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The time-dependent solution to Schriidinger’s equation is obtained using a parallel algorithm on a massively parallel computer. 

The algorithms used are reviewed and then running speed on serial and parallel architectures is contrasted. The system studied 

has a classical analogue which undergoes a gradual transitIon from regular to chaotic motion as a function of a parameter of the 
Hamiltonian. The decay of the autocorrelation function is studied. In addition, the time dependence of the information measure 

and spatial correlation is studied. 

1. Introduction 

The quantum mechanics of classically chaotic sys- 

tems have been intensely studied in recent years 

[ 1,2]. Most of the work falls into two categories: ( 1) 

the study of eigenvalues or (2) the study of the ei- 
genvectors. Although both approaches have been 

quite successful in particular systems, there seems to 

be no generalization for which an exception cannot 

be found [ 31. A complete characterization of the 

quantum mechanics of these systems should utilize 

all of our knowledge of these systems - that is both 

the eigenvalues and the eigenfunctions. Although 
there are many possible measures which will satisfy 

this criterjon, it seems that quantum-dynamical 

measures are the natural choice for characterizing a 
quantum analog of a classically chaotic system 

(QACCS). Any quantum-dynamical measure will 

reflect not only correlations between eigenvalues or 

correlations between eigenfunctions, but also any 
conspiracies between the eigenvalues and the eigen- 

functions to produce a “chaotic” quantum dynamics. 
In this paper, we examine various time-dependent 

functionals of the solutions to the time-dependent 

Schriidinger equation (TDSE). We use the simple 

coupled quartic oscillator Hamiltonian 

H=f(pftp+~~ty~)-k(~j~)~. (1) 

The classical dynamics of this Hamiltonian has been 

studied extensively and it exhibits a gradual transi- 
tion from regular to chaotic motion as the parameter 

k is changed from 0.0 (regular limit, fig. 1) to 0.6 

(chaotic limit, fig. 2) [ 41. Quantum-mechanical ei- 

genvalues and eigenfunctions have been calculated 

by Reich1 [ 51 and others [ 6,7]. We solve the TDSE 
on a massively parallel computer on a grid using the 

familiar grid techniques. The kinetic energy operator 
is evaluated using the Fourier transform technique 

for computing the kinetic energy operator and the 

time evolution is calculated using the complex Che- 
beychev polynomial expansion of the propagator. 

Although there is nothing intrinsically novel about 
the use of these techniques for the solution of the 
TDSE, this combination of techniques, for the D-di- 

mensional quantum-mechanical problem, is ideally 

suited to a massively parallel computer with a D-di- 
mensional topology. In a serial implementation of 
these algorithms the number of machine cycles re- 
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Fig. I. Energy contours ofthe potentrat, k=O.O. 
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Fig. 2. Energy contours of the potential, kc0.6 

quired for a calculation will, at best, scale linearly 

with N, the number of sites in the computational 
mesh. Here, the work is distributed among the pro- 

cessors allowing us to complete the same computa- 
tion in a number of cycles which, at worst, scales as 

log, N #I. Although the solution of the TDSE in two 

dimensions has become fairly routine, this work lays 

the foundation for the use of grid techniques for fairly 
large three-dimensional problems which are cur- 

rently beyond the reach of serial machines. The speed 
of conventional serial computers is ultimately lim- 

ited by the speed of switching devices. However, 
given the same switching devices, a massively par- 

allel machine will be able to outperform the serial 

computer by a factor inversely proportional to the 
number of processors - provided that efficient par- 

allel algorithms are being used. As we tackle larger 
and larger problems we have no choice but to im- 

plement our current algorithms in parallel and find 

new parallel algorithms. 

2. Time-dependent measures 

The motion of any conservative classical system is 

restricted to the energy shell F(E). On the energy 
shell, the dynamics may be either regular, ergodic, or 

chaotic (ergodic and mixing). These three cases may 

in principle be distinguished by the spatial and tem- 
poral averages over a swarm of classical trajectories 

of any phase space quantity (PSQ). The trajectories 
in a regular system will be confined to a subspace of 

the phase space. This implies that %warm average” 

on any PSQ will never be equal to the energy shell 

average. In an ergodic system, each trajectory comes 
arbitrarily close to every point on the energy shell; 
however, trajectories which were near each other in 

the initial swarm will remain near each other for all 

times. This implies that although the temporal av- 

erage of a PSQ for any trajectory will be equal to the 

energy shell average, the “swarm average” of a PSQ 

will fluctuate with time. Finally, in a chaotic system 
which is mixing as well as ergodic the “swarm av- 
erage” of almost any initial swarm will approach a 

long time limit equal to the energy shell average. 
Here, we study the time evolution of initially lo- 

calized Gaussian wave packets in a classically cha- 

Here, the serial “best case” assumes that both the kinetic en- 

ergy operator as well as the time evolution arecalculated using 

finite differences. The parallel worst case assumes that the ki- 

netic energy is computed using the Fourier transform method 

and the time evolution is calculated using a Chebeychev ex- 

pansron of the propagator. 
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otic potential. The predictive value of swarms of 

classical trajectories in quantum mechanical systems 

has been established by many workers. We expect that 
the values of our various time-dependent measures 
will roughly correspond to the value which would be 
attained by a swarm of classical trajectories in a clas- 

sical system. Therefore, we expect that in the com- 

pletely chaotic system the position space distribu- 

tion will be roughly uniform. Even though a 

quantum-mechanical bound system must be either 
periodic or quasi-periodic (i.e. neither ergodic nor 

mixing), at high energies these systems may have re- 

currence times which are on the order of the age of 

the universe [ 31. Although our simple-minded uni- 
form position space distribution may be formally in- 

correct, it may provide a reasonable description of 

the quantum dynamics on time scales of interest. 
An important quantity in analyzing our results will 

be the classically allowed area A(E). We define the 

classically allowed area 

A(E)= jdxd.tM(L.-V(*,!,)), (2) 

where 8 is the Heaviside function. For our Hamil- 

tonian ( 1). we have computed A(E) as a function 

of both k and the energy. We obtain 

(3) 

where K is the complete elliptic integral. An aim of 

our various time-dependent measures is to measure 

the flatness of our wave packets as a function of time 
_ that is the departures of our wave packets from a 
uniform density in the classically allowed region. 

2.1. Information measure 

Reich1 [5] has proposed the following informa- 

tion measure for the probability density of single 

eigenfunctions: 

where prcf, the reference density, is simply l/.4 (k, E). 
Reich1 estimated the value of S based on Berry’s [ 81 
surmise of uniform wavefunction with Gaussian 

random fluctuations for two-dimensional chaotic 

systems. This assumption about the form of the 

wavefunctions cannot be completely correct since the 

set of eigenfunctions is constrained to be orthogonal. 
In this paper, we examine the time-dependent in- 

formation measure of a wave packet as it evolves un- 

der our potential. We define 

(5) 

This time-dependent information measure tells us 
how “random” our wave packet has become. In the 
fully chaotic case k=0.6, we expect that our wave 

packet will begin to resemble a uniform distribution 

in position space after some time - i.e. we estimate 

that p+ =: 1 /A(E) for sufficiently large times - thus 

&logA(E) for these times. 

2.2. Flatness measure 

The “flatness” measure Mn( t) conveys the same 

information that we would get from the second mo- 

ment of the fluctuations. We define 

Although we cannot expect a uniform wavefunction, 
we note that in the case of a uniform wavefunction 

we can expect that h&+0. 

2.3. Autocorrelation function 

Previous studies of the square modulus of the au- 

tocorrelation function 

C(r)= I (Q” I@(f)> I2 (7) 

for Gaussian wave packets, indicate that classically 
regular regions produce damped recurrence type 

fluctuations and that classically chaotic regions pro- 

duce small irregular fluctuations [ 3,9]. Although 
chaotic dynamics might imply an irregular autocor- 
relation function, it seems unlikely that this local 

probe can adequately distinguish between ergodic and 
chaotic motion. Since (7) is a quantity which is 

strongly dependent on the initial preparation as well 

as the dynamics, it ought to be possible to construct 

a regular system with a complicated autocorrelation 
function. We have far more leeway in constructing 
such a system because the autocorrelation function, 
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unlike the two previous measures, is a localized probe 3.1.2. E,xpansion qfpropagator in the Chebqvchev 

of global dynamics #I, polvnomials 

3. Computational procedure 

The main purpose of this section is to briefly re- 
view the algorithms which we use and to compare 

the number of machine cycles required on a serial 

and a massively parallel computer architecture. Our 

calculations take place on an N,xN= grid, there are 
a total of Ny=N,x N, points on the grid, and there 

are N,=PxP processors available. We ~111 assume 

an “i, term Chebeychev expansion of the propagator. 

In considering the suitability for parallelization, 

we note that an operation which may be executed 
independently for each grid point is intrinsically par- 

allelizable. An operation which may not be executed 
independently for each grid point is not intrinsically 

parallelizable. In this section, we will indicate whether 

an operation requires the values at other grid points 

in order to update the values at a given grid point. 

3 1. Integralion in time 

3.1.1. Second-order d@erencing in time 

This formula is most easily obtained as follows. 

First, we write the time derivative using the second- 
order difference formula 

at// Il/(ttA!)-y(t-Al) _- 
ar - 2At (8) 

By rearranging this equation and substituting -i&/ 
fi for ay//at we obtain 

2i At& 
y(HAl)zy+At)-T (9) 

Advancing the time requires 2N, operations once 

A, has been evaluated. These operations may be ex- 
ecuted independently for each grid point. 

“’ It might lead us to the same sort of conclusion about the global 
dynamics that a person looking at a harbor would come to 
about the height of waves m an ocean. 

The integration in time is done by expanding the 

propagator exp( -ifit) in the Cheybeychev poly- 

nomials 

exp( -&I)= $ a,,$,, $ , 
,,=O ( > 

(10) 

where R is a constant which is determined from the 

potential of the Hamiltonian as well as the spacing 

of the grid points being used for the integration. The 

Chebeychev polynomials g,*(j) are related by the 

recurrence relation 

~,(~)=2~i4,,~,(~)+~,,-,(~) (11) 

Thus, in order to evaluate expression (IO), we need 

only retain the value of the two previous Chebey- 

chev polynomials at each grid point. This thrifty use 

of memory is important because the processors in 
the current generation of massively parallel com- 

puters have limited memory. This means that no 
matter how many terms we want to compute in the 

Chebeychev expansion. the memory demand will 

never increase. The Chebeychev expansion of the 

propagator requires 2N,Nc operations in addition to 
iv, Hamiltonian operations to evaluate the terms of 

(IO) using (1 I ). This technique of integration in 
time is very precise in comparison with other 

schemes u because the Chebeychev polynomials are 

exponentially convergent on any finite interval [ IO]. 

3.2. Evalua!ion qf the Hamiltonian 

We evaluate the Hamiltonian 

(12) 

in two steps. The potential energy term is evaluated 
by simple multiplication, that is 

Vv/(x, f)‘V(X).y/(X, t). (13) 

This requires a single multiplication at each grid 

point. 

” For example, finite differencing m time. 
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3.3. Evaluation of the kinetic energy operator 

The kinetic energy operator may be evaluated by 
using either a finite difference scheme or the Fourier 

transform method. The latter of these two tech- 
niques is preferred for two reasons. First, the com- 

mutation relations of quantum mechanics are pre- 
served on the grid. Second, this technique is exact 
for band limited functions with a finite number of 

components. 

3.3.1. Evaluation of kinetic energy operator using 
,finite d(fference scheme 

The expression for the kinetic energy operator us- 
ing the standard finite difference scheme is 

f,,( 
x, 

)= (w,-w,~,)lI-(Y,+,-vI,)lI 
1 

a;-cy,+, -WI-l = 
I2 (14) 

where I is the distance between grid points. This re- 

quires 6A\ operations which may be executed con- 

currently for each grid point. 

3.3.2. Evaluation of kinetic energy operator using 
the Fourier method 

The kinetic energy term is evaluated using the 

Fourier transform as follows. We note that 

FTCf’“‘(x))= (-ik)“FTCf(x)) (15) 

Thus, in order to evaluate the kinetic energy oper- 

ator, we simply take the Fourier transform, multiply 
by - k2, and take the inverse Fourier transform. That 

is 

V’v(x)=F”l-‘(-k’FT(t/(x))) _ (16) 

In order to speed this process, a fast Fourier trans- 

form (FFT) is normally used. In addition to two 

Fourier transforms, this method requires 3N, oper- 
ations. The number of operations required for an N 

point FFT is roughly z SNlog, N. For a discussion 

of the FFT algorithm we refer the reader to ref. [ 111. 

The nature of the FFT algorithm makes it clear that 

if N is a power of 2 and there is good inter-processor 

communication between processors which are 2’” (m 
is an integer) processors away the work may be di- 
vided evenly between all N processors. The connec- 

tion machine’s (CM) “send-order” routing topology 
optimizes this short of communication. Since the 

work in the FFT is split up among all N processors, 

the time consumed by an FFT is reduced to z 5 log, N 

cycles. 
The two-dimensional FFT is computed by first 

transforming each x row and then each y row. On the 

CM all of the x rows or all of they rows may be trans- 
formed simultaneously. So, in order to compute the 

two-dimensional discrete Fourier transform on a se- 
rial machine we need =: 10 N i log, N, cycles in con- 

trast to 10 log,N on a massively parallel architec- 

ture #4. 

u We must Fourier transform all IV, rows of the grid, followed 
by Fourier transforming all N, columns. On a serial machine, 
all of the rows/columns must be done serially. On a parallel 

machine all of the rows/columns can be done at the same time. 

Table 1 
Table of computational requirements. Rough estimate of machine cycles used in the various propagation schemes a) 

Hamiltonian Time 

finite dtfference Chebeychev expansion 

Fourier transform sertal SN,tZON: log,N, sn;Jv,+ 2o!v&v: log, N, 

parallel 5Ng/N,+2010g, Rg SNJ’,/N~+20Nclog~N, 

finite difference serial 4 S&N, 

parallel 8Ng/Np Siv&i&l 

a) N, denotes number of grid points per axis, IV, ( = N,x N,), number of total points on grid, P number of processors per axis, .MG (= PX P) 

total number of processors, and ?I, the number of terms in Chebeychev expansion. 
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3.4. Summary ofcomputational procedure 

In summary, almost every computational step of 
these grid algorithms may be executed concurrently 

for each grid site. Those steps which cannot be ex- 
ecuted concurrently can be implemented using very 

efficient parallel algorithms. The speedup for mas- 

sively parallel over serial is proportional to the num- 

ber of processors for any combination of techniques 

reviewed in this section. The comparison is sum- 
marized in table 1. To reiterate, although two-di- 

mensional solution of the TDSE has become routine, 
this work lays the groundwork for three-dimensional 

solution of the TDSE using the new massively par- 

allel architectures as they emerge. 

4. Results 

In this paper, we present preliminary results for 

one energy in order to indicate the qualitative fea- 

tures of the method and results. Our calculations were 

done at E= 100 (au) for both k=O.O and k=0.6. At 
this energy, we have A( k=O.O, E= 100) = 52.4 and 
A(k=0.6, E=100)=64.3. 

4.1. Informa:ion measure 

The maximum value of the information measure, 

S(t), is attained in the case of a uniform probability 

density ( !P-t 1 /A( k, E) ). As we pointed out above, 
in this case S( 1) =InA (k, E). This gives us an upper 

bound on the information measure of 3.96 for k=O 

and 4.16 for k=Oh. Figs. 3 and 4 show S(t) versus 

f for the regular (k=O.O) and chaotic (k=0.6) re- 

gimes respectively. The maximum value of s(t) is 
indicated in both these figures by the dashed line la- 
beled In A(E). Note that for k=0.6 S(t) approaches 
the maximum value of the information measure more 

closely than the k=O.O case. Although there seems to 
be no quanrilafiw distinction between the magni- 

tude of the S(t) in the two cases, it is clear that there 
is a qualitative difference in the nature of the J?UC- 

tuations in the two systems: the classically regular 

system exhibits large fluctuations in s(t), whereas 
the classically chaotic system displays rather mini- 
mal fluctuations. 
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Fig. 4. s(t) versus I (h-=0.6). 

4.2. F/atncss mea.we 

The flatness measure, like the information mea- 
sure, tells us exactly how good our uniform density 
surmise is. For an exactly uniform wavefunction, we 
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would have Mfl = 0 exactly. Since we cannot possibly 

have a uniform wavefunction, this measure tells us 

how large a discrepancy there is between our theory 

and reality. Mfl(t) versus t is shown in fig. 5. The 

values of Mfl( t) have been shifted up by a constant 
which is due to integration outside of the classically 

allowed area #5. This shifts is 1.0 for LO.0 and 0.643 

for k=0.6. The value of M,(r) corresponding to 0 

is indicated by the dashed lines. Just as in the case 

of S( t), there seems to be no quantitative difference 

between the flatness measures of the regular and the 
chaotic regime. However, there is again a dramatic 
qualitative difference in the fluctuations of Mfl( t). 

4.3. Autocorrelation function 

The autocorrelation functions for k=O.O and 
kz0.6 are presented in figs. 6 and 7 respectively. Al- 

though our autocorrelation functions are similar to 
those seen by Weissman and Jortner (WJ) [ 91, our 

autocorrelation functions for the regular (k= 0.0) 

case were qualitatively more complicated than those 

which were observed by WJ. We speculate that this 
is due either to their initial Gaussian wave packet 

tls Our numerical integration was carried out over the whole 
computational grid rather than simply the classically allowed 
region. The total area was 104.85 bob?. The error is 

[A,,,,, - A(k,E)IIA(k,E). 
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I 

0.8 

0.8 

0.4 -1. 

Fig.6. I($(0)ld(l))j2versusf (k=O.O). 

1 

0.8 

0.8 

04-' 

02-' 

Fig. 7. /(e(O) I+(/)) I* versusf (k=0.6) 

consisting of largely a single eigenstate, or alter- 

nately, the regular region of their potential being near- 
harmonic. Despite this, it is clear that the autocor- 

relation for the chaotic case (k= 0.6 ) is far more ir- 
regular and exhibits much smaller recurrences than 
the regular case. 
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5. Conclusion 

In the chaotic case (k=0.6), both our measures 

come closer to the value corresponding to a uniform 
wave packet than they do in the regular case. How- 
ever, since neither reaches this limit in the chaotic 

case we cannot assert that their average magnitude 
might be an objective criterion for determining 

whether a system is a QACCS. The most dramatic 

effect is in the fluctuations of the wavefunction den- 
sity distribution - as is measured by the time-ds- 

pendent information and flatness measures. Al- 

though quantum mechanics does not formally admit 
the possibility of a stationary (in this case uniform) 

distribution, we have found that the eigenvalues and 
the eigenfunctions have conspired to provide us with 
a near-stationary distribution after a very short time. 

Further results will be published in a subsequent 

paper. 
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