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For triplet excitons in dimers of differently oriented molecules the temperature dependence of the 
ESR linewidth is calculated analytically. The temperature of the extrema of the linewidth is 
discussed as a function of the coupling strength between excitons and phonons. 

I. INTRODUCTION 

The transverse relaxation rate ofESR of triplet excitons 
in pairs of differently oriented molecules is interesting both 
theoretically and experimentally. On the one hand, this 
quantity is determined by and, therefore, yields information 
on dephasing processes influencing exciton dynamics and, 
on the other hand, the transverse relaxation time determines 
the homogeneous ESR linewidth and the spin-echo decay 
time. From this interplay between models describing de
phasing and experimentally obtainable quantities one can 
learn about exciton dynamics not only in pair systems, but 
also in more extended molecular aggregates and in crys
tals. 1,2 Very detailed information is available for triplet exci
tons in naphthalene-hs pairs consisting of the two differently 
oriented molecules in the unit cell of naphthalene-ds crys
tals.3

-6 Because of inhomogeneous broadening, the homo
geneous ESR linewidth cannot be derived directly from ab
sorption lines3,4,6; however, saturation experiments4,6,7 are 
possible, for which a theoretical explanation, based on a mi
croscopic model, has been given recently.S-1O The spin-echo 
decay time, however, can be measured directly.5 The mea
surements show that with increasing temperature the trans
verse relaxation rate first increases, assumes a maximum val
ue, and then decreases. A qualitative description of this 
behavior based on the Haken-Strobl model I 1,14 for the cou
pled coherent and incoherent exciton motion has been pub
lished. 14.15 However, on account ofthe stochastic treatment 
ofthe phonons in the Haken-Strobl model, these results are 
difficult to apply at low temperatures. Therefore, in this con
tribution, we analytically calculate the transverse relaxation 
rate (homogeneous linewidth) starting from a microscopic 
models.9,16-19 and compare the results with experimental 
data. 

II. MODEL 

The Hamiltonian of the model may be decomposed into 
a system part Hs, a bath part H B , and the interaction Hint 
between system and bath.20.21 The system part contains the 
excitonic and spin degrees of freedom: 

(2.1) 

-)Work supported in part by the NSF (Grant No. CHE 8403841). 

with 

Hex = EataA + EataB +J(ataB +ataA), (2.2) 

Hs = HzSz +ataAS·FA·S +ataBS·FB·S. (2.3) 

at ,at are creation operators for Frenkel excitons with ex
citation energy E at the two differently oriented molecules in 
the unit cell which as usually are denoted by A and B. J is the 
electronic interaction matrix element between the mole
cules. The coordinate system in our calculation has the z axis 
parallel to the static magnetic field Hz. S is the operator of a 
triplet spin: FA and F B are the fine-structure tensors of the 
two differently oriented molecules. 

It is convenient to introduce operators 

al+ = (at - at )/.J2 and at = (at + at )/.J2 creating ex
citons in the lower and upper Davydov components with 
energy E - J and E + J, respectively. The system Hamilton
ian then becomes 

Hs = (E - J)a l+ al + (E + J)a2+ a2 + HzSz 

+ S·M·S - (ata2 + atal)S·D.S, (2.4) 

where the average and difference fine-structure tensors are 
defined by M = (F A + FB)/2 and D = (FA - FB )/2, respec
tively. The six eigensolutions ofthe system Hamiltonian Hs 
are determined from the Schrodinger equation 

Hsln) =Enln) (2.5) 

and have been determined numericallyS,20 and analytically22 

2J 

6 

FIG. I. Energy level scheme of triplet excitons in dimers as a function of the 
magnetic field. The arrows indicate the various orders of the phonon in
duced transition probabilities. 
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624 Reineker et at : Dynamics of triplet excitons 

treating the fine-structure interaction as a perturbation. A 
schematic representation of the energy eigenvalues is given 
in Fig. 1. 

The vibrations in the system are considered a heat bath 
with Hamiltonian 

HB = Lmjb / bj' 
j 

(2.6) 

The interaction between system and heat bath is described 
by the Hamiltonian 

Hint = Lgj(b/ +bj )(a l+a2 +a2+al ) 

j 

(2.7) 

(2.8) 

where the gj described the coupling between excitons and 
phonons and the 

IAik12= l(ilata2+a2+a 1 IkW (2.9) 

are the absolute squares of transition matrix elements 
between the eigenstates ofEq. (2.5). These quantities are rep
resented in Fig. 1 by the arrows together with their orders of 
magnitude for parameter values of naphthalene pairs.22 An
alytical expressions for the A ik are given in Ref. 21. 

III. EQUATION OF MOTION 

A. Reduced density operator 

The equation of motion for the density operator of the 
total system is given by ip = [Hs +HB + Hint,p]· With the 
help of the Nakajima-Zwanzig projection method23

•
24 one 

arrives at an equation of motion for the reduced density op
erator Pr containing explicitly the excitonic and spin degrees 
of freedom: 

(3.1) 

i ... = [Hs, .. ·] +hT L gJ(AnmAk1Ik)(/I .. ·ln)(ml 
k,l,m,nJ 

+AmnAlklm)(nl···II)(k Il 
X (nj8(Enm + mj ) + (nj + 1 )8(Enm - mj )) (3.2) 

- itT L gJ(AlmAmk .. ·11) (k I + AmlAkm Ik ) (II .. ·) 
k,l,mJ 

X [nj8(Elm + mj ) + (nj + 1 )8(Elm - mj )] . 

The influence of the phonons shows up in the Liouville oper
ator i via temperature dependent coefficients. In Eq. (3.2) 
Enm = En - Em and nj = n(mj ) = [exp(mj/kBT) - 1] -I. 

B. Correlation functions describing ESR 

Irradiating the system with a microwave field Hx (t ) 
= Hx e - iwt perpendicular to the static field Hz induces tran

sitions between the eigenstates of Hs. The ESR line shape is 
determined by the imaginary part X " of the complex suscep
tibilityX (m) = X '(m) + iX "(m). Within linear response theory 
we have 

x(m) = l"" i([ Sx(t ),Sx ]}oeiwtdt, 

where 

(3.3) 

([ Sx(t ),Sx]}o = Trs Sxe - iLt [Sx,pas] (3.4) 

= L (Pj - P;l(iISx [j)Xij(t). (3.5) 
iJ 

In Eqs. (3.4) and (3.5) we have used Pos = exp( - f3Hsll 
Trs [exp( - f3Hs)] , Pj = exp( - f3Ej )/".i.jexp( - f3Ej ) and 
the spectral representation of Sx in the states (2.5), 
Sx = ".i.i".i.j(iISx [j) li)vl. Furthermore, we have defined 

Xij(t) = Trs Sx e - iL, Ii) vi, (3.6) 

which describes the dynamics of the system between the 
states I i) and [j). The equation of motion for this correlation 
function is obtained from Eq. (3.6) by differentiating with 
respect to time: 

(3.7) 

Using explicitly i from Eq. (3.2) we arrive at the following 
equation of motion for xidt ): 

xidt ) + iEikXik(t) 

= 1TL gJ{(AUAkmXlm(t) -AkmAmlXU(t)) 
l,mJ 

X (nj 8(Ekm +mj)+(nj + 1)8(Ekm -mj ») 

+ (AmiAklXml(t) -AlmAmiXldt )) 

X (nj8(Eim + mj ) + (nj + 1 )8(Eim - mj»}. (3.8) 

When evaluating this equation further we shall assume that 
the vibrations are distributed quasicontinuously with a dis
tribution D (m), i.e., we replace ".i.jgJ ... by Sdm D (mjg2(m) .... 
We shall additionally assume that D (mjg2(m) is constant in 
the relevant frequency range. The coupling between excitons 
and phonons is then characterized by 

g = 1TgZ(m)D (m). (3.9) 

IV. EIGENVALUES AND TRANSVERSE RELAXATION 
RATE 

From Fig. 1 we see that the IAik 12 are of very different 
order of magnitude. The IAik 12 of order 1 connect corre
sponding spin states in the lower and upper Davydov com
ponent. The IAik 12::::; 10-4 give rise to transitions between 
different spin states within one Davydov component. Final
ly, the smallest matrix elements connect different spin states 
in different Davydov components. In Sec. IV A in lowest 
order approximation we shall use only the IAik 12::::; 1; in Sec. 
IV B also the IAik 12::::; 10-4 will be taken into account. 

A. Eigenvalues in zeroth order approximation 

Using only the IAik 12 of order 1 from Eq. (3.8) we ob
tain9•21 

X46 + [iE46 + g(n34 + nS6)]X46 = g{n34 + nS6)X3S' (4.1a) 

X35 + UE3S + g(n34 + 1 + n56 + 1)]X3s 

=g(n34 + 1 + nS6 + 1)X46' (4.1b) 

This homogeneous set of differential equations is solved by 
the ansatz X mn (t) = e - iwt X mn' The two eigenvalues are giv
en by 
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FIG. 2. Temperature dependence of the ESR linewidth according to Eq. 
(4.3) for various values of the coupling strength. 

tiJ35 } = E _ ig(2n + 1) 
tiJ46 

+ ig (2n + If + 2;JgE - ( AgEY (4.2) 

where E = (E35 + E46)12, AE = (E35 - E46)/2, and we have 
used the following approximation (which is consistent with 
the grouping of the IAik 12): n35:::::n46:::::n = n(2J) 
= [exp(2J/kBT)-l]-l. The eigenvalues in the present 

approximation are equivalent to the result of Silbey.2 The 
important quantity for our purpose, the discussion of the 
transverse relaxation rate is tiJ46' tiJ35 describes ESR transi~ 
tions in the upper Davydov component between states 13) 
and 15). On account of the small occupation probability and 
the large imaginary part of tiJ35 describing spontaneous emis~ 
sion processes from the upper to the lower Davydov compo~ 
nent, these transitions cannot be observed experimentally. 
The transverse relaxation rate, determining the homogen~ 
eous ESR linewidth and the spin-echo decay time, is given by 
the imaginary part of tiJ46: 

ro(T,g) = - 1m tiJ46 

= g( 2n + 1 - 4~a2 + {3 zcos ~). (4.3) 

Here we have introduced the following abbreviations: 
a = (2n + 1)2 -1J3 /2)2, {3/2 = AE /g, fP = arg(a + i{3). 

Figure 2 shows ro in a three-dimensional plot as a func
tion of T and g for parameter values of naphthalene.22 The 
magnetic field vector (in all figures) lies in the ypzp plane and 

co ;:! 

.... :1 j ! 
10 

oth ORDER 
an 

co:": 
"-I--.t ...r 

10 0; 
C M 

~ ... 
N 

N 
0 

0 2 3 4 5 6 7 8 9 10 11 
giG • 

FIG. 3. Temperature of the linewidth maximum as a function of g. 

forms an angle of 60' with the yp axis. The figure shows that 
ro has a maximum as a function of T which shifts to lower 
temperatures with increasing exciton-phonon coupling g. 
On account of motional narrowing in this lowest approxima
tion of the calculation the linewidth decreases monotonical
ly with increasing temperature for T> T max' The maximum 
of the linewidth is determined from 

d 
dTFo(T,g)IT= T~ = O. 

This condition gives the following transcendental equation: 

(4.4) 

where 

x = 2n(2J) + IIT= Tmax' (4.5) 

Its solution as a function of g is shown in Fig. 3. The vertical 
axis on the left-hand side gives x = (2n + 1)1 T= Tmax the axis 
on the right-hand side directly, Tmax where the J value of 
naphthalene has been used. In limiting cases, Eq. (4.4) can be 
solved analytically with the following result: 

g<AE (4.6a) 

g>AE (4.6b) 

The result (4.6a), which has to be understood as x/(AE / 
g~ 1, is obtained by investigating the square root in Eq. (4.2) 
in the comple plane. It shows that for g<AE, i.e., exciton
phonon coupling strength much smaller than the separation 
of corresponding ESR lines in the lower and upper Davydov 
components, x and therefore T max increases with decreasing 
g. This may be interpreted as follows: T < T max the ESR 
linewidth increases on account oflifetime effects whereas for 
T> T max it is determined by motional narrowing. The transi
tion temperature T max between these two mechanisms is de
terminedbygx =g(2n + 1)1T. =AE. The left-hand side of max 
this equation is just the sum of upward (WI = ng) and down-
ward [Wj = (n + 1)g] rates of exciton scattering between 
the two Davydov components. This condition for the transi~ 
tion corresponds to the well~known result from a stochastic 
description. This is no surprise because the condition in Eq. 
(4.6a)meansAE/g= (2n + 1)ITmax >l,i.e., also in the micro
scopic model we have to consider the high temperature 
range (for the J values of naphthalene the condition is satis
fied for T> 6.8 K). Expression (4.6b) is derived by a series 
expansion in powers of(AE / g). It shows that for a fixed value 
of AE, i.e., a fixed orientation of the crystal, and increasing 
value of g the solution of the transcendental equation is given 

by x = /3. In this limiting case T max is determined by J only. 
For naphthalene we have T max = 2.6 K. 

B. Eigenvalues in first order approximation 

Taking into account now also the IAik 12 of order 10-4 

from Eq. (3.8) we obtain instead ofEq. (4.1), 
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FIG. 4. Temperature dependence of the ESR linewidth according to Eq. 
(4.11) for various values of the coupling strength. 

X46 + {iE46 + g[A. (n34 + n56) + ydh46 

= gA. (n34 + n56)X35' 

X35 + {iE35 + g[A. (n34 + 1 + n56 + 1) + Y21h35 

= gA. (n34 + 1 + n56 + I)X46' 

where 

(4.7a) 

(4.7b) 

YI = IA4612(2n46 + 1) + IA261 2n26 + IA2412n24' (4.8) 

Y2 = IA3512(2n35 + 1) + IAI51 2n l5 + IA1312n13' (4.9) 

Within the approximation for theAik used in this subsection, 
all correlation functions Xik(t) are coupled. To arrive at Eq. 
(4.7) we have in addition neglected all correlation functions 
whose resonances are far apart from those of X35 and X46' 
The two eigenvalues are given by 

+igA. (n34 + n56 + 1)2 + 2~E _ (.J.E)2 , 
gA. gA. 

(4.10) 

with(Y2 + YI)/2==yand where(Y2 - YI)/2==.J.y, which is an 
order of magnitude smaller than the terms considered in this 
subsection, has been neglected. Again (046 is the relevant 
eigenvalue and its imaginary part is given by 

rl(T,g) = - 1m (046 =g[(n34 + n56 + 1) 

+ ~ - 4~a2 + f3 2cos i], 

<X> 

N 

o 

1
st 

ORDER 

8 

• 
2 3 4 5 6 7 

§/G--+ 
9 10 11 

(4.11) 

;:! 

:/ 
00:><: 

"-f-
to 

"" 
N 
0 

FIG. 5. Temperature of the maximum (full line) and the minimum (dashed 
line) of the linewidth as a function of g. 

with a = n34 + n56 + If - f/3 12)2, f3 12 =.J.E 1!iA.) and 
rp = arg(a + I(3) as in Sec. IV A. A. = 1 + 0 [(F 1Hz )2] where 
F is the largest matrix element of the fine-structure tensors. 
To be consistent within our order of approximation we have 
rlA.zr. Furthermore we introduce the new coupling pa
rameter g = gA.. 

Figure 4 shows rl(T,g) in a three-dimensional plot for 
the same parameter values as in Fig. 2. Again n34 z n56 
zn(2J) has been used. The linewidth curves have a maxi
mum as in the case of ro(T,g) but now for higher tempera
tures the linewidth increases again. This increase is due to r 
in Eq. (4.11). As is seen immediately from Eqs. (4.8), (4.9), 
and (4.10) for high enough temperatures the linewidth is giv
en by rl(T,g) = gr, which is proportional to the tempera
ture. The physical reason for this increase of the linewidth is 
the different orientation of the fine-structure tensors of the 
two molecules which induces relaxation within the energy 
states of one Davydov component. 

From Fig. 4 we see that with increasing values of g the 
maximum of the linewidth curve shifts first to lower tem
peratures up to gz 3 G. For higher g values the maximum 
shifts again to slightly higher temperatures. For values of 
g> 11 G, which are not shown in Fig. 4, no extrema occur. 
The exact position of the extrema is obtained from dr l!i, T )I 
dT = O. This condition results in the following transcenden
tal equation: 

d -I - (n34 + n56 + y) 
dT T= Text 

d cos(rpI2) I 
= -(n34 + n56Hn 34 + n56 + 1) , 

dT 4~a2+f32 T=Text 

(4.12) 

which may be solved numerically. For an approximate solu
tion, which is pictured in Fig. 5, we take into account that for 
small values of gl.J.E!iI.J.E 0;;;2), the contribution of r to the 
linewidth may be neglected in the range of the maximum. 
Therefore, the maximum is determined by the linewidth 
expression in lowest order which leads to Eq. (4.4), where 
within our approximation g may be replaced by g. This cal
culation gives the left part of the full line. For larger values of 
gl.J.E we expand the square root in Eq. (4.10) and obtain for 
the linewidth, 

r (T.-)-(1 _ 1 ) (.J.E)2 + (413) 
I ,g - (2n + 1)2 2g(2n + 1) gy. . 

fiX! 

..................................... ~ ................... . 

O+-----+-~'~------',----------------~,r_ 

a IfJ I/O 5 10 
x----... 

FIG. 6. Graphic evaluation ofEq. (4.14). The plot of h is for.:1E = 2.1 G and 
g=gG. 
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The extrema of the linewidth are then determined from 

/(x)=h 

with 

1 fIx) = ~X2 - 3), 
x 

h _ (L)2( dr/dn ) 
- AE dT dT Te• t ' 

(4.14) 

(4.15) 

(4.16) 

where x is defined in Eq. (4.5) with T = Text. The graphic 
solution ofEq. (4.14) is pictured in Fig. 6. The full line repre-

sents/(x),i.e., the left-hand side ofEq. (4.14). Forx =..[6 fIx) 
assumes a maximum value. The dashed part of/Ix) describes 
the range where Eq. (4.4) applies. h, the right-hand side of 
Eq. (4.14), is pictured in Fig. 6 by the dotted line. The condi
tion/ = h determines the solutions ofEq. (4.14) and thus the 
extrema of the linewidth. With increasing values of g the 
dotted line shifts upwards and T max and T min (shown by the 
dashed line in Fig. 5) move together. Figure 6 shows that for 
fixed values of the other parameters included in h there exists 
a critical value of g where the two extrema coincide and 
above which no solution ofEq. (4.14) exists. From the defini
tion of h it is obvious that the critical value of g depends on 
the value of AE, which is determined by the orientation of 
the crystal. For the numerical evaluation of Eq. (4.14) we 
need Yl and Y2 which are determined by the IAjk 12 in Eqs. 
(4.8) and (4.9). For the data of naphthalene and the orienta
tion of the magnetic field chosen throughout this paper we 
have IA4612 = IA2412 = IA3S12 = IA1312 = 1.1 X 10::-4 and 
IA2612 = LAlSI2 = 2.2x 10-4. The critical valu~ ofg is then 
given by gerit Z 10.85 G. Whereas this value of g depends on 
the orientation of the magnetic field, the temperature where 
the two extrema coincide is independent of the orientation of 

the magnetic field and given by x = ..[6. Using the J value of 
naphthalene we have Terit z4.0 K. The lowest temperature 

value of the linewidth maximum is given by x z J3 and holds 
for values of g between 3 and 7 G. For naphthalene this 
corresponds to T max = 2.6 K. Concluding this section we 
mention that the values of T max of Fig. 5 are in very good 
agreement with the values determined from an exact nu
merical solution of the density matrix equation of the prob
lem.8-20 

v. CONCLUDING REMARKS 

In this paper we have calculated analytically the tem
perature dependence of the ESR linewidth oftriplet excitons 
in a dimer consisting of two differently oriented molecules. 
The two molecules interact via the exchange interaction in
tegral; the difference in their orientation is described by two 
differently oriented fine-structure tensors. The interaction 
between excitons and phonons is taken into account in the 
interaction Hamiltonian by terms linear in the phonon varia
bles and gives rise to a scattering of the electronic excitation 

between the two Davydov components. Because of the dif
ferent orientation of the fine-structure tensors we have a cou
pling between spin and orbital degrees of freedom which 
induces relaxation transitions also between the spin states of 
one Davydov component. Neglecting these transitions in ze
roth order the theoretical ESR linewidth shows a maximum 
as a function of temperature. With increasing exciton
phonon coupling strength this maximum shifts to lower tem
peratures and finally approaches a limiting value of 2.6 K 
(for the naphthalene dimer). Experimentally there is a maxi
mum in the linewidth vs T; however this occurs at 1.7 K. In 
order to see whether higher order terms improve the agree
ment, the first order transition rates were computed, result
ing in a more complex width vs temperature curve. How
ever, even in this approximation the theoretical value of the 
temperature of the linewidth maximum is too high. In addi
tion, applying the zeroth order theory to the equivalent 
dimer in naphthalene1,2 yields a prediction that the maxi
mum linewidth in that case should occur at a lower tempera
ture than in the inequivalent case. This is in disagreement 
with experiment. Preliminary calculations show that taking 
into account quadratic phonon terms in the exciton-phonon 
interaction may shift the linewidth maximum to lower tem
peratures. These investigations will be reported at a later 
time. 
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