading to a optical contrast among the nuclear spin states.

From this expression, we obtain the expected signal of the feedback-based protec-

tion algorithm:

S(τ) = Tr[ρ(τ)M̄ ] = 1
2
− 1

4
(ϵ+ η)− 1

2
e
−( 1

T⋆
1e

+ 1
4T⋆

2n
)τ
cos2

(
Aτ
2

)
+

1
4
e
− τ

T1e cos2
(
Aτ
2

) [
(ϵ− η)(e

− τ
4T⋆

2e + e
− τ

4T⋆
2n )− (ϵ+ η)e

−( 1
4T⋆

2e
+ 1

4T⋆
2n

)τ
] (4.10)

When ϵ = η = 0 (that is, the nuclear spin is not measured) the signal, which measures

the electronic spin state fidelity, is no longer limited by the dephasing of the qubit T ⋆
2 ,

but by that of the ancillary spin and the T1 process of the qubit. The third factor,

which decays at the rate of T ⋆
2e, originates from the measurement of the ancilla spin

and can be observed as a reduction of the oscillations of the signal in the experiment.

4.4 Implementation of the Feedback-based Protec-

tion Gate

In the experiment, the qubit is initialized into the ms = 0 state by optical excitation

at 532 nm. At the chosen magnetic field strengths (350G-500G), optical pumping also

polarizes the nuclear spin into the mI = +1 state [73], thanks to resonant polarization

exchange with the electronic spin in the excited state [73]. After initializing the qubit

in the superposition state |ϕ⟩e = (|0⟩e + |1⟩e)/
√
2, we implement the feedback-based

protection algorithm using the control operations shown in Fig. (4-2). Gate operations

on the qubit and ancillary spins are performed by external microwave (MW) and

radio frequency (RF) fields, respectively. In order to confirm the performance of the
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coherent protection gate, we measure the fidelity of the NOOP gate while varying

the protection time τ . As shown in Fig. (B-1.a), the feedback algorithm protects

the qubit coherence against the dephasing noise created by the 13C nuclear spin bath

for times τ > 1 ms, much longer than the dephasing time. While the spin-bath

in this experimental system is non-Markovian [102] and thus DD techniques have

reached similar protection times [124], unlike DD this method would also be effective

in the Markovian noise regime, with its ultimate limit set only by the coherence

time of the ancillary spin and the qubit relaxation. Moreover, compared to other

protection schemes, including coherent transfer to the ancilla qubit [106], our scheme

is more flexible, as it still allows applying some gate operations on the qubit [141].

For example, in our implementation the qubit was still evolving under the action of

the hyperfine coupling, as indicated by the coherent oscillations of the fidelity (these

oscillations could be removed e.g., by an adequate timing choice).

4.5 Partial Measurement of the Ancilla

The success of the feedback-based protection algorithm rests on the fact that the

increased qubit entropy, due to the coupling to the environment, is dumped on the

ancilla. Thus, if information on the ancilla state is collected along the qubit, the

protection fails. Here, we investigate this trade-off between the protection power and

information gain of the ancilla in two different experiments.

4.5.1 Weak Measurement of the Ancilla

First, we transfer a part of the ancilla entropy back to the qubit by employing a

conditional gate that maps the state of the ancilla onto the qubit. As shown in Fig. 4-

5.(a), the weak measurement could be obtained by applying a conditional rotation of

the NV electronic spin, after that spin has been rotated back to its population state

by a π/2 pulse. The rotation angle φ determines the strength of the measurement.

These additional gates can however be avoided, by noting that the circuit is equivalent

to replacing the conditional π Z-gate with a conditional θ Z-gate, where θ = π/2−φ
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Figure 4-5: Weak measurement circuit. (a) After the feedback algorithm is com-
pleted, we employ a controlled X rotation to entangle the qubit with the ancilla by
which we can perform a partial measurement of the ancilla: |ψ⟩e (α |1⟩n + β |0⟩n) →
(α cosϕ |ψ⟩e |1⟩n + β sinϕσx |ψ⟩e |0⟩n) where the strength of the measurement can be
adjusted by choosing the angle ϕ. (b) Equivalent circuit to (a). Due to equivalence of
quantum circuits, a sequence (a) can be simplified. In the experiment, we perform a
controlled phase (θ) rotation gate instead of the controlled Z rotation in the feedback
algorithm.

sets the measurement strength, see Fig.4-5-(b).

The state after the feedback algorithm is given by

ρθ(τ) =
1
4
1− 1

4
e
− τ

T1e cos2(Aτ
2
)
[
e
−( 1

4T∗
2e

+ 1
4T∗

2n
)τ
σn
z + e

− τ
4T∗

2n σe
z + e

− τ
4T∗

2e σe
zσ

n
z

]
+

1
8
e
− τ

T1e (e
− τ

T⋆
2n − e

− τ
T⋆
2e ) cos2(Aτ

2
)α(θ)(σe

z + σe
zσ

n
z ) + ...

where α(θ) = 1+ cos(Aτ/2+θ)
cos(Aτ/2)

. Assuming no contrast of the measurement of the nuclear

spin (ϵ = η = 0), the signal is then given by

Sθ(τ) =
1

2
− 1

2
e
−( 1

T⋆
1e

+ 1
4T⋆

2n
)τ
cos2

(
Aτ

2

)
+

1

2
e
− τ

T1e (e
− τ

T⋆
2n − e

− τ
T⋆
2e ) cos2

(
Aτ

2

)
α(θ)(4.11)

where we assume there is no contrast among nuclear spin states in measurement.

By changing the angle of rotation of the conditional gate we can vary the strength

of the ancilla measurement, from a weak measurement to a strong one. As more

information about the state of the ancilla is acquired, the fidelity of the protection

gate decreases (see Fig. B-1.b). Note that we can integrate the conditional gate

performing the weak measurement of the ancilla state with the last conditional Z-

gate of the algorithm, thus in practice performing a conditional phase-shift gate. The
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Figure 4-6: Electronic and nuclear-spin dependent fluorescence at different magnetic
field strengths. In the experiments, the detection time delay and window were op-
timized to obtain the maximum contrast of the state. At the lower magnetic field
(left), the PL intensity shows only a weak dependence on the nuclear spin state in
the ms = −1 manifold, whereas at 514 G, which is very close to the ESLAC, a strong
dependence on the nuclear spin state is observed in both manifolds (right panel).
From these PL measurements, we obtained the parameters (ϵ, η) to construct the
measurement operator.

qubit fidelity is maximized when the conditional gate performs the required π-rotation

on the qubit, whereas it decreases when a different phase rotation is employed.

4.5.2 Nuclear Spin Dependent Fluorescence Measurements

While this experiment clearly shows that the effectiveness of the protection is related

to the measurement of the ancilla, it is still limited by the fact that we only measured

the ancilla via the qubit. To overcome this limitation, we repeated the experiment

at a different magnetic fields, where our signal, the fluorescence intensity, carries

information about the state of both the qubit and the ancilla. Usually, the nuclear

spin state does not affect the PL intensity, i.e. ϵ = η = 0 in (Eq.4.7), since it does

not affect the relaxation process of the NV center. However, processes driven by

the strong hyperfine coupling in the excited state of the NV spin become important

when the applied static magnetic field is close to the excited state avoided crossing

[136]. Population exchange with the nuclear spin renders the relaxation process of the

NV spin correlated with the nuclear spin state, leading to a optical contrast among

the nuclear spin states. Thus, the measurement strength of the nuclear spin can

be varied by changing a static magnetic field. In our experiments we choose two

working conditions that while still allowing nuclear spin polarization (P > 0.9) by
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optical pumping, could highlight differences due to partial measurement of the ancilla

spin. We thus performed the experiment at two different magnetic field (390/514 G)

characterized by different strengths of the nuclear spin optical contrast (ϵ = 0.14,

η = 0.16 at B = 390G and ϵ = 0.86, η = 0.25, for B = 514G). These values were

estimated by measuring the PL intensity for all four states (see Fig. 4-6). Because of

the partial measurement of the ancilla state at this magnetic field, the qubit fidelity

at long times is reduced (Fig. B-1.a), reflecting the effects of the noise acting on the

qubit. We thus reveal a tradeoff between the amount of information acquired about

the ancillary system and the protection that it provides to the qubit. To confirm

this analysis, we can single out the information about the ancilla state gained in the

measurement, by comparing the signal acquired so far with the signal after the qubit is

rotated by a π pulse. If the measurement were independent of the state of the ancilla,

the average of the two measurements should not vary in time (since it corresponds

to measuring the identity operator). Indeed, this is what is observed in experiments

performed at the lower magnetic field (Fig.4-4.a); for a magnetic field close to the level

anti-crossing, instead, oscillations indicate that we can extract information about the

ancilla state. However, at times longer than the qubit dephasing time, the state of

ancilla has completely decohered (Fig.4-4.b), thus completely quenching the signal

oscillations.

4.6 Conclusions

We performed coherent feedback control on a single solid-state qubit associated with

the NV center in diamond. The feedback algorithm was applied to protecting the

qubit coherence, thanks to its interaction with an ancillary spin qubit, but it is more

broadly compatible with application of other control gates on the qubit during the

protection time. We showed that this feedback-based protection algorithm can protect

the qubit coherence far beyond the dephasing time of the qubit, even if no active

control is applied to decouple it from the noise. As we applied a coherent feedback

protocol, thus avoiding measuring the state of the ancilla, the decoherent effects of the
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bath are effectively stored in the ancilla. We were thus able to explore an interesting

compromise between the amount of information gained about the state of the ancilla

and the effectiveness of the protection algorithm.

85



86



Appendix A

Modeling of Photoluminescence of

the NV Center

A.1 Model Description

We consider the dynamics of the NV spin and the nitrogen nuclear spin under optical

excitation at room temperature. At room temperature, the orbital angular momen-

tum is quenched in all the relevant states and thus the dynamics of each states can

be approximated by the spin Hamiltonian. Also, the decay rate between the two

singlets is very fast and thus they can be treated as one level [97]. Therefore, the

optical dynamics of the system can be effectively approximated by the 3-level system

consisting of the ground triplet state (3A2) and the excited triplet state (3E) and the

intermediate state (A1) [97, 159].

A.2 The Master Equation

The eigenstates and the dynamics of the system having the same orbit and spin

configuration is determined by the spin Hamiltonian. On the other hand, transitions

between different spin and orbit configurations are driven by an interaction with

photons and phonons. In order to incorporate these two different dynamics, we model

the time evolution by the Master equation.
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Figure A-1: Level structure of the NV center. There are two fine structures and one
singlet which are connected by an optical transition and phonon-assisted transition.
In addition, there are hyperfine structures because of the nitrogen nuclear spin.

The Hamiltonian in the ground state Hg is

Hg = ∆gS
2
z + gµBB · S +QI2z + gnµnB · I + Ag

∥SzIz + Ag
⊥(SxIx + SyIy) (A.1)

while one in the excited state He is

He = ∆eS
2
z+E(S

2
x−S2

y)+gµBB·S+QI2z+gnµnB·I+Ae
∥SzIz+A

e
⊥(SxIx+SyIy) (A.2)

The Hamiltonian in the singlet level is not considered because it only contains the

Hamiltonian of the nuclear spin whose evolution is negligible in the relevant time

scale. Then, we consider a time evolution of the whole system which is described

by the density operator ρ represented by a matrix of 21×21 entries consisting of 9

states in the ground state, 9 states in the excited state, and the 3 states in the singlet

state. Hg and He decide the eigenstates of the system and also the time evolution

in each state during the optical excitation and thus the time evolutions are treated

as coherent dynamics. On the other hand, the transitions between different orbital

or spin configurations such as the spontaneous and stimulated emissions and the

intersystem crossing stem from the coupling with photons and phonons and thus can

be treated as a Markov process. In order to consider the time evolution of the system
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Transition Rate [MHz]
Optical pumping γ14, γ25, γ36 64

Spontaneous emission γ41, γ52, γ63 64
Intersystem crossing from 3E to A1 γ57, γ67 79.8

γ47 11.8
Intersystem crossing from A1 to 3A2 γ71 5.6

Table A.1: Table of transition rates of the NV center in the bulk diamond at the
room temperature. All are calculated from the experimentally determined values
[117]. The stimulated emission is neglected because of the non-resonant excitation.
We also neglect γ72 and γ73. In order to include the spin non-conserving transition,
a parameter ϵ ∼ 0.01 which indicates a ratio of the spin non-conserving transition
associated with optical pumping and the spontaneous emission is introduced [98, 117]

ρ subjected to the coherent process by the Hamiltonians with Markov processes, we

employ the Master equation in the Lindblad form

dρ(t)

dt
= −i[H, ρ(t)] +

N∑
k=1

(
Lkρ(t)L

†
k −

1

2
L†
kLkρ(t)−

1

2
ρ(t)L†

kLk

)
(A.3)

where H = Hg ⊗ 1e ⊗ 1s + 1g ⊗ He ⊗ 1s, Lk =
√
γml |m⟩ ⟨l| is a jump operator to

describe a transition between |m⟩ and |l⟩ which occurs at a rate γml. All of parameters

γ are found in table A.1. For numerical calculation, the vectorized form of the Master

equation is useful.
dρ̂(t)

dt
= Lρ̂(t) (A.4)

where the Lindblabian L for the vectorized density matrix ρ̂(t) is described as follows

[66]

L = −i(H⊗ 1− 1⊗H) +
N∑
k=0

L⋆
k ⊗ Lk −

1

2
1⊗ (L†

kLk)−
1

2
(LT

kL
⋆
k)⊗ 1. (A.5)

The observable in the experiment is the number of photons associated with the

spontaneous emission, which is proportional to the population of the excited states

weighted by the decay probability. Therefore, the measurement operator M is given

89



Figure A-2: Left: Population of the ground state under the optical excitation at
100G. Population of |ms = 0⟩ and |ms = ±1⟩ are indicated by green and red colored
curves respectively. In order for the electron to relax from the metastable state, 1 µs
wait time follows the laser excitation (500ns). The NV state is polarized to the |0⟩
state. Right: Spin-dependent photoluminescence. The initial state is prepared to
be a polarized state |0⟩ (Red) or |±1⟩ before the laser excitation. It shows the PL
depends on the initial state. The yellow curve shows the contrast between two states
and photon detection should be employed when the maximum contrast is obtained.

by

M = k

(
γ41(1 + 2ϵ)∑

i γ4i
|4⟩ ⟨4|+ γ51(1 + 2ϵ)∑

i γ5i
|5⟩ ⟨5|+ γ61(1 + 2ϵ)∑

i γ6i
|6⟩ ⟨6|

)
(A.6)

where a constant k indicates a number of photons arriving to the detector which

depends on an integration time, the internal reflection of light inside the diamond

sample, the optical system and so on. In the simulation, we set k = 1 for simplicity.

In reality, a dark count of photons is always measured independent of the state and

thus needs to be considered when comparing simulation results with real experiment

data.

A.3 Results of Simulations

Due to the state-dependent intersystem crossing which occurs in the excited states

and the intermediate state, the optical excitation polarizes the NV spin state into

the ms = 0 state. After the laser excitation, the relaxation from the excited state

and the intermediate states occurs at the rate of γ71 and thus a wait time should be
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Figure A-3: Dependence of the optical contrast (left) and the PL from the steady
state (right) on the magnetic field. The angle of the magnetic field is defined from
the crystal axis of the NV center. The PL is collected from the steady states under
optical excitation. The PL strongly depends on the angle of the magnetic field around
ESLAC and GSLAC because the NV state can be easily mixed by a misaligned field
in the excited state and the ground state respectively.

needed to complete the polarization (Fig.A-2). Also, these intersystem crossing do

not accompany an emission of photons and thus the PL depends on the initial spin

state.(Fig.A-2) The measurement should be performed during the optical excitation

when the optical contrast between |0⟩ and |±1⟩ is the largest. In experiments, a static

magnetic field is often applied in order to modify the Hamiltonian of the ground state.

The magnetic field misaligned from the crystal axis (quantization axis) mixes a spin

projection component and thus the optical properties such as the optical contrast

between rearranged eigenstates and the PL from the steady state is reconfigured.

Particularly, under a magnetic field at the level-crossing in the excited state (∼ 510 G)

and in the ground state (∼ 1020 G), the PL is significantly reduced even at a small

angle (∼ 0.5 deg) of the misalignment (A-3). This strong dependence of the PL on

the magnetic field is fully exploited to align a magnetic field in our experiment. The

optical contrast is a good indicator for the alignment of the magnetic field. However,

since it requires a pulse measurement and a preparation of two different states, it is

not useful. On the other hand, the measurement of the PL from the steady state

which is also affected by the magnetic field is a continuous measurement and thus

compatible with magnet scanning. Thus, in our experiment, the alignment of the

magnetic field is proceeded by monitoring the PL from the steady state.
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Figure A-4: Polarization of the nitrogen nuclear spin obtained by 2 µs laser excitation
followed by 1 µs wait time. The angle of the magnetic field is defined from the crystal
axis of the NV center. The PL is collected from the steady states under optical
excitation. The nuclear spin is polarized (> 80 %) around the ESLAC (400-600 G).
(The dashed line indicates a population in thermal equilibrium.) The PL strongly
depends on the angle of the magnetic field around ESLAC and GSLAC because the
NV state can be easily mixed by a misaligned field in the excited state and the ground
state respectively.

Close to the ESLAC, the NV eigenstate at ms = 0,−1 can exchange a spin

momentum with the nuclear spin because of the strong hyperfine coupling in the

excited state. As a result, the nuclear spin can be polarized.(A-4) Also, the nuclear

spin dependent relaxation process impinges on the optical contrast among different

nuclear spin states.
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Appendix B

Rabi Enhancement

The NV ground state is a two-spin system given by the electronic spin of the NV

center (S = 1) and the nuclear spin (I = 1) of the substitutional 14N adjacent to

the vacancy that comprise the defect. In the experiments, we are only interested in

two of the nuclear spin levels (mI = +1, 0) that we drive on-resonance, while the

third level can be neglected. Then, the Hamiltonian of the reduced system is given

by H = H∥ +H⊥, where the secular, H∥, and nonsecular, H⊥, terms are:

H∥ = ∆S2
z + (γeBz +

A∥

2
)Sz + (Q+ γnBz)Iz + A∥SzIz,

H⊥ =
√
2A⊥(SxIx + SyIy). (B.1)

Here S and I are the electron spin-1 and nuclear spin-1/2 operator respectively.

∆ = 2.87 GHz is the zero-field splitting and Q = −4.945 MHz [134] the nuclear

quadrupolar interaction. The NV spin is coupled to the nuclear spin by a hyperfine

interaction with a longitudinal component A∥ = −2.162 MHz [134] and a transverse

component A⊥ which we want to estimate. A magnetic field Bz is applied along

the NV crystal axis [111] to lift the degeneracy of the ms = ±1 level, yielding the

electron and nuclear Zeeman frequencies γeBz and γnBz where γe = 2.8 MHz/G and

γn = −0.308 kHz/G.

Let |ms,mI⟩ be eigenstates of H∥. The transverse coupling A⊥ mixes states con-

nected via zero-quantum (ZQ) transitions, |+1, 0⟩ ↔ |0, 1⟩ and |0, 0⟩ ↔ |−1, 1⟩.
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Figure B-1: Energy levels of the reduced NV-14N spin system, showing the transitions
that are mixed by the transverse hyperfine coupling.

Diagonalization of the total Hamiltonian can then be achieved by rotating the two

ZQ subspaces with a unitary transformation UZQ = e−i(σ−
y ϑ−+σ+

y ϑ+), where we de-

fined σ+
y = i(|+1, 0⟩⟨0, 1| − |0, 1⟩⟨+1, 0|); σ−

y = i(|0, 0⟩⟨−1, 1| − |−1, 1⟩⟨0, 0|) and the

rotation angles are

tan(2ϑ+) =
2A⊥

∆+ γeBz − γnBz −Q
,

tan(2ϑ−) =
−2A⊥

∆− γeBz − A∥ + γnBz +Q
.

(B.2)

Because of this level mixing, a field on resonance with the nuclear spin transition

also drives electronic transitions. Although the electronic spin state is unchanged to

first order, as long as the mixing is small, the nominally forbidden transitions result

in an enhancement of the nuclear state nutation frequency, as we explain below.

When applying a radio frequency (RF) field to drive the nuclear spin, the interaction
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Hamiltonian of the NV-14N system with the RF field is:

Hrf(t) = 2B1 cos(ωt)(γeSx +
√
2γnIx), (B.3)

where B1 is the RF field strength. The Hamiltonian can be simplified by going into a

rotating picture at the RF frequency ω and applying the rotating wave approximation

(RWA), to obtain Hrf = B1(γeSx +
√
2γnIx). We note that since we might have

γeB1 ≫ ω, effects from the counter-rotating fields, such as Bloch-Siegert shifts of

the electronic energies, might be present. These effects were however negligible at

the fields and Rabi strengths used in the experiments. Transforming Hrf with the

unitary UZQ and denoting states and operators in the new frame by a hat, we obtain

Ĥrf=UZQHrf(t)U
†
ZQ=Hn +He, with

Hn=
√
2γnB1

(
α1

∣∣1̂⟩⟨1̂∣∣
e
+α0

∣∣0̂⟩⟨0̂∣∣
e
+α−1

∣∣−1̂
⟩⟨
−1̂

∣∣
e

)
Îx (B.4)

Here αms denote the enhancement factors in each manifold of the NV spin:

α+1 ≈ 1 +
γe
γn

A⊥

∆+ γeBz − γnBz −Q
, (B.5)

α0 ≈ 1 − γe
γn

( A⊥

∆+ γeBz − γnBz −Q

+
A⊥

∆− γeBz − A∥ + γnBz +Q

)
, (B.6)

α−1 ≈ 1 +
γe
γn

A⊥

∆− γeBz − A∥ + γnBz +Q
, (B.7)

where we show expressions exact up to the first order in ϑ±. The Hamiltonian He

can be neglected since electronic spin transitions are far off-resonance.

Thanks to the strong dependence of the enhancement factors on the transverse

hyperfine coupling, we can determine A⊥ with high precision from measurement of

the 14N Rabi oscillations.
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Figure B-2: 14N Rabi frequency in the three NV manifolds (Red, solid line ms = 0.
Black, dashed line, ms = −1. Gray, dotted line ms = +1) as a function of the
magnetic field. Rabi frequency corresponds to γnB1√

2π
αms . The filled symbols correspond

to the experimental data, which matches closely the theoretical prediction. The
effective Rabi frequencies increase rapidly with the field, exceeding 1 MHz when close
to the ground state level anti-crossing. The enhancement allows fast manipulation of
the nuclear spin even when the bare Rabi field is only B1 ≈ 3.3 G. The theoretical
prediction is confirmed by simulations (open symbols) of the spin dynamics.
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Appendix C

Coherent Control of the Nuclear Spin

The 14N nuclear spin is coherently controlled by employing a resonant RF field. In

order to calibrate quantum gates required for the feedback-based protection algorithm

(π/2-rotation), we need to find the resonance frequency and the correct pulse length

for the desired rotation. In general, the nuclear spin state cannot be directly measured

optically with high fidelity. Thus, after driving the nuclear spin, we apply a gate to

map the nuclear spin state to the NV electronic spin . We sweep first the RF frequency

to find the resonant frequency of the transition |1⟩q |1⟩a ↔ |1⟩q |0⟩a. Then we sweep

the RF pulse length to measure the nuclear Rabi oscillation. We note that despite

the small gyromagnetic ratio of the nitrogen (γn = 0.308 kHz/G) its Rabi oscillations

are significantly enhanced due to the transverse hyperfine coupling with the NV spin

(we achieve an enhancement factor of about 20 over the bare Rabi frequency around

500 G). To further characterize the nuclear spin ancillary qubit, we measured the

dephasing time, T ⋆
2n, by performing a Ramey experiment and obtained T ⋆

2n ∼ 3.2 ms.

While the dynamics of the 14N spin under RF driving is relatively simple when

the NV electronic spin is in one of the population states, further complications arise

when the NV qubit is in a superposition state.

For a typical nuclear spin gate, such as the Hadamard gate required for the algo-

rithm, we need to first take into account decoherence process of the electronic spin,

which progresses at a faster rate (T ⋆
2e ∼ 4µs) than the gate operation (tπ ∼ 30µs).

In addition, we need to engineer unconditional gates, even when the driving field can
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only rotate the nuclear spin in one of the electronic spin manifolds. In order to protect

the qubit state during the gate operation, a MW π pulse is inserted in the middle

of the RF pulse and is then compensated by adding a second MW -π pulse at the

end of the RF pulse. This procedure simultaneously solves also the second issue, as

it produces a non-selective gate, as long as the half duration of the RF pulse (before

and after the MW π pulse) is chosen to give the full gate rotation.

The Hamiltonian under the RF driving in the rotating frame is given by H =

H +HRF with

HRF(t) = −1

2
Ωeσ

e
z cos(ωRFt+ ϕ) +

√
2Ωnσ

n
x . (C.1)

Here Ωe,z and Ωn are the coupling strength of the electronic spin and the nuclear

spin with the longitudinal and transverse component of the RF field respectively. We

can neglect the coupling of the nuclear spin with the longitudinal component of the

RF field as well as the transverse component of the RF effects on the electronic field,

since at most it induces a resonance shift (Bloch-Siegert shift [14]) that is, however,

refocused by the MW π pulses embedded in the RF pulse. The longitudinal driving

imposes an additional, quite large, phase modulation on the NV spin Θ even in the

presence of the spin echo π pulses:

Θ(τ) = −Ωe

4

(∫ τ

0

cos(ωRFt+ ϕ)dt+

∫ 2τ

τ

cos(ωRFt+ ϕ)dt
)

=
2Ωe

ωRF

cos(ωRFτ + ϕ) sin(
ωRFτ

2
)2. (C.2)

While in principle one can remove this phase by a proper selection of the timing, in

practice this often clashes with other time requirements set by the need to refocus

effects due to the hyperfine couplings (explained below).

In our experiment, we used a more flexible strategy to remove this undesired

modulation, by employing time-proportional phase incrementation [76] (TPPI) of the

RF phase ϕ(τ).

Θ(τ) in Eq.( C.2) can indeed be canceled at any time by selecting ϕ(τ) = −ωRF τ .

Unlike stroboscopic detection with time interval δτ = 2π/ωRF, TPPI enables the
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continuos measurement of the 14N spin Rabi driving and it is also of great use when

the time resolution of experiment system is limited and one cannot select δτ with

enough precision. Defining U(τ) = exp(−iHτ) and R±π = exp(∓iπσe
x), the two-spin

propagator V (τ) under TPPI conditions is given by

V (τ) = R−πU(τ)RπU(τ) = e−i[A4 (σe
z+σn

z +σe
zσ

n
z )+

√
2Ωnσn

x ]τe−i[A4 (−σe
z+σn

z −σe
zσ

n
z )+

√
2Ωnσn

x ]τ

= cos
(√

2Ωnτ
) [

cos
(
At
2

)
1− i sin

(
At
2

)
σn
z

]
−

i sin
(√

2Ωnτ
) [

cos
(
At
2

)
σn
x + sin

(
At
2

)
σe
zσ

n
x

]
,

(C.3)

where we took the limit A ≫ Ωn to neglect off-resonance driving. We note that due

to the combination of the hyperfine coupling Aσe
zσ

n
z /4 and the RF driving 1

2
ΩnB1xσ

n
x ,

the propagators of the nuclear spin before and after the MW π pulse do not commute

and the nuclear spin evolves about non-parallel axes in the two time intervals. This

can be directly observed as a modulation of the electronic spin echo, similar to the

more common ESEEM [104] for anisotropic hyperfine coupling. In order to avoid the

effects of the hyperfine, we can set Aτ = 2π. Since A≫ Ωn, we can choose a timing τ

fulfilling both the above condition and the desired RF pulse time, yielding V (τ) = σn
x .
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