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Hyper-Rayleigh scattering of centrosymmetric molecules in solution
S. N. Yaliraki and R. J. Silbeya)

Department of Chemistry and Center for Materials Science and Engineering, Massachusetts Institute of
Technology, Cambridge, Massachusetts 02139

~Received 2 February 1999; accepted 22 April 1999!

We study theoretically the harmonic light scattering~HLS! of centrosymmetric molecules in
solution. Since HLS is inherently absent for centrosymmetric molecules, the intensity and line shape
are obtained by taking into account two distinct physical processes: solute vibrational transition and
solvent effective field contribution. The intensity is expressed in each case as the Fourier transform
of the relevant time correlation functions. The implications for experiments, which use HLS to
determine the first hyperpolarizabilityb of optically interesting molecules, are discussed. ©1999
American Institute of Physics.@S0021-9606~99!01427-0#
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I. INTRODUCTION

Interest in hyper-Rayleigh and hyper-Raman light sc
tering has been recently revived as an advantageous
nique for studying the second-order nonlinear response
molecules in solution.1–5 The hyper-Rayleigh process of th
annihilation of two incident photons of frequencyv and the
creation of a scattered photon at 2v is often referred to as
incoherent harmonic light scattering~HLS!. Similarly,
hyper-Raman scattering corresponds to a scattered phot
2v6vm , vm being an eigenfrequency of the molecu
Decius and Rauch6 first proposed the hyper-Raman pheno
enon in 1959, which was subsequently observed in the
periments of Terhune, Maker, and Savage7 in 1965. Since
then, selection rules for different symmetry groups and st
ies of line shape have been discussed. Experiments
theory were reviewed in Ref. 8. Interest in this techniq
waned because of difficulties in experimental observation

Experimental improvements and the quest for suita
materials for nonlinear optical~NLO! applications motivated
a reexamination of this technique. Electric-field induc
second-harmonic generation~EFISHG!, the most frequently
used technique for the characterization of the first hyper
larizability b of molecules, is unfortunately limited to dipola
and nonionic species. This is due to the necessity of align
the molecules in solution through their dipole moment by
applied electric field, thus precluding characterization of
above systems. Also, in this experiment,b is obtained indi-
rectly: the measured quantity is the second hyperpolariza
ity g, and the projection ofb in the direction of the dipole
moment. Consequently, knowledge of both the dipole m
ment andg is necessary to extract information aboutb.

Unlike EFISHG, HLS offers the possibility of exper
mentally measuring the first hyperpolarizabilityb of mol-
ecules with no ground state permanent dipole moment o
ionic molecules in solution. In the first category lies a ne
class of molecules that are promising candidates for ma
als for NLO applications: octupolar molecules;1,9 in the sec-
ond category are synthetic polymers with NLO chr

a!Electronic mail: silbey@mit.edu
1560021-9606/99/111(4)/1561/8/$15.00
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mophores, and natural proteins.3 Furthermore, HLS
experiments measureb directly.10–12 The advantage of this
technique then becomes twofold: experimental observa
of otherwise inaccessible molecular hyperpolarizabilities a
direct measurement ofb.

In the case of centrosymmetric molecules, whose fi
hyperpolarizabilityb vanishes identically in the electric di
pole approximation due to symmetry, no hyper-Raylei
scattering is expected. Nevertheless, intensities at appr
mately the doubled frequency, 2v, have been observed fo
molecules with a center of inversion.13,14 The origin of this
phenomenon now becomes important if this technique w
to be used for determining theb of molecules.

In this paper, we focus on hyper-Rayleigh and hyp
Raman scattering of centrosymmetric molecules in solut
to elucidate the way hyperpolarizabilities are probed in th
processes. Our approach is to take into account the sol
~not necessarily of centrosymmetric molecules!. The results
may then be extended to noncentrosymmetric molecules

The induced polarizationP of a single solute molecule
may be expressed, to second order in the incident fieldE, as

P5a•E1b:EE.

Since the polarization vector must change sign under inv
sion, b vanishes identically for centrosymmetric molecul
and no HLS is expected. But if the response of the solven
taken into account, an additional effective fieldF is present,
which is zero on the average, but with low frequency insta
taneous fluctuations. This additional field can mediate one
the transitions in the solute, that is

P5a•E1b:EE1ḡ]EEF.

The participation of the low frequency components of th
solvent field then cause the solute’s response at the H
frequencies. We consider then two possible mechanisms
brationally induced hyper-Raman scattering, and hyp
Rayleigh scattering involving an effectiveḡ instead ofb,
with an additional field produced by the solvent molecul
In this case the spectrum of noncentrosymmetric molecu
would contain bothb andg contributions.
1 © 1999 American Institute of Physics
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This paper is organized as follows: In Sec. II, we co
sider the vibrationally induced hyper-Raman terms. A
though this has been treated earlier,15 we give a new deriva-
tion that provides a basis for the later sections on harmo
Rayleigh scattering. We express the scattered intensity a
Fourier transform of the appropriate correlation functio
using the Heisenberg picture in order to make an interpr
tion due to molecular motions as well as a classical co
spondence. We derive expressions forb taking into account
vibrations and then obtain the correlation functions gove
ing the spectral density. In Sec. III, we obtain similar expr
sions for the effectiveg̃, as well as the solvent field correla
tion function. Implications for experiments are discussed
Sec. IV.

II. HYPER-RAMAN SCATTERING: b CONTRIBUTION

Hyper-Raman scattering around the hyper-Rayleigh
has been experimentally reported.16 In this section we obtain
the scattering intensity in terms of the Fourier transform
the b time correlation function.17 It is the molecular motion
that modulates the polarizability. Here, we neglect trans
tional motion; rotations and vibrations of the molecule a
considered independently. The line shape is then conne
to the reorientational correlation function and to the vib
tional relaxation of the normal modes of appropria
symmetry.18,19

Our treatment applies to an isolated molecule. To tr
liquid samples we apply the following assumptions: isotro
liquids and no angular correlations between molecules s
rated by distances of the order of the radiation. The dip
approximation will be invoked throughout this paper. If
may not apply in the sample as a whole, the sample may
divided in scattering volumes whose size is small compa
to the scattering wavelength and large over distances of
lecular correlations.20,21 It is the normalized cross sectio
then that needs to be evaluated. Also, the phases of v
tions in different modes are usually treated as uncorrela
so the correlation function of the vibrations of different mo
ecules vanishes.

From time-dependent perturbation theory, we obtain
most general differential cross section per molecule to th
order ~see Appendix A! ~here e i is the unit vector in the
direction of thei th field!

I ~v!}ds/dV

5(
i

r i(
f

u^ i r ue3
•b:e2e1u f r&u2d~v f i1vFI !, ~1!

whereb is the electronic polarizability tensor:

b5(
n,m

^ f umun&^numum&^mumu i &
~v in2~vk11vk2!!~vmi2vk1!

15 terms. ~2!

Throughout the paper, we use lower-case letters to de
molecular states and upper-case letters to describe the
tromagnetic field states.ui& and uf& are the initial and final
vibronic states of the scatterer. In the HLS experimentu i &
5u f &, which is allowed for a noncentrosymmetric molecu
For a centrosymmetric molecule, the transition moment e
Downloaded 28 Oct 2012 to 18.111.117.123. Redistribution subject to AIP l
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ments in the expression forb cannot all be simultaneousl
different from zero. So we take into account the vibron
states and show that, given a transition between vibratio
states of the proper symmetry may occur, scattering is n
allowed. u i r& and u f r& correspond to the rotational state
taken to be independent of the vibronic states. Before s
tering, the sample is assumed to be in equilibrium so
initial states obey a Boltzmann distribution.v[vFI is the
frequency difference between the scattered photon (v3 with
polarization e3) and the incident photons (v1 ,e1 , and
v2 ,e2). In an HLS experiment,v15v2 ; e15e2 , and the
tensor is symmetric with respect to exchange of the last
indices only. As long as the incident and scattered light f
quencies are far from absorption frequencies, the tenso
usually taken as symmetric. The validity of this approxim
tion is discussed in Ref. 22 where selection rules are
tained for the nonsymmetric case.

To proceed, we will separate the nuclear and electro
motion according to the Born–Oppenheimer approximat
and express the wave functions in the Herzberg–Teller
pansion. Our treatment will be valid for the nonresonant c
only ~where the HLS experiments are usually performed! so
that intermediate vibrational states may be summed. A
we restrict our interest to transitions for which both the in
tial and final vibrational states lie in the nondegener
ground electronic state.

We now express the scattering cross section in term
the relevant correlation functions. We first convert the de
function to its Fourier integral representation

d~v!5
1

2p E
2`

`

dt exp~ ivt !

and substitute in Eq.~1!:

ds/dV}
1

2p (
i

r i(
f

^ i ue3
•b:e2e1u f &^ f ue3

•b:e2e1u i &E
2`

`

dt exp@ i ~vFI1v f2v i !t#.

Expressing the energieshv i and hv f as eigenvalues of the
HamiltonianH acting on the initial and final states, respe
tively, and summing over all the final states, we obtain

ds/dV}(
i

r i(
f

1

2p E
2`

`

dt exp~ ivFI t !

3^ i ue3
•b:e2e1 exp~ iHt /h!e3

•b:e2e1

3exp~2 iHt /h!u i &, ~3!

whereH is the Hamiltonian of the system in the absence
the optical fields. By defining the quantum mechanical o
erator,b̂,

b̂~ t !5exp~ iHt /h!b̂~0!exp~2 iHt /h!

so that it obeys the Heisenberg equation of motion, and
noting the statistical average by brackets^ &, Eq. ~3! reduces
to
icense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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1563J. Chem. Phys., Vol. 111, No. 4, 22 July 1999 Hyper-Rayleigh scattering
I ~v!}
1

2p E
2`

`

dt exp~ ivFI t !^@e3
•b̂~0!:e2e1#

3@e3
•b̂~ t !:e2e1#&. ~4!

If the average is interpreted in the classical sense, the cla
cal description is recovered. In the quantum case the orde
of the operators is significant. By neglecting translations
time dependence of the tensorb arises only from reorienta
tion of the molecules. The orientational correlation functi
depends on the symmetry of the molecule and polariza
vectors. The averaging may be done using the direction
sine method or the characteristic rotation matrices~e.g., Ref.
23!.

Including the vibrational states may be done using
semiclassical expression for the expansion of the electr
polarizability in terms of the electronic polarizability follow
ing Placzeck, namely

b~ t !5b0~ t !1(
n

]b~ t !/]qn~ t !uq50qn~ t !

or the Herzberg–Teller expansion of the excited vibro
state. This is the expansion of the electronic wave funct
~in the adiabatic approximation! in a Taylor series of dis-
placement of the nuclear coordinates from their ground s
equilibrium position. For an excited stateue&,

ue&5ue0&1 (
mÞe

^m0u
dH

dq
ue0&qum0&

Eem
0 .

The comparison between the two approximations has b
commented on in Ref. 15.

By making the latter substitution, assuming the nonre
nant case, and dropping vibrational frequencies from the
nominator, so that summation over intermediate vibratio
states is possible, we obtain an effectiveb, beff with 24
terms, each one derivable from the standard from forb24 by
substituting the above expression forue& into each of the
separate terms ofb. A typical term is

(
n,m,e

^gumue&^eu
dH

dq
un&^numum&^mumug&^ f uqu i &

vne~v in2~vk11vk2!!~vmi2vk1!

123 terms. ~5!

From Eq.~5! we can see that scattering is no longer forb
den, and depends on the symmetry of the vibrational nor
modes.

Following the same procedure as above, we rewrite
~5! in terms of orientational and vibrational correlation fun
tions:
Downloaded 28 Oct 2012 to 18.111.117.123. Redistribution subject to AIP l
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I ~v!}
1

2p E
2`

`

dt exp~ ivFI t !^e3
•b~0!:e2e1e3

•b~ t !:e2e1&^qn~o!qn~ t !&.

So we can see that a line shape at frequency 2v is pos-
sible for centrosymmetric molecules modulated by the vib
tions. The linewidth will have contributions from rotationa
molecular motion.

III. HYPER-RAYLEIGH SCATTERING: g̃
CONTRIBUTION

In this section we take into account the solvent. T
solvent molecules create a fieldF on a solute molecule. On
average,̂ F&50, but instantaneously, this field exhibits lo
frequency time dependencies~i.e., with Fourier components
vd'0). In particular, the single particle autocorrelatio
function of the field due to reorientation of the solvent mo
ecules^F(0,r )F(t,r 8)&Þ0. Such a function is solvent de
pendent.

The HLS experiment then depends on the second hy
polarizability of the molecule~fourth order in perturbation
theory! g̃(22v;v,v,0), where the third field is provided b
the solvent. In this proposed picture, the hyper-Rayle
scattering from the noncentrosymmetric molecules in so
tion will then appear as a result of two contributions: theb
term, and theg̃ term.

To obtain the intensity we follow the same procedure
in Sec. II. Here we ignore the vibrations. The fourth-ord
perturbation theory expression is given in Appendix B. T
cross section is now

ds/dV}(
i

r i(
f

(
a,b

raau^ i ,asolvug̃•FW u f ,bsolv&u2

3d~v f i1vFI1vd!,

where FW is the solvent field,a and b the initial and final
solvent states, respectively, andraa the equilibrium distribu-
tion of the initial solvent states. The important frequenc
vd are expected to be small compared tov and 2v. Rear-
ranging the above equation in a similar manner to Sec. II,
obtain

ds/dV}
1

2p E dt exp~ ivFI t !^g̃~0!g̃~ t !&^FW ~0!FW ~ t !&,

where

^FW ~0!FW ~ t !&5(a,b ra,aFabFba~ t !5(q FqFq* eivqt

with q the frequency components of the solvent field and
g̃5 (
k,l ,m

F ^ f umuk&^kumu&^ l umum&
~vki1~vk32vk12vk2!!~v l i 2~vk11vk2!!

^mumu i &
~vmi2vk1!

123 termsG .

icense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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1564 J. Chem. Phys., Vol. 111, No. 4, 22 July 1999 S. N. Yaliraki and R. J. Silbey
This expression differs from the standard perturbat
expression forg in one way: one of the interactions is wit
the solvent field instead of the electromagnetic field.

For the HLS experiment, we can express

vFI5v32v22v15v22v0

in terms of the incident frequencyv0 and the scattered on
v, so the scattering cross section now becomes

ds/dV}
1

2p E dt ei ~v22v0!t^g̃~0!g̃~ t !&^FW ~0!FW ~ t !&.

~6!

We proceed to calculate each of the correlation fu
tions.

A. The effective g̃ correlation function: Šg̃„0…g̃„t …‹

Each experimental setup probes specific component
this tensor depending on the experimental geometry and
cident light polarization and the symmetry of the molecu
The selection rules forg̃ remain the same as in the third
order experiments, even though the prefactor for the am
tude differs since the additional field is not the electrom
netic radiation field. The time dependence of the ten
comes primarily by way of variation in molecular orient
tion; the translations produce a considerably smaller ef
and are neglected. So we can write

^g̃~0!g̃~ t !&51/8p2E
V~0!

E
V~ t !

g i jkl gmnop*

3 f ~DV,t !dV~0!dV~ t !,

where f (DV,t) is the probability density for a given mol
ecule to change molecular orientation bydV within time t
and be can further expressed in terms of rotation matric25

DMM
J and a function of time that depends on the type

rotational motion

f ~DV,t !5(
J,M

DMM
J ~DV! f M

J ~ t !.

The tensor components ofg must also be transformed ac
cordingly from the laboratory to the molecular frame. Th
may be done again through the rotation matrices.19 Assum-
ing the rotational motion exhibits simple Debye rotation

diffusion, f M
J (t)}e2t/tm

J
. For a symmetric top molecule~e.g.,

benzene or any molecule of the point groupD6h), we
obtain25

^g̃~0!g̃@V~ t !#&}(
J,M

uGM
J u2e2utu/tm

J
, ~7!

where GM
J depends on the point group symmetry of t

molecule26 and is time independent. The time constantstm
J

are known or accessible experimentally for the solute.19 The
details of this correlation function are beyond the scope
this work. The important point is that there be a nonvani
ing component of this tensor. We can now turn to the role
the solvent molecules’ effective field in the HLS process
Downloaded 28 Oct 2012 to 18.111.117.123. Redistribution subject to AIP l
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B. The solvent field correlation function: ŠF„0…F„t …‹

As our treatment of HLS includes the polarization flu
tuations of the solvent, to proceed we must calculate
solvent field correlation function. We describe the solvent
a dielectric continuum and treat its response within line
response theory. This response in the incident applied fie
described then by the appropriate susceptibility evoking
fluctuation-dissipation theorem. The simplest approach
chosen to illustrate the physical process involved. Future
corporation of a more sophisticated solvent description a
future stage is possible in this formalism.

To express the fluctuations of a fieldf in terms of the
susceptibilitya of a physical quantityx to an external per-
turbation, the corresponding ‘‘f 2x’’ pair must be chosen
appropriately. This may be done by considering the cha
in energy absorbed or dissipated by the system under
influence of the perturbation27

dU

dt
52 x̄

d f

dt
. ~8!

In linear response the generalized susceptibility rela
the Fourier componentsf v of the perturbation to the compo
nents of the quantityx̄ describing the system,

xv5a~v! f v ,

and it can decomposed in real and imaginary parts with d
nite symmetry properties obeying the Kramers–Kronig re
tionship

a5a81 ia9.

Once this is established the rest is straightforward wit
the assumptions of the theory of linear response:

^xx~ t !&5E
2`

`

^xx~v!&e2 ivt dv, ~9!

where

^xx~v!&5
kT

pv
a9~v!

and

^ f f ~ t !&5E
2`

`

^ f f ~v!&e2 ivt dv ~10!

with

^ f f ~v!&5
kT

pv

a9~v!

uau2 .

For a dielectric body in a variable external field, the chan
in energy is given by28

]U

]t
5E 1

4p
EW

]DW

]t
dV, ~11!

where DW is the dielectric displacement andEW the electric
field in the medium. Also,

DW v5e~v!EW v ,

where the dielectric functione~v! is given by
icense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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1565J. Chem. Phys., Vol. 111, No. 4, 22 July 1999 Hyper-Rayleigh scattering
e~v!5e`1
es2e`

12 ivt
. ~12!

e` describes the instantaneous reaction of the system to
external perturbation andes is the static dielectric constan
that ises5e(0).

Comparing Eq.~11! with Eq. ~8!, we identify

EW→x, DW→ f ,

which implies

a~v!5e21~v!.

Making the above substitution into Eqs.~9! and~10! we
obtain

^EE~ t !&5E
2`

`

dv e2 ivt
kT

pv

2e9

ueu2
~13!

and

^DD~ t !&5E
2`

`

dv e2 ivt
kT

pv
e9,

since we assume that the solution is isotropic.
This instantaneous solvent fieldE provides the addi-

tional field on the solute molecules in the scattering proce
Its correlation function is given by Eq.~13!.

From Eqs.~12! and ~13! we obtain

^EE~ t !&5E
2`

`

dv eivt
kT

p

t~es2e`!

es
21e`

2 v2t2

5kT
~es2e`!

ese`
e2utu/tsol, tsol5e`t/es . ~14!

Substituting the solute correlation function@Eq. ~7!# and the
solvent correlation function of Eq.~14! into the scattered
light intensity function for the HLS process in Eq.~6!, we
obtain the final result

ds/dV}
kT

2p E dtei ~v22v0!t(
J,M

uGM
J u2

~es2e`!

ese`

3e2utu~1/trot11/tsol!

5kT(
J,M

uGM
J u2

~es2e`!

ese`

3
2@1/t rot11/tsol#

~v22v0!21~1/t rot11/tsol!
2 . ~15!

The molecular symmetry is embedded into the funct
GM

J that contains the polarizability tensor elements wh
will be nonvanishing depending on the solute symmetry,
experimental geometry, and the polarization of the incid
light. The rotational motion of the solute will contribute t
the line shape a sum of several Lorentzian functions. For
same solute molecule immersed in different solvents, we
see from Eq.~15! as well as Fig. 1 that the width and inten
sity of the line shape will vary. We see that it is possible
obtain a response from centrosymmetric molecules dep
ing on the solvent.
Downloaded 28 Oct 2012 to 18.111.117.123. Redistribution subject to AIP l
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IV. DISCUSSION

Although HLS was discussed in the literature in the la
1960s and early 1970s29–31 the approaches taken were sy
tem specific. Gelbart’s approach, applied on atomic flu
only, considers the cluster expansion of a many-bodyb
which depends parametrically on the positions of all the
clei. The first nonvanishing contribution arises then fro
triplet cluster terms. Kielich considers an expansion of
higher order moments of the centrosymmetric molecules
attributes the effect to correlations among higher order m
ments. Our approach is more general. We have used a t
dependent correlation function method which allows us
develop a general formalism. System-specific details may
applied at each stage.

We have shown that hyper-Rayleigh and hyper-Ram
light scattering are possible, even in the presence of ide
cally vanishingb. There is a solvent contribution that in
volves the second hyperpolarizability of the solute. The l
shape then, centered at frequency 2v0 , is a sum of Lorent-
zian peaks from contributions of the reorientations of t
solute as well as the response of the solvent. The intensit
the peak is also solvent dependent. The solvent is tre
here in a simple way,32 but more sophisticated description
may be incorporated in the formalism. For example, accu
information for the solvent correlation function may be e
tracted from molecular dynamics simulations. Finally, it
important to note that we have treated the problem in
weak system–solvent interaction regime, so that they are
amenable to separate descriptions.

This solvent effect may be important as harmonic lig
scattering is reintroduced as an advantageous techniqu
measure the hyperpolarizabilityb of potentially important
materials for nonlinear optics and should be taken into
count. For noncentrosymmetric molecules, the relative m
nitude of the contributions fromb and the effectiveg should
be different, so that the latter may become negligible w
the appropriate choice of solvent.

FIG. 1. Intensity of scattered light of the same centrosymmetric ch
mophore in different solvents typically used in the experiments of Ref
~closed circles! chloroform (es54.78, e`52.20, t55.4 ps), ~gray solid
line! bromoform (es54.39,e`52.70,t519 ps),~black solid line! nitroben-
zene~es534.89,e`52.52, t541 ps),~open circles! quinoline (es59, e`

52.77, t545 ps) assuming single molecular rotational contributiont
52.5 ps). The numbers are taken from Ref. 31.
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APPENDIX A: HLS CROSS SECTION

In this Appendix, the differential cross section for th
‘‘quasielastic’’ HLS of centrosymmetric molecules in sol
tion is calculated, with the radiation field treated quantu
mechanically for generality, although a classical treatmen
possible and yields basically the same results. The pho
states are in capital letters, and the molecular states a
lower case. The total differential cross section,ds/dV, is
given by

ds

dVU
F←I

5
V

cdV
TF←I ,

whereTF←I is the transition rate from the molecular initia
stateuiu& to the final molecular stateuf& and may be obtained
from time-dependent perturbation theory.c stands for the
speed of light andV for the enclosed volume.F and I cor-
respond to the total final and initial state of the molecul
photon system.

Now,

TF←I5(
f

r f(
i

r i

uCf← i u2

t
~A1!

is related to the transition amplitudeCf← i(t) from the initial
to the final state of the system as well as the density of fi
and initial states per unit energy per unit volume:r f andr i ,
respectively. We assume that before each photon is scat
the sample has come to equilibrium so that

r i5
e2\v i /kT

( ie
2\v i /kT .

The density of final states is given by

r f5
dV

\

v82

~2pc!3 ,

wherev8 is the frequency of the scattered photon anddV

the solid angle within which lies its wave vectorkW8.
We now proceed to calculate the transition amplitude

third order in perturbation theory. Formally,

Cf← i~ t !~3!5
1

~ i\!3 E
0

t

dt^ f uVI~t!E
0

t

dt8VI~ t8!

3E
0

t8
dt9VI~ t9!uC I~0!&. ~A2!

VI is the time-dependent part of the Hamiltonian in the
teraction representation. In our case,

H5H01H~ t !,

whereH0 is given by

H05Hsystem1H radiation

and
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H~ t !5H interaction.

Only the terms which annihilate or create one quantum n
be considered andH interaction[H(1). By inserting complete
set of states in Eq.~A2!, we obtain for the transition ampli
tude of the annihilation of two incident photons of wav
vector kW1 ,kW2 and polarizationl1 ,l2 and the creation of a
photon with wave vectorkW3 and polarizationl3 :

Cf← i
~3! ~ t !ukW3l3←kW2 ,l2 ;kW1 ,l1

5
1

~ i\!3 (
n,m

E
0

t

dtH~1! f neiv f nt

3E
0

t

dt8H~1!nmeivnmt8E
0

t

dt9H~1!mie
ivmit9.

There are three possible Feynman diagrams for this p
cess corresponding to the different sequences of annihila
of two quanta, and creation of a third quantum. The abo
sum thus has six terms. Looking carefully at one of t
terms, namely the annihilation of photonkW1 ,l1 followed by
that of photonkW2 ,l2 , the emission ofkW3 ,l3 we obtain:

Term 1

5
21

i\ (
n,m

E
0

t

dteivFIt1 iv f it

3
^ f upl3

e2 ikW3•rWun&^nupl2
e2 ikW2•rWum&^mupl1

eikW1•rWu i &
@vni2v12v2#@vmi2v1#

3~e/m!3~2p\/V!3/2S nk1
nk2

nk311

v1v2v3
D 1/2

. ~A3!

The occupation numbersnk,l are the number of quant
with wave vectorkW and polarizationl; vFI[v32v22v1 ;
v f i[(e f2e i)/\. The scattering system is constructed byN
units each ofna charged particles which can be regarded
independent of each other. Within each unit the exponent
can be regarded as constants. ForRW a , the vector from an
arbitrary origin to a fixed point in the scattering unita and
for e^kupl ium&5 imvkm^kuml ium&, Eq. ~A3! becomes

Term 1

5
2 i

\ E
0

t

dteivFIt1 iv f it (
a51

N

eiRW a•~kW11kW22kW3!

3(
n,m

^ f um rl3
un&^numl2

um&^muml1
u i &

@vm2v i2v1#@vn2v i2v12v2#

3 im3vmivnmv f n~2p\/V!3/2S nk1
nk2

nk311

v1v2v3
D 1/2

.

The remaining five terms are permutations of Term 1.
we can rewrite the transition amplitude

Cf← i
~3! ~ t !}E

0

t

dt expivFIt1 iv f itb,
icense or copyright; see http://jcp.aip.org/about/rights_and_permissions
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whereb corresponds to the terms in the sum and substi
into Eq. ~A1!. The modulus squared of the integral divide
by t gives a delta function 2pd(vFI1v f i), so the final result
then is

ds

dV
}(

f
(

i
r i ubu2d~v f2v i1v32v22v1!. ~A4!

APPENDIX B: FOURTH-ORDER CONTRIBUTION

We now proceed to calculate the transition amplitude
fourth-order perturbation theory in the incoming fields, th
is,

Cf← i~ t !~4!5
1

~ i\!4 E
0

t

dt^ f uVI~t!E
0

t

dt8 VI~ t8!

3E
0

t8
dt9 VI~ t9!E

0

t9
dt- VI~ t-!uC I~0!&.

~B1!

Inserting a complete set of states in Eq.~B1!, we obtain
the transition amplitude for the annihilation of two incide
photons of wave vectorkW1 ,kW2 and polarizationl1 ,l2 and the
creation of a photon with wave vectorkW3 and polarization
l3 :

Cf← i
~4! ~ t !ukW3l3←kW2 ,l2 ;kW1 ,l1

5
1

~ i\!4 (
klm

E
0

t

dtH f k
solveiv f ktE

0

t

dt8H~1!kle
ivklt8

3E
0

t8
dt9H~1! lmeiv lmt9E

0

t9
dt-H~1!mie

ivmit-.
-

ys

pe
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There are four possible Feynman diagrams for this p
cess corresponding to the different sequences of annihila
of two quanta, the creation of a third quantum, and an in
action with the solvent. The above sum thus has 24 term

In exactly the same manner as in Appendix A, we obt

Term 1

5
2 i

\ E
0

t

dteivFIt (
k,l ,m

(
a51

N

eiRW a•~kW11kW22kW3!vklv lmvmi

3~2p\/V!3/2
nk1

1/2nk2

1/2nk311
1/2

~v1v2v3!1/2 H f k
solv

3
^kuml3

u l &^ l uml2
um&^muml1

u i &
@vki1v32v12v2#@v l i 2v22v1#@vmi2v1#

.

~B2!

Now, we substitute forHsolv,

Hsolv5m•F,

so that

H f k
solv5(

l
^ f umluk&•F.

Combining all the above, the scattering cross section
comes
ds

dV
}(

f
(

i
r iU(

a51

N

eiRW a•~kW11kW22kW3! (
k,l ,m

(
l

^kuml3
u l &

@vki1v32v12v2!]

^ lml2
um&

@v l i 2v22v1]

^muml1
u i &

@vmi2v1#

3F2vklv lmvmi123 termsU2

d~v f2v i1v32v22v11vd!}(
f

(
i

r i ugu2d~v f2v i1v32v22v11vd!. ~B3!
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