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The sensitivity afforded by quantum sensors is limited by decoherence. Quantum error correction
(QEC) can enhance sensitivity by suppressing decoherence, but it has a side-effect: it biases a
sensor’s output in realistic settings. If unaccounted for, this bias can systematically reduce a sensor’s
performance in experiment, and also give misleading values for the minimum detectable signal in
theory. We analyze this effect in the experimentally-motivated setting of continuous-time QEC,
showing both how one can remedy it, and how incorrect results can arise when one does not.

Introduction.— Quantum sensors use quantum systems
and effects to sense an external signal V (t) in their envi-
ronment, such as electromagnetic fields, temperature or
pressure [1]. They also, however, experience decoherence
due to this same environment, which limits their sensi-
tivity in practice. Techniques to suppress decoherence,
without equally suppressing the signal, are therefore of
central importance in quantum sensing [2–9]. Quantum
error correction (QEC) is currently emerging as an im-
portant technique to this end, and has attracted substan-
tial theoretical and experimental interest of late [10–27].
Indeed, while QEC was first developed in the context
of quantum computing, the substantially less demanding
experimental requirements of quantum sensing make the
latter application particularly attractive for QEC in the
near term [28]. It is therefore essential to address the
unique challenges that arise from using QEC for sensing,
which often lack close analogues in quantum computing
(or quantum communication).

Quantum sensing generally works by preparing a sen-
sor in a known initial state, letting it evolve under dy-
namics that depend on the signal V (t), and then measur-
ing the sensor’s final state so as to estimate the signal.
In error-corrected quantum sensing, the initial state is a
logical state of a QEC code, and errors are repeatedly cor-
rected while the signal imprints on the sensor, until the
latter is finally read out. The error correction can either
be performed at discrete times through measurement and
feedback, or continuously by engineering appropriate dis-
sipative terms in the sensor’s dynamics. Most analyses
of QEC for sensing to date have focused on the leading-
order effective dynamics under very frequent/strong er-
ror correction (in the discrete/continuous pictures respec-
tively) to show that QEC can—in principle—completely
suppress decoherence in a sensor.

In this Letter we instead examine quantum sensing un-
der QEC of manifestly finite frequency/strength. As ex-
pected, we find that such QEC reduces, but does not fully
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eliminate decoherence in a sensor. Crucially, however, we
also find that it can systematically bias a sensor’s output,
i.e., introduce inaccuracy that is not reduced by averag-
ing over many runs. This bias arises from the nonzero de-
lay between an error and its subsequent correction, dur-
ing which time a sensor typically evolves differently than
if no error had occurred. This effect would clearly re-
duce a sensor’s performance in experiment if one failed
to account for it. Similarly, we use biased estimator the-
ory to show that a standard analysis can give misleading
values of sensitivity in theory. Finally, we give a simple
method to remedy both issues through post-processing of
measurement data, which we illustrate with a canonical
example of error-corrected quantum sensing.

Setting.— We consider the problem of estimating a DC
signal V (t) = V using quantum sensor comprising n iden-
tical qubits with a Hamiltonian

H =

n∑
j=1

(ωq
2
σ(j)
z + ξ V σ(j)

z

)
=

n∑
j=1

ω

2
σ(j)
z , (1)

where ωq is the qubits’ zero-field splitting and ξ is
their coupling strength to the environment (~ = 1).
We define for convenience the combined energy gap
ω := ωq + 2 ξ V . We also suppose that the sensor un-
dergoes decoherence described by a Lindblad equation.
Following Refs. [10, 12, 13, 17, 20], we assume this de-
coherence to be primarily due to bit flips affecting each
qubit independently at the same rate Γerr, described by
the Lindblad jump operators L(j)

err =
√

Γerr σ
(j)
x [29]. Note

that this is a pessimistic model in the sense that dynami-
cal decoupling, one of the main techniques for suppressing
decoherence in quantum sensors, is largely incompatible
with both DC signals and Lindbladian decoherence [1].

This decoherence limits the sensor’s achievable sen-
sitivity. It can be suppressed, and the sensitivity en-
hanced, by using the bit-flip code where |0〉L = |0 . . . 0〉
and |1〉L = |1 . . . 1〉 for n ≥ 3 qubits. The idea is to mimic
a Ramsey interferometry protocol [30] at the logical level.
One first prepares a state 1√

2
(|0〉L + |1〉L) (say by apply-

ing a logical Hadamard, HL, to |0〉L), then lets the sensor
evolve for a time τ all the while detecting and correct-
ing L(j)

err errors. One then applies HL to the time-evolved
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FIG. 1: Bias in error-corrected quantum sensing. (a) Error-corrected Ramsey sequence represented as a quantum
circuit where HL are logical Hadamard gates, C represents detection and correction processes and δτ free evolution
intervals under the signal with frequency ω. The overall dynamics during the sensing time τ is described by Lτ . In
(b), we plot the expectation value 〈σLx 〉 as a function of the free evolution time τ for three different sensing models:
ideal, uncorrected and error-corrected. The parameters used for the simulation are Γerr = 0.1ω, Γqec = 5ω. Panel (c)
shows the Fourier transform F of the functions from Fig. 1(b).

state and measures in the {|0〉L, |1〉L} basis, effectively
measuring σLx = |0〉〈1|L + |1〉〈0|L.

Broadly speaking, errors can be detected and corrected
in two ways, both illustrated in Fig. 1(a). One is to peri-
odically measure the parity between qubits at intervals δτ
to infer whether an error has occurred, and then to apply
appropriate feedback. The other is to engineer additional
jump operators in the sensor’s Liouvillian Lτ that imple-
ment a continuous analogue of the former scheme. We
focus here on the latter, continuous type for mathemat-
ical convenience. For n = 3, the QEC jump operators
have the form [17]

L(j)
qec =

√
Γqec σ

(j)
x

1− σ(j)
z σ

(k)
z

2

1− σ(j)
z σ

(l)
z

2
(2)

for {j, k, l} = {1, 2, 3}. Notice that L(j)
qec flips qubit j at

a rate Γqec if and only if it disagrees with the other two
qubits. The sensor’s overall dynamics is then given by
the Lindblad equation ρ̇ = Lτ (ρ) with the Liouvillian

Lτ (ρ) = −i [H, ρ]+
∑
j

D[L(j)
err ](ρ)+

∑
j

D[L(j)
qec ](ρ) (3)

where

D[L
(j)
k ](ρ) := L

(j)
k ρL

(j) †
k −1

2

(
L

(j) †
k L

(j)
k ρ + ρL

(j) †
k L

(j)
k

)
for a jump operator L(j)

k . The bias we are concerned with
arises from both types QEC, with Γqec and δτ−1 playing
the same role.

Imperfect error-corrected sensing.—Repeating the proto-
col in Fig. 1(a) gives a set of binary measurement results
{Xτ}, where Xτ = ±1 for |0〉L/|1〉L outcomes respec-
tively. One can then infer ω with the least-squares esti-
mator

ω̂ = arg min
ω

∑
τ

[
Xτ − 〈σLx (τ, ω,Γerr,Γqec)〉

]2
, (4)

which minimizes the discrepancy between the observed
and expected results. For a single, noiseless qubit
〈σx〉 = cos(ωτ). Similarly, the three-qubit repetition
code gives 〈σLx 〉 = cos(3ωτ) in the limit of infinitely fre-
quent/strong QEC (Γqec or δτ−1 → ∞)—producing, in
effect, a noiseless qubit with a stronger dependence on ω
at the logical level. With finite frequency/strength QEC,
the logical qubit will gradually decohere, albeit hopefully
more slowly than the physical qubits. One might expect
that in this latter, realistic setting, 〈σLx 〉 would behave
like in the ideal case, but with an additional exponential
decay that vanishes as Γerr → 0:

〈σLx 〉
?
= e−3Γerrτ cos(3ωτ). (5)

We will show, however, that while the true expression
for 〈σLx 〉 indeed has this form, the coefficients must be re-
placed by distinct, effective ones Γerr → Γeff and ω → ωeff
given by Eq. (9).

Finding 〈σLx 〉 amounts to solving a system of first order
differential equations describing evolution under Lτ . We
sketch the process here, relegating the details to the Sup-
plemental Material [31]. To get a tractable system, we
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make the approximation that rare, weight-2 errors cause
the state to vanish. This quickly leads to the solution
〈σLx 〉 = 2Re(q), where

q(τ) = C+ e
1
2 τ(−Γqec−6Γerr−4iω+

√
D)

− C− e
1
2 τ(−Γqec−6Γerr−4iω−

√
D).

(6)

Here C± are normalization constants (discussed below
and in [31]) and D = Γ2

qec + 12 Γqec Γerr + 12 Γ2
err −

4iΓqec ω − 4ω2 is a discriminant. Expanding this ex-
pression for a large—but finite—QEC rate then gives

〈σLx 〉 = 2C+ e−6 Γerr
Γqec

Γerr τ cos

[
3ω(1− 2

Γerr

Γqec
)τ

]

− 2C− e−(Γqec+6 Γerr−6
Γ2

err
Γqec

)τ
cos

[
ω(1 + 6

Γerr

Γqec
)τ

] (7)

where C+ = 1
2 −

3
2

Γerr

Γqec
and C− = − 3

2
Γerr

Γqec
. Simplifying

further still, we arrive at

〈σLx 〉 ≈ e−3 Γeff τ cos[ 3ωeff τ ] (8)

[cf. (5)] where

Γeff = 2
Γerr

Γqec
Γerr ωeff = ω (1− 2

Γerr

Γqec
) (9)

to first order in Γ−1
qec, as claimed above. In other words,

imperfect QEC not only leads to logical decoherence; it
also shifts the oscillation frequency of 〈σLx 〉. This is be-
cause the sensor acquires a relative phase at a rate 3ω in
the absence of errors, but only at a rate ω in the brief
intervals between an error and its subsequent correction.
Therefore errors reduce the average precession rate ωeff,
and so ωeff < ω for finite Γqec. This bias is illustrated in
the time and frequency domains in Figs. 1(b) and 1(c)
respectively.

Biased parameter estimation.— We now show that a di-
rect application of (5), i.e., equating ω with ωeff, violates
a fundamental bound of estimation theory. The sim-
ple remedy in (9) almost completely resolves the issue,
despite arising from a perturbative expansion. Perhaps
more perniciously, we also show equating ω and ωeff can
give misleadingly optimistic figures of merit for error-
corrected quantum sensors.

Consider a set of observations {Xi}Ni=1 independently
drawn from a distribution P(Xi|ω). The bias b(ω) of an
estimator ω̂(X1, . . . , XN ) is defined through E[ω̂] = ω +
b(ω), where E denotes an expectation value over obser-
vations. An estimator is said to be unbiased if b(ω) = 0,
in which case its variance Var(ω̂) = E[(ω̂ − E[ω̂])2] obeys
the Cramér-Rao lower bound (CRB) [32]:

Var(ω̂) ≥ (N I(ω) )−1, (10)

where I(ω) is the Fisher information [31]. Eq. (10) holds
for all unbiased estimators—therefore, any observed vi-
olation is a sign of a biased estimator. We will use this

FIG. 2: Verification of the bias. (a) Total variance as a
function of the sensing time τ for estimators derived from
Eq. (5) (diamonds) and Eq. (6) (circles). The right-hand
side of the Cramér-Rao lower bound given in Eq. (22)
is presented as a dashed line. (b) Statistical bias of the
frequency estimate ω̂ as a function of τ . Each point from
these plots was obtained from one multivariate least-
squares regression of data simulated with a Monte-Carlo
method with parameters Γerr = 0.2ω, Γqec = 16.6ω.

observation to show that Eq. (5) gives a biased estima-
tor. First, however, we must make a small adjustment
since 〈σLx 〉 depends both on ω and Γerr (we will assume
that Γqec is known from previous calibration). In this
multivariate case one can instead derive [33]

Var(ω̂) + Var(Γ̂err) ≥
1

N

(
I(ω)−1 + I(Γerr)

−1
)

(11)

for any unbiased estimators ω̂ and Γ̂err. We refer to the
left hand side of Eq. (22) as the total variance. In the
setting introduced above, the Fisher information is [31]

I(λ)−1 =
(
1 + 〈σLx 〉

) (
1− 〈σLx 〉

) [∂〈σLx 〉
∂λ

]−2

(12)

for λ ∈ {ω, Γerr }.
Fig. 2(a) shows the total variance for estimators aris-

ing from Eqs. (5) and (6), obtained through Monte Carlo
simulation, as well as the lower bound from Eq. (22).
Notice that the estimator derived from Eq. (5) violates
the CRB for all τ and is therefore biased. (The esti-
mator from Eq. (6) only violates the CRB after long
times τ when the sensor has almost fully decohered.)
The frequency bias can be statistically assessed using
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b(ω) = E[(ω − ω̂)2]−Var(ω̂) that characterizes the mean
square deviation of the estimate ω̂ from the true value of
ω. This quantity is represented as a function of τ in
Fig. 2(b). From here we see that the estimator using
Eq. (6) has a lower bias than the one using Eq. (5). We
thereby establish that the proposed estimator is in fact
less biased that the naïve one which is statistically in-
consistent. We remark that the estimator using Eq. (6)
has a greater total variance but a lower bias than the
estimator derived using Eq. (5). This contrast between
Fig. 2(a) and Fig. 2(b) reflects the so-called bias-variance
tradeoff, which is a generic statistical observation [34].

Minimum detectable signal.— A central figure of merit
for a quantum sensor is the minimum detectable signal
|δω|, defined as the smallest value of ω giving a unit signal
to noise ratio [1]. Here |δω| = 1/

√
NI(ω). The ideal case

of 〈σLx 〉 = cos(3ωτ) of perfect QEC, or noiseless qubits,
gives a lower bound of |δω|(τ) ≥ (9N τ2)−1/2 called the
Standard Quantum Limit (SQL).

A straightforward application of Eq. (5) would suggest
a minimum detectable signal of

|δω|(τ)
?
=

√
1− e−6 Γerr τ cos2[ 3ω τ ]

N 9 τ2 e−6 Γerr τ sin2[ 3ω τ ]
. (13)

This expression equals the frequency uncertainty derived
by Huelga et al. [35]. It is minimized (smaller |δω| is
better) at the optimal sensing time

τopt =
π

2

kopt

3ω
with kopt =

⌊
2

π

ω

Γerr

⌉
, (14)

where b · e indicates the rounding to the nearest integer.
In contrast, the corresponding expression from Eq. (8)
(i.e., accounting for ω 6= ωeff and Γerr 6= Γeff) is

|δω|(τ) =

√
1− e−6 Γeff τ cos2[ 3ωeff τ ]

N 9 τ2(∂ωωeff)2 e−6 Γeff τ sin2[ 3ωeff τ ]

(15)
where ∂ωωeff comes from the derivative of 〈σLx 〉(τ) with
respect to ω. (The expression for |δω| from the full
Eq. (6) is lengthy and can be found in [31].) Since the
former is equal to 1 − 2 Γerr

Γqec
, independent of τ , the op-

timal sensing time is of the same form as in Eq. (14)
but with the effective frequency and error rate substi-
tuted. In short, failing to account for the difference be-
tween (ω,Γerr) and (ωeff,Γeff) would suggest an overly
optimistic value of |δω|, off by a factor of ∼

∣∣∣1− 2 Γerr

Γqec

∣∣∣.
We graphically illustrate this inconsistency as follows:

We consider a set of observations for which a frequency
ω̂ and an error rate Γ̂err were estimated using the unad-
justed expression in Eq. (5). Then, in the naïve scenario
with ω̂ ≡ ω and Γ̂err ≡ Γerr, we insert them in Eq. (13)
and calculate a first curve. In our proposed scenario,
where we are aware of the existence of a bias, the esti-
mated parameters stand for ω̂ ≡ ωeff and Γ̂err ≡ Γeff .

FIG. 3: Minimum detectable signal as a function of the
sensing time τ for two different functions: naïve (dashed)
and proposed (solid) using Eq. (13) and (15), respec-
tively. Both functions were plotted with the same values
of ω̂ and Γ̂err, for Γerr = 0.2ω and Γqec = 16.6ω. The
optimal sensing time τopt calculated with Eq. (14) coin-
cides with the minimum of the proposed function, thus
establishing it as the correct model.

Substituting them into Eq. (15) yields a second curve.
These two functions are presented in Fig. 3 as dashed
and dotted lines, respectively. Although both of them
satisfy the standard quantum limit, only one can cor-
rectly reflect the true minimum detectable signal. We
utilize the optimal sensing time to identify the correct
function. To this end, we calculate τopt using Eq. (14)
for both scenarios and plot the result in Fig. 3. As we
can see, τopt comes out the same for both scenarios. This
can be understood from the fact that it can either way
be written as τopt ≈ (Γ̂err)

−1. Yet, the computed τopt

coincides with the minimum of the proposed function,
while deviating from the naïve one. We thus conclude
that only the proposed model delivers the true result for
the minimum detectable signal.

Discussion and conclusion.— In summary, we demon-
strate in this work that quantum error correction of
a finite frequency/strength in a quantum sensor not
only introduces logical decoherence, but can also pro-
duce a systematic bias in the sensor’s output. We
showed that this effect can lead to overly optimistic—and
even nonsensical—parameter estimates if unaccounted
for, and proposed a remedy through post-processing. An
interesting open question is whether it is possible to de-
sign QEC codes for sensing that do not introduce such a
bias in the first place.

While we have focused on the bit-flip code for con-
creteness, we expect the phenomenon discussed here to
arise much more generally when the error operators do
not commute with the sensor’s Hamiltonian. Similarly,
our results are not limited to Ramsey sensing schemes,
even though we have focused on this approach. This
work shows that nontrivial, and perhaps unexpected, ef-
fects can arise when performing QEC beyond the ideal-
ized limits considered in early proposals. We expect that



5

much remains to be discovered in this direction on the
way to realizing useful QEC.
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SUPPLEMENTAL MATERIAL

In this Supplemental Material, we give detailed derivations of the main formulas and provide justifications to
assertions from the paper. In particular, we discuss the derivations of the proposed function, the validity range of its
reduced form, derivations of the Cramér-Rao bound and the minimum detectable frequency variation. Finally, the
last two sections are dedicated for numerical comparisons between simulations and analytical solutions.

I. SOLUTION OF THE MASTER EQUATION

Above all, we determine the components of the density matrix ρ on which the expectation value 〈σLx 〉 depends. It is
straightforward to see that 〈σLx 〉 = q+q∗ = 2Re(q) where q = 〈1|Lρ|0〉L. This means that the goal is to solve the master
equation for this component only. If both, the initialization and the first Hadamard gate, are assumed to be perfect,
the initial value of q is equal to 1

2 and only the free evolution stage changes it. The latter is dictated by the master
equation (3) which in the case of this component can be reduced to a system of eight differential equations involving
q = 〈111|ρ|000〉, e1 = 〈011|ρ|100〉, e2 = 〈101|ρ|010〉, e3 = 〈110|ρ|001〉 and their respective complex conjugates. The
entire system is presented in (16) with the dot denoting the derivative with respect to τ . One can notice that the
system is invariant under permutation of the error components {e1, e2, e3} and can be then reduced to a system of
four rate equations by defining e = e1 + e2 + e3 (cf. Eq. (16)).



q̇ = (−3i ω − 3 Γerr) q + (Γerr + Γqec)(e1 + e2 + e3)

ė1 = Γerr q + (−iω − 3 Γerr − Γqec) e1 + Γerr (e∗2 + e∗3)

ė2 = Γerr q + (−iω − 3 Γerr − Γqec) e2 + Γerr (e∗1 + e∗3)

ė3 = Γerr q + (−iω − 3 Γerr − Γqec) e3 + Γerr (e∗1 + e∗2)

ė∗1 = Γerr q
∗ + (iω − 3 Γerr − Γqec) e

∗
1 + Γerr (e2 + e3)

ė∗2 = Γerr q
∗ + (iω − 3 Γerr − Γqec) e

∗
2 + Γerr (e1 + e3)

ė∗3 = Γerr q
∗ + (iω − 3 Γerr − Γqec) e

∗
3 + Γerr (e1 + e2)

q̇∗ = (3i ω − 3 Γerr) q
∗ + (Γerr + Γqec)(e

∗
1 + e∗2 + e∗3)

→


q̇ = (−3i ω − 3 Γerr) q + (Γerr + Γqec) e

ė = 3 Γerr q + (−iω − 3 Γerr − Γqec) e+ 2 Γerr e
∗

ė∗ = 3 Γerr q
∗ + (iω − 3 Γerr − Γqec) e+ 2 Γerr e

q̇∗ = (3i ω − 3 Γerr) q
∗ + (Γerr + Γqec) e

∗

(16)

This permutation invariant system leads to a complicated set of rate equations which do not have, due to the
presence of complex coefficients, a simple solution. A way to bypass this issue is to consider a slightly simpler problem
given by the matrix equation (17) without the orange terms. This approximation can be understood as following:
error components e and e∗ of the density matrix ρ can only decay through the error channel into an additional virtual
leakage subspace whereas in fact this channel just transforms them into each other. Conversely, replacing the −3Γerr e
term by −Γerr e would lead to a closed system where double errors couldn’t occur at all. This is a more restrictive
assumption and thus was not considered.

d

dτ

 q
e
e∗

q∗

 =

−3iω − 3Γerr Γerr + Γqec 0 0
3Γerr −iω − 3Γerr − Γqec 2Γerr 0

0 2Γerr iω − 3Γerr − Γqec 3Γerr

0 0 Γerr + Γqec 3iω − 3Γerr


 q
e
e∗

q∗

 (17)

The problem together with the assumption explained above comes down to find the eigenvalues and eigenvectors
of the upper 2x2 matrix from Eq. (17). They are given as following:

λ± = −1

2
Γqec − 3 Γerr − 2iω ± 1

2

√
D

~v± ≡

vq±
ve±

 =

 1
6 Γerr

(
Γqec − 2i ω ±

√
D
)

1


with D = Γ2

qec + 12 Γqec Γerr + 12 Γ2
err − 4iΓqec ω − 4ω2

(18)

The solution consists of a linear combination of products of each eigenvector with the exponential of the corresponding
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eigenvalue. The initial value of the problem is (1/2, 0, 0, 1/2). This implies:q(τ)

e(τ)

 = A eλ+ τ ~v+ + B eλ− τ ~v−

where A and B have to be determined knowing that q(0) = 1/2 and e(0) = 0; this leads to the following normalization
constants C± from Eq. (6)

C± =
Γqec

4
√
D
− iω

2
√
D
± 1

4
(19)

II. VALIDITY RANGE OF THE REDUCED SOLUTION

In an error-corrected sensing situation, the solution presented in Eq. (6) does not seem to have an intuitive physical
explanation. Indeed, one can hardly distinguish a decaying part caused by errors from a growing part resulting from
the error-correction. This is due to the presence of the square-root term in the exponentials. A way to circumvent
this is to use an approximation of this term. Let us rewrite it as following:

√
D = Γqec

√
1 +

12 Γqec Γerr + 12 Γ2
err − 4iΓqec ω − 4ω2

Γ2
qec

. (20)

Here, we have chosen to consider that the correction rate Γqec dominates over the rest of the terms in the square root.
We expand it up to the second order of the fraction in the square root. The convergence of this expansion is ensured
when the absolute value of this ratio is strictly lower than one; stated differently:

(12 Γqec Γerr + 12 Γ2
err − 4ω2)2 + 16 Γ2

qec ω
2 − Γ4

qec < 0

(12 Γqec Γerr + 12 Γ2
err − 4ω2)2 + 16 Γ2

qec ω
2 + Γ4

qec > 0
(21)

have to be satisfied by the parameters of the system. While the bottom condition is always satisfied if Γerr < ω, the
top one has a nontrivial valid parameter space. Its validity limit is shown in Fig. 4 as a dashed line. Parameters
inside the red region violate this condition meaning that the expansion does not converge. Assuming that we are in
the green region and considering only terms of the order O(1/Γqec), this expansion leads to the expectation value
〈σLx 〉 given by Eq. (7) in the main text. It can then be reduced further to Eq. (8).

III. BIAS AS A FUNCTION OF CORRECTION RATE

The bias of the frequency is related to all the parameters of the system, namely ω, Γerr and Γqec. Fixing the two
first one and varying the correction rate can help us to determine the value for which the bias becomes negligible.

FIG. 4: Validity range. The validity condition (cf. top
inequality of Eq. (21)) of the approximation given in
Eq. (7) expressed in units of ω. The green region rep-
resents the valid parameter space and the red one – pa-
rameters which violate the condition. The dashed line
is the limit between these areas.
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This analysis is shown in Fig. 5. While the reduced solution given in Eq. (8) can help to approximate this curve for
large Γqec; for low values, the validity conditions (cf. Eq. (21)) are not satisfied anymore. We can observe that after
reaching a minimum, the effective frequency starts to increase again.

We believe that this arises from the nature of the measurement we are using. Indeed, when the measurement basis
is made of logical states, qubits from the erroneous subspace do not corrupt the outcome, such that the only way they
bias the measurement is due to multiple bit flips. However, the probability of these events is low, since the qubits
population, initially in the logical states, will quickly and equally spread among all the possible states of the Hilbert
space. When QEC becomes nontrivial, this probability starts to increase together with the logical population. A
non-negligible amount of the latter has, however, spent some time in the erroneous subspace and thus evolved at a
different frequency. As we keep increasing Γqec, this time decreases, which consequently reduces the bias.

FIG. 5: Bias VS QEC. Evolution of the effective
frequency in terms of correction rate. Numeri-
cal data were obtained using a discrete Fourier
transform of the proposed solution (cf. Eq. (6)).
The curve is well approximated by the first-order
expression of ωeff presented in Eq. (10). The
limit of this approximation is set by inequalities
in Eq. (21). The error rate is fixed at Γerr = 0.1ω.

IV. CRAMÉR-RAO BOUNDS

As mentioned in the main text, the Cramér-Rao bound (CRB) constitutes a lower bound for the variance of an
estimator [32]. In a univariate estimation problem, i.e. the estimator is a scalar, this bound looks, for a completely
arbitrary estimator θ̂, as following:

Var(θ̂) ≥
(1 + db

dθ )

N I(θ)
with I(θ) := E

[(
∂

∂θ
log P(X|θ)

)2
]

(22)

where {Xi}Ni=1 is a set of independent and identically distributed observations drawn from a probability density
function P(Xi|θ); I(θ) is known as the Fisher information (FI) and describes a measure of the amount of information
that the set {Xi}Ni=1 embody about θ. As a reminder, the estimator is defined as E[θ̂] = θ + b(θ) with b(θ) – its bias;
and its variance is given by Var(θ̂) = E[(θ̂ − E[θ̂])2]. In the case of an unbiased estimator, the CRB will end up to be
simply (NI(θ))−1.

However, as indicated in the paper, the problem we are considering is multivariate since the expectation value
depends both on Γerr and ω which are a priori unknown parameters. The estimator given in Eq. (4) becomes then

Θ̂ =

(
θ̂1

θ̂2

)
= arg min
{θ1 , θ2}

∑
τ

[
Xτ − 〈σLx (τ, θ1, θ2,Γqec)〉

]2
(23)

where the components of the estimator Θ̂ can be respectively identified as the estimator of the frequency ω̂ and of
the error rate Γ̂err. Then, in this case, one can rewrite the CRB as follows:

Cov(Θ̂)− 1

N
I(Θ)−1 ≥ 0 (24)

where now the variance is replaced by the covariance matrixCov(Θ̂) and the FI by the Fischer information matrix I(Θ).
Due to the fact that the latter is positive semi-definite, the following corollary is directly derived from Eq. (24) [33]

Tr
(
Cov(Θ̂)

)
= Var(θ̂1) + Var(θ̂2) ≥ 1

N
Tr
(
I(Θ)−1

)
≥ 1

N

(
I(θ1)−1 + I(θ2)−1

)
(25)
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In this expression, Tr(·) denote the trace of a matrix.
Let us derive an expression for the FI present in the CRB inequality.

I(θ) =
∑
x=±1

P(X = x|θ)
[
∂

∂θ
log P(X = x|θ)

]2

=

= P(X = +1|θ)
[
∂

∂θ
log P(X = +1|θ)

]2

+ (1− P(X = +1|θ))
[
∂

∂θ
log (1− P(X = +1|θ))

]2

=

=
1

P(X = +1|θ)

[
∂

∂θ
P(X = +1|θ)

]2

+
1

1− P(X = +1|θ)

[
∂

∂θ
P(X = +1|θ)

]2

=

=
1

P(X = +1|θ)(1− P(X = +1|θ))

[
∂

∂θ
P(X = +1|θ)

]2

Here, we restricted ourself specifically to our problem where the random variable is now X and it can take only two
values x ∈ {−1 , 1}. Moreover, the probability density function evaluated in +1 is straightforwardly derived from the
expectation value, P(X = +1|θ) = 1

2

(
〈σLx 〉+ 1

)
. Then equation (25) becomes

2∑
i=1

Var(θ̂i) ≥
1

N

(
1 + 〈σLx 〉

) (
1− 〈σLx 〉

) 2∑
i=1

[
∂

∂θi
〈σLx 〉

]−2

which correspond to the Cramér-Rao bound given in Eq. (11) in the main text.

V. MINIMUM DETECTABLE SIGNAL

Degen et al. [1] define the minimum detectable signal as the smallest variation of ω giving a unit signal to noise ratio:
SNR = |δP(Xi)| /σ where δP(Xi) is the variation of the probability density function introduced in the previous section
and σ its standard deviation. Knowing that we deal with a binomial distribution and that δP(Xi) = δω ∂ωP(Xi), it
implies that

|δω| =
√

1

N
P(X = +1) [1− P(X = +1)]

∣∣∣∣∂ P(X = +1)

∂ ω

∣∣∣∣−1

≡ 1√
NI(ω)

(26)

where N is, as before, the number of observations. The derivative of the naïve Eq. (5) with respect to ω is straight-
forward and its |δω| is thus equal to Eq. (13). For the proposed solution given in Eq. (6), this derivative is however
more complicated due to the form of q. It is given by the following expression

∂〈σLx 〉
∂ω

= 2Re
(
− 2iτ q(τ) + ∆q(τ)

)
(27)

with ∆q(τ) = ∆C+ e
1
2 τ(−Γqec−6Γerr−4iω+

√
D) − ∆C− e

1
2 τ(−Γqec−6Γerr−4iω−

√
D)

and ∆C± =
1

4D3/2

[
−2i(D − Γ 2

qec)− τ
√
D(iΓqec + 2ω)(±Γqec ∓ 2iω +

√
D)
]
.

This function can then be inserted in equation (26) to obtain its minimum detectable signal, this step has not been
done analytically due to the complexity of this expression.

As an alternative, we can also derive the frequency variation |δω| using the reduced solution presented in Eq. (8). Due
to the requirement of performing a partial derivative with respect to ω, we must opt for higher order approximations
of the effective decay rate and frequency (cf. Section VII). That is to say that Γeff and ωeff have to be considered as
function of ω. Thus, the minimum frequency variation that one can sense would be given by

|δω|(τ) =

√
1− e−6 Γeff τ cos2[ 3ωeff τ ]

N 9 τ2 e−6 Γeff τ
(
(∂ωΓeff) cos[ 3ωeff τ ] + (∂ωωeff) sin[ 3ωeff τ ]

)2 (28)

An important aspect to mention is that this formula has almost the same form as the naïve expression in Eq. (13),
except that now we have some ∂ωωeff and ∂ωΓeff terms in the denominator. A numerical study of the ratio of this
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terms shows that, in the validity range (cf. Section II), the former extensively dominates over the second one. We then
conclude that that the minimum detectable variation |δω|(τ) can be approximated using the expression presented in
Eq. (15) in the main text.

Equations (13) and (15) explicitly show how equating ω and ωeff can give misleadingly optimistic figures of merit
for error-corrected quantum sensors. Indeed, if we consider the notation introduced in the previous section, then

|δω|conj(τ, θ̂1, θ̂2) ≈ |∂ω ωeff | |δω|mod(τ, θ̂1, θ̂2) (29)

where the unadjusted and the proposed variations are given respectively by Eq. (13) and Eq. (15) from the main text.
This highlights that the minimum detectable signal with a given protocol is potentially overestimated, i.e. better than
the true one, since the partial derivative of ωeff with respect to the frequency is less than one.

VI. PROPOSED SOLUTION VS SIMULATION

An aspect not discussed in the main text is the precision of the proposed solution with respect to a simulation
of the protocol. Fig. 6(a) shows the root-mean-square deviation (RMSE) of the proposed function given in Eq. (6)
from the simulated with QuTiP [36] function. We note that the error is consistently below 0.2% indicating that the
function is an equally accurate solution of the non-corrected and error-corrected problems. We believe that this error
is mainly the result of removing the orange terms from the matrix differential equation (17).

Furthermore, Fig. 6 displays as well the RMSE of the proposed minimum detectable signal formula presented in
Eq. (27) with respect to its simulation. Notwithstanding some discrepancies for high correction rates, the baseline of
the error curve depict a very fast decrease and crosses the cap of 1% already for low Γqec. The variations mentioned
previously as well as the trend of the error curve when Γqec → 0 could come from discretization errors. Indeed, for the
simulated data, we approximated the derivative ∂ω〈σLx 〉 with a finite difference method such that these errors could
potentially be reduced with a finer frequency discretization or a higher order method.

VII. CONVERGENCE OF THE REDUCED SOLUTION

In Imperfect error-corrected sensing part of the main text, we approximate the full expression of an error-corrected
Ramsey experiment given in Eq. (6) with a much simpler and closer to the expected form function. The latter,
presented in Eq. (8), was derived by expanding the square root of the discriminant D (cf. Eq. (20)) and considering
only the first order terms in O(1/Γqec). This implies that the effective parameters, stated in Eq. (9), are as well
first-order approximations of the true decay rate and frequency of the signal. This can be improved by refining the

FIG. 6: Error between the simulation and the proposed functions. The root-mean-square error (RMSE) between
the analytically derived expressions and their simulations obtained with QuTiP [36]. These expressions are (a) the
proposed function for 〈σLx 〉 (cf. Eq. (6) in the main text), (b) the frequency variation |δω| obtained with (27). The
error rate is fixed at Γerr = 0.1ω.
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FIG. 7: Error between the proposed solution and its approximation. The root-mean-square error (RMSE) between:
(a) the proposed function for the expectation value 〈σLx 〉 and its reduced form (respectively Eq. (6) and (8) in the
main text); (b) the frequency variation Eq. (27) and its approximation Eq. (15). The curves differ in the order of
approximation of the effective parameters as presented in Eq. (30). The error rate is fixed at Γerr = 0.1ω.

expression of ωeff and Γeff . The next two approximation orders are the following:

ωeff = ω

(
1 − 2

Γerr

Γqec︸ ︷︷ ︸
1st order

+ 16
Γ2

err

Γ2
qec︸ ︷︷ ︸

2nd order

− 141
Γ3

err

Γ3
qec

+ 8
Γerr ω

2

Γ3
qec︸ ︷︷ ︸

3rd order

)

Γeff = 2
Γerr

Γqec

Γerr︸ ︷︷ ︸
1st order

− 12
Γ2

err

Γ2
qec

Γerr + 4
ω2

Γ2
qec

Γerr︸ ︷︷ ︸
2nd order

+ 84
Γ3

err

Γ3
qec

Γerr − 68
Γerr ω

2

Γ3
qec

Γerr︸ ︷︷ ︸
3rd order

(30)

We see that the effective decay rate now has a dependence on the true frequency ω as well. To study the precision of
these approximations, one can measure the root-mean-square deviation of the resulting expectation values 〈σLx 〉 with
respect to the proposed one [37]. Fig. 7(a) illustrates this quantity as a function of the correction rate Γqec. The plot
shows that the error between both function is, in the scope of the validity range, below 10% and for the 2nd and
3rd order approximations it even becomes very quickly of the magnitude of 0.1%. The same analysis can be done on
variations |δω| as depicted in Fig. 7(b). Here, the approximated functions, calculated with Eq. (15), were compared
to the full expression given in Eq. (27). Unlike in the previous case, for low Γqec, the minimum detectable signal is
better approximated by the 1st and 3rd order expressions of the effective parameters than by the 2nd order one. All
of them nevertheless converge relatively quickly to a same value below 1%.

The last observation suggests that the high error of the 1st order approximation in Fig. 7(a) originates from a poor
approximation of the exponential decay rather than the oscillations’ frequency. We can confirm this hypothesis by
investigating the deviation of ωeff as stated in Eq. (30) from the true effective frequency obtained using a discrete
Fourier transform of the proposed function. Fig. 8 shows how the absolute value of this quantity changes with Γqec.
Since for all orders the error is below ∼1% in the validity range and converges quickly to lower values, it constitutes
an evidence that the major part of the error comes from a loose approximation of Γeff .
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FIG. 8: Error of the effective frequency. Abso-
lute deviation of the approximated effective fre-
quency stated in Eq. (30) from its true value,
obtained using a discrete Fourier transform of
the proposed function for 〈σLx 〉. The error rate is
fixed at Γerr = 0.1ω.
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