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We propose a model for the low-temperature excitations in glasses, which have been the object of recent
investigations by means of nonlinear optical techniques. The experimental evidence strongly suggests the
presence in these amorphous materials of configurational two-level systems, which are coupled via the phonon
field to the chromophore whose optical response is being probed. A microscopic description for the relevant
interactions is developed and the connections between the exact dynamics within this description and the stochastic
sudden-jump model are drawn by means of a path integral method.

1. Introduction

The low-temperature acoustic and thermal properties of crystals
and glasses are very different. In glasses, acoustic experiments
in which saturation is measured, and the anomalous temperature
dependence of quantities like the heat capacity (quasilinear at
low T) and thermal conductivity (roughly quadratic), suggest
the presence of localized two-level systemlike excitations in these
disordered materials!-* that are not present in ordered solids.
This model of a glass consisting of a random array of two-level
systems (TLS’s) is now well supported by both experiments (such
assingle particle optical measurements*, the presence of spectral
diffusion as detected by nonlinear optical techniques,’ etc.), and
by numerical simulations.®® In general, it is believed that these
two-level systems are configurational in nature: a particle or,
more likely, a group of particles can tunnel between two local
minima of the multidimensional potential energy surface. These
two minima are separated by a potential barrier, which is typically
much higher than the temperatures at which the experiments are
conducted (usually around 1 K). The two-level systems are
characterized by two parameters: E, the energy difference
between the two configurations, assuming that they are separated
by an infinite barrier, and A, the tunneling amplitude, which is
proportional in the WKB approximation to e-*, where X is the
overlap of the two wavefunctions, each localized in one of the
wells (see Figure 1).

The study of the spectrum!© of optical probes placed in these
sorts of materials has revealed the presence of spectral
diffusion.!'-13 This phenomenon permits the experimental study
of the relaxation and dynamics of the TLS's mentioned above.
In the particular case of an optical impurity surrounded by a
glassy medium, the spectral diffusion is related to fluctuations
of the absorption frequency due to rearrangements in the
environment. At low temperatures, these rearrangements seem
to correspond to the relaxation of the glass TLS’s. 1415

The quantity of interest in the interpretation of these nonlinear
optical experiments is

N
Als(n] = ((expli fd7 (1) Y Aw (D))
J=1

in photon echo experiments!é-18 or its Fourier transform in hole-
burning.!! The term Zjv_,ij(r) is the fluctuating part of the
chromophore’s frequency due to the interactions with the
perturbers in the glass. s(7) is a piecewise constant function
taking the values 0, 1. Its particular form is determined by the
type of experiment we are performing.!6
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Figure 1. Double-well potential given by the section of the multidimen-
sional potential energy surface of the glass along the collective coordination
Q.3 Atlow temperature it is only necessary to take into account the lower
two states, characterized by wavefunctions localized in each of the wells.
This two-level system is characterized by two parameters: the energy
splitting (E) and the tunneling matrix eclement (4).

The angular brackets ({{...))) in the expression for A[s(7)]
stand for the averages that have to be performed in order to make
a direct connection to the experimental measurements: First, we
have to carry out an average over the ensemble of perturbers. By
the ergodic hypothesis, we can evaluate it by performing instead
an average over the dynamics taking place in the chromophore’s
environment (in this case, the time evolution of the two-level
systems). Second, we must carry out a configurational average
over the positions of the TLS’s. Finally, we have to evaluate the
average over the parameters characterizing the perturbers, in
this case, over the energy splitting (E), and the tunnelingamplitude
(4) of the TLS’s.

Assuming that these averages are independent of each other,
that that perturbers are distributed at random and uniformly
throughout the glass, and that the dynamics of different two-
level systems are uncorrelated, A[s(7)] is given by

Als(r)] = expip [ 47 [1 - (exp(i f's() Awy(r) dr))]}

where Aw;(7) now stands for the fluctuation of the chromophore’s
frequency due toa perturber located at position 7. The remaining
averages (denoted by ( )) are the history average and the average
over the TLS parameters (A and E).

The objective of this paper is to show how the history average
can be performed by assuming a realistic microscopic model for
the low-temperature excitations in the glass where the chro-
mophore is embedded. Previous attempts to model the environ-
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ment dynamics assume simply that the chromophore absorption
frequency is shifted in a stochastic fashion. In particular, the
sudden-jump model is presumed to be the proper description for
this case: Theactualdynamics of the two-level systemare replaced
by a two-state stochastic process, where Aw(7) = a(?) A(7), where
a(F) gives the strength of the TLS—chromophore interaction and
h(7) is a random-telegraph variable taking the values £1. The
physical picture is that the TLS is jumping between its two
configurations (in a semiclassical sense; the transitions actually
occur through tunneling, but the description can be madein terms
of classical jump rates). In one of the configurations of the TLS
the chromophore’s frequency takes the value wo + a(?), and in
the other one, wy — a(#).

Weshallshow that, provided that thedynamics of the perturbers
are uncorrelated, a stochastic sudden-jump model of the sort
described above can be derived rigorously from a microscopic
Hamiltonian, which includes the chromophore, the acoustic
phonons, and the configurational two-level systems.

The paper is organized as follows: In section 2, we review
some results obtained by means of the sudden-jump model. We
shall recast the history average in terms of a summation over
paths, each of which is a given a different weight according to
the properties of the stochastic process. This approach will prove
useful for the comparison with the microscopic model. Insection
3, we propose a microscopic Hamiltonian, a generalization of the
spin—boson model, in which two spins are coupled to the boson
field. Our objective is to describe the dynamics of the low-
temperature excitations of glasses (acoustic phonons and two-
level systems) and how they affect the chromophore’s absorption.
The physical picture is the following: The chromophore (one of
the pseudospins) and the TLS (the other pseudospin) are both
coupled to the same set of phonons, which act as a boson field.
This field mediates an elastic dipole—dipole interaction between
the chromophore and the two-level system, which is responsible
for the fluctuations of the chromophore’s frequency that are the
origin of the spectral diffusion observed in the optical experiments
mentioned above. Section 4 contains a summary of the results
obtained in this investigation.

2. Stochastic Sudden-Jump Model

In this section, we calculate the stochastic history average of
quantities like

(exp(-i f 47 Awy(r))) 6

assuming that Awx(t) = a(7) h(r) is the fluctuating part of the
chromophore’s frequency due to a perturber located at position
F (with the chromophore at the origin). The angular brackets
({...)) denote the stochastic average. In the sudden-jump model
h(7) behaves like a random telegraph signal, taking over a discrete
set of values (in this case %1, since only TLS’s are thought to be
relevant), The upward and downward rates (W, and W,
respectively) are unequal, and they satisfy a detailed balance
relation: W,/ W, =e%Eatatemperature T = 1/(Kp0) (see Figure
2).

The probability weight for a path such as the one indicated in
Figure 2 is!®

P(tl’ tz, veey tzn, ') =
WlnWzﬂe-Wzne-Wl(frh)e-Wz(la—tz)._'e-Wx(lmz.-x)e-Wz(Hzn)

For the sake of concreteness, we shall calculate the average in
eq 1 for a free-induction decay (FID) experiment (s(7) = 1 for
all 7). There are four possible different types of paths that
contribute to the free-induction decay signal (see Figure 3). We
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Figure 2. Sudden-jump model: The stochastic variable A(7) can take the
values 1. The process is characterized by upward (W.) and downward
(W) jump rates that satisfy a detailed balance relation W,/ W) = e-E
at a temperature 7= 1/(K38). In the stochastic model, E is simply an
arbitrary parameter defining the temperature scale. The microscopic
model proposed identifies it with the energy splitting of the perturbing
TLS.

shall assume that the probability of starting at the state +1 (-1)
is proportional to W, (W)); i.e. the initial state is an equilibrium
one. The average is then given by

1
(exp(iafo'd,r (7)) = E[Wz{e—m:em +

in"Wz" Jla, [ 7dt, ,... a1, X
&

elateZIatl . .e—zlﬂz’e—Wl l]e—Wz(lz—ll) . C—Wl(l—tz,,) +

2Wl"" W [ dty, [y, [ de, € X
=

eﬂﬂh._.e-”ﬂzuezia'mxe-wme"Wz(tz-h)_'.e-Wn(iwl-tu)e-Wz(f-lmx)} +
W, {complex conjugate + interchange 1 < 2}]
The following definitions shall be useful:

W+ W,
)

W, -W,
W_——z—-

(Y¥)? = a* - R* £ 2iaW._
O=a+iW_

Consider the first term, corresponding to path 1 in Figure 3:

(I) = e—leeiatZ WanZ"j:dtu...j:zdtl eZiﬂh'“e—ZlOﬂ.u
n=1

- . 1Mot
= e—WltefﬂZ WanZ’l‘fodtl e—ziﬂl
n=1 (n-1)! n!

n n

t \»
s O1) + ijn(ot)](gg)

W

= e—W,tei(a—d)ttoZ

n=1

= e-R'[cos(Y*z) — cos(61) + % sin(V*r) =i sin(0t)]

n

The function j,(x) is a spherical Bessel function of nth order.2°
For the second type of path

an =
= t t -
e'W"e""Z Wln-HWzn J; Aty ozdtl 20t =28t 2btzeey
n=0
_rSin(Y*e
= Wle ReS ( )

Y*
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Figure 3. Paths contributing to the average required for the free-induction decay experiments in the stochastic sudden-jump model.

Adding up the contributions from all four paths, we obtain

(exp(ia [ dr h())) =

sm(Y*t)] @

_TR'[R cos(Y*t) + (R? - iaW )——=

which is the final expression for the FID experiment.

In order tofacilitate the comparison with the microscopic model,
we shall calculate a simpler average in which the A(7) is restricted
to have the value +1 at the beginning of the interval in question:
h(0) =+1. This corresponds to computing only the contributions
from the first and second paths of Figure 3:

6(1) = (explia f 47 (1)) gpmss

The Laplace transform of this quantity is given by

s+ia+ W, + W,
sS+d+ Wo(s —ia) + W (s + ia)

8(s) = &)

3. Microscopic Model for TLS Dynamics

In this section, we shall provide for the theoretical description
thatjustifies the use of the stochastic sudden-jump model to model
the dynamics of TLS’s in glasses. Our starting point is a
microscopic Hamiltonian in terms of the degrees of freedom of
the chromophore, one TLS and a bath of harmonic oscillators,

which represent the phonons. This Hamiltonian contains linear
coupling of the glass TLS’s with the phonons and between the
chromophore and the phonons. The TLS—chromophore direct
coupling is obtained by elimination of the chromophore—-phonon
interaction by means of a polaron transformation. In thisfashion,
the effective elastic dipole interaction between the chromophore
and each of the TLS’s is derived from a microscopic model in
such a way that its physical origin is explicitly displayed: The
phonon (deformation) field is the mediator of the interaction.”.21.22
Assuming that the dynamics of the TLS’s are not correlated, it
shall be sufficient to deal with pairwise interactions one at a time.
The Hamiltonian for one two-level system interacting with the
chromophore is

@o
H=-—g4+—0
3 20 2 zl

Y b+ br o+ Y ci(by+ bi)ay (4)
q q

o+ H, +

where it has been assumed that the tunneling matrix element is
not modulated by the phonon coordinate. The chromophore
Hamiltonian has been truncated to that of a pseudospin with §
= 1/,, assuming that the experiments are carried near resonance
with the optical transition of frequency wp. The O subindex refers
to the chromophore, and the 1 subindex to the TLS with
asymmetry E and tunneling splitting A (in a localized basis; see
Figure 1). Hy = Lyw ;'bq represents the Hamiltonian for the
harmonic lattice, with ¢ being a set of quantum numbers
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(analogous to those for polarization and wave vector in crystals)
characterizing the normal modes. The following definitions should
be useful for clarifying the notation:

o0=l2)(gl-le)(e; oo=lg)(el+]e)lg  (5a)

where g (e) is the ground (excited) state of the chromophore, and

o =IHM=-1AE o =IHAI+DAL (5b)

where t (}) is the upper (lower) state of the TLS. The polaron
transformation mentioned above is given by

0

C
q
U =exp -2 :—(b;' -b oy
g Yy

Applying this unitary transformation, the Hamiltonian becomes

- ] E A
H= wHU=—?Uw+;621—;dxl +H,+

a
Y cib, + b2)o, + 5% ()
q

where a has the radial and angular dependence of a dipole—dipole
interaction.2? Thisis finally a good starting point for our applying
approximate methods to calculate the pertinent time-correlation
functions. Note that the last term has the basic ingredients of
the system we want to study: the chromophore frequency
fluctuates according to the dynamics of a perturber, which is
relaxing to equilibrium.

Take, for instance, the free-induction decay experiment: in
the absence of an external field, given the low temperatures at
which these experiments are performed (0.1-10 K), the chro-
mophore should be in its ground state (p(0-) = |g) (g]). We can
now apply an optical «/2 pulse at the right frequency in order
to transfer population into coherence (o(0%) = |e) (g + |g) (¢| =
0.0, after the pulse). Obviously, if the chromophore were isolated
(e.g.,in the gas phase), the coherence would oscillate at a frequency
wo (neglecting collisions and electronic dephasing). In the glass
matrix, the fluctuations due to the coupled perturbers lead to a
signal which is decaying in time. The formal solution to the time
evolution in terms of the global density matrix is

o(1) = Fp(0)e™; p(0) = p%15010
whereinitially both the bath and the TLS are in their equilibrium
states.

Theamplitude of the free-induction decay signal is proportional
to

(M) = Try 1 sigleFo(0)e™le) + (el F'p(0)elg)}
= —l@ol<elH,le—iH'¢) + eiwol(eiﬁ'le—lﬂgl)

where the angular brackets stand for a thermal average over both
the bath and the TLS (i.e. (...) = Tr,,_ns{...p;f‘-"_s}),

H =&a

A
g€ 2 YT Eaxl + Hb + Vazl

= 1 +3. =
V=) cyb,+b); E, ,=E%a
9

Let us examine the second term in (M, ) in detail:

Suérez and Silbey
(ciH‘le—JH,l> - T’b’Tls{eiH“e—lH.!pzquLS}
e BE/D +
2 cosh(BE/2)

(BE/2)
iHgt ~iHt ¢
((lle"re |J,>>————2 oshBE)2)

= (e ety )

Here, the outer angular brackets denote a thermal average over
the bath only. Furthermore, for simplicity, we have assumed
that £ > a and E > A so that the equilibrium density matrix
for the TLS is given by

9 1 ~(BE/2) (8E/2)
PTLs We 1)+ L5210 )

Using the spectral representation on the bath Hamiltonian Hy =
L4Ejn) (|, and with the bath partition function Z;, we can show
that the term

e FEn
((He™ee ™)) = 3 —(nle™|t;m) x

nm b

‘ﬂEn
(himleetim) + 3 (tinle o) (il Blim) (7)

nm b

contains two portions, the first of which we shall proceed toanalyze
in detail. By expanding in the interaction representation e'H¢
with respect to Ho, = Hy + (A/2)o, and e~#¢ with respect to
Hy, = H, + (A/2)0,y, we find

¢~FEn
M= Z—Z——(T;nle‘”"IT;m (Himle5(tim)
nm <p

~BE, ad
- S/ [ 31y
nm b =0

i=Q
t )
(&/2)% fds,... [ *ds;;
<mle—imwelmoﬁle—”f‘o‘ﬂ]‘"eiﬂhotﬂye—lmoﬁyln) X

( nleiﬁ*or!ye—iﬂ‘o'sy. . .eiﬁ‘o‘.\‘le—iﬂ*oﬂle—iﬂ*o‘tlm )

with
E
Hyo. = —gﬁ +H,xV
Defining
H*=H+V

we have eq 8 given in Chart 1.
In the last expression of Chart 1, we have used the following
definitions:

£(r) =/3[n,(r) = n(7)]
x(1) = /5[0 (7) + n(7)]
Ly(n) = 2i([A(®), V1)
Ly(t) = 2([¥(), V1,

V(r) = e yeitv
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hd A\ 2+n = e
(D) = ;(—I)W(;) J;: 49, J;owdou J; 'ds1~-. fo W-ldszj Ze?(n|e'"+”’e"”"'”...e'”’"e*m"e'm"e4“‘...e'”""e"m"‘ln) X
= = b

eXPUE(Sy — Sy + .o — 5y + 0, -0, + ...~ 0 )} explia(sy — sy  + .~ 5y + -0, +6,— ... +6,)}

- 2i+) -
A
= ;(_l)tﬂ(;) J;r a,... j;’u-l a8, J'ot ds,... j;-w-x dszj ( ety | s\ AH QIO AHD) | ((HBuglH¥buy 50

e, 17 —m() ¢ 0(7) +0,(7)
exp Ej;d-rT exp aj;d'r——z—

= A\2U+) 1 ! St t ! ! T
- ;(-1)'*1(;) " flas,..f; "0y, [ 'ds,... | dsyy expl-iE f['dr £(r)} explia [ dr x(r)} expli Jlar far [L,~7) &) x() +

The derivation of the last equality [see Appendix for details]
takes advantage of the Gaussian nature of the bath?? to evaluate
the thermal average by cumulant expansion. The quantities 7+,
n- are defined in Figure 4. Physically, we can think of them as
indices running over the TLS states:

1 (TLSinstate|t)),
77+(T)= 1

(TLS in state || }),
1
n(r) = {jl

When both indices coincide (7+ = 1.), we have a sojourn, which
corresponds to diagonal elements of the reduced density matrix
for the TLS. For this case £(7) = 0 and x(7) = 1. Inthe case
in which the indices #+(7) and 5_(7) do not coincide, the interval
is called a blip, and it is characterized by £(r) = £1 and x(7)
=0. This corresponds tothe off-diagonal elements of the reduced
density matrix. We can now make a graphical representation of
the paths in terms of blips and sojourns (see Figure 5). The
terms in theintegrand of the last expression in eq 8 can be regarded
as interactions between blips and sojourns,25:26

Hence by relabeling the path as seen in Figure 5, replacing the
sums over i and j by a sum over the newly defined index n, and
finally carrying out a summation over all possibie values of {£}
and {x}, with the restriction x(#) = x(0) = +1, &(z) = £(0) = 0
(indicated by the » on top of the summation symbol), we can
rewrite eq 8 as follows:

1= zj;(—l)"(g)zni flan, [, ;... fd, %

gl
expi-iE [ dr £(r)} explia f,/dr x ()} expfi fdr [ 'd x
(Li(7-7) §(7) x(«') + iLy(7-7') &(7) §()]}

for 02k+] <7< 02"
fOl‘ 02k <r< 02k—1

(TLS in state |1)),
(TLS in state || }),

for sy <7 <8y
for sy, < 7 <5y,

Following a similar derivation, the second term in eq 7 is

an = ‘2(‘1)"(%)2:% Jodn, f dty, .. f 1, x
= X

exp{~iE j:d-r &(7)} exp{iaj;‘d'r x(7)} expfi L'dTJ:dT’ X
[Ly(r-7) &(7) x(7) + iLy(7-7) £(7) &(7)]}

where L~ poses the restriction £(0) = £(¢) = 0; x(0) = +1, x(¢)

iLy(7-7") &(7) x(7)]} (8)

= —~1. The final result is, in abbreviated form,
8(1) = ((tlere?t)) = (I) + (I

The summations will now be evaluated in the limit of noninter-
acting blips. The rules for completing the evaluation of O(¢) are
as follows:

1. Write down all possible paths from 0 to ¢, which are made
up of blips and sojourns, starting with a sojourn for which x =
+1 and ending in a sojourn, without any restriction on x, since
we are summing (I) and (II). It can be shown that paths ending
in a blip give negligible contributions to the FID signal in the
noninteracting blip approximation, and therefore we shall neglect
them.

2. The overall sign for the path is + if x(0) = x(¢) and - if
x(0) #= x(n).

3. For each transition from blip to sojourn, a factor i(A/2)
is included.

4. The blip and sojourn self-interactions and the interactions
of the blip with the previous sojourn in the path are computed
according to the rules given in Figure 6.

5. Carry out the summation over all paths.

A detailed discussion of how these rules are derived is given
in ref 25. We compute ©(f) within the noninteracting blip
approximation

6(7) = ((Here )
= ¢+ 3 (1) Jaty,.. [ de,f21 sin a(t-t,,) £.(tr-1,) X
n=l
ciatln [eia(m.l—ty.z).f_(tzj_tz]_l) + e-la(lll-l-‘ll-z)-f'+(tz]—tz/_1)]}

J=2

with the definitions

4(01)2
OEDD "2 sin w,f
7 W,
142 ﬁw
o, = Z ! (1 ~cos w,t) coth )
q qu 2

ful = %ze“?’"’ cos[ErQ, ()]
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Sy Sz Sy 2 |

Figure 4. Definition of the quantities n+, n- (see also relationships given
in text), with k = 0, 1, ..., i and 8341 = 5341 = 0; 6 = 50 = 0.

ezl ezu ez.-z 91‘.3 e.\ e: el t
T — L. N
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Vo : ' I
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0 tI ‘1 ‘! t‘ l! '6 lZn-l th-Z 2nl n
Figure 5. Procedure for relabeling the path in terms of blips and sojourns.
Intervals for which the signs n+ and »_ coincide are named sojourns (¢
< 7 < 131+1) and correspond to diagonal matrix elements of the reduced
density matrix of the two-level system. Blips correspond to off-diagonal
elements, when 74 and - have opposite sign (f2x < 7 < f2k+1).

The Laplace transform of this quantity takes the simple form

- 1 2ia -
0= —+ f(s) X
s—ia (s?+ a*)(s-ia)
2 ]-_(S) 7+(s) 1
Yoy —+
=1 s—ia s+ia
s+ia+ fo(s)+ f(s) ©

- sS+at+ 7+(s)(s —ia) + 7_(s)(s + ia)

with fu(s) = fodr erfu(r).

Comparison between the expression obtained from the mi-
croscopic dynamics in the noninteracting blip approximation [eq
9] and the one derived from the stochastic sudden-jump model
[eq 3] suggests that they are equivalent after short transients (s
— 0) provided that we identify

W, =7.0) = f,dtf.1) (10)

Wy =1.(0) = [ de £,0) an

which corresponds to the path-integral limit in which the blips
have negligible length. This approximationis valid whenever the
relaxation time for the bath (which determines the duration of
non-Markovian transients?4) is much smaller than the relaxation
time of the system (of the order of R-!). It is worth noting once
again that the sojourns represent contributions from intervals
spent in the diagonal part of the density matrix, whereas the blips
correspond to time spent in the off-diagonal elements. Hence it
seems natural, given the semiclassical nature of the sudden-jump
process, that the correspondence between these two models
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exp (- Qulty-ty, ) +1Q (- ty, Y-PE(ty -ty Y rialty, -ty )}
exp { - Qu(ty-ty ) -iQuty-ty ) ~LE(y -ty )-ia(ty -ty )}
: ! exp { - Qylty-ty ) +iQ My 1y ) FIE(y -ty )= Halty-1y))

i : exp (- Quty- 1) -1 Qy-ty ) +iB Ry ~ty, )- ity -ty,))
+ H
t”,,
Figure 6. Rules for the evaluation of the path-integral expression in the
noninteracting blip approximation: The only interactions that are
evaluated in this limit are the ones between a blip and the previous sojourn.
The final expression is obtained by multiplying all such interactions for
the path in question.

occurs when the blips have vanishing width (i.e. in the limit in
which a portion of the path corresponding to the off-diagonal
elements of the reduced density matrix becomes negligible). Take
for example the collection of quantum paths made up of n blips
and (n + 1) sojourns (n = 0, 1, 2, ..., =), for which blips have
£ = *1 and all sojourns have x = 1. In the limit of zero width
for the blips, the summation of all contributions coming from
these paths corresponds to the contribution of the stochastic path
starting and ending at state +1 without any jumps:

e + i(— %)nj;‘dth...f:dtl e x

n=]

n
[eumle e cosfE (1,1, |) - (1t M =
71

- " e
eiat{I + Z(_l)n;'_[j; () d‘r]"}= late-t

n=}

where we have made use of the definition ¢ = t,,+; and of the
identity given by eq 10. A similar correspondence between
stochastic paths and a series of quantum paths can be drawn in
every instance.

Perturbation Theory. The previous results can alternatively
be derived from perturbation theory. Note that thisis yetanother
example of the equivalence of pathintegral and perturbative results
pointed out by Aslangul et al.?’

We shall take as our starting point the following Hamiltonian:

wo E

A
H=-—0,4+—0,-—0,+ H,+
2 z0 2 zl 9 x1 b

1 + a
Zcq(bq + b—q)az] + Euzoazl
q9

The project is to write down a perturbation theory in terms of the
tunneling matrix element A, instead of the more usual perturbative
expansion on the coupling of the TLS to the bath. In order to
accomplish this, we eliminate the term L cj(b; + b )0y by
another polaron transformation:
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a

- W,
H=UHU=-= 7

000 TV

where V'is nonlinear and contains operators of both the bath and
the TLS. The energy-level scheme is indicated in Figure 7.

By making use of the interaction representation (O(f) =
expl{iHXt}0) with respect to

@o E a
Hy= —70’20 + Eazl +H,+ 56200’21

and the notation p(¢) for the density matrix for the whole system
and ¢(¢) for the density matrix for the TLS and the chromophore,
we can write in the limit of weak coupling

a(t) = - [;dr Tr(t) V(n)oya () + p,a(1) V) V) +
far Tr{#0p,5(0) 7(r) + M2)nya (1) T}

This set of equations is valid only in the weak-coupling limit and
when there is a clear separation of the relaxation time scales of
the bath and the TLS—chromophore. We have further assumed
that (V) is negligible. Note that the partial ordering prescription
(POP)28.2 has been used.

Taking matrix elements in the basis we have specified for the
TLS—chromophore subsystem and extending the limits of the
integrals to infinity

Giat) = —iwg - @)olt) -
oalt) f7dr B (P(IVy) + 5 (PO} +
051(0) fdr 5V, P (D)) + B (VA1)V}

031(8) = =iy + @)y, (£) -
oy () [ "dr BV (1IV,g) + B (1, P} +
o) fdr e 5 (Vy, PO(2)) + BTV}

If we assume that the spectral strength of the bath pertubation
is smoothly varying and that £ >»> a, we can replace E,, by E in
the equations above. Therefore, in a rotating frame (wp = 0):

0o(t) = iacy(1) - j:d‘rf_(‘f) o) + f;d"'f+(f) a3:(1)

o3(0) = —iaoy () - [d7 1(7) o3 (D) + [7dr £1(7) 0(0)
In Laplace space, the solutions are:

. 642(0)(s + ia + £,(0)) + ¢3,(0)7,.(0)

O\S) =T ; ~ :

s+ a* + f(0)s + ia) + £,(0)(s - ia)
- 03,(0)(s - ia + 7.(0)) + 0,,(0)7(0)
a3 (5) =

s* + a* + f.(0)(s + ia) + F,(0)(s - ia)

The quantity () that we evaluated for the sudden-jump model
corresponds in this context to O(f) = o4(t) + 03;(f), with the
initial conditions 04,(0) = 1, ¢5;(0) = 0.
The final result is
s+ia+ f,(0) +7.(0)
s2+ @ + 7,.(0)(s — ia) + f_(0)(s + ia)

confirming the identification between W; =7.(0) and W, = f+.(0)
and the equivalence between the path integral in the dilute-blip

6(s) 12)
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Figure 7. Energy level scheme for perturbation theory. The arrows are
matrix element connections from the perturbation term.

approximation and the perturbative approach. We also should
point out that the COP (complete ordering prescription)?8.2° would
yield exactly the same expression as the path integral formalism:

s+ia+f () +f(s)
s+ a* + f,(s)(s—ia) + f_(s)(s + ia)

8(s) = (13)

In the Markovian limit, after short-lived transients, both POP
and COP give the same results.?.2

4, Conclusions

In this paper, we have applied path-integral techniques
developed for the spin—boson model to the study of the dynamics
generated by a closely related Hamiltonian. This Hamiltonian
has been proposed as a model for investigating the interactions
between a chromophore embedded in a glass and the low-
temperature excitations of the glass itself (TLS’s), mediated by
the phonon field. The connection between the quantum and
stochastic formulations is obtained explicitly by expressing the
experimentally observable quantities (which are a probe of the
fluctuations of the chromophore’s frequency due to the evolution
of the surrounding TLS’s) in terms of summations over paths, in
which each path is given an amplitude derived from the
Schrddinger equation. These paths are made up by segments
that correspond to the diagonal matrix elements of the reduced
density matrix for a particular TLS (sojourns) and by segments
corresponding to the off-diagonal ones (blips). In the limit in
which the blips have negligible length, compared to the relaxation
time of the TLS in question, the quantum summation over paths
is seen to converge to a stochastic summation over paths: Every
“stochastic” path corresponds to a series of “quantum” paths.

A perturbation expansion in the tunneling amplitude for the
TLS (A) proved to yield the same result, which confirms the
observation made by Aslangul et al.?’ concerning the equivalence
between the path-integral result and perturbation theory (after
a polaron transformation) for the simpler spin-boson problem.

Finally, the equivalence between the quantum and stochastic
treatments provides a clear identification of the phenomenological
parameters characterizing the sudden-jump model with the
microscopic parameters of the TLS’s in the glass (at least for
those satisfying E > a, E > A).
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Appendix

Previous formulations of the path-integral approach to the
spin—boson problem have made use of either influence functionals?S
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or Green functions.? In this appendix, we propose an alternative
evaluation of

(I) = < eimsue—iH‘.\'z’. , 'eiH'S|e—[H+.']elH+01e—iH'01 . .eimuelﬁ‘wy)

by cumulant expansion. In this expression H* = H, &+ Vand the
angular brackets denote an equilibrium average over the bath

(ie. (...} = Try(p...)).
Using the interaction representation with respect to the bath
Hamiltonian (V(7) = e/HsrVe-iHr)

~iH%t . ~iH| A T
e = gy expT+{a=zj;d-r V(m)}
e = expy fii [ dr Pr)je™
we can rewrite the expression for I as

(1) = (expy {i [ a7 V(n)} expy fi f, Ydr W(m)}... X
expy {-i [."dr V(r)} expy i [ "dr M(r)} X
expy i J:‘d-r ()} expn{if:‘d-r V(). x
expy (i [ dr V(2)} expy, (i  dr V()

The thermal average can now be evaluated directly by cumulant
expansion. Due to the Gaussian nature of the bath,23 the
cumulants of an order higher than 2 vanish, and

Y 2
@M= CXP{—“; fordr far Gz - 4; far [dr x

%5 9
A(r,7) - 42: Z (—1)("+"')":"dr os"d‘r’ A(r,7) -
n=] m=n+l
2i nl . .
433" () [ "dr A(r,7) +
=] m=]
n2j m21 . ,
435" (1) [dr f e AGrr) -
n=] m=]
Y 3 S, K
437 S (1) (e [ "dr B(r7) -
n=] m=n+l
2 o
433" 1) [y fIde B(r,r) +
n=1m=l
2 2
4;;(—1)‘"“” frar fmdr B(r7)} (19)

where we have used the following definitions:

A(r,7) = A(7,7) =D, 7))
B(1,7') = -B(7',7) = ! | {[V(7), P ()].)

The expression I can be evaluated by making use of a series of
equalities similar to the following:

Sudrez and Silbey

4% i 1) [dr f*dr B(r,v') =

n=] mmptl

- fldr a7 [1-n.(MI[1 + 0.(]1B(r7)
with 7.(7) and n+(7) defined as in the main text. Thus

D= J;‘df j;"dr’ [04(7) = (D] e (7) + ()] B(r,7") -
{las f2ds [4(6) = 1O na(s) - 1] A(5,8) (15)

Finally, using the definitions
Ly(7,7) = 4A(,7) = 2{[F(n), " (+)],)

Ly(r,7') = 4iB(r,7') = 264 [(7), (7))
() = 30k (7) - 7]

X/(r) = 1 3[n () + (D]

we shall express eq 15 in a compact fashion:

(D) = exp- [ dr [ 'd7’ [£() &) Ly(r,7) +
i&(r) x(') Ly(, 7)1}

which is the result desired (see Chang and Chakravarty?$).
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