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Abstract. A conic linear system is a system of the form

P(d) : find x that solved — Ax € Cy, X € Cx,

whereCyx andCy are closed convex cones, and the data for the system=ig A, b). This system is“well-

posed” to the extent that (small) changes in the déteb) do not alter the status of the system (the system
remains solvable or not). Renegar defined the “distance to ill-posedngds,’to be the smallest change in

the dataAd = (A A, Ab) for which the systenP(d + Ad) is “ill-posed”, i.e.,d + Ad is in the intersection

of the closure of feasible and infeasible instandes= (A’, b’) of P(-). Renegar also defined the “condition
measure” of the data instandexsC(d) := ||d||/p(d), and showed that this measure is a natural extension of

the familiar condition measure associated with systems of linear equations. This study presents two categories
of results related tg(d), the distance to ill-posedness, addd), the condition measure af. The first
category of results involves the approximatiorpadl) as the optimal value of certain mathematical programs.

We present ten different mathematical programs each of whose optimal values provides an approximation
of p(d) to within certain constants, depending on whetRéd) is feasible or not, and where the constants
depend on properties of the cones and the norms used. The second category of results involves the existence
of certain inscribed and intersecting balls involving the feasible regioR(df or the feasible region of its
alternative system, in the spirit of the ellipsoid algorithm. These results roughly state that the feasible region
of P(d) (or its alternative system whe?(d) is not feasible) will contain a ball of radiughat is itself no more

than a distanc& from the origin, where the rati®/r satisfiesR/r < ¢1C(d), and such that > % and

R < c3C(d), wherecy, ¢y, c3 are constants that depend only on properties of the cones and the norms used.
Therefore the condition measugéd) is a relevant tool in proving the existence of an inscribed ball in the
feasible region oP(d) that is not too far from the origin and whose radius is not too small.

Key words. complexity of linear programming — infinite programming — interior point methods —
conditioning — error analysis

1. Introduction
This paper is concerned with characterizations and properties of the “distance to ill-
posedness” and of the condition measure of a conic linear system, i.e., a system of the
form:

P(d) : find x that solved — Ax € Cy, x € Cx, (1)
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whereCx ¢ X andCy C Y are each a closed convex cone in the (finite) n-dimensional
normed linear vector spacé (with norm ||x|| for x € X) and in the (finite) m-dimen-
sional linear vector spaceé (with norm ||y|| for y € Y), respectively. Heré € Y, and

A e L(X,Y) whereL(X,Y) denotes the set of all linear operatéts X — Y. At the
moment, we make no assumptions©@yx andCy except that each is a closed convex
cone. The reader will recognize immediately that witeg R" andY = R™, and either
()Cx={xeR"|x>0}andCy ={ye R"|y> 0}, (i) Cx = {x € R"| x> 0} and

Cy = {0} c R™, or (iii) Cx = R"andCy = {y € R | y > 0}, thenP(d) is a linear
inequality system of the format (\x < b, x > 0, (ii) Ax=b, x > 0, or (iii) AX < b,
respectively.

The problemP(d) is a very general format for studying the feasible region of
a mathematical program, and even lends itself to analysis by interior-point methods, see
Nesterov and Nemirovskii [8] and Renegar [12] and [13].

The concept of the “distance to ill-posedness” and a closely related condition meas-
ure for problems such aB(d) was introduced by Renegar in [10] in a more specific
setting, but then generalized more fully in [11] and in [12]. We now describe these two
concepts in detail.

We denote byd = (A, b) the “data” for the probleniP(d). That is, we regard the
conesCx andCy as fixed and given, and the data for the problem is the linear operator
Atogether with the vectds. We denote the set of solutionsBfd) as Xy to emphasize
the dependence on the data.e.,

Xg={xe X|b—- Axe Cy, x € Cx}.
We define

F ={(A,b) € L(X,Y) x Y| there existx satisfyingb — Ax e Cy,x € Cx} .
(2)

ThenF corresponds to those data instan¢Asb) for which P(d) is consistent, i.e.,
P(d) has a solution.

Ford = (A, b) € L(X,Y) x Y we define the product norm on the cartesian product
L(X,Y) xYas

ldll = [I(A, b) [ = max{|| All, [Ibll} 3)
where||b| is the norm specified foy and| A|| is the operator norm, namely
A= maxX{]||AX|| | [IX]| < 1}. 4)

We denote the complement &f by €. ThenFC consists precisely of those data
instancesl = (A, b) for which P(d) is inconsistent.
The boundary ofF and of 7€ is precisely the set

B=0F =0aFC =cl(F)ncl(F®) (5)

wheredS denotes the boundary of a seandcl(S) is the closure of a s&. Note that
if d = (A, b) € B, thenP(d) is ill-posed in the sense that arbitrary small changes in the
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datad = (A, b) will yield consistent instances &¥d) as well as inconsistent instances
of P(d).
Foranyd = (A, b) € L(X,Y) x Y, we define

pd) = inf |Ad] = inf  I(AA, Ab)||
Ad AA, Ab (6)
st.d+AdeB st (A+AA b+ Ab) e cl(F) Nncl(FE) .

Thenp(d) is the “distance to ill-posedness” of the dalta.e., p(d) is the distance
of d to the setB3 of ill-posedness instances. In addition to the work of Renegar cited
earlier, further analysis of the distance to ill-posedness has been studied by Vera [17],
[18], [16], Filipowski [4], [5], and Nunez and Freund [9].

In addition to the general cas¥d), we will also be interested in two special cases
when one of the cones is either the entire space or only the zero-vector@heri0},
thenP(d) specializes to

Ax=Db, xeCx.

WhenCyx = X, thenP(d) specializes to
b— AxeCy, xe X.

One of the purposes of this paper is to explore approximate characterizations of the
distance to ill-posednesgd) as the optimal value of a mathematical program whose
solution is relatively easy to obtain. By “relatively easy”, we roughly mean that such
a program is either a convex program or is solvable throGgim) or O(n) convex
programs. Vera [17] and [16] explored such characterizations for linear programming
problems, and the results herein expand the scope of this line of research in two ways:
first by expanding the problem context from linear equations and linear inequalities to
conic linear systems, and second by developing more efficient mathematical programs
that characterize(d). Renegar [12] presents a characterization of the distance to ill-
posedness as the solution of a certain mathematical program, but this characterization
is not in general easy to solve.

There are a number of reasons for exploring various characterizatip(® ofiot the
least of which is to better understand the underlying natugga)t First, we anticipate
that such characterization results fgd) will be useful in the complexity analysis of
a variety of algorithms for convex optimization of problems in conic linear form. There
is also the intellectual issue of the complexity of computiid) or an approximation
thereof, and there is the prospect of using such characterizations to further understand
the behavior of the underlying probleRid). Furthermore, when an approximation of
p(d) can be computed efficiently, then there is promise that the problem of deciding
the feasibility of P(d) or the infeasibility ofP(d) can be processed “efficiently”, say in
polynomial time, as shown in [17]. In Section 3 of this paper, we present ten different
mathematical programs each of whose optimal values provides an approximation of
p(d) to within certain constant factors, depending on whetP@h is feasible or not,
and where the constants depend only on the “structure” of the &pasdCy and not
on the dimension or on the dada= (A, b).
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The second purpose of this paper is to prove the existence of certain inscribed and
intersecting balls involving the feasible region Bfd) (or the feasible region of the
alternative system oP(d) if P(d) is infeasible), in the spirit of the ellipsoid algorithm
and in order to set the stage for an analysis of the ellipsoid algorithm, hopefully in
a subsequent paper. Recall that wiRéd) is specialized to the case of non-degenerate
linear inequalities and the dada= (A, b) is an array of rational numbers of bitlendth
then the feasible region d¥(d) will intersect a ball of radiuRk centered at the origin,
and will contain a ball of radiuswherer = (1/n)2-' andR = n2L. Furthermore, the
ratio R/r is of critical importance in the analysis of the complexity of using the ellipsoid
algorithm to solve the systei®(d) in this particular case. (For the general cas@@,
the Turing machine model of computation is not very appropriate for analyzing issues
of complexity, and indeed other models of computation have been proposed (see Blum
et al. [3], also Smale [15]).)

By analogy to the properties of rational non-degenerate linear inequalities mentioned
above, Renegar [12] has shown that the feasible re¥jignf nonempty, must intersect
a ball of radiusk centered at the origin whel < ||d||/p(d). Renegar [11] defines the
condition measuref the datad = (A, b) to beC(d):

|

Cd) = —-,
@ p(d)

and soR < C(d). Here we see the valug2- has been replaced by the condition
measuré (d).

For the problenP(d) considered herein in (1), the feasible region is theXgetin
Sections 4 and 5 of this paper, we utilize the characterization results of Section 3 to prove
that the feasible regioXy (or the feasible region of the alternative system wRé) is
infeasible) must contain an inscribed ball of radiubat is no more than a distanée
from the origin, and where the ratRy/r satisfiesR/r < c1C(d). Furthermore, we prove
thatr > % andR < c3C(d), where the constants, ¢, cz depend on properties of the
cones and the norms used (and= c; = c3 = 1 if the norms of the spaces are chosen
in a particular way). Note that by analogy to rational non-degenerate linear inequalities,
the quantityn2® is replaced byC(d). Therefore the condition measufed) is a very
relevant tool in proving the existence of an inscribed ball in the feasible regiBtdpf
that is not too far from the origin and whose radius is not too small. This should prove
effective in the analysis of the ellipsoid algorithm as applied to sol¥f).

The paperis organized as follows. Section 2 contains preliminary results, definitions,
and analysis. Section 3 contains the ten different mathematical programs each of whose
optimal values provides approximations afd) to within certain constant factors, as
discussed earlier. Section 4 contains four lemmas that give partial or full characteriza-
tions of certain inscribed and intersecting balls related to the feasible regk(a)for
its alternative region in the case whB(d) is infeasible). Section 5 presents a synthesis
of all of the results in the previous two sections into theorems that give a complete
treatment both of the characterization results and of the inscribed and intersecting ball
results.
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2. Preliminaries and some more notation

We will work in the setup of finite dimensional normed linear vector spaces. Roth
andY are normed linear spaces of finite dimengiandm, respectively, endowed with

norms||x|| for x € X and|y| fory € Y. Forx € X, let B(X, r) denote the ball centered
atx with radiusr, i.e.,

Bx,r) ={xe X[ [Ix=X|| =r},

and defineB(y, r) analogously foy € Y.
Ford = (A, b) € L(X,Y) x Y, we define the ball

B(d,r) ={d= (A, b) e L(X,Y) x Y||d —d| <r}.

With this additional notation, it is easy to see that the definitiop(df given in (6)
is equivalent to:

sup{s | B(d,8) c F} ifdeF

p(d) = (1)
sup{s | B(d,8) c F¢}if d e FC.

We associate wittX andY the dual spaceX™ andY* of linear functionals defined
on X andY, respectively, and whose induced (dual) norms are denotep fpy for
u e X* and|wl|s« for w € Y*. Letc € X*. In order to maintain consistency with
standard linear algebra notation in mathematical programming, we will corsider
be a column vector in the spa¢e and will denote the linear functioo(x) by c'x.
Similarly, for A e L(X,Y) and f € Y*, we denoteA(x) by Ax and f(y) by fTy. We
denote the adjoint oA by AT.

If Cis a convex cone iiX, C* will denote the dual convex cone defined by

C*={ze X*|z'x > 0foranyx € C} .

Remark 1.If we identify (X*)* with X, then(C*)* = C whenevec is a closed convex
cone.

Remark 2.1f Cx = X, thenC§ = {0}. If Cx = {0}, thenC§ = X.

We denote the set of real numbers Byand the set of nonnegative real numbers
by R;.

Regarding the consistency Bfd), we have the following partial “theorem of the al-
ternative”, the proof of which is a straightforward exercise using a separating hyperplane
argument.

Proposition 1. If P(d) has no solution, then the system (8) has a solution:

ATy e Cy,
e C¥
nyb A 8)
y #0.
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If the system (9) has a solution:

ATy eCy,
yeCy 9)
yTb <0,

thenP(d) has no solution.

Using Proposition 1, it is elementary to prove the following:
Lemma 1. Consider the set of ill-posed instand@sThen3 can be characterized as:
B={d=(Ab)e L(X,Y) x Y| there existgx,r) € X x Rwith
(X,r) # 0 andy € Y* with y # 0 satisfyingbr — Ax € Cy, x € Cx,r > 0,
yeCt, ATye C%, andy'b < 0}.

O

We now recall some facts about norms. Given a finite dimensional linear vector
spaceX endowed with a norniix|| for x € X, the dual norm induced on the spaxé
is denoted byjjz||, for z € X*, and is defined as:

Izll« = maxz"x | [Ix]| < 1}. (10)

If we denote the unit balls iX and X* by B andB*, then it is straightforward to verify
that

B={xeX||x|| <1} ={xeX|z'x < 1forallzwith |z|, < 1},
and
B*={ze X*| |z« <1} = {z € X*| Z' x < 1 for all x with ||x|| < 1}.
Furthermore,

2"x < ||zl |Ix|| for anyx € X andz € X*, 11)

which is the Hélder inequality. Finally, note thatAf = uvT, then it is easy to derive
that||All = [lvll«[ull using (10) and (4).
If X andV are finite-dimensional normed linear vector spaces with nptnfor
x € X and normijv|| for v € V, then for(x, v) € X x V, the functionf(x, v) defined by
fx, v) = [[(X, V) = IX]| + [[v]]
defines a norm oiX x V, whose dual norm is given by
[(w, Wls = max{[lwlls, [lull«} for (w,u) € (X x V)* = X* x V*.

The following result, which is a special case of the Hahn-Banach Theorem (see,
e.g., [19]), will be used extensively in our analysis. We include a short proof based on
the subdifferential operator of a convex function.
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Proposition 2. For everyx € X, there existz € X* with the property that|z|, = 1
and||x| = z"x.

Proof. If x = 0, then anyz € X* with ||z||, = 1 will satisfy the statement of the
proposition. Therefore, we suppose tlat 0. Consider|x|| as a function ok, i.e.,

f(x) = ||x]|. Then f(-) is a real-valued convex function, and so the subdifferential
operatord f(x) is non-empty for allx € X, see [2]. Consider any € X, and let

z e 9f(x). Then

f(w) > f(x) 4+ 2" (w — x) foranyw € X. (12)

Substitutingw = 0 we obtain||x|| = f(x) < z'x. Substitutingw = 2x we obtain
2f(x) = f(2x) > f(x) + 2" (2x — x), and sof(x) > z'x, whereby f(x) = z"x.
From (11) it then follows thafz||, > 1. Now if we letu € X and setw = x + u,
we obtain from (12) thatf(u) + f(x) > f(u +x) = f(w) > fX) + 2" (w — x) =
f(X) + 2" (U+ X —X) = f(X) + z"u. Thereforez"u < f(u) = |u|l, and so from (10)
we obtain| z||. < 1. Therefore|z|, = 1.

|

BecauseX andY are normed linear vector spaces of finite dimension, all norms on
each space are equivalent, and one can specify a particular norefod a particular
norm forY if so desired. IfX = R", theL, norm is given by

1/p

n
Ixlp={ D 1P| .
=1

for p > 1. The norm dual td|x||p is ||z]l« = ||zllq whereq satisfies Ip+ 1/q = 1,
with appropriate limits ap — 1 andp — +o0.

We will say that a con€ is regularif C is a closed convex cone, has a nonempty
interior and is pointed (i.e., contains no line).

Remark 3.If Cis a closed convex cone, thénis regular if and only ifC* is regular.

Let C be a regular cone in the normed linear vector spéacA critical component
of our analysis concerns the extent to which the norm fundtigincan be approximated
by some linear functiomx over the coneC for some particularly good choice of
u € X*. Letu € intC* be given, and suppose thathas been normalized so that
lullx = 1. Let f(u) = minimum{u”x | x € C, ||x|| = 1}. Then it is elementary to see
that 0 < f(u) < 1, and also thaff(u)||x|] < uTx < |x| for anyx € C. Therefore
the linear functioru™ x approximateg|x|| over allx € C to within the factor f(u).
Put another way, the largdiu) is, the closeu™x approximateg/x|| over allx € C.
Maximizing the value off(u) over allu € X* satisfying|lull. = 1, we are led to the
following definition:
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Definition 1. If Cis aregular cone in the normed linear vector spatehe coefficient
of linearity for the coneC is given by:

B = sup infu™x
ue X* xeC (13)
ull, =1 x| =1.

Let O denote that value afi € X* that achieves the supremum in (13). We refer
to U generically as the “norm approximation vector” for the cabeThen for all
x € C, BlIx|l < a™x < x|, and so|x]|| is approximated by the linear functiarf x
to within the factorg over the coneéC. Therefore 8 measures the extent to whig¢R||
can be approximated by a linear functiohx on the coneC. Also, G x is the “best”
such linear approximation dfx| over this cone. It is easy to see that< 1, since
uTx < |lull«|Ix]l = 1 foru andx as in (13). The larger the value gf the more closely
||| is approximated by a linear functiarl x overx e C. For this reason, we refer to
B as the “coefficient of linearity” for the con@.

We have the following properties of the coefficient of lineafity

Proposition 3. Suppose that is a regular cone in the normed linear vector spate
and letg denote the coefficient of linearity f@. ThenO < g < 1. Furthermore, the
norm approximation vectar exists and is unique, and satisfies the following properties:

(i) 0 eintC*,

(i) lajls =1,

(i) B=min{t™x |x e C, |x| =1}, and
(iv) BlIx|l < a"x < ||| for anyx € C.

The proof of Proposition 3 follows easily from the following observation:

Remark 4.SupposeC is a closed convex cone. There intC* if and only ifu™x > 0
forall x € C/{0}. Also, ifu € intC*, the sefx € C |u"x = 1} is a closed and bounded
convex set.

We illustrate the construction of the coefficient of linearity on two families of cones,
the nonnegative orthamt] and the positive semi-definite coﬁ_%x”. We first consider
the nonnegative orthant. L&¢ = R" andC = R} = {x € R" | x > 0}. Then we can
identify X* with X and in so doingC* = R} as well. If[|x|| = ||x]|p, then forx € RY,

1_
it is straightforward to show thai = (n(p l)) e, wheree = (1,..., 17, i.e., the
linear function given byi" x is the “best” linear approximation of the functids|| on

1
the setR . Furthermore, straightforward calculation yields tfat n<73_1). Then if
p=1,8=1,butifp> 1theng < 1.

Now consider the positive semi-definite cone, which has been shown to be of
enormous importance in mathematical programming (see Alizadeh [1] and Nesterov
and Nemirovskii [8]). LetX = S™" denote the set of real x n symmetric matrices,
and letC = SI*" = {x € ™" | x »= 0}, where =" is the Lowner partial ordering,

i.e., X = wif X — w is a positive semi-definite symmetric matrix. Théns a closed
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convex cone. We can identif){* with X, and in so doing it is elementary to derive
thatC* = S}*", i.e,,C = SI"" is self-dual. Foix € X, let A(x) denote then-vector
of ordered eigenvalues af That is,A(X) = (A1(X), ..., An(X))" wherex; (x) is the f
largest eigenvalue of. For anyp € [1, co), let the norm ofk be defined by

p

n
Xl =1xlp = [ D eolP]
j=1

i.e.,|IX||p is theL p-norm of the vector of eigenvaluesxf(see [7], e.g., for a proof that
|| p is @ norm.)

Whenp = 2, ||x||2 corresponds precisely to the Frobenius norm.divhenp = 1,
IX||1 is the sum of the absolute values of the eigenvalugstiierefore, wher € Sf}X”,

n
IXll1 = tr(x) = >_ xi wherex; is the f diagonal entry of the real matri and so is

1_
linearonC = S*". Itis easy to show for the noriix|| , overS*" thatt = <n<p 1)> I

1

has||dl. = |lGllq = 1 and that8 = n<7’71). Thus, for the Frobenius norm we have
B= % and for theL1-norm, we haves = 1.

The coefficient of linearitys for the regular con€ is essentially the same as the
scalara defined in Renegar [12] on page 328. In [12]is referred to as a measure
of “pointedness” of the con€. In fact, one can define pointedness in a geometrically
intuitive way and it can be shown thatcorresponds precisely to the pointedness of the
coneC. However, this result is beyond the scope of this paper.

The coefficients of linearity for the con€x and/orCy play arole in virtually all of
the results in this paper. Generally, the results in Section 3 and Section 5 will be stronger
to the extent that these coefficients of linearity are large. The following remark shows
that by a judicious choice of the norm on the vector spdcene can ensure that the
coefficient of linearity for a con€ or the coefficient of linearity for the dual co
are equal to 1 (but not both).

Remark 5.If C is a regular cone, then it is possible to choose the noriX @m such
a way that the coefficient of linearity fa€ is 8 = 1. Alternatively, it is possible to
choose the norm oK in such a way that the coefficient of linearity f6F is g* = 1.

To see why this remark is true, recall that for finite dimensional linear vector spaces,
that all norms are equivalent. Now suppose & a regular cone. Pick anye intC*.
Let the unit ball forX, denoted a8, be defined as:

B:conv({xeC|UTx51}U{xe—C| —UTX§1}>,

where “con(S T)” denotes the convex hull of the sefsandT. It can then easily be
verified that this ball induces a norjin || on X. Furthermore, it is easy to see that for
all x e C, that||x|| = G" x, wherebys = 1. Alternatively, a similar type of construction
can be applied to the dual co@# to ensure that the coefficient of linearigy for C*
satisfiess* = 1. However, because the norm ¥r{or on X*) induces the dual norm on
the dual space, it is not generally possible to construct the dually paired fethasd

|l - ll« in such a way that both = 1 andg* = 1.
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3. Characterization results for p(d)

Given a data instanag = (A, b) € L(X,Y) x Y, we now present characterizations of
the distance to ill-posednepg&d) for the feasibility problenP(d) givenin (1) .

The characterizations ¢f(d) will depend on whethed € F ord € FC (recall
(2)), i.e., whetheiP(d) is consistent or not. We first study the case whea F (P(d)
is consistent), followed by the case whéne F€ (P(d) is not consistent). Before
proceeding, we adopt the following notational conventions.

For the remainder of this study, we make the following modification of our notation.

Definition 2. Whenever the con€x is regular, the coefficient of linearity faCx is
denoted byg, and the coefficient of linearity fo€% is denoted bys*. Whenever the
coneCy is regular, the coefficient of linearity f&€y is denoted by, and the coefficient
of linearity for C¥) is denoted bys*.

Furthermore, when the cor@x is regular, we denote the norm approximation
vector for the con€yx by 4. Also, when the con€y is regular, we denote the norm
approximation vector for the cort&; by z.

In particular, then, we have the following partial restatement of Proposition 3.

Corollary 1. If Cx is regular, therli € intC§, and ||l = 1, and
Blix|l < 0"x < [|x|| for anyx e Cx.
If Cy is regular, therz € intCy and||z|| = 1, and

B¥Ilyll« < 2"y < |lyll« for anyy € C¥.

We emphasize that the four coefficient of linearity constaftsg*, 8, and g*,
depend onlyon the normg)x| and|y|| and the cone€x andCy, and are independent
of the data(A, b) defining the probleniP(d).

3.1. Characterization results whd?{d) is consistent

The starting point of our analysis is the following result of Renegar [12], which we
motivate as follows. Consider the following homogenization and normalizati®abf

H: br — Ax e Cy
X € Cx

r >0

Irl+ IIxll < 1.

Recall thato(d) measures the extent to which the ddta= (A, b) can be altered
and yet (1) will still be feasible for the new system. A modification of this view is that
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p(d) measures the extent to which the system (1) can be modified while ensuring its
feasibility. Consider the following program:

P (d) : r(d) = minimum maximum &
veVY r,Xx,0
il <1 st.  br— Ax— 10 € Cy (14)
X e Cx
r >0
Irl =+ (Il <1l

Thenr(d) is the largest scaling fact@r such that for any with |Jv|| < 1, v8 can be
added to the first inclusion afl without affecting the feasibility of the system. The
following is a slightly altered restatement of a result due to Renegar:

Theorem 1 (Theorem 3.5 of [12]). Suppose thad € F. Then
r(d) = p(d). (15)

Now note that the inner maximization program of (14) is a convex program. If we
replace this inner maximization program by an appropriately constructed Lagrange dual,
we obtain the following modification of program (14):

minimum minimum max || ATy — ql|., [bTy + 9|}

veyY V.0, g
vl <1
st.ylv>1
e C¥
;’e c£ (16)
g>0

By combining the inner and outer minimizations in (16) and using the duality
properties of norms (see (10)), we obtain the following program:

P (d) : j(d) = minimum max{||ATy — ql|, [b"y + g}
Y. 0,9
st.  yeC§
qe Cy
g>0 an
lylls =1.

Now note that progran®; (d) is a measure of how close the system (1) is to being
infeasible. To see this, note thatdf= (A, b) were inF€, then from Proposition 1 it
would be true thaj(d) = 0. The nonnegative quantity(d) measures the extent to which
the alternative system (9) is not feasible. The smaller the valuyéddfis, the closer
the conditions (9) are to being satisfied, and so the smaller the vaj(e)a$hould be.
These arguments are imprecise, but the next theorem validates the intuition of this line
of thinking:
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Theorem 2. Suppose thad € F. Then
j(d) = p(d). (18)

One way to prove (18) would be to prove that the duality constructs employed in
modifying (14) to (16) to (17) are indeed valid, thereby showing {@dit = r (d) = p(d)
and establishing that prograR) (d) is just a partial dualization oP; (d). Instead we
offer the following proof which is more direct and does not rely explicitly on (15).

Proof. Suppose thaj(d) > p(d). Then there existd = (A, b) such that| A — Al <

j(d) and|b — b| < j(d) andd € FC. From Proposition 1, there exisjse C% with

VIl = 1 that satisfiedATy € C¥, b'y < 0. Letg = ATyandg = —b"y > 0. Then
IATY —alls = ATy —a+ (A= ATY|l. < |A= Al < j(d)

and
b’y + 9l ="y +(b-D)Ty—Db'y =[b-DTy < lb—DbIIVll. < j@),

and so(y, g, 9) is feasible forPj(d) with objective value less than(d), which is
a contradiction. Thereforgd) < p(d).

Now suppose tha(d) < § < p(d) for somes. Then there existgy, g, g) such that
yeCy,qeCy, =0, and|ATy —qll« <&, |b'y+9| <38, and||y|l, = 1. Lety
satisfy[|§]l = 1,79y = [|Vll« = 1, see Proposition 2, and I&t= A— ¢ (yTA—-qT),
be=b—9(b"y+g+e)foralle > 0. ThenATy = ATy — ATy +§ =g e C}, and
bly=—g—e < O0foralle > 0. Therefored, = (A, b.) € F€ forall e > 0. However,
IA— Al = ATy — g« < sand|b. — bl = [bTy+g+e| < [bTy+d +e < 5for
€ > 0 and sufficiently small, and sad) < ||de — d|| = max{||A — Al|, ||be — b||} < §,
for all ¢ > 0 and sufficiently small. This too is a contradiction, andj&d) > p(d),
wherebyj(d) = p(d).

o

Remark 6.Pj(d) is not in general a convex program due to the non-convex constraint
“llyll« = 1”. However, in the case wheri = R™, (thenY* can also be identified with
R™M), if we choose the norm ovi* to be thel. o, norm (so the norm oX is theL 1 norm),
thenP; (d) can be solved by solving2convex programs. To see this, observe that when
1=lyll+ = Yl in Pj(d), then the constraint['y||. = 1” can be replaced by the con-

straint“y; = +1forsomé € {1, ..., m}” without changing the optimal objective value
of Pj(d). This implies thatj(d) = min{jy1(d), ..., j4+m(d), j—2(d), ..., jom(d)},
where :
j=i (d) = minimum max{| ATy — q|.. |bTy + g|}
Y., 9
st.  yeCy

qe Cy

g=0

Vi = =£1,

and j(d) is the optimal objective value of a convex program; 1, ..., m.
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We now proceed to present five different mathematical programs each of whose
optimal values provides an approximation of the value of the distance to ill-posedness
p(d), inthe case wheR(d) is consistent. For each of these five mathematical programs,
the nature of the approximation ptd) is specified in a theorem stating the result. For
the first program, suppose thax is a regular cone, and consider:

Pe(d) : a(d) = minimum ~ y
%
st.  Aly+yleCy (19)
—bTy+y >0
vl =1
y e CJ.

Theorem 3. If d € F andCy is regular, then

B-a(d) < p(d) < a(d) .

Proof. Recall from Corollary 1 thaii € intC%. Thereforex(d) > 0, since otherwise

d e FC via Proposition 1, which would violate the supposition of the theorem. Suppose
that (y, y) is feasible forP,(d). Letq = ATy + yi and notice thaf| ATy — gl =
ylallx = y. Also, if we letg = —b"y + y, theng > O and|b"y + g| = |y| = y.
Therefore, ma*||ATy —qlls, IbTy+ g|} =y, and(y, g, g) is feasible forP; (d) with
objective valuey. It then follows thawx(d) > j(d) = p(d) from (18).

On the other hand, suppose tligtq, g) is feasible forP;j (d), and let

6 = max{ ATy ~ql.. IbTy+dl}.
Then it must be true that
ATy + (8/B)0 € C¥. (20)

To demonstrate the validity of (20), suppose the contrary. Then thereexisB with
x|l = 1 for whichx™ (ATy + (§/8)0) < 0. But then

5 = max| ATy = qll.. 16Ty +gl} = IATy=qll. = la— ATyl x|l = g"x—xT ATy

> —xTATy > (8/8)a"x > (8BIIx])/B = 8

(where the last inequality is from Corollary 1), a contradiction. Therefore (20) is true.
Then also% >8> |b'y+gl > by, and soy, y) = (y, %) is feasible forP,(d). It

then follows thatx(d) < j(d)/B8 = p(d)/B (from (18)), completing the proof.
i

Similar to P;j(d), P,(d) is generally a nonconvex program due to the constraint
“lyllx = 1.” When Cy is also regular, then from Corollary 1 the linear functidry
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is a “best” linear approximation ofy|. on C, and if we replace [ly|. = 1" by
“zTy = 1”in P,(d) we obtain the following convex program:

P;(d) : a(d) = minimum y
Y, ¥
st. ATy + yl e C} (21)
—b'y+y >0
zTy =1
y e CJ.

Replacing the norm constraint by its linear approximation will reduce (by a constant)
the extent to which the program computes an approximatigridf and the analog of
Theorem 3 becomes:

Theorem 4. If d € F and bothCx andCy are regular, then
BB - a(d) < p(d) < &(d).

Proof. Suppose thaty, y) is a feasible solution oP,(d). Then (y/z"y, y/z"y) is
afeasible solution of; (d) with objective function valug/z"y < y/ (B*|lyll+) = y/B*
(from Corollary 1). It then follows thak(d) < «(d)/A*. Applying Theorem 3, we obtain
B*Ba(d) < p(d).

Next suppose thaty, y) is a feasible solution oP;(d). Then (y/|IYll«, ¥/1IYIl«)
is a feasible solution oP,(d) with objective function value/||yllx < y/(Z"y) = ¥
(from Corollary 1). It then follows thak(d) < @(d). Applying Theorem 3, we obtain
p(d) < a(d).

o

The next mathematical program supposes that the €xnie regular. Consider the
following program:

P, (d) : w(d) = minimum maximumeé
veVY r,Xx,0
vl <1 st. br — Ax— vf € Cy (22)
X e Cx
r+ a'x <1
r > 0.

Notice thatP,,(d) is identical toP; (d) except that the norm constrainit [+ || x|| < 1"
in P (d) is replaced by the linearized version4 G x < 1”. We have:

Theorem 5. If d € F andCy is regular, then
B-w(d) < p(d) <w(d).

Proof. The proof follows from (15) using the inequalitigh|x|| < a'x < x| of
Corollary 1, using the same logic as in the proof of Theorem 4.
i
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The fourth mathematical program supposes that the &g regular. Consider
the following convex program:

Pu(d) : u(d) = minimum max{||ATy — gl [b"y +g|}
Y. Q.9
st. y e G (23)
g eC
g>0
7Ty =1.

Notice thatP (d) is identical toP;j(d) except that the norm constrainy||, = 1"
in Pj(d) is replaced by the linearized version™y = 1”. We have:

Theorem 6. If d € F andCy is regular, then
Bru(d) < p(d) < u(d) .
Proof. The proof follows from (18) using the inequaliti@s|ly|. < z'y < ||yl|. of

Corollary 1, using the same logic as in the proof of Theorem 4.
o

Notice that the feasible region Bf,(d) is a convex set, and that the objective function
is a gauge function, i.e., a nonnegative convex function that is positively homogeneous
of degree 1, see [14]. A mathematical program that minimizes a gauge function over
a convex set is called a gauge program, and corresponding to every gauge program is
a dual gauge program that also minimizes a (dual) gauge function over a (dual) convex
set, see [6]. For the prografy (d), its dual gauge program is given by the following
convex program:

P,(d) : v(d) = minimum (IX]| + |r|
X, r
br — Ax—z e Cy (24)
X € Cx
r>0.

One can interpreP,(d) as measuring the extent to whiéid) has a solutiorx for
whichb — Ax s in the interior of the con€y. To see this, note from Corollary 1 that
Z € intCy, and soP,(d) will only be feasible ifP(d) has a solutiox for whichb — Ax
is in the interior toCy. The more interior a solution there is, the smallerx) can be
scaled and still satisfgr — Ax — z € Cy. One would then expecet(d) to be inversely
proportional top(d) (and tou(d)), as the next theorem indicates. Indeed, the theorem
states thati(d) - v(d) = 1, where we employ the convention that 8 = 1 when
{u(d), v(d)} = {0, oco}.

Theorem 7. Suppose thad € F andCy is regular. Theru(d) - v(d) = 1, and

B*
o(d) Sp(d)fﬁ«
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Proof. Suppose thagt(d) = 0. Thenu(d) = 0 from Theorem 6 and from (17) and (18),
there existsy € C satisfying ATy € C%, b™§ < 0, and||y]l. = 1, which in turn
implies thatP, (d) cannot have a feasible solution (fox¥, r) is feasible forP, (d), then
0< 9" (br— Ax—2) < 0, a contradiction). Thus(d) = oo, and sou(d) - v(d) = 1
by convention, and als% =0=p(d) = Wld)-

Therefore suppose thatd) > 0. Thenu(d) > 0 from Theorem 6 and also it is
straightforward to show that both,(d) and P,(d) are feasible and attain their optima.
Note that for anyy, g, g) and(x, r) feasible forP,(d) and P, (d), respectively, we have

T

1=2"y<y"br—y"Ax<y'br+gr—y Ax+q'x <

(X[ =+ Ir ) max{[|AT — gl [bTy + gl}

wherebyu(d) - v(d) > 1, and so in particulap(d) > 0. We now will show that
u(d) - v(d) = 1, which will complete the proof.
Define the following set:

S={(y,w,v) e R xY x X|thereexists > 0,x € X,se€ Cy, and p € Cx
which satisfy||X|| + |[r| < y,br —AX—Z—w =5 X—v=p}.

ThenSis a nonempty convex set, and basic limit arguments easily establis§ that
is also a closed set. For any given and fixes (0, v(d)), the point(v(d) —¢,0,0) ¢ S
(for otherwise the optimal value d?,(d) would be less than or equal tgd) — ¢,
a contradiction). Sinc8is a closed nonempty convex set(d) — ¢, 0, 0) can be strictly
separated frons by a hyperplane, i.e., there exigts y, q) # 0 anda € % such that

(i) v(d)—e) <«
(i) oy —y"w—q"v > aforany(y,w,v) € S

In particular,(ii ) implies that

X+ +80—yT(or—Ax—2—9 —q"(x—p) >«
(25)
foranyx e X,r >0,§ >0,s€ Cy, andpe Cx .

This impliesthat > 0,y € C¥, q € C¥%, anda > 0.

Suppose first that > 0. Then we can rescal®, y,q) and ¢ so thato = 1.
Then notice that (25) implies that-1b"y > 0. Also, we claim that (25) implies that
|ATy —qll+ < 1. (To see this, suppose instead tha&'y — q|l. > 1. Then there
existsX € X such that|X|| = 1 andX"(q — ATy) > 1, and then setting = AX
for A > 0 and sufficiently large, we can drive the left-hand-side of (25) to a negative
number, which would yield a contradiction.) Also from (25) afigl note thaty"z >

a > v(d) — e > 0. Define(y,q) = ( y 4 ) andg = (b;y_. Theny € C¥ ,

e i
1

v(d)—e’

q € Cid = 0.()T2 = 1, and mak|ATY — .. IbTY + 1} = & <
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and so(y , d, g) is feasible forP,(d) with objective value at mosjg— . Therefore

u(d) < U(d—}_s. Since this is true for any € (0, v(d)) thenu(d) = Wld), and then the
second assertion of the theorem follows from Theorem 6.

It remains to consider the case whére= 0. Thena > 0 and (25) implies that
y'b<0,ATy =q e C%, andy"z > o > 0. Then we can rescaleso thaty'z = 1,
and if we defineg = (l):ny)—, then(y, g, g) is feasible forP,(d) with an objective
value of zero. Therefore(d) = 0 which implies via Theorem 6 thatd) = 0, which
contradicts the supposition. Therefgre= 0 is an impossibility, and the theorem is
proved.

]

A simplifying perspective on the results in this subsection is that all five char-
acterization theorems of this subsection are either directly or indirectly derived from
Theorem 3.5 of [12]. To see this, first recall that Theorem 3.5 of [12] showstdat
is obtained as the optimal value of the progr&d). Theorem 5 was obtained by
linearizing the norm constraintr| + ||X|| < 1" in P, (d). Theorem 6 was obtained by
linearizing the norm constrain{|y||l. = 1” of P;(d), but P;(d) was itself constructed
from P (d) via two partial duality derivations. Also, Theorem 3 and Theorem 4 were
obtained by taking particular advantage of properties of the coefficients of linearity
B and g* as they pertain to modifications & (d) as well. Finally, Theorem 7 was
obtained by applying gauge duality Ry(d), which itself was obtained frorR; (d) by
linearization of the norm constrainfy||,. = 1” of Pj(d).

We conclude this subsection with the following comment. The five characterization
theorems in this subsection provide approximations(dj, but are exact characteriza-
tions wheng = 1 and/org* = 1. However, from Remark 5, we can choose the norms
on X and onY in such a way as to guarantee tifat= 1 andp* = 1. If the norms are
so chosen, then all five theorems provide exact characterizatigrnd)of

3.2. Characterization results whe®(d) is not consistent

In this subsection, we parallel the results of the previous subsection for the case when
P(d) is not consistent. That is, we present five different mathematical programs and
we prove that the optimal value of each of these mathematical programs provides an
approximation of the value qf(d), in the case whe®(d) is not consistent. For each of
these five mathematical programs, the nature of the approximatiofpfs specified
in a theorem stating the result.

As in the previous subsection, the starting point of our analysis is an application of
Theorem 3.5 of Renegar [12], which we motivate as follows. Consider the following
normalization of the alternative system (8):

HD : ATy e Cy,
—b'y>0

yeCy
Iyl <1.

(26)
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Consider the following program based BiD:

P, (d) : 7(d) = minimum maximun®
v e X* y, 0
v« <1 st ATy—w9 eC¥ (27)
—b'y—6>0
yeC§
Iyl <1.

Thenr(d) is the largest scaling factersuch that for any with |jv|, < 1, —vf can
be added to the first inclusion #fD and—6 can be added to the second inclusion of
HD without affecting the feasibility of the systeriD. The following is also a slightly

altered restatement of a result due to Renegar:
Theorem 8 (Theorem 3.5 of [12]). Suppose thad € €. Then
7(d) = p(d). (28)

Exactly as in the previous subsection, we can use partial duality constructs to create
the following program fronP, (d):

P (d) : k(d) = minimum ||br — AX — w||
X, I, w
s.t. X € Cx (29)
r>0
w e CY
Xl +r=1.

Note that progranPy(d) is a measure of how close the systéld) is to being
feasible. To see this, note thatdf = (A, b) were inF, then it would be true that
k(d) = 0. The nonnegative quantitg(d) measures the extent to which (1) is not
feasible. The smaller the value kfd) is, the closer the conditions (1) are to being
satisfied, and so the smaller the valugp@d) should be. These arguments are validated
in the following theorem:

Theorem 9. Suppose thad € F€. Then
k(d) = p(d). (30)

Proof. Suppose thdt(d) > p(d). Thenthere exists = (A, b) suchthafl A—A|| < k(d)
and|b — b|| < k(d) andd e F. Therefore there exist&, ) with f > 0, X € Cx,

br — AX € Cy, and|f| + ||X|| = 1. Letw = bf — Ax. Then

bf — AX — w|| = |bf — Ax—w + (b—b)T — (A— A) X
< b= DbIlIF| + 1A = AJ[[IX]| < k().
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But then(x, 7, w) is feasible forPx(d) with objective value less thak(d), which is
a contradiction. Therefoilgd) < p(d).

Now suppose thdt(d) < § < p(d) for somes. Then there exist&, 1, w) such that
X € Cx, T > 0,w € Cy, and||br — AX — w|| < §, and|f| + ||X|]| = 1. LetX satisfy
%]l = 1 andx" X = ||X||, see Proposition 2. Fer> 0, let

Ac= A+ (bF + ¢ — AX— )X

_ Thenb(f + ¢) — AcX = w € Cy, andf + ¢ > 0 andx € Cx. Therefored, :=
(Ac,b) € F. However,

IAc = Al < [|IbF — AX — || + [|blle < &+ [|blle.

Fore < p(l?grs, we havel|A. — A|| < p(d), wherebyd. = (A., b) € FC, a contra-

diction. Thereforé(d) > p(d), and sdk(d) = p(d).

O

(We point out that becaug® (d) was constructed by using partial duality constructs
applied to P, (d) as illustrated above, one can also view (30) as an application of
Theorem 3.5 of [12].)

Remark 7.Px(d) is not in general a convex program due to the non-convex constraint
“r + |Ix|| = 1”. However, in the case wheX = R", if we choose the norm o to

be theL ., norm, thenPi(d) can be solved by solvingr?convex programs, where the
construction exactly parallels that given fiéy(d) earlier in this section. One can easily
show thak(d) = min{k;1, ..., Kyn,K_1,...,kon}, where:

K+ j(d) = minimum |lbr — AX — wl|

X, T, w
s.t. X € Cx
r>0
w € Cy
Xj==x0-r1).

We now proceed to present five different mathematical programs each of whose
optimal values provides an approximation of the value of the distance to ill-posedness
p(d) when P(d) is not consistent. For the first program, suppose @ais a regular
cone, and consider:

P (d) : o(d) = minimumy
r7 Xs )/
st.  br— Ax+2zy eCy (31)
r+ixj=1
r>0

X eCx.
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Theorem 10. If d € F€ andCy is regular, then
B* - o(d) < p(d) < o(d) .

Proof. Recall from Corollary 1 that € intCy. Therefores (d) > 0, since otherwise
there would existx, r) satisfyingbr — Ax € intCy, r > 0, x € Cy, contradicting
the hypothesis that € FC. Suppose thatr, x, y) is feasible forP, (d), and letw =
br — Ax+2zy. Then(r, x, w) is feasible forP (d) with objective valud|br — Ax—w|| =
lyzll = y|z|| = y. It then follows thak (d) < o (d), and sop (d) < o (d) from (30).

On the other hand, suppose thigtr, w) is feasible forP (d), and lets = ||br —
AXx — wl|. Then

br — Ax+ (%) Z e Cy. (32)

To demonstrate the validity of (32), suppose the contrary. Then there gxis, with
Iyll. = Landy" (br — Ax+ (£)2) < 0. Butthen

§=|lbr — Ax—w| > y" (w+ Ax—br) > y" (Ax—br) > %yTZ

= 2 (Blyll) =5,

where the last inequality is from Corollary 1. As this is a contradiction, (32) is true.
Thereforey = % is a feasible objective value &% (d), and sar (d) < kﬁd), whereby

ﬁ*
p (d) = k(d) > B*o (d) from (30).

O

Similar to Px(d), P, (d) is generally a non-convex program due to the constraint
“r 4+ |x|| = 1”. WhenCxy is also regular, if we replace “ ||x|| = 1" by “r +4"x = 1”
in P, (d) we obtain the following convex program:

P;(d) : 6(d) = minimum y
X,y
st. br — AX+2zy € Cy (33)
r+o'x=1
r>0
xeCx.

The analog of Theorem 10 becomes:
Theorem 11. If d € € and bothCx andCy are regular, then
B*B-5(d) < p(d) < 6(d).

Proof. Suppose that, x, y) is a feasible solution o, (d). Then(r/(r + 0" x), x/(r +
a7 x), y/(r +0"x)) is a feasible solution of; (d) with objective function value/(r +
a™x) < y/(r + BIX|) < y/B (from Corollary 1). It then follows tha& (d) < o(d)/B.
Applying Theorem 10, we obtaif* 85 (d) < p(d).
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Next suppose thdt, x, y) is a feasible solution d; (d). Then(r /(r + ||X]]), X/(r +
IXID, ¥/(r + |IX])) is a feasible solution o, (d) with objective function value,/(r +
IX]) < y/(r+G"x) = y (from Corollary 1). It then follows that(d) < &(d). Applying
Theorem 10, we obtaip(d) < &(d).

|

For the next mathematical program, suppose that the€eisregular, and consider:

Ps(d) : §(d) = minimum maximun®
v e X* y, 0
Ivl. <1 st ATy—w9 eCy (34)
—b'y—6=>0
yeCy
ZTy<1.

Notice thatPs(d) is identical toP, (d) except that the norm constrainty|, < 1"
in P, (d) is replaced by the linearized version™y < 1”. We have:

Theorem 12. If d € F€ andCy is regular, then

B*-8(d) < p(d) < 8(d) .

Proof. The proof follows from (28) using the inequalitigs|y|l, < z'y < |lyllx of
Corollary 1, using the same logic as in the proof of Theorem 11.
O

The fourth mathematical program supposes that the Gynies regular. Consider
the following convex program:

Py(d) : g(d) = minimum ||br — Ax — w||
X, T, w

st.  xeCxy (35)
r>0
wECY
0'x+r=1.

Notice thatPy(d) is identical toPy (d) except that the norm constraimt+ ||x|| = 1”
in Px(d) is replaced by the linearized version+ 0" x = 1”. We have:

Theorem 13. If d € FC andCxy is regular, then
Bg(d) < p(d) < g(d) .

Proof. The proof follows from (30) using the inequalitighx|| < a"x < x| of
Corollary 1, using the same logic as in the proof of Theorem 11.
i
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Notice thatPy(d) is a gauge program; its dual gauge program is given by:

Ph(d) : h(d) = minimum || y||.
y
st.  ATy—-decCy (36)
—b'y—-1>0
yeCy.

Note thatPy (d) is also a convex program. One can interpigtd) as measuring the
extent to which (8) has a solutignfor which ATy € intC% and that satisfies"y < 0.
To see this, note from Corollary 1 thate intC%, and soPy(d) will only be feasible if
the first and the third conditions of (8) are satisfied in their interior. The more interior
a solution there is, the smallgrcan be scaled and still satis"y — G € Cy and
—b"y — 1 > 0. One would then expeti(d) to be inversely proportional tp(d) (and
to g(d)), as Theorem 14 indicates. Just as in the case of Theorem 7, we employ the
convention that 0 co = 1 when{g(d), h(d)} = {0, co}.

Theorem 14. Suppose thal € F© andCx is regular. Therg(d) - h(d) = 1, and

B
wfp(d)fw«

Proof. This proof parallels that of Theorem 7. Suppose first th@h) = 0. Then
g(d) = 0 from Theorem 13. And from (29) and (30), there exi&tsf, w) satisfying
bf — AXx—w =0,f > 0,% € Cx, w € Cy, ||X||+f = 1, which in turn implies thaPy, (d)
cannot have a feasible solution (fonyifis feasible forP(d), thenkT (ATy — @) > 0,
f(—b"y—1) > 0, %"y > 0, and so 0= y'(bf — AR — ) < —0"K—Ff < O,
a contradiction). Thu$(d) = oo, and sog(d) - h(d) = 1 by convention, and also
fi@_= 0= P(@ = - "
Therefore suppose thatd) > 0. Theng(d) > 0 from Theorem 13, and also it is
straightforward to show that bot?y(d) and P, (d) are feasible and attain their optima.
Note that for anyx, r, w) andy feasible forPy(d) and P, (d), respectively, that

1=0x+r <y Ax—yTbr < y"Ax—y'br+w'y < |ly|, |lbr — Ax— w],

wherebyg(d)-h(d) > 1, and soin particular(d) > 0. We now will showg(d)-h(d) = 1,
which will complete the proof.
Define the following set:

S={(1.09,5p) € N xRN x X*xY*|thereexisty € Y*,ve Cy, 7w >0,ueCy

which satisfy|lylly < y, Aly—tG—s=uv,-b'y—1—-q=my— p=u}. Then
Sis a nonempty convex set, and basic limit arguments easily establisl$ thatlso
a closed set. For anye (0, h(d)), the point(h(d)) — ¢, 0,0, 0) ¢ S(for otherwise the
optimal value ofP,(d) would be no greater tham(d) — ¢, a contradiction). Sinc&is

a closed nonempty convex séi(d)) — ¢, 0, 0, 0) can be strictly separated froBiby

a hyperplane, i.e., there exigts r, X, w) # 0 anda € 9 such that
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(i) 6(h(d) —e) < a,
(i) Oy —rq—x"s—w'p> aforany(y,q,s p) € S

In particular,(ii) implies that

(yls +80 4+ —r(=b'y—1—m) —x"(ATy—0—v) —w'(y—u) >«
(37)
forany$ > 0,y e Y*, v e C{, 7 > 0, andu € Cj.

This implies that > 0,r > 0,x € Cx, w € Cy, andr +0"x > « > 0.

Suppose first tha# > 0, and so by rescaling, r, X, w) ande we can presume
thaté = 1. Then (37) implies thajbr — Ax— w|| < 1. (To see this, note that if
|lbr — Ax — w| > 1, then there existg e Y* for which ||y|l+ = 1 andy" (w + Ax —
br) > 1, and then setting = Ay for A > 0 and sulfficiently large, we can drive the
left-hand-side of (37) to a negative number, which is a contradiction.) Also not that (37)

impliesthat +0"x > & > h(d)—e > 0from(i). Define(X,r’, w') = (ﬁ)(x, r,w).
Then (x, r, w) is feasible forPy(d), andg(d) < [br — AX — w'|| = ”m:\%w” <

ﬁ < WL. Since this is true for any € (0, h(d)), theng(d) = ﬁ, and then the

second assertion of the theorem follows from Theorem 13.

It only remains to consider the case wher= 0. Thena > 0 and (37) implies
thatr > 0,x € Cx, br — AXx— w = 0, w € Cy, andr + 0'x > o > 0. We can
rescale(r, x, w) anda so thatr + 0'x = 1, and then(r, x, w) is feasible forPgy(d)
with an objective value of zero. Therefogéd) = 0, which implies via Theorem 13
that p(d) = 0, which contradicts the supposition that) > 0. Therefore® = 0 is an
impossibility, and the theorem is proved.

]

The comments at the end of the previous subsection apply to this subsection as well:
all five characterization theorems of this subsections are either directly or indirectly
derived from Theorem 3.5 of [12]. Also, by appropriate choice of normX and/orY,
all five characterization theorems provide exact characterization&nf

4. Bounds on radii of contained and intersecting balls

In this section, we develop four results concerning the radii of certain inscribed balls in
the feasible region of the system (1) or, in the case WPl is not consistent, of the
alternative system (8). These results are stated as Lemmas 2, 3, 4, and 5 of this section.
While these results are of an intermediate nature, it is nevertheless useful to motivate
them, which we do now, by thinking in terms of the ellipsoid algorithm for finding

a point in a convex set.

Consider the ellipsoid algorithm for finding a feasible point in a convexSset
Roughly speaking, the main ingredients that are needed to apply the ellipsoid algorithm
and to produce a complexity bound on the number of iterations of the ellipsoid algorithm
are the existence of:
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() aball B(x,r) with the property thaB(X,r) C S
(i) aball B(0, R) with the property thaB(X,r) ¢ B(0, R), and
(iif) an upper bound on the ratiB/r

With these three ingredients, it is then possible to produce a complexity bound on
the number of iterations of the ellipsoid algorithm, which will Bgn? In(R/r)). In
addition, it is also convenient to have the following:

(iv) alower bound on the radiusof the contained balB(X, r), and
(v) an upper bound on the radifsof the initial ball B(0, R).

In the bit model of complexity as applied to linear inequality systems, one is usually
able to ser = (1/n)2~L and R = n2\, wherelL is the number of bits needed to
represent the system. (Of course, these valuesaofl R break down when the system
is degenerate (in our parlance, “ill-posed”) in which case the system must be perturbed
first.)

By analogy for the problenf(d) considered herein in (1), the convex set in mind
is the setXq, which is the feasible region of the probleRdd), andn2" is generally
replaced by theondition measuref d = (A, b), denoted’(d), which is defined to be

d

Cd) = —-,
@ p(d)

(38)

see Renegar [11]. The value@®fd) is a measure of the relative conditioning of the data
instancel. (The condition measur&(d) can be viewed as a scale-invariant reciprocal of
the distance to ill-posednep&d), as it is elementary to demonstrate tGéard) = C(d)
for any positive scalad.)

The results in this section will be used in Section 5 to demonstrate in general that
we can find a poink € Xq4 and radiir and R with the five properties below, that are
analogs of the five properties listed above:

() B(x,r) c Xq
(i) B(kx,r) c B(O,R)
(i) R/r < c1C(d)
(iv) r> %, and

(v) R<caC(d),

where the constantyg, ¢, andcs depend only on the coefficients of linearity for the
coneCx, C§, Cy, andCy, and are independent of the data= (A, b) of the problem
P(d). Here the quantity2" is roughly replaced bg(d) .

The above remarks pertain to the the case wWh@h is consistent, i.e., wheR(d)
has a solution. WheR(d) is not consistent, then the convex set in mind is the feasible
region for the alternative system (8), denotedvy The results in this section will also
be used in Section 5 to demonstrate in general that we can find aypaiivy and radii
r and R with the three properties below, that are analogs of the first three properties
listed above:
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() B(y.1nCYq
(i) B(§.1) C BO, R)
(i) R/r < caC(d)

where again the constani depends on the coefficients of linearity for the cones
Cx, C%. Cy, andCy, and is independent of the problem ddt@ecause the system (8)
is homogeneous, it makes little sense to bourficom below orR from above, as all
constructions can be scaled by any positive quantity. Therefore prop@iesid (v)
above are not relevant.

The results in this section are rather technical, and the reader may first want to read
Section 5 before pondering the results in this section in detail.

We first examine the case whéqd) is consistent, in which case the feasible region
Xd = {X € X|b— Ax € Cy, x € Cx} is nonempty.

Lemma 2. Suppose thad € F andCy is regular. If p(d) > 0O, then there exists € Xq
and positive scalars; and R; satisfying:

(i) B(X r1) C{xe Xlb— Axe Cy},
(i) B(X r1) C B(0,Ry),

iy R 2||d]|

(i) 7 =1+ 7w

i B*p(d)

(iv) r1 > 30dT and

2||d|
V) Ri=1+ B*p(d)

In order to prove Lemma 2, we first prove:

Proposition 4. p(d) < ||d| .

Proof. If d e F (respectively,F©), thenod e F (respectively,F©) for all 6 > 0.
Therefored = (A, b) = (0,0) € B = cl(¥) Nncl (FC), and sop(d) < [|d —d| =
ld —Oll = |id]|.

0

Proof of Lemma 2.For anyw e C§ with ||w||. = 1, we have

T Bbw BrIIdIl [[wll«
z w+ rr———_— ’
Iid| Id]|

B~

IV

so that} (2 + %b) € Cy. Now let (X, F) solve P,(d) (see (24)), and let

wheres =T + 2\|d|| Letq = bf — AX—Zz. Thenq € Cy and we havér — Ax+ 2\|d|| b—

)+quY, so thatsb — AX — zeCy,

X —
15 _ 5 B* _ 15 1
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wherebyb— AX— £z € Cy. Thusk € Cx andb— A% € Cy, SOX € Xq. Letry = 2sﬂ|\dn
Thenif||x — X|| < r1, we have

b— Ax=b— AX+ AKX —X) =1 (b— AX— 12) + 22+ AR —X)
=Y+ 22+ AKX—X)
wherey € Cy. Thus for anyw € CJ with |lw|l, =1,

wT(b— A > 227w+ wT AR =X = §5 — [wll | All % = x|

\%

s —lidlirs =0

Thereforeb — Ax € Cy, proving(i).
Next, letRy = ||X|| +r1, and sa(ii) is satisfied.
To prove(iii ), observe that

BBy cud g (from (24))

r r

1
<swp@ T 1 (from Theorem7Y

_ 2ldiI
AC) +1,

proving(iii ). To compute the bounds {iw) and(v), notice first thas = 7+ Zﬁ;” > 2"?;” ,

so thatr; < 1. Therefore, frontiii ) we have
Ri _ 2|d]
< — E B Eam—
B*p(d)

9

proving(v). We also have:

=T+ <v(d) + (from (24))

<wv(d) + ﬁ (from Proposition 4
< 2@ - (from Theorem ¥

R*

Thereforers = fr > p(d) , proving(iv).

h;l

O

Remark 8.The proof of Lemma 2 can be modified to yield different constants on the

bounds on& ri, andRy. By changing the constan%" in the third line of the proof to

“ 1+€ "for € > 0, and making suitable changes in the proof, one can obtain the following
R1 (1+6)Hd|\ e*p(d Ato|dll

bounds=! <1+ T’ I (2+5)||d||' andR; < e+ 5 o(d) . One can then choose

eto optlmlze one of these bounds, for example.
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We next have:

Lemma 3. Suppose thal € F andCy is regular. If o(d) > 0, then there exist& € Xq
and positive scalars; and Ry satisfying:

() B(Xrz)cCx
(i) B(Xr2) C B, R
i R 3)d
(i) ¥ =< 1+dm
- “p(d)
(V) r2 = Lf;
and
2)d]

(V) R2§2+m

Proof. Let X denote the norm approximation vector for the cdbig. Consider the
following optimization problem:

Q: maximize 0
r,X, 0

st br — Ax+ 6(b— AX) € Cy
X

m
O
B3

0
1.

r
Ir| + [IXIl

IA 1V

From (14) and (15), the optimal value Qf is at Ieastﬁ, and so there exits
(7, X, 0) feasible forQ with § > Hb[i(—(/j-\)fql' and so

i p(d) p(d) P
0= Tb-Ax| = TBIIAT = 27d]- (39)
Define
% + X0 6B8*
g XX 9 and Ro= IR 41s.
O+r O+r

Then the feasibility of, %, 6) in Q ensures thad — A% € Cy, X € Cx, so thatX is
feasible forP(d). For anyv € X satisfying||v|| < r2, and for anyu € C%, we have

. TsouTd
ul (X +v) = % +uTv

0+0p* |lull.
047

08*
=l (3% —r2) =0,

and soB(X, ro) C Cx, which showsi); and(ii) follows from the definition ofR,.

v

— lvllllull« (from Proposition 3)
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To prove(iii ), observe that

R A1 g < usg);é 41
(3 (30
<4 (2%‘ + 1) +1 (from (39))
<1+ ﬂi”pd(l‘j) . (from Proposition 4)

To prove(v), observe that

II| + 1116 + 68* l+(§+(§ﬁ* 5 2ldl

R - ,
2= bt = 7 =7 )

where the last inequality uses (39). To pr@v®, observe that

1 _ o4f 1, 2|dj
2 = ap ﬁ* + == 9/3* < ﬁ* + == 9,3* S 5 T 20fF (from (39))
< ﬂil‘p‘j(l‘j), (from Proposition 4)

and sarp > % completing the proof.
O

Remark 9.Similarly to Remark 8, the proof of Lemma 3 can be modified to yield

different constants on the bounds 5%1 ro, andRy. By changing the first inclusion in

the feasibility conditions of prograr@ above to br — Ax + 6(eb — AX) € Cy” for

e > 0and maklng suitable changes in the proof, one can obtain the following bounds:
<1+5+ ALIldl y, > LD andR, < 2 + 2194l one can then choose

#d) ’ (1+26)Hd|| ! p(d)
e %o optlmlze one of these bounds as well,

We now turn to the case whé®(d) is inconsistent, i.e (d) has no solution. In this
case, from Proposition 1, the system (8) has a solution, and let us then examine the set
of all solutions to (8), which we denote by to emphasize the dependence on the data
d= (A b):

Ya={ye Y ATyeC} yeCl yb<0}. (40)

Lemma 4. Suppose thatl € F€ and Cy is re Fgejular If p(d) > 0, then there exists

§ € Ya and positive scalarss and Rs satisfyingre < /S‘L(ﬂ,), and that satisfy:

B(§.r3) c {ye Y |ATyeC% by <0} (41)
and

¥l < Rs. (42)
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Proof of Lemma 4.Lety solvePy(d). ThenATy— 0 € Cy, —b"y > 1, andy € C5.
Then smcw # 0 (otherwise-u e C§ and soCx is not regular, via Proposition 3), let
§ = Letrg = ﬁl“-’éﬁ) and letR; = 1.

To prove (41) it sufflces to show thatfif/ — 9|1 < rs, thenATy e C3 andyb < 0.

We have that) = AT¢ € C%. For anyx € Cx with ||x|| = 1,

IIVH

ATy = TR 9 AT B B
> —IXI| ANy = §ll. + XTq + X
> —||Allrz + # ”y”* (sincex"q > 0)
= —pg(d) + {3 ”y” (since|d|| = | Al
> —Bg(d) + ”3’,3”* (from Corollary 3
> 5 (9@ - i)
=0. (from Theorem 1%

Therefore ATy € C¥%. Similarly,
—bTy = —bT(y—9) —b'y

= —[dll Iy = ¥ll« — W

= —B9 +

> —Bg(d) + f; = 91— p) (from Theorem 13
> 0. (from Proposition 3

Therefore ATy e C} andb™y < 0, which proves (41).
To prove 542) note thaty|l« = 1 = Rs, which demonstrates (42). Finally note that
Re— L 1Al — 4L from Theorem 13.

rs r3 — Bald) = Bp(d) -

We next prove:
Lemma 5. Suppose that € 7€ andCy is regular Ifp(d) > O, thenthere exist € Yy
and positive scalars, and Ry satisfying® < ﬂ” ((;') and that satisfy:

B(y.ra) C C§ (43)
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and

191+ < Ra. (44)

Proof. Let y denote the norm approximation vector for the c@he Then|y|, = 1

andy'y > B|ly|l for anyy € Cy, see Proposition 3. Suppose thatatisfie|d||. < 8.
Then for anyy € Cy, we have(y +d)Ty > Bllyll - [dl.llyll = Bllyl — Bllyl = 0, and

soy +d e CJ. ThereforeB(y, ) C Cy, and recall thaf y||, = 1.

Consider now the following system in the varialgte

ATy + (Tld)) ATy e Cy

—bTy+ 2 (-b'Y) = 0
Jec (45)

Iylls < 1.

Then o (AT9) . < INGLE < p(d), and| g (-bTy)| < PG < p(d).

Then from (27) and (28) it follows that (45) has a solution

Define
o (C@ N (1N
y‘<1+6<d>)y <1+C<d>)y'

Then||¥|l. < 1, sinceyis a convex combination gfandy. Also § € C andATy Ck

and—b'§ > 0 from convexity and from (45). Therefofee Yq. Letry = c(dL;H and
Ry = 1. ThenB(y, B) C C andy C C¥ imply that B(§,r4) = B (y, C(dLHl) c Ck.

o _ H _ 1 _ Cd)+1 2C(d) _ 2|d|l
Also ||¥]lx < 1 = Ry. Finally, note that‘f—;l =i-Cgel XD _ Al

O

5. Synthesis of results

In this section, we synthesize the results of the previous two sections into theorems
that characterize aspects of the distance to ill-posedness for the three particular cases of
problemP(d) of (1), namely

(i) Case 1. Cx andCy are both regular
(i) Case 2:.Cx is regular andCy = {0},
(iii) Case 3:Cx = X andCy is regular,

and for the status of solvability a?(d) of (1), namely
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(a) P(d) is consistent, i.e., (1) has a solution, and
(b) P(d) is inconsistent, i.e., (8) has a solution.

Each of the six theorems of this section synthesizes our results of the previous two
sections, as applied to the one of the three cases above and one of the two status’
of the solvability of P(d). Each theorem summarizes the applicable approximation
characterizations gf(d) of Section 3, and also synthesizes the appropriate bounds on
radii of contained and intersecting balls developed in Section 4. For a motivation of
the importance of these bounds on radii of contained and intersecting balls contained
herein, the reader is referred to the opening discussion at the beginning of Section 4.

Each case is treated as a separate subsection, and all proofs are deferred to the end
of the section.

5.1. Case 1Cx andCy are both regular

Theorem 15. Suppose thaCx and Cy are both regular. IfP(d) is consistent, i.e.,
d € F, then

() B-a(d) =< p@) <a(d

(i) p*B-a(d) < p(d) < a(d)

(i) - w(d) < p(d) < w(d)

(iv) B*-u(d) < p(d) < u(d)

V) L5 <o <

(vi) If p(d) > O, then there exist& € Xq and positive scalars and R satisfying:
(a) B(X,r) C X4

(b) B(%,r) Cc B(O,R)

© F =2+ G i

min{$*. 5*}(d)
@) r = "5

2||d]|
€) R=2+ B

Theorem 16. Suppose thatx andCy are both regular. IfP(d) is not consistent, i.e.,
d e FC€, then

() B* o) < p(d) < o(d)

(i) B*B-6(d) < p(d) < &(d)

(iify p*-8(d) < p(d) < 5(d)

(iv) B-9(d) < p(d) < g(d)

V) g <P < 5k

(vi) If p(d) > O, then there existg € Yy and positive scalars and R satisfying:
(@) B(9.r) C Ya
(b) B(9.r) C B(O, R)

R _3ldi
© =1+ Ghe
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5.2. Case 2Cy is regular andCy = {0}

Theorem 17. Suppose thaCy is regular andCy = {0}. If P(d) is consistent, i.e.,
d e F, then

(l) B - a(d) < p(d) < a(d)
(i) B-w(d) < p(d) < w(d)
(i) If p(d) > O, then there exist& € Xq and positive scalars and R satisfying:

(@) {xe X||Ix—K| <r, Ax=Db} C Xg

(b) B(x,r) C 35%0, R)

R

(e) R<2+ 2@
Theorem 18. Suppose thatx is regular andCy = {0}. If P(d) is not consistent, i.e.,
d e FC, then

() B-9(d) < p(d) < g(d)

(i) roy < o(d) < r;

(i) If p(d) > O, then there exist§ € Yy and positive scalarsand R satisfying:
(@) Bgy,r; C Yg
(b) B(Y,r) c B(O, R

R [ld]
(c) T <1+ B

5.3. Case 3Cx = X andCy is regular

Theorem 19. Suppose thafx = X andCy is regular. If P(d) is consistent, i.ed € F,
then

() B*-u@ < p(d) < u(d)
(i) L5 < () < 75
(iii) If p(d) > O, then there exist& € Xq and positive scalars and R satisfying:
(@) B(x,r) C Xq
(b) B(x,r) C ZB(dO, R)
R [ld]
© F=1t59
B* p(d)
= el 2| d||
(e) R<1+ Fopd)”

Theorem 20. Suppose tha€Cx = X andCy is regular. If P(d) is not consistent, i.e.,
d e FC, then

() B o(d) < p(d) < o(d)

(i) B*-4(d) < p(d) < 4(d)

(iii) If p(d) > 0, then there exist§ € Yy and positive scalars and R satisfying:
@ {ye Y lly—9l. <r, Aly=0} C Yq
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(b) E()?, rc B(Oéngin)

© =1+ SEse

Proof of Theorem 15.Parts (i), (ii), (iii), (iv) and (v) follow directly from Theorems
3,4,5,6and 7, respectively. It remains to prove part (vi).

LetS= {x € X|b—Ax e Cy}andT = Cx. ThenSNT = Xq4. FromLemma 2, there
existsX; € Xq andry, Ry satisfying conditionsi) — (v) of Lemma 2. From Lemma 3,
there existXo € Xq andra, Ro satisfying conditiongi) — (v) of Lemma 3. Then tAhe
conditions of Proposition A.2 of the Appendix are satisfied, and so there g@sts, R
satisfying the five conditions of Proposition A.2. TherefgieB (%, r) € SNT = Xq,

which is (a). Also from(ii), B(X,r) C B(O, R), which is(b). From(iii ), we have

;R R1 R2<2 5(d||
r =1 rp ~ min{* B*}p(d)

(invoking Lemma 2iii ) and Lemma iii )), which is(c). Similarly applying Lemma 2
and 3 and Proposition A.2 in pariew) and(v) yields

1 . min{s*, B*}p(d)
r= 5 min{ry,rp} > W

and o1d
R < max{Ry, Ro} < 2+ = idi
B*p(d)

O

Proof of Theorem 16.Parts (i), (ii), (iii), (iv) and (v) follow directly from Theorems
10, 11, 12, 13 and 14, respectively. It remains to prove part (vi).

Let S={y € Y |ATy € C§, b’y < 0} andT = Ci. ThenSNT = Yq.
From Lemma 4, there existg, r3, Rs satisfyingys € SNT, B(y3, r3) ¢ Sand

I93lls < Ra, and% < %. From Lemma 5 there exist, rs, R4 satisfying

Y4 € SNT, B(Ya, r4) C T, and||Vall« < Ry, and% < le!—?d”). Then from Proposition
A.1 of the Appendix, there existg andr, R satisfyingB(§, r) ¢ SNT = Yg, and
191 < R, and

RoR_ Re___3dl__

FST TR S MA@

Now letR= R+r. Thenforanyy € B(¥, 1), IVl < I¥llx+r < R+r =R and

R R

_ K 3|
r=7+t1=<1+

min{g,}p(d) *
0

Proof of Theorem 17. Parts(i) and (ii) follow directly from Theorems 3 and 5,
respectively. To provéii ) we apply Lemma 3; there existse Xq andrz, Ry satisfying
the five conditions of Lemma 3. Let=r, andR = Ry. Then(b), (¢), (d), and(e)
follow directly. To prove(a), observe that from Lemma) that

{xeXlIx=K&I<r}cCx ,
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and intersecting both sides with the affine set X|Ax = b} gives

(xeX||Ix=X|<r, Ax=b} CcCxnN{xe X|Ax=Db} = Xq.
O

Proof of Theorem 18. Parts (i) and (ii) follow directly from Theorems 13 and 14,
respectively. To prove (iii) we apply Lemma 4; there exists Yq andrz, Rz satisfying

% < % and (41) and (42). Let=rz andR = Rz + r3. Then from (41) we obtain

lyeYlly—9l.<riciyeY* ATyeC} by<0=VYy .

Also, for anyy satisfying|ly — V|| <r, [lyl < IVl +r < Rs +r3 = R. Finally, note
that
R_ Rs dil

|
Proof of Theorem 19. Parts (i) and (ii) follow directly from Theorems 6 and 7,
respectively. To prove (iii) we apply Lemma 2; there exists Xq andry, Rj satisfying
the five conditions of Lemma 2. Let=r; andR = R;. Then(b), (¢), (d), and(e)
following directly. To provea), observe from Lemma(®) that

{xeX|Ix=X|| <r} c{xe X|b—Axe Cy} = Xg.
|

Proof of Theorem 20.Parts (i) and (ii) follow from Theorems 10 and 12, respectively.
It remains to prove (iii).

Let S= {y € Y*|b'y < 0}. If we letv = 0 in (34), we see that there exists
91 € C¥ satisfyingAT§;, = 0,27$1 < 1and—b"§1 > 8(d) > p(d), from Theorem 12.

1 il

Therefore, if we set; = 2@ and Ry = 1 we havel|§1 ]« <

= =

dil * !
Corollary 1), and for any satisfying|ly — 91/« < r1, we haveb"y = bT(y — §1) +
bT91 < IIb]l 1191 — Yllx« — p(d) < |ld|Ir1 — p(d) = 0, and soB(J1, r1) C S If we let
T =C,wehaveSNTN{y e Y*|ATy = 0} = Yy, andy € Yg. From Lemma 5, there

exists§; andra, Ry satisfyingp: < gl)'—:‘d”), and (43) and (44). Then from Proposition A.1

of the Appendix, there exisfsandr, RsatisfyingB(§,r) ¢ SN T and||§|| < R, and
R_R Ri__ 3d|

r = ri o ra T min{B, Ble(d)

< B_l* = Ry (from

Note also that
yeY ly—9l.<r. Aly=0lcSNTNn{ye Y |ATy=0}=Yy.

LetR= R+r.Thenforany € B(¥,1), IIyll« < Il +r = R+r =R and

3)d
min(B.5*}p(d) °

R=Rt1<1+
O
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Appendix

This appendix contains two simple constructions with balls on the intersection of two
convex sets.

Proposition A.1. Let X be a finite-dimensional normed linear vector space with norm
| - || and letSand T be convex subsets ¥ Suppose that

(i) X1€SNT, B(X4,r1) C S wherer; > 0, and||X1|| < Ry, and
(i) X2 € SNT, B(Xg,r2) C T, wherery > 0, and||Xz2|| < Ro.

r rir c
Leta = I’1+2r2’ andr = r11+$2’ and R=aR; + (1 —-a)Ro.

Then the poink = aX1 + (1 — )Xz will satisfy:

(i) Bx,r)csSNT,
(i) 1%l < R,

and (i) B< B B

Proof. First note that 0< o < 1. BecauseB(X1,r1) € SandX; € S B(aXy +
(1 — o)X, ar1) C S Similarly, becausd(X2,r2) € T andXy € T, B(aX1 + (1 —
a)X2, (1 —a)rz) ¢ T. Noticing thatar; = (1 — a)rz = r, we haveB(X,r) =
BlaXi+(1—a)k2, 1) € SNT. Also||X] < a|[&1][+(1—a)||X2] < aRi+(1—a)Rz = R.
Finally, to showiii ), we have

R aRi+(1-oR Ri R

r r ri ro

O

Proposition A.2. Let X be a finite-dimensional normed linear vector space with norm
| - || and letSand T be convex subsets & Suppose that

() %1€ SNT, B(Xq,r1) € S wherery > 0, andB(X1,r1) € B(0, Ry) and
(i) X2 € SNT, B(Xg,r2) C T, whererz > 0, andB(Xz, r2) C B(0, Ry).

leta = —2_, andr = 22 and R = «R; + (1 — @)Rx. Then the point

ri+ra’ ) LR
X = aX1 + (1 — @)X will satisfy:
(i) BxrcsSnT
(i) B(kx,r) c B(O,R)
= R _R R
(i) + =<3+
(iv) 1> 3 min{ry, ra}
and
(V) R<maxRy, Ro}.
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Proof. Parts(i) and(iii ) follow identically the proof of Proposition A.1. To sé&),

note that by definition of, r > % = Imin{ry, ra}. Part(v) follows

from the fact thatR is a convex combination oR; and Ry. To prove(ii), note that
foranyx € B(X,r), we have||x|| < |IX|| + T < a||X1]l + (1 — @)||X2]| + r. However,
I%ill+ri < R, i =1,2,sothaf|x|| <« (R —r)+(1—a) (Ro—r2)+r = R—r < R
which completes the proof.

]
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