| AI P - (Tlhiljg:llillgal Physics

Use of Pade approximants in the construction of diabatic potential energy
curves for ionic molecules
K. D. Jordan, J. L. Kinsey, and R. Silbey

Citation: J. Chem. Phys. 61, 911 (1974); doi: 10.1063/1.1682034
View online: http://dx.doi.org/10.1063/1.1682034

View Table of Contents: http://jcp.aip.org/resource/1/JCPSAB/v61/i3
Published by the American Institute of Physics.

Additional information on J. Chem. Phys.

Journal Homepage: http://jcp.aip.org/

Journal Information: http://jcp.aip.org/about/about_the_journal
Top downloads: http://jcp.aip.org/features/most_downloaded
Information for Authors: http://jcp.aip.org/authors

ADVERTISEMENT

Special Topic Section: |

PHYSICS OF CANCER

Why cancer? Why physics?  view articles Now

Downloaded 21 Oct 2012 to 18.189.110.229. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions


http://jcp.aip.org/?ver=pdfcov
http://aipadvances.aip.org/resource/1/aaidbi/v2/i1?&section=special-topic-physics-of-cancer&page=1
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=K. D. Jordan&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=J. L. Kinsey&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=R. Silbey&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.1682034?ver=pdfcov
http://jcp.aip.org/resource/1/JCPSA6/v61/i3?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://jcp.aip.org/?ver=pdfcov
http://jcp.aip.org/about/about_the_journal?ver=pdfcov
http://jcp.aip.org/features/most_downloaded?ver=pdfcov
http://jcp.aip.org/authors?ver=pdfcov

Use of Pade approximants in the construction of diabatic
potential energy curves for ionic molecules*

K. D. Jordan, J. L. Kinsey, and R. Silbey

Department of Chemistry and Center for Materials Science and Engineering, Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139
(Received 29 January 1974)

For most ionic molecules, sufficient experimental information is not available for the construction of
an RKR potential curve; thus, model potentials have been employed which use some of the
experimental information in their construction (e.g., Born-Mayer and Rittner potentials). In this
paper, we present a simple method for constructing model potential curves which allows one to use
all the available experimental information and to easily incorporate new information as it becomes
available. This method, employing a Padé approximant technique, is capable of predicting the value
of higher Dunham coefficients to within experimental accuracy from a knowledge of the lower ones.
Consequently, it also predicts some spectroscopic properties from a knowledge of other data to much

better accuracy than the Rittner or Born-Mayer models.

1. INTRODUCTION

The construction of potential energy curves from ex-
perimental data is an important problem in molecular
chemistry. The most exact procedures to construct the
curve is the RKR'"® method, but often the experimental
data are insufficient to perform this technique. We are
therefore forced to other, less reliable, procedures.
Ionic molecules, and the alkali halides in particular, are
unfortunate in this regard since there is not enough in-
formation for an RKR, and yet the curve crossing which
occurs has made these molecules the object of a large
number of experimental investigations.*”® Recent ex-
perimental and theoretical work®® ¥ has indicated that
the nuclear motion for most of the alkali halides is
governed by the diabatic rather than the adiabatic poten-
tial curves. This is due to the large crossing points of
the diabatic curves of the alkali halides. In such, non-
adiabatic cases, the covalent and ionic configurations do
not mix, and the dissociation products are the ions.
Thus the most useful models have been the Born-Mayer!!
and its logical extension, the Rittner.’? These potentials
employ the knowledge of the asymptotic behavior for the
diabatic curves, in addition to limited information about
the minimum, in order to construct potential curves
which are capable of reproducing the dissociation ener-
gy to about 5%, but which fail to give the spectroscopic
constants correctly.’®!* In a recent investigation,® it
was found that the error in the Rittner and truncated
Rittner is too large to enable the determination of the
excited state potential of KI in chemiluminescence ex-
periments. Hence a potential was synthesized by piec-
ing together a truncated Rittner curve to a Hulbert-
Hirshfelder curve via a cubic spline fit. Thus, although
the Rittner potential is useful, it is not quantitative; it
would be highly desirable to have a systematic procedure
for developing these potential curves from experimental
data as it becomes available. In a classic paper, Dun-
ham®® developed the Taylor series expansion for the po-
tential of a diatomic molecule in powers of (R - R,)/R.,
R, being the equilibrium point of the potential. It is
well known that this series cannot converge beyond 2R,
due to the presence of a pole at the origin.'® However,
in a recent paper, Simons, Parr, and Finlan' (SPF) ac-
complished an analytic continuation of the Dunham series
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outside its radius of convergence by rearranging the
series, obtaining a new series with an extended radius
of convergence. The SPF curves, while remaining
finite as R goes to infinity, often extrapolate far from
the correct dissociation limit. In some cases the SPF
curves display a maximum for large R and in the R— «
limit drop below the bottom of the potential well. A
further difficulty noted by SPF is that the small R be-
havior may be unrealistic, tending to worsen as the cor-
rect large R asymptotic behavior is forced on the series.

In the present paper, we present a technique, using
Pade approximants!® (PA), to construct the potential en-
ergy curve for ionic molecules. This procedure is su-
perior to the SPF procedure, and in fact contains it as
a special case. However, the SPF change of variable
is useful and allows our procedure greater flexibility.
Our procedure is simple in conception and straightfor-
ward to apply: a rational function is formed as an ap-
proximation to the potential curve so as to reproduce the
first few Dunham coefficients and (eventually) the dis-
sociation limit. The approximant formed from just a
few pieces of experimental data is capable of reproduc-
ing other experimental data (within their known accura-
cy).

In Sec. II, the theory is developed and compared to
SPF in Sec. III. The two point approximants are intro-
duced in Sec. IV. Comparison to experiment and other
models are made throughout.

il. THEORY

Dunham® assumed a potential energy of the form

U=a0£2(1+a1£+a2£2+a3£3+ see), (1)
where
g: (R"Re)/Re . (2)

Utilizing the WKB'® method of solving the Schrdinger
equation, assuming the validity of the Born—-Oppen-
heimer approximation,?’ and employing the expression

E(V,J)=z;0 Z;y,,(v+g)‘[J(J+1)]f 3)

for the energy levels of a diatomic molecule, Dunham
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912 Jordan, Kinsey, and Silbey: Potential energy curves

was able to obtain expressions for fifteen of the most
important rotational and vibrational energy constants in
terms of the @;. He then expressed the a; in terms of
the Y;;. The potential curve generated via the Dunham
procedure is expected to reproduce the correct curve
very accurately in the vicinity of the equilibrium point.
In fact Jarmain®! has shown the equivalence of the in-
verted Dunham series and the Rydberg'-Klein®~Rees®
results. As mentioned above, the Dunham expansion
converges only for 0<R <2R,. Depending upon the num-
ber of terms retained in Eq. (1), the potential will di-
verge to either plus or minus infinity as R - . The only
Padé approximants in the variable £ that have the cor-
rect asymptotic behavior are the [ N, N ] approximants,
i.e., those whose numerator and denominator are poly-
nomials of the same degree in £. The simplest of these
is the [2, 2] approximant:

[2,2]=d,E%(1+e,E+e,E%) . (4)

The coefficients d,, ¢,, and e, are determined by re-
quiring the expansion of (3) to reproduce the first three
terms of the series (1) giving

[2,2]:a0§2/[1—a1£+(a%—az)gz] . (5)

This equation has the correct behavior around the
minimum of the curve and goes to a constant as R - «,
giving an approximate value for the diabatic dissociation
energy D;

Di=ay/(dé-a,) . (6)

This simple approximation works extremely well for
the diabatic potential curves of the alkali halides. In
this paper we are ignoring the ubiquitous curve crossing
problem and are considering dissociation into ions. Use
of the [ 2, 2] PA for extrapolation to D; is much less re-
liable in the case of covalently bonded molecules.?® This
is not surprising since the curves for covalently bonded
molecules, which display a 1/R® asymptotic behavior
rise much more steeply than those for ionic molecules
which asymptotically interact coulombically.

If the a; and a4, Dunham coefficients are also available
the [3, 3] PA can be formed.

 dy[1+d,8]8
- l+61£+62£2+63£3

[3,3] (M

Expansion of the denominator of Eq. (7) and comparison
with Eq. (1) yield

di=a, (8)

2_ 4 q.8
- 2aga,+a,~a3—~ai+3ala, 9)
—ag+2a,a,—al

dy=

2 2
Ay -aa3—-az+a3a,

€= 10
Y _a,+2a,a,-a} (10)
- a2 2
.o =010478,05+ 010y a a3 (11)
g —-ag+2a,a,—a’
2 2 3
~a,a4+a3+aa4+a;— 20,050
0g= 22041 d310104+0p 19293 (12)

—ag+2a,a,-as

and the estimated dissociation energy is

~ Go(~ 2aza,+a,—ai-al+3aia,)

D
T —aja.+aiiaiagra;- 2aga,a,

(13)

One could form higher order Padé approximants utiliz-
ing additional Dunham coefficients, but as discussed by
Cashion,za it is not possible to obtain accurate values of
A5, Agy » o0 -

In Table I we list the values of a,, a,, a,, andaz®*
for the alkali halides as determined from the millimeter
wave molecular beam spectroscopy experiments of
Gordy and co-workers.?® Table I also contains approxi-
mate values of a, obtained from the [2,2] PA. Expan-
sion of the denominator of Eq. (4) enables one to obtain
approximations to agy, a4, a5,... froma, and @, :

as=2a,a,-al (14)
a4;a§+a§a2-—a‘f . (15)

The a;’s obtained from Eq. (14) agree quife well with
the experimentally determined ones (to within experi-
mental error in all but six cases). As shown in Ref. 22,
Eqgs. (14)and (15) are poorer approximations for co-
valently bonded molecules. Thus, not only does the
[2,2] PA provide a substantial improvement over the
Dunham expansion utilizing the same data [as evidenced
by the success of Eqs. (6) and (14)], but it also provides
a means of estimating additional spectroscopic constants
from those which are known accurately.?$

To the first order, the following approximations are
valid:

Yo~ @, Yoo~ — WX,
YOINBe Y11~_ae (16)
Y~ -D, Yo1~7e
Y03~He Y12~—'Be .
Using
6B; 152, 3
Vo= 7= [5+10a,— 3a,+ 5a3— 13a,a,+¥ (ai+a})]
¢ (17)
and the approximation of Eq. (14) we find
. 8B 25 3, 15 2 :
'}’e:—wg"[5+ 10(11-— 3a2-—3a1az+—z—al+7al] . (18)

e

Since we have shown that the approximation to ¢y mani-
fested in the [2, 2] PA is good to a few percent (provid-
ing accurate values for a, and a, are available), then the
¥.’s given by Eq. (18) will also be determined quite ac-
curately, probably to within an average error of about
3%. This amounts to a vast improvement over the situ-
ation with estimation of v, from the Rittner poten-

tial, 1% 14:2%:21:28 where the results are in error by as much
as a factor of 10. The recent paper of Brumer and Kar-
plus* considers the 17 alkali halides for which the di-
pole moment is known and finds that the average percent-
age errors for various spectroscopic constants as deter-
mined from the Rittner potential to be: ¢a,, 5.5%; w,x,,
4.9%; D;, 2.9%, v,, 63.0%, and 3,, 138.0%.

The potential developed by Rittner has the following
form:

J. Chem. Phys., Vol. 61, No. 3, 1 August 1974
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TABLE 1. Dunham coefficients.

ag from R N
a a
ao(cm"l) ai ay as [2, 2]1PA aj ay
TLil%F 153976 .74 —2,70062 5,101 ~7.98 —-7.756 —2.80946Y 4.89563"
+0.00049 +£0.018 +0.15
TLi%c1 146 437 £33 —2.72040 5,004 ~7.30 -7.093 —2,51444 3.74648
+0.00023 +0.017 +£0.13
"Li"®Br 142906 £ 552 = 2.71712 4.567 -4.72 —4.759 —2.51364 3.73444
+0.00413 +0.204 +1.88
1 4120 135642781  —2,70194 4.509 —4,53 —4.639 ~2.65615 4,23202
* +0.00629 +0.244 +2.36
BNaF 164454212  —3.13311 6.431 -9,23 —9.540 —2.78856 4,81700
+0.00160 +0.226 +£2,12
BNa%cl 152401 + 82 —3.07637 6.473  =11.06 ~10.709 -2,94100 5.36829
+0.00094 +0.083 +0.90
BNaPBr 147261 1171  ~3,04613 6.486 -11.82 ~11.250 —2,94951 5.38755
+0.00146 +0.113 +1.10
BNa12Y 142568 . 176  —3.01634 5.912 ~8.30 —8.220 —-2.99589 5,43850
+0,00178 +0.154 +1.50
Sy 1621004179 —3,11568 6.347 ~9.66 —-9,304 —2.95026 5.35780
£0,00141 +0.232 +2.13 _
K350 152166 1140  —3.24320 7.050 —12.33 ~11.616 —3.16027 6.21677
+0.00225 +0.039 +0.69
KPRy 147850 1 38 —3.24151 6,912 —11.01 ~10.754 —~3.19180 6.35007
+0.00047 +0.040 +0.50
sagctary 142889 4 60 —3.24629 6.884 —10.98 ~10.483 —3.25495 6.6268
+0.00087 +0.067 +£0.74 ‘
8RR 165356 + 82 —3,13473 6.678 —11.29 ~10.441 —2.97350 5,42045
+0.00072 +0.098 +0.93
8RpIC] 155270105  —3.29643 7.078 -11.50 ~10.844 -3.37775 7.24700
+0.00145 +0.074 +0.88
BRLTBY 151 050 3 54 —3,32551 7.334 -12,75 ~12,002 —3.31983 6.90893
+0.00092 +0.108 +1.17
R 146 076 .73 - 3.34403 7.180  —10,99 —10.627 —-3.39041 7.23051
+0.00180 40,145 +1.64
12cgldp 168 551 » 28 —3.03241 5,660 ~7.29 —6.441 -3.12173 5,96026
+£0,00028 +0.055 +0,51
1830535y 159133 +650 —3,31873 6.919  =10.11 —9.374 —-3.35145 7.00037
+0.00520 +0.103 1,64
18ogpr  154912,14 -3.37682 7,597  —14,02 —12.803 ~3.41098 7,27648
+0.00036 +0.018 +0.22
183glety 150327 1+ 34 —3.42908 7.608 -12,79 —11.859 ~3.50774 7.73625
+0.,00095 +£0.066 +£0,81

%0btained from data of Varshni and Shukla (Ref. 10). The magnitude of the errors in ay and a, is nearly the
same in the truncated Rittner model (of Ref. 6) as for the above listed Rittner results.
"a’f and a’z"’ values for LiF are obtained using the recent values of w, and B, of Pearson and Gordy.

Ug(R)=Aexp(-R/p)- CR®-¢?R™!

-e¥a, +a.)/(2RY - 2(e2a,a)R", (19)

where the successive terms represent, respectively,

the short-range repulsion (4,p), the van der Waals in-
teraction; the Coulombic attraction; the ion-induced di-
pole interaction (@, and o. are the ion polarizabilities),
and the induced dipole-induced dipole interaction. A and
p are determined from

AUz /dR)5, = 0 (20)

(d%U g /dR?), = force constant . (21)

Honig, Mandel, Stitch, and Townes®’ expanded Ug(R)
in powers of £ and found expressions for the Dunham co-
efficients @;. Due to the constraint imposed by Eq. (21),
the series expansion of the Rittner potential has the cor-
rect harmonic component. As shown in Refs. 21 and
24 the a, and a, values predicted by the Rittner model
differ from the experimental values due to deviation of
the alkali halides from the completely ionic model. Us-
ing the experimental values tabulated in Ref. 6 and mak-

J. Chem. Phys., Vol. 61, No. 3, 1 August 1974



914 Jordan, Kinsey, and Silbey: Potential energy curves

ing use of the formulas,
a=(Y, Y1)/ (6Y5) -1

ag= le ws/(48Bg)+% + (%)a1+ (%)a?

(22)
(23)

we have calculated af, a¥ from the Rittner model and
have also listed these values in Table I. The average
percentage errors are about 3 and 10%, respectively,
due to the errors in the rotational-vibrational coupling
constant @, and the anharmonicity constant w,x, .

In Table II we compare the dissociation energies pre-
dicted by the Rittner model and the [2, 2] PA with the
experimental values. The Rittner model, as expected,
gives generally good results (an average error of 2.9%).
In view of the fact that the [ 2, 2] PA employs only the
spectroscopic constants a,, a,, and a,, it is rather sur-
prising that it also gives reasonable estimates of D;
(average error of 5,9%). We have also expanded the
[2,2] PA in powers of R™! and calculated the coefficient
¢, of this expansion. The correct value of ¢, is e®
(116 140 for energies in cm™, distances in A). Again,
considering that only the three leading coefficients from
the expansion about the equilibrium point are used, the
fact that the average error in ¢, is 12 percent (see Ta-

ble II) is impressive.

It would be highly advantageous to study the [3, 3] PA
utilizing a3z and a,. Our experience with PA’s on series
expansions on analytic model potentials,®? leads us to
believe that the [3, 3] PA is superior to the [2, 2] in the
lower half of the potential curve, but the dissociation en-
ergies obtained from it may be poorer than those from
the [2,2] PA. In principle one could hope to learn
something about the curve-crossing problem* from
a Padé analysis of the series expansions, However
we expect that this would require many more Dun-
ham coefficients than can be generated from existing
experimental data. Further they would have to be de-
termined with more precision than is now possible. In
fact, the uncertainties in many of the a4’s are so large
that it is questionable whether they should be employed
at all in analytic continuation. Table III lists the uncer-
tainties in the coefficients of KCl, NaBr, Rbl, KF, LiF,
and LiCl. In our study of various ways of utilizing the
aj coefficient in a PA we found that even a 1% uncer-
tainty in a4 could result in a PA whose extrapolation to
infinite internuclear separation would give a less reli-
able D; than the simpler [2,2] PA. In fact another
order of accuracy in the a; values would greatly facili-

TABLE II. Dissociation energies c;.

Truncated” ¢ estimated
Experimental® Rittner [2, 2] PA Est. of D; (cm™) from [2, 2]PA
Dylem™) Dylem™) average® Min® Max® {em™)
LiF 64070 (+1100) 64 492 70233 69545 70935 135299
LiCl 53990 (+1200) 52531 61102 60627 61585 140150
LiBr 51680 (+1150) 49 383 50754 46 789 55413 106 302
Lil 48 250 (+ 870) 45641 48 580 43938 54 259 112446
NaF 53520 (+650) 53615 48 572 44 238 52289 86 572
NaCl 46510 (+400) 45291 50 946 50253 52539 123692
NaBr 44790 (+ 500) 43 053 52728 49109 56 904 143 286
Nal 41810 (+600) 40255 44741 42482 47 246 115975
KF 48 360 (+700) 48 334 48 236 44962 52014 99120
KCl 41250 ( 250) 40430 43872 41611 46 375 109402
KBr 39660 (+400) 38436 41128 40634 41635 104607
KI 37 200 (£ 400) 35953 39099 38 317 39838 105748
RbF 46840 (+1250) 46830 50910 49 345 52606 111559
RbCl 40220 (+770) 38996 40986 40075 41938 99 389
RbBr 38470 (x800) 40 550 39328 41863 106 601
Rbl 36360 (x700) v 36 498 35103 38 006 96 878
CsF 46020 (= 900) 46 096 47671 46 906 48461 95813
CsCl 39020 (+800) 37842 38863 37 443 40380 92912
CsBr 38160 (+900) e 40705 40478 40935 110959
Csl 35020 (£ 980) 33540 36 223 35591 36877 97712

2These values were obtained by averaging the D; values from the following sources, giving

each source a weight proportional to the inverse of its stated limits of error:

L. Brewer

and E. Brackett, Chem. Rev. 61, 425 (1961); JANAF Thevrmochemical Tables (Dow Chem-
ical Co., Midland, MI, 1971), 2nd ed.; A. G. Gaydon, Dissociation Enevgies and Spectra

of Diatomic Molecules (Chapman and Hall, Ltd., London, 1968), 3rd ed.; B. deB. Darwent,
Natl. Bur. Stand. Ref. Data Ser., Nat. Bur. Stand. (U. S.), 31 (1970). These values agree

quite well with those of Brumer and Karplus, Ref. 6.

PResults of Brumer and Karplus, Ref. 6. These truncated Rittner D;’s are slightly better

than those of the regular Rittner model.

See Ref. 10.

°The results in the min, max columns show the spread in the extrapolated D; due to the un-
certainties in aq, a4, ag; a; uncertainties causing most of the spread.
dCorrect value of ¢; =e=116141 em™! A.
®The average error in the D;’s determined from the 2, 2] PA is 5.9%. Omission of NaBr

from the averaging lowers this to 5.2%. If only the Cs, K, and Rb salts are considered the
The average errors in the Rittner and truncated Rittner models

for D; is 2.9 and 2.5%, respectively.

average error is 4.1%.

J. Chem. Phys., Vol. 61, No. 3, 1 August 1974
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TABLE III. Percent uncertainties in Dunham coefficients.
ay aj as as

LiF 0.05 0.02 0.35 1.87
LiCl 0.02 0.01 0.40 1.78

KF - 0.11 0,04 3.65 22,04
KC1 0.09 0.07 0.54 5.60
NaBr 0.12 0.05 1.74 9.33
Rbl 0.05 0.05 2.01 14,96

tate the analysis of the power of the [ 2, 2] PA.

This sensitivity of the PA’s to the accuracy of the a;,
allows them to be used in determination of possible er-
ror in experimental results. For example, when we
employed the data of Veazey and Gordy for LiF, the
[2,2] PA gave a D; with an error of 300%, clearly out
of line with all the other alkali halides. The new, much
more accurately determined data of Pearson and Gordy
gave a D; only 9% too high. The rather large errors in
the D;’s of NaBr and LiCl may also indicate error in
their experimentally determined Dunham coefficients.

{tll. COMPARISON WITH THE METHOD OF SIMONS,
PARR, AND FINLAN (SPF)

In this section we compare the PA procedure with the
Euler transformation® method of Simons, Parr, and
Finlan (SPF) to rearrange the Dunham expansion of Eq.
(1), expanding in (R - R.)/R=y instead of (R~ R,)/R,
=£, obtaining

Uspr(R)=boy?[1+b1y +byy%+b3y+ o]

where the coefficients b; are given in terms of the Dun-
ham coefficients a; as

(24)

bo=ay
bl:a1+2 (25)
by=a,+3b,-3

by=ag+ 4b,— 6b,+4 .

Unlike the Dunham expansion the Ugpy Series extrapo-
lates to a constant. However the PA is in general, as
discussed by Baker,®*® a more powerful means of analyt-
ic continuation. In terms of the variable y arbitrary
[N,M]PA’s (i.e., rational fractions whose numerators
are Nthorder polynomials and whose denominators in poly-
nomials of Mth order) behave properly asR - «, sincey-1,
inthatlimit. Moreover, the[N, N]PA’s are invariant
under Euler transformations, so that the asymptotically
well-behaved [ N,N ] PA’s in £ all have equivalent [N, N ]
PA forms in terms of y. Hence the SPF variable v ap-
pears to be more generally useful for analytic continua-
tion by PA’s since a wider variety of functional forms
can be used. For the KI the Ugpp potential is

Uspr= (142889.4)y2[1— 1.24629y + 0.14499 2

+1.07959y% <] . (26)

In Fig. 1 this function is compared to the Dunham func-
tion obtained from the same spectroscopic data and to
the simple {2, 2] PA employing a,, a,, and a,. 1t is
seen that the [ 2, 2] PA affords considerable improve-

915

ment.

In those cases in which a, through a; are accurately
known but no reliable value for a, is available one may
now proceed via the [3,2] PA on the Ugpy series.

[3, 2]‘=aoy2/[1 -by+ (bi" bz)yz
+(2bb,=b3-b4)y°] .

The [3, 2] PA on the Dunham series would tend to zero
ags R—~w, Inthe case of LiF the R - (y~ 1) limit of
Eq. (27) gives a dissociation energy only 3.2% too high
(the {2, 2] PA result was 9.1% too high). However due
to the much greater uncertainty in most of the a4 than
in the a4, a,, a,, this approximation may not always
lead to an improved curve for large R. For example
the [2, 2] PA for KCl gave a D; 6.4% too high while Eq.
(27) gave a result 11.9% too low,

(27)

IV. TWO POINT PADE APPROXIMANTS

Two point PA’s%* have recently been introduced in
treatment of physical problems in which one has expan-
sions about two points. The construction of potential
curves via two point PA’s seems highly desirable for
ionic molecules where one knows the exact values of
the first three coefficients in the R™! expansion of the
potential at large R in addition to any spectroscopic
data:

U(R)~Di-2. C,R™ (28)

n

ci=e% c,=c3=0. The coefficients of the PA can now be
determined with input from both Egs. (1) and (28). If
the dissociation energy is known, it can be used to de-
termine one of the coefficients of the PA. In this case
a [2,2]p; PA canbe obtained withno spectroscopic con-
stants except aganda,. X a,, a,, a;, and D, are ac-
curately known, determination of the coeificients of
Eq. (7) gives

(29)
(30)

do=a,

d,=(ag+al-2a,a,)/(@%~a,-a,D}})

0.7

(o}
w
—
e o wwroeder»eTFidens

o] | 2 3 4 5 6 7 8 9

FIG. 1. Curves constructed from ay, ay, a; for KI. Solid line,
{2, 2] PA; dashedlineayt? [1+ay +ast?]; dotted lines Ugpy.
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e,=(as+al-2a,a,)/@%~a,-a,Di')-d, (31)
e,=—a,@as+ai-2a,a,)/(@3-a,-agDiY)+ai-a, (32)
€3= [(as”‘i‘ 2“1“2)/(“%‘“2—aoD-il)]D;lao . (33)

This is expected to provide a very good representation

of the potential curve.? Higher-order PA’s may also

be constructed.’® For example we have considered the
[4,4] PA utilizing a4, @,, a,, D;, ¢;, and which sets

¢, and c43=0. It should be noted that the poles of the

[2,2] PA’s all occur for complex R with the real part

of R negative. The [3,3] PA’s defined by Eq. (8)-(12)
had no poles for ¢ real and positive. However, some

of the two point [3, 3] PA’s have a spurious pole for £>0.2

In Fig. 2 we plot for KI the Rittner, the [2,2] PA and
the [2, 2],, PA. Examination of Table I reveals that the
a, and a, values obtained from the Rittner model are in
relatively good agreement with the experimentally de-
termined values—the respective errors being 0.4 and
3.7%. For most of the other alkali halides the discrep-
ancy between the PA and Rittner curves will be even
more serious. We believe that part of the disagreement
between the [2, 2] PA and the Rittner curve is due to the
fact that the Rittner model inadequately treats the over-
lap region. We plan to compare the spectra calculated
for the various model potentials and compare the
results with the experimental ones in order to resolve
this problem.

We have also studied Sandeman’s® inversion of the
Dunham series
E=2(U/ag)'’? [12h,(U/ag) 2+ hy(U/ag) £ho(U/ag)®/ 24 « ¢ ]

(39)
where the first few conversion formulas between the a;
and &; are

a,=-2h, (35)
ay=—2hy+ 5h2 (36)
ay= = 2hy+ 12k hy— 1404 (37)
@y==2hy+ (2N hy+ h)~ 56h3h,+ 423 . (38)

Equation (34), unlike the Dunham series, is not limit-
ed to convergence only near ¢£=0.' In fact, Jarmain®
has examined the RKR expressions in Sandeman’s form
and has shown that term by term the RKR is equivalent
to Sandeman’s approach. Davis and Vanderslice® and
Hurley36 proved the equivalence up to the dissociation
limit. If Eq. (34) is truncated at the U*/? term, the
following approximation to £ is obtained

E=1(U/ay)'? (1 ihx(U/ao)l/z“*hz(U/ao)] .

In Fig. 3 we compare the potential curve generated
from Eq. (39) and compare it with the quartic Dunham
and the [ 2, 2] PA results for KI. As depicted in the fig-
ure, the Sandeman expression has a larger region of
usefulness than does the Dunham expansion. However
for R >1.3R, and for R <0.8R, the [ 2, 2] Padé seems to
provide a much more reasonable potential curve. In-
spection of Eq. (40) reveals that U~ = as R— . The
inability of the inverted Dunham expansion of Sandeman
to accurately continue the results vary far beyond the

(39)

region in which spectroscopic data is utilized is also the
case in RKR.*® We expect that PA’s will also prove very
useful in extending the RKR method especially in the es-
timation of accurate dissociation energies and long range
behavior when the energy levels are known except near
the dissociation limit,%"%

V. SUMMARY AND DISCUSSION

In this paper we have introduced a new class of ap-
proximations to potential curves of ionic molecules.
Since RKR curves do not exist for alkali halides due to
lack of sufficient experimental information, approxi-
mate potential curves which reproduce the known ex-
periments are of importance. These have the highly
desirable property of providing a systematic means of
utilizing available information describing the molecule
near the bottom of the well in addition to the asymptotic
behavior. We are currently studying the spectrum cal-
culated from the various PA potentials developed here.
This should provide a stringent test of the utility of these
models. These results will be compared with those of
the Rittner model, various spline-fitted curves as well
as the available experimental vibrational and rotational
transitions. We are also investigating various means
of circumventing the Dunham expansion, which in prin-
ciple should be an excellent procedure, but computa-
tionally does not allow for accurate evaluation of the
higher Dunham coefficients.?® One possible procedure
involves a direct least-squares fit of a rational function
to the experimental data. We expect that the PA type
potential curves especially when combined with an anal-
ogous analytic continuation treatment of the dipole mo-
ment® will prove useful in the study of thermal and
photochemical reactions where the alkali halide products
are often excited to v~ 100 or higher.*

Earlier we mentioned that due to the R™® asymptotic
behavior of covalently bonded molecules, the [2,2] PA
will not provide as useful a description of covalent mole-

0 ) I ]
2 R/Re 3 4

FIG. 2. Comparison of Rittner model with [2, 2], [2, 2]D{ PA
Solid line, [2,2] PA; dotted line [2, 2]p, PA; dashed line Ritiner
curve using data of Ref. 1. For large R the [2, 2]1,i curve
crosses the Rittner curve since the [2, 2],,‘ goes to the correct
dissociation energy and the Rittner curve extrapolates to a re-
sult 3.1% too low. On the scale used here, the three curves
are essentially superimposable for R<R,. We have shifted

the Rittner curve by adding the dissociation energy.
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FIG. 3. Comparison of Sandeman, Dunham and [2, 2] PA’s for
KI. Solid line [2, 2] PA; dotted line quartic Dunham; dashed
line Sandeman expression utilizing ey, e, coefficients.

cules as for the diabatic ground state curves of ionic
molecules., In fact, it is necessary to employ a [6, 6]
or higher order PA to obtain the R™® asymptotic be-
havior. The more complicated nature of the interaction
in covalent molecules at intermediate distances?® also
requires more information than that contained in a,,

@, and a, if it is to be reproduced by a PA. Molecular
quantum mechanical calculations demonstrate that the
alkali halides can be reasonably described, even appre-
ciably far from R, by just the Hartree- Fock ground
state wavefunction.*® However in the case of covalent
molecules one must consider the mixing of various ex-
cited determinantal wavefunctions with the Hartree— Fock
ground state.

The recent pseudopotential calculations on various
alkali halides by Redmon and Micha* also indicate that
for R <R, (the crossing point of the diabatic curves) a
single configuration (the ionic valence bond structure)
is necessary to describe the potential curve. Although
only results on the alkali halides are reported in this
paper, the methods described herg should be useful in
studying other ionic compounds. Calculations on sever-
al other classes of halides including those of copper,
indium, silver, aluminum, thallium, and gallium also
have been performed and the results are promising.??
Preliminary studies have also indicated the utility of
PA’s in the study of metallic hydrides and oxides.

ACKNOWLEDGMENT

The authors are grateful to Professor J. Gole for
helpful discussions.

*Work supported in part by grants from the National Science
Foundation.

R. Rydberg, Z. Physik 73, 376 (1931).

20. Klein, 7. Physik 76, 226 (1932).

%A. L. G. Rees, Proc. Phys. Soc. Lond. A 59, 998 (1947),
43. J. Ewing, R. Milstein, and R. S. Berry, J. Chem. Phys.
54, 1752 (1971); M. Oppenheimer and R. S. Berry, J. Chem,
Phys. 54, 5058 (1971).

°p. Davidovits and D. C. Brodhead, J. Chem. Phys. 46, 2968
(1967).

K. J. Kaufman, J. R. Lawter, and J. L. Kinsey, J. Chem.
Phys. 60, 4016 (1974),

™. C. Moulton and D. R. Herschbach, J. Chem. Phys. 44,
3010 (1966).

8K. J. Kaufman, J. L. Kinsey, H. B. Palmer, and A, Tewar-
son J. Chem. Phys. 60, 4023 (1974).

R. Grice and D. R. Herschbach, Mol, Phys. 27, 159 (1974).

107 F, O’Malley, Adv. At. Mol. Phys. 7, 223 (1971),

1M, Born and J. E. Mayer, Z. Physik 75, 1 (1932).

125, S, Rittner, J. Chem. Phys. 19, 1030 (1951).

13y, P, Varshni and R. C. Shukla, J. Mol. Spectrosc, 16, 63
(1965).

14p. Brumer and M. Karplus, J. Chem. Phys, 58, 3903 (1973).

155, L. Dunham, Phys. Rev. 41, 721 (1932),

160, L. Beckel and R. Engelke, J. Chem. Phys. 49, 5199
(1968).

11g, Simons, R. G. Parr, and J, M, Finlan, J. Chem. Phys.
59, 3229 (1973).

18G, A, Baker and J. L. Gammel, The Padé Approximant in
Theovetical Physics (Academic, New York, 1970). This
book discusses the theory of PA’s and demonstrates their
amazing analytic continuation properties.

¥The Dunham expansion has also been obtained quantum me-
chanically. See J. E. Kilpatric, J. Chem, Phys. 30, 801
(1959).

p, R. Bunker, J. Mol. Spectrosc. 42, 478 (1972) has dis-
cussed extension of the Dunham expansion to treat the case
in which the Born=Oppenheim approximation breaks down,

My, R. Jarmain, Can. J. Phys. 38, 217 (1960).

2K, D. Jordan and R. Silbey (unpublished). This paper will
present a detailed study of the applicability of PA as a means
of constructing potential curves for various types of diatomic
molecules.

%y, K. Cashion, J. Chem. Phys. 45, 1037 (1966).

#The a;’s listed in Table I differ slightly from those of Gordy
and co-workers. Our a;’s were calculated from their ¥y;’s
utilizing the physical constants given by B. N. Taylor, W. H.
Parker, and D. N. Lanzenberg, Rev. Mod, Phys. 41, 375
(1969), and our error analysis probably differs from theirs
somewhat,

%3, Rusk and W. Gordy, Phys. Rev. 127, 817 (1962); S. E.
Veazey and W. Gordy, Phys. Rev. A 138, 1303 (1965); P.
Clauser and W, Gordy ibid. 134, 863 (1964); E. L. Pearson
and W. Gordy, Phys. Rev. 177, 52 (1969),

%The meaning and origin of the various spectroscopic constants
is discussed by G. Herzberg Spectra of Diatomic Molecules
(Van Nostrand, Princeton, NJ, 1965),

ZIA, Honig, M. Mandel, M. L. Stitch, and C. H. Townes,
Phys. Rev. 96, 629 (1954),

%0, Maltz, Chem. Phys. Lett. 3, 707 (1969).

BG. H. Hardy, Divergent Series (Oxford U. P., London, 1949).

3G. A. Baker, Advances in Theovetical Physics, edited by
V. A. Brueckner (Academic, New York, 1965).

51M. Barnsley, J. Math. Phys. 14, 299 (1973).

327, Ishara and E. W. Montroll, Proc. Natl. Acad. Sci. USA
68, 3111 (1971).

%K. D. Jordan, J. L. Kinsey, and R, Silbey, work in progress.

341, Sandeman, Proc. R. Soc. Edinburgh 60, 210 (1940).

%R. H. Davies and J. T. Vanderslice, Can. J. Phys. 44, 219
(1966).

%A, C. Hurley, J. Chem. Phys. 36, 1117 (1962).

'R. J. LeRoy, Ph. D. thesis, The University of Wisconsin
(1971). Also see R. J. LeRoy, Can. J. Phys. 52, 246 (1974).

%0, Goscinski, Mol. Phys. 24, 655 (1972). In this paper
Goscinski applies a Pad¢ approximant resummation on the
inverse R series expression of the long range potential.

$3. H. Birely and D. R. Herschbach, J. Chem. Phys. 44,
1690 (1966).

407, Goodisman, Diatomic Interaction Potential Theory (Aca-
demic, New York, 1973), Vol. II. This book discusses the
nature of the electronic interaction at small, intermediate,
and large R in diatomic molecules.

43, Redmon, Ph. D. thesis, University of Florida (1973).
M. Redmon and D. A. Micha, Int. J. Quantum Chem. {to be
published).

J. Chem. Phys., Vol. 61, No. 3, 1 August 1974



