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Experiments indiutc that there arc two extreme types of motion of an atom on 3 solid surface. One is ctuncterizcd by 
an average velocity and Ma mean square disphu?ment proportional to the square of the time (WC wit this coherent). 
The other (allcd purely dicfusion~l) is clnractcrizcd by a diffusion cocfficicnt and has 3 mean square displacement pro- 
portional to time. We prcscnt a simpb stochastic model to explain the microscopic orirjn of these two extreme typesof 
motion. In the case in which both types of motion coexist. the motion becomes diffusional for times longer than an intrirt- 

sic timcdcpcnding on the intensity of the thrrmal fluctuations of thcatom-Lattice coupling. 

I. Introduction 

Recent work with the field ion microscope [l] has 
made it possible to observe the motion of a single 
chemisorbed atom on a crystal face without defects. 
These observations allow the computation of a diffu- 
sion coefficient given by the formula: 

D = (R 2 (t) >/2dt , (1) 

where (R2(r))is the mean square dispIa~mcnt of the 
atom in time f, and d is the dimensional&y of the mo- 
tion (d = 1 for motion in a channel and 2 for motion 
on a surface). Since the diffusion coefficient must he 
time independent, eq. (I) makes sense for times long 
enough so that the mean square displacement is pro- 
portional to time. There is evidence that this is not 
true for all systems. 

Measurements of the specific heat 12) of Ghemi- 
sorbed layers of helium on a graphite surface can be 
interpreted only by assuming that the adsorbed atoms 
move freely on the surface. Such motion is character- 
ized by an average uniform velocity rather than a dif- 
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fusion coefficient, and the mean square dispkcement 
is proportional to the square of the time of observa- 
tion. Of course ihis comes about only for times shorter 
than the scattering time, which is extremely long in 
such systems. These experimental results are supported 
by quantum mechanical calculations (31 which show 
that the helium atoms arc delocalized when adsctbed 
on graphite or noble gas surfaces and they can move 
with practically no activation energy. 

These experiments indicate that two extremes of 
motion are possible and should be considered when 
analyzing the displacement of an adsorbed atom on a 
solid surface. We give precise definitions later, but we 
note here the main characteristics of thcu: extremes. 
The purely diffusional motion has a mean square dis- 
pIacement proportional to the time of observation, 
while the purely coherent has a mean square displace- 
ment proportional to the square of that time. 

In this note, we present a simple realistic stochastic 
model in order to analyze the microscopic origin of 
the two types of motion and to understand the i&et- 
mediate situation in which the motion is neither pure- 
ly diffusive nor purely coherent. We use a dynamic 
model in which the hamiltonian is split into a deter- 
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ministic part, HO, which describes the behavior of the 
atom on a rigid lattice and a stochastic part, V(r), 
which simulates the effect of the thermal motion of 
the lattice on the state and motion oT the atom. The 
model allows us to compute the mean square displace- 
ment of the atom as a function of time. This anAysis 
leads to the following conclusions. Lf V(r) is zero, 
the mean square displacement is proportional to f2 
and the purely coherent extreme emerges. If the terms 
in Ho which give rise to tile atom motion are zero and 
V(r) is not zero. then the mean square displacement 
is proportional tot and the pureiy diffusional extreme 
results. If both Ho and V(r) are non-zero the motion 
of the atom is coherent at short times and becomes 
diffusional after a time longer than an intrinsic time 
depending on the intensity of the thermal fluctuations 
of the atom-lattice coupling. The diffcsion coeffi- 
cient in this case contains a part from the purely diffu- 
sional extreme, but also contains a contribution from 
the coherent extreme. 

We emphasize that the analysis is dynamic and no 
activated complex type of assumptions are necessary 
to describe the motion. 

2. The model hamiltonian 

Consider the hamiltonian, HO, of the atom in the 
two dimensional, periodic potential of the static lat- 
tice. The solutions of the SchrGdinger equation for 
this situation are the usual band states, characterizd 
by a two dimensional wave vector, k, and an index 
specifying the band (which we drop in the interest of 
simplicity). This set, I&), is a complete and ortho- 
normal basis as is the Fourier transformed set 1,~) - 
N-1/2C, exp (- ik*Z,)lk). Hence 

Here N is the number of sites available to the chcmi- 
sorbed atom and R, is their position. The index R 
counts the sites of minimum energy for the adsorbed 
atom. The energy of the atom at site n is En and Jnm 
is the off diagonal matrix element of HO in the site 
representation_ we shall calI this quantity the transfer 
matrix element and note that it determines the prob- 
ability that an atom transfers from n to m. 

Since the lattice is not rigid, and the adsorbed atom 

vibrates in a direction perpendicular to the surface, we 
must include these effects in the hamiltonian. These 
motions are perceived by the atom as fluctuating 
changes in the height and width of the barrier be- 
tween sites (leading to faster or slower motion of the 
atom). We introduce fluctuating transfer matrix ele- 
ments F,,m (I) . m order to mimic this effect. Besides 
changiSsg the barrier, the thermal motion also causes 

fluctuations of the energy of the atom (which also in- 
fluences the transfer probability), which WC simulate 
by adding fluctuating site energies, F,(r), in the 
hamiltonian, which then becomes 

H=H,,+ V(t) 

= Ho + ~Fn(t)InW + c F,,(t)ln)hl . (3) 
n n+m 

To complete the model, we assume that f;;l (f) and 
Fnm(f) are gaussian processes with short time corrcla- 
tion and that F,,(r) and F,,,(f) are not correlated, 
that is, 

((F;, (t)N = W’,, (I))) = <<Fn (I) F,,, (f ‘)N = 0 , (4) 

((F, (f) F,,l (t’)>> = 2~~ 6,,. 6 (f-f ‘) , (5) 

<<Fnm (t) F,*,* (t’))) = {2yl (n-m) 6,,,,6,,t (1 -A,,) 

+2r~(n-m)6,~6,,~(1-6,,)}6(r-r’). (6) 

The choice of the gaussian processes may be justified 
since the fluctuations arc due to the disturbances of 
many degrees of freedom. The gaussian proesses will 
be used in truncating the equation of motion for the 
density matrix. We take the time correlations to be 
delta functions since the time scale of the migration 
of the adsorbed atom is assumed to be separated from 
the time scales of t&e fluctuations. In cq. (5), we 
further assumed tftit the fluctuations of the energy 
at different sitcr dre not correlated. In eq. (S), we as- 
sumed that random transfer takes place only between 
neighboring sites and that the random transfers at dif- 
ferent places are not correlated. We distinguish two 
kinds of processes, (i) n = m’, m = n’ and (ii) n = n’, 
m = m’, by rl and ~2. 

It is also possible to compute the quantities F,, and 
Fnrn from a microscopic model and obtain them as 
functions of the lattice and vibrational coordinates [4] - 
The averages in eqs. (4)-(6) then become the thermal 
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averages over lattice vibrations. The quantities ri are a 
measure of the intensity of the fluctuation of the 

energy of the atom and of the transfer matrix. The 
temperature dependence of these quantities cannot be 
established within the framework of this model, but 

that can be done in a theory which includes the mo- 
tion of the lattice and the coupling to the atom [4). 
However, on physical grounds, we expect ri to be 
monotonically increasing functions of temperature. 
The delta functions in time imply that the autocorre- 
lation functions of the random energy and random 
transfer matrix elements decay much faster than the 
time scale of the atomic displacement on the surface. 

3. Mean square displacement 

Using the model defined in eqs. (3)-(6), WC now 
derive the mean square displacement of the atom on 
the surface. At t = 0 the atom is located on site no; 
the density matrix at time I will then be 

p(r) = e_iHBr 

r 
Xexa -i 

c J 
dr eNgf Vx(T)eSi/‘g7 

0 
1 p(O). (7) 

We use the notationAXp q Ap-pA, with the rule 
AXBXp =AX(Bp-pB) =A(&.+pB)-(Bp-@)A. The 
exponential operator is defined by its power series cx- 

pansion and expT stands for the time ordered exponen- 
tial. The probability that the particle, at site rro at t = 0. 
will be at site n at time I is given by 

P,(r) = <nI((p(r)))ln). (8) 

The mean square displacement is then given by 

(R*(r))= cRzP,,(f). 
n 

(9) 

In order to compute (R*(r)), we must derive a differ- 
ential equation forf,, (r) E Oll((p(r)))lm) by taking 
the time derivative and using eq. (7). If we assume 
F,(f) and F,,,, (t) are gaussian random variables then 
a cumulant expansion [S] of the average of the expo- 
nential operator which appears in eq. (7) breaks off at 
the second cummulant. The resulting differential equa- 
tion for fr, (r) is 

I, = -4 p ~Jfpfp,W-J,,/,W 

The derivation of this equation is straightforward but 
tedious; the details are not given here. 

We now solve eq. (10) for the two limiting cases 
mentioned above. As already stated, we find coherent 
motion in the limit that ri = 0 and J,, # 0 (corre- 
sponding to V(r) = 0). This means that the motion of 
the adatom parallel to the surface is uncoupled to the 
thermal motion of the surface atoms or of the adatom 
perpendicular to the surface. The purely diffusiona 
limit is found for the case in which J,,,,, = 0 (all n and 
m) so that the motion is entirely caused by the fluc- 
tuating terms. 

(a) Cbfzerenr morion: we treat this limiting case first. 
Taking y. = rl = y2 = 0, eq. (10) becomes 

ilm (r) = -i F ~JI,fp,WJp,fip<Ol _ (11) 

In the nearest neighbor approximation (Jlp = 0 unless 
I and p are nearest neighbors, in which case Jlp = 9 
and for one dimensional motion, we find (no = 0 for 
convcqience) 

P,, (r) = Ji (Ur) (12) 

and 

U?*(r)) =+ (Ura)* , (13) 

where u is the lattice constant, Jn is the nth order 
Bessel function. For two dimensional nearest neighbor 
interactions, we find 

<R*(t))=+ & (2Jiait)*. 

This simple c3lcufation shows that (R2) 0: t2 in the 
coherent limit and the motion is cha_qcterizd by a 
velocity proportional to Ja. These results are easily 
generalized to non-nearest neighbor interactions. 
(b) Purely diffusional motion: we now take J,, =O 
and make the nearest neighbor approximation for the 
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yj which requires that yi(r-m) is zero UnlCSS 
i = nz(yi = yojand 2 = m 4 1 (yi = yl or y2). E.g. (10) 
becomes [for the diagonal cIemcntsf,,,(t)] in one 
~rn~n~on 

&i (0 = -2Yl rqJa-~,+* w-J&_* @If ’ (14) 

This equation is that of a random walker with the so- 
lution 

P,(r) =in(*Ir)e-*~r, (1.3 

W,(O) = &,(). where I, is the nth order modified 
Bessel function. The mean square displacement is given 

by 

(Rz(r)) = 4y,u*r. (16) 

Note that the ~ont~uum limit of eq. (14) is 

af+, r)/ar = 2yt~ @P(x, r)/ax* , 

which is the diffusion equation with diffusion coeffi- 
cient a*yt , which agrees with the result of cq. (16) for 
the mean square displacement. Note that the expres- 
sion, eq. (IS), for the conditional probabi~ty P,(r) is 
that of a symmetrized Poisson process [6) which is 
known to be a diff~onal stochastic process. Also, 
the diffusion coefficient is proportional to yt , i.e., 
ttic intensity of the fluctuations in the transfer matrix 
elements. Finally, note that y. is absent from the ex- 
pression for the diffusion coefficient indicating that, 
in this limit, the fluctuations in the site energy do not 
influence the movement of the atcm unless some co- 
herent motion is present. 

(c) T&e inrermedinfe me: the intermediate case, in 
which neither J,,,,, = 0 nor yi = 0, is the case of most 
interest experimentally. For the case of He on a 
graphite surface, computations show that HeJnm are 
very large, and at low temperatures we expect yi to 
be small; therefore, this is very close to the purely co- 
herent regime. In the case of W atoms on a W surface, 
studied by field ion microscopy, the binding at a site 
is strong and Jnm is probably very small. At high tem- 
peratures, the yi are expected to be large and thus the 
motion should be close to be purely diffusional in 
character. For other cases, J and yi may be com~rable 
in magnitude and the intermediate case will obtain. 
The effects of the coexistence of both types of motion 

can be seen ‘by solving eq. (10) in the nearest neighbor 
one dimensional case, and computing the mean square 
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displacement. We find 

uz*(t))=ff*{*,t +(2+)*(e-M-1 +crr)l, (17) 

with 

a=2y0 +4y1 +2y2. (18) 

We see that, except at long r, the mean square dis- 
pIaccment is not proprtional to r2 or r. if, however, 
the rime of observation is longer than the intrinsic 
time, rf), 

TD = a-l = (2yo + et + 2yt)-l , 

then the diffusion limit obtains, for then 

(1% 

(R2(t))=a2(4yt +u2?I>)t (20) 

forr9ro. Using eqs. (1) and (20) WC can define a 
Giffusion coef~cient 

D = a2 (2yt + 2!*7,). (21) 

Various features of this case should be noted: (i) the 
intrinsic time, rD, depends solely on the intensity of 
the fluct-uations of the energy and transfer matrix 
elements. More intense fluctuations lead to a quicker 
onset of diffusional motion. The two intensities yQ 
and yt &ter in a symmetrical manner in rR and either 
one can cause the onset of the diffusional motion. 
(ii) The ways in which y. and yl influence the migra- 
tion of the atom are distinct. The energy fluctuations, 
yo, influence the motion of the atom only through 
the coherent motion. If J = 0, r. disappears from 
eqs. (l7), (20), and (21). (iii) The ~f~ional motion 
which is perceived at long observation times has a 
contribution from thz coherent motion and so is dif- 
ferent from the purety diffusional case (J = 0). in fact 
we may write 

where D,,. is the diffusion coefficient of the purely 
diffusionai motion (a2yl) and t? is the mean square 
velocity in the coherent motion (2&2). (iv) For all 
systems, the motion ult~tc~y becomes ~ffusioM1. 
The purely coherent motion is the extreme case in 
which the time of observation needed to see diffusion 
is infinite. 
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4. Conclusions 

We have shown in this note that certain aspects of 
the motion of an adatom on a solid scrface can be 
analyzed in terms of a simple, but realistic stochastic 
model. The hamiltonian is divided into two parts, one 
representing the motion of the adatom on the rigid 
surface, the other representing the thermal fluctuations 
v&h modify the site energy and transfer matrix cle- 
ments. If these fluctuations are assutid to be a 
gaussian random process and a nearest neighbor inter- 
action is assumed, the mean square displacement of 
the a&tom can be computed exactly. The results are 
given in terms of three parameters, J, r. and -yl. The 
first characterizes the motion of the atom in the po- 
tential of a fixed lattice. The second characterizes the 
intensity of the site energy fluctuations, while the 
third ChardCtCrh?S the fluctuaiions of the transfer 
matrix elements. To discuss the results we defined the 
purely coherent motion (J # 0, +yo = yl = 0) and the 
purely diffusional (J = 0, ro, -yl # 0). The mean square 
displacement is proportional to t2 in the first case and 
to t in the second. The coherent motion is characterized 
by a root mean square velocity, u2 = f (Ua)2, while 
purely diffusional motion is described by a diffusion 
coefficient, D =02r1. In the case in which all three 
parameters differ from zero, both types of motion co- 
e&t, arid a proper diffusion coefficient exists only 
for times of obseration longer than TD s 

(270 + 471 + 272)- l. The observed diffusion cocffi- 

cient is the sum of the purely diffusional case and a 

coherent contribution, ~~7~. The same discussion has 
been applied to other transport processes, for example 
exciton transport in organic crystals [7] and electron 
trar5por-t +. 

.The arguments presented here are limited to per- 
fect lattices, in which alI sites are equivalent. The pre- 
sence of defects may seriously modify our concksions. 
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* After the completion of this work wc have found tklt 
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discuss the clcctric conductivity of one dimensional crystals_ 
The analysis is different but his qualitatin results agree 
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