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Floquet theory response of two- and three-level systems interacting 
with pulsed electric fields 

Theresa C. Kavanaugha) and Robert J. Silbey 
Department 0/ Chemistry, Massachusetts Institute 0/ Technology, Cambridge, Massachusetts 02139 

(Received 10 September 1992; accepted 8 March 1993) 

Using Floquet theory together with a density matrix formalism, analytic expressions are derived 
that describe a typical pump-probe experiment on (a) a two-level, one-photon resonant model 
that mimics a system with two electronic states, and (b) a two-photon resonant three-level 
model. The time dependence of the amplitUde of the pulsed electric fields is approximated by a . 
square envelope. These expressions, which include all orders of the electric field, can be used to 
describe systems interacting with very intense fields, where perturbation theory fails. This 
description allows variation of both the order of the pump and probe pulse, as well as the pulse 
durations. These expressions, once expanded, are equivalent to the usual perturbative series 
expansion, within the square-envelope approximation. Using a 0 function approximation for the 
pulsed fields, a two-level system with an excited state vibrational manifold is also considered in 
a nonperturbative manner. 

I. INTRODUCTION 

Ultrafast, multiple pulsed laser techniques have re
cently allowed measurements of transient or dynamical 
phenomena in a variety of systems. Transient spectral hole 
burning, arising from pump-induced changes in the spec
trum, and interrogated with a probe pulse, has been ob
served,I,2 as well as coherent vibrational states in the 
ground and excited electronic states of large molecules.3

-
5 

These pump-probe techniques have recently allowed 
direct observation of reaction dynamics, such as the ex
cited state trans-cis isomerization of the retinal chro
mophore in bacteriorhodopsin.5 A perturbative theory in 
which the response, or polarization, is expanded around 
the time-dependent perturbation arising from the applied 
electric field, and the third-order polarization, p(3), pro
portional to the intensity of the pump pulse, is used to 
describe the nonlinear interactions, has successfully ex
plained these dynamics.6,7 For a pump-probe experiment, 
this usually assumes a second-order electric field depen
dence on the pump pulse and a first-order dependence on 
the probe pulse. This type of perturbative description has 
also been used to explain the dynamics of spectral hole 
burning, photon echoes, and pump-probe experiments of 
two-level and three-level systems.8

-
1O 

For a very intense pulsed laser, however, there is the 
possibility that higher-order terms such as p(5) may also be 
present in the nonlinear optical response. Recent efforts to 
understand population transfer via stimulated Raman scat
tering also require inclusion of higher-order, intensity
dependent polarizabilities. I1-13 For monochromatic, con
tinuous wave lasers, higher-order nonlinear polarizations 
have been shown to be important for three-level systems 
describing nonlinear optical polymers. 14 

Both numerical and analytic nonperturbative descrip-

a) Current address: Department of Chemistry, Brown University, Provi-

tions of the interaction of a medium with strong fields have 
been obtained in the past by assuming a steady-state ap
proximation, where the amplitUde of the electric field is 
monochromatic, or time independent. These descriptions 
have been obtained by using Floquet theory,I4-16 or a 
dressed states method,17 as well as population-pUlsation 
methods. 18-23 In this paper, we remove that steady-state 
approximation; we present an analytic, nonperturbative 
methodology for calculating the response due to pump and 
probe pulsed electric fields, with a time-dependent electric 
field. Removal of the steady-state approximation is essen
tial to understanding the evolution of wave packets on the 
ground and excited surfaces: when the probe pulse is long 
compared to the characteristic period of the initial wave 
function, for example, time-dependent behavior of the 
wave packets will no longer be observed. The introduction 
of symbolic manipUlation software makes it possible to go 
further than previous calculations using a nonperturbative, 
time-dependent procedure. 

A square-envelope approximation for the time depen
dence of the electric field is used. This formulation allows 
a nonperturbative calculation of the electric-field
dependent density matrix, which includes all orders of the 
electric field. Previous nonperturbative work on pulsed 
fields has focused on situations where lifetime and dephas
ing rates can be neglected.24 Here, the nonperturbative de
scription allows variation of both the pump and probe or
der and duration, as well as the lifetime and dephasing 
rates. Upon expansion, the third-order term is equivalent 
to the usual perturbation expression for a square envelope 
amplitude. While we only consider interactions within the 
rotating wave approximation, the technique can also be 
extended to describe antirotating wave interactions. Since 
the present nonperturbative method contains higher-order 
terms in the electric field, the accuracy of perturbation 
theory at each order can be evaluated. 

. .... ·T~ Sec. liwe will consider two and three electronic 
dence, RI 02912. level systems, which do not contain vibrational manifolds, 
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undergoing typical pump-probe interactions. We compare 
our nonperturbative result to the usual perturbative expres
sion proportional to p(3). In some experimentally realiz
able cases, especially near resonance, third-order perturba
tion theory does not adequately describe the response. The 
presence of a two-photon resonant third level, as well as 
higher-order dependencies on the electric field, begins to 
play an important role in the nonperturbative description 
of the response. 

In Sec. III a two-level system with an excited state 
vibrational manifold is considered. Within the model of S 
function pump and probe pulses, this type of system can 
also be treated in a nonperturbative manner, and compared 
to the usual perturbative expression. In this case, we find 
that within the limit of S function pulses perturbation the
ory remains valid for very large electric field intensities. 

II. TWO AND THREE ELECTRONIC STATE SYSTEMS 

In order to calculate the transient response of a system, 
a density matrix formalism is employed. Traditional treat
ments for finding the density matrix solution for a system 
interacting with a time-dependent electric field amplitude 
have relied on perturbation techniques which involve time
ordered integrals and use an iteration scheme. Outlined 
below is a route for solving for the density matrix nonper
turbatively, within the approximation of square envelope 
pump and probe pulses. This technique is used to derive an 
analytic solution for a two-level system, and in certain spe
cial cases, for a three-level system. We will then compare 
our nonperturbative, nonlinear intensity-dependent results 
to perturbation theory and discuss where perturbation the
ory might fail. 

The Liouville equation that governs the response is 
given by 

i a:: = [H(t),p(t)] +i[R,p(t)] =L(t)p(t) (1) 

with 

H(t) =Ho+ V(t). (2) 

Ho is the time-independent Hamiltonian for the electronic 
states, and the time-dependent interaction potential is sim
ply 

V(t) = -fl,E(t) , (3) 

where fl, is the coordinate-independent transition dipole 
moment between electronic states, and the time-dependent 
electric field E(t) for a pump and probe pulse experiment 
is 

E(t) =Epu(t) cos (wput) +Epr(t)cos(wprt). (4) 

The relaxation terms i[R,p(t)] in Eq. (1) can be de
fined for electronic processes as lifetime, feeding, and 
dephasing terms: 

[R,p(t) ]aa= -raaPaa+ L Y/3aPa/3 (Tl process), 
/3 

(5) 

where r aa=~{3Ya/3' Pure radiative decay is assumed 
throughout. 

We assume a square wave envelope for both the pump 
and probe pulse, so that the time dependence of the electric 
field amplitude is 

1
0, t<O 

E(i) = E cos wt, 1'> t;pO 

0, t>1', 

(7) 

where l' is the duration of the pulse. The sinusoidal time 
dependence of the electric field, cos wt, can be transformed 
into a diagonal frequency dependence using Floquet the
ory.15,16 As a consequence, the effective Liouville operator, 
within the approximation of Eq. (7), is time independent 
during the pulse, as well as in the absence of the pulse. 

Within this approximation, the formal solution of Eq. 
(1), for a pulse turned on at t=O, becomes 

(8) 

where Lo is the Liouville operator in the absence of the 
electric field, and p( 1') is the density matrix evaluated at 
time 1'. Leff is the effective Liouville operator which in
cludes the field governed by Eq. (7). Since both Leffand Lo 
are time independent, Eq. (8) does not involve time
ordered integration of the Liouville operator. 

To describe a typical pump-probe experiment, Eq. (8) 
is evaluated twice, once for the pump pulse, and once for 
the probe pulse. Assuming that the pump pulse precedes 
the probe pulse, the first evaluation of Eq. (8), with an 
arbitrary initial condition dependent on the popUlation of 
the electronic levels, describes a system evolving some time 
after the pump pulse is turned off. The density matrix p(t 
-1') (dependent on both the coherences .and popUlations 
stemming from the interaction with the pump pulse) be
comes the new initial condition. The second evaluation of 
Eq. (8) now yields the response of the pump and probe, 
with variable delay times and pulse durations. 

This technique is not limited to situations where the 
pump follows the probe with no significant temporal ov~r
lap. With correct ordering, both pump polarization cou
pling and perturbed free induction decay terms8 can also be 
described in this manner. However, we will limit further 
discussion to situations where the pump pulse precedes the 
probe pulse, i.e., the level population component of the 
response. 

Since Leff is not a diagonal operator, the individual 
density matrix elements cannot be written down directly 
from Eq. (8). Instead, the method of Laplace transforms is 
used to solve Eq. (1), within the approximation ofEq. (7). 
This method has been used previously to solve the Liou
ville equation.24 The transform of Eq. (1) becomes 

isr-ip(O) = Leff r, (9) 
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where p(O) is the initial condition and r is the Laplace 
transform of p: 

r(s)= 50'" dte-stp(t). 

Rearranging, the transform becomes 

r= - (Leff-is) -lp(O). 

(10) 

(11) 

Taking the inverse Laplace transform of Eq. (11) leads to 
the density matrix pet). 

The limiting factor in the analytic analysis of a many
level system is finding the roots of higher-order polynomi
als to facilitate the inversion of the transform. An analytic 
solution for a two-level system is easily obtained, and in 
certain cases, analytic solutions for a three- (or more) level 
system is also possible. Formalism developed in this section 
is applied to two- (one-photon resonant) and three- (one
and two-photon resonant) level systems below. While two
level systems have been considered extensively using both 
numerical and perturbative approaches,25,26 three-level sys
tems with a two-photon resonant third level have been not 
been treated. 

A. Two-level systems 

The procedure outlined in the preceding section can be 
illustrated by using a two-level system. The time
independent Hamiltonian is 

Ho= la)ha(al + Ib)hb(bl . (12) 

with the transition dipole operator 

JL= 1 a)JLab(b I· (13) 

In this section we assume only pure electronic states which 
are not associated with a vibrational manifold. Therefore 
Ha I a) =£Ua I a) where £Ua is simply the energy of the elec
tronic state I a) . 

Using the square-envelope approximation for the elec
tric field, Eq. (7), and invoking Floquet theory, which 
transforms the time- and frequency-dependent part of the 

apaa 
at 

apbb -iraa -iYba -u u 

at 0 -irbb u U 
i 

apab -Ilba-irba 0 -u U 

at u -u 0 Ilba-irba 
apba 

at 

where 

Ilba=hb-ha-£u, 
JLat/l 

u=---y; . 

Ie> 

20) 

Ib> 

Ia> 

Ib> 

0) 

!a> 

FIG. 1. Two- and three-level systems described in Sec. II. The transition 
dipoles are f.Lab' f.Lbc=l=O, f.Lca=O. 

electric field cos £ut, into a diagonal frequency depen
dence,15,16 Eq. (1) can now be spanned by the Floquet
Liouville basis set la!3;{m}) = la)<!31 ® I{m}), where 
{m} is the set of Fourier indices and I a), 113> are the eigen
functions of the unperturbed Hamiltonian. 

Within the rotating wave approximation (RWA) the 
two-level system shown in Fig. 1 is spanned by the 
Floquet-Liouville basis set laa;O) Ibb;O) lab;-I) Iba; 
+ I). Although only the one-photon resonance condition 
is considered, i.e., £uba-£u~O, multiphoton resonances can 
also be dealt with in a similar manner. 15,21 Equation (1) 
can now be written as 

Paa 
Pbb 

(14) 
Pab 
Pba 

(15) 

Taking the Laplace transform of Eq. (14) leads to the set of coupled equations 
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-is-iraa -iYba -u U -1 
raa -iPaa(O) 

rbb 0 -irbb-is U -u -ipbb(O) 
= -ipab(O) 

(16) 
rab -u U -Aba-irba- is 0 
rba u -u 0 Aba-irba-is -iPba(O) 

Solving Eq. (16) is equivalent to solving the optical Bloch 
equations for a two-level system. The required matrix in
version in Eq. (16) is easily accomplished with the use of 
symbolic manipulation software. Solving for r yields 

[2rba+2s]u2Paa(O) 

D 

[il + 2?rba+ (A~a+r~a+2u2)s+2u2rba]Pbb(O) 
+ D 

[ -i?-(Aba+irba)s]UPab(O) + -
D 

[i?+ (-Aba+irba)S]UPba(O) 
+ D ' (17) 

[(?+rba)s+iAbaS+2u2]Pab(0) [2u2 ]Pba(0) 
+ D + D ,.-~ 

(18) 

where 

and we have used raa=rbb=Yba=O for clarity. 
The backtransform of Eqs. (17) and (18) can also be 

evaluated exactly, since the roots of the cubic polynomial 
in Eq. (19) can be found analytically. With the help of 
symbolic manipulation, the time-dependent density matrix 
which describes the system with the electric field can then 
be written down. 

For a pump-probe experiment, the initial condition is 
usually assumed to be Paa(O) = 1, Pbb(O) = Pba(O) = Pab(O) 
= 0, with all population initially in the ground state I a) . 
During the pump pulse, the dipole-electric-field matrix 
variable in Eq. (14) becomes u=J.LbaEpu/2fz, where Epu is 
the amplitUde of the pump pulse. The response directly 
after the pump pulse is governed by the density matrix 
evaluated at Tpu' the arbitrary pulse length of the pump. 
The response after the field is turned off is the solution to 
the Liouville equation governed by Lo, with u=O, using 
p( Tpu) as the initial condition. For example, the backtrans
form ofEq. (18), Pab(t), is evaluated at Tpu' and the new 
initial condition corresponding to the coherence after some 
time t>Tpu is [using Eq. (8)] Pab(7"pu)e(-aba-zTba) (t-Tpu). 

The new initial condition is now used in Eq. (16). All 
elements of the initial density matrix, including the coher
ences, are now nonzero and u=J.LbaEpr/2fz, where Epr is the 
amplitude of the probe pulse. For example, the initial value 
Paa(O) is replaced by Paa( 7"pu)e-1TaaCt-Tpu). Again back
transforming Eq. (16) yields the density matrix solution 
for both the pump and probe interaction, with an arbitrary 
delay time between pulses. 

When the pump pulse precedes the probe pulse with no 
significa!lt~emporal overlap, the most important elements 
of the density matrix which describes the pump interaction 
are the population elements Paa(7"pu)e- 1Taa(t-T) and 
Pbb( 7"pu)e- 1Tbb(t-T). A perturbative description of the 
pump usually considers only the second-order electric field 
contribution to the population. In this formulation, all or
ders of the electric field are present in the population ele
ments, as well as in the minor contributions from the co
herent terms. Using these initial conditions for the probe 
pulse, the final density matrix element of interest is the 
Gohel:ence Pab' usually calculated to first order in the probe 
field in a perturbative description. Here, the coherences 
due to the probe, as well as the population terms due to the 
pump, are obtained to all orders of the electric field. 

B. Three-level systems 

For special cases, nonperturbative analytic solutions 
for a system with three levels can also be found using the 
procedure outlined in the preceding section. We assume 
the three-level system shown in Fig. 1. The corresponding 
time-independent Hamiltonian is 

(20) 

with the transition dipoles 

(21 ) 

The first and third level are of the same symmetry, and 
therefore J.Lca=O. 

The third level is two-photon resonant with the ground 
state, (()ca-2(()~0, and one-photon resonant with the sec
ond state (()bc-(()~O. In this case, the density matrix solu
tion for this three-level case should be identical to the two
level system unless higher-order terms in the electric field, 
which depend on the presence of the two-photon reso-
nance, become significant. . 

The three-level system is spanned by the basis I aa;O) 
I bb;O) I ee;O) lab; -1) I ba; + 1) I ae; - 2) lea; + 2) I be; 
-1) I eb; + 1) by invoking the R W A, and considering only 
one- and two-photon resonant terms. The effective Liou
ville operator of Eq. (9) becomes 
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-iraa -iYba -iYea -Uab Uab 

0 -irbb -iYeb Uab -Uab 

0 0 -irec 0 0 

-Uab Uab 0 - l1ba- irba 0 

Uab -Uab 0 0 I1ba-irba 

0 0 0 -Ubc 0 

0 0 0 0 Ubc 

0 -Ube Ube 0 0 

0 Ube -Ubc 0 0 

using the relationships given in Eq. (15) as well as 

f-£bcE 
l1ea=hc-ha-2{J), ubc= 21Z . 

(23) 

Using Eq. (22) in Eq. (1), and inverting the corre
sponding matrix, leads to a high-order polynomial in the 
Laplace variable s, which cannot be backtransformed ana
lytically. However, approximations can be made that lead 
to an analytic solution for the density matrix. 

We chose a situation where the rate constants associ
ated with the lifetime of states can be assumed negligible 
during the pulse, i.e., Yba=Ycb=Yca=O. Since we will con
sider only short pulses, presumably shorter than the life
times of the excited states, this is a valid assumption. We 
will also assume the dipole moments of the two transitions 
are equal, f-£ba=f-£be' Since temporal overlap between the 

r = [S5+ (2rba+rca)s4+ (r~a+2rb~~.:a+8U2); 
- D . 

0 0 0 0 

0 0 -Ube Ube 

0 0 Ubc -Ube 

-Ube 0 0 0 

0 Ube 0 0 (22) 

- l1ea- irea 0 Uba 0 

O' l1ea-irea 0 -Uba 

Uba 0 - l1eb- ireb 0 

0 -Uba 0 I1cb-ireb 

pump and the probe pulse is not considered here, this as
sumption implies Uba=Ube=U' 

. _ ~h~n. bot~ the resonance condition and the dephasing 
rate are nonzero, the density matrix is still analytically 
unsolvable. Here we consider the case where the field is on 
resonance, I1ba=l1eb=l1ea=O, i.e., the molecular energies 
are equally spaced. When the laser is on resonance with the 
electronic transition, perturbation theory is likely to fail, 
and an exact solution is necessary. An analytic solution is 
also possible for the case rba=reb=rea=O. 

Using these approximations, the solutions for the den
sity matrix are algebraically simple, but lengthy. When the 
probe pulse interacts with a system prepared by the pump 
pulse, the most important terms will be associated with the 
popUlation terms of the density matrix. Below are the La
place transforms, Eq. (11) for these terms: 

(24) 

(25) 

. ;+ (rea+rba).i+ (5u2+rbarea)s+4u2rea . ;+ (rea+rba).i+ (2u2+rbarea)s+2u2rea 
rab=lU D .. - .. Paa(O) -lU· D Pbb(O) 

3u2s-2u2r 
'. ro (0) -lU D Pee' (26) 

iu3(3s+2r ca) . s3 + (r ea+r ba)?+ (r bar ea-U2)S 
rbe . D +lU D Pbb(O) 

. ;+crea+rba)?+(rbarea+8u2)S+6u2rea 
-lU D Pec(O), (27) 
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where 

D=(2u2+rbaS+?) [~+ (rea+rba )?+ (8u2 

+rearba)s+6u2real (28) 

for the case reb=rba . The density matrix elements are 
related by Pbb= 1-Paa- Pee and Pba = P~b' Peb = Pte' 

C. Comparison to perturbation theory 

Below we will compare the results of the nonperturba
tive evaluation of the density matrix of the two- and three
level systems to the usual perturbation theory expressions. 

For a two-level system, where the probe pulse follows 
the pump pulse with no overlap, perturbation theory to 
second order in the pump field and first order in the probe, 
yields7 (with -li= 1) 

(2)-Z'f
t 

dt'e-rba(t-t')JL 1? (t') (p(1)_p(I)*) Paa - ba'-"pu ba ba' 
-00 (W) 

and 

p~) =2i It dt'e-rba(t-t')eill.baCt-t')JLbaEpr(t') p~;) (t'). 

-00 (31) 

The density matrix is usually obtained indirectly in a 
pump-probe experiment via the polarizability due to the 
probe pulse. The polarizability is simply related to the den
sity matrix by the relation 

(32) 

For the two-level system considered here, this reduces to 

(33) 

However, for the three-level system, there is an extra term 
due to the presence of the third level: 

(34) 

The second term is related to the inverse transform of Eq. 
(27), Pbc- This term has a linear dependence on the elec
tric field when there is population present in the second 
level, which only occurs after the pump pulse. Expanding 
the backtransform of Eq. (27) to first order yields 

(I) • (Pbb- Pee) (l_e- rbat ) 
Pbe =1 r 

ba 
(35) 

The coherence Pbe contains higher-order intensity
dependent terms as well. For the three-level systems con
sidered here, Pbe is an order of magnitude smaller than that 
of Pab' 

If the inverse transform of Eqs. (17) and (18), corre
sponding to the popUlation and coherence for a two-level 
system, and Eqs. (24)-(27) corresponding to a three-level 
system with a two-photon resonant term, are expanded 
around the pump and probe electric field, respectively, the 

first nonlinear term, which is second order in the pump 
field and first order in the probe field, should be identical to 
that obtained from Eq. (31), using the time dependence of 
the electric field in Eq. (7). In order to compare the two
level system and the three-level system addressed here, the 
relation ilba=O is used in Eqs. (17) and (18), together 
with the limit rba--O. In this limit, both the two- and three
level systems reduce to 

(3) .[rba1"l+e-rbaTI-I] 
Pba =-l r2 

ba 

(36) 

where 1"1 is the pump duration, 1"2 is the probe duration, t' 
is the delay time between pump and probe, and t is the time 
after pump and probe. 

For an experimental situation corresponding to an in
tense pump pulse where all orders of the electric field 
should be considered, but with a weak probe pulse that can 
be described perturbatively, the two-level response reduces 
to 

(37) 

where R ( 1"1) is the nonperturbative population difference 
R = Paa( 1"1) - Pbb( 1"1) stemming from the pump pulse, and 
determined by Eq. (17). In the steady-state limit, for pop
ulations at the end of the pump pulse, Eq. (37) reduces to 
previous work,23 and shows the effects of saturation. 

The nonperturbative density matrix and the corre
sponding perturbation expression should be compared us
ing typical pump and probe pulse variables. To do so, the 
linear contributions p(l) are subtracted from the total den
sity matrix, leaving all nonlinear contributions intact. This 
allows us to compare perturbation theory, Eq. (36), with 
the nonperturbative solution. 

Figure 2 plots the nonlinear coherent density matrix 
element Pba- Ph!) as a function of the dephasing constant 
r ba' with r eb= r ba' The pump and probe pulses are 50 and 
5 fs respectively, with a 5 fs delay time between pulses. 
During the pump and probe the decay times are assumed 
to be zero, raa=rbb=ree=O, but, after the pump pulse, 
decay at a rate corresponding to T 1 = 1 ps. Both figures 
assume Epu=Epp with the field amplitude in Fig. 2(a) 
corresponding to an intensity of 100 MW /cm2

, and with 
Fig. 2(b) corresponding to 1 GW/cm2. The transition di
pole JLba=JLeb is 6.0 D. The solid line is the result from 
perturbation theory, with the dotted and dashed lines the 
nonperturbative two- and three-level results. Since the ex
act density matrix has been obtained in the limit of on
resonance interaction, the coherent density matrix consists 
only of pure imaginary terms. 

The dephasing rate for the two-photon resonance is 
rca= 1013 

S-1 for both figures. For the 100 MW Icm2 case, 
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FIG. 2. The imaginary part of the coherent density matrix element which 
describes a 50 fs pump,S fs probe interaction with 5 fs delay, minus the 
probe interaction only. The solid line corresponds to the perturbation 
result. The dash-dotted (lower) and dashed (upper) lines are the non
perturbative three-level and two-level result, respectively. (a) Electric 
field amplitude corresponds to 100 MW Icmz; (b) electric field amplitude 
corresponds to 1 GW Icmz. 

Fig. 2(a), the difference between the perturbation and non
perturbative results is indiscernible. However, at I GW / 
cm2

, higher-order nonlinear terms have appeared. For the 
two-level system, a lower value is obtained, as compared to 
perturbation theory. The presence of the third level is ap
parent in the higher values in this case. 

The sharpest difference between the nonperturbative 
and perturbative density matrix results when the dephasing 
time is long, i.e., r ba is small. This has the effect of allow
ing higher-order nonlinear terms to approach each other in 
magnitude. In other words, not only does the first nonlin
ear term p~t) appear, terms such as pW also contribute to 
the response. As the dephasing time becomes shorter, the 
nonperturbative results for both the two- and three-level 
system approach perturbation theory. 

The difference between nonperturbative and perturba
tive values for the density matrix should not depend on the 
delay time between the pump and probe pulses. If the pop
ulation density matrix elements display higher-order de
pendencies on the pump electric field, the population then 
decays at a uniform rate once the pump is turned off. This 
is apparent in Fig. 3, where rca=rba=I013 s-I, and the 

1.15 
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~ 
tf"-~~- -

J. 
I 1.05 

J. 
g 

1.00 

0 •• ' '-'----.JL--_L--L--___________ ..J 
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FIG. 3, The imaginary part of the coherent density matrix element which 
describes a 50 fs pump, 5 fs probe interaction with variable delay. The 
solid line corresponds to the perturbation result. The dotted and dashed 
lines are the exact three-level and two-level result, respectively. The elec
tric field amplitude corresponds to 1 GW /cmz. 

amplitUde of the electric field corresponds to I GW /cm2
• 

We have shown that in certain cases, third-order per
turbation theory no longer accurately predicts the dynam
ics 9[ the system. Furthermore, the presence of a third level 
has become important: the three-level system is no longer 
equivalent to the two-level system. 

III. TWO-LEVEL SYSTEM WITH AN EXCITED STATE 
VIBRATIONAL MANIFOLD INTERACTING WITH 
{j FUNCTION PULSES 

For very short pump and probe pulses, shorter than 
the period of typical vibrational modes, it is possible to 
observe the coherent vibrational states of many systems. 
We use the procedure for electronic states, as outlined 
above, to calculate nonperturbatively the response for the 
two-level system in Fig. 4, which consists of a single 
ground-state level, and an excited electronic level with a 
manifold of vibrational states. This type of system has been 
analyzed previously in a perturbative manner.6 Here, the 
system interacts with a {) function pulse, which mimics the 
short pulses used, and at the same time facilitates a non
perturbative calculation. 

{Ia>\ 

Ii> 

FIG. 4. Two-level system with excited state vibrational manifold. 
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For this system, the time-independent Hamiltonian in 
Eq. (12) becomes (Fig. 4) 

Ho= I i)mi{i1 + L I a)ma{a I (38) 
a 

with 

f.L= L /a)f.Lai(i/ +c.c. (39) 
a 

-irii -iYai iYbi -Uai Uai -Ubi 

0 ":"'iraa 0 Uai -Uai 0 

0 0 -irbb 0 0 Ubi 

-Uai Uai 0 Aai-irai 0 0 

Uai -Uai 0 0 Aai-irai 0 

The transition dipole moment now consists of both an elec
tronic part and a Franck-Condon type overlap between the 
ground and excited state, f.L=f.L,pai where Sai={a/i). 

Transitions within the excited state manifold are ne
glected. The system is spanned by the basis I ii;O) / aa;O) 
Ibb;O) lai;-l) lia;+I) /bi;-I) lib;+I) lab;O) Iba;O), 
within the RW A. Only one-photon resonant states are con
sidered. The state I ba;O) reflects the individual vibronic 
populations. The effective Liouville operator of Eq. (9) 
becomes 

Ubi 0 0 

0 0 0 

-Ubi 0 0 

0 0 Ubi 

0 -Ubi 0 (40) 

-Ubi 0 Ubi 0 0 -Abi-irbi 0 Uai 0 

Ubi 0 -Ubi 0 0 0 Abi-irbi 0 -Uai 

0 0 0 0 -Ubi Uai 0 -mba-iYha 0 

0 0 0 Ubi 0 0 -Uai 0 mba-iYha 

with Yha corresponding to pure vibrational dephasing. 

A S function pulse implies the limit t -> 0, E -> 00, and therefore the area of the pulse, Et, becomes a constant. In this 
limit, all dephasing and lifetime processes become unimportant during the pulse, and as a result, are easily calculated: 

PiiCt) = [~cos(2cf.Le) +~] Pii(O), (41) 

(42) 

(-f.L;JLti-f.L!JLbi)sin(2cf.Le) + (2f.L;JLti+ 2f.LbJL!i)sin( 2cf.Le) 
+ sPab(O) 

f.Le 

(-f.L!JLbi-f.L;JLti)sin(2cf.Le) + (-2f.L;JLti+2f.L~i)sin(cf.Le). ] + 5· Pba(O) , 
f.Le 

(44) 

where c=Et the constant area of the pulse, and we have 
taken advantage of the relation };af.L;S~i= 1f.L;. 

Experiments involving a pump and probe pulse usually 
measure the absorption cross section, or differential trans
mittance. The absorption cross section is related to the 
polarization by 

a(m) = (41Tm/c)Im[P(m)/Epr(m)]. (45) 

The polarization is obtained using Eq. (33) and by sum-

ming over all transitions in the coherent density matrix 
elements as well as the transition dipole moments: 

P(t)= Lf.LaiPai(t)· (46) 
ab 

Figure 5 shows the nonperturbative differential trans
mittance of a two-level system interacting with S function 
pump and probe pulses, together with the perturbative re
sult, for varying delay times between the pump and probe 
pulse.6 The area of the pulse is constant, with /1eEt=6 
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ground and vibrational frequencies of 1000 cm -1. The excited state has a 
dimensionless displacement of 1.0. The li function pulses have a constant 
area with field corresponding JL.,Et=6X3.06X 10-4

• 

X3.06X 10-4
, which could be obtained by using an elec

tric field amplitude corresponding to 1 GW Icm2 with t= 1 
fs, and /Le=6.0 D. The excited state is modeled as an har
monic oscillator with frequency 1000 cm -I (correspond
ing to a period of - 33 fs) and is displaced from the ground 
state by a dimensionless displacement factor of 1.0. Since 
the pure vibrational dephasing rate rba is usually slower 
than the delay times considered here, the rate is approxi
mated by the relation rta = rba' where rba=0.3 X 1012 

S-I 

and rba=4.7X 1012 s- . Delay times of 30 and 60 fs, cor
responding to multiples of the oscillator period, show iden
tical Franck-Condon overlap with the ground state, with 
some broadening due to dephasing, as compared to the 
zero delay transmittance. At 15 fs, the excited state wave 
packet is at the far turning point of the excited state, and 
therefore the Franck-Condon overlap with the ground 
state is diminished. 

As Fig. 5 shows, there is no discernable difference be
tween the nonperturbative and perturbative result. This 
persists even at unrealistically high values for the area of 

the pulse. Since the /j function pulse is shorter than all 
other processes, there is no time for higher-order interac
tions to develop, and perturbation theory becomes valid. 

IV. DISCUSSION 

We have shown in Sec. II that the response of a pulsed, 
square-envelope electric field interacting with a many-level 
system can be calculated without recourse to perturbation 
theory. This yields a density matrix, and consequently the 
polarization or the transmittance, which contains all pow
ers of the electric field. Both a two- and three-level system 
have been used to illustrate this technique. In these special 
cases, an analytic expression for the density matrix is pos
sible. 

The usual perturbative result for a two-laser, pump
probe experiment, where the pump pulse is evaluated to 
second order in the electric field, and the probe pulse to 
first order, can be recovered from the exact result by ex
panding around the electric fields. As shown in Sec. II, for 
both the two- and three-level cases, situations arise where 
pert~rbation the~ryis no longer valid. In the cases consid
ered here, with no temporal overlap between the pump and 
probe pulse, the pump pulse prepares a population on the 
excited states, which is then probed coherently by the 
probe pulse. Perturbation theory should be valid for the 
pump probe if there is no significant population change, 
that is25,26 

(47) 

where 7 is the pulse length. If a significant amount of pop
ulation is transferred to the excited states, perturbation 
theory is no longer accurate. 

Figures 6 and 7 show the population of two and three 
levels as a function of the coherence r ba' obtained nonper
turbatively from Eqs. (19), and (26) and (27). Parame
ters are the same as in Fig. 2. The population is calculated 
after the delay time (5 fs) between the pump and the probe 
pulse. 

Figure 6 uses an electric field that corresponds to an 
intensity of 100 MW Icm2

• Here the population of the 
ground state remains near unity, with no significant popu
lation in the excited states, and with no noticeable differ
ence between the two- and three-level systems. This situa
tion corresponds to the case in Fig. 2(a), where 
perturbation theory is equivalent to the exact result. Figure 
7 show the popUlations for an electric field that corre
sponds to an intensity of 1 GW /cm2• In this case, the 
population of the excited states has become appreciable, 
and the difference in population between the two- and 
three-level systems is apparent. 

The level popUlations are also a function of the dephas
ing rate. When the dephasing time is long, r becomes 
small and approaches the value of the Rabi frequency, /LEI 
fl. This is where perturbation theory is likely to fail. Fig
ures 6 and 7 show that as r becomes large, the two- and 
three-level populations becomes equal. 
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FIG. 6. Populations of levels a, b, and c. The solid and dashed lines 
correspond to two- and three-level cases, respectively. Parameters are the 
same as in Fig. 2. Here the electric field corresponds to 100 MW /cm2. 

In this paper we have modeled the time-dependent 
pulse shape as a square envelope, which allows a nonper
turbative density matrix calculation. By using the proce
dure outlined in Sec. II, a pulse shape can be approximated 
by a quadrature technique: at step times during the pulse, 
the density matrix is evaluated, and the new initial condi
tion is used for the next step. In this way, the interaction 
with any pulse shape can be calculated to all orders of the 
electric field. 

For a two-level system with an excited state vibrational 
manifold, a nonperturbative solution can be obtained in the 
limit of 8 function pulses, Sec. III. In this limit perturba
tion theory remains valid, and a nonperturbative solution is 
not necessary. However, the results of Sec. II suggest that 
longer pulses interacting with vibrational manifolds may 
necessitate a nonperturbative approach as well. 

For simple illustrative models, such as those presented 
here, a perturbative calculation which involves higher
order terms p(S), p(7), etc. is also possible. However, the 
present method shows that more complex models can be 
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FIG. 7. Populations of levels a, b, and c. The solid and dashed lines 
correspond to two- and three-level cases, respectively. Parameters are the 
same as in Fig. 2. Here the electric field corresponds to 1 GW /cm2. 

treated easily with the use of numerical and symbolic 
methods. 
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