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On the nonperturbative theory of pure dephasing in condensed phases
at low temperatures
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Alberto Suárez
Center for Nonlinear Phenomena and Complex Systems, Universite´ Libre de Bruxelles-
Campus Plaine-C.P. 231, 1050 Brussels, Belgium

~Received 21 June 1996; accepted 10 September 1996!

The nonperturbative treatment of the pure dephasing problem studied by Osad’ko and Skinner and
Hsu is reexamined. It is found that these treatments are inadequate for very low temperatures in the
case of Ohmic friction. New nonperturbative methods are used to expose interesting pure dephasing
behavior at very low temperatures in this case. The methods are shown to coincide with the previous
theories at higher temperatures. The experimental detection of such phenomena is discussed.
© 1996 American Institute of Physics.@S0021-9606~96!50647-1#
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I. INTRODUCTION

The relaxation of a two level system coupled to a qu
tum mechanical heat bath has been a topic of great intere
the past decade. One aspect of this subject is the the
broadening of the zero-phonon line~ZPL!,1,2 which is inti-
mately connected to the ‘‘pure’’ dephasing of two quantu
levels.3 Such dephasing arises from a system-bath~electron-
phonon! coupling that is diagonal in the system states, le
ing to the decay of the off-diagonal element@s10(t)# of the
reduced density matrix. The study of this problem was
vanced by Osad’ko,4 who provided a nonperturbative expre
sion for the decay of the off-diagonal element of the redu
density matrix for two quantum levels coupled quadratica
and diagonally to a bath of quantum mechanical harmo
oscillators. Using a different approach, Skinner and H3

were able to rederive the result of Osad’ko, and then u
this result to interpret the experimentally obtained absorp
zero-phonon line shapes for dilute impurities in crysta
Good agreement was found in various cases, including
dephasing induced by acoustic,5 optical,5 and pseudoloca
phonons.6 The derivations of Osad’ko and Skinner and H
are correct only in the asymptotic regimet@tb , wheretb is
the relaxation time of the bath. As is well known, at lo
temperatures compared to the phonon frequencies, the
takes on two distinct timescales.7 The first is the ‘‘mechani-
cal’’ scale 1/vc , wherevc is the upper cutoff frequency fo
the bath modes. This is the same timescale that governs
decay of bath correlations at high temperatures, and is
ally on the order of 10–100 ps. The second time scale is
quantum-thermal scaleb\, which may become significantly
longer than the mechanical timescale at very low tempe
tures~T;10 mK and lower!. Since the theories of Osad’k
and Skinner and Hsu are exact only in the limit of tim
much greater than the larger of the two scales, interes
behavior may be missed at very low temperatures. At s
temperatures, the quantum-thermal times scale is on the
der of 10 ns or longer, and thus such behavior may be
servable by modern spectroscopic techniques, e.g., ph
echoes.
10500 J. Chem. Phys. 105 (23), 15 December 1996 0021-9606/
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We thus wish to investigate the intermediate time effe
at very low temperatures in the pure dephasing problem
doing so, we will introduce a method distinct from that
Osad’ko and Skinner and Hsu that is valid for all time
while remaining formally exact~i.e., nonperturbative!. This
will allow us to probe the intermediate time regime for ve
low temperatures, and to assess the relevance of the re
if any, to experiments.

We focus on the case of the Ohmic bath.8 This is done
for several reasons. First, the results for the Ohmic bath
the most interesting. Second, while the Ohmic case is o
unrealistic for condensed phase optical dephasing exp
ments at low temperatures, we will argue that the effe
uncovered here may indeed manifest themselves in a va
of experimental settings. From a theoretical point of vie
little is known about the behavior of quadratic system-b
coupling in the Ohmic case.9 While the pure dephasing prob
lem is certainly much simpler than other related proble
~e.g., the spin–boson problem8!, an exact solution could give
insight into the nonlinear effect of an Ohmic bath in mo
demanding problems. Last, we wish to study the Ohmic c
because it is a paradigm for the simulation of systems w
an abundance of low frequency modes, such as liquids,
teins, and polymers.10 The methods we employ are flexibl
enough to treat any spectral distribution of bath modes
the next section, we will study the case of linear electro
phonon coupling in some detail. In Sec. III, we will discu
some possible settings where these results may be rele
In Sec. IV, we treat the quadratic electron–phonon coupli
In Sec. V, we conclude.

II. LINEAR ELECTRON-PHONON COUPLING

We begin with the Hamiltonian for a two level syste
coupled linearly to a bath of harmonic oscillators~\51!

H5v0u1&^1u1Hb1Du1&^1u, ~1!

where
96/105(23)/10500/7/$10.00 © 1996 American Institute of Physics
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10501Reichman, Silbey, and Suárez: Dephasing in condensed phases
Hb5(
k

vkak
†ak ,

D5(
k
hk~ak

†1ak!,

andu0&, u1& are the ground and excited states of the two le
system, respectively. In general, such an interaction will
induce relaxation of the reduced density matrix eleme
diagonal or off diagonal. However, if we choose the coupl
constants to have an Ohmic distribution,8 i.e.,

lim
v→0

J~v!;v, ~2!

where the spectral densityJ~v! is defined

J~v!5p(
k
hk
2d~v2vk!.

Then Skinner and Hsu~see also Duke and Mahan11! found
that the coherence variable of the two level system decay
zero exponentially with a pure dephasing rate proportiona
temperature. We now proceed to solve this model exactly
all times. We assume that the initial value of the dens
operator takes the factorized form12

r~0!5s~0!rb , ~3!

where

rb5
exp~2bHb!

Trb@exp~2bHb!#
. ~4!

It is simple to show that the off-diagonal element of t
reduced density operator„defined as s(t)5Trb[r(t)] …
equals

s10~ t !5e2 iv0ts10~0!Trb@rb exp$2 i ~Hb1D!t%

3exp~ iH bt !#. ~5!

Note thatHb1D is diagonalized by the unitary shift operat

U5expF(
k

hk
vk

~ak
†2ak!G .

Using the cyclic property of the trace, we find

s10~ t !5expH 2 i S v01(
k

hk
2

vk
D tJ Trb@U~ t !U†rb#, ~6!

where

U~ t !5expF(
k

hk
vk

~ak
†eivkt2ake

2 ivkt!G . ~7!

Combining the shift operators, and using the expression
the thermal average of the exponential of a linear comb
tion of bosonic raising and lowering operators, we find
J. Chem. Phys., Vol. 105, N
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s10~ t !5expF2 i H ṽ0t1
2

p E
0

`

dvJ~v!
sin vt

v2 J G
3expF2

2

p H E
0

`

dv
J~v!

v2

3~12cos~vt !!coth~bv/2!J G , ~8!

where we have combined the polaron sh
~1/p!*0

` dvJ~v!/v and the bare frequencyv0 into the renor-
malized frequency ṽ0. Using the spectral density
J(v)5ave2v/vc we find, for low temperatures compared
the bath13 ~i.e., bvc@1!,

s10~ t !5S 1

11vc
2t2D a/pF S pt

b\ D
sinhS pt

b\ D G
2a/p

3expS 2 i S ṽ0t1S 2a

p D tan21~vct ! D D , ~9!

where the\ has been reinserted for dimensional conv
nience. Fort.b\ the dephasing is exponential with a ra
constant

1

T2
5
2ap

b\
,

as discussed by Skinner and Hsu.3 However, for times
b\/p.t@1/vc , we find that the coherence variable deca
with the power law

us10~ t !u;~vct !
22a/p.

At zero temperature, after an initial short lived Gaussian
cay, the decay of the coherence variable is seen to be a
braic for all times. Thus, pure dephasing may indeed occu
zero temperature, and the low and zero temperature
shapes will show marked deviations from the usual Loren
ian behavior. Forbvc@1 the line shape will not be Lorentz
ian in the wings due to the algebraic decay at short times
zero temperature,~neglecting the line shift!, the line shape
function may be expressed

I ~v!;E
2`

`

dteivt
1

~11vc
2t2! ā

5
2Ap

vcG~ā! S uvu
2vc

D ā21/2

K ā21/2S uvu
vc

D ,
whereKn is a modified Bessel function. Note here that t
line shape shows a singularity atv50 for ā<1/2 and a sin-
gularity in its derivative atv50 for ā.1/2. We may con-
clude, perhaps somewhat imprecisely, that the anoma
dephasing results from an abundance of low freque
modes which are ‘‘active’’ at arbitrarily low temperatures

We wish to emphasize that pure dephasing at zero t
perature is not expected for super-Ohmic baths. Note, h
o. 23, 15 December 1996
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10502 Reichman, Silbey, and Suárez: Dephasing in condensed phases
ever, that algebraic decay may also occur for super-Oh
spectral densities. Consider the spectral density

J~v!5av2e2v/vc.

For high temperatures compared to the bath, coth~bv/2!'2/
bv, and thus

E
0

` J~v!

v2 ~12cos~vt !!coth~bv/2!'
a

b
ln~11vc

2t2!.

This gives rise to a coherence decay at high temperatur

s10~ t !;
1

~11vc
2t2!2a/pb ,

which is similar to that of an Ohmic bath at zero tempe
ture. This quadratic spectral density could represent, for
ample, a two dimensional system~surface! with deformation
potential coupling.

These results are essentially the same as those foun
Wu, Brown, and Lindenberg14 for a similar model proposed
to study quantum tunneling in excimeric molecular crysta
Our results, however, are analytically exact, and interpo
smoothly between the various decay regimes, while the w
of Wu, Brown, and Lindenberg relies on numerical integ
tion and interpolation. The result is also similar to that o
tained by Duke and Mahan11 in their study of the phonon
induced broadening of line shapes in crystals. Similar res
are also discussed by Mahan in his work on x-ray spectr
metals.15 In light of these results, the above may not se
surprising, although within the chemical physics commun
the fact that ‘‘pure dephasing’’ may occur at zero tempe
ture in special circumstances seems to be somewhat una
ciated.

III. EXPERIMENTAL RELEVANCE

Before generalizing the above results to the case of q
dratic electron–phonon coupling, we would like to discu
the experimental detection of the phenomena discus
above.

We have treated an idealized Hamiltonian with a syste
bath coupling incapable of causing transitions between
two states of the system. We thus focus on only one aspe
the relaxation process~pure phase relaxation!. In general,
optical experiments can probe either population decay r
~‘‘ T1’’ processes probed, for instance, by a three pulse e
experiment! or phase relaxation~‘‘ T2’’ processes probed by
a two pulse echo experiment!. TheT2 process will have con-
tributions from both population relaxation induced by pert
bations off diagonal in the system states, and pure ph
relaxation, induced by diagonal perturbations.16 Only in the
weak coupling limit are such processes independent,16,17giv-
ing rise to phase relaxation comprised of noninterfering c
tributions from population decay and pure dephasing. Th
our results require that the strength of the diagonal coup
be much stronger than that of the off-diagonal coupling.
this way, we may hope to treat theT1 processes to lowes
order, while treating the pure dephasing nonperturbativ
and thus ignore the interference between the two type
J. Chem. Phys., Vol. 105, N
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relaxation. Ideal experimental situations would choose s
tems with long excited state lifetimes and weak nonadiab
coupling, etc., so thatT1 effects are kept as small as possib
Since the pure dephasing contribution does not extrapola
zero at zero temperatures, theT2 process will not reach a
lifetime limited value. Such effects may indeed by noticea
at very low temperatures. Last, parameters such asvc anda
must take on values appropriate for experimental detect
By this, we mean that these parameters must conspir
maintain a decay slow enough to be observable in the t
window of ;1 ps to;1 ms.

The interesting aspect of the pure dephasing beha
occurs in the time interval 1/vc!t,b\. This time domain
will be accessible experimentally forT<10 mK. Such tem-
peratures are indeed experimentally reachable, but fac
such as inhomogeneous heating effects make these ex
ments somewhat difficult to perform.18

Last, we would like to briefly sketch some condens
phase systems for which the Ohmic constraint~2! is valid.
The first is the case studied by Duke and Mahan,11 namely
dilute impurity spectra in a piezoelectric crystal. Certa
semiconductors such as CdS have the property that an
tric field is produced when the crystal is squeezed, and v
versa. This gives rise to an electron–phonon coupling tha
proportional to the amplitude of the phonon field. This a
plitude dependent coupling, combined with the density
states for Debye~long wavelength! phonons, gives rise to an
Ohmic-type coupling.1,19 Thus, an electronic transition at a
impurity site in a piezoelectric crystal may be crudely d
scribed by the Hamiltonian~1! combined with the constrain
~2!. One difficulty in this description may be screening e
fects due to other electrons, which might wash out the al
braic behavior given in Eq.~9!. However, it may be possible
that a very low temperature echo experiment probing an
tical transition at an impurity site in a piezoelectric crys
may indeed expose such interesting behavior.

Another situation that naturally gives rise to the Ohm
constraint~2! is the relaxation of tunneling systems in m
tallic glasses at low temperatures.20 Here the Ohmic friction
arises from the excitation of electron-hole pairs near
Fermi surface. Consider the standard spin–boson proble

HSB5S D0

2 Dsx2S e0
2 Dsz1(

k
vkak

†ak

1(
k
hk~ak

†1ak!sz , ~10!

which is thought to govern the dynamics of tunneling sy
tems at low temperatures in glasses~metallic as well as in-
sulating!. For the case of a metallic glass, the bosonic b
excitations are electron-hole pairs, giving rise to an Ohm
spectral density.20,21We may diagonalize the spin portion o
Eq. ~10! simply, leaving

H̃SB5~E/2!sz1@~D0 /E!sx1~e0 /E!sz#

3(
k
hk~ak

†1ak!, ~11!
o. 23, 15 December 1996
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10503Reichman, Silbey, and Suárez: Dephasing in condensed phases
where

E5AD0
21e0

2.

In general, the parametersD0 and e0 have a distribution of
values. Tunneling is observed at very low temperatures o
for the few tunneling systems for which the effects of t
bias are weak. In such cases, due to the large density of s
of the electron-hole pairs at the Fermi level in metal
glasses, theT1 rate is often so large that all phase coheren
is lost before an echo can be produced.20 It may be possible,
however, to ‘‘tune’’ the bias, so that the diagonal coupling
stronger than the nondiagonal coupling. Such a bias ma
produced by a static external field. In fact, this possibility h
been proposed as a way of initially preparing localized t
neling states.22 If D0/E is small enough,T1 processes may b
suppressed, and we may hope to see the effect of the a
braic loss of phase coherence. Even with the suppressio
tunneling, however, the large cutoff energy of the bath, a
the large diagonal coupling strength would make observa
of this effect difficult.20 In any event, the search for suc
behavior is worthwhile since it would reveal dramatic beha
ior induced by Ohmic coupling.

Ohmic-type dephasing may also occur in confined
ometries, or in special cases where coupling to the st
field is much stronger in one direction than the others. R
cently, Kikaset al.23 have proposed a novel explanation
some anomalous impurity spectra in low temperature in
lating glasses. They have noticed that the low tempera
spectral holes for chlorin dopant photoproduct states in s
eral different glasses show a peculiar, non-Lorentzian sh
They explain this by postulating that a local defect~‘‘planar
crack’’! caused by dopant phototransformation, induc
quasi-one dimensional electron–phonon coupling. This
havior is essentially given by the Ohmic model outlined
Sec. II. There are some problems with the explanation
Kikas et al. The first is their use of a zero temperature c
culation to explain the product spectra at 5 K. There is a
no direct evidence for the ‘‘crack’’ formation. Thus, whil
the work of Kikaset al. would provide an interesting ex
ample of Ohmic dephasing, the evidence is not convinc
enough at this time to draw any firm conclusions.

IV. QUADRATIC ELECTRON-PHONON COUPLING

We now turn to a study of the effect of quadrat
electron–phonon coupling on pure dephasing when an a
dance of low frequency modes of the bath are present. Ag
we use the Ohmic bath as a model. We will use the Ham
tonian studied by Skinner and Hsu3 ~again setting\51!

H5v0u1&^1u1Hb1Du1&^1u, ~12!

with

Hb5(
k

vkak
†ak ,

D5
W

2
f2,
J. Chem. Phys., Vol. 105, N
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We note that the linear electron–phonon term has been
glected, and a particular form of the quadratic term has b
used. Neither of these assumptions are necessary. We ne
the linear term simply to focus on the nonlinear effect. As
will see, this term could easily be included in our study. T
form of the coupling is chosen to make contact with the wo
of Skinner and Hsu. In fact, we will show that our method
somewhat better adapted than the method of Skinner
Hsu for treating more general quadratic electron–phon
coupling terms.24

There have been two previous nonperturbative theo
of the pure dephasing of a two level system coupled q
dratically to a bath of harmonic oscillators. Osad’ko4 used an
integral equation approach to find a nonperturbative exp
sion for the off diagonal reduced density matrix element
the limit t→`. Skinner and Hsu found the expression3

s10~ t !5s10~0!exp~2 iv0t !^F~ t !&, ~13!

where

^F~ t !&5K expTF2 i E
0

`

dtD~t!G L .
D(t) is the Heisenberg expression for the operatorD, T is the
time ordering operator, and the brackets represent a the
average over phonon states. Skinner and Hsu evaluate~13!
by means of a cumulant expansion. Unlike the linear case
cumulants contribute in general. In the limitt@tc , wheretc
is the characteristic decay time of bath correlations, all
mulants are proportional to time, giving rise to exponent
decay of the coherence variable. The resulting dephasing
is obtained by exactly resuming all the cumulants in t
limit. The methods of Osad’ko and of Skinner give identic
results.

We recall that, in general, there are two correlation tim
for the bath at low temperatures. The methods of Osad
and Skinner and Hsu are valid only in the time regim
t@max~1/vc ,b\! and thus say nothing about the potentia
interesting regime between the mechanical and thermal
relation times. In fact, in the case of linear electron–phon
coupling, these methods are incorrect in predicting that
pure dephasing vanishes as the temperature approaches
for the Ohmic density of states. It would be interesting to s
if similar effects exist when the system-bath coupling is qu
dratic in the bath coordinates. We thus would like to hav
method that reproduces the Osad’ko and Skinner and
results when they are valid, while properly describing t
pure dephasing at very low temperatures.

Our method is based on a powerful but somewhat un
preciated many body technique introduced by Balian a
Brezin as a means to generalize Wick’s theorem.25 This
method is useful for evaluating the thermal average of ex
nential quadratic phonon operators. The method has b
used, for example, by Friesneret al.26 in their study of mul-
o. 23, 15 December 1996
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10504 Reichman, Silbey, and Suárez: Dephasing in condensed phases
timode resonance Raman line shapes. The details of the
cedure are outlined in Refs. 26 and 27. We begin with
expression for̂ F(t)& in the form

^F~ t !&5Trb@rb exp~ iH bt !exp~2 i ~Hb1D!t !#, ~14!

whererb is the equilibrium phonon density matrix given
Eq. ~4!. It is the function^F(t)& which governs the pure
dephasing in Eq.~13!. Instead of casting this thermal avera
as a time ordered integral, and calculating the resulting
mulant series, we recast the thermal average as a matrix
terminant, thereby effectively summing all cumulants for
times. The basics of the method of Balian and Brezin are
follows. Any exponential quadratic operator of creation a
annihilation operators is first put in the formG
5exp 1

2aSa, where a is a 2N dimensional vector
of boson creation and annihilation operatorsa
5 (a1 ,...aN ,a1

† ,...aN
† ), andS is a symmetric matrix. Such

an operator is represented by the matrix

@G #5exp t S, ~15!

with

t5S 0 1

21 0D . ~16!

Here 0 is the N3N null matrix, and1 is the N3N unit
matrix. Any product of exponential quadratic operato
G 35G 1G 2 is represented by the matrix@G 3#5@G 1#@G 2#. It is
then possible to show~see Refs. 26 and 27 for details! that
the trace ofG can be written

Tr G5@~21!N det~@G #21!#21/2. ~17!

With this technology, the dephasing function^F(t)& can be
expressed

^F~ t !&5S det~@r#@u1#@u2#21!

det~@r#21! D 21/2

, ~18!

where @u1# is the matrix representation of the operat
exp(iH bt), @u2# is the matrix representation of the operat
exp(2 i (Hb1D)t), and @r# is matrix the representation o
the density operator.

The method just described is an alternate nonpertu
tive approach to the quadratic pure dephasing probl
There are two advantages of this method. First, it is validfor
all times, and not just in the asymptotic regime~as are the
methods of Osad’ko and Skinner and Hsu!. Second, the fac-
torized initial conditions~3! need not be used. This secon
point is generally irrelevant in the time regime for which t
method of Skinner and Hsu is valid. However, it may be
extreme importance at short times. The disadvantage of
method is that it requires the input of a finite number of b
modes, which means that the bath never reaches equilibr
causing phase recurrences.28 Thus, we must test the domai
of validity by varying the number of modes in the bath, a
comparing the results to the previous nonperturbative the

We choose an Ohmic bath by selecting frequencies fr
a flat distribution of values in the interval~0,vc!, and choos-
ing coupling constants5
J. Chem. Phys., Vol. 105, N
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Note that the high frequency cutoff function is now taken
have a sharp step function form. This will only have cons
quences in the inaccessible time regimet;1/vc . Our choice
of the normalization for the coupling constants requires th5

21<W<`. Negative values ofW correspond to the case fo
which ‘‘soft modes’’ are present.

We first test the new method by comparing the resu
with the nonperturbative result of Skinner and Hsu. In th
treatment, the asymptotic decay of the coherence variab
given by us10(t) u5exp@2~1/T2)t#, where

2,3,5

1

T2
5E

0

` dv

4p
lnF11

4n~v!~n~v!11!W2J~v!2

~12WV~v!!21W2J~v!2 G , ~19!

V~v!5
2

p E
0

`

dnJ~n!PS 1

v22n2D . ~20!

J~v! was defined in Eq.~2!, andP stands for Cauchy prin-
ciple part. For this calculation,J~v! takes the form
J(v)5(p/2vc)v for 0,v,vc and is zero for all other val-
ues ofv.

Figure 1 shows the plot of lnus10(t) u vs time forW50.3,
b50.1, andvc595. Time is measured in units where\51.
The new method is seen to be in excellent agreement w
the result of Skinner and Hsu for time intervals that depe
on the number of bath modes employed. After a certain tim
recurrence of phase destroys the apparent thermodyn
behavior. Figure 2 shows one such large scale recurre
For all temperaturesbvc<10, the results of Skinner and Hs
were confirmed. In this temperature range, for any coupl

FIG. 1. Plot of lnus10(t) u vs t in units where\51. b50.1, andW50.3. The
cutoff frequency of the bath is taken to bevc595. Dashed line is from Eq.
~18! with a 20 mode bath. Dashed-dot line is from Eq.~18! with 50 mode
bath, solid line is the Skinner–Hsu result~19!. The time domain for which
Eqs.~18! and ~19! agree depends on the number of bath modes emplo
Eventually, the nonergodic nature of the finite mode simulations is m
fested in deviations from the result~19!. The fact that the dashed an
dashed-dot lines do not directly overlap with the solid line at short tim
may be attributed to correct short time evolution described by Eq.~18! and
not Eq.~19!. In these cases, such differences are negligible.
o. 23, 15 December 1996
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strength, the timescale for nonexponential behavior is v
short @tnonexp;O ~1/vc!#. After such short transients, expo
nential decay of the coherence variable results with a
described by Eq.~19!. Thus in this temperature regime, th
result of Skinner and Hsu is valid. Figure 3 shows the exc
lent agreement between the matrix technique and the me
of Skinner and Hsu for a variety of temperatures and c
pling strengths. It is interesting to note that the appearanc
the logarithmic term in Eq.~19! is not accidental. Its origin
can be traced to the matrix expression~17!, written in the
form

Tr G5expF2 1
2(
k

ln~12lk!G ,

FIG. 2. Plot of the decay ofus10(t) u vs t ~\51! from Eq. ~18!. b50.1 and
W50.1. The cutoff frequency of the bath is taken to bevc595. 20 bath
modes were employed. A large scale phase recurrence can clearly be

FIG. 3. Plot ofus10(t) u vs t ~\51! for several values ofb andW. Solid lines
correspond to the Skinner–Hsu result~19!, while broken lines correspond to
Eq. ~18! with 20 bath modes employed. The set with the dashed-dot
corresponds tob50.04,W50.5, the set with the dotted line corresponds
b50.027,W50.6, and the set with the dashed line corresponds tob50.01,
andW50.3. The cutoff frequency of the bath is taken to bevc595.
J. Chem. Phys., Vol. 105, N
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where$lk% are the eigenvalues of the exponential quadra
operator. In the limit of a continuous bath spectrum and
ymptotically long times the eigenvalues of the matrix pro
uct in Eq.~18! are related to the argument of the logarithm
term in Eq.~19!.

For bvc@1 we may expect the methods of Osad’ko a
Skinner and Hsu to break down, as they do in the lin
coupling case. This is indeed the case. An example of
behavior is shown in Fig. 4. Here, 50 modes were used
simulate the bath, which is a sufficient number to produ
accurate results in the time interval studied. The figure sho
the results of a simulation withW521 andbvc5665. For
times t@1/vc the decay of the coherence variable is none
ponential. The behavior is qualitatively similar to the alg
braic behavior in the linear case@Eq. ~9!#. This behavior
becomes more pronounced as the temperature is lowe
and the interval 1/vc!t,b\ becomes larger. Note that th
deviation from exponential behavior is weaker for quadra
as opposed to linear electron–phonon coupling. This beh
ior is more pronounced for negative values ofW. However,
in many glassy and crystalline environments ‘‘soft mode
are prevalent, thus giving hope that the nonexponential de
of the coherence variable may be detectable at very low t
peratures, perhaps in one of the settings described in Sec
The reason for the qualitative differences in the dephas
behavior between positive and negative values of the c
plingW is unclear. It must be noted that the simulations a
difficult to perform at low temperatures due to the fact th
the timescaleb\ becomes long and more bath modes m
be employed to achieve accurate results. However, as
~accurate! simulation results displayed in Fig. 4 show, th
signature of the temperature independent nonexponentia
cay is clear. This leads one to expect such decay persist
arbitrarily low temperatures.

As briefly mentioned before, similarities exist betwe

en.

e

FIG. 4. Low temperature evolution of lnus10(t) u vs t~\51!. The dashed line
is a 50 mode simulation withb57,W521, and the cutoff frequency of the
bath taken to bevc595. The dashed-dot line is the linear electron–phon
expression~9! shown for reference withb57 and 2a/p50.0785. The solid
line, also for reference, gives exponential decay that matches dashe
line asymptotically.
o. 23, 15 December 1996
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10506 Reichman, Silbey, and Suárez: Dephasing in condensed phases
the results of Sec. II, and Mahan’s work on the x-ray spec
of metals.14 It is also interesting to note the similarity be
tween our method for treating the quadratic dephasing p
lem based on the field theoretic method of Balian and Bre
and the matrix method of Combescot and Nozieres, wh
provides an exact solution to the Mahan, Nozieres, and
Dominicis ~MND! theory of the x-ray spectra of metals.29 In
this method, the ‘‘corehole’’ Green’s function~analogous to
^F(t)&! is calculated by a matrix method that employs
finite number of conduction electrons to simulate thermo
namic behavior.

To conclude this section, we note that our method c
easily handle any type of quadratic system-bath coup
@through the input of the matrix@u2# in Eq. ~18!# and any
quadratic initial condition. Last, the addition of an extra li
ear term in the bath portion of the system-bath coupling m
be handled in a manner discussed by Friesneret al.26

V. CONCLUSION

We briefly recap what has been accomplished in t
paper. We have shown that, in certain cases, the nonpe
bative methods of Osad’ko and Skinner and Hsu fail to
scribe the behavior of the pure dephasing of a two le
system. These anomalies occur at very low temperat
when the heat bath has an abundance of low freque
modes, as in the Ohmic case. We have developed e
methods capable of handling the low temperature dynam
for all times. Such dynamics may show marked deviatio
from the expected exponential behavior for experimenta
accessible times. The detection of this behavior has also b
discussed. It is hoped that some aspects of this behavior
be uncovered in future experiments.
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