
Symbolic Dynamics on Free Groups

StevenPiantadosi
Advisor: Dr. Karl Petersen





Conten ts

Introduction 4

Acknowledgments 5

Chapter 1. Background 6
1. Group theory 6
2. One-dimensionalsymbolic dynamics 9
3. Zd symbolic dynamics 13

Chapter 2. Symbolic dynamicson groups 16
1. Basic de�nitions 16
2. The hard hexagonconstant 18
3. Periodic colorings 19
4. An algebraicperspective on periodic colorings 21
5. An example: the Heisenberg group 22

Chapter 3. Shifts of �nite type on the free group 24
1. Elementary properties 24
2. Nonemptynessand weakly periodic properties 27
3. Strongly periodic coloringsof the free group 28
4. An examplethat is not strongly periodic 36

Chapter 4. The goldenmeanshift on the free group 37
1. Preliminaries 37
2. Growth properties of (an ) 39
3. The asymptoticsof (an ) 47
4. Numerical computations related to the goldenmeanshift 51

Chapter 5. Further topics 53
1. Nonlinear continued fractions 53
2. The nonlinear Gaussmap 53
3. When continued fractions are not well-de�ned 54
4. Conjugacybetween(I ; � k) and (I ; � 1) 56

Bibliography 58

3



In tro duction

Symbolic dynamics is the study of bi-in�nite sequencesof symbols under
simple transformations. This sub�eld of dynamical systemstheory has many
deepconnectionsto theoretical computer science,ergodic theory, information
theory and number theory. Ideasfrom symbolic dynamicsare applied in nu-
merousscienti�c and engineeringareas,ranging from studying the properties
of crystals to constructing optimal codesfor transmitting information.

This thesis attempts to generalizea few of the basic ideas from one-
dimensionaland two-dimensionalsymbolic dynamicsto \colorings" of groups.
This endeavor is interesting becausemany natural questionsarise that have
counter-intuitiv e answers, and by working towards understandingthesemore
generalsystems,we may shedlight on important questionsthat have already
comeup in symbolic dynamics.

Most of this thesis will study shifts of �nite type on the free group. In
Chapter 3, Theorem 3.5, we will determine when a shift of �nite type on the
free group admits a strongly periodic point. This turns out to be a rather
subtle issuethat involvesdi�cult combinatorial propertiesof the shift of �nite
type. Next, we study the goldenmeanshift on the freegroup and derive a for-
mula for its entropy in Chapter 4, Theorem3.4. In doing so,we develop a new
generalizationof Fibonaccinumbers and study their asymptotics. Finally, in
Chapter 5, we present preliminary resultsrelated to \nonlinear continued frac-
tions" which arise in studying the asymptotics of thesegeneralizedFibonacci
numbers.
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CHAPTER 1

Background

This chapter will recall basicfacts about group theory, symbolic dynamics
in one dimension,and symbolic dynamics in Zd. The discussionthat follows
is not meant to be comprehensive; rather, it is intended to mention the basic
ideas in each area which will be the most useful for understandingsymbolic
dynamics on the free group. The discussionof group theory is closelybased
on [9] and [6].

1. Group theory

A group G = (G; �) is a set of elements G and a binary operation � on G
with the following properties:

(1) There exists e 2 G such that e � a = a � e = a for all a 2 G:

(2) For all a 2 G there exists a� 1 2 G such that a � a� 1 = a� 1 � a = e:

(3) a � (b� c) = (a � b) � c for all a;b;c 2 G:

Typically we drop the � notation and write ab instead of a � b. In addition,
we may call the set G a \group" so long as there is no ambiguity about the
binary operation.

Definition 1.1. Two groups (G1; �) and (G2; � ) are isomorphic if there
exists a bijection ' : G1 ! G2 such that ' (x � y) = ' (x) � ' (y) for x; y 2 G1.
The function ' is called an isomorphism.

Four our purposes,two groupsG1 and G2 will be considered\the same" if
they are isomorphic.

1.1. Group presentations. In a group G = (G; �), the operation � can
be de�ned in several ways. For �nite groups, � can be de�ned by explicitly
writing a \m ultiplication" table. This will not work for in�nite groups, but
we can de�ne � with a presentation.

A presentationof a group G is an expressionof the form

h� j R i

where� is a set of generatorsand R is a set of equivalencesthat describe the
relationships among the generators. That is, we require that every element
g 2 G can be written as someproduct g = � a1 � a2 : : : � an , whereeach � ai 2 � .
The elements of R are equationssuch as

� a1 � a2 : : : � an = � b1 � b2 : : : � bm ;
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and R must satisfy the following two criteria: every equivalencein R holds in
G, and if

g = � a1 : : : � an = � b1 : : : � bm ;

then it can be \deduced" from the relations that � a1 : : : � an = � b1 : : : � bm . We
avoid an in-depth discussionof what \deduced" means,as exampleslater in
the chapter should make it intuitiv ely clear.

To simplify notation, we will assumethat R does not include the multi-
plicative properties necessaryfor all groups(e.g. that aa� 1 = e), that e =2 � ,
and that if � i 2 � then � � 1

i =2 � . Also, whenwe wish to explicitly write out the
sets� and R in h� j R i , we leave out \ f " and \ g" for notational simplicity.

Example 1.2. The group of integersunder addition, Z, can be presented
by h� j ; i where � = f � 1g. We will also write this presentation as h� 1 j i .
Even though the binary operation for this group is addition, we will write
elements as � 1� 1 = � 2

1 rather than � 1 + � 1. Therefore,each element is given
by � n

1 for somen 2 Z.

Example 1.3. The cyclic group of order n, Cn , can be presented by
h� 1 j � n

1 = ei .

Example 1.4. The dihedral group Dn , which gives the symmetriesof a
regular n-gon, can be presented by hr; s j r 2 = e;sn = e;(r s)n = ei .

Every group can also be represented by a Cayley graph. A Cayley graph
C = (V; E) of a group G is a set V of verticesand a set E of edgessuch that
each vertex represents a unique element of G. Verticesrepresenting g1; g2 2 G
are joined by a directed edgelabeled� i from g1 to g2 if and only if g1� 1 = g2.
Therefore, each vertex has exactly one incoming and outgoing edgefor each
� i . Notice that theseedgeswill depend on the presentation of G.

Example 1.5. Figure 1 shows part of the Cayley graph for Z presented
by h� 1 j i . Group elements (vertices) are represented by black circles.

::::::
e

� 1 � 1� 1� 1

Figure 1. Part of the Cayley graph of Z.

Example 1.6. Figure 2 shows part of the Cayley graph for Z � Z pre-
sented by h� 1; � 2 j � 1� 2 = � 2� 1 i . In Figure 2, group elements (vertices) are
represented by black circles. Assumesolid arrows are labeled � 1 and dotted
lines are labeled � 2.

1.2. Finitely generated groups. While there exists a presentation for
every group, many, such asRnf 0g undermultiplication, requirethe cardinality
of � or R to be in�nite. Such groups can be di�cult to analyzeso here we
restrict attention to �nitely-generated groups:

Definition 1.7. A group G is �nitely generated if there exists a presen-
tation h� j R i of G such that j� j and jRj are �nite.
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e

Figure 2. Part of the Cayley graph of Z � Z.

In �nitely-generated groups, we can de�ne the \size", jgj, of a group ele-
ment:

jgj = minf n : g = � a1 � a2 : : : � an g:
By convention, we say jej = 0. Intuitiv ely, jgj corresponds to the number of
edgesone must travel on the Cayley graph of G to reach g from e. However,
the value of jgj may depend on the presentation of G.

1.3. The free group. The main objects of interest in this thesiswill be
free groups:

Definition 1.8. A free group is any group G which can be presented by
h� j ; i = h� j i . If the cardinality of � is q, we say that G is the free group
of order q.

Note that our de�nition of the order of a group dependson our assumption
that � i 2 � implies � � 1

i =2 � . For example,Z is the �nitely generatedfreegroup
of order 1. In every freegroup, the set R of relations is empty, soeach product
� a1 � a2 : : : � a3 givesa unique group element. Part of the Cayley graph on two
generatorsis shown in Figure 3.

1.4. Subgroups.

Definition 1.9. A group H = (H; �) is a subgroup of G = (G; �) if H � G,
e 2 H , and if x; y 2 H then xy 2 H and x � 1 2 H .

Example 1.10. Z is a subgroupof Z � Z. This should be clear from the
fact that in h� 1; � 2 j � 1� 2 = � 2� 1 i we can considerelements of the form � n

1 ,
which is simply the group Z.

Example 1.11. Supposethat G = C12, the cyclic group of order 12. Then
C2, C3, C4 and C6 are subgroupsof G.

The index of a subgroupH � G is roughly the number of di�erent \copies"
of H that there are in G. In Z � Z there are in�nitely many \copies" of Z
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� 2

e � 1

Figure 3. Part of the Cayley graph on two generators. Each
intersectionof lines represents a group element.

sincewe can generatea new copy of Z by consideringthe set f � k
2 � n

1 : n 2 Zg
for each k. Each choice of k producesa new set of group elements which is
isomorphic to Z, so the index of Z is in�nite. This can be put more formally:

Definition 1.12. The index of a subgroup H � G is the cardinality of
the set f aH : a 2 Gg. If the index of H is �nite, H is called a �nite index
subgroup.

Thus, in a �nite group, the index of the subgroup consisting of e is the
cardinality of the group; in in�nite groups,the index of the subgroupconsisting
of e is in�nite. For each group G, G is a �nite index subgroupof index 1. Here
is a lesstrivial example:

Example 1.13. Let G be presented by h� 1; � 2 j � 1� 2 = � 2� 1; � k
2 = ei

for some�xed k. In G, h� 1 j i is a �nite-index subgroup of index k and
h� 2 j � k

2 = ei is subgroupof in�nite index.

Given a subgroup H of G, each set (aH) where a 2 G is called a coset
of H . The group of left cosets of H , denoted G=H, consistsof all elements
of the form (aH), where a 2 G. The binary operation � de�ned on G=H is
(aH) � (bH) = (abH). Similarly, the group of right cosetsof H , denotedGnH ,
consistsof all elements of the form (H a) where a 2 G. The operation � on
G n H is de�ned to be (H a) � (H b) = (H ab).

2. One-dimensional symbolic dynamics

2.1. Preliminaries. One-dimensionalsymbolic dynamicsis the study of
the behavior of bi-in�nite sequencesof symbols under simple transformations.
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Typically, these symbols comefrom some�nite alphabet A , and an in�nite
sequenceof symbols is called a point. A point x 2 A Z may be written as

x = : : : x � 3x � 2x � 1:x0x1x2x3 : : :

whereeach x i 2 A . In this sequence,each x i occupiesa di�erent \p osition,"
meaning that x0 is the 0'th symbol, x1 is the 1'st symbol, x � 1 is the � 1st
symbol, and so on. This ordering is indicated by placing a decimal point to
the left of the 0th symbol. For a point x, we may write (x) i to mean the
symbol x i .

A block is a �nite sequenceof symbols b= b1b2 : : : bn , and we say that the
block b has length jbj = n. A point x contains a block b if there exists some
k 2 Z such that xk+ j = bj for all j � jbj.

Definition 2.1. Given any (in�nite or �nite) set of forbidden blocks F ,
de�ne XF to be the set of all points which do not contain any blocks in F .
Such a set XF is called a shift space.

Example 2.2. X; is called the full shift on the alphabet A and consistsof
all possiblesequencesin A . Every shift spaceis a subsetof the full shift.

Example 2.3. Let A = f 0; 1g and F = f 11; 00g. Then XF consistsof two
points:

: : : 0101:0101: : :

and

: : : 1010:1010: : : :

Example 2.4. Let A = f 0; 1g and

F = f 1: : : 1| {z }
n 1s

: n is even g:

Then XF consistsof all bi-in�nite sequencesfor which the maximal string of
consecutive 1s always hasodd length. For example,

: : : 01110100:0111110: : : 2 XF

but
: : : 0100101:101110: : : =2 XF :

2.2. The shift transformation. Shift spacesare shift invariant sets,
which informally meansthat given a point x 2 XF , we can construct a new
point in XF by \shifting" the location of the decimal point in x. This is
expressedformally by a shift transformation � : XF ! XF , which acts by
shifting the sequenceone position to the left (or the decimal point one place
to the right):

� (x) = � (: : : x � 3x � 2x � 1:x0x1x2x3 : : :)

= : : : x � 3x � 2x � 1x0:x1x2x3 : : :

It should be obvious that � (XF ) = XF and that � � 1 is also well-de�ned.
In addition, we can assigna metric � to points in a shift spaceby setting
� (x; y) = supf 1=2j i j : i 2 Z; x i 6= yi g. Under � , � is continuous, and a shift
spaceXF is a closed set, meaning that XF contains its limit points under � .
In fact, we have the following theorem,proved in [10]:
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Theorem 2.5. A set X � A Z is a shift space if and only if X is closed
and shift-invariant.

The shift transformation is important becauseits action on shift spaces
createsa dynamical system. The formalism of one-dimensionalsymbolic dy-
namicsdescribesdynamical systemsthat have a discrete�nite spaceand dis-
crete time. For example, suppose a system S can be in some �nite set of
statesA , and that transitions betweenstatescan be restricted by someset of
blocks F . Then each point x 2 XF givesan entire history of the system. If we
regard the current state of the systemas x0, then � moves time forward one
step since(� (x))0 = x1. Many dynamical systemscan be modeledexactly or
almost exactly by symbolic dynamical systems,which, in general,are much
easierto handle.

The shift transformation also de�nes oneof the basicproperties of points
in a dynamical system,periodicity :

Definition 2.6. A point x 2 XF is periodic if there existsn 2 Z such that
� n (x) = x.

Equivalently we could say that a point x 2 XF is periodic if the orbit
f � n (x) : n 2 Zg is �nite.

Example 2.7. The point x = : : : 010101:010101: : : is periodic since� 2(x) =
x. The point x = : : : 000000:100000: : : is not periodic.

2.3. Entrop y and the golden mean shift. The set L (XF ), alsocalled
the languageof XF , is de�ned to be the set of all �nite blocks which appear
in points in XF . The languageof XF is important becauseit providesanother
way to characterizepoints in XF and a connectionto the \languages" studied
in theory of computation. One of the most important characteristicsof a shift
space,entropy, is roughly the growth rate of the number of blocks in L (XF ).
De�ne

Bn (XF ) = f l 2 L (XF ) : 0 < jl j � ng:

Then we have:

Definition 2.8. The entropy h(XF ) of a shift spaceXF is de�ned to be

h(XF ) = lim
n!1

log2 jBn (XF )j
n

:

Example 2.9. Let A = f 0; 1g and F = f 11g. XF is calledthe goldenmean
shift becausethe entropy of XF is equal to log� , where � is the goldenmean
(this exampleis taken from [10]).

To seethis, note B1 = f 0; 1g and B2 = f 00; 10; 01g. We can partition Bn

into two sets,Zn and Wn , consistingof blocks that end in 0 and 1 respectively.
To construct Wn+1 , we can put 1 on the endof each block in Zn . To construct
a block in Zn+1 , we can put 0 on the end of each block in Zn or Wn . Thus,

jWn j = jZn� 1j

jZn j = jZn� 1j + jWn� 1j = jZn� 1j + jZn� 2j:
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This shows that the jZn j are Fibonacci numbers Fi with jZ1j = 1 = F2,
jZ2j = 2 = F3, and in generaljZ i j = Fi +1 . Thus,

jBn j = jZn j + jWn j

= jZn j + jZn� 1j

= Fn+1 + Fn

= Fn+2

Now, it is known by Binet's formula that

Fn =
1

p
5

(� n � � n )

where

� =
1 +

p
5

2
and � =

1 �
p

5
2

:

We can �nd the entropy of XF by

h(XF ) = lim
n!1

logjBn (XF )j
n

= lim
n!1

logFn+2

n

= lim
n!1

log
h

1p
5
(� n+2 � � n+2 )

i

n

= lim
n!1

1
n

�
log

1
p

5
+ (n + 2) log� + log(1 �

� n+2

� n+2
)
�

= log�;

since� n=� n ! 0.

The limit de�ning entropy always exists by subadditivity, and for certain
classesof shift spacesit is easyto �nd. One such classof shift spacesis called
the shifts of �nite type:

Definition 2.10. A shift of �nite type is a shift spaceXF for which the
cardinality of F is �nite.

Most of this thesiswill be devoted to studying shifts of �nite type because,
while in one-dimensionthey are relatively easyto understand,on Z � Z their
behavior is much more complex.

2.4. Graph represen tations of shifts of �nite t yp e. In general,we
canrepresent any one-dimensionalshift of �nite type XF with a directedgraph
�, in which either the edgesor the verticesare labeledwith symbols. In either
case,� hasa �nite number of verticesand in�nite walks on � correspond one-
to-onewith points in the shift space.A detailed discussionof such graphscan
be found in [10], but for our purposesit will su�ce to discussan exampleand
sketch the proof of a simple theoremabout shifts of �nite type.
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R G

B

Figure 4. A graph representation of a one-dimensionalshift of
�nite type.

Example 2.11. Let A = f R; G; Bg and F = f GR; GG; BG; BB; RBg.
Figure 4 shows a graph representing XF , whereverticescorrespond to symbols
in A . This graph shows that, for example,BB 2 F sincethere is no directed
edgefrom B to B.

Theorem 2.12. A nonemptyshift of �nite type XF alwayscontains a pe-
riodic point.

Pr oof. If XF is nonempty, then we can take an in�nite walk on the graph
� representing XF . But � has a �nite number of vertices, so we must visit
somevertex v twice. That meansthat there exists a path from v back to v.
Thus, we can construct a new walk on � which repeatedly goes from v to v.
This new path will correspond to a periodic point in XF . �

3. Zd symbolic dynamics

Ideasfrom one-dimensionalsymbolic dynamicshave alsobeengeneralized
to multi-dimensional arrays of symbols. For example, in Z � Z a point is a
two-dimensionalarray of symbols such as

...
: : : a� 1;1 a0;1 a1;1 : : :
: : : a� 1;0 a0;0 a1;0 : : :
: : : a� 1;� 1 a0;� 1 a1;� 1 : : :

...

A point can be viewed as an assignment of a color in A to each element of
Z � Z. We will alsocall points colorings:

Definition 3.1. Given a set or group S, a function f : S ! A is called a
coloring of S.

In Zd, blocks consist of d-dimensional hypercubes, and shift spacesand
shifts of �nite type are de�ned analogouslyto the one-dimensionalcase. In
Zd, there are d shift transformations � 1; � 2; : : : ; � d, where � i shifts a coloring
along the i 'th coordinate axis.
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Figure 5. A set of 13 Wang tiles which will tile the plane only aperiodically.

The symbol at position R � Zd in a point x is notated by xR . With this
notation, we can de�ne the shift transformations by

(� i (x)) (x1 ;x 2;:::;x d ) = x(x1 ;:::;x i � 1 ;x i +1 ;x i +1 ;:::;x d ) :

In addition, entropy is de�ned analogouslyto the one-dimensionalcase. If
Cn is an d-dimensionalhypercube of side length n, and Bn is the number of
coloringsof Cn that are allowed in XF , then we de�ne

h(XF ) = lim
n!1

logBn

nd
:

Entropy turns out to be di�cult to compute for many simple Z � Z shifts of
�nite type; later we will return to discussthe goldenmeanshift on Z � Z.

3.1. Wang tiles. Z � Z dynamics are much more di�cult to analyze
than Z becauseeven simple systemssuch as shifts of �nite type can have
extraordinarily complicatedbehavior. For example,if a one-dimensionalshift
of �nite type is nonempty, it must contain a periodic point. In two dimensions
this is not true: there exist square tiles, called Wang tiles, which will only
allow an aperiodic tiling of the plane. An exampleof Wang tiles is shown in
Figure 5 [1]. Onemust placethesein the planewithout rotating them, sothat
colorededgesmatch up and no gapsare left. The tiling of the plane by Wang
tiles is \equivalent" to a two-dimensionalshift of �nite type, sincewe can give
each Wang tile a unique symbol and usethe colorededgesto construct a set
of forbidden blocks F .

It can be proved that the set of tiles in Figure 5 can tile the in�nite plane,
but that they will never producea periodic coloring. This meansthat for all
T 2 Z � Z the orbit f Tn f : n 2 Zg is in�nite for all allowed colorings f by
Wang tiles. This is perhaps surprising becausethe tiles are restricted only
locally (by which can be adjacent), but they give rise to the global property
that they never allow a periodic tiling. Interestingly, the existenceof such shift
spacesis closelytied to the fact that in two dimensions,determining whether
a shift of �nite type contains any points at all is formally undecidable.

3.2. The two-dimensional golden mean shift. Zd dynamical systems
can describe many complicatedphysical systems,allowing, for example,ques-
tions in statistical physicsto be rephrasedin Zd dynamical terms. Perhapsthe
most well-known problem in this areais to determinethe hard square entropy
constant, which equalsthe entropy of a two-dimensionalversionof the golden
meanshift. ConsiderZ � Z with the standard presentation

h� 1; � 2; j � 1� 2 = � 2� 1 i :
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De�ne XF to be the set of coloringsof Z � Z by A = f 0; 1g such that no two
1's are adjacent horizontally (by � 1) or vertically (by � 2). That is, the set F
of forbidden blocks consistsof the following two blocks:

11 1

1

If rooks could only attack adjacent squares,Bn would count the number of
ways to place rooks on an n � n chessboard such that no two were attack-
ing each other. The value of h(XF ) is important for understanding several
physical systemsand for many coding problemsthat arisein the study of two-
dimensionalrun-length constrainedchannels[14, 8, 12]. Much e�ort hasbeen
put into simply achieving boundsfor h(XF ), and h(XF ) hasbeencomputedto
several decimal places[4]:

h(XF ) = log1:5030480824: : :

Aside from bounds and numerical computations, very little is known about
this number, and even determining whether h(XF ) is algebraicis still an open
problem.



CHAPTER 2

Symbolic dynamics on groups

The goal of this chapter is to generalizesomeof the basic ideasfrom one-
dimensionaldynamicsto coloringsof groups. This is motivatedby the fact that
we can view points in one-dimensionalsymbolic dynamics as assignments of
symbols to each element of the groupZ. Similarly, points in Zd areassignments
of symbolsto each element of Zd. In a sense,generalizingone-dimensionalideas
to arbitrary groupsis doomedfrom the start, sincequantities such asentropy
may no longer always exist by subadditivity. However, the next chapter will
study the goldenmeanshift on the free group and show that the behavior of
many systemscan still be rich and interesting.

In this chapter, wewill rede�ne much of the terminology from one-dimensional
and Zd dynamical systems. The de�nitions will be equivalent to the earlier
de�nitions for the caseswhen the group under considerationis Z or Zd.

1. Basic de�nitions

1.1. The shift transformations. Let G be a �nitely-generated group
presented by h� j R i . SupposeG has generators� = f � 1; : : : � ng, and let A
bea �nite alphabet of symbols. Recalla coloring of G is a function f : G ! A .
One can regardcoloringsasassigningto each vertex of the Cayley graph of G
a symbol from A.

Coloringswill be consideredpoints in the dynamical system(A G; G) where
the action is given by

gf (w) = f (gw)

for g; w 2 G and f : G ! A . Sincethe � i are generatorsof G, we needonly
specify that � i f (w) = f (� i w) for each � i 2 � . For simplicity, we will generally
assumethat groupsarepresented by a standard form: unlessotherwisestated,
Zd will be presented by

h� 1; : : : ; � d j � i � j = � j � i for all i; j � d i ;

and the free group on k + 1 generatorswill be presented by

h� 1; : : : ; � k+1 j i :

However, it will occasionallybe convenient to usea di�erent presentation of a
group.

1.2. Shift spaces. A block is a function b : H ! A , whereH is a �nite
subsetof G. We make no stipulations that B is \connected" or of a certain
shape. A coloring f contains a block b : H ! A if there exists g 2 G such
that f (gh) = b(h) for all h 2 H . In other words, a coloring contains a block if

16
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the coloring can be shifted to agreewith the block on all of H . We are now
ready to de�ne shift spaces:

Definition 1.1. Given a group G and a set of forbidden blocks F , de�ne
XF to be the set of all coloringsof G that do not contain any block in F . XF

will be called a shift space.

In the casewhen G = Zd, we recover the previousde�nition of a Zd sym-
bolic dynamical system. Again, when the cardinality of F is �nite, X F is a
called a shift of �nite type.

If we de�ne a metric � : XF ! R by

� (f 1; f 2) = supf 1=2jgj : g 2 G; f 1(g) 6= f 2(g)g

then each shift transformation � i is continuousunder � . Note that � is analo-
gousto the one-dimensionalcasepresented in Chapter 1.

Example 1.2. On any groupG, X ; is a shift spaceconsistingof all possible
coloringsof G by A . This is called the full shift on G.

Example 1.3. For each � i , de�ne the block b� i : f e;� i g ! f 0; 1g by
b� i (e) = 1 and b� i (� i ) = 1. If F = f b� 1 ; : : : ; b� n g then we call X F the golden
mean shift on G. When G = Z or G = Z � Z, goldenmeanshift takeson its
usual de�nition.

1.3. Entrop y. We canalsode�ne entropy for shift spaceson groups. De-
�ne a \ball of radius n" by

Cn = f g 2 G : jgj � ng:

Definition 1.4. For n = 0; 1; 2; : : :, let Bn be the number of coloringsof
Cn that appear in XF . Then we de�ne the entropy of XF to be

h(XF ) = lim sup
n!1

logBn

jCn j
:

Note that h(XF ) will always be de�ned; however, the lim sup may not
necessarilyequal the lim inf . On Zd, however, the lim sup equalsthe lim inf
by a subadditivity argument [13]. The de�nition of entropy usedhereappears
to be di�erent from the de�nition of Zd entropy given earlier becausethis
de�nition considers\balls" of radius n and the earlier de�nition considered
\cub es" of side length n. However, it turns out that the two give the same
numerical value on Zd; in fact, onecan considerany set of shapesthat form a
F�lner sequence[11]. A F�lner sequence is any sequenceof subsetsF1; F2; : : :
of G for which limn!1 jgFn 4 Fn j=jFn j = 0 for any g 2 G, where 4 is the
symmetric di�erence operator. Informally, this says that the action of any
group element does not move \move" the Fn too far. F�lner sequencesare
also related to amenability in that a countable group is amenableif and only
if it has a F�lner sequence.In Zd it is easyto check that both \balls" and
\cub es" form F�lner sequencesand thereforegive equalvaluesfor the entropy
[11].
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� 1

� 2 � 3

Figure 1. Part of the Cayley graph of Z � Z with a di�erent
presenation.Note � 1� 2 = � 2� 1 = � 3.

1.4. Summary. Let us summarizewhat hasbeende�ned: given a group
G, an alphabet A , anda setF of forbiddenblocks (functions from �nite subsets
of G to A), we de�ne the shift spaceXF to be the collection of coloringswhich
do not useany blocks in F . On this set, we de�ne a metric � , such that f 1

and f 2 are \close" if they agreeon a large block centered at e 2 G. Under
this metric, every shift action T 2 G is continuous under � . We also de�ned
the entropy of XF . All of thesede�nitions were constructed so that they are
equivalent to the one-dimensionalde�nitions when G = Z. Next, we usethis
framework to present a standard examplefrom statistical physics. In the last
section of this chapter, we will consider how to generalizethe de�nition of
periodicity.

2. The hard hexagon constan t

We have already discussedthe hard squareentropy constant, which is the
entropy of a two-dimensional version of the golden mean shift. A related
constant is the hard hexagonentropy constant, which equalsthe entropy of the
goldenmeanshift on a hexagonalgrid. ConsiderZ � Z with the presentation

h� 1; � 2; � 3 j � 1� 2 = � 2� 1; � 1� 2 = � 3 i ;

and supposethat XF consistsof all coloringsof Z � Z with this presentation
such that no two adjacent elements are colored1. Part of the Cayley graph of
Z � Z with this presentation is shown in Figure 1. Note that this is the dual
graph of a tiling by hexagons,which shows that the goldenmeanshift on this
presentation is the sameas the golden mean shift on a hexagonalgrid. We
can also rewrite theseadjacencyrules on the standard presentation of Z � Z.
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If we chooseF to consistof the three blocks
11 1 1 0

1 1

then the entropy h(XF ) is calledthe hard hexagonentropy constant, and it has
beencomputedexactly [7, 2]. It is extraordinary that exp(h(XF )) is algebraic
and is given by

exp(h(XF )) = � 1� 2� 3� 4 � 1:395485972: : : ;

where
� 1 = 4� 135=411� 5=12a� 2

� 2 =
�
1 �

p
1 � a +

q
2 + a + 2

p
1 + a + a2

� 2

� 3 =
�
� 1 �

p
1 � a +

q
2 + a + 2

p
1 + a + a2

� 2

� 4 =
� p

1 � b+
q

2 + b+ 2
p

1 + b+ b2

� � 1=2

;

and

a =
�

1
4

+
3
8

b((c + 1)1=3 � (c � 1)1=3)
� 1=3

b= �
124
636

111=3

c =
2501
11979

331=2:

The valueof h(XF ) is important for determining the thermodynamicproperties
of a model in statistical physicsthat describesphasetransitions of systemsof
rigid molecules. The above results were calculated by [7, 2] by using the
Klein-Fricke theory of modular functions.

3. Perio dic colorings

For the group G = Z = h� 1 j i that is usedin one-dimensionalsymbolic
dynamics,the de�nition of periodicity is straightforward: a coloring f is peri-
odic if the orbit f � n

1 f : n 2 Zg is �nite. However, the best way to generalize
this to arbitrary groups is not clear. One possibility is to say that a point is
periodic if there exists a group element whoseorbit is periodic:

Definition 3.1 (Weakly Periodic). A coloring f of a group G is weakly
periodic if there existsT 2 G with T 6= e such that the orbit f T n f : n 2 Zg is
�nite.

Example 3.2. SupposeG = Z � Z and A = f R; Yg. Let

f (� a
1 � b

2) =

(
R if b= 0
Y otherwise

Then the orbit � 2
1f = f so f is weakly periodic.
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� 1

� 2

e

Figure 2. Part of the checkerboard coloring of Z � Z.

Depending on the characteristicsof G, a coloring f might be weakly peri-
odic in a trivial sense:supposethat there is � i 2 � such that � r

i = e for some
r 2 Z. Then clearly the orbit � n

i f will be �nite:

Example 3.3. Fix r 2 N. Suppose that G is the group presented by
h� 1; � 2 j � 1� 2 = � 2� 1; � r

2 = ei . Geometrically one can picture the Cayley
graph of G as an in�nitely long pieceof graph paper of �nite width that has
beencurled into an in�nitely long cylinder. Every coloring f will be weakly
periodic, since� r

2f = f .

One might alsode�ne \p eriodic" by consideringthe full orbit of a coloring
under the entire group:

Definition 3.4 (Strongly Periodic). A coloring f is strongly periodic if
the orbit f Tf : T 2 Gg is �nite.

Example 3.5. In Example3.2 the coloring f is not strongly periodic since
the orbit f � n

2 f : n 2 Zg is not �nite.

Example 3.6. SupposeG = Z � Z is presented by h� 1; � 2 j � 1� 2 = � 2� 1 i
and A = f R; Yg. Let

f (� a
1 � b

2) =

(
R if a � b mod 2
Y otherwise:

f might be called a checkerboard coloring of Z � Z, part of which is shown in
Figure 2. We have

� 1f = � 2f ;

and
� 1� 2f = � 2� 1f = f :
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Thus given any T 2 G, Tf = f or Tf = � 1f . In both cases,T2f = f , so f is
strongly periodic.

Note that every strongly periodic point is also weakly periodic. We will
alsobe concernedwith aperiodic colorings:

Definition 3.7. A coloring f is aperiodic if it is not weakly periodic.

Example 3.8. Let G = Z, A = f R; Yg and

f (� r
1) =

(
R if r = 0
Y otherwise.

Then f is the one-dimensionalpoint

: : : YYYYYYR:YYYYYY : : : ;

and f is aperiodic.

4. An algebraic perspectiv e on perio dic colorings

Periodic colorings are de�ned in dynamical terms, but they can also be
studied group-theoretically. Let

H = f T 2 G j Tf = f g

bethe stabilizer of a coloringf . It is easyto check that H is a normal subgroup
of G. We can characterize the periodic properties of f by considering the
group-theoreticproperties of H :

Theorem 4.1. H characterizesf in the following way:

(i ) H = f eg if and only if f is aperiodic (not weakly periodic).

(ii ) H is of �nite index if and only if f is strongly periodic.

Pr oof. Note that f is weakly periodic if and only if there exists T 2 G
such that T 6= e and Tf = f . This implies (i ).

For (ii ), note that G can be written as a disjoint union of cosetsai H as

G =
[

ai 2 I

ai H;

for someset I , whereai is a representativ e of the i 'th coset. This implies

(1) Gf =
[

ai 2 I

ai H f = f ai f : ai 2 I g;

sinceH is the stabilizer of f . If H is �nite index then I is �nite soby (1) Gf
must be �nite. This shows f must be strongly periodic if H is �nite index.
Similarly, if H were not �nite index, I would not be �nite. Then (1) would
show that Gf is not �nite: ai f 6= aj f for i 6= j , sincethe ai are representativ es
of distinct cosets.This proves(ii ). �

Therefore, �nding periodic coloringsturns out to be equivalent to �nding
�nite index subgroups.
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Figure 3. Part of the Cayley graph of H. The red sphere
corresponds to e.

5. An example: the Heisenberg group

The discrete Heisenberg group, H, is a group of upper-triangular, three-by-
three matrices. Elements of H are of the form

2

4
1 a b
0 1 c
0 0 1

3

5 ;

wherea;b;c 2 Z. H can be generatedby elements x and y, where

x =

2

4
1 1 0
0 1 0
0 0 1

3

5 and y =

2

4
1 0 0
0 1 1
0 0 1

3

5 :

With thesetwo generators,H is presented by

hx; y j xxyx � 1y� 1 = xyx � 1y� 1x; yxyx � 1y� 1 = xyx � 1y� 1y i :
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We can simplify this notation by de�ning

z = xyx � 1y� 1 =

2

4
1 0 1
0 1 0
0 0 1

3

5 :

Then H can be presented by

(2) hx; y; z j xz = zx; yz = zy; z = xyx � 1y� 1 i :

The Cayley graph of H is shown in Figure 3.
In Figure 3, group elements arerepresented by white spheres.Generatorsx

and y are represented by greenand blue bars respectively, and z is represented
by yellow bars. Note that H is similar to Z3, except that H hasa \t wist."

The presentation (2) makes it clear that H has J = Z � Z generatedby
hx; z j xz = zx i as a subgroup. Therefore,becausethere exist shifts of �nite
type on Z � Z that only admit aperiodic colorings, we can construct a shift
of �nite type rule on H such that J must be colored aperiodically (since J
is isomorphic to Z � Z). If we have someset of rules F that force J to be
coloredaperiodically but do not placeany restrictions in the y direction, then
XF cannot contain a strongly periodic coloring, sincethe orbit f xn f : n 2 Zg
will be �nite for any f 2 XF . Thus, we can construct a shift of �nite type on
the Heisenberg group that doesnot admit a strongly periodic point.

It should also be clear that if f 2 XF and H = f g 2 H : gf = f g is the
stabilizer of f , then H=H is isomorphic to Z if f is aperiodic and isomorphic
to Z mod r for somer if f is weakly periodic. It appears to be much more
di�cult to �nd a shift of �nite type on H that doesnot allow a weakly periodic
coloring, if such a shift of �nite type even exists.

On Z3, there exist aperiodic sets of \W ang cubes" that will only tile Z3

aperiodically. An exampleof thesecanbe found in [5], which constructsWang
cubesin Z3 by �rst constructing rulesthat color each x � y planeaperiodically,
using the regular Wang tile rules in the x � y plane. The authors prove that
such coloringswill contain arbitrarily long stretchesof a certain color in the
x direction, and then cleverly usethat property to restrict colorings in the z
direction sothat no coloring can be weakly periodic. The proof seemsto hold
potential for constructing an aperiodic shift of �nite type on H, sincelike Z3,
H hasZ � Z asa subgroup. However, direct application of the methods in [5]
to our setting doesnot appear feasible.



CHAPTER 3

Shifts of �nite typ e on the free group

1. Elemen tary prop erties

This section will study the periodic properties of shifts of �nite type on
the freegroup. We will study only nearest-neighbor shifts of �nite type, which
are shifts XF for which each block in the set F of forbidden blocks consistsof
only two adjacent group elements; that is, F only restricts which elements can
be adjacent by each � i 2 � . The restriction to nearest-neighbor shifts of �nite
type is mainly for notational simplicity, but it should be clear that given an
arbitrary shift of �nite type on the freegroup, we can \recode" it to a nearest-
neighbor shift of �nite type usinga sliding block code schemeanalogousto the
one-dimensionalcase.

The following operation on one-dimensionalshift spaceswill be useful in
this chapter:

Definition 1.1. De�ne XF jL = XF [ (An L ) so that XF jL restricts the shift
spaceXF to the smaller alphabet L � A .

Example 1.2. Let A = f 0; 1; 2g and F = f 11g. Then XF j f 0;1g is the
goldenmeanshift, XF j f 0;2g is the full shift on f 0; 2g, and XF j f 1g is empty.

1.1. One-dimensional shifts of �nite t yp e in the free group. Since
we arestudying only nearest-neighbor shifts of �nite type, we will assumethat
F � A � � � A . Then, if (a; � i ; b) 2 F with a;b 2 A, the shift spaceXF has
the restriction that for any coloring f 2 XF , f (g) = a implies f (g� i ) 6= b.

The free group is relatively easyto analyzebecausewe can regard F as
de�ning a one-dimensionalshift of �nite type for each of the generators.For
example,we can consideronly the shift transformation � i and only the adja-
cency rules in A � f � i g � A � F to de�ne a one-dimensionalshift of �nite
type. This shift of �nite type will be denotedX � i .

Example 1.3. Let A = f 0; 1g, � = f � 1; � 2g, and F = f (1; � 1; 1) g. Then
X � 1 is the Golden Mean shift and X � 2 is the full shift.

In the Cayley graph of G, there are in�nitely many copiesof X � i . Given
any w 2 G the shift of �nite type denotedby X (w)

� i will consistof all allowed
coloringsof the vertices

: : : f (w� � 2
i ); f (w� � 1

i ); f (w); f (w� 1
i ); f (w� 2

i ); : : : :

A point x 2 X (w)
� i is a function f : f w� n

i : n 2 Zg ! A . In other words,
X (w)

� i is a one-dimensionalshift of �nite type that colorsall vertices in the � i

direction starting at the group element w. Figure 1 shows the vertices in the

24
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e

� 2

� 1

Figure 1. The black verticesare coloredin X (� 2 )
� 1 , for the free

group on two generators.

Cayley graph of G that correspond to the one-dimensionalshift of �nite type
X (� 2 )

� 1 .
If the rangeof f is S, we say that f useseach color in S. Note that X (w)

� i

and X (� i w)
� i color the sameset of group elements, but X (w)

� i and X (� j w)
� i do not

for j 6= i .

1.2. A way to specify colorings. Each one-dimensionalshift of �nite
type X � i sets restrictions about how G can be colored. However, it may be
di�cult to specify explicitly a givencoloring f 2 XF . Herewe developa way of
presenting a coloringf of G which will beusefullater in showing nonemptyness
and constructing strongly periodic colorings.

Definition 1.4. On the freegroupG on q generators,a setof 2q functions,

f hx : A ! A such that x 2 � or x � 1 2 � g

is called a set of coloring functions.

Coloring functions can specify coloringsin the following way. We begin by
de�ning f (e) = a for somea 2 A . We then repeat the following process: if
f (g) hasbeende�ned but f (gx) hasnot yet beende�ned for x 2 � or x � 1 2 � ,
we de�ne f (gx) = hx (f (g)). Therefore,oncewe have coloredone vertex, the
hx inductively de�ne the rest of the coloring.

It shouldbe clear that if such coloring functions exist and obey the forbid-
den blocks so that we always have (l; � i ; h� i (l)) =2 F and (h� � 1

i
(l); � i ; l ) =2 F ,

then the shift spaceXF must be nonempty.
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Figure 2. The �rst three stepsin the coloring speci�ed in Ex-
ample 1.5.

Example 1.5. SupposeG is the freegroupon two generators,A = f R; Y; Bg,
and that the hx are de�ned as follows:

h� 1 (R) = R h� � 1
1

(R) = R

h� 1 (B ) = Y h� � 1
1

(B ) = R

h� 1 (Y) = B h� � 1
1

(Y) = B

and
h� 2 (R) = B h� � 1

2
(R) = Y

h� 2 (B ) = Y h� � 1
2

(B ) = R

h� 2 (Y) = R h� � 1
2

(Y) = B:

If we begin by coloring e with R, then Figure 2 shows how the coloring of G
proceeds. Throughout this thesis, R, G, and B in A will respectively stand
for the colorsred, green,and blue.

Also, if we require that the hx are invertible, then the coloring speci�ed by
them will be strongly periodic:

Theorem 1.6. Suppose we color e by any a 2 A , and then produce a
coloring f : G ! A using someset of coloring functions S. If h� 1

x = hx � 1 for
each hx 2 S, then f is strongly periodic.

Pr oof. We �rst note that a coloring f speci�ed by S is color-isotropic,
meaning that if f (g1) = f (g2) then f (g1w) = f (g2w) for all w 2 G. This
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should be evident from the fact that each hx is a bijection sinceh� 1
x = hx � 1 .

But every color-isotropic coloring is necessarilystrongly periodic, since any
shift Tf of f will color e one of a �nite number of colors. Each color that
e can be will uniquely determine a coloring of the entire graph, so the orbit
f Tf : T 2 Gg must be �nite. �

2. Nonempt yness and weakly perio dic prop erties

First we will show that it is easyto determine if a shift of �nite type on
the free group contains any points. Then, we will show that the behavior of
shifts of �nite type on the free group is somewherebetweenthe behavior of Z
and Z � Z: a nonempty shift of �nite type on the free group may not contain
a strongly periodic coloring (like Z � Z), but it will always contain a weakly
periodic coloring (like Z).

Theorem 2.1. A shift of �nite type XF on the free group is nonempty if
and only if there exists someL � A such that for every l 2 L, each X � i jL
contains a point which usesthe color l .

Pr oof. Suppose such an L exists. Fix � i 2 � . Then for each l 2 L,
each X � i jL has a point which usesl, so there must exist l0 2 L such that
(l ; � i ; l0) =2 F . Set h� i (l) = l0 for such an l0. Similarly, for each l 2 L there
exists l0 2 L such that (l0; � i ; l ) =2 F so de�ne h� � 1

i
(l) = l0 for this l0. Thesehx

de�ne a coloring function on the alphabet L which obeysthe forbidden blocks,
so G can be coloredwith L.

For the converse,supposeXF is nonempty. Then XF contains somecoloring
f : G ! A . Let S � A be the rangeof f . Fix any � i 2 � and s 2 S. There
exists g 2 G such that f (g) = s. As we let n range over Z, f (� n

i g) gives a
point in X � i jS which usess. �

Wenext provethat, asin one-dimensionalsymbolic dynamics,any nonempty
shift of �nite type contains a weakly periodic coloring. While the notation of
this proof is somewhatcumbersome,the idea is simple. To construct a weakly
periodic coloring d, �rst color X (e)

� 1 periodically. To �ll in the rest of the col-
oring, one must only make sure that if d(� n

1 ) = d(� m
1 ) then d(� n

1 g) = d(� m
1 g)

for all g 2 G.

Theorem 2.2. If XF is nonempty, it contains a weakly periodic coloring.

Pr oof. Let f : G ! A be a coloringof G in XF . Let S = f f (� n
1 ) : n 2 Zg

be the rangeof f on X (e)
� 1 . We will needto keeptrack of one place that each

color in S occurs in X (e)
� 1 , so de�ne w : S ! Z by choosing for each l 2 S an

n 2 Z such that f (� n
1 ) = l, and de�ne w(l) = n. There may be more than one

choicefor n, and it doesnot matter what n we chooseso long as f (� w(l )
1 ) = l.

Note that X (e)
� 1 jS is a nonempty, one-dimensionalshift of �nite type, so it

contains a periodic coloring, say P : f � n
1 : n 2 Zg ! S, of someperiod p.

We will construct a weakly periodic coloringd : G ! A . First, set d(� n
1 ) =

P(� n
1 ) for all n 2 Z so that X (e)

� 1 is colored periodically. Note that every
element in G is either of the form � n

1 or � n
1 xg for someuniquely determined
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g 2 Gand uniquely determinedx, with x 2 � or x � 1 2 � , x 6= � 1, and x 6= � � 1
1 .

Soset
d(� n

1 xg) = f (� w(P (� n
1 ))

1 xg)

Then
� p

1d(� n
1 xg) = d(� n+ p

1 xg)

= f (� w(P (� n + p
1 ))

1 xg)

= f (� w(P (� n
1 ))

1 xg)

= d(� n
1 xg)

sinceP has period p. This shows d is weakly periodic. Also, we must have
d 2 XF sinceif d(g1) = a 2 A and d(g2) = b 2 A , then there exists g0

1; g0
2 2 G

such that f (g0
1) = a and f (g0

2) = b by the construction of d. Sincewe are only
consideringnearest-neighbor shifts of �nite type, this shows that d doesnot
disobey any of the adjacencyrules speci�ed by F . �

3. Strongly perio dic colorings of the free group

We now determine when a shift of �nite type on the free group admits a
strongly periodic coloring. This question turns out to be much more subtle
than it may initially seem,and determining whether an arbitrary shift of �nite
type admits a strongly periodic coloringappearsto bea di�cult combinatorial
problem.

3.1. Cycles as poin t represen tations. First, we will represent a peri-
odic point in a one-dimensionalshift of �nite type with a cycle:

Definition 3.1. A cycle w is an expressionw = x1x2 : : : xn wherex i 2 A .
A cyclew representsa periodic point x if

x = : : : x1x2 : : : x2:x1x2 : : : xnx1x2 : : : xn : : : :

A cycle w = x1x2 : : : xn has length jwj = n and we will sometimeswrite
(w) i = x i .

Note that a periodic point can be represented by in�nitely many cycles
and that the cycle length of a periodic point is a multiple of the least period
of that point. In fact, the theoremsof the next section could be restated in
terms of multiples of the least period; however, doing sowould be much more
complicatednotationally.

Example 3.2. If x = : : : 1010101:101010: : : then the following are all
cyclesthat represent x: 10, 1010, 101010. The cycle101doesnot represent x.

We next de�ne a function � a on cycleswhich counts the number of times
the color a 2 A appears.

Definition 3.3. For a cycle w and a 2 A , de�ne

� a(w) = # f i : (w) i = a;1 � i � jwjg:
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If S is a set of cycles,de�ne

� a(S) =
X

w2 S

� a(w):

Example 3.4. If w1 = RGRB then � R (w1) = 2, and � G(w1) = � B (w1) = 1.
If w2 = RGB then � R (f w1; w2g) = 3, � B (f w1; w2g) = 2 and � G(f w1; w2g) = 2.

3.2. Existence of strongly perio dic colorings. We now prove the
main theoremof this sectionand chapter. The proof is notationally complex,
so we follow each major step of the proof with an example.

Theorem 3.5. A shift of �nite type on the free group on q generators con-
tains a stronglyperiodic coloring if andonly if thereexist �nite setsS� 1 ; S� 2 ; : : : ; S� q

such that elementsof S� i are cyclesthat representpoints in X � i , and for all
a 2 A and � i ; � j 2 � we have� a(S� i ) = � a(S� j ).

Pr oof. We �rst prove the ( direction. Supposesuch S� i exist, and sup-
poseS� i = f w� i

1 ; w� i
2 ; : : : ; w� i

p� i
g for each � i 2 � . De�ne the alphabet B by

B =
[

� i 2 �

jS� i j[

j =1

jw
� i
j j[

s=1

f x � i
j;s g;

sothat B consistsof symbols such asx � 1
1;1;, x � 1

1;2, x � 2
2;1, etc.. Each element x � i

j;s in
B can be thought of as specifying a cycle w� i

j in S� i , and a position s in that
cycle.

Example 3.6. Supposewe are attempting to color the freegroup with the
shifts of �nite type shown in Figure 3, and we have chosen

R G

B

R G

B

Figure 3. Shifts X � 1 and X � 2 .

S� 1 = f RRGBg

and
S� 2 = f RB; RGg;

with w� 2
1 = RB and w� 2

2 = RG. Note that � R(S� 1 ) = � R(S� 2 ) = 2, � G(S� 1 ) =
� G(S� 2 ) = 1 and � B (S� 1 ) = � B (S� 2 ) = 1. Then the alphabet

B = f x � 1
1;1; x � 1

1;2; x � 1
1;3; x � 1

1;4; x � 2
1;1; x � 2

1;2; x � 2
2;1; x � 2

2;2g:



3. STRONGLY PERIODIC COLORINGS OF THE FREE GROUP 30

Next, we de�ne � : B ! A by

� (x � i
j;s ) = (w� i

j )s

so that

w� i
j = � (x � i

j; 1)� (x � i
j; 2) : : : � (x � i

j; jw
� i
j j

):

That is, � mapsthe symbol x � i
j;s to the colorat the location (in a cycle)speci�ed

by x � i
j;s .

Example 3.7. In our example,we have,

� (x � 1
1;1) = � (x � 1

1;2) = � (x � 2
1;1) = � (x � 2

2;1) = R

� (x � 1
1;3) = � (x � 2

2;2) = G

� (x � 1
1;4) = � (x � 2

1;2) = B:

Sincewe assume� a(S� i ) = � a(S� j ) for all a 2 A, � i ; � j 2 � , we de�ne � a

to be the commonvalue of all � a(S� i ). De�ne N =
P

a2A � a and note we also
have N =

P
w2 S� i

jwj. Next we have the following lemma:

Lemma 3.8. Given S� 1 ; S� 2 ; : : : ; S� q that satisfy the hypothesesof the theo-
rem, then there exist setsE1; E2; : : : EN that partition B and meet the following
conditions:

(i ) If x � i
j;s 2 Er and x � i 0

j 0;s0 2 Er then � (x � i
j;s ) = � (x � i 0

j 0;s0):

(ii ) For every � i 2 � ; each Er contains exactlyone elementof the form

x � i
j;s (where j and s may depend on � i ):

Pr oof. In this proof we temporarily change notation. Suppose A =
f 1; 2; 3: : : ; mg and

B = f b1
1; b1

2; : : : ; b1
p1

; b2
1; b2

2; : : : ; b2
p2

; : : : bq
1; bq

2; : : : ; bq
pq

g

for somepr , wherebi
x = x � i

j;s for somej; s. For each �xed i < j� j, we can \sort"
the b� i

x by color so that

� maps these to 12A
z }| {
b� i

y i
1
b� i

y i
2
: : : b� i

y i
� 1

� maps these to 22A
z }| {
b� i

y i
( � 1 +1)

b� i
y( � 1 +1) v : : : b� i

y i
( � 1 + � 2 )

: : : : : :

� maps these to m2A
z }| {
b� i

y i
( N � � m +1)

b� i

y i
( N � � m +2)

: : : b� i

y i
( N )

;

for appropriate choicesof the yi
a 2 N with 1 < a < pi . The conditions on the

S� i assurethat

# f b� i
x 2 B : � (b� i

x ) = ag = # f b� j
x 2 B : � (b� j

x ) = ag

for all a 2 A and � i ; � j 2 � . Thus, when we sort by color, each row of b� i
x

has the samenumber of elements (� a) that � mapsto a 2 A. That is, we can
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write
� maps these to 12A

z }| {
b1

y1
1
b1

y2
: : : b1

y1
� 1

� maps these to 22A
z }| {
b1

y1
( � 1 +1)

b1
y1

( � 1 +1)
: : : b1

y1
( � 1 + � 2 )

: : :

� maps these to m2A
z }| {
b1

y1
( N � � m +1)

b1
y1

( N � � m +2)
: : : b1

y1
( N )

b2
y2

1
b2

y2
2

: : : b2
y2

� 1
b2

y2
( � 1 +1)

b2
y2

( � 1 +1)
: : : b2

y2
( � 1 + � 2 )

: : : b2
y2

( N � � m +1)
b2

y2
( N � � m +2)

: : : b2
y2

( N )

...
...

...
...

...
...

...
...

bq
yq

1
bq

yq
2

: : : bq
yq

� 1
bq

yq
( � 1 +1)

bq
yq

( � 1 +1)
: : : bq

yq
( � 1 + � 2 )

: : : bq
yq

( N � � m +1)
bq

yq
( N � � m +2)

: : : bq
yq

( N )

for appropriate choicesof yi
a 2 N with 1 < a < pi . To get the Er , simply read

down the column of this array. That is, let

Er =
q[

i =1

f bi
y i

r
g:

Then the fact that the rows are sorted by color and each row contains the
samenumber of each color implies (i ). The fact that each Ey contains exactly
oneelement from each row implies (ii ). �

Continuing in the proof of the main theorem, we can apply Lemma 3.8
to chooseE1; E2; : : : EN that satisfy (i ) and (ii ). Note that (i ) assuresthat
elements of a given Er all specify locations in cyclesthat are coloredthe same
color, while (ii ) assuresthat colors from cycles in each S� i are represented
exactly oncein each Er , so that jEr j = j� j.

Example 3.9. In our example, there are several ways to choosethe E r .
One is,

E1 = f x � 1
1;1; x � 2

1;1g

E2 = f x � 1
1;2; x � 2

2;1g

E3 = f x � 1
1;3; x � 2

2;2g

E4 = f x � 1
1;4; x � 2

1;2g:

We will now use the Er to construct a coloring of the free group with
the alphabet f 1; 2; : : : N g, which will later be projected down to a strongly
periodic coloring by A .

We producea coloring by de�ning coloring functions

h� i : f 1; 2; : : : N g ! f 1; 2; : : : ; N g

for each � i 2 � . Given an r 2 f 1; : : : ; N g and � i 2 � , �nd the unique j; s 2 Z
such that x � i

j;s 2 Er . De�ne h� i (r ) = r 0, wherer 0 is such that

x � i

j; (s+1 mod jw
� i
j j)

2 Er 0:

That is, given r , h� i �nds the element of the form x � i
j;s 2 Er , and h� i (x

� i
j;s )

equals the number of the set containing the symbol adjacent to x � i
j;s in the

cyclew� i
j . Each h� i is invertible, so we can de�ne h� � 1

i
= h� 1

� i
.
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Example 3.10. In our example,N = 4 and the h� i are given by

h� 1 (1) = 2 h� 2 (1) = 4

h� 1 (2) = 3 h� 2 (2) = 3

h� 1 (3) = 4 h� 2 (3) = 2

h� 1 (4) = 1 h� 2 (4) = 1:

Note that each h� i is necessarilya bijection, and therefore it de�nes a
strongly periodic coloring by Theorem 1.6. Suppose this strongly periodic
coloring is F : G ! f 1; 2; : : : ; N g. We project F down to a coloring of G by
using � . De�ne f : G ! A by f (g) = � (x), wherex is any arbitrary element
of EF (g) . Note the speci�c choice of x does not matter becauseof condition
(i ) above. The orbit f TF : T 2 Gg is �nite sinceF is strongly periodic, and
� mapseach of thesecoloringsto at most onedistinct coloring, so the orbit

f Tf : T 2 Gg = � (f TF : T 2 Gg)

must be �nite. This shows f is strongly periodic.

Example 3.11. Supposewecolorewith 1. The coloringof G by f 1; 2; 3; 4g
speci�ed by the hx above is strongly periodic. Figure 4 shows the coloring

1 2 3

3

3

3

3

3 4

4

4

1

1

1

1

1

1

� 1

� 2

e

Figure 4. The coloring from Example 3.11.

the hx specify over the alphabet f 1; 2; 3; 4g, and the projection down onto
f R; G; Bg. Note that this coloring is color-isotropic over f 1; 2; 3; 4g, but not
f R; G; Bg.

To prove the ) direction, we show that any strongly periodic coloring
de�nes a set of cyclesthat meet the conditions of the theorem. Considerany
strongly periodic coloring f which satis�es the shift of �nite type constraints.
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H s1

H s2

H s3

H s4

H s5

� 1

� 2

Figure 5. The Cayley graph of G n H .

We can de�ne the stabilizer of f , H = f T 2 G : Tf = f g, which is a �nite
index subgroupsincef is strongly periodic. H is like a fundamental region of
the strongly periodic coloring.

Note that H is a normal subgroup, so considerthe group of right cosets
G n H with the binary operation (H r ) � (H s) = (H rs). SinceH is a stabilizer
of f , hf (r ) = f (r ) for all h 2 H and r 2 G. Thus, elements of the coset(aH)
are all colored the samecolor f (a), but thesecolors may not be distinct for
di�erent cosets.

Example 3.12. Figure 5 shows a Cayley graph for G n H , where H is a
�nite index subgroup. Each vertex in this graph is labeledwith an element of
H sj 2 G n H and a color equal to f (H sj ), so that, for example,f (H s1) = R.
There are two kinds of edgeson this graph: solid correspond to � 1, and dotted
correspond to � 2. Each vertex hasexactly oneincoming and outgoing edgeof
each type becauseG n H is a group. Given an arbitrary group element g =
� a1 � a2 : : : � az , we can �nd (H g)(H sj ) by following the appropriate sequenceof
dotted and solid edgesfrom (H sj ).

Now �x � i 2 � , and considerany coset(H s). We de�ne the cosetorbit

O� i (H s) = f (H � i )n (H s) : n 2 Zg:

SinceG n H is �nite, each cosetorbit O� i (H s) must be �nite. Note that two
cosetorbits O� i (H s1) and O� i (H s2) are either equal or disjoint. Therefore,
therearesome�nite number of distinct cosetorbits, O� i (H s1); O� i (H s2); : : : ; O� i (H sm i ),
which together form a disjoint partition of G n H for each � i 2 � .
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Example 3.13. In Figure 5, we have the following disjoint cosetorbits:

O� 1 (H s1) = f (H s1); (H s2); (H s3); (H s4); (H s5)g

O� 2 (H s1) = f (H s1); (H s4); (H s5)g

O� 2 (H s2) = f (H s2); (H s3)g:

Wealternatively couldhavechosendi�erent H sj since,for example,O� 1 (H s1) =
O� 1 (H s5).

Each cosetorbit O� i (H sj ) is a collection of cosetsgiven by

O� i (H sj ) = f (H sj ); (H � i sj ); (H � 2
i sj ); : : : ; (H � n

i sj )g;

wheren dependson i and j . Wecanthereforeregardeach cosetorbit O� i (H sj )
as specifying a cycleC� i (H sj ) given by

C� i (H sj ) = f (sj )f (� 1
i sj )f (� 2

i sj ) : : : f (� n
i sj ):

SinceH is the stabilizer of a coloring in X F , each C� i (H s1) represents a point
in X � i .

Example 3.14. In the example from Figure 5, C� 1 (H s1) = RBRGB.
Also, C� 2 (H s2) = BBR and C� 2 (H s2) = RG. Note that we could have chosen
di�erent cycles(by shifting wherewe start), but thesecyclesstill would have
represented points in X � 1 and X � 2 sinceX � 1 and X � 2 are shift-invariant.

We then de�ne the set

S� i = f C� i (H sj ) : 1 � j � mi g;

wheremi is the number of distinct cosetorbits. Note that

� a(S� i ) =
m iX

j =1

� a(C� i (H sj ))

=
m iX

j =1

# f i : (C� i (H sj )) i = a;1 � i � jC� i (H sj )jg

=
m iX

j =1

# f x : x 2 O� i (H sj ); � (x) = ag

=# f (H s) 2 G n H : f (H s) = ag;

sincethe O� i (H sj ) form a disjoint partition of G n H . However, the value

# f (H s) 2 G n H : f (H s) = ag

is independent of � i , which shows that � a(S� i ) = � a(S� j ) for all � i ; � j 2 � .
This shows that the S� i meet the hypothesesof the theorem.

Example 3.15. In the examplefrom Figure5, wehavethat S� 1 = f RBRGBg
and S� 2 = f BBR; RGg. Note that � a(S� 1 ) = � a(S� 2 ) for all a 2 f R; G; Bg.

�
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� 1

� 2

e

Figure 6. The coloring from Example 3.18.

This theorem is somewhatawkward to prove, and at �rst glanceit may
seemasthough its hypothesesaredi�cult to work with. However, after stating
a few obvious corollaries that justify proving the theorem, we will give an
exampleof a casewherethe theoremcan be usedto show that a shift of �nite
type on the free group doesnot contain a strongly periodic point.

Cor ollar y 3.16. If there is a one-dimensionalperiodic point x which is
an elementof X � i for all � i 2 � , then XF contains a stronglyperiodic coloring.

Pr oof. The hypothesesof the theoremaresatis�ed by choosingS� i = f yg
for all � i 2 � , wherey is somecycle representing x. �

Cor ollar y 3.17. If X � i = X � j for all � i ; � j 2 � and some X � i is
nonempty, then the shift of �nite type on the free group contains a strongly
periodic coloring.

Pr oof. Every nonempty one-dimensionalshift of �nite type contains a
periodic point x, soapply the previouscorollary. �

Example 3.18. Considerthe free group on two generators.SupposeX � 1

and X � 2 both contain the periodic point

x = : : : RGGBRGGB:RGGBRGGB : : :

which is represented by the cyclew = RGGB. WecanchooseS� 1 = S� 2 = f wg
to satisfy the hypothesesof Theorem 3.5. If we follow the construction in
Theorem3.5, we can producethe periodic coloring of the free group shown in
Figure 6.
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R G

B

R G

B

Figure 7. Shifts X � 1 and X � 2 .

4. An example that is not strongly perio dic

Now we present an exampleof a shift of �nite type on the freegroup where
each one-dimensionalshift of �nite type is irreducible, but the free group
still cannot be coloredperiodically. This, perhaps,is a counterintuitiv e result
becauseirreducibilit y is a strong condition and implies the existenceof many
kinds of periodic points.

Example 4.1. Considerthe shifts of �nite type shown in Figure 7. Cycles
representing points in X � 1 are always of the form

RGBRGB : : : RGB:

Cyclesrepresenting points in X � 2 are always of the form

Ra1Ra2 : : : Ran� 1Ran ;

whereeach aj 2 f G; Bg. This shows that for any set S� 1 of cyclesin X � 1 , we
must have

(3) � R (S� 1 ) = � G(S� 1 ) = � B (S� 1 ):

In addition, for any set S� 2 of cyclesin X � 2 we must have

(4) � R (S� 2 ) = � G(S� 2 ) + � B (S� 2 ):

If � a(S� 1 ) = � a(S� 2 ) = � a for all a 2 A , then (3) and (4) become

(5) � R = � G = � B

and

(6) � R = � G + � B :

Clearly we cannot simultaneously solve (5) and (6) unless� G = 0 or � B = 0,
which would imply that S� 1 is empty, sinceevery point in X � 1 usesG and B.
Therefore,even though both X � 1 and X � 2 are irreducible, XF doesnot allow
a strongly periodic coloring.



CHAPTER 4

The golden mean shift on the free group

In this section, we study the golden mean shift on the free group and
determinean expressionfor its entropy in Theorem3.4. In doingso,wedevelop
a newgeneralizationof Fibonaccinumbersand analyzethem using ideasfrom
one-dimensionaldynamical systemtheory.

1. Preliminaries

We will examinethe goldenmeanshift on the freegroup with q generators,
where q � 2. However, many results of this section will still hold true for
q = 1 (ie G = Z). We de�ne k = 2q � 1 and assumethat G has the standard
presentation h� 1; � 2; : : : ; � q j i . With this presentation, the Cayley graph of G
is an in�nite tree like the oneshown in Figure 1. In Figure 1, each element of
G is represented by an intersection of lines, with e at the center. The golden
meanshift correspondsto coloring each vertex of this graph with the alphabet
A = f 0; 1g such that no two adjacent verticesare both colored1. That is, the
set of forbidden blocks F = f (1; � i ; 1) : � i 2 � g, with the notation of the last
chapter.

� 2

e � 1

Figure 1. Part of the Cayley graph of the free group on 2
generators(k = 3).

37
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�

�

Figure 2. The tree T3 for k = 3. Here group elements are
represented as circles.

We �rst analyze �nite blocks in XF by using a combinatorial argument.
Fix any � i 2 � and de�ne the set Tn � G by

Tn = f eg [ f � i g : g 2 G; jgj � n � 1g

for n � 1. Tn can be represented by a subset of the Cayley graph of G.
Such a graph is shown in Figure 2. In the graph of Tn , we label the vertex
corresponding to e by � and the vertex corresponding to � i by � . We call �
the \ro ot" of Tn and we say that Tn hasheight n.

Definition 1.1. Let c0(n) and c1(n) be the numbersof possiblecolorings
of Tn when � is colored0 and 1, respectively.

Theorem 1.2. c0(n) satis�es the following recursion relationship: c0(1) =
2, c0(2) = 2k + 1, and c0(n) = [c0(n � 1)]k + [c0(n � 2)]k

2

for all n � 2.

Pr oof. It is easyto seeby a simplecombinatorial argument that c0(1) = 2
and c0(2) = 2k + 1.

When � is colored1, then � must be colored0. But we can regard � as
the \ro ot" of k di�erent trees each of height n � 1. The coloringsof each of
the k treesfor which � is the \ro ot" can be chosenindependently. Thus,

(7) c1(n) = [c0(n � 1)]k :

Similarly, when � is colored0, � can be coloredeither 0 or 1, so

c0(n) = [c0(n � 1)]k + [c1(n � 1)]k :

By (7), this is the sameas

c0(n) = [c0(n � 1)]k + [c0(n � 2)]k
2

;

which givesthe theorem. �

Recall that Cn = f g 2 G : jgj � ng and that Bn is the number of allowed
coloringsof Cn in X F . Then we have the following theorem:

Theorem 1.3. Bn satis�es Bn = [c0(n)]k+1 + [c0(n � 1)]k(k+1) .
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Pr oof. Note that Cn consistsof k + 1 treesof height n that all sharee as
their root. When e is colored 0, there are c0(n) possiblecoloringsof each of
the k + 1 treesof height n, each of which can be chosenindependently, giving
a total of [c0(n)]k+1 possiblecolorings.

Next, when e is colored 1, each of the k + 1 trees has a root colored 1,
and each tree can be coloredindependently. Therefore,there are [c1(n)]k+1 =
[c0(n � 1)]k(k+1) possiblecoloringsof Cn when e is colored1. Therefore,

Bn = [c0(n)]k+1 + [c0(n � 1)]k(k+1) :

�

Definition 1.4. Two sequences(an ) and (bn ) are asymptotic if

lim
n!1

an

bn
= 1:

We sometimeswrite this as an � bn .

For notational simplicity, we de�ne an = c0(n). So that

an+1 = ak
n + ak2

n� 1:

Note that when k = 1, so that the freegroup under considerationis Z, the an

are Fibonaccinumberswith the standard recursionformula. When k 6= 1, the
nonlinear recursionsequencean will be central for understanding the golden
meanshift on the free group. Namely, as we will show for small k, there are
constants � 1 and � 2 such that an � � 1 exp2(� 2kn� 1), where exp2(x) = 2x .
Theorem3.4 will show � 2 can be usedto �nd the entropy of the goldenmean
shift. The next section will focus on the properties of the sequence(an ) in
preparation for determining its asymptotics.

2. Gro wth prop erties of (an )

Here we study the generalgrowth properties of (an ). Speci�cally we will
determinewhen the limit

L = lim
n!1

an

ak
n� 1

exists. Wewill show that the limit existsfor su�cien tly small k (recall k = 2q�
1, whereq is the number of generators)and equalsthe solution of xk+1 = xk + 1
in the interval I = [1; 2]. The original motivation for consideringthis limit
comesfrom an easyresult about Fibonaccinumbers: when k = 1, the an are
Fibonaccinumbers and the above limit is � , the goldenmean,which satis�es
� 2 = � + 1. When k is su�cien tly large, the limit may not exist but the values
of the fraction will oscillate between two limits. In this case,the odd terms
and even terms respectively convergeto di�erent limits.

We begin by de�ning the sequence(qn ) which will simplify the notation
considerably.

Definition 2.1. For each n = 2; 3: : :, let qn = an=ak
n� 1.

We will next prove several basicproperties of qn .

Pr oposition 2.2. For each n = 2; 3; : : :, qn+1 = 1 + 1=qk
n .
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Pr oof.

qn+1 =
an+1

ak
n

=
ak

n + ak2

n� 1

ak
n

= 1 + (
ak

n� 1

an
)k = 1 +

1
qk

n
:

�

Pr oposition 2.3. For each n = 3; 4; : : :, we havethat 1 < qn < 2.

Pr oof. Note that 0 < q2 = a2=ak
1 = (2k + 1)=2. We will prove the

proposition by induction. Suppose0 < qn . Then 1=qk
n > 0, so 1 + 1=qk

n > 1,
which is equivalent to qn+1 > 1, so inductively we have that qn > 1 for all
n � 3.

Next note q2 > 1, so suppose qn > 1. Then qk
n > 1, so we have that

1=qk
n < 1. This implies 1 + 1=qk

n < 2, so qn+1 < 2. �

Pr oposition 2.4. For each k = 2; 3; : : : we havethat q2 < q3 and q2 < q4.

Pr oof. For the �rst part, q2 < q3 only if ak+1
2 < ak

1a3. Now,

ak+1
2 = (2k + 1)k+1 = (2k + 1)k(2k + 1) = 2k(2k + 1)k + (2k + 1)k ;

and
ak

1a3 = ak
1(ak

2 + ak2

1 ) = 2k(2k + 1)k + 2k2+ k :

This shows ak+1
2 < ak

1a3 only if (2k + 1)k < 2k2+ k . But (2k + 1)k < (2k+1 )k =
2k2+ k , so we must have q2 < q3.

Note q2 < q4 only if
a2ak

3 < a4ak
1:

We have that
a2ak

3 = (2k + 1)ak
3 = 2kak

3 + ak
3

and
a4ak

1 = (ak
3 + ak2

2 )2k = 2kak
3 + 2kak2

2 ;

so q2 < q4 only if ak
3 < 2kak2

2 . This is the sameas requiring that

a3 < 2ak
2;

which is the sameas
ak

2 + ak2

1 < 2ak
2:

This simpli�es to ak2

1 < ak
2, or equivalently 2k2

< (2k + 1)k , which is obviously
true. �

Pr oposition 2.5. For each n = 2; 3; : : : we have

(i ) qn+1 < qn� 1 implies qn < qn+2

(ii ) qn+1 > qn� 1 implies qn > qn+2 :

Pr oof. We will prove only (i ), as the proof for (ii ) is analogous. Note
that qn+1 < qn� 1 if and only if

an+1

ak
n

<
an� 1

ak
n� 2

;

which is equivalent to
ak

n� 2an+1 < an� 1ak
n :
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Raising each side to the k'th power gives

ak2

n� 2ak
n+1 < ak

n� 1a
k2

n :

Adding ak
n� 1a

k
n+1 to both sidesand factoring gives

(ak
n� 1 + ak2

n� 2)ak
n+1 < ak

n� 1(a
k
n+1 + ak2

n ):

Sinceak
n� 1 + ak2

n� 2 = an and ak
n+1 + ak2

n = an+2 , this is equivalent to

anak
n+1 < ak

n� 1an+2 ;

which shows
ak

n+1

an+2
<

ak
n� 1

an
:

This is the sameas
an+2

ak
n+1

>
an

ak
n� 1

;

or equivalently qn+2 > qn . �

We can use this property to show an unusual characteristic of (qn ). Let
En = q2n and On = q2n+1 for n = 1; 2; : : : de�ne the subsequencesof (qn ) which
consist of the even- and odd-numbered terms of (qn ) respectively. Then we
have,

Pr oposition 2.6. (En ) increasesmonotonically to a limit L E 2 I and
(On) decreasesmonotonically to a limit L O 2 I .

Pr oof. Wewill prove this inductively. Proposition 2.4showsthat q2 < q4.
So supposethat n is odd and qn < qn+2 . Then (ii ) of Proposition 2.5 implies
qn+1 > qn+3 . But then (i ) of Proposition 2.5 implies qn+2 < qn+4 , which shows
that (En ) is increasing. We can apply (ii ) of Proposition 2.5 to show that
(On) is decreasing.The fact that (En ) and (On) converge is immediate from
the fact that they are monotoneand boundedin I . �

To summarize,we are interestedin the existenceof the limit

lim
n!1

an

ak
n� 1

= lim
n!1

qn :

We have shown that the even and odd terms of qn always converge to some
limits LE and LO respectively, each in the interval I = [1; 2]. The remainderof
this sectionwill be concernedwith determining when L E = LO . This matter
is not important to the entropy calculation, but is interesting becauseit turns
out that LE = LO for su�cien tly small k, but not for large k. This result,
perhaps, is counterintuitiv e becausethere does not exist an obvious reason
why the limit should ceaseto exist for somelarge k, when it exists for small
k.

To prove this, we study the iterates of a one-dimensionalmap f :

Definition 2.7. De�ne f : [1; 2] ! [1; 2] by f (x) = 1 + x � k .
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f is a useful function to de�ne becausef (qn) = qn+1 by Proposition 2.2.
Note that f (1) = 2 > 1 and f (2) = 1+ 2� k < 2, sothere must be a �xed point
� 2 I = [1; 2]. However, sincef 0(x) < 0 for all x 2 I , � must be the unique
�xed point in I .

Definition 2.8. Let � be the unique �xed point of f in I .

Note that � satis�es � k+1 = � k + 1, sincef (� ) = 1+ � � k = � . Notice also
that f 0 < 0, so f maps numbers lessthan � to numbers greater than � and
vice versa.

Lemma 2.9. For each n = 2; 3; : : :, we have,

(i ) qn > qn+1 implies qn+1 < qn+2

(ii ) qn < qn+1 implies qn+1 > qn+2 :

Pr oof. We will prove only (i ), as the proof for (ii ) is analogous. Note
that qn > qn+1 implies qk

n > qk
n+1 , which shows 1=qk

n < 1=qk
n+1 . This implies

1 + 1=qk
n < 1 + 1=qk

n+1 , which is equivalent to qn+1 < qn+2 �

Theorem 2.10. LE 2 [1; � ] and LO 2 [� ; 2].

Pr oof. Weproveonly the �rst part sincethe secondis analogous.Because
f (x) > x if and only if x < � , it su�ces to prove that for n even, qn <
f (qn ) = qn+1 . We will prove this inductively. Proposition 2.4 shows q2 < q3.
Supposethat qn < qn+1 with n odd. Then by (ii ) of Lemma 2.9 we have that
qn+1 > qn+2 . Then by (i ) of Lemma2.9 we have that qn+2 < qn+3 , proving the
theorem. �

Next, to simplify notation, we alsode�ne a function g:

Definition 2.11. De�ne g : [1; 2] ! [1; 2] by g(x) = f 2(x) = f (f (x)).

Note that g(qn) = qn+2 , so that g(On) = On+1 and g(En ) = En+1 . This
implies that the (possiblynon-distinct) �xed points of g are L E , LO , and � .

2.1. The behavior of g for small k. In this sectionwe will investigate
the behavior of g0 and determine for which k � 2 we have supfj g0(x)j : x 2
[1; 2]g = C < 1. For thesek, we will apply the contraction mapping theorem
to concludethat g has a unique �xed point. Since� is a �xed point of g, we
can concludethat � is the only �xed point of g and therefore we must have
LE = LO = � .

First note that

g0(x) =
k2

xk+1 (1 + x � k)k+1
;

and also,after simplifying,

g00(x) =
� k2(k + 1)xk2 � 2(1 � k + xk)

(1 + xk)k+2
:

We are interested in the maximum value that g0(x) attains on I = [1; 2],
which will either be attained at a zero of g00(x) or at one of the endpoints of
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I . g00(x) = 0 only when (1 � k + xk) = 0, or, equivalently, at x = k
p

k � 1.
Evaluating thesepossiblemaxima gives

g0(1) =
k2

2k+1
;

g0(2) =
k2

2k+1 (1 + 2� k)k+1
;

and

g0( k
p

k � 1) =
k2

(k � 1)1+1 =k(1 + (k � 1)� 1)k+1

=
k2(k � 1)k+1

(k � 1)1+1 =kkk+1

=
(k � 1)k� 1=k

kk� 1
:

Thus, for all k � 2 we have that 1 > jg0(1)j > jg0(2)j. Note alsothat g00(1) > 0
and g00(2) < 0, so we know that x = k

p
k � 1 is a maximum for g0. It is not

immediately obvious for which valuesof k we have g0( k
p

k � 1) < 1. This is
equivalent to requiring

(k � 1)k� 1=k < kk� 1;

which can be simpli�ed to
(k � 1)k+1 < kk

by raising each side to the k=(k � 1)'th power. Still this inequality is not
easy to solve analytically. One can numerically solve (k � 1)k+1 = kk by
using Mathematica's FindRoot, which implements Newton's method. This
numerical approximation givesk � 4:14104.

Definition 2.12. Let 
 � 4:14104be de�ned by


 = inf f k : (k � 1)k+1 < kkg:

Pr oposition 2.13. For k > 
 we have(k � 1)k+1 > kk and for k < 
 we
have(k � 1)k+1 < kk .

Pr oof. Note (2 � 1)2+1 < 22, so we can prove the theorem by showing
that the equation (x � 1)x+1 = xx hasonesolution. Let

h(x) =
(x � 1)x+1

xx
=

�
1 �

1
x

� x

(x � 1)

for x > 1. Then h(x) ! 0 as x ! 1+ and h(x) ! 1 as x ! 1 since
(1 � 1=x)x ! 1=easx ! 1 . However, it is easyto check that

dh(x)
dx

> 0

for all x > 1, so h must have a unique point for which h(x) = 1. This implies
that there is exactly one value of k which satis�es (k � 1)k+1 = kk , and that
this value of k must equal 
. �



2. GROWTH PROPERTIES OF (an ) 44

Thus, for k < 
 we know that supf g0(x) : x 2 [1; 2]g = C < 1 for all x.
Therefore,for k < 
 the Mean Value Theoremimplies that for all x; y 2 I we
have

jg(x) � g(y)j = jg0(c)j jx � yj � C jx � yj

for somex 2 I . Thus, whenk < 
 the Contraction Mapping Theoremimplies
that there will be a unique �xed point in I :

Theorem 2.14 (Contraction mapping theorem). SupposeX is a complete
metric space and f : X ! X has the property that there exists C 2 R with
0 � C < 1 suchthat

jf (x) � f (y)j � C jx � yj

for all x; y 2 X . Then there exists a unique �xed point � 2 X such that
f (� ) = � , and f n (x0) ! � for all x0 2 X .

Sincefor k < 
 there is only one �xed point in I and the sequences(En )
and (On ) both converge,we must have L E = LO = � . For k < 
, we know
that the limit

lim
n!1

qn = lim
n!1

an

ak
n� 1

= � ;

where� is the root of

(8) � k+1 � � � 1 = 0

in I = [1; 2]. The fact that there is a single�xed point for k < 
 implies that
there is exactly one � in I which satis�es (8). It is not clear what happens
when k = 
 sincein that case,g0(x) = 1 for exactly onepoint and we can no
longer apply the contraction mapping theorem.

2.2. The behavior of g for large k. Here we will show that for k > 
,
there are two distinct �xed points besides� , onestrictly lessthan � and one
strictly greaterthan � . Therefore,L E and LO are di�erent, and neither equals
� , which implies the limit limn!1 an=ak

n� 1 = limn!1 qn doesnot exist.

Lemma 2.15. k > 
 implies � < k
p

k � 1.

Pr oof. Note that � < x implies f (x) < x, sincef is decreasingand � is
the only �xed point of f . Therefore, to check the proposition we must check
whether f ( k

p
k � 1) < k

p
k � 1. Note

f ( k
p

k � 1) = 1 +
1

k � 1
=

k
k � 1

:

Now,
k

k � 1
< k

p
k � 1

if and only if
kk < (k � 1)k+1 ;

which is true only when k > 
 by Proposition 2.13. �

Pr oposition 2.16. k > 
 implies g0(� ) > 1.
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�

g0(x) = 1

g0(x) = 1

2

2

1

1

Figure 3. Plot of g(x) for the proof of Theorem2.17.

Pr oof. g0(� ) = f 0(f (� )) f 0(� ) = [f 0(� )]2 = k2(� 2)� k� 1 > 1 if and only if
k2 > (� 2)k+1 , or, equivalently, k > � k+1 . But � k+1 = � k + 1, sok > � k+1 only
if k

p
k � 1 > � . By Lemma 2.15this is true sincek > 
. �

This proposition implies that � is a repelling �xed point for g whenk > 
.

Theorem 2.17. For k > 
 there exist exactly three valuesin I = [1; 2] for
which g(x) = x. One of these�xed points is � , one is strictly lessthan � , and
one is strictly greater than � .

Pr oof. We have shown that g must have �xed points L O and LE such
that En " LE and On # LO . For k > 
, Proposition 2.16 shows that � is a
repelling �xed point, which implies that we cannot have L E = � or LO = �
becauseLE and LO are the limit points of gn(q2) and gn(q3) respectively.

To seethat there cannot be more than three �xed points, note g0(1) < 1
and g0(2) < 1. Sinceg00hasonly onezero in I , this implies that g0(x) = 1 for
at most two valuesin I . Therefore,g can crossthe line y = x at most three
times (seeFigure 3). �

Thus, when k > 
 the limit

lim
n!1

an

ak
n� 1

doesnot exist and valuesof an=ak
n� 1 = qn oscillate betweentwo limits points,

LE and LO .
Figure 4 shows graphs of x, g(x) and f 50(x) for k = 3 and k = 5. Note

that for k = 3 < 
 � 4:141, f 50(x) seemto take one value, which equals� .
However, for k = 5 > 
, f 50(x) seemsto take two values,which equalL E and
LO .
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x
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f 50(x)

Figure 4. Figuresshowing x, g(x) and f 50(x).

We can give another characterization of � , L E and LO by noting that
g(x) = x only when

x = 1 + (1 + x � k)� k ;
or, equivalently,

(x � 1)(1 + x � k)k � 1 = 0;
which can be simpli�ed to

(x � 1)(xk + 1)k � xk2
= 0:

This is a polynomial with integral coe�cien ts, and the �xed points of g corre-
spond to the zerosof this polynomial. The above discussionshows that when
k < 
 this polynomial has exactly one root in I . Similarly, when k > 
 this
polynomial hasexactly 3 roots in I .
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3. The asymptotics of (an )

We arenow ready to determinethe asymptoticsof (an ), in which the limits
LE and LO will arisenaturally.

Pr oposition 3.1. For each n = 2; 3; : : : we have

an = 2kn � 1
nY

j =2

qkn � j

j :

Pr oof. We prove this proposition inductively. Recall that qn = an=ak
n� 1,

soan = qnak
n� 1. Note that the theoremis satis�ed for n = 2, sincea2 = q2ak

1 =
2kq2. Now we supposethe proposition is true for n and prove it for n + 1:

an+1 = qn+1 ak
n = qn+1

"

2kn � 1
nY

j =2

qkn � j

j

#k

= qn+1 2kn
nY

j =2

qkn � j +1

j

= 2kn
n+1Y

j =2

qkn +1 � j

j :

�

Note that Proposition 3.1 implies

an = 2kn � 1
nY

j =2

qkn � j

j

= 2kn � 1
exp2

 
nX

j =2

log2 qkn � j

j

!

= 2kn � 1
exp2

 
nX

j =2

kn� j log2 qj

!

= 2kn � 1
exp2

 

kn
nX

j =2

log2 qj

kj

!

= exp2

 

kn� 1 + kn
nX

j =2

log2 qj

kj

!

= exp2

"

kn� 1

 

1 + k
nX

j =2

log2 qj

kj

! #

:

Next we de�ne the sum

An = 1 + k
nX

j =2

log2 qj

kj
;



3. THE ASYMPTOTICS OF (an ) 48

so that

an = exp2(kn� 1An ):

Note that

An = 1 + k
log2 q2

k2
+ k

nX

j =3

log2 qj

kj

so that

An � 1 + k
log2 q2

k2
+ k

nX

j =3

1
kj

< 1 ;

since1 < qn < 2 for n = 3; 4; : : :. This implies An must convergeto somevalue
A given by

A = lim
n!1

An = 1 + k
1X

j =2

k� j log2 qj :

Thus, it is reasonableto guessthat an is asymptotic to � 1 exp2(k
n� 1A) for

some� 1.

Theorem 3.2. For k = 2; 3; : : : and n even,wehavean � � 1 exp2(kn� 1� 2)
with

� 1 = exp2

�
�

log2 LE + k log2 LO

k2 � 1

�
and � 2 = A;

where A is asaboveandL O andLE are the limits of (On) and (En ) respectively.

Pr oof. We will prove this by showing that

lim
n!1

exp2(kn� 1A)
an

= lim
n!1

exp2(kn� 1A)
exp2(kn� 1An )

= exp
�

log2 LE + k log2 LO

k2 � 1

�
:

Note that

lim
n!1

exp2(kn� 1A)
exp2(kn� 1An )

= exp2

�
kn� 1(A � An )

�
:

We de�ne

Wn = kn� 1(A � An )

= kn� 1

 

k
1X

j =2

k� j log2 qj � k
nX

j =2

k� j log2 qj

!

= kn
1X

j = n+1

k� j log2 qj

=
1X

j = n+1

kn� j log2 qj

=
1X

j =1

k� j log2 qj + n :
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For all r � 3, we have 1 < qr < 2 so log2 qr > 0. This implies that we can
rearrangethe sum in Wn , splitting it into even and odd terms to give

(9) Wn =

"
1X

j =1

k� 2j log2 q2j + n +
1X

j =1

k� 2j +1 log2 q(2j � 1)+ n

#

:

We will show that Wn ! (log2 LE + k log2 LO)=(k2 � 1). Fix � > 0. We
have already shown that (On) ! LO and (En ) ! LE . The log function is
continuous, so this implies (log2 On) ! log2 LO and (log2 En ) ! log2 LE . So
chooseN such that for all n > N we have

j log2 On � log2 LO j < � and j log2 En � log2 LE j < �:

Then we know that for n even,
(10) �

�
�
�
�
Wn �

 

(log2 LE )
1X

j =1

k� 2j + (log2 LO)
1X

j =1

k� 2j +1

! �
�
�
�
�

=

�
�
�
�
�

1X

j =1

k� 2j (log2 q2j + n � log2 LE ) +
1X

j =1

k� 2j +1 (log2 q2j � 1 � log2 LO)

�
�
�
�
�

< �
1X

j =1

k� j � �:

Thereforefor n even,

Wn ! (log2 LE )
1X

j =1

k� 2j + (log2 LO)
1X

j =1

k� 2j +1

= (log2 LE )
1

k2 � 1
+ (log2 LO)

k
k2 � 1

=
log2 LE + k log2 LO

k2 � 1
:

Sincethe exponential function is continuous, this implies

exp2(kn� 1A)
exp2(kn� 1An )

= exp2(k
n� 1(A � An ))

= exp2(Wn ) ! exp2

�
logLE + k logLO

k2 � 1

�
;

proving the theorem. �

Theorem 3.3. For k = 2; 3; : : : and n odd, we havean � � 1 exp2(kn� 1� 2)
with

� 1 = exp2

�
�

log2 LO + k log2 LE

k2 � 1

�
and � 2 = A;

where A is asaboveandL E andLO are the limits of (On) and (En ) respectively.

Pr oof. The proof is identical to the proof of the previoustheorem,except
that for odd n, LE and LO are switched in (10) and every step after. �
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Note for n even we have,

� 1 = exp2

�
�

log2 LE + k log2 LO

k2 � 1

�

and for n odd we have,

� 1 = exp2

�
�

log2 LO + k log2 LE

k2 � 1

�
:

When k < 
, we know that LE = LO = � , so theseexpressionsboth simplify
to

� 1 = exp2

�
�

(k + 1) log2 �
k2 � 1

�
= exp2

�
�

log2 �
k � 1

�
= �

1
1� k :

Thus, for k < 
 we know an � � 1 exp2(� 2kn� 1) for all n, where� 1 = � 1=(1� k) .

Theorem 3.4. The entropy of the goldenmean shift is given by h(XF ) =
� 2(k � 1)=k.

Pr oof. To prove the theoremwe show that if an � � 1 exp2(� 2kn� 1), then

lim
n!1

log2 Bn

jCn j
= � 2

k � 1
k

:

Since� 1 doesnot appear in this expression,the entropy of the goldenmean
shift is independent of the valueof � 1. Therefore,it is irrelevant to the entropy
calculation that � 1 may depend on whether we look at the even or the odd
terms of an .

In the freegroup, the number of elements g 2 G such that jgj = n is given
by (k + 1)kn� 1 for n � 1. Therefore,

jCn j = 1 +
nX

j =1

(k + 1)k j � 1 = 1 + (k + 1)
kn � 1
k � 1

:

Next,

lim
n!1

log2 Bn

jCn j
= lim

n!1

log2

h
ak+1

n + ak(k+1)
n� 1

i

jCn j
:

Substituting for an and simplifying gives

lim
n!1

log2

h
� k+1

1 exp2((k + 1)� 2kn� 1)un + � k(k+1)
1 exp2(� 2(k + 1)kn� 1)un� 1

i

jCn j
;
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whereun ! 1. Factoring and simplifying gives,

lim
n!1

log2 Bn

jCn j
= lim

n!1

(k + 1)� 2kn� 1 + log2

h
� k+1

1 un + � k(k+1)
1 un� 1

i

jCn j

= lim
n!1

(k + 1)kn� 1� 2

1 + (k + 1)kn � 1
k� 1

= lim
n!1

(k + 1)kn� 1(k � 1)� 2

(k � 1) + (k + 1)(kn � 1)

= � 2
k � 1

k
:

�

Theorem 3.4 shows that the entropy of the goldenmean shift on the free
group is thereforegiven by

(11) h(XF ) = � 2
k � 1

k
= A

k � 1
k

=
k � 1

k
(1 + k

1X

j =2

k� j log3 qj ):

The next sectionwill determine this value numerically for various k. Finding
a closedform of h(XF ) is still an open problem. However, we did �nd a closed
form for � 1, which implies that perhaps it will be easierin other problems,
such asthe squareiceproblem, to �nd the constant in front of the exponential,
rather than the actual entropy.

4. Numerical computations related to the golden mean shift

In this sectionwe present several tables of numerical results related to the
goldenmeanshift on the free group. All the following results were computed
using a Mathematica script written by the author.

The following shows valuesof an for k = 2; 3; 4.

k = 2 k = 3 k = 4
a1 2:000000000 2:000000000 2:00000000
a2 5:000000000 9:000000000 17:00000000
a3 41:00000000 1241:000000 149057:0000
a4 2306:000000 2:298661010� 109 5:423002381� 1020

a5 8:143397000� 106 1:912721905� 1028 1:458683650� 1083

a6 9:459216733� 1013 8:789440240� 1084 5:086901266� 10332

a7 1:334534603� 1028 1:021684124� 10255 1:089720930� 101331

a8 2:581592044� 1056 1:379550025� 10765 1:611162872� 105324

a9 9:836516530� 10112 3:838471331� 102295 1:069248835� 1021297

a10 1:411741836� 10226 7:465377822� 106886 1:513291731� 1085188

a11 2:929207829� 10452 5:969536653� 1020660 8:163515502� 10340752

a12 1:255236735� 10905 2:847487925� 1061982 5:197706700� 101363011

a13 2:311827621� 101810 3:271440374� 10185947 1:118949619� 105452047

The following shows valuesof h(XF ) for k = 2; : : : ; 10. Thesevalueswere
computedby computing the �rst 8 terms of (11). The error wascomputedby
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�nding an upper bound for the remaining terms in (11).

h(XF ) error
k = 2 0:7320165404 � 0:00492914
k = 3 0:7748023747 � 0:000144245
k = 4 0:8096298193 � 0:0000128363
k = 5 0:8372456350 � 2:01898� 10� 6

k = 6 0:8587918886 � 4:50767� 10� 7

k = 7 0:8757141659 � 1:27686� 10� 7

k = 8 0:8892044026 � 4:29787� 10� 8

k = 9 0:9001414916 � 1:6489� 10� 8

k = 10 0:9091550972 � 7:01033� 10� 9

These data suggestthe following conjecture, which we make no attempt to
prove here:

Conjecture 4.1. As q ! 1 , h(XF ) ! 1, where XF is the goldenmean
shift on the free group on q generators.

The following shows the real roots in I = [1; 2] of f (x) = 1 + x � k for
k = 2; : : : ; 10. Note that where there is more than one root in I , the lesser
root is LE and the greater is LO .

Root(s) of f
k = 2 1:465571232
k = 3 1:380277569
k = 4 1:324717957
k = 5 1:063770006; 1:734110265
k = 6 1:023326214; 1:870793951
k = 7 1:009904994; 1:933332438
k = 8 1:004504650; 1:964682475
k = 9 1:002127834; 1:981051658
k = 10 1:001027902; 1:989778850

These data suggestthe following conjecture, which we make no attempt to
prove here:

Conjecture 4.2. As q ! 1 , LE ! 1 and LO ! 2.



CHAPTER 5

Further topics

1. Nonlinear contin ued fractions

We showed in Section2 of Chapter 4 that iterated map

f (x) = 1 + x � k

on [1; 2] has a single �xed point for small enoughk, but three �xed points
for large k. This is interesting becauseiterations f (x); f 2(x); f 3(x); : : : can be
expandedinto a nonlinear continued fraction. For example,

f 3(x) = 1 +
1

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 +
1

0

B
B
B
@

1 +
1

�
1 +

1
xk

� k

1

C
C
C
A

k

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

k

which appearssimilar to a standard continued fraction, except that each de-
nominator has a k'th power. We showed that for small k, the value of the
in�nite continued fraction given by

lim
n!1

f n(x)

is equal to a root � of yk+1 � yk = 1, where the value of � is independent of
x. However, for large enoughk, the value of this limit will oscillate between
two limit points, indicating that the continued fraction is not well-de�ned.
This suggeststhat perhaps such \nonlinear continued fractions" behave in
suprising and interesting ways. Here we present a preliminary analysis of
nonlinear continued fractions.

2. The nonlinear Gauss map

We begin by de�ning a nonlinear versionof the Gaussmap:

Definition 2.1. For a �xed k � 2, de�ne the k-Gaussmap � k : [0; 1] !
[0; 1] by

� k(x) =
1

k
p

x
�

�
1

k
p

x

�
:
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The k-Gaussmap partitions the unit interval into an in�nite collection of
intervals I 1; I 2; : : : where

I n =
�

1
(n � 1)k

;
1
nk

�
:

Each I n is mapped by � k bijectively onto the unit interval. As in the typical
continued fraction casewherek = 1, given any x 2 [0; 1] we can record which
intervals iterates of � k map x into:

Definition 2.2. For each x 2 [0; 1], the sequence of convergents is the
sequenceof integers(am ) such that � m

k (x) 2 I am for all m 2 N.

In analogyto the typical de�nition of continued fraction we may write

x = [a1; a2; a3; a4; : : :]k =
1

a1 +

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

a2 +

0

B
B
B
@

1

a3 +
�

1
a4 + : : :

� k

1

C
C
C
A

k

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

k :

For the casewherek = 1, it can easily be proved that each x givesa unique
sequence(am ); however, for k > 
, di�erent valuesx; y 2 [0; 1] will give the
samesequence(am ).

3. When contin ued fractions are not well-de�ned

Note that on each I n there will be a single �xed point. We will consider
only the �xed point in I 1, which will be designated� . � is given by

� =
1

k
p

�
� 1;

or equivalently

(� + 1)k =
1
�

:

Then we have the following:

Lemma 3.1. When k > 
 we have� > 1=(k � 1).

Pr oof. It should be clear that 1=(k � 1) 2 I 1 since1=2k � 1=(k � 1) � 1
for k � 2. Since� k is monotonically decreasingon I 1, we cancheck this lemma
by proving that � k(1=(k � 1)) > 1=(k � 1). Note that since1=(k � 1) 2 I 1,

� k

�
1

k � 1

�
>

1
k � 1
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when
k
p

k � 1 � 1 >
1

k � 1
k
p

k � 1 >
k

k � 1

k � 1 >
kk

(k � 1)k

(k � 1)k+1 > kk ;

which is true sincek > 
. �

Theorem 3.2. For k > 
 , there exist x; y 2 [0; 1] such that x 6= y but
� m

k (x) 2 I 1 and � m
k (y) 2 I 1 for all m 2 N.

Pr oof. We show this by proving that for k > 
, � is an attracting �xed
point of � k . When � is an attracting �xed point, there will exist an interval
J = (� � � ; � + � ) � I 1 such that � k(J ) � J . This implies for all x 2 J , we
have that � m

k (x) 2 I 1 for all m 2 N.
To seethat for k > 
, � is an attracting �xed point, note,

� 0
k(x) =

� 1
k

x � 1=k� 1 =
� 1
k

x � (k+1) =k:

Next, j� 0
k(� )j < 1 when

1
k

� � (k+1) =k < 1

� � (k+1) < kk

�
1
�

� k+1

< kk :

Since1=� = (� + 1)k , this is equivalent to requiring

(� + 1)k+1 < k

or

(12) (� + 1)k + � (� + 1)k < k:

We know by Lemma 3.1 that for k > 
 we have � > 1=(k � 1), so

1=� = (� + 1)k < k � 1:

Also,
k � 1 + � (� + 1)k = k

since
(� + 1)k = 1=� :

By (12), theseimply,

(� + 1)k + � (� + 1)k < k � 1 + � (� + 1)k = k;

which givesthe theorem. �
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Therefore,we have shown that for k > 
, the representation as nonlinear
continued fractions is not unique: two di�erent values may have the same
fraction representation. Next, we o�er the following conjecture,but make no
attempt hereto prove it:

Conjecture 3.3. Suppose k < 
 . Then given x; y 2 [0; 1] with x 6= y,
there exist N; a;b2 N suchthat � N

k (x) 2 I a and � N
k (y) 2 I b but a 6= b.

This conjecture is equivalent to saying that numbers are uniquely repre-
sented by the sequence(am ) of convergents, and therefore the nonlinear con-
tinued fraction representation is well-de�ned. The next sectionswill explore
nonlinear continued fractions and assumethat Conjecture3.3 is true.

4. Conjugacy between (I ; � k) and (I ; � 1)

Note that � k acts as a shift on [a1; a2; a3; : : :]k since

(13) � k([a1; a2; a3; a4 : : :]k) = [a2; a3; a4 : : :]k :

This shows that for any k, � k behavessimilarly to the k = 1 Gaussmap since
both act as a shift on NN.

Definition 4.1. De�ne � k : [0; 1] ! [0; 1] by

� k([a1; a2; a3; : : :]k) = [a1; a2; a3; : : :]1:

0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

� k

x

Figure 1. Plot of � 3.

Thus, � k removes the k'th powers from the denominatorsof a nonlinear
continued fraction. Figure 1 shows a plot of � 3. When k < 
, this appears
to be a well-de�ned function. However, Theorem 3.2 shows that � is not a
function for k > 
. Figure 1 leadsto the following conjecture:

Conjecture 4.2. For k < 
 , � k is monotone.
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If � k is monotone, then it is continuous and di�erentiable almost every-
where,so � k would act asa topological conjugacybetween(I ; � 1) and (I ; � k).
That is, by (13), we can then observe that

� k � � k = � 1 � � k :

In addition, it is well-known (see[3]) that an invariant measurefor the
Gaussmap � 1 is given by

G(X ) =
1

log2

Z

X

1
1 + x

dx:

If � k is a conjugacybetween(I ; � k) and (I ; � 1), then we know that an invariant
measurefor � k is given by

Gk(X ) =
1

log2

Z

� k (X )

1
1 + x

dx:

Further exploration of this would require a better grasp of how cylinder sets
behave under � k .



Bibliograph y

1. Anon., Wang tile, http://en.wikip edia.org/wiki/W ang tile.
2. R. J. Baxter, Hard hexagons:Exact solution, J. PhysicsA 13 (1980), 1023{1030.
3. P. Billingsley, Ergodic Theory and Information , Wiley, 1965.
4. S. Finch, Mathematical Constants, Cambridge University Press,2003.
5. Karel Culik I I and Jarkko Kari, An aperiodic set of wang cubes, Symposium on Theo-

retical Aspects of Computer Science,1996,pp. 137{146.
6. D.L. Johnson,Symmetries, Springer, 2001.
7. G. S. Joyce, On the hard hexagonmodel and the theory of modular functions, Phil.

Trans. Royal Soc. London A 325 (1988), 643{702.
8. A. Kato and K. Zeger,On the capacity of two-dimensional run-length constrained chan-

nels, IEEE Trans. Inform. Theory 45 (1999), 1527{1540.
9. S. Lang, Undergraduate Algebra, Springer, 1990.

10. D. Lind and B. Marcus, An Intr oduction to Symbolic Dynamics and Coding, Cambridge
University Press,1995.

11. D. Ornstein and B. Weiss,Entropy and isomorphism theorems for actions of amenable
groups, J. Analyse Math 48 (1987), 1{141.

12. P.H. Siegel R.M. Roth and J. J. Wolf, E�cient coding schemesfor the hard square
model, IEEE Trans. Inform. Theory 47 (2001), 1166{1176.

13. K. Schmidt, Dynamical Systemsof Algebraic Origin , Birkhauser, 1995.
14. W. Weeksand R.E. Blahut, The capacity and coding gain of certain checkerboard codes,

IEEE Trans. Inform. Theory 44 (1998), 1193{1203.

58


