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Hyper-Rayleigh scattering of centrosymmetric molecules in solution

S. N. Yaliraki and R. J. Silbey®
Department of Chemistry and Center for Materials Science and Engineering, Massachusetts Institute of
Technology, Cambridge, Massachusetts 02139

(Received 2 February 1999; accepted 22 April 1999

We study theoretically the harmonic light scatteriigLS) of centrosymmetric molecules in
solution. Since HLS is inherently absent for centrosymmetric molecules, the intensity and line shape
are obtained by taking into account two distinct physical processes: solute vibrational transition and
solvent effective field contribution. The intensity is expressed in each case as the Fourier transform
of the relevant time correlation functions. The implications for experiments, which use HLS to
determine the first hyperpolarizabilify of optically interesting molecules, are discussed. 1@99
American Institute of Physic§S0021-960609)01427-(

I. INTRODUCTION mophores, and natural proteifis.Furthermore, HLS
experiments measurg directly1°-*? The advantage of this
Interest in hyper-Rayleigh and hyper-Raman light scattechnique then becomes twofold: experimental observation
tering has been recently revived as an advantageous tecbf otherwise inaccessible molecular hyperpolarizabilities and
nique for studying the second-order nonlinear response afirect measurement ¢@.
molecules in solutiod~® The hyper-Rayleigh process of the In the case of centrosymmetric molecules, whose first
annihilation of two incident photons of frequenayand the  hyperpolarizability3 vanishes identically in the electric di-
creation of a scattered photon ab 2 often referred to as pole approximation due to symmetry, no hyper-Rayleigh
incoherent harmonic light scatteringHLS). Similarly,  scattering is expected. Nevertheless, intensities at approxi-
hyper-Raman scattering corresponds to a scattered photon @fately the doubled frequencyw? have been observed for
20t w,, o, being an eigenfrequency of the molecule. molecules with a center of inversidf* The origin of this
Decius and Raudfirst proposed the hyper-Raman phenom-phenomenon now becomes important if this technique were
enon in 1959, which was subsequently observed in the exo be used for determining the of molecules.
periments of Terhune, Maker, and Savage 1965. Since In this paper, we focus on hyper-Rayleigh and hyper-
then, selection rules for different symmetry groups and studRaman scattering of centrosymmetric molecules in solution
ies of line shape have been discussed. Experiments and elucidate the way hyperpolarizabilities are probed in these
theory were reviewed in Ref. 8. Interest in this techniqueprocesses. Our approach is to take into account the solvent
waned because of difficulties in experimental observations.(not necessarily of centrosymmetric moleciléghe results
Experimental improvements and the quest for suitablenay then be extended to noncentrosymmetric molecules.
materials for nonlinear opticdNLO) applications motivated The induced polarizatiof of a single solute molecule
a reexamination of this technique. Electric-field inducedmay be expressed, to second order in the incident Eelas
second-harmonic generatiggFISHG), the most frequently
used technique for the characterization of the first hyperpo- P=«a-E+ B:EE.

larizability B8 of molecules, is unfortunately limited to dipolar o . ]
and nonionic species. This is due to the necessity of aligning"ce the polarization vector must change sign under inver-

the molecules in solution through their dipole moment by the>ion, 8 vanishes identically for centrosymmetric molecules
applied electric field, thus precluding characterization of the2nd no HLS is expected. But if the response of the solvent is
above systems. Also, in this experimegtis obtained indi- taken into account, an additional effective fiélds present,
rectly: the measured quantity is the second hyperpolarizabilvhich is zero on the average, but with low frequency instan-
ity y, and the projection o8 in the direction of the dipole taneous fluctuations. This additional field can mediate one of
moment. Consequently, knowledge of both the dipole moihe transitions in the solute, that is
ment andy is necessary to extract information abgit _ ) —

Unlike EFISHG, HLS offers the possibility of experi- P=a-E+pEE+y: EEF.

mentally measuring the first hyperpolarizabili/ of mol-  the participation of the low frequency components of this

ecules with no ground state permanent dipole moment or af,ent field then cause the solute’s response at the HLS
ionic molecules in solution. In the first category lies a NeWtrequencies. We consider then two possible mechanisms: vi-
class of molecul_es t_hat are promising candide}tes for materbrationally induced hyper-Raman scattering, and hyper-
als for NLO applications: octupolar moIecuH;%;n the sec-  payleigh scattering involving an effectivg instead of 3,

ond category are synthetic polymers with NLO chro-yyi, an additional field produced by the solvent molecules.

In this case the spectrum of noncentrosymmetric molecules
3Electronic mail: silbey@mit.edu would contain both3 and vy contributions.
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This paper is organized as follows: In Sec. Il, we con-ments in the expression fg@ cannot all be simultaneously
sider the vibrationally induced hyper-Raman terms. Al-different from zero. So we take into account the vibronic
though this has been treated earfiewe give a new deriva- states and show that, given a transition between vibrational
tion that provides a basis for the later sections on harmonistates of the proper symmetry may occur, scattering is how
Rayleigh scattering. We express the scattered intensity as tldlowed. |i") and |f") correspond to the rotational states,
Fourier transform of the appropriate correlation functions,taken to be independent of the vibronic states. Before scat-
using the Heisenberg picture in order to make an interpretaering, the sample is assumed to be in equilibrium so the
tion due to molecular motions as well as a classical correinitial states obey a Boltzmann distributiod= wg, is the
spondence. We derive expressions fotaking into account frequency difference between the scattered photenwith
vibrations and then obtain the correlation functions governpolarization e€;) and the incident photonsaf,e;, and
ing the spectral density. In Sec. Ill, we obtain similar expres-w,,€5). In an HLS experimentw;=w,; €,=¢€,, and the
sions for the effectivéy, as well as the solvent field correla- tensor is symmetric with respect to exchange of the last two
tion function. Implications for experiments are discussed inindices only. As long as the incident and scattered light fre-
Sec. IV. quencies are far from absorption frequencies, the tensor is

usually taken as symmetric. The validity of this approxima-

tion is discussed in Ref. 22 where selection rules are ob-
Il. HYPER-RAMAN SCATTERING: B8 CONTRIBUTION tained for the nonsymmetric case.

Hyper-Raman scattering around the hyper-Rayleigh line To proceed, we will separate the nuclear and electronic
has been experimentally report®dn this section we obtain motion according to the Born—Oppenheimer approximation

the scattering intensity in terms of the Fourier transform of2Nd €xpress the wave functions in the Herzberg—Teller ex-
the B time correlation functiort” It is the molecular motion pansion. Our treatment will be valid for the nonresonant case

that modulates the polarizability. Here, we neglect transla—OnIy (where the HLS experiments are usually perforineal

tional motion; rotations and vibrations of the molecule arethat intermediate vibrational states may be summed. Also,

considered independently. The line shape is then connectet restrict our interest to transitions for which both the ini-
to the reorientational correlation function and to the vibra-ii2l @nd final vibrational states lie in the nondegenerate

tional relaxation of the normal modes of appropriatedround electronic state. _ o
symmetry'8:19 We now express the scattering cross section in terms of

Our treatment applies to an isolated molecule. To trea{he r(_alevanfc correlqtion functions. We firs; convert the delta
liquid samples we apply the following assumptions: isotropiclUnction to its Fourier integral representation
liquids and no angular correlations between molecules sepa- 1
rated by distances of the order of the radiation. The dipole  §(w)= 2—f
approximation will be invoked throughout this paper. If it m
may not apply in _the sample as a Who!e, t_he sample may b§nd substitute in Eq(1):
divided in scattering volumes whose size is small compare
to the scattering wavelength and large over distances of mo- 1
lecular correlationé®?! It is the normalized cross section dU/dQOCZ—E pi2 (i€ e f)(f| €
. a f

then that needs to be evaluated. Also, the phases of vibra-
tions in different modes are usually treated as uncorrelated, o
so the correlation function of the vibrations of different mol- B eZel|i>ledt exfi(wg + of—w)t].
ecules vanishes.

From time-dependent perturbation theory, we obtain theexpressing the energidsw; andhw; as eigenvalues of the
most general differential cross section per molecule to thirg4amiltonianH acting on the initial and final states, respec-

order (see Appendix A (here ¢; is the unit vector in the tively, and summing over all the final states, we obtain
direction of theith field)

[’

dtexp(i wt)

1 o
| (w)xdo/dQ do/dQe Y, pi > ﬂf dt expli wgt)
T T e
=2 pi2 ('€ el ownton), @) X(i|€- B: €€ expliHt/h) - B: €€
where 8 is the electronic polarizability tensor: xexp(—iHt/h)li), ®
(f| mn){n| | my{m| i) whereH is the Hamiltonian of the system in the absence of
ﬁ:% (o — (ot o)) (om—wgg) > Erms. (2 the optical fields. By defining the quantum mechanical op-

erator, g,
Throughout the paper, we use lower-case letters to denote

molecular states and upper-case letters to describe the elec- pt)—exp(iHt/h) B(0)exp(—iHt/h)

tromagnetic field statedi) and |f) are the initial and final

vibronic states of the scatterer. In the HLS experimeht so that it obeys the Heisenberg equation of motion, and de-
=|f), which is allowed for a noncentrosymmetric molecule. noting the statistical average by brackétsEq. (3) reduces
For a centrosymmetric molecule, the transition moment eleto
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1 (= . L
|(w)°‘%f_xdtexliiwFlt)<[€3'.3(0)3€2€1] l(w)oczJ_wdteXp(iwmt)<63-ﬁ(0):e26163
X[ €3 B(t): €']). (4) - B(1): €€5(q"(0)q"(1)).

If the average is interpreted in the classical sense, the classi- S0 we can see that a line shape at frequencys2pos-

cal description is recovered. In the quantum case the orderingjble for centrosymmetric molecules modulated by the vibra-
of the operators is significant. By neglecting translations thdions. The linewidth will have contributions from rotational
time dependence of the tensBrarises only from reorienta- molecular motion.

tion of the molecules. The orientational correlation function

depends on the symmetry of the molecule and polarization

vgctors. The averaging may _bg done using thg direction CA11. HYPER-RAYLEIGH SCATTERING: 5
sine method or the characteristic rotation matrigeg., Ref.  coNTRIBUTION

23).

Including the vibrational states may be done using the In this section we take into account the solvent. The
semiclassical expression for the expansion of the electronisolvent molecules create a figitlon a solute molecule. On
polarizability in terms of the electronic polarizability follow- average(F)=0, but instantaneously, this field exhibits low
ing Placzeck, namely frequency time dependenciése., with Fourier components

ws~0). In particular, the single particle autocorrelation
, , function of the field due to reorientation of the solvent mol-
ﬁ(t)zﬁo(t)+zv IB()199"(1)]q=09"(1) ecules(F(0r)F(t,r’'))#0. Such a function is solvent de-
i ) i ~ pendent.
or the H_erzperg—TeIIer expansion of the gxcned V|bror_1|c The HLS experiment then depends on the second hyper-
;tate. Thlg is the expansion _of .the electronic wave fUUCt'OVboIarizability of the moleculdfourth order in perturbation
(in the adiabatic approximatiprin a Taylor series of dis- theory ¥(—2w: w,,0), where the third field is provided by
placement of the nuclear coordinates from their ground statg,e solvent. In this proposed picture, the hyper-Rayleigh
equilibrium position. For an excited sta, scattering from the noncentrosymmetric molecules in solu-
tion will then appear as a result of two contributions: e

(m°| 5_H|eo>q|mo> term, and théy term.
0 2 oq To obtain the intensity we follow the same procedure as
e)=le >+m¢e Egm ' in Sec. Il. Here we ignore the vibrations. The fourth-order

i o perturbation theory expression is given in Appendix B. The
The comparison between the two approximations has be€fqss section is now

commented on in Ref. 15.
By making the latter substitution, assuming the nonreso-
nant case, and dropping vibrational frequencies from the de-  da/dQo >, pi >, > paal(is@sod ¥ FIf. Bsom)|?
nominator, so that summation over intermediate vibrational ! foap
states is possible, we obtain an effectig B with 24 X S(wgi+ wp Fwyg),
terms, each one derivable from the standard fromadrby R
substituting the above expression fi@ into each of the whereF is the solvent fielda and g8 the initial and final
separate terms ¢8. A typical term is solvent states, respectively, apgl, the equilibrium distribu-
tion of the initial solvent states. The important frequencies

SH ) ws are expected to be small compareddiand 2v. Rear-
(glule)(e] 5—q|n><”|ﬂ| my(m| p|g)(f|ali) ranging the above equation in a similar manner to Sec. I, we
obtain
mme  @ne( Wi~ (WK1 0K2)) (Omi— ©k1)
+23 terms. (5)

1 -
dcr/oncz—J dtexp(i wg t)(F(0)F(1){F(0)F (1)),
From Eq.(5) we can see that scattering is no longer forbid- ’T

den, and depends on the symmetry of the vibrational normajhere
modes.
Following the same procedure as above, we rewrite Eq.

. > Satll A . F(O)F(t))=3 F o 5F ga(t) =S4 FoF X el @t
(5) in terms of orientational and vibrational correlation func- (FIOOF(1) =205 PaaFapFpall) =2q FoFg €

tions: with q the frequency components of the solvent field and
- (F] el k) (K el )1 e m) (m[pi)
y= +23 terms.
Khm [ (ki t (03— ok~ o)) (0] — (0 + @) (0mni— o)
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This expression differs from the standard perturbatiorB. The solvent field correlation function: (F(O)F(1))
expression fory in one way: one of the interactions is with
the solvent field instead of the electromagnetic field.

For the HLS experiment, we can express

As our treatment of HLS includes the polarization fluc-
tuations of the solvent, to proceed we must calculate the
solvent field correlation function. We describe the solvent as

WE = W3~ wy— 0= w—2wg a dielectric continuum and treat its response within linear
. o response theory. This response in the incident applied field is
in terms of the incident frequenay, and the scattered one gescribed then by the appropriate susceptibility evoking the

, SO the scattering cross section now becomes fluctuation-dissipation theorem. The simplest approach is
1 ‘ L chosen to illustrate the physical process involved. Future in-
dg‘/dﬂoczf dt €@ 290U 0) 1) }{F(0)F(t)). corporation of a more sophisticated solvent description at a

®) future stage is possible in this formalism.
To express the fluctuations of a fietdn terms of the
We proceed to calculate each of the correlation funcsusceptibilitya of a physical quantity to an external per-
tions. turbation, the correspondingf“-x” pair must be chosen
appropriately. This may be done by considering the change
in energy absorbed or dissipated by the system under the
influence of the perturbatidh

du _df

A. The effective ¥ correlation function:  {§(0) y(t))

Each experimental setup probes specific components of ~= _ 35— ®)
this tensor depending on the experimental geometry and in-  dt dt
cident light polarization and the symmetry of the molecule. | jinear response the generalized susceptibility relates

The selecti(_)n rules foly remain the same as in the third- the Fourier component, of the perturbation to the compo-
order experiments, even though the prefactor for the amplinants of the quantitx describing the system
tude differs since the additional field is not the electromag-

netic radiation field. The time dependence of the tensor X.=a(@)f,,

comes primarily by way of variation in molecular orienta- g it can decomposed in real and imaginary parts with defi-

tion; the translations produce a considerably smaller effectie symmetry properties obeying the Kramers—Kronig rela-
and are neglected. So we can write tionship

PN —a'tia".
(7(0) (1)) =1/8r2 f f Yiiki Vinop arere
Q0 Q) Once this is established the rest is straightforward within

X f(AQ,1)dQ(0)dQ(1), the assumptions of the theory of linear response:
where f(A€,t) is the probability density for a given mol- N et
ecule to change molecular orientation 8% within time t xx(®)= | {(xx(w))e”* da, ©)
and be can further expressed in terms of rotation matfices
D}, and a function of time that depends on the type of#here

rotational motion kT
(xX())=— o’ (w)
mTWw

f(AQ,t):JEM D3 (AQ) 3 (). and

The tensor components of must also be transformed ac- (" it
cordingly from the laboratory to the molecular frame. This (ff()= f,w“f(“’»e do
may be done again through the rotation matrfe&ssum- ]

ing the rotational motion exhibits simple Debye rotational With

(10

diffusion, ff\,l(t)oce“"rjn. For a symmetric top molecule.g., kT o"(w)
benzene or any molecule of the point grolly,), we <ff(“’)>:% la]?
obtairf®

For a dielectric body in a variable external field, the change

HOHAUD S, [Thl2e 1, 7y ineneray s given b
J,M >
U 1.0D
where I'y, depends on the point group symmetry of the 5 _ EEWdV' (12)

molecule® and is time independent. The time constarts R R

are known or accessible experimentally for the soltifthe ~ WhereD is the dielectric displacement arfd the electric
details of this correlation function are beyond the scope ofield in the medium. Also,

this work. The important point is that there be a nonvanish- B. = e(w)E

ing component of this tensor. We can now turn to the role of @ @’
the solvent molecules’ effective field in the HLS process. where the dielectric functioa(w) is given by
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T (12 -
€ =€y - . C
(@) l-iwT 1o A.0=1000 nm
€., describes the instantaneous reaction of the system to the 5 45 2
external perturbation anek is the static dielectric constant, s -
that is e;= €(0). g
Comparing Eg(11) with Eq. (8), we identify 3 o F
5 F
E—x, D-—f, o2 L
which implies 0.0 o comboraeee oo
-1 0.8 06 04 0.2 0.0 -02 04 06 08
a(w)=€ “(w). A-A /2 (nm)
Maklng the above substitution into EqS) and(10) we FIG. 1. Intensity of scattered light of the same centrosymmetric chro-
obtain mophore in different solvents typically used in the experiments of Ref. 2:
(closed circles chloroform (es=4.78, €,=2.20, 7=5.4 ps), (gray solid
<EE(t)> d eiot kKT —¢€" (13) line) bromoform (e,=4.39,¢e,,=2.70,7= 19 ps),(black solid ling nitroben-
® Tw |€|2 zene(e;=34.89,¢,=2.52, =41 ps), (open circleg quinoline (e=9, €.,

=2.77, =45 ps) assuming single molecular rotational contributian (
and =2.5ps). The numbers are taken from Ref. 31.

@ KT
— —lot 7
(DD(1)) J:oodwe €

. . L ) IV. DISCUSSION
since we assume that the solution is isotropic.

This instantaneous solvent field provides the addi- Although HLS was discussed in the literature in the late
tional field on the solute molecules in the scattering processl960s and early 1978%3! the approaches taken were sys-
Its correlation function is given by E¢13). tem specific. Gelbart's approach, applied on atomic fluids

From Eqgs.(12) and(13) we obtain only, considers the cluster expansion of a many-bgly

KT r(e—c.) Wh?Ch depgnds paramgtri_cally on t_he positiqns of all the nu-

(EE(t))= J dow e “t— 5—2"2°2 clei. The first nonvanishing contribution arises then from

T et e o’T triplet cluster terms. Kielich considers an expansion of the
_ higher order moments of the centrosymmetric molecules and
_ (es—€x) —|t)it _ i i i -
_kTTe sol, teo= €, 7/ €s. (14 attributes the effect to correlations among higher order mo
€

ments. Our approach is more general. We have used a time-
Substituting the solute correlation functiﬁﬁq_ (7)] and the dependent correlation function method which allows us to
solvent correlation function of Eqd4) into the scattered develop a general formalism. System-specific details may be
light intensity function for the HLS process in E¢), we  applied at each stage.

obtain the final result We have shown that hyper-Rayleigh and hyper-Raman
) light scattering are possible, even in the presence of identi-
e o . N .
K i(w—20Q)t 2 w cally vanishingB. There is a solvent contribution that in-
dg'/onc f dte 2 |F'V'| €5€x0 volves the second hyperpolarizability of the solute. The line

shape then, centered at frequenay,2 is a sum of Lorent-

— ]Iyt L) : - . ,
X @~ 1l(Mrort hso zian peaks from contributions of the reorientations of the

€ ) solute as well as the response of the solvent. The intensity of
—kTE |F the peak is also solvent dependent. The solvent is treated
€s€er here in a simple way? but more sophisticated descriptions
2[ Lt o+ Lt o)) may be incorporated in the formalism. For example, accurate
X . (19 information for the solvent correlation function may be ex-
(0= 200)7+ (Mot Utgo)? Y

tracted from molecular dynamics simulations. Finally, it is

The molecular symmetry is embedded into the functionimportant to note that we have treated the problem in the
F,J\,l that contains the polarizability tensor elements whichweak system—solvent interaction regime, so that they are still
will be nonvanishing depending on the solute symmetry, theamenable to separate descriptions.
experimental geometry, and the polarization of the incident  This solvent effect may be important as harmonic light
light. The rotational motion of the solute will contribute to scattering is reintroduced as an advantageous techniques to
the line shape a sum of several Lorentzian functions. For theneasure the hyperpolarizabilitg of potentially important
same solute molecule immersed in different solvents, we camaterials for nonlinear optics and should be taken into ac-
see from Eq(15) as well as Fig. 1 that the width and inten- count. For noncentrosymmetric molecules, the relative mag-
sity of the line shape will vary. We see that it is possible tonitude of the contributions frorg and the effectivey should
obtain a response from centrosymmetric molecules dependbe different, so that the latter may become negligible with
ing on the solvent. the appropriate choice of solvent.
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tude of the annihilation of two incident photons of wave

APPENDIX A: HLS CROSS SECTION vector k;,k, and polarization\;,\, and the creation of a

In this Appendix, the differential cross section for the Photon with wave vectoks and polarizations:
“quasielastic” HLS of centrosymmetric molecules in solu- C(3)-(t)|‘ . .
tion is calculated, with the radiation field treated quantum™~f—i""/Tkahg—ka Apikyhg
mechanically for generality, although a classical treatment is ¢
possible and yields basically the same results. The photon = ?E drH(1);,e'“m”
states are in capital letters, and the molecular states are in (i nm /o

lower case. The total differential cross sectiok;/d(}, is r (T o

given by X fodt’H(l)nme""nmt fo dt"H(1) pmie'omit.
do Vg h h b d for th
IO =5 TFeis There are three possible Feynman diagrams for this pro-
dQ|._, cdQ

! cess corresponding to the different sequences of annihilation
whereTg._, is the transition rate from the molecular initial of two quanta, and creation of a third quantum. The above
stateli|) to the final molecular statf) and may be obtained sum thus has six terms. Looking carefully at one of the
from time-dependent perturbation theoxy.stands for the terms, namely the annihilation of phot&@,)\l followed by

speed of light and/ for the enclosed volumé: and | cor-  that of photork,,\,, the emission oks,\3 we obtain:
respond to the total final and initial state of the molecule—

photon system. Term 1

Now,

_12 td iwp THiwgT
|Cf<;_|2 :7 e @FI i
TFH:Z P pi n : (A1) 1% nm Jo
| - > >
A3 L —ikg-T] A2 —iky-T Mgiky -l
is related to the transition amplitud®_;(t) from the initial ><<f|p c [m)nlp*e |m){m|p™" e "]i)
to the final state of the system as well as the density of final [oni— 01~ wp)[omi— o]
and initial states per unit energy per unit volurpg:andp; , M N N 1) M2
respectively. We assume that before each photon is scattered  x (e/m)3(277ﬁ/v)3/2( L) _ (A3)
the sample has come to equilibrium so that W1Wow3
g hoilkT The occupation numbers, , are the number of quanta
p‘_Eie‘i“"i;RT' with wave vectork and polarization\; wg=ws— w,— ;]

wsi=(€;—€)/h. The scattering system is constructed Nby

The density of final states is given by units each oh, charged particles which can be regarded as

dQ w'? independent of each other. Within each unit the exponentials
P (2mc)¥’ can be regarded as constants. Ryr, the vector from an

arbitrary origin to a fixed point in the scattering uaitand

wherew’ is the frequency of the scattered photon at{d for e(k[pM|m)=imwy(k|x|m), Eq.(A3) becomes

the solid angle within which lies its wave vectiof.
We now proceed to calculate the transition amplitude toTerm 1

third order in perturbation theory. Formally, _ N
—i t

1 [t , — | drelenmrionmS) giRa(Ki+k2—k3)
Cr ()= 3Jdﬁﬂvmﬂfdeaﬂ i Jo ;;
(i) Jo 0 , , .
v < (F[ "™ In)(n] | m)(ml i)
< [Faevienw o) (A2) £ [om o willon— o~ 01— ;]
1/2
V, is the time-dependent part of the Hamiltonian in the in- i o )2 My Mo Mkg 1
teraction representation. In our case, M 0mionmom(27/V) W1wr03 ’
H=Ho+H(1), The remaining five terms are permutations of Term 1. So
whereH, is given by we can rewrite the transition amplitude

Ho=Hsysterit H radiai t S
system radiation C(f:i)i(t)ocf dTeXFijIT+waiTﬁ,
and 0
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where 8 corresponds to the terms in the sum and substitute There are four possible Feynman diagrams for this pro-
into Eq. (A1). The modulus squared of the integral divided cess corresponding to the different sequences of annihilation
by t gives a delta function 2 5(wg, + wy;), SO the final result  of two quanta, the creation of a third quantum, and an inter-
then is action with the solvent. The above sum thus has 24 terms.
In exactly the same manner as in Appendix A, we obtain

do
EKZ Z pil BI28(wi— wi+ w3— wy— w1). (A4)

Term 1
APPENDIX B: FOURTH-ORDER CONTRIBUTION —i [t N L L
. . - iwg, T iR, (Kq+ko—kg) )
We now proceed to calculate the transition amplitude to A OdTe i k;m azl ereT T B o 0m@n;
fourth-order perturbation theory in the incoming fields, that
. 1/2,,1/2,,1/2
is, Ky My Mg 1
X (2mwhIV)¥Z—————— 1 H5Y
1 (w10r03)

t T
Cf<—i(t)(4):(ih)4f dT<f|V|(T)f dt’ V(') 5 ) -
° 0 (KM (] m)(m] i)
[wki+ w3— w1~ wr][ 0 — w0y~ 01][wni—w1]

x ft dt’ V|(t”)ft dt” v, (t")| W, (0)).
0 0

(B2)
(B1)
i solv
Inserting a complete set of states in EB1), we obtain Now, we substitute foH>>",
the transition amplitude for the annihilation of two incident
photons of wave vectdt; ,k, and polarization;,\, and the HSV= . F,
creation of a photon with wave vecté and polarization
A3 so that
CEY O kg iy ik, 0y
1 t - T A HEOV=">" (f|u*K)-F
— solv,i wg T ' iyt fk M .
—(iﬁ)%:,n fod,ka e fodt H(1),€ X
Xft’dt”H(1)| eiw|mt”ft”dth(1) ciomit” Combining all the above, the scattering cross section be-
0 " 0 m comes

N 3 2 1.
S et S (Kl (1pMm)y  (mlp i)
a=1 Kim % [ogit+ 03— 01— 0,)] [0~ 0~ 0] [0ni— o]

do
R

2
X F2 0 omomi+ 23 term+ 5(a)f—wi+w3—w2—w1+w5)0<2 E pi|’y|25(a)f—wi+w3—w2—w1+w5). (B3)
f i
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