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CONVERGENCE RATE OF LINEAR TWO-TIME-SCALE
STOCHASTIC APPROXIMATION!'

By ViJAY R. KONDA AND JOHN N. TSITSIKLIS
Massachusetts Institute of Technology

We study the rate of convergence of linear two-time-scale stochastic ap-
proximation methods. We consider two-time-scale linear iterations driven
by i.i.d. noise, prove some results on their asymptotic covariance and estab-
lish asymptotic normality. The well-known result [Polyak, B. T. (1990). Au-
tomat. Remote Contr. 51 937-946; Ruppert, D. (1988). Technical Report 781,
Cornell Univ.] on the optimality of Polyak—Ruppert averaging techniques
specialized to linear stochastic approximation is established as a consequence
of the general results in this paper.

1. Introduction. Two-time-scale stochastic approximation methods [Borkar
(1997)] are recursive algorithms in which some of the components are updated
using step-sizes that are very small compared to those of the remaining compo-
nents. Over the past few years, several such algorithms have been proposed for
various applications [Konda and Borkar (1999), Bhatnagar, Fu, Marcus and Fard
(2001), Baras and Borkar (2000), Bhatnagar, Fu and Marcus (2001) and Konda
and Tsitsiklis (2003)].

The general setting for two-time-scale algorithms is as follows. Let f(9,r)
and g(0, r) be two unknown functions and let (6%, r*) be the unique solution to
the equations

(1.1) f@,r)=0, g6,r)=0.

The functions f(-,-) and g(-,-) are accessible only by simulating or observ-
ing a stochastic system which, given 6 and r as input, produces F(6,r, V)
and G(@,r, W). Here, V and W are random variables, representing noise, whose
distribution satisfies

f@,r)y=E[F@,r, V)], g, r)y=E[G@O,r, W)] vo,r.

Assume that the noise (V, W) in each simulation or observation of the stochastic
system is independent of the noise in all other simulations. In other words, assume
that we have access to an independent sequence of functions F(-,-, Vi) and
G (-, -, Wi). Suppose that for any given 6, the stochastic iteration

(1.2) Tkl =15 + GO, re, Wy)

Received March 2002; revised March 2003.

1Supported by NSF Grant ECS-9873451.
AMS 2000 subject classification. 621.20.
Key words and phrases. Stochastic approximation, two-time-scales.

796



CONVERGENCE RATE OF LINEAR TWO-TIME-SCALE SA 797

is known to converge to some /(6). Furthermore, assume that the stochastic
iteration

(1.3) Ok+1 =6k + Vi F (6k, h(61), Vi)

is known to converge to 6*. Given this information, we wish to construct an
algorithm that solves the system of equations (1.1).

Note that the iteration (1.2) has only been assumed to converge when 6 is
held fixed. This assumption allows us to fix 6 at a current value 6, run the
iteration (1.2) for a long time, so that r; becomes approximately equal to 4 (6),
use the resulting r; to update 6 in the direction of F (6, rr, Wi), and repeat
this procedure. While this is a sound approach, it requires an increasingly large
time between successive updates of 6. Two-time-scale stochastic approximation
methods circumvent this difficulty by using different step sizes {fx} and {yx} and
update 6y and rg, according to

Ok+1 =0k + BiF Ok, 1k, Vi),
Tl =1+ vieG Ok, rie, W),

where S is very small relative to y,. This makes 6 “quasi-static” compared to ry
and has an effect similar to fixing 6; and running the iteration (1.2) forever. In
turn, 6y sees ry as a close approximation of 4(6;) and therefore its update looks
almost the same as (1.3).

How small should the ratio B;/yx be for the above scheme to work? The answer
generally depends on the functions f (-, -) and g(-, -), which are typically unknown.
This leads us to consider a safe choice whereby Bi/yx — 0. The subject of this
paper is the convergence rate analysis of the two-time-scale algorithms that result
from this choice. We note here that the analysis is significantly different from the
case where limg (B;/yx) > 0, which can be handled using existing techniques.

Two-time-scale algorithms have been proved to converge in a variety of contexts
[Borkar (1997), Konda and Borkar (1999) and Konda and Tsitsiklis (2003)].
However, except for the special case of Polyak—Ruppert averaging, there are no
results on their rate of convergence. The existing analysis [Ruppert (1988), Polyak
(1990), Polyak and Juditsky (1992) and Kushner and Yang (1993)] of Polyak—
Ruppert methods rely on special structure and are not applicable to the more
general two-time-scale iterations considered here.

The main result of this paper is a rule of thumb for calculating the asymptotic
covariance of linear two-time-scale stochastic iterations. For example, consider the
linear iterations

(L.4) Ok+1 =0k + Br(by — A110k — Arari + Vi),
(1.5) Tl =71k + V(b — A0k — Anori + Wy).
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We show that the asymptotic covariance matrix of S, 1/ 29k is the same as

that of g, 1 29_k, where 6 evolves according to the single-time-scale stochastic
iteration:

Ok+1 = Ok + Br(b1 — A116k — Avaix + Vi),
0=bp — A219_k — Ay + Wi

Besides the calculation of the asymptotic covariance of f; 1 29k (Theorem 2.8),
we also establish that the distribution of g, 172 (6 — 0) converges to a Gaussian
with mean zero and with the above asymptotic covariance (Theorem 4.1). We
believe that the proof techniques of this paper can be extended to nonlinear
stochastic approximation to obtain similar results. However, this and other possible
extensions (such as weak convergence of paths to a diffusion process) are no
pursued in this paper.

In the linear case, our results also explain why Polyak—Ruppert averaging is
optimal. Suppose that we are looking for the solution of the linear system

Ar=>b

in a setting where we only have access to noisy measurements of b — Ar. The
standard algorithm in this setting is

(1.6) T4l =Tk + Yk (b — Arg + Wy),

and is known to converge under suitable conditions. (Here, Wj represents zero-
mean noise at time &.) In order to improve the rate of convergence, Polyak (1990)
and Ruppert (1988) suggest using the average

(1.7) Oe=—>r
k =0

as an estimate of the solution, instead of ry. It was shown in Polyak (1990) that
if kyx — oo, the asymptotic covariance of k6 is A7 (A")~!, where T is the
covariance of Wy. Furthermore, this asymptotic covariance matrix is known to be
optimal [Kushner and Yin (1997)].

The calculation of the asymptotic covariance in Polyak (1990) and Ruppert
(1988) uses the special averaging structure. We provide here an alternative
calculation based on our results. Note that 6; satisfies the recursion

(1.8) O = O +

— ),
k+1(rk 9]

and the iteration (1.6)—(1.8) for r; and 6 is a special case of the two-time-scale
iterations (1.4) and (1.5), with the correspondence by =0, Aj1 =1, A;p = —1,
Vik =0, bp = b, A1 =0, Ay = 0. Furthermore, the assumption ky; — oo
corresponds to our general assumption B /yx — 0.
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By applying our rule of thumb to the iteration (1.6)—(1.8), we see that the
asymptotic covariance of (v/k + 1)8 is the same as that of (vk + 1)6, where
Oy satisfies

_ _ 1 _
Ops1 =0 + —— (=0 + A7 b+ W),
ket =0k + 1( J ( )

or
lk—l
==Y (A" +A"'w).
k= zzzo( 1)

It then follows that the covariance of k6 is A~!T'(A")~!, and we recover
the result of Polyak (1990), Polyak and Juditsky (1992) and Ruppert (1988) for
the linear case.

In the example just discussed, the use of two time-scales is not necessary for
convergence, but is essential for the improvement of the convergence rate. This
idea of introducing two time-scales to improve the rate of convergence deserves
further exploration. It is investigated to some extent in the context of reinforcement
learning algorithms in Konda (2002).

Finally, we would like to point out the differences between the two-time-scale
iterations we study here and those that arise in the study of the tracking ability
of adaptive algorithms [see Benveniste, Metivier and Priouret (1990)]. There, the
slow component represents the movement of underlying system parameters and
the fast component represents the user’s algorithm. The fast component, that is,
the user’s algorithm, does not affect the slow component. In contrast, we consider
iterations in which the fast component affects the slow one and vice versa.
Furthermore, the relevant figures of merit are different. For example, in Benveniste,
Metivier and Priouret (1990), one is mostly interested in the behavior of the
fast component, whereas we focus on the asymptotic covariance of the slow
component.

The outline of the paper is as follows. In the next section, we consider
linear iterations driven by i.i.d. noise and obtain expressions for the asymptotic
covariance of the iterates. In Section 3, we compare the convergence rate of two-
time-scale algorithms and their single-time-scale counterparts. In Section 4, we
establish asymptotic normality of the iterates.

Before proceeding, we introduce some notation. Throughout the paper, | - | rep-
resents the Euclidean norm of vectors or the induced operator norm of matrices.
Furthermore, / and O represent identity and null matrices, respectively. We use the
abbreviation w.p.1 for “with probability 1.” We use c, c1, ¢z, ... to represent some
constants whose values are not important.

2. Linear iterations. In this section, we consider iterations of the form
2.1 Ok+1 =0k + Br(by — A110k — Arari + Vi),
(2.2) Tl =71k + V(b — A0k — Anori + W),
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where 0y is in R, r; is in R™, and by, by, A1y, A1z, A21, Apy are vectors and
matrices of appropriate dimensions.

Before we present our results, we motivate various assumptions that we will
need. The first two assumptions are standard.

ASSUMPTION 2.1. The random variables (Vi, Wy), k=0, 1, ..., are inde-
pendent of rg, 6y, and of each other. They have zero mean and common covariance

E[ViV{1=T11,
E[ViW{]1=T1,=T%,
E[WiW{]1=Tp.

ASSUMPTION 2.2. The step-size sequences {yx} and {B;} are deterministic,
positive, nonincreasing, and satisfy the following:

Lo >k vk =2k Bk = oo.
2. Bi, vk — 0.

The key assumption that the step sizes B; and yi are of different orders of
magnitude is subsumed by the following.

ASSUMPTION 2.3. There exists some £ > 0 such that

B

— =&
Vi

For the iterations (2.1) and (2.2) to be consistent with the general scheme of two-
time-scale stochastic approximations described in the Introduction, we need some
assumptions on the matrices A;;. In particular, we need iteration (2.2) to converge
to Az_zl (b — A10), when 6 is held constant at 8. Furthermore, the sequence 6%
generated by the iteration

O = Ok + Br(b1 — A1nAyy by — (A1 — A1nA% Aa)Ok + Vi),

which is obtained by substituting A2_21 (by — A216y) for ry in iteration (2.1), should
also converge. Our next assumption is needed for the above convergence to take
place.

Let A be the matrix defined by

(2.3) A=Ay — AnAy) Aar.

Recall that a square matrix A is said to be Hurwitz if the real part of each
eigenvalue of A is strictly negative.
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ASSUMPTION 2.4. The matrices —Ajpy, —A are Hurwitz.

It is not difficult to show that, under the above assumptions, (6, ry) converges
in mean square and w.p.1 to (6*,r*). The objective of this paper is to capture
the rate at which this convergence takes place. Obviously, this rate depends on
the step-sizes B, vk, and this dependence can be quite complicated in general.
The following assumption ensures that the rate of mean square convergence
of (6, ry) to (6%, r*) bears a simple relationship (asymptotically linear) with the
step-sizes By, Vk.

ASSUMPTION 2.5. 1. There exists a constant 8 > 0 such that

lim (B, — B ) =B.
2. If e =0, then
11/91<yk—+11 —yh=o.
3. The matrix —(A — gl ) is Hurwitz.

Note that when ¢ > 0, the iterations (2.1) and (2.2) are essentially single-
time-scale algorithms and therefore can be analyzed using existing techniques
[Nevel’son and Has’minskii (1973), Kusher and Clark (1978), Benveniste,
Metivier and Priouret (1990), Duflo (1997) and Kusher and Yin (1997)]. We in-
clude this in our analysis as we would like to study the behavior of the rate of
convergence as € | 0. The following is an example of sequences satisfying the
above assumption with ¢ =0, =1 /(t1B0):

yk:L —<(X<1
(1—{—k/t())"’ 2 ’
fo=— P
(I+k/T1)

Let 6* € R” and r* € R" be the unique solution to the system of linear
equations

A110 + Ayor = by,
A210 4 Axppr = by.
For each k, let
O = O — 0%,

2.4) ) »
Tk =1k — Ayy (b2 — A216k)
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and
=11 = B | EL66;).
=f, = (25 = B EI6F),
=5 =v Elfil,
k k
I R TER T
¥ = sk gk |
21 22
Our main result is the following.

THEOREM 2.6. Under Assumptions 2.1-2.5, and when the constant ¢ of
Assumption 2.3 is sufficiently small, the limit matrices

2.5) = lim =, ) = lim =1, ) = lim =5,

exist. Furthermore, the matrix
(0) 0
2(0)—[2“ E12}
- 0) 0)
X0 Xy

is the unique solution to the following system of equations

2.6) AT+ - B0 + 4z + 294, =1y,
2.7 Alzzég) + 28)14/22 =T,
2.8) A3 + 50 A, =T
Finally,

. (&) 0) . (©) 0) . (©) 0)
2.9 Iim>.y =%/, IimX,y =X, Iim X, = X5, .
(2.9) ;w 11 11 elw 12 12 elw 22 22

PROOF. Let us first consider the case ¢ = 0. The idea of the proof is to study
the iteration in terms of transformed variables:

(2.10) O =0k,  Fx=Libp +ir,

for some sequence of n x m matrices {L} which we will choose so that the faster
time-scale iteration does not involve the slower time-scale variables. To see what
the sequence {L} should be, we rewrite the iterations (2.1) and (2.2) in terms of
the transformed variables as shown below (see Section A.1 for the algebra leading
to these equations):

o1 Ok+1 = O — Br(BY, 0k + A12i) + B Vi,
Fre1 = Fx — v (BS 0k + B + i Wi + Br(Lir + A2_21A21)Vk,
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where
B{cl =A—ApLg,
Ly —Lit1  Br

By = bt

" ﬁ@m + A3 Aan) B, — AplLy,

B _
B3, = ﬁ(LkH + A% Ay A+ An.
We wish to choose {L;} so that B'Z‘1 is eventually zero. To accomplish this, we

define the sequence of matrices {Ly} by

Ly =0, 0 <k <ko,
(2.12) ~1 k k\—1
L1 = (Lx — ykA22Lk + BrAsyy A21 By — BrByy) Vk > ko,

so that Bé‘l = 0 for all £ > kg. For the above recursion to be meaningful, we

need (I — Bx B’fl) to be nonsingular for all k > kq. This is handled by Lemma A.1
in the Appendix, which shows that if kg is sufficiently large, then the sequence
of matrices {Ly} is well defined and also converges to zero.

For every k > ko, we define

=i = B¢ EL66;,
(25) = 21, = B 'E6i),
sk =y ERAL
Using the transformation (2.10), it is easy to see that
Sk k
X =2
Sk k k
Xh =20 L+ 20,
Bk

s =35+ <ﬁ)<L"Elf2 + 25 L)+ LN L.
Since L; — 0, we obtain

. ko1 Sk
hlanll_h]EnE“,
. ko1 Sk
hlanlz_h]EnElz,
. k1 =k
hl?l X5, = hlgn X1

provided that the limits exist.
To compute limg 2’2‘2, we use (2.11), the fact that B'Z‘1 = 0 for large enough &,

the fact that Bé‘z converges to Ay, and some algebra, to arrive at the following
recursion for 5312‘2:

(2.13) ilzczrl =35 + n (T2 — An¥) — £5,A% + 85,(55))).
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where 8/2‘2(-) is some matrix-valued affine function (on the space of matrices) such
that

lim 85,(Zap) =0 forall y.
Since —A»; is Hurwitz, it follows (see Lemma A.2 in the Appendix) that the limit

lim %, = lim £5, = =

exists, and Zég) satisfies (2.8).

Similarly, Ell‘z satisfies
~ ~ 0 ~ ~
(2.14) S =S+ (- ATy — Ehay, +8hL(ED)

where, as before, 8’1‘2(-) is an affine function that goes to zero. (The coefficients

of this affine function depend, in general, on 212(2’ but the important property is
that they tend to zero as k — 00.) Since —A», is Hurwitz, the limit

lim £, =lim £, = =9
exists and satisfies (2.7). Finally, f]’fl satisfies

2.15) S =21 4 BT _AIZEél)_Eiz)Allz_Azlfl
) Sk 5k k 5k
— XA+ BEY + 8, (21)),
where 8’1‘1 () is some affine function that goes to zero. (Once more, the coefficients
of this affine function depend, in general, on f]é‘z and f]’fz, but they tend to zero
as k — 00.) Since —(A — £1) is Hurwitz, the limit
lim =, =1lim £}, = %

exists and satisfies (2.6).

The above arguments show that for ¢ = 0, the limit matrices in (2.5) exist
and satisfy (2.6)—(2.8). To complete the proof, we need to show that these limit
matrices exist for sufficiently small ¢ > 0 and that the limiting relations (2.9) hold.
As this part of the proof uses standard techniques, we will only outline the analysis.

Define for each k,
_ (b
Zi = <fk> .

The linear iterations (2.1) and (2.2) can be rewritten in terms of Zj as
Zit+1 = Zk — BBk Zk + BrUs,

where Uy is a sequence of independent random vectors and {By} is a sequence
of deterministic matrices. Using the assumption that B /yx converges to ¢, it can
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be shown that the sequence of matrices By converges to some matrix B®) and,
similarly, that

lim E[UU{] = re®

for some matrix I'®). Furthermore, when ¢ > 0 is sufficiently small, it can be
shown that —(B® — gl ) is Hurwitz. It then follows from standard theorems

[see, e.g., Polyak (1976)] on the asymptotic covariance of stochastic approxima-
tion methods, that the limit

lilgn,Bk_lE[ZkZ,’(]

exists and satisfies a linear equation whose coefficients depend smoothly on ¢
(the coefficients are infinitely differentiable w.r.t. ¢). Since the components of the
above limit matrix are Eﬁ), ES) and Eg) modulo some scaling, the latter matrices
also satisfy a linear equation which depends on €. The explicit form of this equation
is tedious to write down and does not provide any additional insight for our
purposes. We note, however, that when we set ¢ to zero, this system of equations
becomes the same as (2.6)—(2.8). Since (2.6)—(2.8) have a unique solution, the
system of equations for Eﬁ), Zf‘;) and Eé‘;) also has a unique solution for all
sufficiently small ¢. Furthermore, the dependence of the solution on ¢ is smooth

because the coefficients are smooth in ¢. [

REMARK 2.7. The transformations used in the above proof are inspired by
those used to study singularly perturbed ordinary differential equations [Kokotovic
(1984)]. However, most of these transformations were time-invariant because the
perturbation parameter was constant. In such cases, the matrix L satisfies a static
Riccati equation instead of the recursion (2.12). In contrast, our transformations
are time-varying because our “perturbation” parameter Sy /yy is time-varying.

In most applications, the iterate r; corresponds to some auxiliary parameters
and one is mostly interested in the asymptotic covariance E{?) of 6. Note that
according to Theorem 2.6, the covariance of the auxiliary parameters is of the order
of yx, whereas the covariance of 6y, is of the order of 8. With two time-scales, one
can potentially improve the rate of convergence of 6 (cf. to a single-time-scale
algorithm) by sacrificing the rate of convergence of the auxiliary parameters. To
make such comparisons possible, we need an alternative interpretation of X f(l)), that
does not explicitly refer to the system (2.6)—(2.8). This is accomplished by our next
result, which provides a useful tool for the design and analysis of two-time-scale
stochastic approximation methods.
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THEOREM 2.8. The asymptotic covariance matrix E{(l)) of By 1 29k is the same

as the asymptotic covariance of ,Bk_ 1/ Zék, where G_k is generated by
(2.16) Ok1 = Ok + Br (b1 — A116k — Ao + Vi),
(2.17) 0= by — Ap16k — Anpis + W.

In other words,

0= lim ' E6:6;].

PROOF. We start with (2.6)—(2.8) and perform some algebraic manipulations

£ (0)

to eliminate and X (0). This leads to a single equation for X", of the form

Az +zPa - gz
=T11 — A1pA5, o1 — Ti(Ahy) 1A, + A A, Taa(Ahy) ' A,

Note that the right-hand side of the above equation is exactly the covariance of
Vi — A12A2_21 Wi Therefore, the asymptotic covariance of 6 is the same as the
asymptotic covariance of the following stochastic approximation:

Ok = Ok + Br(—Ab + Vi — An Ay, Wi).

Finally, note that the above iteration is the one obtained by eliminating r; from
iterations (2.16) and (2.17). O

REMARK. The single-time-scale stochastic approximation procedure in The-
orem 2.8 is not implementable when the matrices A;; are unknown. The theorem
establishes that two-time-scale stochastic approximation performs as well as if
these matrices are known.

REMARK. The results of the previous section show that the asymptotic

covariance matrix of B, 1/ 29k is independent of the step-size schedule {yx} for
the fast iteration if

B

— = 0.
Vk

To understand, at least qualitatively, the effect of the step-sizes yx on the
transient lgehavior, recall the recursions (2.13)—(2.15) satisfied by the covariance
matrices £¥:

S = S5 4+ Bi(Tiy — ApEy) — 5941,

— A — 21 A = BEY + 51, (E1)),
S =Sh + nCn - Anz) - £hA5 + 85 (5h),
S5 =35 + m(Toa — AnTh, — B5A% +85,(55,)),
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where the 8" (-) are affine functions that tend to zero as k tends to infinity. Using
explicit calculatlons it is easy to verify that the error terms (Sk are of the form

85 = Ak - =10) + (£ — =) A7, + 0B,

85 =Ap(zY - 55) + 0(’3")

Vk
8, =0 (ﬂ)
Vk
To clarify the meaning of the above relations, the first one states that the affine

function 811(211) is the sum of the constant term AIQ(E" — E(O)) + (E

E(O))Alz, and another affine function of El | Whose coefficients are proportional
to Br.

The above relations show that the rate at which f]'fl converges to E{?) depends
on the rate at which Ek2 converges to 212 , through the term 8’1‘1. The rate of
convergence of 212, in turn, depends on that of 5312‘2, through the term 8’1‘2. Since
the step-size in the recursions for 5312‘2 and f]’fz is Yk, and the error terms in these
recursions are proportional to S/, the transients depend on both sequences {yx}
and {Br/yx}. But each sequence has a different effect. When y4 is large, instability
or large oscillations of ry are possible. On the other hand, when S /yy is large,
the error terms 85‘4 can be large and can prolong the transient period. Therefore,
one would like to have Si/y, decrease to zero quickly, while at the same time
avoiding large y. Apart from these loose guidelines, it appears difficult to obtain
a characterization of desirable step-size schedules.

3. Single time-scale versus two time-scales. In this section, we compare the
optimal asymptotic covariance of B, Y 29k that can be obtained by a realizable
single-time-scale stochastic iteration, with the optimal asymptotic covariance
that can be obtained by a realizable two-time-scale stochastic iteration. The
optimization is to be carried out over a set of suitable gain matrices that can be used
to modify the algorithm, and the optimality criterion to be used is one whereby a
covariance matrix ¥ is preferable to another covariance matrix % if £ — % is
nonzero and nonnegative definite.

Recall that Theorem 2.8 established that the asymptotic covariance of a two-
time-scale iteration is the same as in a related single-time-scale iteration. However,
the related single-time-scale iteration is unrealizable, unless the matrix A is known.
In contrast, in this section we compare realizable iterations that do not require
explicit knowledge of A (although knowledge of A would be required in order to
select the best possible realizable iteration).

We now specify the classes of stochastic iterations that we will be comparing.
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1. We consider two-time-scale iterations of the form
Okr1 =60k + BG1(b1 — A1k — Arari + Vi),
Tl =1k + Vi(ba — A0k — Apori + Wy).

Here, G is a gain matrix, which we are allowed to choose in a manner that

o . . —-1/2
minimizes the asymptotic covariance of B / O -

2. We consider single-time-scale iterations, in which we have y; = B, but in
which we are allowed to use an arbitrary gain matrix G, in order to minimize

the asymptotic covariance of 1 29k- Concretely, we consider iterations of the

form
9k+1] [Qk] [bl —Allek—A127k+Vki|
—| % | 4 G .
[”k+1 Ik P by — A6 — Appri + Wy

We then have the following result.

THEOREM 3.1. Under Assumptions 2.1-2.5, and with ¢ = 0, the minimal

. . . —-1/2 . .
possible asymptotic covariance of B, / Ok, when the gain matrices G| and G can
be chosen freely, is the same for the two classes of stochastic iterations described
above.

PROOF. The single-time-scale iteration is of the form

Ziv1=Zi+ BGb— AZr + Up),

0 Vi
2=n] o=l

b1i| [An A12i|
b= , A= .
[bz Ay Ax

As is well known [Kushner and Yin (1997)], the optimal (in the sense of positive

where

and

definiteness) asymptotic covariance of 1 2Zk over all possible choices of G is
the covariance of A~!U;. We note that the top block of AU, s equal
to A~L(V, — A12A2_21 Wy). It then follows that the optimal asymptotic covariance
matrix of ,Bk_I/ZQk is the covariance of A=V (V}, — A12A2_21 We).

For the two-time-scale iteration, Theorem 2.8 shows that for any choice of G,
the asymptotic covariance is the same as for the single-time-scale iteration:

Ocr1 =6k + BrG1(b1 — A + Vi — A A, Wy).

From this, it follows that the optimal asymptotic covariance of f; 1 29k is the

covariance of A~ (v}, — A12A2_21 Wy), which is the same as for single-time-scale
iterations. [
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4. Asymptotic normality. In Section 2, we showed that 8, 'E [éké,i] con-

verges to Eﬁ)). The proof techniques used in that section do not extend easily
(without stronger assumptions) to the nonlinear case. For this reason, we develop
here a different result, namely, the asymptotic normality of 6, which is easier to

extend to the nonlinear case. In particular, we show that the distribution of 8, 20,

converges to a zero-mean normal distribution with covariance matrix Zf(l)). The
proof is similar to the one presented in Polyak (1990) for stochastic approximation
with averaging.

THEOREM 4.1. If Assumptions 2.1-2.5 hold with ¢ = 0, then ﬁk_l/zék
converges in distribution to N (0, Z(O))

PROOE. Recall the iterations (2.11) in terms of transformed variables § and 7.
Assuming that k is large enough so that Bk1 = 0, these iterations can be written as

Okt = (I — BBy — BrAroFi + B Vi + Brdy”
Frv1 = (I — vk A)re + v Wi + ,3k5k + Bie(Lis1 + Ay Ao Vi,
where § ,El) and § 152) are given by
5,51) = A1 Liby,
5(2) —(Lit+1+ A3 Ao Arofe.
Using Theorem 2.6, E [|9k| 1/Bx and E (1712 / vk are bounded, which implies that
) E[|8""] < cBelLe %,
E[57F] < em

for some constant ¢ > 0. Without loss of ‘generaljty assume kg =0 in (2.11). For
each i, define the sequence of matrices ®’j and R;, j>1i,as

el =1,
L =05 —BiAe;  Vjzi,
R =1,

i i . .
R]_H ]—yjAzsz Vj>i.
Using the above matrices, 7 and 9~k can be rewritten as

k—1 k—1

4.2) O = O — > BiOL AL + > BiOLV; + Z o5
i=0 i=0 i=0
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and
k—1
= erO+ZVleW +Z,B1Rk8(2)
(4'3) i=0 i=0
k—1 .
+ > BiRL(Lit1 + A5y AV
i=0

Substituting the right-hand side of (4.3) for 7 in (4.2), and dividing by 8,7,
we have
k—1

_ 1
B, 20 —W®090+Zﬁl®kf\12(ﬁ 12 RO%0)
i=0

(4.4) i Zﬁlol 1250y 4 s 4 §@ 4 ¢

k—1 .

+ D VBiOLV; + A Ay W),

i=0

where
o) = ﬁ@; Vk =i,
Br

s Zﬂ,®kAlz< g2 Z ﬂ,RJ5(2>>,

(2) Zﬁl@kz‘\u( _I/ZZﬂ]RJ(L]-i-l + A5, A21)V>

i=0 j=0
5 Z/’@kAuZy]RW Z\/EokAle22w~.

We wish to prove that the various terms in (4.4), with the exception of the last
one, converge in probability to zero. Note that the last term is a martingale and
therefore, can be handled by appealing to a central limit theorem for martingales.
Some of the issues we encounter in the remainder of the proof are quite standard,
and in such cases we will only provide an outline.

To better handle each of the various terms in (4.4), we need approximations
of @;; and R,i. To do this, consider the nonlinear map A +— exp(A) from
square matrices to square matrices. A simple application of the inverse function
theorem shows that this map is a diffeomorphism (differentiable, one-to-one
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with differentiable inverse) in a neighborhood of the origin. Let us denote
the inverse of exp(-) by In(-). Since In(-) is differentiable around I = exp(0),
the function ¢ — In(/ — ¢A) can be expanded into Taylor’s series for sufficiently
small ¢ as follows:

In(I —eA)=—¢(A — E(g)),

where E(g) commutes with A and lim,_,g E(¢) = 0. Assuming, without loss of
generality, that y9 and B¢ are small enough for the above approximation to hold,
we have for k > 0,

1
k_exp< Z,BJ E()>
4.5
4.5) | o 2
R, = exp(— > yi(An— Ej( ))>,
j=i
for some sequence of matrices {E ,Ei)}, i = 1,2, converging to zero. To obtain a
similar representation for ©, note that Assumption 2.5(1) implies
P =
—— = (1 + Be(ex + B)),

Bi+1
for some e — 0. Therefore, using the fact that 1 +x = exp(x(1 —o(x))) and (4.5),
we have

4.7) & = exp<—§ﬁj<<A - 21) _ EJG))),

. 3) . ..
for some sequences of matrices E converging to zero. Furthermore, it is not

(4.6)

difficult to see that the matrices E}, (’) ,I= 1 2 3 commute with the matrices A, Aj)

and A — (,3/2)1, respectively. Slnce —A, — (A — (/3/2)1) and — Ay, are Hurwitz,
using standard Lyapunov techniques we have for some constants c1, ¢ > 0,

k—1
max(|©}, |6}]) < clexp(—cz Zﬂj>,

j=i

k—1
IR <c1 eXp(—Cz > Vj)-
j=i
Therefore it is easy to see that the first term in (4.4) goes to zero w.p.1. To prove
that the second term goes to zero w.p.1, note that In 8; ~ —f Zl]'_:lo Bj [cf. (4.6)]
and therefore for some ¢y, ¢y > 0,

i—1
|B; 1/2R0r0| <cp exp(—cz Z(V] - é/%))

j=0

4.8)
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which goes to zero as i — oo (Assumption 2.3). Therefore, it follows from
Lemma A.3 that the second term also converges to zero w.p.l. Using (4.1)
and Lemma A.3, it is easy to see that the third term in (4.4) converges in the

mean (i.€., in L) to zero. Next, consider E[|S,£1) []. Using (4.1), we have for some
positive constants c1, ¢z and c3,

i—1
<c1 ).y eXP( Z(Cz)/z —C3/31)>\//37
Jj=0 I=j Vi

Since B;/y; — 0, Lemma A.3 implies that S ,51) converges in the mean to zero. To
2) .
study S;”’, consider

E[,s }

Since the Vj are zero mean i.i.d., the above term is bounded above by

i—1 i—1
B

LYy eXP(- > ey — 03/31)) -
j=0 I=j Vi

1/2 Z ﬁleé(Z)

i—1

~1/2 i _

TN BIR] Ly + AR AV
=0

for some constants c1, ¢y and c3. Lemma A.3 implies that S (2) converges in the

mean to zero. Finally, consider Sk 3 By interchanging the order of summation,
it can be rewritten as

k—1 k—1
-y . . ~
(4.9) > \/Bi6} {—{ Y Bi©H AR, - Aqu;} W;.
j=0 Bi i=j
Since —Aj; is Hurwitz, we have

1 [e.e]
Ay =/0 exp(—Axt)dt,

and we can rewrite the term inside the brackets in (4.9) as

k—1

Yy (25 @h !~ 1)ank/
jYi

-1 : PRHERY k-1
+ A2 (Z viR] — /0 " exp(—Ant) dt) — ApAy,) GXP<— Z ViA22>-
i=j

i=j
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We consider each of these terms separately. To analyze the first term, we wish to
obtain an “exponential” representation for y; 8; /8;¥;. It is not difficult to see from
Assumptions 2.5 (1) and (2) that

Be+1 Bk

=— (1 — &)
Vk+1 Vk

Pk
= exp(—ex vk + O(efvd).

where g — 0. Therefore, using (4.5) and the mean value theorem, we have
YjBi

oH 11
,3]%'( 2

B\ ([ - Bi
=c Sup(81 + —)(Z Vz) eXP(Cz Z(Sz + —)Vz),
I>j Vi I=j I=j Vi

which in turn implies, along with Lemma A.4 (with p = 1) and Assumption 2.3,
that the first term is bounded in norm by csup; j (&1 + y1/B;) for some
constant ¢ > 0. The second term is the difference between an integral and its
Riemannian approximation and therefore is bounded in norm by csup;.; y; for
some constant ¢ > (. Finally, since — A7 is Hurwitz, the norm of the third term is
bounded above by

k—1
o5}

i=j
for some constants cy,cy > 0. An explicit computation of E [|S,E3)|2], using
the fact that (Vi, Wy) is zero-mean i.i.d., and an application of Lemma A.3

shows that S,E3) converges to zero in the mean square. Therefore, the distribution

of B Y 29~k converges to the asymptotic distribution of the martingale comprising
the remaining terms. To complete the proof, we use the standard central limit
theorem for martingales [see Duflo (1997)]. The key assumption of this theorem
is Lindberg’s condition which, in our case, boils down to the following: for
eache > 0,

k—1

. k)2 k

lim ) E[[x*1{|x{"| = £} | = 0.
i=0

where [ is the indicator function and for each i < k,
k =i _
Xi( ) = \/E@;((V, + A12A221 Wi).

The verification of this assumption is quite standard. [

REMARK. Similar results are possible for nonlinear iterations with Markov
noise. For an informal sketch of such results, see Konda (2002).
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APPENDIX: AUXILIARY RESULTS

A.1. Verification of (2.11). Without loss of generality, assume that by =
by =0. Then, 8* =0 and

O = 6 = b,
and, using the definition of 7 [cf. (2.4) and (2.10)], we have
(A.1) Fr=Li6 +7r = L6 + 1 + A2_21A219k =ry + M6,

where
My = Li + A3) Ao
To verify the equation for 9~k+1 = 611, we use the recursion for 61, to obtain
Ok+1 = Ok — P (A116k + Arork — Vi)
=0k — Br(A116k + A2Fk — A1o(Li + A2_21A21)9k - Vi)
= — Br(A116k — A12A2_21A219k — A L0 + Aarg — Vi)
= Ok — Br(Abk — A2 LiOk + Ar27r) + Bi Vi
= O — Br(BY, 6k + Araf) + B Vi,

where the last step makes use of the definition B{‘l =A—ApLy.
To verify the equation for 7¢11, we first use the definition (A.1) of 7y, and
then the update formulas for 641 and ri41, to obtain

Pl =Tkl + (A2_21A21 + Li+1)0k+1
=ri — (A0 + Anari — W) + (A A1 + Liy )01
= 1t — Vi(A210k + Ana(Fx — (Li + A5) Aa1)6k) — Wi)
+ (A% Azt + Ly )6kt
=rr — Yk(A2ark — Ao Lk — Wi) + Mi4160k+1
=i+ My10k — yi(Aoarg — Ao L6 — Wy)
— BeMiy 1 (BY 60 + Arai — Vi)
Ly — L+

=i+ MO — Vk|:
Yk

Bk
—ApLy+ ﬁMkHBIfliIQk

B -
+ Wi — v (Azz + EMk-HAlZ)’”k + Bk M1 Vi

= it — e (B5, 6k + Booi) + v Wi + BeMyy1 Vi,

which is the desired formula.



CONVERGENCE RATE OF LINEAR TWO-TIME-SCALE SA 815

A.2. Convergence of the recursion (2.12).

LEMMA A.l. For ko sufficiently large, the (deterministic) sequence of
matrices { Ly} defined by (2.12) is well defined and converges to zero.

PROOF. The recursion (2.12) can be rewritten, for k > kg, as
Li+1 = —yxA) Ly
(A.2) 1 . ) o
+ Bi(As, A2 BYy + (I — vk A2) Ly Bi,) (I — Bk By ™,

which is of the form

Liy1=U —yxA») Ly + B Di (L),

for a sequence of matrix-valued functions Dy (L) defined in the obvious manner.
Since —A»; is Hurwitz, there exists a quadratic norm

Ix[g =vx'Qx,

a corresponding induced matrix norm, and a constant @ > 0 such that

[(I —yAn)lo < (1 —ay)

for every sufficiently small y. It follows that

(I —yA»)L|g <(1—ay)|L|g

for all matrices L of appropriate dimensions and for y sufficiently small.
Therefore, for sufficiently large k, we have

|Lit1lo < (1 —wa)|Lilo + BkID(Li) .

For k¢ sufficiently large, the sequence of functions {Dy()}k>k, is well defined
and uniformly bounded on the unit Q-ball {L:|L|p < 1}. To see this, note that
as long as [Lilp < 1, we have |B{‘1| = |A — ApLg| < ¢, for some absolute
constant c¢. With f; small enough, the matrix [ — ﬁkB{‘I is invertible, and
satisfies |(I — ﬁkB’fl)_ll < 2. With |B{‘1| bounded by ¢, we have

|A%) A1 BYy + (I — yA) L Bf,| < d(1+ | L),

for some absolute constant d. To summarize, for large k, if |Lilg < 1, we
have |Dy(Ly)| < 4d. Since any two norms on a finite-dimensional vector space
are equivalent, we have

dllgk),

Listlo < (1 — ya) | Lelo + <yka>(—
ayk
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for some constant d; > 0. Recall now that the sequence Ly is initialized with
Ly, = 0. If kg is large enough so that dBr/ayr < 1, then |Li|p <1 for all k.
Furthermore, since 1 — x < e™*, we have

k—1
d
|Lklo < Z Yj eXP<—aZJ&)< lﬂj)

J=ko

The rest follows from Lemma A.3 as B /yx — 0. U

A.3. Linear matrix iterations. Consider a linear matrix iteration of the form
Ti1 = Sk + Br(TC — AZp — Zk B + 8 (X))

for some square matrices A, B, step-size sequence f; and sequence of matrix-
valued affine functions §;(-). Assume:

1. The real parts of the eigenvalues of A are positive and the real parts of
the eigenvalues of B are nonnegative. (The roles of A and B can also be
interchanged.)

2. Bk is positive and

Be—0, D =00
k

3. limg 8¢ (-) = 0.
We then have the following standard result whose proof can be found, for example,
in Polyak (1976).
LEMMA A.2. Forany X, limg 3y = X* exists and is the unique solution to
the equation
AX+XEB=T.
A.4. Convergence of some series. We provide here some lemmas that are

used in the proof of asymptotic normality. Throughout this section, {yx} is
a positive sequence such that:

1. yx — 0, and
2. XYk =00

Furthermore, {f} is the sequence defined by

to=0, tk:ZJ/k, k> 0.
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LEMMA A.3. For any nonnegative sequence {8y} that converges to zero and
any p >0, we have

k k=1 \P k—1
(A.3) 11/312yj<2yi) eXp(—Zyi)Sj =0.
j=0 i=j i=j
PROOF. Let §(-) be a nonnegative function on [0, co) defined by
3(t) = o, fk <t <lggq.
Then it is easy to see that for any kg > O,
k k=1 \P k—1
>y ( > Vi) GXP<— > Vi>5j
J=ko i=j i=j
179 k
= | (tx—s5)Pe”"95(s)ds + ¢,
l‘ko
where
. k k=1 \P k—1
lell<c Vf(Z Vi) eXP(— > Vi>5j
J=ko i=j i=j
for some constant ¢ > 0. Therefore, for kg sufficiently large, we have
k k=1 \P k—1
1i/£n > VJ'(Z Vi) eXP<— > Vi>5j
J=ko i=j i=j
- lim, [§ 8(s)(t — s)Pe=1=%) ds

- 1 — csupgsy, vk

To calculate the above limit, note that

t
li}n‘/ (t —s)Pe""95(s) ds
0

t
= lim‘/ sPe™58(t —s)ds
t 0

T 00
gli}n< sup |8(s)|)/ s”e_sds-l—suplé(s)l/ sPe ™ ds
0 s T

s>t—T
o
=sup|8(s)|/ sPeds.
s T

Since T is arbitrary, the above limit is zero. Finally, note that the limit in (A.3)
does not depend on the starting limit of the summation. [J
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LEMMA A.4.  Foreach p > 0, there exists K , > 0 such that forany k > j > 0,
k i—1 p i—1
Z%’(ZW) eXP<— ZV[) <K,.
i=j \=j I=j

PROOF. For all j sufficiently large, we have

k i—1 \7P i—1 W=t)) _p —1
tPe”tdt
ZVi(Z)/l) exp(—zyz)f 0
I=j I=j

1 —csups ;v

i=j

for somec>0. O
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