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Abstract

It is shown how a metric structure can be induced in a simple way starting

with a gauge structure and a preferred volume, by spontaneous symmetry

breaking. A polynomial action, including coupling to matter, is constructed

for the symmetric phase. It is argued that assuming a preferred volume, in the

context of a metric theory, induces only a limited modi�cation of the theory.

x1 Attempts to Use a Gauge Principle for Gravity

The fundamental laws of physics, as presently understood, largely follow from the two
powerful symmetry principles: general covariance, and gauge invariance. There have been
many attempts to unite these two principles. Indeed the very term, gauge invariance, orig-
inates from an early attempt [1] by Weyl to derive classical electromagnetism as a conse-
quence of space-time symmetry, speci�cally symmetry under local changes of length scale.
The modern understanding of gauge invariance, as a symmetry under transformations of
quantum-mechanical wave functions, was reached by Weyl himself and also by London very
shortly after the new quantum mechanics was �rst proposed. In this understanding of
abelian gauge invariance, and in its nonabelian generalization [2], the space-time aspect is
lost. The gauge transformations act only on internal variables. This formulation has had
great practical success. Still, it is not entirely satisfactory to have two closely related, yet
de�nitely distinct, fundamental principles, and several physicists have proposed ways to
unite them.

One line of thought, beginning with Kaluza [3] and Klein [4], seeks to submerge gauge
symmetry into general covariance. Its leading idea is that gauge symmetry arises as a re
ec-
tion in the four familiar macroscopic space-time dimensions of general covariance in a larger
number of dimensions, several of which are postulated to be small, presumably for dynam-
ical reasons. Here we should take the opportunity to emphasize a point that is somewhat
confused by the historically standard usages, but which it is vital to have clear for what
follows. When physicists refer to general covariance, they usually mean the form-invariance
of physical laws under coordinate transformations following the usual laws of tensor calculus,
including the transformation of a given, preferred metric tensor. Without a metric tensor,
one cannot form an action principle in the normal way, nor in particular formulate the ac-
cepted fundamental laws of physics, viz. general relativity and the Standard Model. From
a purely mathematical point of view one might consider doing without the metric tensor;
in that case general covariance becomes essentially the same concept as topological invari-
ance. The existence of a metric tensor reduces the genuine symmetry to a much smaller one,
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in which space-times are required not merely to be topologically the same, but congruent
(isometric), in order to be considered equivalent. In the Kaluza-Klein construction, for this
reason, the gauge symmetries arise only from isometries of the compacti�ed dimensions.

Another line of thought proceeds in the opposite direction, seeking to realize general
covariance { in the metric sense { as a gauge symmetry. A formal parallelism is readily
perceived [5]. Indeed, it is quite helpful, in bringing spinors to curved space, to introduce
a local gauge SO(3; 1) symmetry 1. The spin connection !ab

� is the gauge potential of
this symmetry. The lower index is a space-time index, and the upper indices are internal
SO(3; 1) indices, in which ! is antisymmetric, as is appropriate for the gauge potential. In
this construction one must, however, introduce an additional element that is not a feature
of conventional gauge theories. That is, one postulates in addition the existence of a set of
vierbein �elds ea� with the properties

�abe
a
�e

b
� = g�� (1)

g��ea�e
b
� = �ab (2)

where � is the internal space metric tensor. The ea� are supposed to transform homogeneously
under the local symmetry, and to behave as ordinary vectors under general coordinate
transformations. The ea� link the internal and space-time indices, so that by contracting
with them one can freely trade one kind of index for the other.

The formal nature of this local SO(3; 1) symmetry is evident from (1). The action of
the symmetry simply interpolates between the di�erent possible choices for the solution of
this equation, all corresponding to the same space-time metric. Thus given the metric the
vierbein adds no gauge-invariant information, at least locally. One could equally well have
both a vierbein �eld and the gauge symmetry which e�ectively says it is arbitrary, or neither.
For coupling to spinors, of course, it is very convenient to make the former choice. Another
di�erence between the formal SO(3; 1) gauge invariance of general relativity and the usual
gauge symmetries of the Standard Model is the postulated action. In general relativity
the Einstein-Hilbert action density, in terms of the SO(3; 1) gauge �eld strength and the
vierbeins, is given as

L = det e e�ae
�
bF

ab
�� (3)

where the determinant involves ea� regarded as a square matrix, and the e�a are elements
of the inverse matrix. The existence of an inverse to the introduced ea� is essential for
expressing the action in this form. In this action the ! appear, after an integration by parts,
only algebraically. They can therefore be eliminated in favor of the vierbeins, or ultimately
the metric. All this is quite unlike what we have for conventional Yang-Mills theory.

A markedly di�erent approach to casting gravity as a gauge theory was initiated by
MacDowell and Mansouri [6], and independently Chamseddine and West [7]. It has proved
useful as a way of introducing supergravity. Their construction, as improved by Stelle

1For de�niteness I consider 3+1 dimensional space here.
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and West [8], is along the following lines. One introduces an SO(3; 2) gauge symmetry
(or SO(1; 4); SO(3; 2) is more appropriate for supergravity), with the associated gauge
potentials Aab

� . One introduces as well a space-time scalar, internal-space vector �eld �a.
Very important: no vierbein or metric is introduced. The action density is taken to be

LMM = �abcde�
��
�F ab

��F
cd

��

e (4)

and �e is taken to be frozen at �e = ��e
5
. Here of course the �s are numerical totally

antisymmetric symbols, and � is a constant. At this point one must distinguish two classes
of gauge potentials, the Aa5

� � ha� and the Aab
� with neither a nor b equal to 5. The �eld

strengths F a5 do not appear in (4). The ha� appear in the remaining �eld strengths F ab

only in commutator terms. Let us separate the terms which are independent of, linear,
or quadratic in these commutators. The term independent of the ha� is quadratic in the
conventional SO(3; 1) potentials and is a total divergence. It does not contribute to the
classical equations of motion. The term which is linear in the commutators { and therefore
also linear in the conventional SO(3; 1) �eld strength { is most remarkable. Indeed, if we
assume that the matrix ha� is non-singular, and make the identi�cations

!ab
� � Aab

� (5)

ea� � ha� = Aa5
� (6)

we �nd that this term is proportional to the Einstein-Hilbert action density. Finally, in this
interpretation, the term quadratic in the commutators yields a cosmological constant.

This construction certainly makes a more compelling connection of gravity to gauge
theory than the preceding formal construction, and has the elegance of simplicity. Yet it is
not entirely satisfactory, for several reasons. The assumed constancy of �e is quite ad hoc,
and amounts to a way of sneaking in some assumptions about a higher symmetry, SO(3; 2)
or SO(1; 4), that is not really present in the theory. Likewise, the expansion around non-
singular ha� seems arbitrary, especially since these �elds do not transform homogeneously
under the higher symmetry (they do transform homogeneously under the residual SO(3; 1)).
Perhaps its most important limitation, however, is that it does not extend in any obvious
way to include couplings to matter. In the remainder of this note I propose a way to remove
these di�culties.

x2 Importance of the Volume Element for Index Contraction

Concretely, the di�culty with coupling to matter is as follows. To obtain a meaning-
ful dynamics, one must include derivatives for the matter �elds. These are all lower, or
covariant, indices. In the absence of a metric, it is very di�cult to soak up these indices
and form an invariant action. The only contravariant object that is intrinsically de�ned
is the numerical antisymmetric symbol ���
�, and it is a tensor density. Thus { assuming
full general covariance { it can be used to the �rst power only, to soak up exactly four
covariant indices. This, of course, is how it functioned in (4). In general, however, and
in particular to couple to the �elds of the Standard Model, one seems to require a more

exible way of forming invariants. Another aspect of the di�culty is that one cannot form
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fully covariant derivative-independent terms, such as are used to generate masses or e�ec-
tive potentials. With this in mind, it seems that if one wants to stop short of introducing
a metric explicitly, a natural possibility is to forego full general covariance, and to require
invariance only under transformations that leave the volume �xed. Then one can introduce
potential terms, and have them introduce symmetry breaking dynamically, which opens up
much wider possibilities for obtaining realistic theories.

x3 Covariance With a Preferred Volume Element

It might seem that relaxing the requirement of full general covariance would be a very
drastic step, and that after taking it one would have great di�culties in recovering the main
consequences of general relativity. This is not the case, however, as I shall now discuss. If
one takes a conventional (metric) general covariant theory, and considers only variations of
the metric that preserve the volume, one obtains in place of the full Einstein equations

R�
� �

1

2
g��R = T �

� (7)

only their traceless part

R�
� �

1

4
g��R = T �

� �
1

4
g�� T : (8)

It might appear that a great deal has been lost, or modi�ed, in passing from (7) to (8),
but that appearance is deceptive. Indeed, (7) has been written in a way that the contracted
covariant derivative of each side vanishes separately. For the left-hand side, this follows from
the Bianchi identity. On the right-hand side, it follows from full general covariance, with
T �
� de�ned according to the equation

�SM
�g��

=
p
gT �� (9)

for variation of the matter action. We de�ne the energy-momentum tensor in (8) likewise,
even though in the context of that equation we are not requiring that the action is sta-
tionary under full general covariance, after supplying appropriate powers of

p
g to restore

full covariance. Then it too has zero contracted covariant derivative (i.e., it is covariantly
conserved). After subtracting �1

4
g��R from both sides of (8) we can take the contracted

covariant derivative and cancel o� the vanishing terms, to obtain simply

@�(R + T ) = 0: (10)

This means that R+ T is a world-constant { a number, not a function. This number is not
determined by the gravitational equations of motion, but is an integration constant, or is
determined by other equations of motion. In any case, we �nd that (8) di�ers from (7) only
in that the cosmological term is no longer determined by the action and the equations of
motion for the metric tensor, but is an integration constant (perhaps constrained by other
equations of motion).

We have argued that solutions of (8) yield solutions of (7) for some value of the cosmo-
logical term, itself undetermined by (8). Conversely, if we suppose that (7) is valid, but that
the energy-momentum tensor takes the form

4



T �
� = T �

� (0) + �g�� : (11)

with � indeterminate, then we can eliminate � by passing to (8).
It might seem surprising, at �rst sight, that the variation of an entire function determines

only one number. However, of course, general covariance requires that the action is of a very
special form, and indeed invariant under functional transformations, namely those of general
covariance. Indeed, the situation above could, from another point of view, easily have been
anticipated. One could, in the context of orthodox general relativity, take

p
g = const: (or

any �xed function) as a gauge choice. The equations of motion in this �xed gauge must then
give the full equations of the theory, except insofar as �xing the gauge constrains gauge-
invariant quantities. But the only gauge-invariant quantity associated with

p
g is a single

number, the world-volume. To demonstrate this, one must show the existence of a general
coordinate transformation having an arbitrary speci�ed Jacobian; but this is, apart from
global questions, evident by counting parameters.

Other discussions of metric covariance with a �xed volume include [9].

x4 Metric Structure from Symmetry Breaking

After these preliminaries, the construction of a metric theory from spontaneous break-
down of gauge symmetry is not di�cult. The necessary �eld content is the same as before:
an SO(3; 2) gauge �eld Aab

� , and a spacetime scalar, internal space vector �a. The desired
pattern of symmetry breaking is dynamically favored by action terms of two types. The �rst
term we need is of the type

L1 = � �1(�ab�
a�b � v2)2: (12)

Clearly if �1 > 0 this will be stationarized, and �L1 minimized, when �a(x) = v�a
5
. Other

solutions can be put in this form by a gauge transformation. As �1 ! 1 this value is
e�ectively frozen in.

The second term we need is of the type

L2 = �2(J � w)2 (13)

where

J � ���
��abcde�
er��

ar��
br
�

cr��
d ; (14)

and r denotes the SO(3; 2) gauge covariant derivative. This term is evidently stationarized
at J = w. If we suppose that � takes the form discussed in the preceding paragraph, then
we �nd

J = v5���
��abcdA
a5
� A

b5
� A

c5

 A

d5
� (15)

where now the internal space variables run from 1 to 4. By stationarizing these two terms, we
have reproduced two crucial elements of the structure described in x1, that is, an appropriate
symmetry-breaking \director" �a

5
and a non-singular \vierbein" ea� / Aa5

� , as in (6), but now
on a dynamical basis, by spontaneously breaking a legitimate symmetry. The terms we have
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used are among the simplest ones consistent with the assumed symmetries, that is, SO(3; 2)
or SO(1; 4) and volume-preserving reparametrizations.

x5 Curvature Term

To complete the identi�cation we should discuss the curvature term. In the new frame-
work we can use a simpler construction than (4). The relevant term is

L3 = �3�
��
��abcdeF

ab
��r
�

cr��
d�e : (16)

When this is expanded, subject to the freezing of � as before and of the determinant as in
(15), and with the now familiar identi�cations, it yields the Einstein-Hilbert action. In this
form, generalization to any number of dimensions is immediate.

x6 Matter Couplings

The structure here proposed allows coupling to matter �elds with no substantial di�culty,
but one subtlety. Consider, for example, the problem of constructing a kinetic energy term
for a space-time scalar, gauge scalar �eld  . The standard construction uses both the
determinant of the metric tensor and the inverse metric tensor. Since we do not require full
general covariance, but only covariance under volume-preserving reparametrizations, we do
not need the determinant. However we cannot take the inverse metric for granted, for our
e�ective metric only emerges after L1 is stationarized, and only becomes non-singular when
L2 is stationarized. The appropriate construction is most easily expressed in terms of the
auxiliary �eld

w�
a = ���
��abcder��

br
�
cr��

d�e : (17)

This �eld becomes proportional to the inverse vierbein after our two steps of symmetry
breaking, but is a perfectly well-de�ned tensor with the same index structure even in the
unbroken phase. In terms of it, we can construct the desired kinetic term as

Lkin: = w�
aw

�
b �

ab@� @� : (18)

One should note that these terms involve high powers of the covariant derivatives of �.
In a very similar fashion, one can construct kinetic terms for space-time spinor �elds. In

this case only one power of w is required. Yang-Mills �elds require the form

LY�M = GI
��G

I

��

acw�
aw



c �

bdw�
bw

�
d (19)

or more economically

L0

Y�M
= GI

��G
I

��

�����
���r��
ar��

br��
cr��

d�ac�bd: (20)

It is very important, from the point of view of general dynamics, that the interactions
we need are of no higher than second order in time derivatives. Thus they have a well posed
initial value problem. This requirement greatly constrains the form of possible additional
terms [10].
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x7 On the Cosmological Term

A most puzzling feature of current physical theory is that the vacuum is supposed to
contain several symmetry-breaking condensates (e.g., electroweak SU(2) � U(1) breaking
and QCD chiral SU(2) � SU(2) breaking), yet for purposes of gravity displays very small
or vanishing energy density. This is the famous problem of the cosmological term.

In the framework discussed here, this problem takes a very di�erent appearance. We
have already touched on this in a general way in x3. Now we can illustrate concretely how
extra (non-metric) �eld equations can augment that discussion.

For present purposes it is useful to introduce symbols � and A for the vacuum expectation
values of �5 and of (detA5a

� )
1

4 { the \determinantal" part of the vierbein { respectively. Note
that one can swing the expectation value � to lie in a �xed direction, say 5, by appropriate
gauge transformations.

Let us assume that � and A are constants, and examine the dependence of various
possible terms in the Lagrangian on these constants. We have for the `gravitational' terms

�1(�a�b�ab)2 � �1�
4 ; [�1] = 4

�2(�a�b�ab) � �2�
2 ; [�2] = 4

�3J
2 � �3�

10A8 ; [�3] = �4
�4J � �4�

5A4 ; [�4] = 0
�5�

��
����
�F
ab
��r��

cr��
d�e � �5�

3A2@2 or �5�3A4 ; [�5] = 0

Here � is taken to have mass dimension 0, A to have mass dimension 1, and the mass
dimensions of the couplings are then as indicated.

In the last line the two terms arising from the spin connection Aab
� and vierbein A5a

�

pieces of F are indicated separately. Also indicated is the occurrence of derivatives, when
one solves for the Aab

� . The �rst of these terms corresponds to the usual Einstein action,
and leads us to identify the Planck mass according to

M2

Pl: � �5�
3A2: (21)

The second of these terms is an e�ective cosmological term. Its coe�cient is given as

�5�
3A4 �M4

Pl:=(�5�
3): (22)

The terms in J depend on the combination

�5A4 �M4

Pl:=(�
2

5
�): (23)

There is no A-dependence from the remaining terms, nor (we recall) from conventional
condensation energy.

Thus if the pure numbers �5; � are large, the e�ective cosmological term, appearing in
the equations determining A, is suppressed. The largeness of �5 and � translates, according
to (21), into the smallness of the mass scale A. This in turn points to a very large length
scale associated to the metric, such as might be induced by in
ation. In any case, it seems
signi�cant that the e�ective cosmological term can here be suppressed by a multiplicative,
as opposed to a subtractive, mechanism.

x8 Remarks
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1. If these considerations correspond to reality, the structures assumed in general rela-
tivity, including the conventional notion of distance and distinction of time, are not
primary. Indeed, in the unbroken symmetry phase there is no distinction among the
variables describing space and time, and no notion of distance (only volume). It will be
very interesting to consider the possibility that a more symmetric phase was realized
in the early Universe, or near singularities of general relativity.

2. Our considerations have been entirely classical. The actions postulated here, although
polynomial in the �elds, are of a very unfamiliar type for quantum �eld theory. Con-
siderations of a di�erent order will be required to see if it is possible to embed them
into a consistent quantum theory. This could well require supersymmetry to soften the
ultraviolet behavior, and extra �elds or extra dimensions to cancel anomalies. Since
the symmetry-broken phase is close to conventional general relativity, one might sus-
pect that the structures used in successful quantizations of that theory could also be
brought to bear here.

3. There is no apparent reason why the internal group could not be substantially larger.
It could break down to a product of a non-trivial internal group and local Lorentz in-
variance, rather than just the latter. The occurrence, in attractive uni�cation schemes
based on SO(10), of representations that are spinors both for the internal and the
space-time symmetry is suggestive in this regard.
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