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Abstract

Single molecule spectroscopy shows that line shapes of guest molecules in low-temperature disordered solids vary from
one molecule to the other. We consider a single molecule in a host lattice interacting with randomly distributed two level
defects via a long range interaction. We investigate in detail the dipolar interaction and calculate the probability density of
variances for high and low densities of defects. © 1999 Published by Elsevier Science B.V. All rights reserved.

1. Introduction

Modern experimental techniques have made it
possible to perform time-dependent measurements of
the optical spectrum of a single molecule embedded
in a solid [1-5]. Using single-molecule spectroscopy
(SMYS), one may study many spectroscopic details
obscured by inhomogeneous line broadening ob-
served when the line shape of an ensemble of
molecules is investigated. In disordered medium,
each molecule is situated in a unique environment,
hence the line shapes of single molecules are random
functions. Fluctuation of energy, and hence line
shapes, of a single molecules are believed to be
induced by internal dynamics of randomly dis-
tributed defects, usually treated as two-level systems
(TLS), which interact with the molecule via a long-
range interaction [6—18].

* Corresponding author. Fax: + 1-617-253-7030; e-mail:
silbey@mit.edu

Recent experiments [19-22] in glassy and de-
fected crystalline materials have measured h(Av),
the probability density of line widths of single
molecules. These experiments show that h(Av) is
asymmetrical and long-tailed. The line width Av is
related to the line-shape variance W, according to
Av=2z/W, and the dimensionless factor z depends
on the line shape [16]. For non-crystalline media a
continuum model [16,19,23] which assumes a dipole
interaction shows that the probability density of W
behaves like g(W)~W3/2 when W> 1 which
implies that h(Av)=g(W)|dW/ dAv|~ (Av) 2,
Currently, there is not sufficient experimental data to
determine whether the continuum theory works
quantitatively.

In this Letter, we consider a cubic lattice model
for the distribution of variances W of single
molecules in a disordered crystal. For dipole-like
interaction, we show that (a) for high defect density
g(W) is well approximated by a sum of seven
Gaussians reflecting the possible interactions with
six nearest neighbors (b) for low defect density
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g(W) exhibits peaks separated by large gaps in
which g(W)~0 and this behavior replaces the
W~3/2 pehavior of the continuum model. Thus, we
show that the lattice structure has a rather strong
influence on g(W).

The distribution of variances can be analyzed in
terms of uncorrelated random walks. This picture is
due to the assumption of independent flipping events
of the TLSs. The variance W can be written as a sum
of independent contributions from TLSs

W= iwi (1)

where w; is a contribution from the ith TLS in the
system. As we show below, when the TLSs are
distributed uniformly in space (i.e., the continuum
model), the sum Eq. (1) can be analyzed in terms of
the fundamental generalized centra limit theorem
[24—26]. Within the generalized central limit theo-
rem, stable distributions replace the Gaussian distri-
bution of the ordinary central limit theorem. Here we
show that, in the continuum limit of our model,
Oon(W) is an asymmetrical Lévy stable probability
density with index y determined by the interaction
exponent and the dimensionality of the problem. For
dipole-like interaction in three dimensions, y=1/2,
our result for g.,(W) isidentical to previous calcu-
lations on the dipolar interaction [16,23]. In recent
years, stable distributions were shown to play an
important role in diverse physical phenomena[27,28].

2. Mod€

We use a variant of the standard model for the
interaction of a chromophore and a sea of defect
TLSs. The molecule resides on the origin of athree-
dimensional cubic lattice. The lattice spacing is unity.
Each site is labeled with an index j. Site j (not
including the origin) is described with an occupation
parameter B;, which can take the values 0 or 1,
corresponding to the absence and presence of a
fluctuating defect. The probability that lattice site |
is occupied by such a defect is p. We assume that
the occupancy of site j is independent of the occu-
pancy of other lattice sites.

The defects are uncorrelated TL Ss interacting with
a chromophore by a long-range interaction. Every

flip of a two-level system is assumed to shift the
transition energy of the chromophore by the amount
AE aej

=T (2)
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where « is a coupling constant, and r; gives the
location of the TLS on site . ¢ are time-indepen-
dent orientation parameters, taken to be +1 or —1
with equal probability. 6 is an interaction exponent
which for dipole interaction is 6 = 3. The total shift
in energy of the chromophore is a sum of contribu-
tions from different defects
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where &(t) is a time-dependent occupation parame-
ter taken to be 1 or 0, corresponding to the jth TLS
being in its ground or excited state, respectively. We
assume that all stochastic processes are independent
and statistically identical. The time average
(&(t) - m)z = 82 is given by standard thermal
equilibrium occupation of the ground and first ex-
cited states of the identical TLSs [30].

The variance of the energy fluctuations is given

by
(E-E)

w= >

5% ? i

B;
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(4)

where the sum is over al lattice sites. W in Eq. (4)
will vary from one molecule to the other, depending
on the environment in which each is situated. In this
Letter, we investigate the statistical properties of the
dimensionless random variable W.

Under certain conditions, W may model a
linewidth [16,19]. The main assumptions being: (a)
the measurement time is long as compared to the
characteristic time between jumpsin frequency space,
(b) the line broadening due to coupling to phonon
bath, laser intensity, and detection efficiency [29] is
identical for all molecules, or very small, and (c)
resonant lines do not split, i.e., weak coupling as-
sumption.

One may limit the investigation of the model to
O0<p<1l/2 For p>1/2 one can redefine the
problem where vacancies (i.e., empty lattice points)
are considered as defects.
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3. Continuum results

To contrast our lattice results, let us first consider
the continuum version of our model. We consider the
sum Eq. (1) with the number of TLSs N — « and
the density of TLSs being p = N/V. The summands
w; are independent, identically distributed, random
variables with a common probability density func-
tion n(w). In terms of the random molecule TLS
distance r;, w, in Eq. (1) is given by w. =1/r2%
The probability density function n(w) is related to
the probability density of the random variables {r},
p(r) according to n(w)=|dr/dw| p(r). Using a
uniform distribution of defects, in dimension D,
p(r)dr d2=rP"1dr dQ/Vv we find

n(w) ~w- (5

and y=D/(26), which means that when vy < 1 the
first moment of the summand w; diverges. Since the
summands w; are also independent and identically
distributed, the generalized central limit theorem can
be used to investigate the statistical properties of the
sum Eqg. (1). Most interesting interaction exponents
satisfy 6> 3/2; hence we shal limit ourselves to
v < 1. Using these assumptions, a short calculation
shows that the characteristic function is

(exp(ik-W))

=exp[—pA|k|7(1—il—;tan(yw/Z)” (6)
where A=T'(1— y)cos(yw/2)[ dQ/D. The char-
acterigtic function Eq. (6) is an asymmetrical Lévy
stable characteristic function, its inverse Fourier
transform g,(W) is a stable Lévy probability den-
sty function behaving like g, (W)~ W @+7),
Hence TLSs distributed randomly in a thin two-di-
mensional film interacting with the molecule via a
dipole interaction, namely v=1/3, will exhibit a
slower decay of g, (W) as compared to similar
TLSs in a three-dimensional system.

The analytical form of g(W) is known for two
cases. When y=1/2, corresponding to a three-di-
mensional system with dipole interaction 6 = 3,

1 2 (2w)\ %72 A
W) = =) o9 ]

called Smirnov’s density, and a second stable proba-
bility density with y=1/3 can be found in Ref.
[31]. For y+1/2,1/3 g.,(W) can be found using
converging asymptotic expansions or tables [24—
26,31]. Besides y=1/3 and y=1/2 aso other
types of interaction, responsible for inhomogeneous
line broadening [32] may contribute to the probabil-
ity density of variances W. Thus for multi-polar
interactions we find y < 1/2 while interaction with
random electric fields or dislocation fields may lead
toy>1/2.

According to Eq. (6), d/ dk[{explik- W)>]lk=0
= o; hence in the continuum limit the averaged
variance diverges. For dipole interaction, this is be-
cause, in the continuum model, the TLSs are allowed
to be situated very close to the molecule on the
origin. One may introduce a lower cutoff (in the
lattice model this is the lattice spacing) and/or an
upper cutoff (i.e., system size). Then the distribution
of the variance would not be stable; however, for
small (large) enough cutoff, one can still observe the
characteristic W~ *7) decay with an upper cutoff
for large W. Pfluegl et al. [16] calculated the explicit
dependence of the distribution of variance on the
lower cutoff for the case y=1/2.

4. Lattice model exact results

Let us investigate the lattice model. A disordered
system is characterized by n, dipoles a distance
|r;|? =1 from the origin, n, dipoles a distance |r;|*
=2, etc. We define a disordered state with the
sequence of numbers {n;,n,, - - - ,n}. misan upper
cutoff which gives the number of ‘shells we con-
sider and the limit of m— « is of interest.

Let Prob(W = x) be the probability of finding a
line width W equal to x. The characteristic function
of Prob(W=Xx) is

+(1-p)

(8)

the product I']; is over all lattice points. Let nji¥ be
the number of sites on the cubic lattice that are a

J

(exp(ik-W)) = ]_[[pexp(%




290 E. Barkai, R. Silbey / Chemical Physics Letters 310 (1999) 287—295

distance |j|*=1,2,3, - - - from the origin. For exam-
ple, for a three-dimensional system

Ny = 6,nJ™ = 12, nJ® = 8,n® = 6,nf'™ = 24,
=24,nT® = 0,ng™ = 12,
ng® = 30,n{&* = 24,n{7™ = 24,

and from a standard continuum approximation njji¥
~ 2m|j| for |j| > 1. We do not know of an explicit
formula for n% (for D > 1); however, these num-
bers can be easily calculated for large systems. One
can use the lattice symmetry and the characteristic
function Eg. (8) to obtain the solution for finite
systems

Prob(W = x)
Ny [ g™ nee
=nm,;wwi n1)(nz)..,(nm)
(- gy I, (9)

where N= X" ,n™* is the number of lattice sites.
InEq. (9 X, n, - nx IS @sum over al vaues of

n, =0, nj

(10)
nm=0,: N
which satisfy the condition
x=n,+n,/2°+ - n_/m’. (11)
For x#n, +n,/2°+ --- n,/m’” we have

Prob(W = x) = 0.

Eq. (11) describes the discrete spectrum of W of
the lattice models which replaces the continuum
spectrum of W of the continuum models.

The exact solution Eq. (9) can be evaluated with
the aid of a computer for finite systems. Depending
on 0,D and p, the convergence of the solution in the
limit of large m may be rather slow. However, as we
show in Section 5, at least for some choices of
parameters, the exact solution can give useful infor-
mation on the infinite lattice system.

5. Strong disorder

We limit our investigation to the case D = 3 and
0 =3 (i.e., dipolar interaction).

To gain some insight into the meaning of Eqg. (9),
consider an approximate solution for p=1/2. It is
instructive to rewrite Eq. (9) as a sum of seven terms

Prob(W=x) = Z Q,,Prob(W=x|n, =j,), (12)

i1=0
where Prob(W = x|n, =, ) is the conditional proba-
bility that W= x when the number of occupied
nearest-neighbor sites is equal j; and

Q,-pi1-p" (13)

is the probability that j, nearest-neighbor sites are
occupied. In Table 1, we show the cumulants of
Prob(W = x|n; = j,) obtained from the characteristic
function. These cumulants are given in terms of
g=p—1/2 and the lattice sums

1

I(n) = Z—“'m , (14)
i

wheren=12---. For D = 3,6 = 3, the converging

sums 1(n) are evaluated using a computer without

difficulty. In Table 2, we give the numerical values

Table 1

Cumulants of Prob(W = x|n; = j;)
n Kn

1 i1+ @2+ 9[1(1)-6]

2 /4= a)[1(2)-6]

3 —2(1/4-g®)q[ 1(3)—6]

4 (1/4-g*)(—1/2+6g>)[1(4)—6]
5 (1/4- g*X4q—240)[ 1(5) - 6]

6 (1/4- g®)(1—30g2 +1209*)[ 1(6) — 6]

7 (1/4- g®)(—17q + 24093 — 7209°)
[1(7)-¢]

8 (1/4— g®)(—17/4+ 2310 —2100g* +50409°)
[1(8)—6]
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Table 2
Numerical values of 1(n)
n 1 2 3 4 5 6

I(n) 840184 6.20215 6.02388 6.00295 6.00037 6.00005

of 1(n); we see that lim,_ . 1(n) =6 which is the
number of nearest neighbors on a D = 3 cubic lat-
tice.

When p=1/2, the cumulants in Table 1 show
Koy =0and

3kZ>«k,
15k3 > kg + 15K, K, . (15)

When these inequalities are satisfied, the conditional
probability P(W = x| j = n,) behaves like the Gauss-
ian distribution (i.e., the cumulants of the Gaussian
vanish for n> 2). Our approximation is to replace
Prob(W = x|n, = j,) with a Gaussian with a variance
and mean in accordance with the cumulants in Table
1. Therefore, let g(W)dW be the probability of

finding the variance W in a small interval (W,W
+ dw), then

8 1 (W)
A e“[ 1
(16)
where
of= —[l(zzl_ 6l (17)
and
b= M (18)

In Eg. (16), the sum over j, reflects the contribution
from the six nearest-neighbor interactions while the
finite width of the seven Gaussians reflects the inter-
action with the background.

The approximation g(W) (in Eg. (16)) isa smooth
continuous probability density function which re-
places the exact expression for g(W) (Eg. (9)) which

0.7 T T T T

0.6

0.4

gWw)

0.3

0.2

Fig. 1. The solid curve is g(W) (Eg. (16)) exhibiting seven peaks which are due to the lattice structure. The dotted curve is a histogram
(with a bin length 0.1) obtained with the exact result; the dashed curve is the solution obtained by a numerical Fourier inversion of the

characteristic function (Eq. (8)).
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isasum of closely spaced delta functions. To make a
comparison between the exact and approximate solu-
tions, we have built a histogram based on the exact
solution. This histogram is shown in Fig. 1 together
with the approximation Eg. (16). The exact result
was derived for a finite system, with m=38, for
which the solution has not yet reached its thermody-
namic (m— <o) limit. To overcome this, we noice
that the axis of symmetry of the exact solution is
1(1) /2. Hence we (dightly) shift the exact finite size
solution, in such a way that the axis of symmetry of
g(W) ison 1(1)/2. Also shown in Fig. 1 is g(W)
obtained by a numerical inversion of the characteris-
tic function (Eg. (8)). The approximate solution (Eg.
(16)), the exact solution based on Eg. (9) and the
numerical Fourier transform (all presented in Fig. 1)
are in good agreement.

6. Weak disorder

What is the relation between the solution of the
continuum and lattice models? One might anticipate
that for low defect density, p < 1, the dipoles situ-
ated far away from the molecule play an important
role and then the lattice structure is of lesser impor-
tance. We rewrite the characteristic function Eq. (8)
as

(exp(ik-W)) = exp{ Y In[l +p(e*/ 1" — 1)]} :
j
(19)
and expand the logarithm to obtain

<exp(ik-W)>=exp[—pZ<1—eik/”)} (20)
j

for p < 1. Converting the sum in Eq. (20) into an
integral we find

<eXp(| k- W)>c0n
=exp[—p4w/3fxdr3(1—e”‘/re)} (21)

where r is alow cutoff and the subscript indicates
that we are considering a continuum model. Taking
the limit r,— 0 in Eqg. (21), we obtain the stable

characteristic function Eq. (6). For the lattice model
the lattice spacing a=1 is a lower cutoff, we have
checked that for r.=1 the continuum probability
density function with and without a cutoff are practi-
cally identical.

In Fig. 2 we show g(W), obtained using a numer-
ical Fourier transform of the exact solution Eg. (19).
We observe satellite peaks due to the lattice struc-
ture. These peaks are separated by large gaps in
which g(W) = 0. While g(W) is mostly concen-
trated in a small region close to the origin (say
W < 0.01), corresponding to interaction with distant
defects, rare events with very large variance W are
predicted to be significant.

Also shown in Fig. 2 are the stable Smirnov
density Eq. (7) and the numerical Fourier transform
of the characteristic function with finite cutoff r, in
Eqg. (21). We find qualitative agreement between the
lattice and continuum models, but only for small W.
The deviation of the lattice solution from the contin-
uum solution is most significant in the large W tail
of g(W) where the continuum model predicts a
W~2/2 power law decay. This behavior can be easily
understood. A molecule whose variance W is large
implies that some lattice points close to the origin
are occupied by defects. For the defects close to the
origin we can hardly expect a continuum model to
work well.

Since the continuum approximation does not work
well we develop qualitative approximation valid for
small p which explains the the origin of the satellite
peaks shown in Fig. 2. Our approach is similar to
that sketched by Stoneham (see Section 5.2 in Ref.
[32]) and used by Orth et al. [33] in the context of
inhomogeneous line broadening. We divide the crys-
tal into two regions. Within the first spherical inner
region, which we call region 1, the lattice is treated
as discrete and the rest of the crystal, region 2, is
treated as a continuum. The radius of the inner
regionisyl and | isan integer. The exact solution is
written as

Prob(W = x)
= Y Q.. Pob(W=xIn =], ,n=j)
jlv o vjl

(22)
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180 T T

0 0.01 0.02

Fig. 2. The solid curve is g(W) for the case p = 0.01, obtained by a numerical Fourier transform of the lattice characteristic function. The
dashed curve is Smirnov’s stable probability density function, and the dotted curve is the continuum solution with a finite cutoff r, = 1. On
the scale of the plot, the two continuum solutions are indistinguishable. In the inset, we show the tail of g(W) on a semi-log plot.

with

o, =(-p" L Z’(,)(”'Jlax)

(23)

and N=Xi_,n™. Q; .. is the probability that
n,=j, N,=j, etc, and Prob(W=x|n, =]j,,
n,=j,---) in Eq. (22) is the probability that
W= x subject to the condition that the number of n,
sitesis j,, etc.

Our approximation, valid for p < 1, involves two
steps; first, we replace the conditional probabilities
Prob(W=x|n, =j, ---,n;=];) with smooth nor-
malized non-negative probability densities and then
truncate the sum Eq. (22). The integer | in Eq. (22)
divides the system into two and the limit of large |
must be considered. Practically, we increase | until
our results converge. Asin Section 5, we replace the
discrete Prob(W = x) with the continuum probabil-
ity density function g(W).

The first step is to replace the conditional proba-
bility Prob(W=x|n, =, ---,n,=j,), in Eq. (22),

with its continuum approximation. For this aim we
use the conditioned characteristic function

Cexp(ik-W)on,—j, - n=j

=eikxmn{- n - [pexp(lk/|rj|6)+(l—p)]},
J#FIL

(24)
where the multiplication is over al lattice points
excluding those in region 1 and X, = Xi_,j,/i%
We now use the same procedure given in Egs. (19)

and (20), and then Prob(W=x|n; =j,, -+ ,n =j))
in Eq. (22) is replaced with
SN(re,W—Xpin)  if W> X,
,l'|(W) =
0 if W< Xqins
(25)

where Sm(r,,W) is the inverse Fourier transform of
the continuum characteristic function Eq. (21) found
numerically. In Eq. (25) r,= VI is the low cutoff
reflecting the fact that we are treating region 2 as a
continuum. The main assumption that we are using is
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Fig. 3. The same as Fig. 2 with the approximate solution (Eq. (26)) added as a dot—dashed line. To obtain the approximate result, we used

I=9.

that when | is large enough the exact lattice sums
may be replaced with the appropriate integrals.

For large | the summation in Eq. (22) is form-
idable, for example if |1 =9 the sum is over e*
states. However since p < 1 we may use a second
approximation and truncate the sum in Eq. (22). The
lowest order of approximation is to consider only the
term proportional to Q... o and this term gives the
contribution from an empty region 1. The first-order
corrections, are | terms in Eqg. (22) proportional to
Q1000+ Qo10p, ...+ EC. These terms imply that a
single defect is residing in region 1. The I(1 +1)/2
second-order terms are Q0 ..., Qi100,..+ EC,
and Q,; .., Qp,, ..., €tc. We therefore have

9(W) =Qq,... 090, ... o(W)

+ X Q9 (W)
Jatlet =1

L QG (W)
Jatist - j1=2

(26)

where the summation X ;. ... —, is over al val-
ues of j, >0,j,>0--- which satisfy the condition
it + =1

The probability that region 1 is empty for finite p
goes to zero for very large |, and then the truncation
procedure is not valid. Our approximation will work
well only if | islarge; however, p is small enough to
ensure that the truncated sum Eq. (26) is approxi-
mately normalized to unity. For agiven p and | this
can be easily checked, since the functions Sm(r W
— Xmin) iN EQ. (26) are normalized probability densi-
ties.

Fig. 3 shows the approximate solution Eq. (26)
together with the results obtained using numerical
Fourier transform of the characteristic function Eq.
(19), for the case p = 0.01. The approximation was
calculated using the first- and second-order correc-
tion terms in Eq. (26). Good agreement between the
numerical and approximate result is found. Each
peak we observe in Fig. 3 can be related to a
microscopic configuration of defects within region 1.
For example the peaks labeled P; (P,) in Fig. 3,
correspond to a defect situated on one of the
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nearest-neighbor (next to nearest neighbors) sites,
respectively.

7. Summary

We have studied the distribution of variances of
single molecules interacting with TLSs distributed
randomly on a lattice. Due to the power law interac-
tion of the TLSs with the molecules the continuum
version of our model can be analyzed using the
generalized central limit. When the density of defects
is high, p=1/2, and when the interaction is dipo-
lar, the probability density g(W), exhibits seven
distinct Gaussian peaks due to possible interactions
with defects on six nearest-neighbor lattice sites.
When the density of defectsislow, several non-sym-
metrical peaks are observed. Large gaps in which
g(W) ~ 0 separate these peaks. A simple theory was
used to explain this behavior. For this case the peaks
correspond to a single defect located on discrete
distances from the molecule. Thus our results show
that the distribution of variances and hence also the
distribution of line widths are very sensitive to the
lattice structure.
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