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Dephasing processes in glasses with strong strain interactions 
u. ZUrcher') and R. Silbey 
Department o/Chemistry, Massachusetts Institute o/Technology, Cambridge, Massachusetts 02139 

(Received 2 August 1991; accepted 21 January 1992) 

Spectral diffusion decay is calculated for a glass modeled by two level systems which are 
strongly coupled to phonons. The spin-phonon interaction induces an effective spin-spin 
interaction which dominates the energy scale. We show that spectral diffusion is a property of 
macroscopic local fields which fluctuate on time scales that are much longer than the spin
phonon relaxation time T[. We assume for the spectral diffusion a Gaussian distribution and 
derive a self-consistent equation for its variance which is nonlocal in time. At high 
temperatures, the variance grows linearly with time while at low temperatures, we find strong 
deviations from simple diffusive decay. In a particular case, the growth of the variance is 
steplike. For very long times, we find an asymptotic sublinear behavior wex t 2f3. A heuristic 
argument shows that this law is determined by the form of the distribution. 

I. INTRODUCTION 

In solids, fast vibrations around local equilibrium con
figurations (phonons) lead to characteristic low tempera
tures properties like, e.g., the cubic dependence of the specif
ic heat on temperature, Cv ex T3 for T -.0. In amorphous 
glasses, on the other hand, the low temperature specific heat 
depends linearly on temperature, C" ex T for T ..... O. J This and 
other thermal properties give evidence for additional degrees 
offreedom in glasses which are identified as changes in local 
configurations. 

A widely used model assumes that a certain number of 
atoms (or group of atoms) has two low lying equilibrium 
positions: two level system (TLS ).2.3 Strain fields in the glass 
cause the atoms to move from one equilibrium position to 
the other. In a mathematical description, the additional de
grees of freedom are represented by spin-! operators that are 
coupled to phonon creation and annihilation operators. 
Anomalous low temperature properties of glasses are ex
plained in this model by assuming broad distributions for the 
spin level splittings and tunneling matrix elements. 

Various dephasing experiments (optical hole burning, 
fluorescence line narrowing, etc.) probe dynamical pro
cesses in glasses from which additional insight into the na
ture of the TLS and their coupling to phonons can be in
ferred. 4

•
5 Most theoretical treatments of dephasing 

processes4 use the concept of "spectral diffusion decay" as 
introduced by Klauder and Anderson.6 

The exchange of virtual phonons induced by the spin
phonon interaction gives rise to an effective TLS-TLS inter
action which renormalizes the TLS energy splittings 

Here, the local field is given by 

H k =rI-1-d.. 
1# ";'1 

(1.1 ) 

( 1.2) 

aj Present address: Physics Department, Clarkson University, Potsdam, 
NY 13676. 

In the standard TLS model, H k is assumed to be much 
smaller than E k so that the energy scale is dominated by the 
bare energy splittings. In this paper, we consider the oppo
site limit in which Hk~Ek. 

The residual spin-phonon interaction leads to spin flips 
and thereby induces fluctuations in the local fields. In the 
standard terminology spins which have the same value Ho of 
the local field at an initial time t = 0 are called "A spins" and 
are distinguished from all others ("B spins"). In an inhomo
geneously broadened line, B spins outnumber A spins. The 
spectral diffusion is governed by the conditional probability 
p(H,t;Ho,O) that the local field has value H at time t if that 
value was Ho at time t = O. For simplicity, we will label this 
probability as the spectral diffusion. 

In discussion spin relaxation in solids, Klauder and An
derson6 considered the weak coupling limit in which the 
phonon bath induces flips between unperturbed spin states 
with a rate r = lIT[ which they assume to be the same for all 
spins. Depending on the value of the minimal distance be
tween neighboring spins, they found for the spectral diffu
sion either a Lorentzian or Gaussian form whose widths 
grow linearly in time 

w(t) ex rt. (1.3) 

That is, the spectral diffusion decays on the same time scale 
as the spins relax to thermal equilibrium. 

However, experimental and theoretical studies have re
vealed that this is too simple a picture for glasses. In amor
phous glasses, the spin popUlation relaxation time T J is not 
constant but depends smoothly on intrinsic spin parameters. 
Black and Halperin calculated the spin relaxation in glasses 
using Fermi's golden rule.7 They showed that for short 
times, the width of the spectral diffusion depends strongly on 
temperature 

w(t)exT4t. (1.4) 

For phonon echo, saturation, and recovery, they find good 
. qualitative and quantitative agreement between experimen-
tal resuits ancl' their theoretical estimates. - . ., 

Recently, Bai and Fayer pointed out an important dif-
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ference between optical dephasing experiments in simple sol
ids and those in amorphous glasses.s In simple solids, var
ious optical dephasing experiments measure the same 
dephasing time T2 • The situation is entirely different in 
amorphous glasses where the observed dephasing time de
pends on the time scale associated with the experiment. In 
hole burning experiments, for example, the time scale is set 
by the waiting time between burning and reading the hole 
which can be as long as several hours, or even days. In their 
theoretical discussion of dephasing experiments, Bai and 
Fayer assume the spin popUlation relaxation times lie in a 
certain time interval that is determined by the experiment. 
Therefore, different dephasing experiments measure-differ
ent dephasing times, in general. 

Still another time scale is set by intrinsic parameters of 
the system. A hole burning experiment in an amorphous 
host is modeled by a system consisting of the ground and 
excited state of the chromophore, TLSs describing the low 
lying excitations of the amorphous host, and a phonon bath. 
The linewidth of the chromophore is dominated by distant, 
weakly interacting TLS only if the (scaled) TLS-chromo
phore interaction is larger than the TLS relaxation rates (in 
units with Ii = 1). In this case, the expression for the 
linewidth does not explicitly depend on the chromophore
TLS interaction.9

•
10 In the opposite limit, the chromophore 

linewidth will depend explicitly on the interaction of the 
chromophore with the nearby TLSs. In this paper we consid
er the former case for the linewidth of the chromophore. 

While the existence ofTLS degrees of freedom in glasses 
is well established, a detailed microscopic theory is still lack
ing; therefore, the TLS parameters are usually adjusted to 
give agreement with experiments. In Ref. 11, for example, 
the time evolution of a photochemical hole in an organic 
glass is reported to be much slower than the lifetime of the 
excited electronic state of the chromophore. The authors of 
Ref. 11 introduce TLS associated with photochemical pro
ton transfer processes in addition to "normal" TLS which 
account for the observed thermodynamic anomalies of the 
glass. The relaxation rates of the fastest proton transfer pro
cesses are found to be orders of magnitUde slower than the 
relaxation rates ofthe normal TLS. The distribution of relax
ation rates of the additional TLS are assumed to be identical 
to the one describing the normal TLS. The observed optical 
spectral diffusion follows from the TLS spectral diffusion by 
averaging over the TLS relaxation rates. Because for the 
standard TLS model no clear justification is known, it is 
important to compare its predictions with those of alterna
tive models. 

We start with the observation that the definition of spec
tral diffusion contains the properties of the local field only. 
However, the A spins all have different local environments. 
Therefore, the spectral diffusion is calculated by first consid
ering the stochastic process H( 7),0<;7<;1 at the site of an A 
spin and then, in the second step, averaging over all different 
local environments of A spins. Because for any A spin, a 
single spin flip causes with equal probability a positive or 
negative change in the local field, the local field of the aver
age A spin changes much more slowly than the local field of 
an individual A spin changes. That is, the local field of the 

average A spin is a macroscopic variable which changes on 
much longer time scales than individual spins relax to ther
mal equilibrium. 

In this paper, we calculate the spectral diffusion decay 
for a glass in which TLS are strongly coupled to strain fields. 
We show that strong spin-phonon coupling may explain 
slow macroscopic behavior in glasses whose microscopic de
grees of freedom relax on much shorter time scales. 

In independent studies, the possibility of strong spin
phonon coupling has already been considered. Silbey and 
Kassner examined strain fields in glasses and found that the 
spin-phonon interaction is strong, not weak. 12 They showed 
further that strong interaction gives a possible explanation 
for the broad distribution of internal TLS parameters. 13 Yu 
and Leggett went a step further, arguing that certain univer
sal features of glasses can only be explained in a scenario in 
which the spin-phonon induced TLS-TLS interaction is es
sential. 14 This scenario was used to explain the plateau in the 
thermal conductivity and the bump in the quantity Cv 1T3.15 
Yu and Leggett also suggest that collective modes are impor
tant for understanding other glass properties. In this paper, 
we pursue the traditional approach by using single spin 
quantities only. 

The outline of the paper is as follows. In Sec. II, we 
sketch how the effective spin-spin interaction can be derived 
from a Hamiltonian that couples spins to a phonon bath. In 
Sec. III, we review the theory by Klauder and Anderson for 
spins which interact weakly wit~ a phonon bath. Section IV 
contains the derivation of the self-consistent equation for the 
variance of the spectral diffusion. In Sec. V, we discuss the 
width for high and low temperatures and different distribu
tions of the initial local fields. Finally, we summarize and 
discuss our main results in Sec. VI. 

II. MICROSCOPIC MODEL 
The Hamiltonian for a system of spins coupled to a 

phonon bath is given by, see, 13 

~=~I +~2 +~12' (2.1) 

~2 = L U}qb q+ b q (Ii = 1), 
q 

JYI2 = L (a;~ + W;~) (bq + b :::q). 
q.k 

(2.2) 

(2.3 ) 

(2.4 ) 

Here, JY1 is the Hamiltonian of the bare spins, 22 describes 
the phonon bath, and JYI2 is the spin-phonon interaction. 
For spins weakly interacting with the phonon bath, only the 
part proportional to (Tx, which induces spin flips, must be 
retained in the interaction JY12• 

The diagonal and off-diagonal elastic tensor, respective
ly, read is related to the deformation-potential tensor D ~ 
by,7·16 

ak _Dk ~ Wk =Dk W
k 

q - q Ek ' q q E k ' 
. (2.5) 

The energy splittings E k are given by 
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Ek=~(ak)2+ CWk)2. 

The unitary transformation 

'(2.6) . .. ... 1 J"" . (( d. )) p(H,t;Ho,O) = - dyelYH exp - iyy I - . 
2ff - 00 I""k riel 

(2.7) 

which introduces TLS dressed with virtual phonons, diagon
alizes part of the spin-phonon interaction 

$"= - L J.-Ek~ + I {j)qb t bq 
k 2 q 

- I _l_a;a l_ q~if.. 
q,k,1 {j)q 

+ I : w; [CT"+ ¢~ + CT"_ ¢~ ,b q + b t ] + 
q,k 

- I (1 - 8k/ ) _1_ w;al
_ q (CT"+ ~ + CT"_ ¢~ )if... 

q,k,1 (j) q 

(2.8) 

Here, [,] + denotes the anticommutator, 

¢~ =exp[( _1)n I 2.a;(bq - b :+:q)], 
q {j)q 

(2.9) 

and 

(2.10) 

In Eqs. (2.8) and (2.9), we used the same notation for the 
transformed and original operators. 

The fourth and fifth terms in Eq. (2.8) describe the re
sidual spin-phonon interaction which induces flips of 
dressed spins. The third term is an interaction between 
dressed TLS. 

A more general unitary transformation gives a U;~ in
teraction as well. Such terms are, however, unimportant for 
our applications because they couple spins only which are in 
resonance with each other. 16,7 The spin-spin interaction re
normalizes the energy splitting between upper and lower 
spin states, -

Ek_Ek+H\ 

where the local field H k is given by 

Hk=y I _I_d.. 
1# rll 

(2.11 ) 

(2.12) 

III. SPECTRAL DIFFUSION: WEAK COUPLING LIMIT 

It is instructive to summarize briefly the weak coupling 
theory by Klauder and Anderson. (, We start from the defini
tion of the spectral diffusion, 

p(H,t;Ho,O) = /8(H - y I if.. )), 
\ 1# riel 

(3.1 ) 

where the average ( . > is taken with respect to the condi
tional probability f!l' ({if.. },t;{ if.. (0) },O) that the spin vari
ables have values if.. at time t if their values were if.. (0) at 
time t = O. We insert the Fourier representation of the 8 
function and interchange averaging and integrating, 

(3.2) 

Because the spins are independent of each other, the average 
factorizes into a produce of single spin expectation values, 

p(H,t;Ho,O) =-2...Joo dye iyH II / exp( - iyy d. )). 
2ff -00 1# \ rll 

(3.3) 

Assuming that the spin is initially in the state if.. (0) and 
jumps subsequently between its two levels with probability 
per unit time r, the single spin conditional probability is giv
en by 

Here, f!l' eq is the equilibrium distribution 

&eq =1(li)(il + I~)(~I>· (3.5) 

Inserting Eqs. (3.4) and (3.5) into Eq. (3.3), we find 

I J'" . H II {( d.(0») p(H,t;Ho,o) = - dy elY exp - iyy -,-
2rr -.'YO I""k rkl 

X[I- (l-e-rc)(I-COS ~)]}. (3.6) 

For short times,t-+O, we find 

1 Joo p(H,t;Ho,O) =- dy exp[(y(H - Ho) - rtK(y)], 
2ff - 00 

(3.7) 

where K(y) is given by 

K(y) = L (I-COS yY). 
1# riel 

(3.8) 

The function K(y) is approximated by an integral, 

K(y) =4ffn I:::' dr r( 1 - cos 1) , (3.9) 

where n is the density of B spins. With no significant error, 
r max is set equal to infinity. Depending on the value of y we 
find, 

K(y) = {(2ff2/3)nY1Y1 ; Iyl >2ffr!.iJy, 
(2rrI3)n(yy) I~in' y-O. 

(3.10) 

Thus, K(y) 0:: Iyl except when y is very small in which case 
K(y) o::y. 

Thus, for a small difference H - H o' the conditional 
probability distribution is a Lorentzian whose width grows 
linearly with time 

2ff2y 
W L (t) =--nrt, (3.11) 

3 
while for H - Ho large, the distribution is a Gaussian whose 
variance grows linearly with time 

(3.12) 
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IV. SPECTRAL DIFFUSION: STRONG COUPLING LIMIT 

We pointed out in Sec. I that spectral diffusion is a prop
erty of macroscopic fields, which change much more slowly 
than individual spins relax to thermal equilibrium. Thus, for 
calculating macroscopic properties, we replace the spin vari
ables a-: (t) by their respective quantities averaged over a 
short time Ot 

1 1'+ 5' 

a-:(t) ..... 0"(t) =- d7"a-:(7"), Ot-+o. 
Ott 

(4.1 ) 

The local field then reads, cf. Eq. (2.12), 

H!..(t) =Y 22 _I_&(t). 
I,.k ilel 

(4.2) 

We note that the spin variables a-:(t) are discrete, 
u:(t) = ± 1, while O"(t) are continuous 

- 1 <oJ'(t) < + 1. (4.3) 

Because the spins are coupled to a heat bath, the time 
averaged quantities O"(t) are sums of thermal expectation 
values and small deviations thereof, 

(4.4) 

In the notation, we explicitly indicated the dependence of the 
thermal expectation values on the instantaneous local fields 
at their respective sites, 

~ (Hk) = tanh(E
k 
+ Hk) . 

eq 2T 
(4.5) 

We assume for the small deviations that for different times 
t I'r', {O"(t)h and {O"(t')h are sets of independent ran
dom variables. That is, the random variables O"(t) are un
correlated with respect to both different sites and different 
times. 

Upon inserting Eq. (4.4) into Eq. (4.2), we obtain a 
decomposition of the local fields 

Hk(t) =Y L +u'oq[HI(t)] +r L _1-8u'(t), (4.6) 
I ". k 'leI I ,. k ilel 

=Jjk(t) + 8H k(t). (4.7) 

We identify the slowly varying parts Jjk with macroscopic 
fields. The fluctuations 8H\t) determine the behavior of 
the local fields on short time scales which are, however, long
er than the spin population relaxation time T,. 

Equations (4.6) and (4.7) show that, in principle, in the 
strong coupling limit, the local field at site k depends on the 
local fields at all neighboring sites I 'I' k which, in turn, de
pend on the local field at site k. However, for simplicity, we 
neglect this correlation and treat the local fields as indepen
dent random variables. 

A. Short time behavior 

The fluctuations in the local fields 8Hk(t) are infinite 
sums ofindependent random variables, cf. Eq. (4.6). Under 
some additional weak conditions on the random variables 
8d'(t), the law of large numbers shows that 8Hk(t) are 
Gaussian random variables. 17 At different sites k I'k', the 
contributions of a particular &1 (t) have different weighing 

factors Vilel and Vile·l. respectively. Thus, in lowest order of 
approximation, 8Hk(t) are independent Gaussian random 
variables. Further, at different times t I't', 8H \ t) and 
8H k (t') are independent of each other, i.e., 8Hk(t) are 
Markov processes. 

In summary, the short time fluctuations in the local 
fields are modeled by independent Gauss-Markov processes 
whose statistical properties are specified by their mean val
ues 

(8H k (t)}s =0, (4.8) 

and correlation functions 

([8Hk(t + ill) - 8Hk(t) ][8HI(t + ill) - 8H I(t)]}s 

= 8klD s Cnat. (4.9) 

Here, 8kl is the Kronecker symbol (8kl = 1 for k = I and 
8kl = 0 for k =1= I) and D s is the short time diffusion constant 
which, in this theory, is an adjustable parameter dependent 
on the temperature of the phonon bath. 

B. Long time behavior 

The short time fluctuations in the local fields induce 
fluctuations in the thermal expectation values ~ [Hk(t)] 
which, in turn, determine the behavior of the macroscopic 
fields Jjk(t), cf. Eq. (4.6). That is, the macroscopic fields 
are time dependent stochastic processes as well. Because the 
thermal expectation values ~ [H \t)] depend on the mac
roscopic fields, the statistical properties of the macroscopic 
fields must be determined in a self-consistent way. 

We consider the long time behavior of the local field at 
the site of an A spin, and define the spectral diffusion by 

p(H,t;Ho,Q) = ((8[H - Y I~k ~I u!q [HI(t)] ])). 

(4.10) 

Here, « . » denotes the average over both the short time 
fluctuations 8H I( 7"), O,7",t, and the long time fluctuations 
Jj I( 7"), 0,7",1, subject to the initial condition 

Ho=Y22 +u'eq[HI(O)]. (4.11) 
I,.k rkl 

We insert the integral representation of the 8 function 
and interchange integrating and averaging, 

1 Joo p(H,t;HwO) = -2· dyeiyH 

'IT -00 

x( (exp [ - iyy I~k ~I u'eq [HI(t)]])). 

(4.12) 

Because we treat the local fields as independent random vari
ables, we have 

p(H,t;Ho,Q) = - dyeiyH 1 Joo 
2'IT - 00 

x III (( exp [ - iyy ~I u!q [HI(t)] ])). 

( 4.13) 

J. Chem. Phys., Vol. 96, No.9, 1 May 1992 
Downloaded 21 Oct 2012 to 18.111.99.30. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



6906 U. ZOrcher and R. Silbey: Dephasing processes in glasses 

The average « exp [ - iZO"eq [H(t)]]», Z = Yrlrk, , is 
given by a cumulant expansion which we truncate after the 
second term, i.e., 

«exp[ - iZO"eq [H(t) l]» =exp{ - iZO"eq [H(O)] 

ZZ - T( ([ O"eq [H(t)] 

- O"eq [H(O) ]]2»}. (4.14 ) 

We set «O"eq [H(t)]» = O"eq [H(O)]. To proceed we re
write the second cumulant in an obvious way, 

({ [O"eq [HCt)] - O"eq [H(O)]] 2» 

= ((Lto O"eq [H( 7"v+ 1)] - O"eq [H( 7"v)] r)), 

where 

7"0 = 0, 

7"N+l=t. 

We choose equally spaced time steps, 

t 
7"v+ 1 - 7"v = at =N' 

so that at-O as N - 00. 

(4.15 ) 

(4.16) 

(4.17) 

(4.18) 

Because the macroscopic fields do not change during 
the short time interval [7" v' 7" v + 1 ] we have, cf. Eq. (4.7), 

H ( 7" v + d = H ( 7" v) + 8H ( 7" v + 1 ) - 8H ( 7" v ) . 
(4.19) 

Since {[8H«+d -8H(7"v)]2)s = Ds at ..... 0 as at ..... o, 
8H ( 7" v + 1 ) - 8H ( 7" v) is typically a small quantity. Denot
ing O"~ (H) = dO"eq (H)ldH, we find to linear order in 
[ 8H ( 7" v + d - 8H ( 7" v ) ] , 

O"eq[H(7"v+d] -O"eq[H(7"v)] 

= O"~ [H ( 7" v ) ][ 8H ( 7" v + d - 8H ( 7" v) ] . (4.20) 

Inserting Eq. (4.20) into Eq. (4.15) gives 

« [O"eq [H(t)] - O"eq [H(O)] ]2» 

= ( (Lto O"~ [H (7"v) ] [8H (7"v+ 1 ) - DH (7"v)] ]) ) 

N 

= 2: (O"~[H(7"v)]O"~[H(7"p)]), 
v,p=o 
x ([ 8H ( 7" v + 1 ) - 8H (7"v ) ] 

X [8H(7"p+d -8H(7"p)])s' 

(4.21 ) 

(4.22) 

where we have used the fact that the averages over long time 
fluctuations, ( . ) I, and short time fluctuations, ( . ) s' de
compose. Using the statistical properties of the short time 
fluctuations, cf. Eqs. (4.8) and (4.9), we find 

« [O"e4 [H(t)] - O"eq [H(O)]] 2» • 
N , - 2 = D,at 2: ([ O"eq [H (7",.)]] ) ,. (4.23) 

1-'=0 

The average over the long time fluctuations is calculated by 
using the spectral diffusion 

([ O"~ [H(7",,) ]]2), . 

= J:"" dHp(H,7",,;Ho,Q)[0"~(H)]2, (4.24 ) 

where Ho is the initial local field at that site. We insert Eq. 
( 4.24) into Eq. (4.23) and let N --> 00, and hence at ..... 0, so 
that the sum goes over into an integral 

« [O"eq [H(t)] - O"eq [H(O)]] 2» 

=D. f d7" f: 00 dH p(H,r,Ho,O) [O"~q (H)]2. (4.25) 

We insert Eqs. (4.14) and (4.25) intoEq. (4.13), 

1 Jco p(H,t;Ho,O) = -2 dy eiy(H - H,,) 

1T -co 
( YyZ 1 i' X IT exp -----Ds d7" 

1# 2 ~I 0 

X J:oo dHP(H'7";Hb,0)[(0"~),(H)]2). 
(4.26) 

where we have used 

( 4.27) 

We average the expression on the right hand side (RRS) of 
Eq. (4.26) over the local environments. Because the spin
spin interaction is assumed to dominate the energy scale, we 
set the bare level splitting equal to zero, E k=O. Thus, 

~ (Hk) = O"eq (Hk) = tanh(H k

) • 
.. 2T 

(4.28) 

At all spin sites,p(Ho)dHo is the probability that the initial 
local field has a value between Ho and Ho + dHo. Equation 
( 4.26) is then 

1 foo p(H,t;Ho,O) =-2 dy eiy(H- H,,) 

1T -00 

{ Yr 1 foo Xexp - -_.2: -6- dHop(Ho) 
2 I".k rkl -co 

X f d7" f: 00 dH p(H,7" ;Ho,Q) 

X[0"~(H>]2}. (4.29) 

Using 

1 100 

1 41T n L - -+41Tn dr 4 =---, 
l,,<.k Ikl rmin r 3 ~in 

(4.30) 

where r min is the shortest distance between different spins 
and n is the density of B spins, the sum over the spins is easily 
done, 

J. Chern. Phys., Vol. 96, No. 9,1 May 1992 
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1 foo p(H,t;Ho,Q) = -2 dy eiy(H - H,,) 

1T -00 

{ 
41T 2 rDsn it Xexp - -y --- dT 
6 ~in 0 

x LX> 00 dHcP(Ho) J~ oc dH p(H,T ;Ho,O) 

X [u~ (H)] 2} . (4.31) 

We set 

81T rDs(T)n 
..t(n =- r.. . 

3 min 

(4.32) 

Performing the y integration we find 

(H R 0) ~ ( 
cH_-_H.-"o-,--) 2) , P ,t; 0' = --exp--

1TW(t) w(t) 
(4.33 ) 

where the variance of the Gaussian is given by 

w(t) =..t (T) f dT f~ 00 dHop(Ho) 

X f~ 00 dH p(H,T ;Ho,Q) [ U;q (H) r· (4.34) 

We comment on Eqs. (4.33) and (4.34). Most impor
tantly, at time t, the variance of the spectral diffusion de
pends on the spectral diffusion at all previous times O<n;;t. 
This property stems from the interdependence of the equilib
rium expectation values U eq and local fields, cf. Eqs. (4.4)
(4.7). The other points are of a more technical nature. The 
spectral diffusion is a Gaussian distribution in the difference 
H - Ho' This property is an approximation which is brought 
about by truncating the cumulant expansion after the second 
term, cf. Eq. (4.14), and setting ~U;q[Hk(t)]~ 
= ~ [H k(O)]. Further, the integrand in the T integration 
is finite and positive definite. It follows that the variance has 
vanishing initial value, w(O) = 0, increases monotonically 
with time, w(t) > w(t') for t> t', and grows without bound. 
Hence, the spectral diffusion starts from an initial sharp dis
tribution, p(H,t = O;Ho,O) = 8(H - Ho), and decays 
monotonically for times t> O. Finally, the variance of the 
spectral diffusion depends on the distribution of the initial 
local fields. 

In the next section, we discuss the variance w(t) for 
particular choices of the initial distribution. We consider 
four different cases which indicate clearly that strong spin
phonon coupling may lead to strong deviations from simple 
diffusive decay. 

V. VARIANCE OFTHE SPECTRAL DIFFUSION 

Differentiating Eq. (4.34) with respect to time and us
ing Eq. (4.33) gives a first order differential equation 

which together with the initial conditions, cf. the comments 
following Eq. (4.34), 

w(O) = 0, (5.2) 

specifies the variance w(t) of the spectral diffusion. 
We choose for the distribution of the initial local fields 

p(Ho) a form consisting of two identical Gaussians centered 
at Ho and - Ho, respectively, 

(5.3 ) 

We note that for u ...... O, p(Ho) goes over into a sum of two 8 
functions, 

Inserting Eq. (5.3) into Eq. (5.1) gives 

where we have introduced 

wet) = w(t) + u. (5.6) 

From Eqs. (5.6) and (5.2) we find the initial condition 
W(O) = u. 

In general, it is a formidable task to integrate Eq. (5.5) 
for w(t). It is only in the high temperature limit that an 
analytic expression for the variance can be found which is 
valid for all times. From Eq. (4.28) we have 

U~(H)=211" T ...... oo • (5.7) 

From Eqs. (5.5) and (5.7) we finddwldt =..t 14T2. Hence, 
at high temperatures, the width of the spectral diffusion in
creases linearly with time as in the Klauder-Anderson mod
el, 

w(t)=ACn t. 
4T2 

(5.8) 

Here, we indicated explicitly that the parameter ..t is a func
tion of temperature through its dependence on the short time 
diffusion constant D s ' cf. Eq. (4.32). 

For finite temperatures, the behavior of u~ (H) is non
trivial, cf. Eq. (4.28). However, u~ (H) has simple asymp
totic behavior for both small and large arguments. For 
IH I ~2T, we find U;q (H) = 1!(2n and for IH I ~2T, we 
haveu~ (H) = (21T) exp( - HIT). An approximation for 
u~ (H) is obtained by putting these two asymptotic forms 
together, 
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IHI<2T, 9 
IHI>2T. (5. ) 

We note that the temperature of the phonon bath (in suitable 
units) defines the scale for the local fields. We insert Eq. 
(5.9) into Eq. (5.5) 

dwCt) 
dt 

A(n 1 f2T (H-li)2) =. dHexp _ 0 

~1Tfi;(t) 4T2 - 2T wet) 

ACn 4 [1'" f-2T] + .. 2 + dH 
~1Tfi;(t) T 2T - '" 

xexp( _ 21H I )exp( _ (H - Ho)2) . 
T wet) 

(5.10) 

In the following, we treat the cases for small and large 
width ofthe initial distribution separately. In both cases, the 
variance depends further on the average of the absolute val
ues of the initial local fields. 

A. Narrow initial distribution 

We consider the case in which the second moment of the 
initial local fields is much smaller than the temperature, 

ru<2T. (5.11) 
J 

From Eqs. (5.13) and (5.16), the crossover time tl is deter
mined 

tl = 4~~ exp[C~o_" ;2)] 
x{l-exp[ _ [(Ho-~~)2-u]]}. (5.17) 

For times much larger than the crossover time, t).t l , the 

(a) Firstly, we set the average of the absolute values of the 
initial local fields much larger than the temperature, 

Ho).2T. (5.12) 

For these parameters, the distribution of the initial local 
fields consists of two Gaussians well inside the intervals 
IH I > 2T in which (T~ (H) is exponentially small, cf. Eq. 
(5.9). 

The temporal behavior ofwCt) changes when the values 
of the local fields have finite probability to lie within the 
intervallH I <2T. Thus, we define a crossover time tl by 

~W(tl) = Ho - 2T. (5.13) 

For times t < (I' the integral on the RHS ofEq. (5.10) can be 
approximated to give 

dwCt) 

dt 

It follows 

A(n 4 f'" dHexp( _ 2H) 
~1Tfi;(t) T2 - '" T 

xexp( _ (H ~ Ho)2) . 
w(t) 

(5.14) 

Simple integration gives for the variance [w(t) 
= w(t) - u], 

( 5.16) 

w(t). For very short times, the variance increases linearly in 
time 

leading contribution to the integral on the RHS of Eq. W 
(5.10) stems from the interval IH 1< 2T. Setting 
exp[ - (H - Ho)2/w(t)] = 1 for - 2T<H<2Twe find 

dw(t) 

dt 

Integration gives 

w(t) =(_3_ A(n )2/3t2l3, t).tl> 

2,fii T 

(5.18) 

(5.19) 

where we used w(t)=w(t) as t-+oo. We note that the 
asymptotic long time behavior is independent of the param
eters of the initial distribution. For this choice of the param
eters Ho and u, the behavior of the variance w(t) is sketched 
in Fig. 1. 

We discuss briefly the temporal behavior of the variance 

FIG. 1. The variance of the Gaussian distribution w vs time t (in arbitrary 
units) for the case in which the absolute values of the initial local fields are 
narrowly distributed around a large average value. 
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We note that in Eq. (5.20) time is multiplied by a factor 
which is much smaller than that of the high temperature 
limit Eq. (5.8) continued to low temperatures. After this 
slow increase the variance increases much more rapidly, cf. 
Eq. (5.16). We define the time t; separating these two re
gimes by 

_ 1 w' (t ; ) = 1. 
(Ho - 2T)2 

(5.21 ) 

A calculation gives, 

t; = 4~~ exp[C~o - ;2)] 
X {I _ 4A (T) T2 

T4 (No - 2T)2 

xexp [ - ( 2~o - ;2)]} . (5.22) 

From Eqs. (5.17) and (5.22), we find 

t; 
_ T2 4A(T) exp[ _ ( 2lio _~)] « 1. 

(Ho - 2T)2 T4 T T2 
(5.23) 

Using Eqs. (5.13) and (5.16), (5.22) we find further 

wet;) =.:T <1. 
w(t.) Ho 

(5.24) 

Hence, in a steplike behavior, the variance grows rapidly in a 
short time interval. For times t> t., the variance grows with 
a slower rate, and approaches a sublinear behavior in the 
long time limit, cf. Eq. (5.19). 

(b) Secondly, we maintain the assumption that the ini
tial local fields are narrowly distributed, but now assume 
that the average of their absolute values is small. More spe
cifically, we set 

lio + Iii <2T. (5.25) 

The temporal behavior ofw(t) splits into two regimes. The 
crossover time tz is defined by 

lio + ~fiJ(tz) = 2T. 

For t < tz, we find 

dfiJ(t) = A(T) _1_J"" dH exp[ 
dt ~1TfiJ(t) 4T2 - "" 

A(T) 
=--= const, f<f2• 

4T2 

Thus, we obtain, 

ACT) 
wet) = --2- f, t < f 2• 

4T 

(5.26) 

(5.27) 

(5.28) 

We note that the short time behavior has the same functional 
dependence as the high temperature limit Eq. (5.8). From 
Eqs. (5.26) and (5.28) the crossover time t2 is given by 

4T2 - 2 ] t2=--[(2T-Ho) -u . 
A(T) 

(5.29) 

For very long times, t> t2, we find 

w(t) = (3A( T) )2/3 t 213, t ...... 00. 
2{iiT 

(5.30) 

This is the same long time behavior as in the case for large 
lio· 

B. Broad initial distribution 

We assume that the second moment of the initial local 
fields is much larger than the temperature 

(5.31 ) 

One case of interest (and the only one considered here) is for 
a small value of lio. 

" No<2T. 
- 2 It follows that exp[ - (H - Ho) lu] = 1 

Thus, we find from Eq. (5.10), 

(5.32) 

for !HI <2T. 

dfiJ(t) _ A(T) 1 J2T dH = A(T) _1_. (5.33) 
dt ~1TfiJ(t) ·4T2 - 2T ,fiiT ~fiJCt) 

We find for the variance 

wet) = u 1 + t - u, ( 
3A( T) )2/3 

2{iiTu312 
(5.34 ) 

where we used w(t) = fiJ(t) - u. We stress that this formula 
is valid for all times t> O. A Taylor expansion gives the short 
time behavior 

w(t) A(T) t, t-+O. (5.35) 
{iiTu l12 

Since the radius of convergence for the Taylor expansion of 
(1 + z)a is Izl = 1, the crossover time t3 is given by 

2{ii Tu 3/2 
t --.!..---
3 - 3A(T) 

For long times, t>t3' we find 

wet) = (3,1 (T) )2/3 t 213, t ...... 00, 
2{iiT 

(5.36) 

(5.37) 

which is the same behavior as that in the previous cases. In 
the next section, we elaborate more on the long time behav-
f()r. 

VI. SUMMARY AND DISCUSSION 

We started from a model of a glass in which two level 
systems (spins) interact strongly with vibrational degrees of 
freedom (phonons). Strong spin-phonon interaction leads 
to an effective spin-spin interaction which dominates the 
energy scale. For simplicity, we then set the bare spin level 
splittings equal to zero. The spin-spin interaction brings 
about local fields which vary randomly from site to site and 
fluctuate in time due to the residual spin-phonon interaction. 
The spectral diffusion is defined as the conditional probabili
ty p(H,t;Ho,O) that the local field has value Hat time t if that 
value was Ho at time t = O. We argued that this definition 
implicitly contains certain spatial averages. The spectral dif
fusion is, therefore, a property of macroscopic fields. This 
leads to a separation of time scales: individual spins relax to 
thermal eqUilibrium much faster than macroscopic fields 
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change. Therefore, the spin variables are replaced by sums of 
equilibrium expectation values and small deviations thereof. 
In turn, this replacement induces a decomposition of the 
local fields into slowly and rapidly varying parts, respective
ly. 

Although our approximate theory leaves many open 
questions about both the short and long time fluctuations, in 
this summary we focus on the long time fluctuations only. 
We showed that for each realization, at time t, the local field 
at site k, Hk(t), depends on the histories H[(r), O<;r<;t, at 
all neighboring sites I =1= k. These histories depend, in turn on 
the history of the local field at site k, Hk(r) for O<;r<;t. 
Hence, using probability distributions for local fields at sin
gle sites only, we neglected this possibly important correla
tion. 

Our approximation theory rendered the spectral diffu
sion a Gaussian distribution in the difference H - Ho. For 
its variance we derived a self-consistent equation which is 
nonlocal in time and depends on the distribution ofthe initial 
local fields. 

For high temperatures, on long time scales, the local 
fields spread diffusively « [H(t) - H(O) n a: t) with a 
time constant which is in dependent of the initial distribution 
of the local fields and is reduced compared with its short 
time limit, D[ = Ds (n/4T 2

• 

At low temperatures, the temporal behavior of the spec
tral diffusion decay depends on the distribution of the initial 
local fields. We found large deviations from simple diffusive 
behavior for the case in which the absolute values of the 
initial local fields are narrowly distributed around a large 
average value lIo. During the initial time regime, which is 
long on macroscopic time scales, the spread of the local fields 
is well approximated by a simple diffusion process with a 
small time constant, D[ = 4Ds (n exp( -lIo/nIT2. In 
the subsequent time regime, which is much shorter than the 
previous one, greatly enhanced fluctuations lead to a fast 
spread of the local fields. In the final time regime, the rate of 
change of the spread of the local fields decreases and the 
local fields approach an asymptotic subdiffusive behavior, 
< [H(t) - H(O) ]2) a: t 2/3. That is, we found a steplike be
havior in which a large part of the spectral diffusion decay 
takes place in a short time. In the cases in which the absolute 
values of the initial local fields are narrowly distributed 
around a small average value and in which the distribution of 
the initial local fields is broad, the diffusive decay of the 
spectral diffusion for short times goes over smoothly into the 
same sub diffusive long time decay as in the above case. 

The asymptotic long time behavior of the variance is 
determined by the center of the spectral diffusion, p(Ho,t; 
Ho,O) = f!lJ [w(t)], and is, therefore, a consequence of the 
analytic form of the distribution. Indeed, the t 2/3 law is de
rived for a Gaussian distribution and becomes a t \12 law if a 
Lorentzian distribution is inserted into the RHS of Eq. 
(4.34). However, this equation is the correct expression for 
the variance of a Gaussian distribution only; its application 
to general distributions has to be more rigorously justified. 

The observed logarithmic time dependence of spectral 
hole widths in some experiments can be explained by assum
ing a broad distribution of TLS relaxation rates in the 
Klauder-Anderson modeI,7 which comes from the distribu
tion of the tunneling parameters. In this work, we have been 
concerned with the TLS relaxation rates due to TLS-TLS 
interactions. A complete theory would include both effects, 
and would consider correlations between the local fields at 
different spin sites as well. Such a treatment is, however, 
beyond the scope of this paper. 
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