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Phase Separation in Multicomponent Aqueous—Protein Solutions
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We present measurements of the phase-separation temperature (Tpu(¢,@)) as a function of overall protein
volume fraction (¢) and protein composition (o) for ternary aqueous (W) solutions of calf ym, (A) and ym
(B) crystallins. Additionally, we have determined the binodal curve describing coexisting points (¢',a) and
(¢",aM) in the phase diagram at 20 °C. We propose a mean-field form of the ternary Gibbs free energy
G(¢,a,7) which contains three interaction energy parameters: E,.(A,W), E..(B,W), and E,.(A,B), which
determine the magnitude of the quadratic (¢*) mixing energy contribution to G. Using a lattice model it is
possible to express each of these interaction parameters in terms of the mean individual protein—water, protein—
protein and water—water bond energies. In the limit where the two proteins are not too dissimilar, as applies
in our system, we find quite generally that the ternary solution can be regarded as a binary solution with an
interaction energy dependent upon the initial composition (a) of the solution. We have used this finding to
predict the entire coexistence surface T,x(¢,00) and the positions of coexisting points along the binodal curve.
The interaction energy parameters were determined and we show that, within experimental error, this theory

accurately describes the full range of our experimental results.

Introduction

We have previously published! measurements of the coexist-
ence curves which describe the separation of binary aqueous—
protein solutions into coexisting protein-rich and protein-poor
phases. Such phase separation phenomena have attracted our
attention because a wide class of human diseases including
cataract in eye lens,? sickle cell anemia,? cryoimmunoglobu-
linemia, and a broad group of amyloidoses* including amyloid
plaque formation in Alzheimer’s disease® involve the condensa-
tion of protein into such coexisting protein-rich and protein-
poor phases. Our previous studies focused on aqueous solutions,
each of which contained a single highly purified species of
protein. The individual proteins studied were members of the
calf lens y-crystallin family, namely, yn and ypmw, which exhibit
low critical temperatures (7. ~ 5 °C), and ym, and yyv,, which
have high critical temperatures (T¢ ~ 38 °C). The amino acid
sequences for the calf, rat, and human y-crystallins are very
similar. An examination of sequence homologies indicates that
these proteins can be arranged into six orthologous groups ya—
ye. In the case of the calf lens, the crystallins we designate as
Y1, Y1ie, Y, and Y1y, correspond in the current gene sequence
designation® to ys, ¥¢c, ¥p, and Vg, respectively. The minor
constituent, Y, of the yrv fraction remains to be clearly
identified as being either y or yr. In the case of the living
cell, of course, the phase separation phenomenon takes place
in aqueous solutions containing multiple protein species.
Furthermore, in the search for pharmaceutical agents which can
alter the location of the coexistence curve, we conduct in vitro
assays using at least ternary aqueous-protein solutions. It is
therefore quite important to understand both experimentally and
theoretically the quantitative factors which govern phase separa-
tion in multicomponent aqueous-protein solutions. To this end,
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we present here the results of experimental and theoretical
studies of a ternary solution constituted of the proteins ym,
(designated as protein A), a “high-T¢” protein, and ymm
(designated as protein B), a “low-T¢” protein, in aqueous
solution. The solution pH was kept constant at 7.1 by a 100
mM phosphate buffer and the solution ionic strength was 240
mM. Both these proteins have the same effective volume Qp
as their molecular weights are essentially the same and equal
to 21 kDa.

To facilitate the subsequent presentation it will be useful to
introduce the fundamental quantities which we shall use to
describe these solutions. Let Ny, N, and Ny be the total number
of proteins A and B and water molecules in the solution. The
effective volumes Qp and Qyw of protein and water molecules
are chosen to subsume the effect of the ions so that the total
volume V is given by V = NyQp + NyQp + NyQy. In this
work two sets of state variables naturally suggest themselves
to describe the system. The first set (7,¢a,¢5) are the
temperature, the volume fractions of proteins A and B, and the
volume fraction of water:

ba =N, QpV; ¢p=NpQpV; ¢y =NyQy/V (la)
where
ot gt oy=1 (1b)

The second natural set of state variables is (T, ¢, a) where T is
the temperature, ¢ is the total protein volume fraction, and a is
the number fraction of protein A, which we shall designate as
“the composition”. According to these definitions,

6=, +Np)QJV; 0a=NJN,+N;) (2

Clearly the two sets of state variables are connected by the
conditions

pa=0ag; gp=>10-)¢; oyp=(~1—¢) 3
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When the system separates into coexisting phases we will use
the symbols I and II to designate respectively small ¢ and large
¢ phases. With these definitions in mind we can now sum-
marize the experimental findings to be reported.

Let us define T,u(¢,a) as the temperature at which phase
separation occurs for fixed values of ¢ and a. The surface
Ton(¢,0) can be designated as the “coexistence surface”. In our
experiments we have determined the curves, (Tpn(¢))q, of
intersection of planes of fixed a. with the coexistence surface.
When oo = 0 and a = 1 these intersections correspond to the
coexistence curves of pure B and pure A solutions, respectively.
We have also determined the curves, (T,x(0))g, of intersection
of planes of fixed ¢ with the coexistence surface. Finally, we
have determined at fixed temperature T the coexisting values
of protein volume fraction ¢ and composition a: i.e., (¢,a))
and (¢7,afy. Each such pair of points lies at distinct locations
on the curved line of intersection of the constant-temperature
plane and the coexistence surface. This curved intersection is
called the “binodal curve”. The line joining (¢/,o) and (¢#,01)
is called the “tie line”. We have determined several such tie
lines at fixed temperature by using a variety of starting
compositions of our test solutions.

We also present a theoretical analysis of the experimental
findings. According to this analysis is follows quite generally
that, if the interaction energy between unlike proteins is close
to the mean of the like—like protein interaction energies, then
in first approximation the (T,x(¢))o sections on the coexistence
surface for each composition & have a very simple property:
each such section is simply a vertical displacement of the same
curve whose shape is independent of a. This prediction is in
fact found to apply for our experimental results for ym. and
ym solutions.’ To interpret our results, in quantitative detail,
we have constructed a mean-field form of the Gibbs free energy
appropriate for such ternary solutions. This free energy contains
three interaction energy parameters. The physical meaning of
each parameter is identified by using a lattice model for the
ternary solution. The magnitudes and temperature dependences
of two of these parameters are fixed by the location of the phase
boundaries of the pure A and pure B solutions.” By fixing the
magnitude of the single remaining parameter, it is possible to
satisfactorily predict all our experimental findings on the
coexistence surface and the tie lines of the binodal curve
describing this ternary solution.

Materials and Methods

Protein Isolation and Purification. The y-crystallins used
in our study were isolated from 1—6-week-old calf lenses,
obtained by overnight express from Antech (Tyler, TX). The
monomeric y-crystallin fraction was isolated from the soluble
protein fraction by size-exclusion chromatography on Sephadex
G-75, as described earlier.! Native y-crystallin so obtained was
further fractionated into y1, s, ¥m, Ym, and yv by cation-
exchange chromatography on sulfopropyl Sephadex C-50,
essentially according to Bjork® and Thomson et al.® Anion-
exchange chromatography on diethylaminoethyl (DEAE)-
Sephadex was used to fractionate ym into yma. and ymmp as
described in Broide et al.! Purity of the ym, and ym, fractions
was at least 95%, based on cation-exchange high-performance
liquid chromatography (HPLC) according to Siezen et al.1° and
isoelectric focusing.!! The purified crystallin fractions were
dialyzed exhaustively into 100 mM sodium phosphate buffer
(ionic strength 240 mM, pH 7.1), which contained sodium azide
(3 mM).

Experimental Methods. Pure solutions of ym. and ym,
crystallins were prepared separately according to direct ultra-
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filtration and/or a quench method as detailed in Broide et al.!
Precautions were taken to obtain single-phase solutions. Two
issues of concern were crystal formation and aggregation. We
followed Broide et al.! and Berland et al.!? to obtain crystal-
free solutions. We observed, during the entire experimental
period, two phenomena: reversible two-phase formation and a
sharp boundary separating the macroscopic protein-poor and
protein-rich phases. These results suggested that aggregate
formation was negligible. The absence of aggregation was
confirmed by HPLC runs. The concentrations (in mg/mL) for
pure protein solutions were determined by measuring the
UV absorbance at 280 nm using the extinction coefficients!
B ™(ym) = 2.33 for the pure ym, crystallin and

250 ™(ym,) = 2.11 for the pure ym crystallin. A ternary
mixture was made by mixing pure ym, solution and pure ym,
solution at known concentrations according to a desired
composition and was stirred to ensure thorough mixing. The
total protein concentration of the mixture was determined in
the following way. A small amount of the mixture (20 uL)
was taken and diluted to about 15 mg/mL, and an HPLC
experiment was run to determine its composition a. The
extinction coefficient for the mixture at composition o was
calculated from the weight percentages of each of the two
proteins present in the mixture: R VI
OER ™y ma) + (1 — WEsa ™ (ym,). The total UV absor-
bance at 280 nm of the mixture was measured and the total
protein concentration (in mg/mL) was determined through

%0 ™). We usually use the dimensionless volume frac-
tion ¢ of the protein instead of its concentration C in mg/mL.
The value of ¢ is calculated from the measurement of C by
using the expression ¢ = PC, where ¥ is the partial specific
volume of the protein.!> For yg crystallin, ¥ = 7.1 x 1074
cm?®/mg;!* we assume that the specific volume is approximately
the same for the other y-crystallins.

To determine the temperature (T,x(¢))q for phase separation
as a function of total protein volume fraction ¢ at fixed
compositions o = 0.18, 0.28, 0.64, a dilute ternary mixture at
desired composition o. was prepared and subjected to further
ultrafiltration to produce as concentrated a sample as possible.
The composition @ and volume fraction ¢ of the sample were
determined by using HPLC and UV absorbance at 280 nm. The
temperature of the solution was then lowered until the phase-
separation temperature T, was found by using the cloud point
method.! This sample was then diluted to produce a lower
volume fraction ¢. For each such dilution T, was determined
and ¢ was measured by using UV absorbance. Several HPLC
runs were made at different dilutions to determine the average
composition @& for each section of the coexistence surface. The
extinction coefficient of the mixture Eg, " “"(3) was used in
the determination of each ¢ for fixed @.

To determine the temperature (Tpx(0))s for phase separation
as a function of composition a at fixed total protein volume
fraction ¢ = 0.04, 0.09, 0.14, and 0.20, we prepared pairs of
pure yYma and pure ymp samples having approximately equal
volume fractions. Each pair of samples was then combined in
different proportions so as to produce a series of samples within
each of which the total volume fraction of protein was the same,
but the relative proportion of the individual proteins was varied.
The composition, a, of the mixture was calculated for each
sample from the amount of ym. present and the total amount
of protein present. The cloud point method was used to
determine Ty for each sample.

Finally, to determine the coexisting values (¢/,a) and (¢#,0/),
which determine the tie lines connecting points on the binodal
curve, we induced macroscopic phase separation (two-layer
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Figure 1. (Tpx(¢))a sections of the coexistence surface for ternary
solutions of purified calf y-crystallin ym, and ym, at fixed composi-
tions: o = 0.0 (O0); = 0.18 (@); o. = 0.28 (A); o. = 0.64 (®); 0. =
1.0 (O). The dashed lines represent the theoretical predictions. The
data for a = 0.0 (ym) and o = 1.0 (ym.) were taken from ref 1. The
solution conditions were at pH 7.1 in 100 mM phosphate buffer/ionic
strength 240 mM.

formation) of the mixture by quenching to a fixed temperature
which is below the phase separation temperature of the initial
homogeneous sample. Several initial ternary mixtures at known
total protein concentrations and compositions a? = 0.88, 0.70,
0.62, and 0.50 were prepared. Each sample was placed in a
small test tube (6-mm diameter) and quenched in a water bath
which was stabilized at 20 °C. The phase separation im-
mediately occurred, and the dense (protein-rich) phase sedi-
mented to the bottom of the test tube due to gravity. Centrifu-
gation at 2000g (with the centrifuge being regulated to be around
the quench temperature) was used to speed up the sedimentation
process. The samples were then left in the water bath until a
sharp interface was formed between the two layers. We took
this as an indication of equilibrium. The time for this to occur
varied from two days to a week depending on the compositions
of the samples; the greater the proportion of Y, in the mixture,
the longer it took for this to be achieved. After the sharp
interface was attained, the upper dilute phase was withdrawn
by a micropipette. The interface was carefully removed to
ensure that as little as possible to the dilute phase remained.
Diluted samples from both the upper dilute phase and bottom
dense phase were made for the determination of the composi-
tions (by HPLC) and total protein concentrations (by UV
absorbance at 280 nm) of each phase.

Experimental Results

In Figure 1 we present our measurements of the intersections
(Tpn(¢))q of the planes of constant a = 0.0, 0.18, 0.28, 0.64,
and 1.0 on the coexistence surface for the ternary yma, Ymm,
and water system. The data corresponding to a = 0 and a0 =
1 are taken from Broide ef al.! We observe that over the entire
range of a these sections of the coexistence surface retain the
same shape. Changes in the values of o simply shift each curve
vertically.

In Figure 2 we present our measurements of the intersections
(Tpn(0)g of the planes of constant ¢ on the coexistence surface
for ¢ = 0.04, 0.09, 0.14, and 0.20.

In Figure 3 we present our experimental data (solid symbols)
on the coexisting values (¢',0/) and (¢,0/) found upon
quenching the ternary mixture below the coexistence surface
to a temperature 7 = 20 °C. These data are also presented in

Liu et al.

T e A T T T T T LA s 2 i 2

3o

290

(@) (K)

280

270

0.0‘ - ‘0,2 * 0.4 0.6 048‘ * 1.0
Composition, &
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Figure 3. Coexisting values (¢/,a) and (¢,a7) found upon quenching
the ternary mixture below the coexistence surface to a fixed temperature
T = 20 °C at several initial compositions: a® = 0.50 (circles); o =
0.62 (diamonds); a® = 0.70 (triangles); o® = 0.88 (squares); o = 1.0
(bow ties). The last pair of quench data points (bow ties) for a pure
yms—Wwater binary solution was taken from ref 1. The solid symbols
are the experimental results. The solid curve and the open symbols
represent the theoretically calculated binodal curves and coexisting
values of ¢ and a, respectively. The slopes of the straight lines
connecting coexisting phases are consistent with eq 20. It should be
noted that in the (¢,a) representation, starting values of ¢° and a° do
not generally lie on the straight line connecting (¢/,0%) and (¢,a%).

TABLE 1: Coexisting Values (¢',0)) and (¢",a1) at T = 20
°C along with the Initial Values of Total Protein Volume
Fraction ¢° and Composition a°

& o P ol ¢ o
0.112 0.396 0.308 0.526 0.206 0.502
0.084 0.499 0.341 0.679 0.175 0.624

0.078 0.552 0.362 0.747 0.168 0.698
0.037 0.774 0.336 0.924 0.098 0.881

Table 1, along with the initial values of total protein volume
fraction ¢° and composition a®. The solid straight lines, the
solid curve, and the open symbols in Figure 3 represent the tie
lines, the binodal curve, and the coexisting values of ¢ and a,
respectively, calculated from the theory which is to be discussed
in the next section.

We have also conducted preliminary investigations of a few
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sections of the coexistence surface for aqueous solutions of v,
and ym and y1v and yg under the same solution conditions as
those described here. These systems exhibit behavior qualita-
tively similar to the case of ym, and ym reported above.

Theory

All the equilibrium thermodynamic properties, including the
equation of state, and the location of the phase boundaries for
liquid—liquid phase separation can be deduced from the structure
of the Gibbs free energy at fixed pressure G(Na,Np,Nw,T). In
view of the extensivity of G, it can be expressed in terms of an
intensive function: the “normalized Gibbs free energy” g(¢.0.,7),
which is related to G by

8(¢,0.T) = (Qp/V)G(N,Np, Ny, T) 4)

Here the intensive variables (¢,00) defined in eq (2) are used in
place of the extensive variables Ni, Np, and V, and Ny is
eliminated in favor of N4 and Njp by using the conservation of
volume condition as expressed in eqs 1a and 1b. In previous
work” we have shown that in the case of a binary mixture of
pure protein A in aqueous solution, all experimental data could
be described by using the following form of the normalized
Gibbs free energy ga(¢,T):

80T = g} + kTf(9) — 0E,,(A,W)¢® 5)

Here gg represents the “standard part” of the normalized Gibbs
free energy and contains terms at most linear on ¢, viz.,

ga = y(1 ~ Py, + dpuy — kT y) 6)

where /‘?v is the chemical potential of the water molecule in the
absence of protein. ,ug is the chemical potential of the protein
in the dilute protein limit. Here, y = Qp/Qyw. The term kTR ¢)
represents the entropy of mixing between the protein and the
water molecules.” The final term in eq 6 expresses the mean-
field quadratic form of the net like—like and like—unlike
interaction energies between the constituents of the binary
solution. In fact, if we use a lattice model” to describe the
energy of interaction between adjacent molecules in the solution,
we can identify the parameter oE,.(A,W) as

(Egq T Eyw)

oE, (A W)= U[EAW - 2 @)

Here E,w is the mean energy of a single protein—water lattice
adjacency, Eas is the mean energy of a protein—protein
adjacency, and Eww is the mean energy of a single water—water
adjacency. The quantity o represents the total number of
possible adjacencies associated with each protein.

The generalization of eq 5 appropriate for a ternary solution
has the form

8(#.a.7) = ag,(9,]) + (1 — a)gp(e,T) + kTph(a) +
a(1 — a)¢’oE,,(A,B) (8)
In this equation gg(¢,T) has the same structure as shown in eq

5 except that A is to be replaced by B with a corresponding
change in eq 7 for oE,.{A,W) to give oE,.(B,W). The quantity

ho)=alhaoa+(1—o)In(l —a) ®

represents the ideal entropy of mixing among distinguishable
proteins of type A and B. The final term in eq 8 represents the
contribution to the energy of the nonideal mixing of the two
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proteins, when the proteins each have the same volume and
shape and when the mean-field approximation applies. A
generalization to the tefnary solution of the lattice model for
the energy of interaction between constituent molecules gives,
in perfect analogy to the expression for OE,.(A,W) and
OE,.(B,W), the expression

oE,,(AB) = 0|E,; —

E,TE
(AA2 BB)] (10)

where again o is the total number of possible adjacencies
associated with each protein in the solution. The lattice model
clearly shows that the parameter oE,,.(A,B) provides a measure
of the difference in energy between the like—unlike (AB)
interprotein adjacencies and the average of the energies of the

like—like (AA or BB) adjacencies. We may rewrite eq 8 in the
following general form:

g(p,0,T) = kT{U° + U(p,0.T) + ph(0)}  (11)

In the mean-field picture
kTU® = g(usy — kTIn y) + y(1 — p)y, + (e — ) (12)

is the “standard” contribution to g containing terms linear in ¢.
As we shall see, these terms make no contribution to the location
of the phase boundaries in the ternary solution. Also, using eq
8 we have

kTU(¢,0.T) = kTR ¢) — ¢°0{0E, (A, W) +
(1 — 0E,(B,W) — a(1 — a)E, (A,B)} (13)

This equation shows that the magnitudes of the parameters
E,.(A,B) and E,.(A,W) — E,.(B,W) determine the dependence
of U upon a. As the protein becomes similar, both these
parameters approach zero (see eq 10), and as would be expected
on general grounds, U becomes independent of a.

Having presented the structure of the Gibbs free energy we
may now consider how this enables the deduction of the
compositions (a/,a’) and concentrations (¢/,¢") in coexisting
phases. If the temperature is adjusted appropriately for a given
initial total protein volume fraction ¢° and composition a?, the
solution will separate into two coexisting phases designated I
and II. The convenient variables which describe, at temperature
T, such coexisting phases are (¢/,0)), (¢”,0/), and (VI/V) = x:
five variables in all. The variable x is the fraction of the total
volume occupied by phase I. In principle, these five variables
are determined for given initial ¢%a° by the following five
conditions. There are two conditions describing the conserva-
tion of the total number of proteins and the total number of
proteins of type A:.

'+ (1 =" =¢° (14a)
xa'e’ + (1 — x)a¢" = oy’ (14b)

Also, there are three thermodynamic equilibrium conditions that
require that the chemical potentials of the two proteins us =
(0G/ ONAINgNw.T and up = (8G/ aNB)NA Nw.T and the water chemical
potential uw = (8G/3Nw)n,nsr €ach be equal in phase 1 and
phase II. These chemical potentials can be expressed entirely
in terms of g(¢,a,T) according to

#a(@.0,T) = g(¢,0.T) + (1 — $)(38/3¢)y r +
[(1 — a)/¢](3g/30), 7 (152)
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19, 0.T) = g(@,0.T) + (1 — $)(38/0¢)g,r —
[o/¢)(3g/d01),r (15b)

e, T) = (1/y)g(¢,0.T) — [¢/yI(3g/3p), r (15¢)
Note also that, since G = TNu;,
8. T) = pu 0 + pg(l — 0)p + yuy(l — @) (16)

It is convenient to construct symmetrized linear combinations
of these three equations so as to cast the equilibrium conditions
in a form which is a generalization to the ternary solution of
the well-known “double tangency condition”,!® which deter-
mines the coexisting values ¢/ and ¢ in the case of binary
mixtures from the ¢ dependence of g(¢,T) at each fixed
temperature. For this purpose, we require that the linear
combinations (s — ug), (Yuw — us), and

{yunl = @'+ 612) + u(odd’ + o™y +
us((1 = )’ + (1 — a")p™/2}

must each have the same value in phase I and phase II.
Mathematically these conditions are entirely equivalent to the
condition that u, 4p, and uw each must have the same value in
phase I and phase II. However, the equations for the individual
chemical potentials, when expanded in a power series, in Aa
= ol — o/ and A¢ = (¢ — ¢), are not independent, in lowest
order, because of the Gibbs—Duhem relations. The third
combination is chosen to overcome this difficulty. Note that
this combination is (g(I) + g(ID))/2 for phase separation. Here
g = g(¢',al,T) and g(I) = g(¢,0,T). If we use the
definitions g(¢,a,7) = (dg(¢,0,7)/30) and g'(¢,0,T) =
(08(¢,0,T)/3¢), the equilibrium conditions then give the fol-
lowing three equations:

(" = (UDie™ (17a)
g'(D) — (&'gDieh = g'dD — (&"gUDIg™y  (17b)

(8D - 5(D) + (g—ﬂ;—g—@

1 _ m\e(IDed'  a(Do"
(a o )(g(qu . g(zldz’) o a0
The five equations (14a,b) and (17a—c) determine, in principle,
how each of the five variables (¢/,a), (¢/,a’l), and x depends
on T, for given values of the overall starting volume fraction
#° and composition a®. If we are only interested in points on
the coexistence surface, then eqs (14a,b) are satisfied, and we
can restrict our attention to the remaining eqs (17a—c). These
comprise three relationships between four unknowns (¢/,af) and
(¢H,af) at fixed temperature 7. Thus, for example, if we choose
¢! as an independent variable, there can be a range of ¢/ for
which eqs (17a—c) predict corresponding values of o/ and
(¢"Laff). Therefore, by changing ¢/ we generate a conjugate
pair of curves in the (¢,a) plane at fixed 7. In our case these
two curves form the descending and ascending limbs of a single
binodal curve. By considering a sequence of such conjugate
curves, constructed by using increments in the temperature 7,
we can sweep out the coexistence surface.

We now examine the mathematical solution of eqs (17a—c),
when the form of g(¢,0,7) is that given by eq 11. Insertion of
this into eqs (17a—c) shows that the term kTU°, which is linear
in ¢, completely cancels out of these three stability conditions.

)(¢’ -+
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Equation 17a takes the form
o oany | ;
7 g = iD=k (18)

Our further analysis of this problem is based on the view that
the difference between our proteins is small and that the solution
of the equilibrium conditions can be found in terms of an
expansion in powers of the small composition difference Aa
between coexisting phases. Here

Ao = (@ - d) (19)

Indeed, as the proteins become more nearly identical to one
another, U becomes independent of « and hence 7 — 0. Thus
h(ID) — h(I), and since } is a monotonic function of a, it follows
that of — o: the compositions of both phases become identical.
In our expansion method we regard A as being small compared
to unity. Under these conditions we may expand the right-hand
side of eq 18 in powers of A« about & = (o + a#)/2, and find
that h(I) — KD = (Aa/d(l — @) + O(Aa)’. We therefore
observe that Aa is of the order of U. Using the mean-field
expression for U(¢,0,7) given in eq 13 we may calculate the
left-hand side of eq 18 and find, on retaining terms linear in
Aaq, the following relationship between Ao and (¢ — ¢):

Z(E, (AW) — E,(B,W)) —

Aa=(¢" = ¢Ha(l - ay=
(1 = 20)E,(A.B)} (20)

et

If we remember that the binodal curve represents, at fixed
temperature 7, the locus of pairs of coexisting values of (¢Z,a)
and (¢/,0)), then eq 20 shows how the slope, Aa/(¢”! — @), of
the “tie lines” connecting coexisting phases on the binodal curve
should vary with the mean composition & Equation 20 also
confirms quantitatively that Aa is directly proportional to the
parameters (E,.{A,W) — E,.{(BW)) and E,(A,B), which
characterize the difference between proteins. From a practical
point of view, however, eq 20 does not provide an accurate
means of determining those parameters from our experimental
data, because of experimental uncertainties in the values of
(¢",0ly and (¢/,0!) and the fact that G(1 — &) — O for & = 0,
a=1and (1 —20) —~0atd =1,

Turning now to the second stability condition eq 17b, we
find the following relationship between U'(J) and U'(I]):

Aa)(UD  UUD
b3 — T "

(U(h - U'in) = —( ) + 0(A)’ (21)

Furthermore, using the fact that / ~ Aq, it follows at once
that the first term on the right-hand side of eq 21 in lowest
order is quadratic in Aa. Thus, if we neglect terms quadratic
in Aa, the equilibrium condition expressed in eq 17b or eq 21
implies that

U@ a1 = U™ a"\T) (222)

If, furthermore, one expands these functions around any value
of o between o and o, one finds on neglecting terms quadratic
in Aa. = (o — of) that

U@'0.D = Ug".aT) (22b)

Thus, at ¢/ and ¢%, the tangents (8U/3¢) 4. and (8U/3¢p)yn, are
essentially equal to one another.

We now turn to eq 17c and insert eq 11. If we neglect all
terms quadratic in Aq, we find
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UW+Ud
an - v = (¢" - ¢’)(ﬂ2ﬁ) (232)

If we now note that U(Il) = U(¢”,a,T) and U(J) = U(¢',o',T),
and once again express o and o in terms of Aa and a, where
of < a0 < ¥, then one can expand U and U” about o to show
that, upon neglecting terms of order (Aa)? and higher, eq 23a
can be written as

(U@" 0T — U 0,) =

T ]
@ - ¢,)(U (¢".0.T) ;r U ,a,n) 235

Thus, eqs 22b and 23b show that the values of ¢/ and ¢/ are
determined, for small Aa, by a double-tangency condition
having precisely the same form as that which applies in the
binary mixture case.”!> Rewriting now the mean-field expres-
sion for U(¢,a,T) (eq 13) as

E, 1
O, (& T)) 24)

—_ — 42

we observe that the entire dependence on a and T is contained
in the single parameter (OE,.{(c,T)/kT) where

E, (0.T) = oE, (AW.T) + (1 — 0)E, (B,W.T) —
o1 — 0E, (A,B,T) (25)

It is instructive to consider the implementation of the double-
tangency condition. Indeed, such a consideration leads us to a
general equation for the coexistence surface. For eqs 22b and
23b to have a solution different from ¢/ = ¢¥ the parameter
(OE,./kT) must be greater than some critical value (GE,./kT)ri.
This critical value corresponds to the condition in which ¢/ —
¢ — ¢., where ¢, is the critical protein volume fraction. We
have shown’ in a mean-field approximation that in this limit
(OEpetlkDerir = f'(¢9:)/2 = 13.1. Thus, all values of (0E,./kT)
corresponding to two coexisting phases can be expressed in
terms of a new parameter ¢ in accordance with the definition
(OE,edkT) = (13.1/t) where 0 < ¢ < 1. Furthermore, by applying
the conditions (22b) and (23b) the corresponding values of ¢/
and ¢ can be found. Thus, for each ¢t (0 < ¢ =< 1), these
equations provide two values of ¢. Indeed the function #(¢),
which we shall denote as “the normalized scaling section” and
which has the same value for both ¢ = ¢/ and ¢ = ¢#, can be
used to provide an expression for the coexistence surface, valid
in the domain of small Aa. According to our analysis above,
for given ¢ and o the corresponding temperature (Tp(¢,00))
satisfies the equation:

OE, (T, (¢,0)) _131
kT, (,00) )

This is the equation of the coexistence surface Tpu(¢,0).
Observe that this equation has the property that, for fixed a,
the (Tpu(¢))a sections of the coexistence surfaces have shapes
determined essentially by the normalized scaling section #¢).
Furthermore, eqs 25 and 26 show that as « changes, these
sections simply are displaced vertically, in harmony with the
experimental observations. Similarly for fixed ¢ the curves of
(Tpr(0L)4 have the quadratic form determined by egs 26 and
25. Finally the binodal curve is the locus of (¢,0) points which
satisfies eq 26 for Tpu(¢,0) = constant.

(26)

Comparison between the Theory and the Experimental
Results

We now obtain the three fundamental energy parameters:
OEn.{A,W), OE,.{B,W), and 0E,.(A,B) appearing in the normal-
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Figure 4. Deduction of the normalized scaling section #(¢) using the
experimental data for a. = 0 (O) and o = 1.0 (3). The solid line is an
empirical fit to the data over the domain 0.03 < ¢ < 0.39 and has the
form #) = (1—15|¢ — ¢c}).

ized Gibbs free energy and examine the extent to which these
parameters, when used in the theory, can describe the full range
of our experimental findings.

We have, in fact, previously determined the magnitude and
temperature dependence of the parameters oE,.{(A,W,T) and
OE,.(B,W,T) from measurements of the equation of state and
coexistence curves of aqueous solutions of pure A and pure B
proteins, This analysis shows that the temperature dependence
of these parameters is essentially linear and that, for T = T.(A)
or T = T(B), which are the critical temperatures of pure A or
B solutions, 0E (A, W,T(A)) = 13.1kT(A) and OE,,.{B,W,TB))
13.1kT(B). Also, we have found’ that 3(0 E,.{A,W)/3(kT)) =
—13 and HOE,.{B,W)/a(kT)) = —9. Thus two of the three
parameters of the theory are in fact fixed by prior determination,
using binary solution data. We can deduce the third parameter
of the theory oE,.{A,B) as follows. First note that eq 26
provides a means to determine #(¢) by using the experimental
measurements of T,,(¢,0) for o = 0 and e = 1 and the previous
determinations of 0E,.{A,W,T) and ¢E,..{B,W,T). This is shown
in Figure 4, which demonstrates that within experimental error
t is indeed a function only of ¢. In Figure 4 we show as a
solid line an empirical form for #(¢), which, within experimental
error, represents the data for #(¢) in the domain 0.03 < ¢ <
0.39.

Equation 26 may now be used to deduce the parameter
OFE,.{A,B.,T) from the form of the sections corresponding to fixed
values, ¢, of ¢. Such sections, as shown in Figure 2, according
to our theory follow a basically quadratic dependence on a. in
accordance with the equation

H¢;)
T (6,00 = 13—‘1 %{aEM,(A,W,TPh) +

(1 = 0E, (BW,T,) — a(1 — 0E,,(A,B)}

It follows that each of the curves in Figure 2 can be used in
conjunction with the known temperature dependence of
OE,.(A,W,T) and oE,.(B,W,T) to fix the numerical value of
OE,.{A,B,T). By so doing we have determined that 0E,.(A,B,T)/
kT(A) = —1.0 & 0.05, independent of the temperature. Our
theoretical analysis has shown that the dimensionless parameters
which quantitatively describe the “difference” between the
proteins are essentially €; = [0E,.{A,W) — OE,.(B,W)I/kT(A)
and €; = OE,.{A,.B)/kT(A). According to our findings these
two quantities are respectively ~2.2 and ~—1.0. Thus both
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these dimensionless quantities are comparable in size. In the
context of the lattice model for the interparticle interaction
energies, the negative sign for E,.(A,B) implies that, in the
present case, the net attractive (negative) like—unlike bond
energy Eyp is in fact numerically larger than the mean attractive
like—like bond energy ((Eaa + Epp)/2). In Figure 2 we also
show as lines the theoretical prediction for the (Tpx(c)), sections.
To obtain these curves we have used the magnitudes of
OE,.{A,W,T) and oE,.(B,W,T) as obtained from T.(A) = 311.6
K and T.(B) = 279.6 K. These are the appropriate critical
temperatures for the data presented in the figure (see discussion
below). Also we have used the linear temperature dependence
as given above for the energy parameters. In view of the
uncertainties in the experimental deductions of #(¢) and the
energy parameters, the theoretical predictions are in satisfactory
agreement with the data.

Having established the form of #(¢) and the magnitude and
temperature dependence of each of the energy parameters, we
are now in a position to provide theoretical predictions for all
the remaining experimental data.

We examine first the constant a sections (T,x(¢))e. In Figure
1 the dashed lines represent the theoretical predictions. Here
we used the values T.(A) = 309.5 K for oo = 1 and T(B) =
278.5 K for the a. = 0 sections, as given in ref 1. The remaining
data in Figure 1 were obtained under slightly different prepara-
tive conditions, for which we found T.(A) = 311.6 K and T(B)
= 279.6 K. These latter conditions also apply to the data shown
in Figures 2 and 3. The theoretical predictions appear to
satisfactorily reproduce the characteristic vertical displacement
of the (Tpx(¢))a sections, found experimentally, as the composi-
tion a is increased from 0 to 1. The theory also predicts the
vertical displacements found experimentally for the (Tpu(Q))p
sections as shown in Figure 2.

We examine next the data shown in Figure 3, which
represents coexisting values of ¢ and a at 7= 20 °C. In this
figure, the solid curve is the binodal curve as computed from
eq 26. The solid straight lines connect the theoretically
calculated points (¢/,o) and (¢¥,07) shown the represent the
so-called “tie lines” appropriate to each of the values of ¢° and
of presented in Table 1. The coexisting values of ¢ and & were
determined by using the following line of reasoning. The
conservation equations, eqs 14a and 14b, in effect relate (¢,af)
and (¢”,01) to (¢°,a%). Furthermore, the binodal curve, (¢(o))r,
provides a relation between both o and ¢/ and o/ and ¢. Thus,
we now have a relationship between o/, and ¢°,a%. Another
such relationship between of and o is contained in eq 20 for
the slope of the tie line. Solving these two equations for (a,0)
we obtain at once the corresponding values of (¢/,¢") from the
binodal curve. Hence we find the coexisting values of ¢ and a
corresponding to given ¢°00 at fixed temperature 7. The
prediction shown in Figure 3 must be regarded as satisfactory
considering the uncertainties in the experimental determination
of the composition and volume fraction in the coexisting phases,
particularly in view of the long time needed to reach phase
equilibrium.

Summary and Conclusions

We have presented experimental findings which describe the
separation of ternary aqueous solutions of the bovine lens
proteins yma (protein A) and ymp (protein B) into coexisting
liquid phases. The data include segments of the coexistence
surface corresponding to constant composition (@) sections
(Tou(@))a, constant volume fraction (¢) sections (Tpa(@t))4, and
coexisting values (¢/,af) and (¢¥,a7) of protein volume fraction
and composition which define the form of the binodal curve at
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fixed temperature T = 20 °C. To understand the underlying
physical and chemical factors which produce this phase separa-
tion, we have constructed a mean-field theory using a normalized
Gibbs free energy g(¢,a,T), which is a natural extension of that
found appropriate for binary aqueous-protein solutions. The
normalized Gibbs free energy g(¢,a,T) contains three energy
parameters O0E,.{A,W.,T), 0E,.{B,W,T), and 0E,.{A,B,T). The
physical significance of these energy parameters is identified,
using a lattice model for the ternary solution, in terms of the
mean values of the individual protein-water, water-water, and
protein-protein bond interaction energies. Using this g(¢,0.,T)
one can obtain the basic chemical potentials us(¢,o,7), ua(d,a.7),
and uw(9,0,7) of each protein species and the water. The
thermodynamic condition that each of these three chemical
potentials be identical in the two coexisting phases (LII)
determines in principle the coexisting values of (¢/,a) and
(¢",0/). We have explicitly implemented these conditions of
thermodynamic equilibrium using a power series expansion
procedure appropriate when the proteins, in effect, are slightly
dissimilar, as is the case for our system. Using this method of
analysis, we have obtained equations for the coexistence surface
and can determine analytically coexisting values of (¢/,0f) and
(¢",0)) along the binodal curve at fixed temperature 7. Detailed
comparison between the theory and experimental results requires
in fact the determination of just one of the energy parameters
o E,.(A,B,T) since the other two are known from independent
measurements on binary aqueous solutions of pure ym, and ym.
Using a very limited subset of the data, we have determined
that oE,.{(A,B,T) is a constant independent of the temperature
and equal to (—1.0 £ 0.05)kT.(A). Having fixed this constant,
it is possible to satisfactorily predict all the experimental
measurements including the (Tn(¢))a and (Tx())4 sections of
the coexistence surface and the values of (¢/,0f) and (¢”,al)
along the binodal curve at fixed temperature 7. Of course, this
theory can also be used to calculate thermodynamic properties
of the solution phase other than those measured in this paper.
Such properties include the equation of state, i.e., the osmotic
pressure 7(¢,,7), and the heat capacity, at any point in the
phase diagram.

The success of the present mean-field theory indicates that
we now have a promising theoretical basis for understanding
the entire range of equilibrium thermodynamic properties and
phase boundaries of ternary protein solutions, for the case of
proteins which are not too dissimilar. We see that the
observable equilibrium properties are determined by three energy
parameters 0E,.{A,W,T), 0E,.{B,W,T), and 0E,.{(A,B,T) and by
the form of the entropy of mixing between the proteins and the
aqueous medium, as represented by f{¢)). The present theory
provides means by which these parameters can be deduced from
a limited number of measurements in experimentally convenient
regions of the phase diagram and then used to reliably predict
the solution properties in other less accessible regions.

We also keep in mind that the physical significance of each
of these energy parameters is clearly delineated in terms of bond
energies by the lattice model. Thus, since the effect of changes
on each of these parameters produces clearly deducible conse-
quences for the location of the coexistence surface, it now
becomes possible to establish rational design and testing
methods for the discovery of protein or solvent modifying agents
which selectively alter the bond interaction energies so as to
relocate the coexistence surface into desired positions in the
phase diagram. In this way, for example, one should be able
to maintain the solubility of multicomponent protein-water
solutions in the living cell by chemical means, thereby
counteracting posttranslational modifications which otherwise
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would lead to protein condensation, such as occurs in the case
of cataract disease. Finally, we must recognize that it is
necessary to extend the implementation of this theory to the
important case of ternary solutions in which the proteins are
quite different in size and in the magnitude of their respective
bond interaction energies.
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