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The relaxation behavior by one- and two-phonon processes of two-level tunneling systems coupled to a heat bath is analyzed 
under the assumption that the coupling modulates the environment-induced asymmetry only. In contrast to the rate of one- 
phonon processes, which increases monotonically with the asymmetry, the contribution of two-phonon Raman processes, at finite 
temperatures, varies in a more complicated fashion and is largest for small energy gaps. 

1. Introduction 

The present study was stimulated by measure- 
ments of the rates of relaxation between proton tun- 
neling levels in benzoic acid dimer crystals at low 
temperatures [ l-41. The motion of the acid protons 

in these crystals is governed by a double-well poten- 
tial. The description of the eigenstates in this poten- 
tial is characterized by the competition between tun- 
neling which tends to delocalize the wavefunction 
over the two wells and interactions with the envi- 

ronment which make the potential asymmetric and 
localize the wavefunction in one or the other well. In 
the pure crystal all dimers are equivalent and the 
asymmetry dominates tunneling, but with suitable 
dopants it is possible to perturb acid dimers in the 
vicinity of the dopant and to change thereby the 
asymmetry of the double-well potential. For systems 
with large asymmetries it was found that the relax- 

ation occurs by one-phonon absorption and emis- 
sion [ 51 but for one system with a small asymmetry 
and delocalized proton levels it was found that two- 
phonon processes dominate resulting in a very rapid 
increase with temperature of the relaxation rate 

which, at 4.2 K, became one order of magnitude 
larger than the value of the rate determined at the 
same temperature for systems with large asymme- 
tries [ 41. If it is assumed that the asymmetry of the 

potential is the only parameter that is modified by 
the dopant and that the other parameters (magni- 
tude of the tunneling matrix element, coupling of the 

system to the phonons of the bath, phonon density 
of states) are approximately the same for systems 
with different asymmetries, then this result appears 
puzzling at first sight, since one might expect that at 

any given temperature the rate would increase with 
the energy gap because of the increase of the phonon 
density of states with energy (i.e. p(o) iz w*). 

It is the object of this paper to rationalize these 
observations and to show that quite generally in sys- 
tems where the relevant wavefunctions are charac- 
terized by a competition between delocalization and 
localization, for example Jahn-Teller systems [ 61 or 
optical dimers [ 71, such “unusual” behavior might 

be expected. In the following we derive expressions 
for the rate of relaxation by one- and two-phonon 

processes, using the standard Redfield formula [ 81, 
under the assumption that the coupling of the system 
to the bath is due only to fluctuations of the asym- 
metry of the double-well potential. For tunneling 
systems, this assumption is consistent with an ex- 
pansion to the lowest order of the system-bath in- 
teraction [ 5,9] and is also supported by experimen- 
tal evidence [4,9], while for other systems this 
assumption may be questioned (see however be- 
low). As shown previously for this model [5], the 
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rate of one-phonon emission increases linearly with 
the energy separation of the levels. For two-phonon 
processes the rates are evaluated by numerical in- 
tegration of the corresponding expressions and show 
a more complex behavior. At finite temperatures, the 
rate of Raman transitions increases very rapidly as 
the asymmetry gets small. The magnitude of this in- 
crease is such that it is consistent with the experi- 

mental observations [4]. 

2. Phonon relaxation processes 

We consider the two-level tunneling system cou- 
pled to the phonon bath given by the Hamiltonian: 

H=-fAuz-;Jux+~ 1 (pf+o~Qf)+$,F(Q). 

(1) 

The parameters J and A represent the tunneling ma- 

trix element and the asymmetry of the double-well 
potential respectively, and the phonons are repre- 
sented by harmonic oscillators and the coupling, 
F(Q), to the tunneling system is assumed to be a 
function of the phonon coordinates and due only to 

fluctuations on the parameters A. We diagonalize the 
tunneling system 2 X 2 Hamiltonian to obtain new 
states: 

I + ) = (cos @, sin @) , I-)=(-sin@,cos@), 

(2) 

where tan 2@= J/A, with eigenvalues + fA= 

2 : (A 2+ J2) I/*. The coupling matrix is also changed 
by this transformation so that the Hamihonian in the 
new representation is given by 

HE-hAu,+f C (py+w;Qj) 

+ (lkf)(J~-A%) F(Q). (3) 

The last term in H is responsible for population re- 
laxation and dephasing of the tunneling system. The 
population relaxation from the upper eigenstate to 

the lower eigenstate is given by the second-order per- 
turbation result [lo]: 

/~=(J/2214)~ q dt{F(Q(t))F(Q))eti”“, (4) 
--M 

where F(Q(t)) is the operator F(Q) in the inter- 

action representation with respect to the phonon 

Hamiltonian. The average is over the canonical dis- 
tribution of the phonon modes. 

2. I. One-phonon processes 

If F(Q) is linear in the phonon coordinates 
(F(Q)=XG(bj+bT)), eq. (4) leads to the usual 

one-phonon process result: 

k= (J/2hA)’ I,$[ n(wj) + 1 ] S(Oj-A) 

=(J/~~~A)‘P(A)~‘CA) [n(wj)-tll 3 (5) 

where n(w) is the Einstein-Bose distribution func- 
tion. In the deformation potential approximation, 
and for the Debye model, p(A) g’(A) = A3 so that 
kad. Thus, this model for one-phonon relaxation 

leads to the prediction, as shown previously [ 5 1, that 
k increases with splitting (A) until A exceeds w,,, the 
Debye frequency, at which point it drops to zero, 

since one-phonon processes are then impossible. 

2.2. Two-phonon processes 

Here we assume F(Q) to be bilinear in phonon 
coordinates: 

F(Q)= C ~,~(bj+b;)(6j’+b;f). (6) 
j i 

We expect that in the deformation potential approx- 
imation ,Jti will be proportional to (w~~)‘/~. Using 
this form of F, in the general formula for k, we find 
two contributions to the relaxation: Raman pro- 
cesses and two-phonon emission (TPE). A straight- 

forward calculation gives 

kR=U/W(J/42~ F $3 

X[n(Uj)+l]lZ(Wj~)d(A--Wj+Or), 

kTPE= ( 1/4R)(J/A)2 c c 2;. 
j J’ 

(7) 

X[~(COj~)+l][~(Wj)+1]G(d-tOj-C0~) * (8) 

When we employ the deformation potential approx- 
imation, we find 
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COD--d 

kt = (a/27?) (J/A)’ j dwo(d+w) 
0 

x[n(d+w)+1ln(w)p(o)p(d+w), (9) 

k,,,=(a/4h)(~,d)‘jdww(d-w) 
0 

x[n(d-w)+l][n(o)+l]p(w)p(d-o). (IO) 

Note the limits on the integrations which are due to 
conservation of energy. The constant a contains pa- 
rameters from the coupling constant a#. In the De- 

bye model we find 

CUD-d 

kR=(u’/2fi)(J/d)2 j dWW3(A+W)3 
0 

x[n(d+w)+l]n(w), (11) 

k -(o.,4*)(Jld)'j clwwyb-Co)3 TPE- 

0 

X[Fr(d--w)+l][n(w)+l], (121 

where a’ now contains parameters from the density 

of states as well as a. We can analyze these formulae 
in two limiting cases: (a) small A/k,Tand (b) large 
Afk,T,andwr,%AandknTforboth.Incase (a)we 
can neglect A with respect to w in kR (but not in 

k&. We find 

J 
0 

= (a’lfi)(J/42(kr3T)7 > 
k -~‘(J/d)~(k,T)~d~/12012. TPE- 

In case (b) we find 

kR = (u’/2fi) (J/A)* 

w--d 

X 
5 

do (w+d)3w3e-&/( 1 +e-BW) 
0 

rr (u’J2/2fi)d( kgT)4 

(UJD-Ablk~T 

X 
5 

dxx3e-"/(l+e-"), 
0 
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(13) 

(14) 

(15) 

k ~,,=u’J2A5/560A. (16) 

Therefore, for constant J, the behavior of the relax- 

ation rate with respect to d, which is determined by 
the asymmetry A, is very different in the two-phonon 

case from the behavior in the one-phonon case. 

3. Discussion 

In fig. 1 we plot kR and kTpE as a function of tem- 
perature and in fig. 2 we show the variation of kR as 

a function of the asymmetry A. The values of the pa- 
rameters chosen are typical for the benzoic acid tun- 
neling system (w,=80 cm-‘) and in all curves 
5~0.25 cm-‘. The limiting cases of the T7 and T2 

temperature dependence for Raman and two-phonon 

emission processes, eqs. ( 13) and (14), are recog- 
nized in fig. 1 in the curves RO and TO, while for 
larger asymmetries these limits are not reached, As 
in the case of one-phonon emission, the rate for two- 

phonon emission increases monotonically with in- 
creasing asymmetry. This is not the case for Raman 
processes as can be seen in fig. 2. The more complex 
behavior at low temperatures is reflected in the lim- 

0.5 1 2 5 10 20 50 too 
- TEMPERATURE [K] 

Fig. 1. Relaxation rate for Raman transitions (R) and two-phonon 
emission (T) between tunneling levels as a function of tempera- 
ture. The value of the asymmetry parameter is 0,4, and 32 cm- ' 
as indicated, and the tunneling matrix element J equals 0.25 cm- I 
and the Debye frequency is 80 cm-‘. 
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Fig. 2. Relaxation rate for Raman transitions between tunneling 
levels as a function of the asymmetry parameter for different 
temperatures between 1 and 16 K as indicated. The other param- 
etersarethesameasinfig.1 (5=0.25cm-‘and~+=SOcn-‘). 

its given in eqs. ( 13 ) and ( 15 ) , where the functional 
dependence of kR upon A for small A is: kRe 1 /AZ, 

while for larger d this rate becomes approximately 
proportional to d (as is the case of one-phonon 

emission). 
The basic reason for the difference in behavior with 

respect to A for one- and two-phonon processes in 
this case is the factor 1 /A2 in front of the integral in 
eq. (4). This comes from the tunneling model which 
requires that as A gets large, the effect of J on pop- 

ulation relaxation diminishes because the levels be- 

come more localized. Since Raman processes are 
nearly independent of A for small d, this gives rise to 
the 1 /A* dependence in the relaxation rate (es. 

( 13) ). Note that in the large A limit Raman pro- 
cesses become dependent on A. On the other hand, 
one-phonon processes are strongly dependent on 

A( z A’ ) overcoming the 1 /A* prefactor. 
A final point must be made: if local phonon modes 

are considered, then the A dependence can be even 
more extreme, because local modes have narrow 
bandwidths, and Raman processes force A to be 
smaller than this bandwidth. This will lead to large 

relaxation for small A and very small relaxation for 
large A. 

Experimental measurements of the relaxation rate 

between tunneling levels in the benzoic acid system 

have been performed over a limited temperature 
range and their variation could be followed over lit- 
tle more than two orders of magnitude. In the limit 
of small A (small asymmetry) the rate did not follow 

a 7“ power law but increased approximately as i”4 
and the observed data could be fitted by adding a 
(experimentally observed) local mode to the Debye 

phonon spectrum. In these systems the asymmetry 
of the double-well potential cannot be tuned contin- 
uously but different values of the asymmetry A are 
obtained for different dopants of the benzoic acid 

crystal. In principle, it is possible to change the 
asymmetry continuously using strain or pressure, but 
the range of tuning is extremely limited and there- 
fore impractical. In order to make useful compari- 

sons we assumed, as in previous work [ 5,9 1, that A 
is the only parameter that changes significantly and 
that the other parameters are approximately the same 
in all systems. Under these assumptions the relaxa- 

tion rates observed for different systems can be com- 
pared with the calculated rates as given in fig. I. For 
small asymmetries, two-phonon processes dominate 
and the calculated values can thus be scaled using 
the measurements of the system with the smallest 

value of A. For large values of A one-phonon con- 
tributions are known to dominate and the calculated 
rates of kR and kTpE for these large gaps must be 
smaller than experimental values, This is indeed the 

case in particular if, as mentioned above, local pho- 
nons are included. 

The modelling made here for a tunneling system 
applies, as mentioned in the introduction, equally 

well to optical dimers, provided that fluctuations of 
the asymmetry dominate the relaxation behavior. In 
this case J represents the exchange interaction and 
A the site asymmetry. In certain molecular systems 

the latter can be tuned over a reasonable range with 
an applied electric field. The dimer must be com- 
posed of a pair of polar molecules oriented such that 
the vectors representing the change of dipole mo- 

ment 6~ between the ground and the excited state 
are not parallel and this change of dipole moment 
should be as large as possible. For a value of 6~ of 
5 D, antiparallel orientations, and an applied field 

varied between 0 and 100 kV/cm, the asymmetry 
can be tuned over ~20 cm-‘. When the system is 
chosen such that the value of the exchange interac- 

543 



Volume 165, number 6 CHEMICAL PHYSICS LETTERS 2 February 1990 

tion equals z 1 cm-‘, the relaxation rates and their 
temperature dependence should change very signif- 

icantly according to the predictions of our model. For 
such a system one might expect also that the as- 
sumptions made are valid, as J should be relatively 
insensitive to fluctuations at low temperature. The 

above conditions are reasonable and should be re- 
alizable in a number of molecular systems, so that 
the predictions made here coutd be verified. 

Previous experimental work on relaxation pro- 

cesses in optical dimers was limited to nonpolar mol- 
ecules [ 111, and the possibility to change this asym- 
metry was never considered. A theoretical analysis 
of these dimers was made by Lee and Fayer [ 121, 
who treated both population and phase relaxation 
with linear and quadratic phonon coupling. Using 
the results of a general second-order treatment [9] 
for this system, they give explicit forms for the re- 
laxation terms. Unfortunately they did not show the 
explicit behavior of the relaxation terms as a func- 
tion of asymmetry, and so made no comment on the 
effect discussed in this paper. 
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