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Dynamical theory of migration of an adsorbed atom on 
solid surfaces * 

Kazuo Kitahara, Horia Metiu,t John Ross, and Robert Silbey~ 

Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 
(Received 16 June 1976) 

A dynamical theory of an adsorbed atom on solid surfaces is developed starting from a Hamiltonian which 
includes: (I) motion of the adsorbed atom parallel to the surface; (2) the vibration of the adsorbed atom 
perpendicular to the surface; (3) the lattice vibrations (phonons) of the solid; (4) the coupling between the 
vibration of the adsorbed atom and its parallel motion; (5) the coupling between the lattice vibrations and 
the parallel motion of the adsorbed atom; (6) the concerted interaction among the phonons, the vibration, 
and the parallel motion. Using a canonical transformation, we describe the motion of the adsorbed atom as 
one of a pseudomolecule formed from the adsorbed atom and the distorted lattice. An equation for the 
probability of finding the adsorbed atom at a lattice site is derived and the mean square displacement of 
the motion of the adsorbed atom is calculated. At low temperature, the migration of the adsorbed atom is 
coherent and the mean square displacement is proportional to the square of time. The adsorbed atom 
behaves like a free particle with a certain velocity. At high temperature, the migration has diffusional 
character and the mean square displacement is proportional to time. This is ~ue to the interaction between 
the parallel motion of the adsorbed atom and phonons as well as to the one between the vibration of the 
adsorbed atom and phonons. At intermediate temperature, after a certain time, which becomes shorter as 
the temperature increases, the migration becomes diffusional. The resulting diffusion coetfl.Cient consists of 
two parts: one represents the diffusional character of the migration, and the other its coherent nature. The 
temperature dependence of the diffusional part is of the Arrhenius type, while that of the coherent part 
increases as temperature decreases. The coherent part is small when the interaction between the adsorbed 
atom and the lattice atoms is very strong. Thus the theory gives reasonable trends with respect to the 
variation of parameters taken into account. Comparison with existing experiments on tungsten and rhodium 
is briefly made to estimate the order of magnitude of the lattice distortion due to the strong interaction 
between the adsorbed atom and the lattice atoms. 

I. INTRODUCTION 

Migration of atoms adsorbed on a crystal lattice is of 
importance in crystal growth1 and evaporation, changes 
of shape of crystal surfaces, particle sintering, 2 sta
bility of catalyst solid-support systems, 3 and kinetics 
of reactions between chemisorbed species. In addition, 
the motion of the adsorbed atom is a sensitive probe of 
the atom-solid interactions and of the dynamics of en
ergy exchange between the atom and the vibrating lat
tice of the solid. 

Previous theories2
,4 have been based on the assump

tion that the motion is a random walk of dimensionality 
d (d = 1 or 2) for which the diffusion coefficient is given 
by 

D = lim (R 2)t/2df , (1. 1) 
t-~ 

Here (R2)t is the mean square displacement in the time 
interval f. Measurements of D are usually interpreted 
with a model of an activated complex, which gives for 
the temperature dependence of D the formula 

D=Doexp(- V/kT); (1. 2) 

V is the energy barrier for a step of the random walk 
from one site to the neighboring site. Such theories, 
though useful in systematizing the experimental data, 
are open to criticism. First, the connection to the dy
namics of the migration is not clearly established. A 
variety of interactions and energy exchange processes 
may occur between an adsorbed atom and the vibrating 
atoms of the lattice, which can iaduce migration of the 
adsorbed atom, create distortion of the lattice, or in
crease the amplitude of the vibration of the atom per-

pendicular to the surface, which in turn may facilitate 
the migration. Therefore it is impossible to describe 
all of these dynamical aspects by only one parameter 
such as the energy barrier between sites. Experi
mental measurements have become possible by field ion 
microscopy,5 and data have been found with puzzling 
features which cannot be explained in terms of the sim
ple model described above. Existing data are summa
rized in Table I. 6-10 Since the faces of Rh(111) and 
W(llO) are the smoothest, and Rh(1l1) is structurally 
very similar to W(llO), and Rh(331) to W(321), we 
would expect that the relationship between the activa
tion energies for Rh(111) and Rh(331) is more or less 
the same as that between the activation energies for 
W(llO) and W(321). However, the corresponding quan
tities are almost equal for the two faces of tungsten and 
almost 4 times smaller for Rh(llO) as compared to 
Rh(321). This difference is not likely to be due to pos
sible contribution of correlated migration of pairs to 
the diffusion although this would usually lower both Do 
and V. 9 In fact, it is certain that in the case of Rh(1l1) 
the migration of only single atoms have been studied. 5 
Thus, attempts to explain these data in a semiqualita
tive manner in terms of simple energetic models are 
rather unsuccessful. 8,10 It is clear that the dynamics 
of the lattice must play some role in the migration of 
the adsorbed atom, and this may determine or at least 
influence the temperature and time dependence of (R2)f' 

Another criticism may be directed against the as
sumption of the diffusional character of the migration, 
Although it is to be expected that at long times the mean 
square displacement is proportional to the time and a 
proper diffusion coefficient is defined by Eq. (1. 1), re-

The Journal of Chemical Physics, Vol. 65, No.7, 1 October 1976 Copyright © 1976 American Institute of Physics 2871 

Downloaded 21 Oct 2012 to 18.189.110.229. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



2872 Kitahara, Metiu, Ross, and Silbey: Migration of an adsorbed atom 

TABLE I. Experimental data for diffusion coefficients of atoms on surfaces. Values of pa
rameters Do and V in the assumed equation for the diffusion coefficient D ~Do exp(- V /kT) 
[Eq. (I.2)J are fitted to experiments. The data for rhodium are from Ref. 10, those for 
tungsten are from Refs. 6, 7, and 9(b). The symbol d denotes the dimensionality of the mo
tion of the adsorbed atom parallel to the metal surface. 

Plane Do(cm2/s) V(kcal/mole) 
Comment Tungsten Rhodium Tungsten Rhodium Tungsten Rhodium 

d ~ 2 (Smooth) (lIO) (lII) 2.6xIO-3 2 x 10-4 

d ~ 1 (Cbannel) (211) (110) 10-3 3 x 10-1 

(321) (331) 3.7x10-4 1 x 10-2 

Rh(311) has general (331) 2 x 10-3 

similarity to W(211) (110) 1 x 10-3 

cent experiments and quantum mechanical calculations 
show that this is not the case in a system consisting of 
small atoms which interact weakly with a solid surface. 
Important contributions to the migration on the surface 
come from the coherent motion, 11 and these may domi
nate over the contributions of diffusional character. 
Bretz and Dash13 have shown that the specific heat of 
monolayers of He3 or He 4 at coverage less than 0.15 
and T ~ 2 oK, on an exfoliated pyrolytic graphite sur
face, is that of a two dimensional gas. This result sug
gests a free motion of the adsorbed atoms and rather 
weak interaction between helium and surface atoms. 
Quantum mechanical calculations provide confirmation 
of this interpretation. In all of these calculations, the 
interaction energy with the lattice is determined by 
summing the pairwise Lennard-Jones interactions; the 
three-dimensional Schrt5dinger equation is then solved 
numerically,14 and the results15 show that the helium 
atom on a perfect graphite surface is almost complete
ly delocalized. The zero point energy for He 3 (73.5 OK) 
and He4 (66. 1 0 K) is much larger than the barrier to 
inter site tunneling (17.2 OK). The bandwidths are large 
and the band gaps very small. The least probable po
sition along the surface has half the probability of the 
most probable position. The same high degree of de
localization is computed for helium on the (111) face of 
xenon. 16 The delocalization of helium depends, of 
course, on the surface; it is small on Xe(110), 16,17 

large on Kr(100), 17,18 and practically zero18 on Ar(lOO). 
Low delocalization is calculated for helium on argon
covered copper19 and on rare-gas-covered graphite. 20,21 

On the basis of these calculations with pairwise poten
tials, which seem to be adequate, 25 one may expect non
diffusional as well as diffusional behavior of the migra
tion; at low temperature, the thermal motion of the lat
tice atoms of the surface is small and the motion of the 
adsorbed atom is mainly due to the delocalization of the 
wavefunction in the periodic potential of the lattice. 
Therefore one should compute, from first principles, 
an expression for the mean square displacement (R2)t 
as a function of temperature and time in order to estab
lish criteria for the validity of the two extreme regimes 
of the migration, the coherent motion and the diffusion
al motion. Then we may derive an expression for the 
diffusion coefficient for the diffusional motion. The 
purpose of this paper is to present such a theory. 

We start with a postulated model Hamiltonian which 
includes the following important aspects of the motion 

21.2"-1.1 3.6±O.5 
17.4±1.5 13.9±0.8 
20:1±1.8 14.8±0.9 

12.4±1.2 
20.2±1.7 

of the adsorbed atom: The atom is allowed to undergo 
motion parallel to the surface in the periodic potential 
of the lattice and to vibrate perpendicular to the sur
face. These two types of motion are coupled because 
as the distance from the surface changes owing to the 
vibration, the strength of the periodiC potential, which 
determines the parallel motion, also changes. More
over, if the adsorbed atom interacts strongly with the 
surface atoms, the adsorbed atom distorts the lattice 
around its position. This distortion of the lattice in 
turn changes the interaction potential between the ad
sorbed atom and the surface. We take this strong cou
pling into account by renormalizing the Hamiltonian. 
Physically, this amounts to considering the adsorbed 
atom to form a pseudomolecule with the atoms of the 
distorted lattice and the pseudomolecule travels on the 
surface with a renormalized mass. Thus, the distor
tion of the lattice is included in the motion of the pseudo
molecule; the rest of the motion of the lattice atoms is 
the thermal motion around the distorted lattice posi
tions. This perturbs the motion of the pseudomolecule 
in the following ways: (a) The pseudomolecule engaged 
in the coherent motion along the surface randomly gains 
or losses momentum from or to the thermal motion of 
the lattice atoms. (b) The interaction between the pseu
domolecule and the lattice atom excites and de-excites 
randomly the vibration of the pseudomolecule perpen
dicular to the surface. The random occurrence of 
these interactions is responsible for the diffusional 
character of the migration. These details of the inter
action Hamiltonian are presented in Sec. II. In Sec. 
III, we use Zwanzig's method26 to derive a differential 
equation for the probability that the adsorbed atom (or, 
the pseudo molecule located at a given site at time t = 0) 
will be at a site located n steps of the lattice away from 
the initial site at time t. In Sec. IV we solve this equa
tion and compute the mean square displacement (R2)t 
as a function of time and temperature; we give illustra
tive numerical calculations to display the character
istics of the motion of the adsorbed atom and the rela
tive importance of various factors contributing to it. 

Our main results are as follows: At low tempera
ture, {R2)t is proportional to square of the time. The 
migration is coherent and the adsorbed atom behaves 
like a free particle with a certain vel0city. At high 
temperature the mean square displacement is propor
tional to time and a proper diffusion coefficient can be 
defined from Eq. (1. 1). At intermediate temperature, 
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within a short time, the mean square displacement is 
proportional to the square of time, that is, the migra
tion is coherent. The coherence breaks down after a 
certain time, which becomes longer as the tempera
ture is lowered, and the diffusional motion of the ad
sorbed atom sets in. The diffusion coefficient consists 
of two parts; one represents the diffusional character 
of the migration and has a temperature dependence of 
the Arrhenius type at high temperature. The activa
tion energy is given by the characteristic phonon fre
quency of the surface and the coupling constants of the 
interactions between the adsorbed atom and the lattice 
atoms. The other part of the diffusion coefficient rep
resents the coherent nature of the migration, and it in
creases as the temperature is lowered. When both 
parts are of equal importance, the diffusion coefficient 
becomes a minimum at that temperature. When the 
coupling between the adsorbed atom and the lattice 
atoms is weak, as is the case for a rare-gas atom on a 
rare-gas surface, then both parts contribute to the dif
fusion coefficient. On the other hand, for strong cou
pling cases, only the diffusional part is important, 
which is the case for tungsten and rhodium. Although 
precise values of parameters in our theory are not 
known, we may assume some reasonable values for 
them and compare the theoretical results with experi
ments. The comparison is made at the end of Sec. IV. 
We have an order-of-magnitude estimation of the 
strength of the lattice distortion due to the presence of 
an adsorbed atom. The theory predicts concave-up
ward behavior of the Arrhenius curve, which implies a 
temperature dependence of the activation energy. This 
may be an explanation for the anomalously low value of 
the activation energy of Rh(llO) surface. The theory 
also predicts reasonable trends with the variation of the 
parameters involved. This is discussed in detail in 
Sec. IV. 

II. THE MICROSCOPIC MODEL 

The microscopic model used here is given by the 
Hamiltonian 

+L fiy~a~an(c+c·)(b).+b:).). 
n). 

(2.1) 

The operators a~, an create or annihilate an adsorbed 
atom at the lattice site n on the surface, and they can 
be writtena~a",= In)(m I, where 1m) is the site repre
sentation of the wavefunction of the motion of the ad
sorbed atom parallel to the surface in the periodic po
tential of the lattice. Since we have (n Im)= li nm, the 
commutation relations for a~a", are obvious. The 
terms EO~na;an and ~~'" Jnma;a", produce the parallel 
motion; I J nm I 2 is related to the intersite transition 
probability from site n to site m due to the coherent 
motion, and Eo is the energy of the adsorbed atom on 
site n in its ground vibrational state. The operators c· 
and c are the creation and the annihilation operators of 

the vibration of the adsorbed atom in the direction per
pendicular to the surface and the term fiQc·c represents 
the energy of the vibration. The symbols b~ and b). de
note the creation and the annihilation operators of a 
phonon of wavenumber A and frequency w).. For sim
plicity, the band index is omitted. The term ~).fiw).b;b). 
.represents the energy of the phonons of the lattice; 
~m'''' c,onma;a",(c +c·) represents the vibration-induced in
tersite transitions. The terms ~n~",fiw).X~a;an(b).+b:).) 
and ~nmfiy~a~a.(b).+b:>.l (c +c+) are additions to the en
ergy Eo of the adsorbed atom owing to the fact that the 
energy is changed by lattice vibrations and concerted 
vibrations of the adsorbed atom and the lattice, respec
tively. The coupling constants J."" rpnm, X~, y~ can be 
calculated if a potential of interaction between adsorbed 
atom and lattice atoms is chosen and if one solves the 
Schrodinger equation for the adsorbed atom located at 
an equilibrium distance from the surface and mOving 
parallel to the surface with the lattice atoms fixed in 
equilibrium positions. 27 

In our model Hamiltonian, we neglect phonon-induced 
intersite transitions and other higher order effects of 
phonons and vibration of the adsorbed atom since these 
terms in Eq. (2.1) already form a representative set of 
those processes likely to be important. The neglected 
terms can be included at the cost of exceedingly long 
calculations which make the resulting formulas very 
complicated. We shall not attempt to show the deriva
tion of the Hamiltonian Eq. (2. 1) here, but rather con
centrate on studying the character of motion and the de
pendence of the mean square displacement (R2)t on tem
perature and time. 

There is the temptation now to proceed and to use 
perturbation theory for the computation of (R 2 )t. How
ever, the phononsin Eq. (2.1) are those of the lattice, 
undistorted by the adsorbed atom. In reality, because 
of the strong interactions between the adsorbed atom 
and the lattice atoms, the lattice atoms have their equi
librium position shifted towards the adsorbed atom. 
They form, together with the adsorbed atom, a "pseu
domolecule" which persists until the adsorbed atom 
hops to a new position. When this happens, the pre
viously displaced lattice atoms relax to their normal 
position and the new neighbors of the adsorbed atoms 
are displaced to form a new pseudomolecule. The re
laxation of the lattice from the distortion and the for
mation of a new pseudomolecule take place on a time 
scale of 10-12 sec for a strongly adsorbed atom. The 
estimated time for the hopping of such a chemisorbed 
atom is much longer than this. Therefore, on this 
longer time scale, we may consider the migrating spe
cies to be the pseudomolecule. If we insist on using in 
the Hamiltonian the phonons b;' b). representing the vi
bration of the undistorted lattice and the motion a~am of 
the adsorbed atom, then with the phonon- atom interac
tion being very strong, perturbation theory cannot be 
used. It is pOSSible, however, to use a canonical trans
formation 29

•
3o to go to new operators B;' B)., A;A"" 

which takes into account the fact that the lattice is dis
torted around the adsorbed atom and that the pseudo
molecule is formed. This transformation changes the 
center of motion of the lattice atoms to correspond to 
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this distortion. In other words, the new operators A~, 
Am now represent the creation and the annihilation of 
the pseudomolecule and B~, BA the vibrations of lattice 
atoms around the shifted equilibrium positions. We 
should further note that because of the coupling between 
the vibration of the adsorbed atom and the phonons, 
which is characterized by the coupling constant Y ~ in 
Eq. (2.1), the equilibrium position of the vibration of 
the adsorbed atom is shifted by the distortion of the lat
tice. Hence the new operators C+, C are also intro
duced to represent the shifted vibration of the adsorbed 
atom. The desired transformation is given by 

(2.2) 

Here Q stands for the transform of the operator q (q 

may be a~, am, b~, b A, C, or C +). The generator of the 
transformation is defined by 

SO' O'(c+-c)+L G~a~an(b~-b_A)' (2.3) 
nA 

where 0' and G~ are chosen as functions of the coupling 
constants so that the resulting Hamiltonian is 

HO'E L A~An+lmC+C+ L liWAB~BA + L A~Amene~ 
n A n~ 

x[j nm + cp"",(C + C+)] + L liY~A~An(BA +B:A) (C + C+) , 
n~," 

(2.4) 

where the new operator (In is introduced: 

enO' exp(~ G~(B~ -B_A)) • (2.5) 

The forms of 0' and G~ in the canonical transformation 
are complex, but in the approximation of small disper
sion of phonon frequencies, that is, wA Il::i wo, we may 
express the coupling constants X~ and Y~ as [see Eq. 
(2. 1)] 

and we have simple expressions for 0' and G~, 

'0' = - 2 
SWo - (21)) 

G~O'N-l/:gein;\ , 

where 

gO' woO- (2'1d' 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

and N is the number of lattice sites. Note that in Eq. 
(2.6), the wave number appears only in the phase and 
not in the modulus of the coupling constants. 

The new Hamiltonian Eq. (2.4) represents the follow
ing processes: The first term represents the energy 
of the pseudomolecule at lattice sites, and the energy 
E is given by 

- 2 [2WoO (woO )2] 
EO'Eo-~ liwo woO- (21d - woO- (21d . (2.10) 

The change of the energy of the adsorbed atom brought 
about by the canonical transformation Eq. (2.2) is due 
to the distortion of the lattice vibrations and to that of 
the vibration of the adsorbed atom. The second term 

and the third term in Eq. (2.4) are the energy of the 
vibration of the pseudomolecule perpendicular to the 
surface and that of the lattice vibrations (phonons) 
around the new equilibrium positions. The migration 
of the pseudomolecule is induced by the fourth term. 
The new parameter j nm is given by 

(2.11) 

Since we have Eq. (2. 5) for em the amplitude of the 
probability of transition from the site n to m depends 
in a nonlinear manner on the phonon operators. This 
is a consequence of the strong interactions between the 
adsorbed atom and the lattice atoms. At a later stage, 
the product ene;,. will be averaged over the equilibrium 
ensemble of the phonons, and the resultant expression 
gives rise to a rate of migration which is temperature 
dependent. This is not surprising since the motion of 
the pseudomolecule involves distortion and relaxation 
of the lattice. The fifth term represents the energy 
shift of the pseudomolecule at a lattice site due to the 
concerted vibrations of the pseudomolecule itself and 
the lattice atoms. 

The Hamiltonian Eq. (2. 4) is easily diagonalized in 
two limiting cases: (a) no coupling between the ad
sorbed atom and phonons (X~O' CPmn = Y ~O' 0), which cor
responds to coherent migration, and (b) no inter site 
hoppint (Jnm '" CPnm = 0), which corresponds to zero mi
gration due to the strong binding at a lattice site. As 
we shall see in the next section, this allows us to de
fine a zeroth order Hamiltonian Ho and to perform a 
perturbation calculation which contains both limiting 
cases. 

III. THE DYNAMICS OF SURFACE MIGRATION 

With the Hamiltonian derived in the previous section, 
we can compute, in principle, all the quantities of in
terest connected with the motion of the adsorbed atom. 
Of interest to us is the probability that the adsorbed 
atom which starts at site nO' 0 when to' 0 reaches the 
site n at time t. This quantity can be used to compute 
the mean square displacement, which is measured in 
experimental studies. The probability is given by 

(3.1) 

Here TrB is the trace over the states of the phonons 
and over the vibrational states of the pseudomolecule. 
Trs is the trace over the states describing the motion 
of the pseudomolecule parallel to the surface. The den
sity matrix p(t) is 

p(t)O' e-iLt A~AoPB , 

with 

and 

PBO'e-flllB/Z, 

HB O'liOC+C + L: liWAB~BA' 
A 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

Here we imposed the initial condition that the pseudo
molecule be at the site nO' 0 and the phonons and the vi
bration of the pseudomolecule be in thermal equilibrium 
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at time t = O. The quantity L appearing in Eq. (3.2) is 
the Liouville operator corresponding to the total Hami
tonian Eq. (2.4). Using the properties of the trace we 
can rewrite Eq. (3. 1) as 

Pn(t)= (n ITrB(e-jLtA~AoPB)ln) • (3.6) 

A differential equation for P n(t) can be derived by means 
of Zwanzig' S26 projection operator method. We define 
a reduced density matrix f (t) by 

P Bf(t) = <P (e -iL tA~AoPB) , 

with the projection operator <P , 

<PA = PB TrBA • 

The resulting equation for f(t) is 

Ps j (t)= - i<PLf(t) 

(3.7) 

(3.8) 

t - 10 ds<PLe-H\-(P)L~(l-(J')L(J'f(t-S). (3.9) 

The probability is given by Pn(t)=fnn(t) = Irt If(t)ln), It 
is important to note that for the definition of the prob
ability that the adsorbed atom is at the site n we have 
used A:An rather than a~an' This is due to our choice 
of the description in terms of the pseudomolecule 
formed by the distortion of the lattice .. 

In order to go further using perturbation theory, we 
must specify a convenient zeroth order Hamiltonian H 0 

and perturbation U. We introduce the definitions 

Ho=E L: A~An+linC+C + L>iWAB~BA + <H~B)' (3.10) 
n A 

(3.11) 

(3. 12) 

H~~= L: liY~A:An(B A +B:A) (C + C+) • (3.13) 
nA 

The average (0") is taken over the equilibrium en
semble of the phonons and the vibration of the pseudo
molecule. The perturbation U has the property that 
(U)= 0, which is useful in dealing with secular terms. 
Obviously, we have 

H=Ho+U, (3.14) 

(3.15) 

The term Ho incorporates two kinds of contributions. 
One is H B [Eq. (3.4)], which gives the evolution of the 
phonons and the· vibration of the pseudomolecule. These 
phonons and the vibration are assumed to form a heat 
bath for the motion of the pseudomolecule parallel to 
the surface. The other is E2:~:An+ <H~B)' which 
gives the parallel motion of the pseudomolecule under 
the influence of the average interaction with the heat 
bath. Therefore, this part of the Hamiltonian depends 
on the temperature of the heat bath. The term U rep
resents the deviation from the average interaction be
tween the hopping of the pseudomolecule and the heat 
bath, and it is regarded as a fluctuation. 

In anticipation of later results, we discuss next the 
type of contributions to the mean square displacement 
(R2)t brought about by each of these terms, and we in
troduce a useful nomenclature: 

(1) The term <H~B)' contained in Ho and defined by 
Eq. (3.15), generates the coherent hopping of the pseu
domolecule in the average periodic potential of the lat
tice. We expect the temperature dependence of this 
term to be strong (weak) if the interaction between the 
adsorbed atom and the lattice atoms is strong (weak). 

(2) We call the motion generated by the term 

U(1) =H~B - (H~B) 

= L: jnmA~Am(One:. - (On8~» 
n;lm 

+ L: CPnmA:AmOn8~(C + C+) 
rn<m 

(3.16) 

incoherent hoPPing. It contains two terms: the first 
represent inter site hopping induced by a fluctuation of 
the interaction with the lattice atoms with the fluctuating 
rate Jnm( 8n8:" - (On8:"»; the second represents intersite 
hopping induced by a fluctuation of the vibrational state 
of the pseudomolecule. 

(3) Finally, the term U(Z) =H~~ generates a contribu
tion to the migration, which we call incoherent excita
tion. It represents change of the energy of the pseudo
molecule at a given site due to the fluctuations of the 
phonon state and the vibrational state. Both incoherent 
motions, the incoherent hopping and the incoherent ex
citation, are caused by the fluctuations in the heat bath 
and contribute to the diffusional character of the migra
tion of the adsorbed atom. 

Introducing H =Ho+ U in Eq. (3.9) and performing the algebra, we obtain an equation for the matrix element of f(t), 

j ,met) = - (i!li) {(H;B),.f.m(t) - f'k(t)(H~B).m} - 21i-z Reit ds {(U,pU .r(s»(eI<H;B )s/~)pk(e-j(H~B )s/~).mfr (t - s) 
o • 

~instein' s summation convention is used. The symbol 
tl r.(s) represents the r, q matrix element (in the site 
representation) of the operator U taken in the interac
tion representation, 

(3.18) 

(3.17) 

The first term in this formula generates the coherent 
hopping. It appears because the part (H~B) of Ho does 
not commute with the reduced density matrixf(l); 
hence (H~B) changes the probability Pn(t) = fnn(t) of find'" 
ing the particle at a given site. The integral term con
tains contributions from thermal fluctuations, which 
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are incorporated through the correlation functions of 
the bath operators in U. This term generates diffusion
al contributions to the mean square displacement. In 
computing the kernel we have assumed that in the prop
agator e-i<l-<V)Ls in Eq. (3.9) we can neglect U (in L). 
This is a standard approximation, sometimes referred 
to as a Born approximation. 26 

The matrix elements appearing in Eq. (3.17) can be 
computed to give 

j Im(t) = - i(eJ/Ii){fl+l,m(t) + fl-l,m(t) - fl,m-l (t) - km+l (tl) 

-2{2Yd,m(t) -Yt5 Im Um+l,m+l(t)+ fm-l,m-l(t)] 

- Yz[ 5I ,m+dm,m+l (t) + 5I,m-dm,m-l (t)]} - yrf..1 - 5Im )f,m(t) 

(3.19) 
Here we take the nearest neighbor approximation for the 
hopping rates in that only inter site transitions between 
nearest neighbor sites are taken into account: 

(3.20) 

Various quantities entering in Eq. (3.19) are given be
low: 

(3.21) 

Wo is the characteristic frequency of the phonons, g is 
given by Eqs. (2.8) and (2.9), and ri(wo) = (e8~wO - 1)"1, 

Yj=(eJ/1'i)2 r' ds[gj(s)-l+gj(s),\(s)], i=1,2, (3.22) 

where 

(3.23) 

and 

.. 
gj(s) = L Ik(4g2 e-6S {ri(wo)[ri(wo) + 1]P/2) 

k=·" 

X e
±uwos [n(wo) + 11 k1z 

n(wo) J i=1,2. (3.24) 

A is the dispersion in the density of phonon states 
which is taken to be a Lorentzian, 

(3.25) 

Ik(Z) are modified Bessel functions. 31 We defined also 

(3.26) 

where I Y:I =N-I/ZT/ [Eq. (2.6)]. The calculations needed 
to arrive at this result are lengthy and are not repro
duced here. They are very similar to those performed 
in exciton theory. 30 The three terms in Eq. (3.19) cor
respond to the coherent hopping of the pseudomolecule, 
the incoherent hopping, and the incoherent excitation, 
respectively. The approximations employed in deriv
ing Eqs. (3.19)-(3.26) are as follows: 

(a) It is assumed that the correlation function 
(U1PUkr(S» decays very fast as a function of s, so that 
under the integral appearing in Eq. (3.17) we can use 
the expression for ej(H;B)s/~ valid for small s, 
(ej(H~B)s/~)Pk "" 5pk , andf".(t - s) "" f,,,,(t) and the upper 
limit on the time integral can be taken to infinity. 

(b) We assume that all cross correlation functions of 
the type (U<,,!:u!~)(s» are zero. Physically, U(1) [Eq. 

(3.16)] is responsible for fluctuations in the intersite 
hopping rate leading to incoherent hopping and U(2) = H~1 
[Eq. (3.13)] for fluctuations of the energy at a given 
site leading to incoherent excitation; the above assump
tion claims that these two effects are uncorrelated. 32 

(c) A simple model is used for phonon dispersion, 
which consists in choosing the Lorentzian Eq. (3.25) 
for the phonon state density with a peak at wo, a charac
teristic phonon frequency. 33 Use of a simpler model of 
no phonon dispersion leads to divergences on calculation 
of Yl and Yz. 

(d) We assume only nearest neighbor interactions, 
which implies that the transitions between other than 
neighboring sites are negligible. 

IV. MEAN SQUARE DISPLACEMENT 

In order to find the probability Pn(t) than an adsorbed 
atom located at site n = 0 at time t = 0 will be at site n at 
time t, we must solve Eq. (3.19); once this is done, 
the probability is given by Pn(t) = fnn(t) and the mean 
square displacement can be computed from (R 2>t 
'" a22:n n2Pn(t), where a is the lattice spacing. For the 
limit of high and low temperature this can be accom
plished, and the results are presented below. For in
termediate temperature we cannot solve the equation 
for probability; however, if we multiply Eq. (3.19) by 
nZ and sum over all values of n, we obtain an equation 
for (R 2>t which is solvable. 

A. Low temperature limit; coherent hopping 

In the limit of very low temperature, Eq. (3.19) is 
Simplified, since Yo, Yl> and Yz are negligible and only 
the term corresponding to the coherent hopping sur
vives; thus, we obtain 

Ii jlm(t) = - i6J[fl+l,m(t) + fl-l,m(t) 

- fl,m-l(t) - fl,m+l(O] • (4.1) 

This equation is easily solved to give, for example, for 
one-dimensional motion, 

(4.2) 

In(Z) is the Bessel function of order n. The mean 
square displacement is 

(4.3) 

which has no diffusional character. On the average, the 
adsorbed atom migrates with a uniform velocity equal to 
!2 (E>J/I'i)a. The factor jnm O"Jnm - 20tpnm =J5n,m±1 [Eqs. 
(2.11) and (3. 20)] is made up of two terms; J nm charac
terizes the degree of delocalization of the wavefunction 
of the motion of the adsorbed atom parallel to the sur
face in the periodic field of the undistorted lattice. The 
other term, Cltp.m, appears because the equilibrium po
sition of the vibration of the adsorbed atom is shifted, 
which thus changes the delocalization strength Jnm - jnm' 

The factor e=(8.8;+I> [Eq. (3,21)] depends on tempera
ture, and it represents the distortion of the lattice by 
the adsorbed atom. If the interaction between the ad
sorbed atom and the lattice is very weak, that is, IX~I 
=N-1/2~_ 0 [Eq. (2.6)], then I G~I =N-1/2g_ 0 and the fac-
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I.O~ 
Pn(t) 1 \ 

-'" P.o( t) 
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0.0 ""-=1-_-'--'>.L-'----"""'""'_----""_ 
1.0 2.0 3.0 4.0 5.0 

t* 

FIG. 1. The time dependence of the probability Pn(t) at very 
low temperature given by Eq. (4.2). The symbol t * denotes 
the time in the unit of 1i/2eJ. J is the effective delocalization 
strength of a pseudomolecule given by Eqs. (2.11) and (3.20). 
e is a temperature dependent function defined in Eq. (3.21). 

tor a.becomes unity. On the other hand, if the interac
tion between the adsorbed atom and the lattice is ex
tremely strong, then I G~I =N-1/2g becomes large and 
the factor a vanishes and so does the velocity of the co
herent migration, so that the adsorbed atom is trapped 
at the site. It is interesting to note that a resembles 
the Debye-Waller factor. When the temperature is 
raised, the periodicity of the potential and thus coher
ence of the hopping are destroyed by the lattice vibra
tion. In fact, as T - co, e"" exp( - 2g2kT /nwo) - 0, and 
the velocity of the coherent hopping diminishes. The 
temperature dependence of the veloCity is strongly in
fluenced by the phonon frequency wo; the smaller the 
frequency, the faster is the decrease of the velocity 
with temperature. To illustrate the character of this 
motion we plot in Fig. 1 the time evolution of the prob
ability p"U) of Eq. (4.2). We see that the probability 
of the adsorbed atom being at site n = 1 is zero at time 
t = 0, reaches a maximum at t* = tti/2eJ "" 2, recedes at 
t* "" 4, and grows again at t* "" 5. This periodic struc
ture illustrates the quantum-wave-like nature of the co
herent motion. B~cause of the reflection and transmis
sion through the potential barrier between the neighbor
ing sites, the probability does not decay monotonically. 

B. High temperature limit; incoherent hopping 

At very high temperatures, the first term in Eq. 
(3.19), which represents the coherent hopping of the 
adsorbed atom, vanishes since a - 0 in this limit. 
Hence, Eq. (3.19) reduces to 

poet) = - 2YI [2P.(t) - P",I (t) - p._1 (t)] , (4.4) 

with solution in one dimenSion, 

(4.5) 

The mean square displacement is 

(R 2)t=4Yla2t. (4.6) 

Comparing Eq. (4.4) to Eqs. (3.17) and (3.19), we see 
that only the term responsible for the incoherent hop
ping survives in Eq. (4.4) in the high temperature lim
it. Hence the incoherent hopping motion has a diffu
sional character leading to a diffusion coefficient 

(4.7) 

The diffusional character of the motion is also reflected 
in the form of poet) given by Eq. (4.5). The probability 
poet) is exactly the probability for a symmetrized Pois
son process. 34 It is interesting to analyze the tempera
ture dependence of the diffusion coefficient in the high 
temperature limit in order to see if there is behavior 
as predicted by an activated complex formula. YI in 
Eq. (4. 7) is the sum of two contributions: one, Y~ I) , 

from the fluctuations in the inter site hopping rate 
caused by the lattice vibrations [the term gl(s) -1 in 
Eq. (3.22)], and the other, y~2), from the fluctuation in 
the intersite hopping rate caused by the excitation of 
the vibrational motion of the adsorbed atom [the term 
gl(S)X(S) in Eq. (3.22)]. Using Eqs. (3.21)-(3.24), we 
obtain for y~!), 

(4.8) 

where 

A(T) = JZ du lo(u) -1 , 
o . u 

(4.9) 

with 

(4.10) 

At high temperature such that Z> 5, A (T) becomes 

A(T)"'Z-3/2 ez(fo+!t(5/Z)+ ... ]. (4.11) 

Here fo andfl' ... are taken from Ref. 35. At high tem
perature we see that the temperature dependence of y~!) 
is of the form 

y~1)-r-3/2exp(-Ea/kT) , 

with the "activation energy" 

Ea = g2nwol2 . 

The other contribution, y~2), is 

y~2) = (cp/J)(J/fi)2A-1e 2B(T) , 

where 

B(T)=A[2n(n)+1]f~ dslo(Ze-AS)~os(Os), 
o 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

and nCO) is the Bose distribution function. B(T) is a 
complicated function of the temperature T, the phonon 
frequency wo, and the ratio of the vibration frequency 
and the phonon band width O/A. A crude estimate of 
y~2) for large 0/ A limit gives the same type of formula 
as y~l). The meaning of the energy Ea can be estab
lished by inspecting Eq. (2.9) for the parameter g and 
Eq. (2.lO) for the renormalized energy of the adsorbed 
atom. The quantity gZliwo is related to the change of 
energy due to the renormalization, that is, E"" Eo 
- g1lwo for 1]2« WoO, in other words, in the limit such 
that the energy shifts due to the concerted vibrations of 
the pseudo molecule and the lattice atoms are very 
small. Therefore the activation energy is about half 
the energy spent in distorting the lattice on formation of 
the pseudomolecule. The formula looks as if the vibra
tions of the lattice promote incoherent hopping by un
doing the lattice distortion. One should not, however, 
take this kind of interpretation very seriously since (a) 

J. Chern. Phys., Vol. 65, No.7, 1 October 1976 

Downloaded 21 Oct 2012 to 18.189.110.229. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



2878 Kitahara, Metiu, Ross, and Silbey: Migration of an adsorbed atom 

the pre-exponential factor has a temperature dependence 
that would indicate that the customary activated com
plex formula may not be valid except at extremely high 
temperature, and (b) at very high temperatures, real 
surfaces are likely to have defects which invalidate our 
model. Even at high temperature, if the coupling is 
very weak, that is, IX~I =N-1/Z~ - 0, such that Z < 5 in 
Eq. (4.8), a formula for y~1) different from Eq. (4.12) 
results. In this case, e may not be negligible and 
hence the coherent motion contributes to the mean 
square displacement. We will discuss this case as an 
intermediate temperature case in the next section. 

C. Intermediate temperatures 

The case of intermediate temperatures is more com
plicated and we must solve the complete equation (3.19). 
Though we could not obtain a formula for the probability 
poet), it is possible to solve for (R Z)/> and the result 
for one-dimensional motion is 

(4.16) 

Here 

(4.17) 

At times satisfying t» a-1
, the mean square displace

ment becomes 

(RZ)/az=[4Y1t+ (2 Je/Ii)z/a] t , 

which leads to the diffusion coefficient 

(4.18) 

(4.19) 

Therefore in the case of intermediate temperature the 
motion acquires diffusional character after a time a-1

; 

at very low temperature Yl> Yz, )'0- 0, and thus the on
set of the diffusional motion requires infinite time. 
Thus, we recover the previous conclusion that at very 
low temperatures the motion is not diffusional. 

Equation (3.19) can also be solved to find (RZ)! and 
the diffusion coefficient in the case of two-dimensional 
motion. For the simple case of nearest neighbor cou
pling in two perpendicular directions, say x and y, the 
equations for motion can be solved for (R Z)! to find 

(R Z)! = 4(yx + y)t + (2Jx9/llax)Z(e-ax! - 1 + axt) 

+ (2Jy9/llay )Z(e-ay ! - 1 + ayf) , 

where 

and 

a l =4(Yx+y)+2y:+yo i=x,y. 

(4.20) 

i =x, y , 

i =x, Y , 

AI(S) can be obtained from Eq. (3.23) by replacing (cp/J)2 
by (cp/J)2. Thus the motion in the two direction is de
coupled. Note that the qualitative behavior of (R2)t is 
not different in two dimensions from that in one dimen
sion for this model. Therefore we will analyze the for
mulas Eqs. (4.16)-(4.19) for the one-dimensional mo
tion only. 

The first term in the expression of the diffusion coef
ficient Eq. (4.19) is the one which appears in the case 
of high temperature limit, discussed in Sec. B. Hence, 
this term corresponds to the diffusional character of 
the migration. On the other hand, the second term 
represents the coherent character of the migration. To 
see this, we examine the behavior of the mean square 
displacement within a time in which the coherence per
sists, that is, t < a-1

• Equation (4.16) gives 

(RZ)t (/",)Z Z --z-=4y1t+2Je" t + •.• 
a 

(4.21) 

for at < 1. The first term on the rhs represents the 
diffusional character of the migration, and the second 
one is just the form of the mean square displacement at 
low temperature limit, given in Eq. (4.3), thus repre
senting the coherent migration. 

For the convenience of numerical calculation, we in
troduce the following notations: 

D 
2aZ(J/1i)2/t:. D1 +Dz , (4.22) 

D1 =&[A(T) + (CP/J)ZB(T)] , (4.23) 

DZ = (t:./J)Z& {6&[A(T) + (cp/J)ZB(T)] + G(T)}-l. (4.24) 

Here A(T) and B(T) are the same as given in Eqs. (4.9) 
and (4.15). The function G(T) is given by 

(4.25) 

D1 and Dz represent the diffusional character of the mi
gration and the coherent one, respectively. One should 
keep in mind that the functions A(T), B(T), and G(T) 
are connected to various processes in the migration: 
eZA(T) corresponds to the phonon-induced fluctuations 
in the hopping rate, &B(T) to the vibration-induced 
fluctuations in the hopping rate, and G(T) to incoherent 
excitations. The quantities y~1), y~Z), and Yo are pro
portional to A(T), B(T), and G(T), respectively. We 
see the following trends: The contribution of the pho
non-induced incoherent hopping [ezA(T)] to the diffu
sional part D1 is increased, at a given temperature, if 
Wo is decreased, which means a more flexible lattice. 
The contribution of the vibration induced incoherent 
hopping [eZB(T)] to the diffusion coefficient at a given 
temperature increases with cp/J, t:./n, and kT/lln. The 
first is the intersite hopping rate cp due to vibration, 
expressed in units of the rate of coherent inter site hop
ping J. The second is the ratio between the phonon 
bandwidth t:. and the frequency of the vibration of the 
adsorbed atom n; the broader the band, the easier it is 
to transfer energy from lattice to the adsorbed atom; 
when n is small, the binding of the adsorbed atom to 
the surface is weak and one expects a high mobility. 
The term of the incoherent excitations G(T) grows with 
n-1 and T)/J. If n-1 is large, the vibration of the ad
sorbed atom is more easily excitable. When T)/J is 
large, the strong on-site excitation destroys the coher
ence of the hopping, hence the contribution of the co
herent part Dz to the diffusion coefficient decreases. 

More explicit dependence of the diffusion coefficient 
on temperature and other parameters can be obtained 
by analyzing the functions in Eqs. (4.22)-(4.24) numer-
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ically. We show below the numerical results of the 
following two cases. 

(a) Weak coupling case, suchthat Z=41,Jn(wo)[n(wo)+11 
< 3. 75 holds. 

First note that since the Bose distributions n(wo) is 
an increasing function of the temperature, the results 
to be shown below are valid for a wide range of values 
of g2 at low temperature. On the other hand, if the 
temperature is high, g2 should be small. In this case 
we have polynomial forms for A(T) and B(T), 

6 

A(T) '" 2)ak/(2k -1)](2/3. 75)Zk , 
k=l 

(4.26) 

6 

B(T) "" L ak(Z/3. 75)Zk2k[2n(n) + l][(2k)2 + (n/~)Z]-l 
k=l (4.27) 

The numbers an are taken from Ref. 36. In Figs. 2 and 
3, we give some representative graphs to illustrate the 
temperature dependence of the diffusional part Dl and 
the coherent part Dz of the diffusion coefficient. Dl in 
Fig. 2 satisfies, in a wide range of temperature, the 
activation energy law, Dl ~ exp( - nwo/kT). The coherent 
part Dz has quite different temperature dependence from 
that of Dl ; at low temperature it is Dz- exp(nwolkT), 
which brings about deviations from the temperature de
pendence of the diffusion coefficient, required by the 
activated complex theory. The resulting plots of the 

5 

o 

-5 

-10 

o 10 

FlG. 2. Logarithmic plots of the two contributions, D j and D2, 

to the diffusion coefficient, defined in Eqs. (4.23) and (4.24), 
as functions of fiwo/kT. D j and D2 are scaled by 2a2(J/fi)2/~ 
as shown in Eq. (4.22). D j represents the diffusional charac
ter of the migration, D2 the coherent character of the migra
tion. Values of the parameters are chosen as follows: O/A 
=13.9, 0 =wo, A=J/fi, qI/J=5.47, and g=O. 8 (weak coupling). 
Two curves of D2 for 1I/J=1 and 1I/J=10 show that the migra
tion of the adsorbed atom is less coherent (small D 2) when the 
incoherent excitation is enhanced (large 11/./). 

5 

o 

In D 
(7J/J= I) 

FlG. 3. Logarithmic plots of the diffusion coefficient as a 
function of fiwo/kT. The diffusion coefficient in Eq. (4.22) is 
the sum of two terms D j and D2, shown in Fig. 2. Values of 
the parameters are chosen the same as those for the plots in 
Fig. 2 (weak coupling). At higher temperature D j dominates 
D z and an activated complex formula is valid. At lower tem
perature, D2 becomes important and the temperature depen
dence becomes different from the one given by the activated 
complex theory. As (11/./) increaselil. that is, as the incoherent 
excitation dominates the coherent hopping, the temperature 
dependence of D becomes the activated complex theory type. 

diffusion coefficient in Fig. 3 have a minimum at the 
temperature at which the two contributions Dl and Dz to 
D [Eq. (4.22)] are of equal importance. As the ratio 
7]/J increases, the temperature dependence of D be
Comes more like the prediction of the activated co'mplex 
theory, because the incoherent excitations at lattice 
sites destroy the coherence of the hopping. This type 
of phenomenon as shown in Figs. 2 and 3 is expected 
for adsorbed atoms weakly interacting with solid sur
faces, such as discussed in the Introduction. For ex
ample, the interaction of an adsorbed He and the surface 
of solid Kr should be very weak. On the other hand, the 
Debye temperature of the bulk solid Kr is 72 OK, 37 and 
we may expect the surface phonon frequency to be even 
smaller. Therefore, if we want to observe the pre
dicted increase of D vs l/T, then we must make mea
surements at temperatures much below the Debye tem
perature. 

(b) strong coupling case such that Z '" 4g2,Jn( wo)[ n( wo) + 1] 
> 5. 

In this case we may neglect the contribution of the 
coherent motion Dz to the diffusion coefficient; that is, 
the pseudo molecule is trapped at a lattice site because 
of the strong coupling with the lattice atoms, and the 
coherent motion is immediately broken. Hence, this 
case is just the case of high temperature limit, dis
cussed previously, in which the incoherent hopping is 
the main mechanism of the migration. In fact, the con
dition Z> 5 may also be satisfied by nwolkT« 1. Of 
course, if g2 is extremely large, the pseudomolecule 
remains at the lattice site as indicated by D- 0 as 
g2 _ "". As shown in Eq. (4.23), the diffusional part of 
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o 

--50 

-100 

FIG. 4. Logarithmic plots of the dif
fusion coefficient D! given in Eq. 
(4.28) as a function of n:wo/kT for 
various values of the coupling con
stant g2 (strong coupling case). Leo 

is the characteristic frequency of 
phonons. InD! is a concave-up func
tion of n:wo/kl. and the tangent, 
which is proportional to the activa
tion energy, is a decreasing function 
of n:wo/k1. 

-150 0~------L-------~2------~3--------4~------5~ 

iiwo/KBT 

the diffusion coefficient Dl consists of two parts: one 
is proportional to &A(T), representing phonon-induced 
fluctuation of intersite hopping; the other, &B(T), rep
resents vibration-induced inter site hopping. Assuming 
that the former part is larger than the latter, we may 
calculate the temperature dependence of D 1, 

(4.28) 

using the formula Eq. (4.11). The assumption is valid 
if the coupling between the vibration and the hopping is 
small or if the frequency of the vibration 0 is very 
large compared to the phonon bandwidth .a.. The result
ing temperature dependence of Dl is shown in Fig. 4. 
The logarithm of Dl is a concave-up function of nwolkT 
and it is approximately linear only in a limited range 
of variation of nwolkT. This implies that the activation 
energy V in Eq. (1. 2) is an increasing function of tem
perature. 

The migration of a tungsten atom on tungsten surfaces 
and that of a rhodium atom on rhodium surfaces are 
classified into this strong coupling case. Although we 
have no precise data for the phonon frequencies Wo and 
for the coupling constants X~, y~ of those surfaces, we 
may use some appropriate values for them and compare 
the experimental results of the activation energies with 
our calculations. Usually, surface phonon frequencies 
are smaller than the bulk phonon frequencies38 and the 
data for the bulk phonon frequencies are available. 37 

We assume that characteristic frequencies Wo of vari
ous surfaces of tungsten to be 200 - 300 OK and compare 
the D vs liT curves in Fig. 4 with the experimental 
data. It seems that curves with the choice of the pa
rameter g2 in the range 80 <g2 < 90 fit the experimental 
data for the migration of a tungsten atom on tungsten 
surfaces. For the case of rhodium, similar compari
sons give the estimation of the parameter g2, which 
turns out to be 60 < g2 < 80. The large value of g:S 9 is 

surprising at first sight. However, the shift of the 
equilibrium position of a tungsten lattice atom at the 
site of the adsorbed atom is"" 2g..Jn/2mwo, which is 
"" O. 4 A for g "" 9. On the other hand, the lattice con
stant of tungsten crystal is "" 3 A. Therefore, the shift 
of the equilibrium position is :S 10% of the lattice con
stant. However, this estimation does not include the 
effect of phonon dispersion. In reality, the shift of the 
equilibrium position of a lattice atom is shared among 
neighboring lattice atoms; thus the resulting shift of the 
equilibrium position is smaller than the estimation 
above. 

The anomalously small value of the activation energy 
of the Rh(110) surface, which we discussed in the Intro
duction, may be explained by the concave-up behavior 
of the Arrhenius curves shown in Fig. 4. That is, the 
observed activation energy depends on the temperature 
range of the measurement. However, the anomaly in 
the activation energy may be due to other effects as 
well: to more complex interactions with the surface 
atoms and to phonon dispersion, which are not com
pletely included in our treatment. 

V. SUMMARY AND DISCUSSIONS 

In this paper we have discussed dynamical aspects of 
the surface migration of an adsorbed atom. The ad
sorbed atom may interact strongly with the atoms of the 
solid surface, thus forming a pseudo molecule together 
with the atoms of the distorted lattice. The motion of 
the pseudo molecule is described by the use of the ca
nonical transformation [Eq. (2.2)]. Through this trans
formation, and subsequent thermal average procedure, 
the coherent migration of the quasimolecule acquires 
temperature dependence. Further, the coherent migra
tion is coupled with the vibrational motion perpendicular 
to the surface and with the thermal motion of the lattice 
atoms. These couplings give the diffusional character 
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to the motion of the adsorbed atom. Deviations from 
the temperature dependence of an activated complex 
theory for the diffusion coefficient have been pointed out 
in the previous sections: (a) At low temperature and 
for relatively weak coupling between the adsorbed atom 
and the solid surface, the coherent nature of the migra
tion dominates the diffusional character. The Arrheni
us plot then becomes V shaped as in Fig. 3. This may 
occur in the case of migration of a rare-gas atom on 
the solid surface of rare gases. (b) For strong cou
pling cases, such as a tungsten atom on tungsten sur
faces and a rhodium atom on rhodium surfaces, the dif
fusional character dominates the coherence of the mi
gration. However, as we have seen, the Arrhenius plot 
is not simply linear and the resulting activation energy 
calculated from the linear approximation depends on the 
temperature range in which we make experiments. The 
formula Eq. (4.8) with Eq. (4.11) relates the diffusion 
coefficient to the coupling constants of the interactions 
between the adsorbed atom and the lattice vibrations 
and to the characteristic frequency of the lattice vibra
tions. We made an attempt to compare the theory with 
existing experimental results. Although there exist no 
precise data for the parameters in our theory, we as
sumed reasonable values for them. The theoretical Ar
rhenius curves with the choice of 60 < g2 < 90 seem to fit 
the experimental ones for Rh and W. The large values 
of g2 seem to be due to the fact that those atoms are 
chemisorbed39 on the solid surface. As seen from Eq. 
(2.9), the large value of g is related to the strong cou
pling between the adsorbed atom and the lattice atoms, 
IX~I =N-1/2~_ 00. However, the parameter g can be 
large when the coupling constant I Y~I =N-1/ 2Tj in the 
Hamiltonian Eq. (2.1) is large; that is, the shift of the 
energy of the adsorbed atom at a site due to the cou
pling between its vibration and the lattice vibrations is 
large. In fact, if 2TjSv'woS1 in Eq. (2.9), gbecomes 
very large. Of course in such a case the last term in 
the Hamiltonian Eq. (2.4) should not be treated as a 
perturbation. Rather we should introduce another ca
nonical transformation which renormalizes the frequen
cies of phonons and vibration of the pseudomolecule as 
well as the energy of the pseudo molecule at a lattice 
site. 

The qualitative picture of our model, that is, the 
pseudo molecule approach, is consistent with recent 
quantum mechanical studies of the chemisorptive bond39 

in many systems. The dynamical description can be 
tested by various experimental approaches. The mea
surement of the mean square displacement as a function 
of temperature has already been mentionedo For ad
sorbates and surfaces of different chemical composition, 
it may be possible to measure the effect of diffusion on 
the line shape of optical or infrared absorption of the 
adsorbate, especially if there is more than one site for 
adsorption. The nature of the transport between in
equivalent sites would then effect the line shape in much 
the same way that triplet exciton diffusion effects ESR 
line shapes. 4o However, for adsorbates which are 
chemically identical to the surface (e. g., W on W), 
such an approach would be impossible. The contribu
tion that the diffusion of the adsorbate will make to the 

line shape of ESCA or photoelectron spectroscopy is 
unknown at the present time. 
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