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Intro duction

Synmbolic dynamicsis the study of bi-in nite sequence®f synmbols under
simple transformations. This sub eld of dynamical systemstheory has many
deepconnectionsto theoretical computer science ergadic theory, information
theory and number theory. ldeasfrom symbolic dynamicsare applied in nu-
merousscieni ¢ and engineeringareas,ranging from studying the properties
of crystalsto constructing optimal codesfor transmitting information.

This thesis attempts to generalizea few of the basic ideas from one-
dimensionaland two-dimensionalsymbolic dynamicsto \colorings" of groups.
This endeaor is interesting becausemany natural questionsarise that have
courter-intuitiv e answers, and by working towards understandingthesemore
generalsystems,we may shedlight on important questionsthat have already
comeup in synbolic dynamics.

Most of this thesis will study shifts of nite type on the free group. In
Chapter 3, Theorem 3.5, we will determine when a shift of nite type on the
free group admits a strongly periodic point. This turns out to be a rather
subtle issuethat involvesdi cult conbinatorial propertiesof the shift of nite
type. Next, we study the goldenmeanshift on the free group and derive a for-
mula for its ertropy in Chapter 4, Theorem3.4. In doing so, we dewelop a new
generalizationof Fibonaccinumbers and study their asymptotics. Finally, in
Chapter 5, we presen preliminary resultsrelated to \nonlinear cortinued frac-
tions" which arisein studying the asymptotics of thesegeneralizedFib onacci
numbers.
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CHAPTER 1

Background

This chapter will recall basicfacts about group theory, symbolic dynamics
in one dimension, and symbolic dynamicsin Z9. The discussionthat follows
is not meart to be comprehensie; rather, it is intendedto mertion the basic
ideasin eat areawhich will be the most useful for understanding symbolic
dynamics on the free group. The discussionof group theory is closelybased
on [9] and [6].

1. Group theory

A group G = (G; ) is a set of elemenss G and a binary operation on G
with the following properties:

(1) Thereexistse2 Gsudhthat e a=a e=aforalla2 G:

(2) Forall a2 Gthereexistsa '2 Gsuhithata a'=a ! a=e:
(3) a (bc=(a b cforall a;b;c2 G:

Typically we drop the notation and write ab instead of a b. In addition,
we may call the set G a \group" solong asthere is no ambiguity about the
binary operation.

Definition 1.1 Two groups (G1; ) and (G;; ) are isomorphic if there
existsa bijection' : G;! Gysudthat ' (x y)="(x) ' (y)forx;y2 G;.
The function ' is called an isomorphism

Four our purposestwo groupsG; and G, will be consideredthe same"if
they are isomorphic.

1.1. Group presentations. In agroup G = (G; ), the operation can
be de ned in sewral ways. For nite groups, can be de ned by explicitly
writing a \multiplication™ table. This will not work for in nite groups, but
we cande ne with a presenation.

A presentationof a group G is an expressionof the form

h jRi
where is a set of generatorsand R is a set of equivalencesthat descrite the
relationships among the generators. That is, we require that ewvery elemen

g 2 G canbe written assomeproduct g= 4, a,::: a,, Whereeah , 2
The elemens of R are equationssud as

a a et an = b bpes b
6



1. GROUP THEORY 7

and R must satisfy the following two criteria: every equivalencein R holdsin
G, and if

0= a ' an = biiti b
then it can be \deduced" from the relationsthat 5, ::: 4, = b :i: b, We
avoid an in-depth discussionof what \deduced" means,as exampleslater in
the chapter should make it intuitiv ely clear.

To simplify notation, we will assumethat R doesnot include the multi-
plicative properties necessaryfor all groups (e.g. that aa ! = ¢€), that e 2
andthat if ;2 then ;,'2 . Also, whenwewishto explicitly write out the
sets andRinh jRi,weleareout\f" and\g" for notational simplicity.

Example 1.2 The group of integersunder addition, Z, can be presered
by h j;i where =f ;9. We will alsowrite this presemation ash 1 j i.
Even though the binary operation for this group is addition, we will write
elemens as ; ; = Zratherthan ;+ ;. Therefore,eah elemen is given
by 7 for somen2 Z.

Example 1.3 The cyclic group of order n, C,, can be preserted by
h,j 7=ei.

Example 1.4 The dihedral group D,,, which givesthe symmetriesof a
regular n-gon, can be presened by hr;sjr2 = e;s" = e;(rs)" = ei.

Every group can also be represeted by a Cayley graph A Cayley graph

C = (V;E) ofagroup G is asetV of verticesand a set E of edgessud that

eadt vertex represets a unique elemen of G. Verticesrepreseting g;;0, 2 G

are joined by a directed edgelabeled ; from g, to gy if andonly if g, 1 = Q.

Therefore, eah vertex has exactly one incoming and outgoing edgefor eath
i. Notice that theseedgeswill depend on the presenation of G.

Example 1.5 Figure 1 shows part of the Cayley graph for Z preserted
by h 1 i. Group elemelts (vertices) are represeted by blad circles.

e

1 1 1 1
o———>0 — >0 —>0 ——>0

Figure 1. Part of the Cayley graph of Z.

Example 1.6. Figure 2 shows part of the Cayley graph for Z Z pre-
seted by h 1; ) 1 2= », 1i. In Figure 2, group elemerns (vertices) are
represeted by black circles. Assumesolid arrows are labeled ; and dotted
lines arelabeled .

1.2. Finitely generated groups. While there exists a presetation for
ewvery group, many, sud asRnf Og under multiplication, requirethe cardinality
of or R to beinnite. Sud groupscan be dicult to analyzeso herewe
restrict attention to nitely-generated groups:

Definition  1.7. A group G is nitely geneated if there exists a presen-
tation h j Ri of G sudh that j j and jRj are nite.
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® >0 >@ >0
Figure 2. Part of the Cayley graphofZz Z.

In nitely-generated groups, we can de ne the \size", jgj, of a group ele-
mert:
jg=minfn:g= 4 a&::! a0
By convertion, we say jgf = 0. Intuitiv ely, jgj correspndsto the number of
edgesone must travel on the Cayley graph of G to read g from e. Howe\er,
the value of jgj may depend on the preseration of G.

1.3. The free group. The main objects of interest in this thesiswill be
free groups:

Definition 1.8 A free group is any group G which can be preseried by
h j;i=h ji.lIf the cardinality of is g, we say that G is the free group
of order q.

Note that our de nition of the order of a group dependson our assumption
that ; 2 implies ;' 2 . Forexample,Z isthe nitely generatedreegroup
of order 1. In ewery freegroup, the setR of relationsis empty, soeadt product

a, as ... as Qivesa unique group elemen. Part of the Cayley graph on two
generatorsis shavn in Figure 3.

1.4. Subgroups.

Definition 1.9 A groupH = (H; ) isasulgroupofG= (G; )ifH G,
e2 H,andif x;y2 H thenxy 2 H andx 12 H.

Example 1.1Q Z is a subgroupof Z Z. This should be clear from the
factthat inh 1; 2jJ 1 2= 2 11 we canconsiderelemeis of the form 7,
which is simply the group Z.

Example 1.11 Supposethat G= C,,, the cyclic group of order 12. Then
C,, Cs, C4 and Cg are subgroupsof G.

The index of asubgroupH G isroughly the number of di erent \copies"
of H that therearein G. In Z Z there are in nitely many \copies" of Z
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Figure 3. Part of the Cayley graph on two generators. Each
intersection of lines represets a group elemen.

sincewe can generatea new copy of Z by consideringthe setf & 7 :n 2 Zg
for ead k. Each choice of k producesa new set of group elemeits which is
isomorphicto Z, sothe index of Z is in nite. This can be put more formally:

Definition  1.12 The index of a subgroup H G is the cardinality of
the setfaH : a2 Gg. If the index of H is nite, H is calleda nite index
sulgroup.

Thus, in a nite group, the index of the subgroup consisting of e is the
cardinality of the group;in in nite groups,the index of the subgroupconsisting
of eisin nite. For eat group G, G is a nite index subgroupofindex 1. Here
is a lesstrivial example:

Example 1.13 Let G bepreseted by h 1; ) 1 2= 2 1; § = ei
for some xed k. In G, h ; j i is a nite-index subgroup of index k and
h 2j %= ei issubgroupofin nite index.

Given a subgroupH of G, ead set (aH) wherea 2 G is called a coset
of H. The group of left cosetsof H, denoted G=H, consistsof all elemens
of the form (aH), wherea 2 G. The binary operation de ned on G=H is
(aH) (bH) = (abH). Similarly, the group of right cosetsof H, denotedGnH,
consistsof all elemens of the form (Ha) wherea 2 G. The operation on
GnH isdenedto be(Ha) (Hb = (Hab.

2. One-dimensional symbolic dynamics

2.1. Preliminaries. One-dimensionalsymbolic dynamicsis the study of
the behavior of bi-in nite sequencesf symbols under simple transformations.



2. ONE-DIMENSIONAL SYMBOLIC DYNAMICS 10

Typically, these symbols comefrom some nite alphabet A, and an in nite
sequencef symbols is called a point. A point x 2 A4 may be written as

X =17:X 3X 2X 1:XpX1X2X3:::

whereeadh x; 2 A. In this sequencegadt x; occupiesa di erent \p osition,"
meaning that X, is the 0'th synmbol, x; is the 1'st synbol, x ; is the 1st
symbol, and soon. This ordering is indicated by placing a decimal point to
the left of the Oth symbol. For a point x, we may write (x); to mean the
symbol x;.

A black is a nite sequenceof synbolsb= b b, :::h,, and we sa that the
block b haslength jlj = n. A point x contains a block b if there exists some
k2 Z sud that xi+; = b forallj jb.

Definition 2.1 Given any (in nite or nite) setof forbidden blocks F,
de ne Xg to be the set of all points which do not cortain any blocks in F.
Sud a set X is called a shift space.

Example 2.2 X. is calledthe full shift on the alphabet A and consistsof
all possiblesequencein A. Every shift spaceis a subsetof the full shift.

Example 2.3 Let A = f0;1gand F = f11;009. Then Xg consistsof two
points:
:::01010101:::
and
:::10101010::::
Example 2.4 Let A = f0;1g and
F = ffL.:{'z:_}: niseweng:
n 1s

Then Xg consistsof all bi-in nite sequencedor which the maximal string of
consecutie 1s always has odd length. For example,

:::01110100111110:: 2 Xg

but
:::010010110111Q:: Z Xg:

2.2. The shift transformation. Shift spacesare shift invariant sets,
which informally meansthat given a point x 2 Xg, we can construct a new
point in Xg by \shifting" the location of the decimal point in x. This is
expressedformally by a shift transformation : Xg ! Xg, which acts by
shifting the sequenceone position to the left (or the decimal point one place
to the right):

(X) = (i::X 3X 2X 1:XoX1X2X3:::l)
= 111X 3X X 1XgiX1XpX3lil
It should be obvious that (Xg) = Xg and that 1 is also well-de ned.
In addition, we can assigna metric to points in a shift spaceby setting
(x;y) = supf1=2l : i 2 Z;x; 6 y;g. Under , is cortinuous, and a shift
spaceXg is a closal set, meaningthat Xg cortains its limit points under
In fact, we have the following theorem, proved in [10]:
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Theorem 2.5 A setX  A?is a shift space if and only if X is closal
and shift-invariant.

The shift transformation is important becauseits action on shift spaces
createsa dynamical system. The formalism of one-dimensionalsymbolic dy-
namicsdescritesdynamical systemsthat have a discrete nite spaceand dis-
crete time. For example, suppose a system S can be in some nite set of
statesA, and that transitions betweenstates can be restricted by someset of
blocks F. Then ead point x 2 Xg givesan ertire history of the system. If we
regard the current state of the systemas Xy, then movestime forward one
stepsince( (X))o = X;. Many dynamical systemscan be modeled exactly or
almost exactly by symbolic dynamical systems,which, in general, are much
easierto handle.

The shift transformation also de nes one of the basic properties of points
in a dynamical system, periodicity :

Definition 2.6, A point x 2 Xg is periodic if there existsn 2 Z sud that
"(x) = X.

Equivalertly we could say that a point x 2 Xg is periodic if the orbit
f "(X):n2 Zgis nite.

Example 2.7. The point x = :::010101010101: : :is periodic since ?(x) =
X. The point x = :::000000100000Q:: is not periodic.

2.3. Entrop y and the golden mean shift. The setL (Xg), alsocalled
the languageof Xg, is de ned to be the set of all nite blocks which appear
in points in Xg. The languageof Xr is important becauset providesanother
way to characterizepoints in Xg and a connectionto the \languages" studied
in theory of computation. One of the mostimportant characteristicsof a shift
spacegntropy, is roughly the growth rate of the number of blocks in L (Xg).
De ne

Bhn(Xg) = fl2L(Xg):0<jlj ng:
Then we have:

Definition 2.8 The entropy h(Xg) of a shift spaceXr is de ned to be

h(Xe) = fim log, jBn (Xe)j.
n!l n

Example 2.9 LetA = f0;1gandF = f11g. Xg is calledthe goldenmean
shift becausethe entropy of Xg is equalto log , where is the goldenmean
(this exampleis taken from [10]).

To seethis, note B; = f0;1g and B, = f00; 10;,01g. We can partition B,
into two sets,Z, and W,,, consistingof blocks that endin 0 and 1 respectively.
To construct Wy, , we can put 1 on the end of ead block in Z,,. To construct
a block in Z,.+1, we can put 0 on the end of eat block in Z, or W,. Thus,

JWhi = JZn 4
jznj = jZn lj + jWn lj = jZn 1j + jZn Zj:
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This shows that the jZ,j are Fibonacci numbers F; with jZ,) = 1 = F,,
1Z,) = 2= F3, and in generaljZjj = Fj+1. Thus,
IBn] = JZn] + ]Wh]
= JZnj+ JZn 4]
= Fna + Fy

= I:n+2

Now, it is known by Binet's formula that

1
Fn — — n n
19—5( )

where
_ 1+ 75 and = & pE,
) T2

We can nd the entropy of Xg by

logjBn(Xr)j
n
= ||{n Ioan+2
n! H |
Iog pl_g( n+2 n+2)
= lim

n'i n

h(Xe) = lim

n+2

= lim 1 Iog|s~1—f_3 + (n+ 2)log + log(1

nii n n+2 )

= log;
since "="1 0.

The limit de ning entropy always exists by subadditivity, and for certain
classeof shift spacest is easyto nd. Onesud classof shift spacess called
the shifts of nite type:

Definition  2.1Q A shift of nite type is a shift spaceXr for which the
cardinality of F is nite.

Most of this thesiswill be dewted to studying shifts of nite type because,
while in one-dimensionthey are relatively easyto understand,onZ Z their
behavior is much more complex.

2.4. Graph representations of shifts of nite type. In general,we
canrepreseh any one-dimensionakhift of nite type Xg with a directed graph
, in which either the edgesor the verticesare labeledwith synbols. In either
case, hasa nite number of verticesand in nite walkson correspnd one-
to-onewith points in the shift space.A detailed discussionof sud graphscan
be found in [10], but for our purposesit will su ce to discussan exampleand
sketch the proof of a simple theorem about shifts of nite type.
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Figure 4. A graphrepresetation of a one-dimensionakhift of
nite type.

Example 2.11 Let A = fR;G;Bgand F = fGR;GG;BG;BB;RBg.
Figure 4 shows a graph represeting Xg, whereverticescorrespnd to synbols
in A. This graph shows that, for example,BB 2 F sincethere is no directed
edgefrom B to B.

Theorem 2.12 A nonemptyshift of nite type Xg alwayscontains a pe-
riodic point.

Pr oof. If Xg is nonempty, then we cantake anin nite walk on the graph
represeting Xg. But hasa nite number of vertices, so we must visit
somevertex v twice. That meansthat there exists a path from v badck to v.
Thus, we can construct a new walk on  which repeatedly goesfrom v to v.
This new path will correspnd to a periodic point in Xg.

3. Z% symbolic dynamics

Ideasfrom one-dimensionakynbolic dynamicshave alsobeengeneralized
to multi-dimensional arrays of symbols. For example,in Z Z a point is a
two-dimensionalarray of symbols sud as

a 11 do1 A
a 1,0 a0;0 al;O
a1 dp 1 ;1

A point can be viewed as an assignmen of a color in A to ead elemen of
Z Z. Wewill alsocall points colorings:

Definition 3.1 Givenasetor group S, afunctionf :S! A iscalleda
coloring of S.

In Z9, blocks consist of d-dimensional hypercubes, and shift spacesand
shifts of nite type are de ned analogouslyto the one-dimensionalcase. In

alongthe i'th coordinate axis.
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X P4 B [N . .
XX

Figure 5. A setof 13 Wangtiles which will tile the plane only aperiodically.

The symbol at position R Z% in a point x is notated by xg. With this
notation, we can de ne the shift transformations by

( (X))(Xl X2500X = X(Xl;iii;Xi X +1 X 41 ;ZII;Xd):

In addition, entropy is de ned analogouslyto the one-dimensionalcase. If
C, is an d-dimensionalhypercube of side length n, and B, is the number of
coloringsof C, that are allowed in Xg, then we de ne
logBn

nd -
Entropy turns out to be di cult to compute for many simpleZ Z shifts of
nite type;later we will return to discussthe goldenmeanshift onZ Z.

%) = i

3.1. Wang tiles. Z Z dynamics are much more dicult to analyze
than Z becauseewen simple systemssud as shifts of nite type can have
extraordinarily complicated behavior. For example,if a one-dimensionakhift
of nite typeis nonempty, it must cortain a periodic point. In two dimensions
this is not true: there exist squaretiles, called Wang tiles, which will only
allow an aperiodic tiling of the plane. An exampleof Wang tiles is shown in
Figure 5 [1]. Onemust placethesein the planewithout rotating them, sothat
colorededgesmatch up and no gapsare left. The tiling of the plane by Wang
tiles is \equivalert" to a two-dimensionalshift of nite type, sincewe cangive
eah Wangtile a unique symbol and usethe colorededgesto construct a set
of forbidden blocks F.

It canbe proved that the setof tiles in Figure 5 cantile the in nite plane,
but that they will never produce a periodic coloring. This meansthat for all
T22Z Ztheorbit fT"f :n2 Zgisinnite for all allowed coloringsf by
Wang tiles. This is perhaps surprising becausethe tiles are restricted only
locally (by which can be adjacen), but they give rise to the global property
that they newer allow a periodic tiling. Interestingly, the existenceof sud shift
spacess closelytied to the fact that in two dimensions,determining whether
a shift of nite type cortains any points at all is formally undecidable.

3.2. The two-dimensional golden mean shift. Z% dynamical systems
can descrile many complicated physical systems,allowing, for example,ques-
tions in statistical physicsto be rephrasedin Z9 dynamicalterms. Perhapsthe
most well-known problem in this areais to determinethe hard squae entropy
constant, which equalsthe ertropy of a two-dimensionalversionof the golden
meanshift. ConsiderZ Z with the standard presemation

h1, 20] 125 2 1i:
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De ne Xg to bethe setof coloringsof Z Z by A = f0; 1g sud that no two
1's are adjacen horizontally (by 1) or vertically (by ). That is, the setF
of forbidden blocks consistsof the following two blocks:

11 1
1

If rooks could only attack adjacen squares,B, would court the number of
ways to placerookson an n n chessloard sud that no two were attack-
ing ead other. The value of h(Xg) is important for understanding se\eral
physical systemsand for many coding problemsthat arisein the study of two-
dimensionalrun-length constrainedchannels[14, 8, 12]. Much e ort hasbeen
put into simply adchieving boundsfor h(Xg), and h(Xg) hasbeencomputedto
seeral decimal places[4]:

h(Xe) = log1:5030480824: :

Aside from bounds and numerical computations, very little is known about
this number, and even determining whether h(Xg) is algebraicis still an open
problem.



CHAPTER 2

Symbolic dynamics on groups

The goal of this chapter is to generalizesomeof the basicideasfrom one-
dimensionaldynamicsto coloringsof groups. This is motivated by the fact that
we can view points in one-dimensionalsymbolic dynamics as assignmets of
symbolsto eat elemen of the groupZ. Similarly, points in Z¢ areassignmets
of symbolsto ead elemen of Z¢. In asensegeneralizingone-dimensionaideas
to arbitrary groupsis doomedfrom the start, sincequartities sut asertropy
may no longer always exist by subadditivity. Howeer, the next chapter will
study the golden meanshift on the free group and show that the behavior of
marny systemscan still be rich and interesting.

In this chapter, we will rede ne much of the terminology from one-dimensional
and Z9 dynamical systems. The de nitions will be equiwalert to the earlier
de nitions for the caseswhen the group under considerationis Z or Z9.

1. Basic de nitions

1.1. The shift transformations. Let G be a nitely-generated group
preseted by h j Ri. SupposeG hasgenerators =f 4;::: ,0, andlet A
bea nite alphabet of symbols. Recalla coloring of Gisafunctionf : G! A.
One canregard coloringsasassigningto eat vertex of the Cayley graph of G
a synmbol from A.

Coloringswill be consideredpoints in the dynamical system(A ¢; G) where
the action is given by

of (w) = f(gw)
forggw2 Gandf : G! A. Sincethe ; are generatorsof G, we needonly
specifythat f (w) = f( jw) foreadh ; 2 . For simplicity, we will generally
assumethat groupsare presetied by a standard form: unlessotherwisestated,
Z9 will be presened by

h it g 0= iforalliy) di;

and the free group on k + 1 generatorswill be preseried by

Howeer, it will occasionallybe corveniert to usea di erent presenation of a
group.

1.2. Shift spaces. A black is afunction b: H! A, whereH is a nite
subsetof G. We make no stipulations that B is \connected" or of a certain
shape. A coloring f contains ablock b: H ! A if there existsg 2 G sut
that f (gh) = b(h) for all h 2 H. In other words, a coloring cortains a block if

16



1. BASIC DEFINITIONS 17

the coloring can be shifted to agreewith the block on all of H. We are now
ready to de ne shift spaces:

Definition 1.1 Givenagroup G and a set of forbidden blocks F, de ne
Xg to be the set of all coloringsof G that do not cortain any block in F. Xg
will be called a shift space.

In the casewhen G = Z9, we recover the previousde nition of a Z9 sym-
bolic dynamical system. Again, when the cardinality of F is nite, X¢ is a
called a shift of nite type.

If wedeneametric :Xg! Rby

(f1;f2) = supf1=29 : g 2 G;f41(g) 6 f2(0)g

then ead shift transformation ; is cortinuousunder . Note that is analo-
gousto the one-dimensionakasepresened in Chapter 1.

Example 1.2 Onany groupG, X. is ashift spaceconsistingof all possible
coloringsof G by A. This is called the full shift on G.

Example 1.3 For eahy ;, dene the block b, : fe; jg! f0;1g by

mean shift on G. WhenG= Z orG= Z Z, goldenmeanshift takeson its
usual de nition.

1.3. Entrop y. We canalsode ne ertropy for shift spaceson groups. De-
ne a\ball of radiusn" by

C,=1fg2G:jgi ng:

Definition 1.4 Forn = 0;1;2;:::, let B,, be the number of coloringsof
C, that appearin Xg. Then we de ne the entropy of Xg to be

logBn
iCnj

h(Xg) = lim sup
n!l

Note that h(Xg) will always be de ned; howewer, the lim sup may not
necessarilyequal the lim inf. On Z9, however, the lim sup equalsthe lim inf
by a subadditivity argumern [13]. The de nition of ertropy usedhereappears
to be dierent from the de nition of Z% erntropy given earlier becausethis
de nition considers\balls" of radius n and the earlier de nition considered
\cubes" of side length n. Howe\er, it turns out that the two give the same
numerical value on Z¢; in fact, one can considerany set of shapesthat form a
F Iner sequencdll]. A FIner sequene is any sequencef subsetsFq;F,;:::
of G for which lim,, jgF, 4 F,j5F, = Ofor any g 2 G, where4 s the
symmetric di erence operator. Informally, this says that the action of any
group elemen doesnot move \move" the F, too far. FlIner sequencesre
alsorelated to amenability in that a courtable group is amenableif and only
if it hasa FIner sequence.In Z¢ it is easyto ched that both \balls" and
\cubes"form F Iner sequenceand thereforegive equalvaluesfor the ertropy
[11].
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Figure 1. Part of the Cayley graphof Z Z with a di erent
presenation.Note ; ,= , 1= 3.

1.4. Summary. Let ussummarizewhat hasbeende ned: givena group
G, analphabet A, andasetF of forbiddenblocks (functions from nite subsets
of G to A), we de ne the shift spaceXr to be the collection of coloringswhich
do not useany blocks in F. On this set, we de ne a metric , sud that f,
and f, are \close" if they agreeon a large block certered at e 2 G. Under
this metric, ewvery shift action T 2 G is cortinuousunder . We also de ned
the entropy of Xg. All of thesede nitions were constructed so that they are
equivalent to the one-dimensionalde nitions when G = Z. Next, we usethis
framework to presen a standard examplefrom statistical physics. In the last
section of this chapter, we will considerhow to generalizethe de nition of
periodicity.

2. The hard hexagon constant

We have already discussedhe hard squareenropy constart, which is the
ertropy of a two-dimensional version of the golden mean shift. A related
constart is the hard hexagonentropy constant, which equalsthe ertropy of the
goldenmeanshift on a hexagonalgrid. ConsiderZ Z with the preseration

h1, 20 3] 12 215 12= 3i;

and supposethat X consistsof all coloringsof Z Z with this presertation
sud that no two adjacen elemeits are coloredl. Part of the Cayley graph of
Z Z with this presertation is shavn in Figure 1. Note that this is the dual
graph of a tiling by hexagonswhich shows that the goldenmeanshift on this
preseration is the sameas the golden mean shift on a hexagonalgrid. We
can alsorewrite theseadjacencyrules on the standard presenation of Z Z.
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If we chooseF to consistof the three blocks
11 1 10

1 1
then the entropy h(Xg) is calledthe hard hexagonertropy constart, andit has

beencomputedexactly [7, 2]. It is extraordinary that exp(h(Xg)) is algebraic
and is given by

eXFXh(XF )) = 12 34 1:395485972: :;

where
1= 4 135=411 5=12a 2
o J— . O ——
= 1 1 a+ 2+a+2 1+ a+ a?
q p——— 2
3= 1 1 a+ 2+a+2 1+ a+ a?
p q P 1=2
4= 1 b+ 2+Db+2 1+b+ I :
and
1 3 1=3 1=3 s
= —+ =b((c+ 1)~ 1)~
a= 7+ gb(c+ DT (¢ 1)
124 ._
b= =113
636
2501,
C= 119760

The value of h(Xg) isimportant for determining the thermodynamic properties
of a model in statistical physicsthat describesphasetransitions of systemsof
rigid molecules. The above results were calculated by [7, 2] by using the
Klein-Fricke theory of modular functions.

3. Periodic colorings

For the group G = Z = h 1| i that is usedin one-dimensionalkymbolic
dynamics,the de nition of periodicity is straightforward: a coloring f is peri-
odic if the orbit f 7f :n 2 Zgis nite. Howewer, the bestway to generalize
this to arbitrary groupsis not clear. One possibility is to say that a point is
periodic if there existsa group elemen whoseorbit is periodic:

Definition 3.1 (Weakly Periodic). A coloring f of a group G is weakly
periodic if there existsT 2 G with T 6 e sud that the orbit fT"f :n2 Zgis
nite.

Example 3.2 SupposeG = Z ( ZandA =fR;Yqg. Let

f(gp= o000
Y otherwise

Then the orbit 2f = f sof is weakly periodic.
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® O @ O ®

@ O @ O @

Figure 2. Part of the chedkerboard coloringof Z  Z.

Depending on the characteristicsof G, a coloringf might be weakly peri-
odic in atrivial sense:supposethat thereis ;2 sud that [ = efor some
r 2 Z. Then clearly the orbit ['f will be nite:

Example 3.3 Fix r 2 N. Supposethat G is the group presened by
h i 2] 12= 21; 5= ei. Geometrically one can picture the Cayley
graph of G asan in nitely long pieceof graph paper of nite width that has
beencurled into an in nitely long cylinder. Every coloring f will be weakly
periodic, since 5f = f.

One might alsode ne \p eriodic” by consideringthe full orbit of a coloring
under the ertire group:

Definition 3.4 (Strongly Periodic). A coloring f is strongly periodic if
the orbit fTf : T 2 Ggis nite.

Example 3.5 In Example 3.2the coloringf is not strongly periodic since
the orbit f Jf :n 2 Zgis not nite.

Example 3.6. SupposeG=2Z Zispresenedby h 1; 2] 1 2= 2 1i
and A = fR;Yqg. Let

(
ap_ Rifa b mod2
Y otherwise:

f might be called a checkerlbard coloring of Z  Z, part of which is shown in
Figure 2. We have

and
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Thusgivenany T2 G, Tf =f or Tf = 4f. In both cases;T?f = f, sof is
strongly periodic.

Note that ewery strongly periodic point is also weakly periodic. We will
also be concernedwith aperiodic colorings:

Definition  3.7. A coloringf is aperiodic if it is not weakly periodic.
Example 3.8 LetG=Z,A=fR;Ygand

Rifr=20
f(!)=
() Y otherwise.
Then f is the one-dimensionaboint
YYYYYYRYYYYYY oo

and f is aperiodic.

4. An algebraic perspectiv e on periodic colorings

Periodic colorings are de ned in dynamical terms, but they can also be
studied group-theoretically Let

H=fT2GjTf =fg
bethe stabilizer of acoloringf . It is easyto ched that H is a normal subgroup
of G. We can characterize the periodic properties of f by consideringthe
group-theoretic properties of H :
Theorem 4.1 H characterizesf in the following way:
(1) H=fegif andonly if f is aperiodic (not weakly periodic).
(i) H isof nite indexif and only if f is strongly periodic.
Pr oof. Note that f is weakly periodic if and only if there existsT 2 G

sudh that T 6 eand Tf = f. This implies (i).
For (ii ), note that G can be written asa disjoint union of cosetsajH as

[
G= aH;
a2l
for someset |, wherea; is a r[epreseltative of the i'th coset. This implies
(1) Gf = aHf =faf :a 2 1g;
a2l

sinceH is the stabilizer of f . If H is nite indexthen | is nite soby (1) Gf
must be nite. This shovs f must be strongly periodic if H is nite index.
Similarly, if H were not nite index, | would not be nite. Then (1) would
shawv that Gf isnot nite: af 6 gf fori 6 j, sincethe & arerepresetativ es
of distinct cosets.This proves(ii).

Therefore, nding periodic coloringsturns out to be equivalert to nding
nite index subgroups.
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.0
Figure 3. Part of the Cayley graph of H. The red sphere
correspndsto e.

5. An example: the Heisenberg group

The discrete Heisenlerg group, H, is a group of upper-triangular, three-hy-
three matrices. Elemerts of H are of the form

2 3
1 ab

401 co;
001

wherea;b;c2 Z. H canbe generatedby elemens x and y, where

2 3 2 3
110 100
x=40105 and y=401 15:
001 001

With thesetwo generators,H is preserted by

hx;yjxxyx ty 1= xyx y I yxyx ty 1= xyx y lyi:
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We can simplify this notation by de ningZ

3
101
z=xyx ly =401 05:
001
Then H can be preserted by
(2) hx;y;zjxz = zx;yz = zy;z= xyx y i:

The Cayley graph of H is shavn in Figure 3.

In Figure 3, group elemetts arerepreseted by white spheres.Generatorsx
andy arerepreseted by greenand blue barsrespectively, and z is represeted
by yellow bars. Note that H is similar to Z3, exceptthat H hasa \t wist."

The presenation (2) makesit clearthat H hasJ = Z Z generatedby
hx;z j xz = zxi asa subgroup. Therefore,becausethere exist shifts of nite
typeon Z Z that only admit aperiodic colorings, we can construct a shift
of nite type rule on H sud that J must be colored aperiodically (since J
is isomorphicto Z  Z). If we have someset of rules F that force J to be
coloredaperiodically but do not placeany restrictions in the y direction, then
Xg cannot cortain a strongly periodic coloring, sincethe orbit fx"f : n 2 Zg
will be nite for any f 2 Xg. Thus, we can construct a shift of nite type on
the Heisefberg group that doesnot admit a strongly periodic point.

It shouldalsobe clearthat if f 2 Xp andH = fg2 H: gf = fgisthe
stabilizer of f , then H=H is isomorphicto Z if f is aperiodic and isomorphic
to Z mod r for somer if f is weakly periodic. It appearsto be much more
dicult to nd ashift of nite typeonH that doesnot allow a weakly periodic
coloring, if sud a shift of nite type ewen exists.

On Z3, there exist aperiodic setsof \W ang cubes" that will only tile Z3
aperiodically. An exampleof thesecanbe foundin [5], which constructsWang
cubesin Z2 by rst constructing rulesthat coloread x y planeaperiodically,
using the regular Wang tile rulesin the x y plane. The authors prove that
sudh coloringswill cortain arbitrarily long stretches of a certain color in the
x direction, and then clewerly usethat property to restrict coloringsin the z
direction sothat no coloring can be weakly periodic. The proof seemdo hold
potential for constructing an aperiodic shift of nite type onH, sincelike Z3,
H hasZ Z asa subgroup. Howewer, direct application of the methods in [5]
to our setting doesnot appear feasible.



CHAPTER 3

Shifts of nite type on the free group

1. Elementary prop erties

This sectionwill study the periodic properties of shifts of nite type on
the free group. We will study only nearest-neighbr shifts of nite type, which
are shifts Xg for which ead block in the set F of forbidden blocks consistsof
only two adjacen group elemeltts; that is, F only restricts which elemeits can
be adjacent by eadr ; 2 . The restriction to nearest-neigbor shifts of nite
type is mainly for notational simplicity, but it should be clear that given an
arbitrary shift of nite type onthe freegroup, we can\recode" it to a nearest-
neighbor shift of nite type usinga sliding block code shhemeanalogousto the
one-dimensionakase.

The following operation on one-dimensionalshift spaceswill be usefulin
this chapter:

Definition 1.1 Dene Xg j.= Xg[(anL) SOthat Xg j_ restricts the shift
spaceXr to the smalleralphabet L A.

Example 1.2 Let A = f0;1;2g and F = f11g. Then Xg jio.14 is the
goldenmeanshift, Xr jto.24 is the full shift on f0; 29, and X ji14 is empty.

1.1. One-dimensional shifts of nite type in the free group. Since
we are studying only nearest-neigbor shifts of nite type, we will assumehat
F A A. Then, if (a; ;b 2 F with a;b2 A, the shift spaceXg has
the restriction that for any coloringf 2 Xg, f (g) = aimpliesf(g ;) 6 b.

The free group is relatively easyto analyze becausewe can regard F as
de ning a one-dimensionakhift of nite type for eat of the generators. For
example,we can consideronly the shift transformation ; and only the adja-
cencyrulesin A f jg A F to dene a one-dimensionalshift of nite
type. This shift of nite type will be denotedX .

Example 1.3 LetA=1f0;1g, =f ;; ,gandF =1 (1; 1;1)g. Then
X | is the Golden Mean shift and X , is the full shift.

In the Cayley graph of G, there are in nitely many copiesof X .. Given
any w 2 G the shift of nite type denotedby X (‘i”) will consistof all allowed
coloringsof the vertices

ot (w2 (w D) f(w)f(w B f(w B

A point x 2 X(‘i’v) isafunctionf :fw " :n2 Zg! A. In other words,

X(‘i’v) is a one-dimensionakhift of nite type that colorsall verticesin the
direction starting at the group elemen w. Figure 1 shaws the verticesin the

24
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Figure 1. The black verticesare coloredin X (12), for the free
group on two generators.

Cayley graph of G that correspnd to the one-dimensionakhift of nite type
x (2.
If the rangeof f is S, we say that f usesead colorin S. Note that X

and X (i ") color the sameset of group elemetts, but X (iw) and X (ijw) do not
forj 6 i.

(w)

1.2. A way to specify colorings. Ead one-dimensionalshift of nite
type X , setsrestrictions about how G can be colored. Howeer, it may be
di cult to specify explicitly agivencoloringf 2 Xg. Herewe dewlop a way of
preseting acoloringf of G which will be usefullater in shoving nonemptyness
and constructing strongly periodic colorings.

Definition  1.4. On the freegroup G on g generators,a setof 2q functions,
fhy:A!l Asudhthatx2 orx 2 g
is called a set of coloring functions.

Coloring functions can specify coloringsin the following way. We begin by
de ning f (e) = a for somea 2 A. We then repeat the following process: if
f (g) hasbeende ned but f (gx) hasnot yet beende ned forx 2 orx 12
we de ne f (gx) = hy(f (g)). Therefore,oncewe have colored one vertex, the
h, inductively de ne the rest of the coloring.

It shouldbe clearthat if sud coloring functions exist and obey the forbid-
den blocks so that we always have (I; i;h (1)) 2 F and (h 1(l); ;1) 2 F,
then the shift spaceXg must be nonempty. |
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Figure 2. The rst three stepsin the coloring speci ed in Ex-
ample 1.5.

Example 1.5 SupposeG isthe freegroupontwo generatorsA = fR;Y;Bg,
and that the h, are de ned asfollows:

h,(R)=R hll(R) =R

h,(B)=Y hll(B) =R

h, (Y)=B hll(Y) =B
and

h,(R)=B hzl(R) =Y

h,B)=Y hzl(B) =R

h,(Y)=R hzl(Y) = B:

If we begin by coloring e with R, then Figure 2 shavs how the coloring of G
proceeds. Throughout this thesis, R, G, and B in A will respectively stand
for the colorsred, green,and blue.

Also, if we requirethat the hy areinvertible, then the coloring speci ed by
them will be strongly periodic:

Theorem 1.6, Supmse we color e by any a 2 A, and then produe a
ooloring f : G! A using someset of coloring functions S. If h,* = h, : for
eachhy, 2 S, thenf is strongly periodic.

Pr oof. We rst note that a coloring f specied by S is color-isotropic,
meaningthat if f (g;) = f(g) then f (gyw) = f (gw) for all w 2 G. This
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should be evidert from the fact that ead hy is a bijection sinceh, ! = h, 1.
But ewery color-isotropic coloring is necessarilystrongly periodic, since any
shift Tf of f will color e one of a nite number of colors. Each color that
e can be will uniquely determine a coloring of the ertire graph, so the orbit
fTf : T 2 Gg must be nite.

2. Nonempt yness and weakly periodic prop erties

First we will show that it is easyto determineif a shift of nite type on
the free group cortains any points. Then, we will show that the behavior of
shifts of nite type on the free group is somewherebetweenthe behavior of Z
andZ Z: anonemply shift of nite type on the free group may not cortain
a strongly periodic coloring (like Z  Z), but it will always contain a weakly
periodic coloring (like Z).

Theorem 2.1 A shift of nite type Xg on the free group is nonempty if
and only if there existssomeL A suchthat for everyl 2 L, each X . j_
contains a point which usesthe color |I.

Pr oof. Supposesud an L exists. Fix ; 2 . Thenforeah | 2 L,
eah X . j_ hasa point which usesl, sothere must exist [°2 L sud that
(I; ;19 2F. Seth (I) = I°for suc an I° Similarly, for eah | 2 L there
exists1°2 L sud that (1% ;1) 2F sodene h :(I) = I°for this I% Theseh,
de ne acoloring function on the alphabet L which obeysthe forbidden blocks,
so G can be coloredwith L.

For the converse,supposeXg is nonemptly. Then Xg cortains somecoloring
f:G! A.LetS A betherangeoff. Fixany ;2 ands2 S. There
existsg 2 G sudh that f(g) = s. As we let n rangeover Z, f( ['g) givesa
point in X , js which usess.

We next provethat, asin one-dimensionasymbolic dynamics,any nonempty
shift of nite type cortains a weakly periodic coloring. While the notation of
this proof is somewhatcumbersome the ideais simple. To construct a weakly
periodic coloring d, rst coIorX(‘f) periodically. To Il in the rest of the col-
oring, one must only make surethat if d( ') = d( ") thend( 7g) = d( "0)
forall g2 G.

Theorem 2.2 If Xg is nonempty,it contains a weakly periodic coloring.

Proof. Letf :G! A beacoloringofGin Xg. LetS=ff( 7):n2 Zg
be the rangeof f on X (‘f). We will needto keeptrack of one placethat eath
colorin S occursin X(?, sodenew:S! Z by choosingforeah | 2 S an
n2Z sudhthat f( 7)=1,andde ne w(l) = n. There may be morethan one
choicefor n, and it doesnot matter what n we choosesolong asf ( ‘{“(')) =1
Note that X @ js is a nonempy, one-dimensionalshift of nite type, so it
cortains a periodic coloring,say P :f [ :n2 Zg! S, of someperiod p.

We will construct a weakly periodic coloringd: G! A. First, setd( 1) =
P( 1) forall n2 Z sothat X(‘f) is colored periodically. Note that ewery
elemen in G is either of the form ! or ['xg for someuniquely determined
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g 2 Ganduniquely determinedx, with x 2 orx 2 ,x6 i,andx6 %

Soset

d( Ixg) = f( 77 Pxg)
Then

Td( Txg) = d( 7"Pxg)

n+p
— f( \]/-V(P( 1 ))X

_ g WPCD)
=f(. "

= d( 1)
sinceP has period p. This shows d is weakly periodic. Also, we must have
d 2 Xg sinceif d(g;) = a2 A and d(g,) = b2 A, then there existsg?; g2 2 G
such that f (g?) = aandf (g9) = bby the construction of d. Sincewe are only
consideringnearest-neigbor shifts of nite type, this shavs that d does not
disobey any of the adjacencyrules speci ed by F.

9)
Xg)

3. Strongly periodic colorings of the free group

We now determine when a shift of nite type on the free group admits a
strongly periodic coloring. This questionturns out to be much more subtle
than it may initially seem,and determining whether an arbitrary shift of nite
type admits a strongly periodic coloring appearsto beadi cult comnbinatorial
problem.

3.1. Cycles as point representations. First, we will represen a peri-
odic point in a one-dimensionakhift of nite type with a cycle

Definition 3.1 A cyclew is an expressionw = XX, ... X, wherex; 2 A.
A cyclew representsa periodic point x if
X = DX Xo il iXoiXeXo il i X Xa X i X i
A cyclew = XiX;:77X, haslength jwj = n and we will sometimeswrite
(W)i = X;.

Note that a periodic point can be represeted by in nitely many cycles
and that the cycle length of a periodic point is a multiple of the least period
of that point. In fact, the theoremsof the next section could be restated in
terms of multiples of the least period; however, doing sowould be much more
complicated notationally.

Example 3.2 If x = :::101010110101Q:: then the following are all
cyclesthat represen x: 10,101Q 101010 The cycle 101 doesnot represen X.

We next de ne a function , on cycleswhich courts the number of times
the colora 2 A appears.

Definition 3.3 Foracyclew anda?2 A, de ne

a(w) = #fi:(w)y=a,1 i jwjg:
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If Sis a setof cycles,de ne X

a(S) = a(w):
w2S
Example 3.4 If w; = RGRB then gr(w;) = 2,and g(wi) = g(wy) = 1.
If w, = RGB then g(fwy;w,g) = 3, g(fwy;weg) = 2and g (fwyg;weg) = 2.

3.2. Existence of strongly periodic colorings. We now prove the
main theorem of this sectionand chapter. The proof is notationally complex,
sowe follow eat major step of the proof with an example.

Theorem 3.5 A shift of nite type on the free group on q geneators con-

tains a strongly periodic coloring if andonly if there exist nite setsS ;S ,;:::;S
suchthat elementsof S, are cyclesthat representpoints in X ., and for all
a2zAand i; ;2 wehave 4(S))= a(S)).

Pr oof. We rst provethe ( direction. Supposesudh S . exist, and sup-

[P
B= fXs 0
i2 j=1 s=1
sothat B consistsof symbols sud asx,?;., X;%, X,7, etc.. Each elemett x;¢ in
B can be thought of asspecifyinga cyclew;’ in S, and a position s in that
cycle.

Example 3.6. Supposewe are attempting to color the free group with the
shifts of nite type shown in Figure 3, and we have chosen

Figure 3. Shifts X , and X ,.

S, = fRRGBg
and -
S, = fRB;RGg;
with w;2 = RB andw,? = RG. Notethat g(S,)= r(S,)=2, &(S,)=
c(S,)=1and g(S,)= s(S,)= 1. Then the alphabet

[— 1. 1. 1. 1. 2 . 2 - 2 . 2 .
B = fXy15 Xapi Xof3i Xaai Xa15 Xa%) Xo15 Xo5%0:
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Next, wdene :B! A by
(Xj;is) = (Wj i)s

sothat

).

That is, mapsthe synbol x;.; to the colorat the location (in acycle)speci ed
by X;.g -

Wit = (%) (X)) (”WJ

Example 3.7. In our example,we have,
(X)) = (Xh) = (X3) = (X3) =R
(X15) = (X%) =G
(Xy2) = (x1%) = B

Sincewe assume (S ) = a(S ;) forall a2 AP i, j 2 ,wedene ,
to be the ggmmonvalueof all (S ;). Dene N = _,, a and note we also
haveN = | .5 jwj. Next we have the following lemma:

Lemma 3.8 GivenS ;S ,;:::; S , that satisfy the hypothesesof the theo-
rem, thenthere existsetsk; E,;:::Ey that partition B and meet the following
conditions:

(i) If x5 2 Er and X0 SO2 Er then (X)) = (X0 SO)
(i) Forevery ; 2 ; eachE, contains exactlyone elementof the form
X;s (Where | and s may deendon ):

Pr oof. In this proof we temporarily change notation. Suppose A =
f1,2;3:::;mg and

B=fohbh bk o L g

for somep,, wherel, = X;.s for somej; s. Foreadh xed i < | j, wecan\sort"
the b’ by color sothat

maps tr} se to 12A maps tr} seto 22A maps thf eto m2A

y4
bb'T qu h/ Tv {::::::b; b'ls :::bii{;
N 1 y( vy Y01 y( 1+ 2) YN e Y w2 Yin)

for appropriate choicesof the y, 2 N with 1< a < p,. The conditions on the
S . assurethat

#fh'2B: (bh')=ag=#fh' 2B: (b')= ag

foralla2 A and ;; ; 2 . Thus, when we sort by color, ead row of b
hasthe samenumber of elemens ( ;) that mapsto a2 A. That is, we can
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write

maps these to 12A maps these to 22A maps t eto m2A

i e s S| { P e {

k{}lh}z:::k{}l k{}l k{}l :::q}l i ql,l ql,l :::t{l,l
1 1 (14 V(1) (1+ 2) (N m+) YN m+2) (N)

tﬁzk{fz:::kﬁz k{fz k{fz :::k{f2 e tﬁz tﬁz :::qf2
172 1 (1+D) (1+D) (1+ 2) (N m+1) (N m+2) (N)

(o1 o (R o 8 M M S oi SR o} b, o)
1 byz Y by( 1+1) by( 1+) by( YN mey YN me2) Yin)

1t 2)

for appropriate choicesof y! 2 N with 1< a< p;. To getthe E,, simply read
down the column of this array. That is, let

[ .
E,= fH,g
i=1
Then the fact that the rows are sorted by color and eat row cortains the
samenumber of ead color implies (i). The fact that ead E, cortains exactly
oneelemen from ead row implies (ii ).

Cortinuing in the proof of the main theorem, we can apply Lemma 3.8
to chooseEq; E,;:::Ey that satisfy (i) and (ii). Note that (i) assuresthat
elemens of a given E, all specify locationsin cyclesthat are coloredthe same
color, while (ii) assuresthat colors from cyclesin eah S, are represeted
exactly oncein eat E,, sothat jE,j =] |.

Example 3.9 In our example,there are seweral ways to choosethe E,.

Oneis,
Ei= fxhi x40
Ez = x5 %40
Es = X155 %,%9
Es= X134 X1%0:

We will now usethe E, to construct a coloring of the free group with
the alphabet f1;2;:::Ng, which will later be projected down to a strongly
periodic coloring by A.

We produce a coloring by de ning coloring functions

h,:f1,2:::Ng! f1,2,:::;Ng
foreacr ;2 . Givenanr 2 fl;:::;Ngand ;2 , nd the uniquej;s2 Z
sud that x;; 2 E;. Dene h (r) = r% wherer®is sud that

Xj;I(S+1 mod jw, ) 2 E,o:

That is, givenr, h, nds the elemen of the form x;; 2 E;, and h ,(X;s)
equalsthe number of the set cortaining the symbol adjacent to x;¢ in the
cyclew,'. Each h, is invertible, sowe candene h . =h .
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Example 3.1Q In our example,N = 4 and the h . are given by

h,)=2 h,Q1) =4
h,@=3 h,2 =3
h,®=4 h,3 =2

h,4=1 h,(4) =1

Note that eat h . is necessarilya bijection, and therefore it de nes a
strongly periodic coloring by Theorem 1.6. Suppose this strongly periodic
coloringisF : G! f1;2;:::;Ng. We project F down to a coloring of G by
using . Denef :G! Abyf(g)= (x), wherex isany arbitrary elemen
of Er(g. Note the specic choice of x doesnot matter becauseof condition
(i) above. The orbit fTF : T 2 Ggis nite sinceF is strongly periodic, and

maps ead of thesecoloringsto at most onedistinct coloring, sothe orbit

fTf :T2Gg= (fTF:T 2 Gg)
must be nite. This shovsf is strongly periodic.

Example 3.11 Supposewe colorewith 1. The coloringof G by f 1; 2; 3; 4g
speci ed by the h, above is strongly periodic. Figure 4 shaws the coloring

o
e
e

o

Figure 4. The coloring from Example 3.11.

the hy specify over the alphabet f 1;2; 3;4g, and the projection down onto
fR;G;Bg. Note that this coloring is color-isotropic over f 1; 2; 3; 4g, but not
fR;G;Bg.

To prove the ) direction, we shav that any strongly periodic coloring
de nes a set of cyclesthat meetthe conditions of the theorem. Considerany
strongly periodic coloringf which satis es the shift of nite type constrairts.
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Figure 5. The Cayley graphof GnH.

We can de ne the stabilizerof f, H = fT 2 G: Tf = fg, which is a nite
index subgroupsincef is strongly periodic. H is like a fundamertal region of
the strongly periodic coloring.

Note that H is a normal subgroup, so considerthe group of right cosets
G nH with the binary operation (Hr) (Hs) = (Hrs). SinceH is a stabilizer
off ,hf(r)=1(r) forallh2 H andr 2 G. Thus, elemetts of the coset(aH)
are all coloredthe samecolor f (a), but thesecolors may not be distinct for
di erent cosets.

Example 3.12 Figure 5 shaws a Cayley graph for GnH, whereH is a
nite index subgroup. Each vertex in this graphis labeledwith an elemen of
Hs; 2 GnH and a color equalto f (Hs;), sothat, for example,f (Hs;) = R.
There are two kinds of edgeson this graph: solid correspndto ,, and dotted
correspndto ,. Ead vertex hasexactly oneincoming and outgoing edgeof
eat type becauseG nH is a group. Given an arbitrary group elemen g =

a a ... a,Wecan nd (Hg)(Hs;) by following the appropriate sequencef
dotted and solid edgesfrom (Hs;).

Now x 2 ,andconsiderany coset(Hs). We de ne the cosetorbit
O, (Hs)=f(H )"(Hs):n2 Zg:

SinceG nH is nite, ead cosetorbit O . (Hs) must be nite. Note that two
cosetorbits O ,(Hs;) and O ,(Hs;) are either equal or disjoint. Therefore,
therearesome nite number of distinct cosetorbits, O (Hs;); O ((HSp); :::;0 . (Hsm,),
which together form a disjoint partition of GnH for eath ; 2
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Example 3.13 In Figure 5, we have the following disjoint cosetorbits:
O ,(Hs1) = f(Hsy); (Hsz); (Hs3); (Hsa); (Hss)g
O ,(Hs1) = f(Hsy); (Hss); (Hss)g
O ,(Hsp) = f(Hsp); (Hss)a:

Wealternatively could have chosendi erent H's; since,for example,O ,(Hs,) =
O l(H 55).

Ead cosetorbit O ,(Hs;) is a collection of cosetsgiven by
O ,(Hs) = f(Hs):(H i5);(H 75);::(H 's)g;

wheren dependsoni andj. We canthereforeregardead cosetorbit O ;(Hs;)
as specifying a cycleC ,(Hs;) given by

C.(Hs) =f(s)f ( Is)f ( 25):::f ( I's)):

SinceH is the stabilizer of a coloringin X, eath C . (Hs;) represets a point
in X .

Example 3.14 In the example from Figure 5, C ,(Hs;) = RBRGB.
Also, C ,(Hs;) = BBR andC ,(Hs;) = RG. Note that we could have chosen
di erent cycles(by shifting wherewe start), but thesecyclesstill would have
represeted points in X , and X , sinceX , and X , are shift-invariant.

We then de ne the set
S,=fC,(Hs):1 j mg;

wherem; is the number of distinct cosetorbits. Note that

X
a(S ) = a(C (Hs)))
j=1
X
=  #fi:(C (Hs)i=a1 i jC,(Hs)jg
j=1
X

= #fx:x2 0O (Hs);, (x)= ag
j=1
=# f(Hs)2 GnH :f(Hs) = ag;
sincethe O ,(Hs;) form a disjoint partition of GnH. However, the value
#f(Hs)2 GnH :f(Hs) = ag

is independert of ;, which shavsthat ,(S ;) = a(S;) forall ; ; 2
This shavs that the S | meetthe hypothesesof the theorem.

Example 3.15 In the examplefrom Figure5, wehavethat S , = fRBRGBg
and S , = fBBR;RGg. Note that ,(S,)= 4(S,)foral a2 fR;G;Bg.
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o

IO

Figure 6. The coloring from Example 3.18.

This theorem is somewhatawkward to prove, and at rst glanceit may
seemasthoughits hypothesesaredi cult to work with. Howe\er, after stating
a few obvious corollaries that justify proving the theorem, we will give an
exampleof a casewherethe theoremcan be usedto shaw that a shift of nite
type on the free group doesnot cortain a strongly periodic point.

Cor ollar y 3.16 If there is a one-dimensionalperiodic point x which is
an elementof X | for all ; 2 , thenXg contains a strongly periodic coloring.

Pr oof. The hypothesefthe theoremare satis ed by choosingS ;| = fyg
forall ;2 , wherey is somecyclerepreseting X.

Corollar y 3.17 If X, = X, forall ;;; 2 andsomeX is
nonempty, then the shift of nite type on the free group contains a strongly
periodic coloring.

Pr oof. Every nonempty one-dimensionalshift of nite type cortains a
periodic point X, soapply the previouscorollary.

Example 3.18 Considerthe free group on two generators. SupposeX |
and X , both cortain the periodic point

X = :1::RGGBRGGB:RGGBRGGB :::

which is represeted by the cyclew = RGGB. WecanchooseS , = S, = fwg
to satisfy the hypothesesof Theorem 3.5. If we follow the construction in
Theorem 3.5, we can producethe periodic coloring of the free group shown in
Figure 6.
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Figure 7. ShiftsX , and X ,.

4. An example that is not strongly periodic

Now we presem an exampleof a shift of nite type on the freegroup where
eah one-dimensionalshift of nite type is irreducible, but the free group
still cannot be coloredperiodically. This, perhaps,is a courterintuitiv e result
becausdrreducibility is a strong condition and implies the existenceof many
kinds of periodic points.

Example 4.1 Considerthe shifts of nite type shown in Figure 7. Cycles
represeting points in X , are always of the form

RGBRGB :::RGB:
Cyclesrepreseting points in X , are always of the form

Ra;Ray:::Ra, 1Ra,;

whereead g 2 fG;Bg. This showvsthat for any setS , of cyclesin X |, we
must have

3) rR(S.) = 6(S,)= &(S)):

In addition, for any setS , of cyclesin X , we must have

(4) rR(S,)= 6(S,)+ &(S),):

If a(S,)= a(S,)= sforalla2 A, then (3) and (4) become
(5) R= G~ B

and

(6) R= e+ B!

Clearly we cannot simultaneously solve (5) and (6) unless ¢ = Oor g = 0,
which would imply that S | is empty, sinceewery point in X , usesG and B.
Therefore, even though both X |, and X , areirreducible, X doesnot allow
a strongly periodic coloring.



CHAPTER 4

The golden mean shift on the free group

In this section, we study the golden mean shift on the free group and
determinean expressiorfor its ertropy in Theorem3.4. In doing so,we dewelop
a new generalizationof Fibonaccinumbersand analyzethem using ideasfrom
one-dimensionakdynamical systemtheory.

1. Preliminaries

We will examinethe goldenmeanshift on the freegroup with q generators,
whereq 2. Howewer, many results of this sectionwill still hold true for
g=1(eG=2Z). Wedene k=29 1andassumethat G hasthe standard

isanin nite tree like the oneshown in Figure 1. In Figure 1, eat elemen of
G is represeted by an intersection of lines, with e at the certer. The golden
meanshift correspndsto coloring eat vertex of this graph with the alphabet
A = f0;1g sud that no two adjacer verticesare both coloredl. That is, the
set of forbidden blocks F = f(1; i;1): ; 2 g, with the notation of the last
chapter.

1+ -+

& . T

I T
SR A+

Figure 1. Part of the Cayley graph of the free group on 2
generators(k = 3).

37
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Figure 2. The tree T3 for k = 3. Here group elemens are
represeted as circles.

We rst analyze nite blocks in Xg by using a combinatorial argumert.
Fix any {2 anddenethesetT, G by
To=feg[ f i9:92Gijgj n Ig
for n 1. T, can be represeted by a subsetof the Cayley graph of G.
Sud a graph is showvn in Figure 2. In the graph of T,,, we label the vertex

correspnding to e by  and the vertex correspndingto ; by . We call
the \ro ot" of T,, and we say that T, hasheightn.

Definition 1.1 Let ¢p(n) and c,(n) be the numbers of possiblecolorings
of T, when is colored0 and 1, respectively.

Theorem 1.2 co(n) satis es the following recursion relationship: ¢co(1) =
2, 6(2) = 2+ 1, andco(n) = [eo(n D+ [eo(n )€ foralln 2.

Pr oof. It iseasyto seeby a simpleconbinatorial argumert that co(1) = 2
and cg(2) = 2¢+ 1.

When s colored1, then must be colored0. But we canregard as
the \ro ot" of k di erent treesead of heigit n 1. The coloringsof eat of
the k treesfor which is the \ro ot" can be chosenindependerily. Thus,

(7) a(n) = [eon I

Similarly, when is colored0O, canbe coloredeither O or 1, so
c(n) = [eo(n I+ [a(n I

By (7), this is the sameas
co(n) = [eo(n DI+ [co(n 2

which givesthe theorem.

Recallthat C, = fg2 G:jg ngandthat B, is the number of allowed
coloringsof C,, in Xg. Then we have the following theorem:

Theorem 1.3 B, satis es B, = [co()]“"* + [eo(n )™
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Pr oof. Note that C, consistsof k + 1 treesof height n that all sharee as
their root. When e is colored0, there are co(n) possiblecolorings of ead of
the k + 1 treesof height n, eat of which can be chosenindependerily, giving
a total of [co(n)]"+l possiblecolorings.

Next, when e is colored 1, eat of the k + 1 trees has a root colored 1,

and ead tree can be coloredindependerily. Therefore,there are [cl(n)]"+l =

[co(n 1Y possiblecoloringsof C, when e is colored 1. Therefore,
Bn = [co(n)]™" + [eo(n Y

Definition 1.4 Two sequencesa,) and (h,) are asymptotic if

im & = 1.

nil b,

We sometimeswrite this asa, h,.

For notational simplicity, we de ne a, = ¢cy(n). Sothat
ey = af + af

Note that whenk = 1, sothat the free group under considerationis Z, the a,
are Fibonaccinumberswith the standard recursionformula. Whenk 6 1, the
nonlinear recursionsequencea, will be certral for understandingthe golden
mean shift on the free group. Namely, as we will shov for small k, there are
constaris 1 and , sud that a, 1exp,( 2k" 1), where exp,(x) = 2*.
Theorem 3.4 will shov , canbe usedto nd the entropy of the goldenmean
shift. The next sectionwill focus on the properties of the sequencga,) in
preparation for determining its asymptotics.

2. Growth prop erties of (a,)

Here we study the generalgrowth properties of (a,). Speci cally we will
determinewhen the limit a,
L= Ilim

nii ak

exists. Wewill show that the limit existsfor su cien tly smallk (recallk = 2q
1, whereq is the number of generators)and equalsthe solution of xk** = xX+ 1
in the interval | = [1;2]. The original motivation for consideringthis limit
comesfrom an easyresult about Fibonaccinumbers: whenk = 1, the a, are
Fibonaccinumbers and the above limit is , the goldenmean, which satis es

2=+ 1. Whenk is su ciently large,the limit may not exist but the values
of the fraction will oscillate betweentwo limits. In this case,the odd terms
and even terms respectively corvergeto di erent limits.

We begin by de ning the sequencgq,) which will simplify the notation

considerably

Definiton 2.1 Foreah n= 2;3::;, let g, = a,=& ;.
We will next prove se\eral basic properties of q,.

Pr oposition 2.2 Foreachn= 2;3;:::, G+1 = 1+ 1=d§.
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Pr oof.

ans _ A+ al a5 1\ 1
o= S =1+ =1+ =
LR T Gt

Pr oposition 2.3 For eachn = 3;4;:::, wehavethat 1< ¢, < 2

Proof. Note that 0 < ¢ = a,=& = (2 + 1)=2. We will prove the
proposition by induction. Suppose0 < @,. Then 1=¢f > 0,so1+ 1=¢ > 1,
which is equivalert to g,+; > 1, soinductively we have that g, > 1 for all
n 3.

Next note ¢ > 1, sosupposeq, > 1. Then ¢ > 1, so we have that
1=cf < 1. This implies 1+ 1=¢f < 2, S0 < 2.

Pr oposition 2.4 For eachk = 2;3;::: wehavethat < g and ¢ < .
Pr oof. Forthe rst part, g < g only if a5™ < akas. Now,
aI§+l — (2k + 1)k+l — (2k + 1)k(2k + 1) — 2k(2k + 1)k + (2k + l)k,
and , ,
akag = af(ak + a¥’) = 2X(2* + 1)k + 2+ K;
This shavs a™ < akag only if (2 + 1)k < 2k But (2¢ + 1)k < (2x*1)k =
2€*+k sowe must have ¢ < .
Note ¢x < 4 only if
aaf < ayak:
We have that
apal = (2% + 1)a = 2af + af
and , ,
aqal = (af + a§’ )2k = 2¢af + 2¢ak;
soq < g, only if a§ < 2ak”. This is the sameas requiring that
ag < 2a;
which is the sameas ,
as + a < 2ak:
This simpli es to ak* < a%, or equivalertly 2 < (2% + 1)k, which is obviously
true.
Pr oposition 2.5 For eachn = 2;3;::: we have
(1) Gsr < h 1 iMplies g, < sz
() Gh+r > G 1 implies g, > Gz
Pr oof. We will prove only (i), asthe proof for (ii) is analogous. Note

that g,+1 < ¢, 1 if and only if
an+1 < an 1

a oA

which is equivalent to
al ;8111 < 8 18y
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Raising ead sideto the k'th power gives
2 2
aly L3, < ay iay:
Adding &k ,ak,; to both sidesand factoring gives

2 2
(ar 1+ & p)ang < a y(al +ay):
Sinceak ;+ ak’, = a, andak,; + a&’ = a,.», this is equivalert to

Bnay < 8y 18042

which shawvs
an+2 Ay
This is the sameas
an+2 an |
k > k !
@1 g

or equivalently ¢h+2 > 6.

We can usethis property to shav an unusual characteristic of (g,). Let
En = ¢n, and O, = g+ forn = 1;2;::: de ne the subsequencesf (¢,) which
consist of the even- and odd-numbered terms of (g,) respectively. Then we
have,

Pr oposition 2.6, (E,) increasesmonotonially to a limit Lg 2 | and
(O,) decreasesmonotonially to a limit Lo 2 1.

Pr oof. Wewill provethis inductively. Proposition 2.4shovsthat ¢ < .
Sosupposethat n is odd and ¢, < ¢h+2. Then (ii) of Proposition 2.5 implies
Ch+1 > Ch+3. But then (i) of Proposition 2.5implies ¢+ < Gh+4, Which shavs
that (E,) is increasing. We can apply (ii) of Proposition 2.5 to showv that
(On) is decreasing.The fact that (E,) and (O,) corvergeis immediate from
the fact that they are monotoneand boundedin I .

To summarize,we are interestedin the existenceof the limit

im — = lim g

nil an 1 nll
We have shavn that the even and odd terms of ¢, always corvergeto some
limits Lg and Lo respectively, ead in the interval | = [1;2]. The remainderof
this sectionwill be concernedwith determining whenLg = Lo. This matter
is not important to the entropy calculation, but is interesting becausat turns
out that Lg = Lo for suciently small k, but not for large k. This result,
perhaps, is courterintuitiv e becausethere does not exist an obvious reason
why the limit should ceaseto exist for somelarge k, when it exists for small
K.

To prove this, we study the iterates of a one-dimensionalmap f :

Definition 2.7 Dene f :[1;2]! [1;2]by f(x) = 1+ x k.
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f is a useful function to de ne becausef (¢) = ¢,+1 by Proposition 2.2.
Notethat f (1) = 2> landf (2) = 1+ 2 K < 2, sothere must bea xed point

2 | = [1;2]. Howeer, sincef {x) < Ofor all x 2 I, must be the unique
xed point in |.

Definition 2.8 Let bethe unique xed point of f in |.

Note that satises **' = X+ 1 sincef( )= 1+ X= . Noticealso
that f°< 0, sof mapsnumberslessthan to numbers greaterthan and
vice versa.

Lemma 2.9. For eachn = 2;3;:::, we have,
(1) 0 > Ghsr  Implies g1 < Ghaz
(i) h < Gher  iMplies 41 > Ghaz:

Pr oof. We will prove only (i), asthe proof for (ii) is analogous. Note
that ¢, > Gh+1 implies ¢ > of,,, which shavs 1=¢ < 1=¢,,. This implies
1+ 1=¢f < 1+ 1=¢,,, which is equivalert to Gy+1 < G2

Theorem 2.10 Lg 2[1; JandLo 2 [ ;2]

Pr oof. Weproveonly the rst part sincethe seconds analogous.Because
f(x) > xif andonly if x < , it suces to prove that for n ewen, g, <
f () = Gh+1. We will prove this inductively. Proposition 2.4 shovs ¢ < .
Supposethat ¢, < ¢,+1 with n odd. Then by (ii) of Lemma 2.9 we have that
Gh+1 > Ch+2. Thenby (i) of Lemma2.9 we have that ¢,+> < Gh+3, proving the
theorem.

Next, to simplify notation, we alsode ne a function g:
Definition 2.11 Dene g:[L2]! [1;2] by g(x) = f?(x) = f (f (X)).

Note that g(¢) = Gh+2, sothat g(O,) = On+; and g(E,) = Ep+z. This
implies that the (possibly non-distinct) xed points of gareLg, Lo, and

2.1. The behavior of g for small k. In this sectionwe will investigate
the behavior of g° and determine for which k 2 we have sugfj gqx)j : x 2
[1,2]g = C < 1. For thesek, we will apply the cortraction mapping theorem
to concludethat g hasa unique xed point. Since isa xed point of g, we
can concludethat is the only xed point of g and therefore we must have
L = Lo =

First note that

k2
xk+1 (1 + X k)k+1 ;

gqx) =

and also, after simplifying,

k2(k + 1)X<* 21 k+ x¥)
0 — .
9 ?X) - (1 + xk)k+2 '

We are interested in the maximum value that g{x) attains on | = [1;2],
which will either be attained at a zero of g°{x) or at one of the endpoints of
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I. g°?) = Oonly when(1 k+ xX) = 0, or, equivalertly, at x = Re—1.
Evaluating thesepossiblemaxima gives

k2
g11) = 2k—+1;
k2
90(2) T ok+l (L+ 2 K)k+1”
and ,
R— k
go( k D)= (k  1)=k(1+ (k 1) L)k
B k2(k 1)k+1
- (k 1)l+1:kkk+1
_ (ko 1)k =

Kk 1
Thus, for all k 2 we havethat 1> jggl)j > jg92)j. Note alsothat g°¢1) > 0
and g°¢2) < 0, sowe know that x = “k 1 is a maxigum for ¢° It is not

immediately obvious for which valuesof k we have g{*k 1) < 1. This is
equivalert to requiring

(k 1)k 1=k < kk l;
which can be simpli ed to
(k l)k+l < kk
by raising ead side to the k=(k 1)'th power. Still this inequality is not
easyto solwe analytically. One can numerically solve (k  1)k*' = kX by

using Mathematica's FindRoot, which implemerts Newton's method. This
numerical approximation givesk  4:14104.

Definition  2.12 Let 4:14104be de ned by
= inffk:(k 1) < kkg:

Pr oposition 2.13 For k> wehave(k 1)*! > kkandfork< we
have(k 1)**! < kK,

Pr oof. Note (2 1) < 22, sowe can prove the theorem by showing
that the equation (x  1)**! = x* hasonesolution. Let

(x 1)1 17
h = = 1 - 1
()= 3 ~ x
for x > 1. Thenh(x) ! Oasx! 1" andh(x)! 1 asx! 1 since
(1 1=x)*! 1=easx! 1 . Howewr, it is easyto ched that

dh(x)
dx

for all x > 1, soh must have a unique point for which h(x) = 1. This implies
that there is exactly one value of k which satis es (k  1)**! = k¥, and that
this value of k must equal .

>0
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Thus, for k < we know that supfgqx) : x 2 [1;2]g = C < 1 for all x.
Therefore,for k < the Mean Value Theoremimplies that for all x;y 2 | we
have

jgx) owi=ig¥iix vi Cix i
for somex 2 |. Thus,whenk < the Contraction Mapping Theoremimplies
that there will be a unique xed point in |:

Theorem 2.14(Contraction mappingtheorem). SupmseX is a complete
metric sppee and f : X ! X hasthe property that there exists C 2 R with
0 C < 1suchthat

) i Cix yj
for all x;y 2 X. Then there exists a unique xed point 2 X such that

f()= ,andf"(xg)! for all xo 2 X.

Sincefor k <  thereis only one xed point in | and the sequencesE,)
and (O,) both corverge,we must have L = Lo = . Fork < , we know
that the limit a,

fim gy = Jim o=
where is the root of
(8) kel 1=0
in | = [1;2]. The fact that there is a single xed point for k < implies that
there is exactly one in | which satis es (8). It is not clear what happens
whenk =  sincein that case,gYx) = 1 for exactly one point and we can no

longer apply the cortraction mapping theorem.

2.2. The behavior of g for large k. Herewe will show that for k > ,
there are two distinct xed points besides , onestrictly lessthan and one
strictly greaterthan . Therefore,Lg and Lo aredi erent, and neither equals

, wWhich implies the limit lim; anzaﬁ ;= limy; @, doesnot exist.

Lemma 2.15 k> implies < I?k 1

Pr oof. Notethat < x impliesf(x) < x, sincef is decreasingand is
the only xed point of§ . Therefore,to ched the proposition we must ched
whetherf (“k 1)< “k 1. Note

T PP S

Now,

if and only if
kk < (k 1)k+l;
which is true only whenk > by Proposition 2.13.

Pr oposition 2.16 k> impliesgY )> 1.
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g'x) =1

gx) =1
'

\
1 2

Figure 3. Plot of g(x) for the proof of Theorem2.17.

Proof. g )=fYf( NDFY )=[q )?=k* ?» k1> 1if andonly if
IQ> ( 21, or, equivalertly, k > 1 But ** = k+1 sok> k1 only
k 1> . BylLemmaZ2.15this is true sincek > .

This proposition impliesthat is arepelling xed point for g whenk > .

Theorem 2.17. For k > there exist exactlythree valuesin | = [1; 2] for
which g(x) = x. One of these xed points is , oneis strictly lessthan , and
oneis strictly greater than

Pr oof. We have shovn that g must have xed points Lo and Lg sud
that E, " L and O, # Lo. For k > , Proposition 2.16 shavs that is a
repelling xed point, which implies that we cannothave Lg = orLg =
becauseLg and Lo arethe limit points of g" () and g"(gs) respectively.

To seethat there cannot be more than three xed points, note g41) < 1
and g42) < 1. Sinceg®hasonly onezeroin |, this implies that gqx) = 1 for
at most two valuesin 1. Therefore,g can crossthe line y = x at most three
times (seeFigure 3).

Thus, whenk >  the limit

lim

nll an 1
doesnot exist and valuesof a,=g , = ¢, oscillate betweentwo limits points,
Le and Lo.

Figure 4 shows graphsof x, g(x) and f %°(x) for k = 3 and k = 5. Note
that for k = 3 < 4:141,f *°(x) seemto take one value, which equals .
Howewer, for k = 5> , f59(x) seemdo take two values,which equalLg and
Lo.
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k=3

1.6 -
141 -

1.2 T X _

161 ]

140 i

1.2 | X |

Figure 4. Figuresshowing x, g(x) and f °°(x).

We can give another characterization of , Lg and Lo by noting that
g(x) = x only when
x=1+@Q+x 4K
or, equinvalertly,
(x D@A+x ¥ 1=0;
which can be simpli ed to

(x D+ x¥=o0

This is a polynomial with integral coe cien ts, and the xed points of g corre-
spond to the zerosof this polynomial. The above discussionshows that when
k < this polynomial has exactly oneroot in I. Similarly, whenk >  this
polynomial hasexactly 3 rootsin | .
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3. The asymptotics of (a)

We are now readyto determinethe asymptoticsof (a,), in which the limits
Le and Lo will arise naturally.

Pr oposition 3.1 For eachn = 2;3;::: we have
a,=2"" "
j=2
Pr oof. We prove this proposition inductively. Recallthat ¢, = a,=& ;,

soa, = ¢uak ;. Note that the theoremis satis ed for n = 2, sincea, = gal =
2qp. Now we supposethe proposition is true for n and prove it for n + 1:

#
Bns1 = Ghadk = Gy 27T
j=2
= o 2kn ¥ kn i+
- +1
j=2
i _
- 2kn kn+1 ]
j=2
Note that Proposition 3.1 implies
an — 2kn 1 qkn j
j=2 I
n ><1 n j-
= 2 “exp, log,
j=2
!
= 2" "exp, k" Jlog, g
j=2 |
X log,q
kn 1 n 9.9
=2 exp, k W
j=2 I
log, g
— n 1 n 2
=exp, k" "+ Kk W
" =2 | #
log, g
— n 1 2
= exp, k 1+ k- W

Next we de ne the sum
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sothat
a, = exp,(k" *A)):
Note that
_ log, &, X log, g
A,=1+Kk 2 +k. "
j=3
sothat
log, e X 1 .
A, 1+Kk 2 + k k_i<l’

sincel< @, < 2forn = 3;4;:::.. ThisimpliesA, must corvergeto somevalue
A given by
R
A= lim A, =1+Kk k 'log, q:
n!
j=2

Thus, it is reasonableto guessthat a, is asymptotic to ; exp,(k" *A) for
some ;.

Theorem 3.2 For k = 2;3;::: and n even,wehavea, rexpy (k" 1 y)
with
log, L + klog, Lo
k2 1
wher A is asaloveandL o andLg arethelimits of (O,) and (E,) respectively.

1= exp, and = A;

Pr oof. We will prove this by showving that

n 1 n 1
im exp,(k" *A) — Iim exp,(k" “A) - ex log, Lg + klog, Lo
nil an nil exp (k" 1A,) k2 1
Note that
expy(k" *A) _ n1 .
A exp,(k" 1A,) exp, K (A An)
We de ne
W, = k" (A A) '
o X '
=k"' k kllog,qg k k'log,q
j=2 j=2
X .
= k" k !log, g
j=n+1
X .
= k" !log, g
j=n+1
b3

= k 1100, G+n:

j=1
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Forallr 3,wehavel< ¢ < 2solog,g > 0. This implies that we can
rearrangethe sumin W,, splitting it into even and odd terms tg give

X- 2j X- 2] +1
9) W = k 9 log, gj+n + k 977109, 0zj 1)+ n
j=1 j=1
We will shav that W, ! (log,Le + klog,Lo)=(k? 1). Fix > 0. We
have already showvn that (O,) ! Lo and (E,) ! Lg. The log function is
cortinuous, so this implies (log, O,) ! log,Lo and (log,E,) ! log,Le. So
chooseN sud that for all n > N we have
jlog;On  log,Loj< andjlog, E, log,Lgj< :
Then we know that for n ewven,
(10) |
b3 _ R .
W, (log,Lg) k 2+ (log,Lo) k 2%
j=1 j=1
X 2j X 2j+1
= k (log,tgj+n log;Le)+  k 77 (log; ¢ 1 l0g; Lo)

j=1 j=1

< Kk
i=1
Thereforefor n even,

s _ b3 _
W,! (log,Lg) k 2+ (log,Lo) k 3*
j=1 j=1

1 k
= (log, LE)F + (log, Lo)kzi

1 1
_ log,Le + klog, Lo
- k2 1 '
Sincethe exponertial function is cortinuous, this implies
exp,(k" 1A)

expy (K TAy) exp,(k" (A Ap))

logLe + klogLo

= exp,(Wyh) ! exp, e 1 ;

proving the theorem.

Theorem 3.3 For k= 2;3;::: and n odd, we havea, 1expy (k™ 1 y)
with
log, Lo + klog, Lg
k2 1
wher A is asaloveandLg andL arethelimits of (O,) and (E,) respectively.

1= exp, and = A;

Pr oof. The proofisidentical to the proof of the previoustheorem, except
that for odd n, Lg and Lo are switched in (10) and ewery step after.
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Note for n even we have,

log, Le + klog, Lo
k2 1

1= exXp,

and for n odd we have,

log, Lo + klog, Le

1= eXp,

k2 1
Whenk < , weknow that L = Lo = , sotheseexpressiondoth simplify
to
- (k+ 1)log,  _ log, _ 1.
1= exp, 2 1 = exp, 1 - K

Thus, for k <  we know a, 1exp,( ok" 1) for all n, where ;= ¥ K,

Theorem 3.4. The entropy of the goldenmean shift is givenby h(Xg) =
o(k  1)=k.

Pr oof. To prove the theoremwe show that if a, 1exp( k" 1), then

. log, B, k 1
lim ——— = ;
i iCa . 2 K

Since ; doesnot appear in this expressionthe erntropy of the goldenmean
shift is independert of the valueof ;. Therefore,it isirrelevant to the ertropy
calculation that ; may depend on whether we look at the even or the odd
terms of a,.

In the free group, the number of elemeits g 2 G sud that jgj = n is given
by (k+ 1)k" forn 1. Therefore,

X : k" 1
iCoj= 1+ (k+ DK =1+ (k+ 1) —
j=1
Next,
h k(k+1)|
i log, By _ i log, ak* + af}
a1t jChj ToN

Substituting for a, and simplifying gives
h [
log 5™ expy((k+ 1) k" ug + 5 expy( o(k+ K" Hup 4
li ;
nlI{n JCnJ '
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whereu, ! 1. Factoring and simplifying gives,h
im 1©%Bn _ | (k+1) k" T+log, Kup+ [“Puy g
o jCaj ol iCnj
_ (k+ Dk" *
nl 1+ (k+ 1)K
(kDK k1)
T (ko 1)+ (k+ 1)(kn 1)
— k 1.
=

Theorem 3.4 shows that the ertropy of the golden mean shift on the free
group is therefore given by
k 1 k1

k 1
kAk—k(1+k

b3

(11) h(Xg) = 2

k 11og;q):
j=2
The next sectionwill determinethis value numerically for various k. Finding
a closedform of h(Xg) is still an open problem. Howewer, we did nd a closed
form for 1, which implies that perhapsit will be easierin other problems,
sud asthe squareice problem,to nd the constart in front of the exponertial,
rather than the actual ertropy.

4. Numerical computations related to the golden mean shift

In this sectionwe presen se\eral tables of numerical results related to the
goldenmeansshift on the free group. All the following results were computed
using a Mathematica script written by the author.

The following shows valuesof a,, for k = 2; 3; 4.

k=2 k=3 k=4

a;  2:000000000 2:000000000 2:00000000
a; 5:000000000 9:000000000 17:00000000
az  41:00000000 1241000000 1490570000
a, 2306000000 2:298661010 1¢° 5:423002381 10%°
as 8:143397000 1C° 1:912721905 10 1:458683650 1(0°°
ag 9459216733 108 8:789440240 1C%* 5:086901266 10%32
a;  1:334534603 10%° 1:021684124 10%°° 1:089720930 10'33!
ag  2:581592044 10 1:379550025 1076 1:611162872 10324
ag  9:836516530 102 3:838471331 1072 1:069248835 10%12%7
a;p 1411741836 107 7:465377822 10°886 1:513291731 10188
a;;  2:929207829 102 5:969536653 10?0660 8:163515502 10340752
a;, 1:255236735 10°%° 2:847487925 10°1982 5:197706700 10363011
a;3 2:311827621 10810  3:271440374 10'8%%7  1:118949619 10P452047

The following shows valuesof h(Xg) for k = 2;:::;10. Thesevalueswere

computedby computing the rst 8 terms of (11). The error was computed by
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nding an upper bound for the remaining termsin (11).

prove here:

Conjecture 4.1 Asq! 1, h(Xg)! 1, whee Xg is the goldenmean
shift on the free group on g geneators.

The following shaws the real roots in | = [1;2] of f(x) = 1+ x K for
k = 2;:::;10. Note that where there is more than oneroot in I, the lesser

=
|
O©CoOoO~NOOTh~WN

h(Xg)

0:7320165404
0:7748023747
0:8096298193
0:8372456350
0:8587918886
0:8757141659
0:8892044026
0:9001414916

= 10 0:9091550972
These data suggestthe following conjecture, which we make no attempt to

root is Lg and the greateris L.

prove here:

Conjecture

Root(s) of f

1:465571232
1:380277569
1:324717957
1:0637700061:734110265
1:0233262141:870793951
1:0099049941:933332438
1:0045046501:964682475
1:0021278341:981051658

©CoOoO~NOOOThWN

error
0:00492914
0:000144245
0:0000128363
2:01898 10 ©
4:50767 10’
1:27686 10 ’
4:29787 108
1:6489 108
7:01033 10 °

10 1:0010279021:989778850
These data suggestthe following conjecture, which we make no attempt to

42 Asq! 1,Lg! landLo! 2

52



CHAPTER 5

Further topics

1. Nonlinear contin ued fractions
We shaved in Section2 of Chapter 4 that iterated map
f(x)=1+x X

on [1; 2] has a single xed point for small enoughk, but three xed points
for large k. This is interesting becauseterations f (x);f 2(x); f 3(x);::: canbe
expandedinto a nonlinear continued fraction. For example,

1
f3(x)= 1+ @ 1

k

xk
which appearssimilar to a standard cortinued fraction, exceptthat eat de-

nominator has a k'th power. We showved that for small k, the value of the
in nite cortinued fraction given by

i 1709

is equalto aroot of yk*' yk = 1 wherethe value of is independen of
X. Howewer, for large enoughk, the value of this limit will oscillate between
two limit points, indicating that the cortinued fraction is not well-de ned.
This suggeststhat perhaps sud \nonlinear cortinued fractions" behave in
suprising and interesting ways. Here we presen a preliminary analysis of
nonlinear cortinued fractions.

2. The nonlinear Gauss map
We begin by de ning a nonlinear versionof the Gaussmap:

Definition 2.1 For a xed k 2, de ne the k-Gaussmap  : [0;1]!
[0; 1] by

5,
Shils

k(X) = P

x

53
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The k-Gaussmap partitions the unit interval into an in nite collection of
intervals 1 1;15;::: where
_t 1
(n 1)k’ nk
Ead I,, is mapped by ¢ bijectively onto the unit interval. As in the typical

cortinued fraction casewherek = 1, givenany x 2 [0; 1] we can record which
intervals iterates of  map x into:

In—

Definition 2.2 For eah x 2 [0; 1], the sequene of convements is the
sequencef integers(ay) sud that ['(x) 2 1,5, forall m 2 N.

In analogyto the typical de nition of cortinued fraction we may write

— . - - L) — n 1 1 .
X_[a11a21a31a41---]k_ U I

1
a + 1 K

ay+ il
For the casewherek = 1, it can easily be proved that ead x givesa unique
sequencgay); howewer, for k > |, dierent valuesx;y 2 [0; 1] will give the
samesequencgay,).

3. When contin ued fractions are not well-de ned

Note that on ead |, there will be a single xed point. We will consider

only the xed point in I, which will be designated . is given by
= ﬁl: 1

or equivalertly
(+1k= =
Then we have the following:
Lemma 3.1 Whenk > wehave > 1=k 1).

Pr oof. It shouldbeclearthat 1=(k 1)2 I, sincel1=2¢ 1=k 1) 1
fork 2. Since | is monotonically decreasingon | ;, we canched this lemma
by proving that ((1=(k 1)) > 1=(k 1). Note that sincel=k 1)2 I,

1 1
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when 0 L
k 1 1 T

k1> ;
k 1>(kk71)k

(k 1)k+l > kk,
which is true sincek > .

Theorem 3.2 For k > , there exist x;y 2 [0;1] suchthat x 6 y but
M(x)21yand P(y) 21, forall m2 N.

Pr oof. We shaw this by proving that for k > , is an attracting xed
point of . When is an attracting xed point, there will exist an interval
J = ; + ) Ilysudthat (J) J. This impliesfor all x 2 J, we
havethat ['(x) 2 I, forall m 2 N.

To seethat for k > is an attracting xed point, note,

1 . 1 _
0 _ 1=k 1 _ (k+1) =k.
X) = —X = —X :
Next, j 2( )j < 1when
1 _
= (k) =k o q
k
(k+1) < Kk
k+1
1 < KK
Sincel= = ( + 1)k, this is equivalert to requiring
( + l)k+1 < k
or
(12) (+1+ (+1<k

We know by Lemma3.1that fork > wehave > 1=k 1), so

1= = ( +1<k 1
Also,

k 1+ ( +1F=k
since

( +1k=1=":
By (12), theseimply,
(+D+ (+Df<k 1+ ( +1=k

which givesthe theorem.
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Therefore, we have shown that for k > , the represemation asnonlinear
cortinued fractions is not unique: two di erent values may have the same
fraction represeration. Next, we o er the following conjecture, but make no
attempt hereto prove it:

Conjecture 3.3 Supmsek < . Then givenx;y 2 [0;1] with x 6 v,
there existN;a;b2 N suchthat Y (x) 2 1, and F(y)2 I, butaé b.

This conjectureis equivalert to saying that numbers are uniquely repre-
sented by the sequencda,,) of corvergers, and thereforethe nonlinear con-
tinued fraction represemation is well-de ned. The next sectionswill explore
nonlinear cortinued fractions and assumethat Conjecture 3.3 s true.

4. Conjugacy between (I; ) and (I; 1)

Note that | actsasa shift on [a;; ay; as;:::]x since

(13) k(a1 @z 8z;84: k) = [az @840k

This shows that for any k, ¢ behavessimilarly to the k = 1 Gaussmap since
both act as a shift on NN.

Definition 4.1 Dene :[0;1]! [O;1] by

k([a1; az;as; 10 0Jk) = [a1; @25 @s; 111

0.6 -

0.4+

0 | 1 1 1 1 1 1
0O 01 02 03 04 05 06 07 08 09 1

X

Figure 1. Plot of s.

Thus, ¢ removesthe k'th powers from the denominatorsof a nonlinear
cortinued fraction. Figure 1 shows a plot of ;. When k < , this appears
to be a well-de ned function. Howewer, Theorem 3.2 shows that is not a
function for k > . Figure 1 leadsto the following conjecture:

Conjecture 4.2 For k< ,  is monotone.
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If « is monotone,then it is cortinuous and di erentiable almost every-
where,so ¢ would act asa topological conjugacybetween(l; ;) and (I; ).
That is, by (13), we canthen obsene that

k k= 1 k-
In addition, it is well-known (see[3]) that an invariant measurefor the
Gaussmap ; is given by 2
1 1
G(X)= — dx
log2 4 1+ X
If « isaconjugacybetween(l; ) and(l; 1), thenweknow that aninvariant
measurefor  is given by 7
1 1

log2 | (x) 1+ X

Gk(X) = dx:

Further exploration of this would require a better grasp of how cylinder sets
behave under .
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